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GOODNESS

We will describe below a general result which implies that almost all of the homotopy
fixed point sets of interest in the theory of p-adic finite loop spaces are F,-complete. Recall
that a space X is Fy-complete iff X is both F,-local and F,-good.

The following lemmas were proved or discussed in class.

1.1 Lemma. Any loop space is Fy-good. Any 0-connected space X with m X a finite
p-group 1is Fy-good. A space is F,-good iff each of its path components is F,-good. If
F — E — B is a homotopy fibre sequence such that B is O-connected. the spaces F
and B are F,-good, and the action of =1 B on each HF is nilpotent (e.g., =1 B is a finite
p-group), then E is F,-good.

1.2 Lemma. Any product of F,-local spaces is Fy-local. Any homotopy fibre of a map
between F,-local spaces is Fy-local. If X' is Fy-local and Y is anv CW complex, then
Map(Y, X) is Fy-local. If X is an F,-local space and G is a discrete group acting on X,
then XhG js Fp-local. A space X is F,-local iff each of its path components is F,-local.

Remark. Lemma 1.2 could be generalized by saying that the class of Fy-local spaces con-
tains all discrete spaces and is closed under arbitrary homotopy inverse limits.

1.3 Lemma. If X is a 0-conected Fy-local space and 71X is a finite group. then m X is
a finite p-group.

1.4 Lemma. Let X be an Fy-finite space and G a finite p-group acting on X. Suppose
that X®X s Fy-complete for each subgroup I of G. The X'C i« F)-finite.

We will begin with a slight generalization of a result proved in class.

1.5 Proposition. Let X be a p-adic finite loop space and G a finite p-group acting on
BX. Then each component of (BX)'C is the classifving space of a p-adic finite loop space.

Proof. Choose a point a : BG — Borel(BX., G} of BX"C and construct a (homotopy) fibre
square

E ——— Borel{\Map(S!,BX).G)

! l

BG ——  Borel(BX.Q)
in which the right hand vertical map is derived from the free loop space fibration over BX.
The space S of sections of the fibration ¢ is the loop space of the component of BXhC
containing a, so it is necessary to prove that S is Fy-finite, F,-local and has a p-group as
its group of components. Let ¥ be the pullback over ¢ of the universal cover of BG. The
group G acts in a natural way on Y, and the space S is weakly equivalent to the homotopy
fixed point set Y*C. If K is any subgroup of G, the space Y is weakly equivalent to
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