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The Semi-Simplicial Free Lie Ring

Jemes W, Schlesinger Peb, 15, 1965

1; Introduction

Recent developments 1n semi-simplicial topology give us a purely
algebrelc methoed for finitely computing the homotopy groups of a
connected simplicisl complex, or more generally a reduced semi-simpli-
clal complex K, Briefly the method consists of computing the homotopy
spectral sequence which 18 associated with the filtratlon of the free

group complex GK by its lower central series GK.,

The functor G was defined by D, M, Kan [6,] who proved that GK
serves &s a loop space for X, The lower central series of GK was
studied by E, Curtis [2,3] who proved‘that the assoclated speetral
sequence converges to the homotopy groups of GK., Furthermore he proved
that the homotbpy groups of the factor groups r; GK/§;+1 GK depend
only on the homotopy groups of the first factor group GK/TEGK, that is
on the homology groups of K,

In this paper we shall compute & few of these groups ih the case

when K 1is an n*l sphere and thus GK/TE GK is a K(Z,n) space [6,1,

L 0 ,
Curtis has shown that <. o) rGK/’r41 is the semi-simplicial free
Lie ring IK(Z,n) = l LfK(Z n) which is obtained by applying the

functor L (or the functors L¥) to each dimension of K(Z,n), and to

the face and degeﬁeracy Operafionso Since ILX 1is a direct sum of the
complexes'LrK,-the module of products of weight » or of » factors, i%
is sufficient‘to gompute the homotopy groups 1w LPK(ZQn)0 The results

we obtain are for » = p a prime,



|
Z if p=2, n is odd, and k=n

[
o WWK(Z,n) % 1 Z, if k -1 (mod 2(p-1)) and O<k<n(p-1)

k_O'o%herwisé,

—

—

2, The Free Lie Ring

In [2], Curtis defined a certailn finite ovdered set B(r) of basic

da
bracketting types t, and a natural filiration F“Lrﬁ, whose factor groups

GtLrM may be naturally‘decomposed_accofding to the class of %,

Proposition 1, (Curtis [2,]) If M %s free, then GtLrM is free and

there are natural isomorphisms: ;
. t r ©
(2) GIPM=g oL oM Osplo L M' where © is of class I,

R T TG ﬁl =, oSy, T o= r¢

* hry, and ry > 1,

(b) Gt 'u73% © L %M where t 4s of class II, t = t, s © ®ar,
|
|

Q

and r, » ;.
5 = ot !
(e} G L° M™J'M where % is of class III,

Proposition 2, If M is free, r > 1yithsn there is a natural short

exact sequence connecting the funcior 'Jr with the symmetric tensor

product SPrD 1e 28

0w JEH X wf‘spf+1 M = P M50,
|
where i([,,,{mlsmgjz'”usm__‘})::m :§‘=(1132,{,M|P m, z_:(mlnyBSD”jm ) and j is
the mitiplication mep in the symmetz $ ring,
|

This result a2llows us to simplify|0urtis"compuﬁation of
WTJPK(Z,l) since ﬁ¢SPPK{2913 is knouwn ﬁh;]o

Propesition 3, (Dold,Puppe [}.] |

|
for p =k = }
(0 otherwise

~

SPYKR(Z,1) o

i



3.

Proposition }, (Curtis),

% . j‘Z forr =k = 2
m, IK(Z2,1) % 1
. 0 otherwise.

Proposition 5, (Dold Puppe)

{2 ifx=o2p
e SP¥K(Z,2) ® {.0 otherwise,
The homomorphism:
m, (K(2,2) 0 5P K(2,2)) ~ ,, SPK(Z,2) is mltiplication
by T,

Propogition 6,

(2, if k = op~l

w I7K(2,2) % |
]LO otherwlse

3, The Computetion of w LPK(Z,1) and w ILPK(Z,2)

Proposltion 7,

' if r is 0dd, r > 1
v el f
. L"K(Z,1) | #L-/é K(Z,2) 4if » is even,

Proof: Since GV
in ¢ the only member of B(2), we can conclude that L

L?K(Z,l} is contractable unless t 1s a basic type
/2 2"(2 1) 1s
a deformation retract of L'K(Z,1), Furthermore L K(ZglngZK(Zyl)= K(z.2),

To compute T;LPK(Z,2) we recall an additional result of Dold snd
Puppe on the homotopy groups of symmetric products,

Proposition 8, If M 1is a free seﬁims‘mplfcial module all of whose

homotopy groups arve fianite wiun no p-primacy component, then SF'M

has only Tinite homotopy g‘OLD“ with no peprimacy componsnt,



b,

Proposition 9, If r > 1 then w GtLrK(ZQE) is finite and has no
peprimscy component unless p/r.

Proof: Let ?Z% be the category of semie-simplicial complexes
thet hsve only finite homotopy groups with no p-primscy component,
Proposition 2 and 8 combine to imply that J°M is in fﬁ?p provided M
in in ih?po Furthermore the Kunneth formula implies that M&@N 4is in
]ﬁ?p provided either M or N is in;ﬁﬂp. Curtis? decomposition end

a straight forward induction on r yield the result,

Propesition 10, If p 1s a prime number, themn

(% if k=2p - 1
m, IPK(2,2) < IPK(z,2)% | P
{ lo othsrwise

Proposition 11, If » » 2 then m,L'K(Z,1) is finite and has no

p=primscy component unless Z2p divides r,
If » » 1 then m L'K(Z,2) is finite and hes no

p=primacy component unless p divides v,
L, An Operation in L

In this section we imtroduce an operation in e semi-simplicial
Iie »ing L which gives it the structure of 2 graded differential Lie
ring, This operation will be used To show that the suspension process

is in some sense repetitive when » is a prime,

Definition 4.1 Let (,4 ) be a shuffle permutation of type (p,q)
' £ .. Pl - ) a=1
which is denoted by the ordered sefs = %joﬂﬂbii {20 ,‘{ﬁfﬁ?(ﬁ )f 120 ©

B " s 3
The degeneracy operation 5 (or 8 )} 1s obtainsd from the word:

3 . 3. S
p-rqmlo°° 1 0°

by deleting those symbols 81 whose subscripts j are in « {org };
Sm_“:' o a3
= Pprgelooc oS p=i)eoeB(g) 007,
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Definition Lh,2 Let = sesnd y be two simplexes of dimensions p snd g

in L, We define the double bracket:

fle,yl} = Z. (=1} (o3 [So"x, s y] whers the sum is o be over all
shuffles of type (p,q) and (ul)(“ 2 denotes the sign of the peram-
tation (« ,@ ),

Proposition 12, The double bracket has the following properties:

(a) [M=x,yN+ (mlqu'u ¥,x]] =0 where dimx = p and dimy = q,
(b)  (-1)P°[f x,y,20 H{=2)"z,x,70] +(~1)P[y,z,x] =0 uhere
dlm z = ¢ and [[ x,¥v,z28 = Ullx,vyU 20 .

(e) alx,yl= [ 3x,y] + (+1)® [{ x,3y11 ,

Remark: If L 1s a free module then:

(a) implies [[ x,x]] = 0 if the dimension of x is even and

{v) implfes ([ix,x,x]] =0 for all x,

5. The Cross-effects of the Functor L

The cross effects -of the functor L and the funciors LT may be
obtained from their two-fold cross-effects, These in turn may be
obtelned from cur des eription of the ideal I which is the kernel of
the homomorphism L(A®B)~> L{B), The ideal I is the ideol generated

by & end 1t must be the direct sum of L{A) and the two-fold cross-
effects L(A,B),

Proposition 13, For any two free Abelian groups A snd B there is a

natural short exact sequence:

(o)
0-L(A® A® 2. BY)ws L(A®B)eyp LIB)~y O,
b g

where EggBr is the tensor ring, without unit, generated by B,

»= .

P}oif: Every element of I may be written in terms of products
of elements in elther A or B; the subgroup b2 generated by products
contalning exactly one factor in A is isomorphilc to /11, 15}, In

- V.—-. - - —‘ )
seneral L'2. is the subgroup generated by products wilth exactly w»



factors in A, hence I = LZ,
Since multiplication in I is anti-commutative, we may write with
gensrators of Z~ in the form [oau[a,w],uno,ﬁs] where wy; 1s In

0 -
L(B)e 2 BY, see [1]. The Jacobi identity allows us to identify
r=] o ®»
loool@,W1],000,W.] With A@ W, @ oeo @ W_ in A® A® 3 BY |
e Sl *"g i 8 el

To descrlbe the free Lie ring L(A; ® .., ®A

free Lie ving generated by the.syMbols $1,00055} » To emch bas’e

), we consider the

product b Iin the Hall basis [5] of this Lie ring, ws assign a group

Ab which is a sulitable tensor product of the groups Al,uoomﬁao

Proposition 1, i 4 Al,o,.,A are free Abelian groups then

8
5
L(.AJ:@ ?-d@As) b L(AbJo
Lx‘(.ﬁ.l@ ue‘o@As)ﬁ E: Z‘ Lr/d &Ab)_‘;
dier ® _
where b is a basic product of weight d,

6, The Computation of ™ LPK(Z,n)

The complex WK(Z,n-l) is a twisted direct sum of the complexes
£(z,n=1) and K(Z,n), The kernel I of the homomorphism LWK(Z,nel)~>IK{(Z n)
serves as a loop space for LK{Z,n) sincé LWK(Z,n-1) is contractable,

Let I® denote [I,I] and I*'* denote [IX,I], Let I(r) denote
INLYWK{Z,n-1) and 1%(») denote I¥N LYWK(Z,n-1), I(r) serves as 2
loop space for LPK(Z,n) and Is filtered by its powers:
F(r)e I Yr)e, , el (r)e, . .ellr),
Let b be a basic product in the symbols | n,n-1! and let the index

of b be the number of factors of n-1l, Let Kb be a suitable btensor

product of K(Z,n) and X(2,n~1) so thet K, 1s homotopically equivalent
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to a K{Z,n{wt,b)~index b), By proposition 1l the factor groups méy

be descrived by: _ _ |
)y 2 I 1y,
_ d!(r,k) P
where b 1is a basic product of weight »/d and index k/d,
When 4 = l the generator of the non~trivial homotopy group

et Ky may be covered in Ik(r) by a suitable double braketted
product of the generators x and y of WK(Z,n-1), This leads us to
consider & certain chain complex:;((n); generated by x,y and the
operation [, ], L(n) is e subcomplex of LWK(Z,n-1), viewed as a chain
complex, but it is completely determined by the dimensions of x and Ts
the properties of the operation {[ , J] and the fact that‘LWK(anwl)
is fres, Let Z%(n) denote ;Z{n)/\LrWK(Zgl), When r 1s an odd
prime then one can show by the "five lemma" or a spectral sequence
argument that,

m, I{r) & w  LE(Z,0-1) @ Hk(JL.{2))

However the homo1ogy groups H*(Z-(n)) are determined, up to the
dimensions 1n which they occur, by tharpnrity of n, This together

with the results of section 3 gives us:

Proposition 15, If p 1is a prime then:

Z23if p=2, nis odd and k = n
4 2 if k - da =] O<k<n(p-1}
ﬂn+kLpK(Z5n; 2 5 1(mo ulo 2(p-1) and O<k<n(p-1)

0 otherwise,

(This result for p = 2 may be computed directly),
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Cconcebrdatide 18 equivalent to smoothing

James Munkres

ILet h: K- M and k: K- N be smooth (Cw) triangu=-
lations of the non-bounded manifolds M and N . M. Hirsch
defines the differentiable structures on K 1induced by h

and k to be concordant if there is a differentiable

structure on K X I , compatible with its piecewise-linear
structure, whose restrictions to K X 0 and K X 1 equal
those induced by h and k , respectively; and he has
constructed a theory of obstructions to the existence of a
concordance [1].

The definition may be reformulated as follows: concor-

dance is equivalent to the existence of a combinatorial

deformation between the combinatorial equivalence

£f =kh™t: M~ N and a diffeomorphism. This means that there

exlst plecewlse-smooth triangulations
h: KXI —> MX1I and k: KXT —> Nx1T

whose restrictions to K X 1 equal h and k , respectively,
such that Eﬁ'1|(M X 0) 1is a diffeomorphism [3].
On the other hand, we have defined a notion of when f

is smoothable to a diffeomorphism; this notion is weaker than

the requirement that f be combinatorially deformable to a
diffeomorphism. We have constructed a theory of first-order
and higher-order obstructions to the existence of a smoothing
of f [2,3]. Each of the two obstruction theories seems to
have insights and applications denied to the other, so that

settling the differences between them has become an issue.



Our purpose here is to prove that 1f f 1is smoothable to a
diffeomorphism, then f 1is combinatorially deformable to a
diffeomorphism. This implies that all obstructions vanish in
one theory 1f and only if they vanish in the other.

The method of proof is the following: We define a

smooth cell decomposition of M to be a regular cell complex

whose topological space is M such that the closure of each
m-cell 1s smooth, in the sense that it lies in a smooth open
submanifold of M of dimension m . If h: K— M 1is a
smooth triangulation and o¢ 1s a simplex of K , then
h(o) 1s a smooth cell in M . However, if T 1is a cell of
the usual dual cell decomposition of K , then h(T) is not
in general a smooth cell, We prove that 1t is possible to
modify h by a smooth isotopy so as to obtain a smooth
trlangulation h': K— M for which the sets h'(tr) do give
a smooth cell decomposition of M . To insure that the sets
h!'(T) are smooth, we choose h' so that they intersect
each set h(o) orthogonally, under suitably chosen coordinate
systems. The proof requires considerable care; it seems to
us of some independent interest.

The advantage of h' for smoothing purposes is the
followlng: In general, 1f we take the combinatorial

equlvalence f: kh™1

: M- N and start to smooth it, the
smoothed map fm will not preserve the simplicial structures
of M and N . In fact, the sets f h(g) will not even be
smooth cells in N ., However, if h' and k' are the

special triangulations mentioned above, and we start to smooth



Cy

fr = lﬂ:'(h')"’1 , then we find that at each stage the smoothed
map fé may be chosen so as to carry the smooth cell h.(T)
onto the smooth cell k'(1) , and thus preserve the (dual)
cell structures.

The main theorem follows: If f may be smoothed to a
diffeomorphism, then so may the map f' ; let this diffeomor-
phism be g . The composite g"lf' is a combinatorial
equivalence of M with itself, carrying each smooth cell

h'(t) onto itself. Proving that g %

f' 1is combinatorially
deformable to the i1dentity follows from techniques of
J. H. C. Whitehead, along with the Alexander construction

for deforming a plecewlse-linear homeomorphism of a ball to

the identity.
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