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EQUIVARIANT K-THEORY

These notes arc pased on lectures given at a seminar on

z-theory and representation theory held at Ooxford University in

summer 1965. It is assumed that the peader is alrcady familiar

with vector bundles and K-theory : these notes are concerned with

theory in-which a compact Lie group G acts on

+he more gencral

the spaces and vector bundles involved. Results on differentiable

manifolds and on represcntations which were needcd in the lectures

apre ccllected and proved in the appcndix [which will be available

shortly, ond can D¢ obtained by scnding & pestecard to the

We wish to thank Michael Atiyan and Groeme Segal for their

ond revising of these notes;
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l1andlord of the "hite Iorsc, Shipston on Stour, for assistance

en route.
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Jept.re 1 G-vector-bundles
H, Fo ATIYAH

In this lecture we introduce the concept of G-vector-bundle
and define the ring KG(K). Throughout we let G denote a fixed |
topological group; from Lecture 2 onwards we assume that G 1is
a compact Lie group.
1.1 Definitions

A  G-space is a topological space X together with a

associativity condition

[0}

continuous map G x X—3X satisfying th

g (gax) = (gig)x for all g1,8: =X and x & X. We say " X

is a G-space".
£ G-map betwesn two G-spaces is a continuous map which commutes
with the action of G. ilore generally, if X is a G-space and Y is
an H-space and C:H—=3G 1is a continuous homomorphism, we say that
Y —3X is a 6 - gggigggjﬁgﬁilygg if it is continuous and if
f(hy) = ¢(h) f(y) for all hec H, y ¢ Y.
A G-vecctor-hundle over the G-space X consists of a vector
bundle p:E-—3X, togetaer with a G-space structure on E, such that
(i) p is a G-map

(ii) if g € G then g:p'l(x)-_ap_l(gx) is a linear map.

A G-homomorrhism E-3F Dbetween G-vector-bundles E,F is

a map which is both a vector bundle homomorphism and a G-map.
If X is a point then a G-vector-bundle over X is & represen-
tation of G. At the other extreme, 1if G = 1 then a G-vector-bundle

is an ordinary vector bundle.




1.2

If X is a G-space, we have the quotient map q:X SX/G.
4 vector bundle F over X/G gives rise to an induced bundle g*F
over X. By the universal property of the induced bundle there is a

unique G-vector-bundle structure on g*F which mekes the following

diagram commutative. . g

q*F ——F > Q*F
~ ’/,/”/
N £
f\ F .l
e IS
J‘Wl'.‘ ~
~
.
b 4 Xl
X g }P{X

It follows similarly that g% is a functor from the category
of vector bundles and homomorphisms over X/G to the category of

G-vector-bundles and G-homomorphisms over X.

Proposition 1.1.1. If X is a principal G-bundle then ¢+ is an
eguivalence.

Proof 'We have to find a functor r such that both g*r and rg*

aré naturally isomorphic to the identity functor. Given a G-vector-
bundle E over X we define r(E) to be the mep E/G —3X/G. We first
prove that this is a vector bundle cover X/G; the only problem is to
show thst E/G—%/G 1is locally trivial. Let K be the field of
scalers and n the fibre dimensiocn of E. Let U be a neighbourhood

of a given point in X/G such that X —¥X/G is trivial over U.
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¢ need only show that the restriction of E/G-——ﬁX/G to U is locally

trivial{ This reduces the problem to the case where X= GxXl and |

) 8 1 A &

X —3X/G = X~ is the product projection. Let x~ ¢ X . There is

a neighbourhood V of the identity e = G, and a neighbourhood W of
xl such that p: E—3 G x o is trivial over V ; We Then we have
an isomorphism of vector bundles over e x W

e x W x K’ - ,p_l(e x W)
which can be extended uniquely to a G—isomorphism' i

G 0% Py 576G = 1)

of G-vector-bundles over G x W. This induces an isomorphism of

vector bundles between W x Kn'n—uﬁ W and the restriction to W of
E/G —3x!. Thus E/G - %X/G is a vector bundle r(E) over X/GC.

The commutative diasgram

E > B/G
l l
8 3 X/G

shows that E—3X is the induced bundle, and hence that g*r is

naturally isomorphic to the identity. (We remarked abeve that there
is a unique G-structure on the induced bundle).

To show that rg* is naturally isomorphic to the identity we
write g*F = X x X/GF c X x P. G acts on the first factor. The
map g*F—3 F induces an isomorphism q%*F/G -~ F of vector bundles
over X/G,
Corollery 1.1.2. The category of G-vector-bundles over G is

equivalent to the category of vector spaces,
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In the sequel'we shall make use of the following generalisation
corollary 1.1.2. Let H be a subgroup of G, and ¥ an H-space.
2ot G o HY denote the identification space obtained from G x Y by

--» equivalence relations

(g1,¥1) ~ (&2,¥2) if and only if g = gih-l, y2 = hys for some
el
Taen G ox HY admits a G-space structure : we define
g(es,y) = (eg8i,v)
-4 note that glgah 5,hy) = (geah™l,hy) ~ (g81,¥) = &le,y)

crovosition 1.1.3. The category of H-vector-bundles over Y is
:;uivalent to the category of G-vector-bundles over G x HY'
iroof Consider the subspace H x ¥ of G x Y. Clearly this space
.5 homeomorphic to Y and is stable under the action of the subgroup
T of G. Therefore any G-vector-bundle over G x ﬁ%’defines by
czstriction an H-vector-bundle over H x HY = XY

Wow let P be a H-vector bundle over Y and consider the map
2 ¥ HF-—~9G X HY. Here G x HF is a G-space, with action of g € G
ziven by g(gi,f) = (ggs,f), and also a vector bundle. The restriction
::‘GxHFtOHxH

i3 a G-vector-bundle over G x HY then there is a map

G x H (E|H x HY)——%E

Y is clearly H x HF = F. On the other hand if E

izfined by (g,e) p——3 ge  Which is a G-isomorphism.

Zorollary 1l.l.4. The category of G-vector-bundles over G/H is

:iuivalent to the category of H-vector-spaces.
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1.2, Frivial G-spaces

- ® i i g

We say that X is a trivial G-space if gx = x for all g € G,

(e X. If X is a trivial G-space and V is a G-vector-space then

let V denote the G-vector-bundle X x V—3X.

N
[

Now let G be a compact Hausdorff group and let E be a G-vector-

:pace. In other words E is a representation of G. We shall restrict

~urselves to complex representations. Using the Haar measure on G,

1+ is easy to construct a G-invariant Hermitisn inner product on E.

“:nce E is completely reducible and we can write
E = @i niEi
vhare Eiis an irreducible G-vector-space and niEi denotes the direct
sum of ni copies of Ei- The integers ni are determined unigely by E.
By Schur's lemma we have, for an irreducible G-module E, that the
Z-endomorphisms of E are just the scalar multiples of the identity.

.n. symbols EndGE = GC.,

Let {E7Jﬂes be a complete set of irreducible inequivalent
i

zpresentations of G. If E is any G-vector-spce we write ®E =

B (Eﬂ?ﬂE)-—m—————-} E
“nich by the sbove results is a G-isomorphism. This discussion can

“c regarded as a discussion of G-vector-bundles over a point. We
zzneralize to arbitrary G-trivial spmaces in the following proposition.
Ztoposition 1.2.1. Let G be a compact Hausdorff group and X a trivial

v-space. Let E and F be complex G-vector-bundles over X.

e

‘o
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1.6

(i) EG, the sSubspace of E pointwise invariant under G, is a
voctor sub-bundle of E,
(11) HomG(E,F) is a vector sub-bundle of Hom(E,F)
(iii) Let xE = HomG(gﬁ,E). By (ii) this is a vector bundle.
~re notural map ©R (QfaﬂE) ~————+E 1s an isomorphism of G-vcctor-
rundles.
froof (ii) follows trivially from (i). (iii) makes ssnse because of
(1i) and is proved by checking at each point of X. In order to prove
(1) we use the Haar measure on G. If V is a G-vector-space we define
the averaging map Wi V=73V by

plv) = [G gv

ceoviously p is linear. It is also a projection operator - that is
52 = U - and its imnge is VG. Similarly there is a continuous
rrojection operator p: E~—= E with image EG. But the image of a
vrojection operator is always a vector sub-bundle (Atiyah-Bott [2],
Lemma 1.Y4).
rropositions 1.1.1. and 1.2.1. describe two extreme situations:
en X is a principal G-bundle and when X is a trivial G-space. In
seacral the description of the G-vector-bundle is much more compli-

e

ct

ed .

1 2 = s .
~.3. Thc Grothendieck ring

"le now come to the definition of the ring KG(X). The definition
TaZes sense fop arbitrary G-spaces X, but turns out to be incon-

riilel . . v o4
-hient whea X is not compzct. We therefore assume that X is a

=--.,,,__'M
E v T e e ——
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- ot (G-Space. The definition of KG(X) when X is non-compact is

o

.--'__:‘. givun in 2!9'

*

Let X pe a compa .t G-space. The eguivalence classes of @-vector-

form a commutative semigroup EG(X) under dircct sum (logical

s=A3es

~jculties can be avoided by one of the usual devices - see Steenrod

r 5] for cxample). We define KG(X) to be the group which solves the
rolioving universal problem.
There is a semigroup homomorphismn 6;EG(X)-—mw?KG(X) such that,

~tyen any semigroup homomorphism @: EG(X)*~—%}{ from EG(X) to a

- i e

------ . W there is-a unigue homomorphism VE KG(X)~w~%H such that

gy il
'q/':' = (P .
KG(X) is the quotient of the free abelion group on EG(X) by the

oup generated by elements of the form EgF - & - i)

The tensor product of two G-vector-bundles becomes & G-vector-
wundle if we allow G to act by the diagonal action. This introduces
- ecomautative bilinear product into the free abelian group on EG(X),
c-3 induces a commutative bilinear product in KG(X). Thus KG(X) is
- cormmutative ring with unit represented by the G-vector-Bundle
L x K —X where G acts tpivizlly on the field of scalars K.

If ¢ = 1 we obtain the familiar ring K(X). If X is a point we
ct*ein the ring R(G) of virtual representations. We recall that if G
!5 compact then R(G) is the free abelian group on the irreducible
reprasentations.

The G-map from X to a point induces 2 ring homomorphism R{G)—

ﬁ;{z), which maps a G-vector space V to the G-vector-bundle X x v —>X.

7 s - e o s £ T Sy £

—————SE LS L e e
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e

re the map 1s the product projection and the action of g is given

g(x,v) = (ex,gv).
iote that this homomorphism makcs KG(X) an R(G) - module.

We have a category whose objects are pairs (G,X) where X is a
i-space, and whose maps (4Y) —=3(&,X) are pairs (6,f) where 6:
He G is a homomorﬁhism and Y ey X is e—equivariaﬁt: Given a
i-vector-bundle on X, (9,f) induces an H-vector-bundle over Y. In
this way KG(X) dei’ines a contravariant functor from the above cetegory
t2 the category of commnutative rirgs with a unit.

Thus the map (G,X) =3 (G,point) induces the ring homomorphism
A(G)-——ayKG(X) mentioned above. The obvious map (G,X) = (1,X/G)

induces a ring of homomorphism K(X/G)———%KG(X) which,when X is a

‘rivial G-space, becomes a ring homorphism k(X) }KG(X). We use
these homomorphisms without comment in Propositions dedsla 808 179,
croposition 1.3.1. If X is a principal G-bundle K(X/G) —--)KG(X) is

=1 isomorphism.

zroof By Proposition 1.1.1.

~I2nesition 1.3.2. Let K be the ficld of complex numbers. If X is

% trivial G-space and @ is compact and Hausdorff then the composite
R(G) ® KLX) =it (%] - '® Ky (%) — Kq (X)

{s an isomoruvhism. _

Zroof Ve have a map EG(X) —>R(G) ® K(X) which, in the notation

*? Proposition 1.2.1. sends a G-vector-bundle E over X to 2, (Ex ® =E).

-ois obviously factors to give an additive homomorphism

lI{G(X ) ———3R(a) & K{X)

r—p—— s
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1.9
The composition
Bq(X) == K,(X) — R(G) ® K(X) —>K,(X)
is the canonical projection EG(X)—W—%.KG(X) as we see from 1l.2.1
(1ii1). Therefore KG(X)~#—~$R(6) ® K(X) —-3Ky(X)
is the identity. The composition
R(6) @ K(X) —3K,(X) —3 R(g) @ K(X)

is secn to be the identity by ~hecking on elements of the form

1=

% ® F where F is a vector bundle over X.

Propositions 1.3.1. and 1.3.2 describe KG(X) in the two extreme
situations: X & principal G-bundle and X a trivial G-spzce. In
general the description of KG(X) is much more complicated. Note

however that from Proposition 1.1.3 we obtain

>

Provosition 1.3.3¢ Let H be & subgroup of G. The map (H,Y)

(G, G x ,Y) defines an isomorphism KG(G X HY) -4§Kﬁ(Y) for every

H
H-space Y.
Corollary 1.3.4. K ;(G/H) & R(H) ,

Consider the case in which X is a G-space and H is a subgroup of
G. Then X can 2lso be regerded as an H-space. There is o G-map

G x X =———e— X

H
defined by (g,x) —3gx. If H is of finite index n in G then this

is a covering map of degree n. The direct image construction

(Atiyah [1], $1) associates to each G-vector-bundle over G x gk with
fibre dimension ..g, a G=vector-bundle aver X with fibre dimension ng.
In fact, in the prcuent case G x X 1s homeomorphic to

(G/H) x X, that is, to the disjoint union of n conles of X;

-¢refore the direct imapge can be defined as a direct sum.

ey 3 S e e e e e T e EEEE———
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This defines a homomorphism (Atiyah [1], §2)
KG(G x Hx).___g KG(X)

and hence a homomorphism K (X) ~—> Kg(X). This is the transfer
homomorphisn.

When X is a point this is the "induced representation
familiar to studeats of group ~theory.

[1] M. F. Atiyah. Characters and cohomology of finite groups.

Publ. Math. Inst. Hautes Etudes Scientifiques 9(1961).

;:j e e Bt oai Si B, FEREE, AT - ¥ jodicity theorem for
SURTAE TESIO IR BT veh, I32(196L), 229-247.
[3] N. Steemrod. Topology of Fibre Bundles. Princeton University
Press.
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. homomorphism G S Aut T'(E)

3

7> prove that :this -G-action .©is

]

scture 2. Elementary proi.--ties of Kg

G. SEGAL

In this lecture ve summarise these _ - -spties of K

G
1=n con be obtained by slight modificatl >3 of the arguments for

theory

-1t yery K - theory to be found in Atiych - Bott [1]

assame that ¢ is a compact Lie gr> _~ and consider only

==le¥% vector bundles. For convenience .. G-spaces will also be
.-cd compact.

o The space of sections of 2 Q:EE‘t.QELEHﬂgiﬁ

saction of E is a mep s ¢ X —3E such nat ps = ;X' The sectlons

~ & form a vector space I'(E). Since X i: sompact, I'(E) is a Banach

X

-~ and o subspace (in the compact opel .pology) of E .

Yow suprose that E is a G-vector-buni'., Then G acts on I'(E) by

(g.s) (x) = g-sxghl.x) geG, sel'(E)

1 defines .

« corresponding to

G-action ¢ x T'(E) > I(E) .

coii tnuous, consider the maps

G x I'(E) x X —3G x T(E) 51X,-—#§G x B _T_eE 37!
E X 8 X X3 g X S X & «X¥VIE X S " x)e—m (g.s)@x)
{ace each map is continuous, the oomposiis js continuous and defines

cocatinuous map

G x I'(B) A PRl < E}E
g X S \-———) g5 .
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2.2,

We conclude that there is o continous action of G on thj Banach

.ace P(E). Since G is compact, the averasing map & w—Jg 8.5

jefines & projection
p: T(B) —— T°(B)
crom T'(E) to the subspace PG(E) of G-invarisnt sections of E.

'he uwrojection p can te used to extend results on sections of vector

g {1

~undles to results on G-invariant sections of G-vector-bundles,
rommg 2.1.1. Let s! be a G - invariant section of I over &2 closed

stable subspace A of X. Then s' can be extended to a G - invariant

section over X.
oroof Choose = cover fu;} of X such that Elu; is triviel. Extend

1 s f RN, A L . hY 188 ~ * S S W
H L n U, > T to s;¢ U~ C and define s = 3 @48; Where
s

i
i@i}is o partition of unity assoclated to {Uli. Then s 1is a section

e

~f E over X. Consider the G - jnvariant section us. Since A is

stable, ws coincides with s and s' on A.

T —
” N R S —— . e

o i e e S i i A i
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a¢tension of. homomorphisms

P
Consider two G-vector buandles E,¥ over Y. There is a vector

pundie Hom (E,F) with fibre
Hom (E,F)X = HoR (ExsPyg)
Morecver Hom (E,F) is = G-vector-bundle with action of G defined DY
' -1
(Eeggd (&) = g-0,(g e)
pu B EQ y, BE Eg.X, Gy € Hom (Ex’ Fx)' The subspace FG
om (E,F)) of G - invarient sections of Hom (F,F) consists of all

.cctor bundle homomorphisms @i E——3F such that g.@x(e) =
@g.x (g.e) for all x € E’ acl » B e G. That is, the space
of G-vector bundle homomorphisms @: E —-—3%F can be jdentified with

G

" (Hom (F,F) ).

rompa  2.2.1. Let @' ¢ E|A

—

JF|A be a G-vector-bundle

aomomorphism over & closed G-stable subspace A of X.

Then @' cBl be extended to 2 G-vector-bundle homonorphism ¢: B -5
sver X, If morecver o' is an isomorphism then there is a G-stabile
sen neighbourhood U of A such that ¢|U is an isomorphism.
;ggpg Lpply lemna Z.lels tO the G-invariont section ¢' of Hom
{B,F)lﬁ to obtain a G-invoriant section @ of Hom (E,F). BY
s2ntinuity there is an open neighbourhood V of 4 such that ¢|V

{3 an ismorphism. The result follows by defining ¥ = gge gv.
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.ﬁgfk Let ®o0,p1 be two extensions of an isomophism o' @ E|lA — FlA
e
“hen QP = (1-t)po + t@s is also a homomorphism E —3F which
.nen restricted to A gives ¢'. Therefore there is an open neighbour-
nood V of A such that @t|V is on isomorphism for all N t <l.
“nerefore @o,@sare fromotopic through isomorphisms in scme neighbour-

nood of A.

2.3 Homotopy wroperties of buadles
et Y be a G-space and let I be the unit interval 0 £t €)l. Then ¥ x

I is a QG-space with group action g(y,t) = gy x t.

Lemma 2.3.1. Let Y be compact, ﬁt: Y-—»X a homotopy of G-meps

(< t <1), ond E a G-vector-bundle over X. Then f§ E = fiE

oroof (4tiyah-Bott [1], Prop. 1.3.) Let £: ¥ x I —3X De the
homotopy, so that £(y,t) = ft(y) and let w: ¥ x I —3Y be the
srojection. Consider the closed subspace Y S P §tl of ¥ x L.

The G-vector bundles E£*E, K?ft*E ars isomorphic when restricted to
¥ and so, by 2.3, they are iscomorphic in some strip Y x 8T where
8T denotes some neighbourhood of {4t} in I. Therefore the isomorphism
class of f% E is 2 locally constant and hence constant function of
t. %We conclude thet f?E - f*lE.

As in the usual theory, G-vector-bundlies are often defined by
clutching functions. Let X = Xi U Xz, A = Xy 0 X, where Xi is a
G-stable closed subspace of X. Let Ei be a G-vector-bundle over Xi
(L =1,2) cnd a: By |A—3Ez|A an isomorphism. Then there is a
G-vector-bundle E = Es U, By over X such that E|Xy = Ea, E|Xp

(¢4

= E2-
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2.5
Lemma 2.3.2., The isomorphism class of E; u Es depends only on
the homotopy class of the isomorphism a. i
Proof 4 homotopy of isomorphism B4 |A ———)E;|A means an :
isomorphism
& : g% Eilﬂ X L sy 0¥ Ez! A T j

where ® : X x I ———3 X 1is the projection. Let ft: K=3X x T

be defined by ft(x) = (x,t) and let ¢y ¢ Ei|A -~ Ez[4 be
the isomorphism induced from ¢ by ft' Then
E; v E; = f£3 (x*B, Up ™ Bgz)

€. t
Since fy and f; are homotopic it follows that

Byg . Es = Ey

Po UCP:L Ep

2.k Existence of complementary bundles

We shall make use of the following definition and lemma due
to ¥ostow.

Deflnﬂtlon Consider an action of @ on a Banach space I'. A

— 3
A

vector s € I' 1is periodic if G.s is contained in a finite dimensional

S e R e

Subspace of T.

Lemna 2.4.1. The periodic vectors in I' form a dense set.

For the procf sez § 2.16 of Mostow [2].
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2.6

Let E be & G-vector bundle over X. The F is o complementary

vector bundle if there exists a G-module M such that EeF = M=Xx M
We wish to prove that such vector bundles exist with M finite
dimensioneal.

Consider the G-inverisant map X x P(E) ——3 E defined by

X x 8 —35(x). Given a point x € X there exists a neighbourhood

%
U, of x and sections sf, +eeey B, € I'(E) such that, for all
y € U, the vectors st(y),..,., sg (y) span the fibre B, over y.

X

, ARt ; X
By the above lemmc it is moreover Possible to choose 81 ,.... Sy

periodic. Since X is compact, the covering {Un} has a finite subcover
{Ux(i)}' The corresponding finite set of scctions sg(i) detcrmine
a finite dimensional G-stable subspace M of I'(E) such that the
induced map

¥ —— E
is a G-inveriant epimorphism. Let F be the kernsl of this map, 50

thot there is an exact sequence of G-vector bundles

0 —=3F S U > E N
Pinally use the averaging process W defined in 2.1.to cbtain a
G-invariont metric on M, and hence a G-invaant splitting of the
exact sequence. We conclude th-t M = EecPF.
We note tWo important corollaries of the existence of complementary
bundles.
(1) Let Gn denote the Grassmennisn of a1l n-dimensiorel subspaces

of M. The action of G on M defines a universal G-vector bundle

K= fgxm ge G>mel, me g} c G, x M

“l'""'--.—._ . y e e e — e - -

e . e A bt st el
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2.7
over G The map £ X'*“’Gn defined by X% Pw-—%i%{ gives B = £*K.
Thus every G-vector bundle is induced from a G-vector bundle over
some suitcble Grassmannian,
(2) The group KG(X) is the obelian group associated to the
semi-group of G-vector bundles over X. Thus every element of KG(X)
is prepresented by 2 pair (Ey,Ei) = [Eo] - [Ba] , where [E;] is
the element represented by & G-vector bundle Ei over X, Then KG(X)
is defined by the equivalence relotion

(Eg,Ei) ~ (FQ,FL) ity there exists a G-vector bundle E and an

isomorphism.
Ec ® ¥, ® E &£ By ® Fo @ E.
Since therc is a C-vector bundle F such that E ¢ F is a trivial
bundle M Wwe deduce

(Bo,Bs) ~ (Fo,F1)&) there exists

Eo @Fi@ﬂ

G-module M such that

s}

Es & Fo 0 K

I

In particular every element of KG(X) can be represented by a pair

(E,4) where B is a G-vcctor bundle ond M is a G-module.

2.5 Extension of bundles

Let E be & G-vector-bundle and consider the G-vector-hundle

Hom (E,E) with fibre Hom (EX,EX) 2t x € X. /in element

. " 2
p, € Hom (EX,EK) is a projection operator if B, = DBy The

o«

set of all projection operztors py » X & X, 18 a2 closed

subspace

Proj (E) < Hom (E;E).

I ————— A R
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NWow consider the open subspace Q(E) < Hom (E,E) consisting

»£0all T € Hom (E,E) such that, for all eigenvalues z of T ,

1 ;
iz-1]| # ¥+ Clearly Proj (E) c Q(E),

iomma 2.5.1. There is a retraction a: Q(E) % Proj(E).

N i bl g f e
croof Given T € Q(E) define a T = B PO % (x~T)™" dz

72 have to show
(i) that a is well defined

(11) thet oT € Proj (E), and
(iii) that if T € Prcj (E) then «T = T
i) Consider the homomorphism 2z I - T e Hom(Ex,Ex) where I
-2notes the identity. This admits an inverse provided det (zI-T) Z 0

-22. Dprovided z is not an eigenvalue of T. Since T & @ this is

:lvays the case on the circle |z-1] = %.
‘1) Let C be the circle lz-1| = % and C' a2 smzller circle
1
:—ll = p<3 -such that no eigenvalues z of T lie in the anaulus

2
% {z-1] s%. Then

/ ( s P ) =) v
/ﬁ Jer \gp ~ 5 ) o a2
/
i o dz' ) j' 1 (f as )d t
/é z=T ( ];' Bz dz  + ¢! =1 e 25 zl

Qe + (21ci)2 a T

it

“2refore (@T)2 = af and of e Proj E.

“11) Consider a projection oper:tor Dyt Eg/~>E_ ond choose a

““rdinate system for which Dy has dicgonal form. If b has

""M " v - e ) - o
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1 gonal £ dgwsseqpls n,....,o) then (z—px) % e diagonal

(b"l) T (Z l)— v Z geesey Z— E".n(i

;\
| (z-—px)—l dz has dicgonal (1,;...1,0,....,0).
o7 let E' be o vector pundle over a G-stable closed subspace A of X.
1en B' @ F' = N for some G-module M. The map pts M sty 1
siven by € @ £é~we o 0 is o projection operator and B! = im p'.
s con extend p' to a section p € r(Hom (E;E) ) over X.

There is 2 neighbourhood U of A such that plt e Q(E).
-nerefore the section a(p) € I'(Hom (E4E) ) is a projection operatior

sver U which extends p'.

We conclude 'that there exists a bundle E = im a(p) over U such that
Zlh= B,

Corollery 2.5.2. K,(&) = 1im K (U

Proof There is a homomorphism 1im KG(U) KG(I;)

UoA
defined by restriction.Jtis onto by the above argument., It is one-one

because (2.2) any two extensions of & bundle E' over /i are isomorphic

over some neighbourhood V of 4.
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¢ Relative Ké—theory

[ ————

+ . c X be a G-stable subspr.ce. Consider the semigroup of triples

5,Ei,a) where Bo, Eiaore G-vector-bundles over X and

5. |h—=3E4 [& 1s en isomorphism of G-vector-bundles over A The

;uivelence relation
(Eo B1,0) =~ (Fo ,F1,8) &=)There cxists a G-vector bundle E and a
G-isomorphism Eo & Fi @ E 2 Ey & Fo @F
which over 4 vrestricts to a @ ﬁ’l D Lo
iﬁm equivalence classes form the associated group KG(X,A).

sy assume thet i 1s closed in X. There is a sequence
(1)

the second

‘ K (Xy4) —-% Kg(X) 3K, (2)
‘1 which the first homomorphism is defined by ignoring i,

{1y restricting to ‘..
' Lemma 2.6.1. Sequence (1) is exact.

f&g&i /n elemesnt of KG(X,AQ is represented by a triple
(Eo sBE1,a). Under (1) we hove

,
' (Bo, By,a) —> (Bo,Ex) = (B, 14, EL]a) ~ (0,0)
%:ince @ is an isomorphism. Now consider an element of KG(X) represen-

‘ed by a pair (Eo,Es) ond suppose that (Eo | Ay Es]&) ~ (0,0). Then

' there exists o G-module M end an isomophism

{ @t EolhoM = Eii ol
determines the required element of

| 71z triple (Bo © My BE1 © Y, @)

.7.3(}{,,(._) .

A s,

s Rrali i L e
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Let XIA denote the sprce obtained by ceollapsing the G-stable subspace
L to a point * & X]L. Then X|i is n G-space and r:X_uuﬁ}djl is a

G"'map *
Lemma 2.6.2, KG(X,A) S KG(XIA, %),

Proof By 2.4 we may represent every element of KG(XIA,*) by o
triple (E’,g, a') where E' is a G-vector-bundle over A&, M is a
G-module and a' is an isomorphism Eg. & M. The triple
(r#B',},r%a") reprcsents an element of KG(X,A) and therefore
)KG(X;J‘*)

The inverse homomorphism will be defined by mezns of a clutching

defines o homomorphism K. (X]4,*)

function. Let (E,M, a) represcat an element of KG(X,A). By 2.2

the isomorphism o extends to sa G-stable open neighbourhood U of
se Its restriction to U-A 1is an isomorphism G . EIU—A ——ws(U-AJ x M.
Now construct the vector bundle

E' = (B|X-£) wv_ r(U) xN

over (X-4A) u =2(U) = X|A. By construction there is an isomorph-.
ism ‘a' : B} — M. The triple (E',M, a') represents the required

element of Kg(X|4,*).

Lenimo 2,6.3¢ If L 48 G—-contrnctible to a roint %X € A, then

KG(X,J-_) = KG(X,J;.O)

Proof Let r: 4 —="t be the retraction and define homomorphisms
o

T i e



.

T ——

s P

——

=P e -

N

|
by (E;Fya) —> (E,F,alxo)!~4>(E,F,r$(qixo)).
By 2.2 we have, since A is G-contractible, r+%(q|x,) is G-homotopic

to a , and therfore K (X,A) = KG(Xon)-

2.7 Bott pmeriodicity

If E is a G-vector-bundle over £ then, by deléting the zero section
and dividing out by the action of non-zero scalars we obtain a space P(E;
called the projective bundle of E. The action of G on L makes P(E) a
G-space. The projection p: P(E) —= X 1is a G-map, and induces a ring

homomorphism p': KG(X)

)KG(P(E)), so that KG(P(E)) beconmes a KG(X)—
nodule.

By constiruction a point y e p_l(x) corresponds tc a l-dimensional
lirear subspace [y] of the fibre Qﬁ of & over X.

Now consider the G-vector bundle P*E over P(E), The subspace

{y xe eP(B) xE; e e [¥]} ¢ p*E c P(E) x E
is a G-stable subspace of p*E:it is the bundle space of a G-vector bundie

H* over P(E) with fibre C. Let m denote the corresponding element of

KG(P(E)).

The veriodicity theoren describes the structure of the K (X)-nodule

(P(E)) in a particular case.
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ggggggg 2% ol Let X be n compact G-space, L a G-vector-bun%]
over X with fibre ¢, and P the corresponding element of KG(X)‘
Let 7 ¢ KG(P(L ® C)) be thé elemont defined above. Thep the
KG(X)sﬂgebra Ké(P(L ® C)) <ds genercted by m subject to the
relation
(n-l)(ﬂ-p) = 0,

The proof of the beriodicity theoren is g straightforwarg

generalisation of the ¢lementary broof for K~theory given by.AEEr

and Bott,

We give 7 number of corollaries of the pericdicity theorem
for the Spceial case in which L is a G-vector-bundie space X x

and with group acction defineg by a Leprescntation g ¢ 4 - U(l).

In this case P(L g C) =X x 8° ung P: X x 82—-; X is the

broduct brojection. Rege.pnd 82 as the Riemann Sphere and introds
ce

notation as follows.

B = [ze®; |alay,
P. = B et lals 1) v fes)
32 2D al, sl =D nD.

82 = p(g)z , ZeC
under which {0}, fo} are kept fized ang b D ,S1 are G-stable., Lot
T

a : G/X x SJ“—) P*L[X x Slbe the G-isomorphisn

T —— - - - T wr e e o ———— T —— R B s rr— e e — . o SRS - -}
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X %8 % Ch > X X 2 X zZC,

xeX,zeS cel. Then H* = (C|X x D) U_ (p*LIX x D_).
In this way the element 7 € KG(X x 82) is described directly

by means of a clutching function.

Corollary 2.7.2. Ky(X x §°) = K,(X) [n] subject to the relation

(n-1)(n-p) = o.

Corollary 2.7.3. KG(SZ) = R(G) [m] subject to the relation

(n-1)(n-p) = O.

Corollary 2.7.4. Let G act trivially on $°. Then KG(X X 82) =
x(X) [n]

subject to the relation (n—l)z =10

Corollary 2.7.5. Xg(X x D+, X x 8%) = K, (%),
Proof Corollary 2.7.2. follows from the periodicity theorem by
taking L as zbove; Corollary 2.7.3. by taking X a point; Corollary
2.7.4. by taking L =C , p.= l. To prove Corollary 2.7.5. consider
the exact sequence ~
. 1

Ky (X x g5 {o % (X x 32)-5;~3KG(K

wherej :X +—X x 82 is the embedding X X x{c:}. The product

Projection p induces a splitting homomorp?ism ;
- 2
p* = KG(X) }KG(X x §9),
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in the K-theory case the ring KG(X X 82, X x {03}) gan be
= G ol ! .
,«ipied with the kernel of 1%y Since 1M =9 this kernel is the .

Jem

o

.. 2 generzted by (n-p). Since n(n-p) = n-p this jdeal can be
nted by the multiples KG(X) (n-p) and is therefore isomorphic
¢ (X). The result then follows from the i somoZphisn

1) :-G A
ol 1By BB s') = KX x 82, X x {o} ). . |

P
reze

omepi Lt is of interest that the periodicity theorem (2.7.1.) can
L.et @ be the principle

g

sctuslly be deduced from Corollary 7 g A
J(l)—bunﬂle sssociated to L and g: @---——3 the projection. Then

P

a2 : : .
5 and there 18 & commutative dicgram of maps

QX'J‘ . it }}P
D

s

Q 2 3 X

The cction of G on the pundle space of L induces an action of G
sn @ such that q ig a G-map, enl such that a%L = 0, G the other

o~
cs a G-space, where G = U{1). The action of :
}

action of @ on @ x Sz. similarly oL can 0

_pundle § with bundle space Q % O and groud

-and, § can be regarded

U(1) on §2 @efines an
regarded as = G vector

action given by
(gxz)(b x ¢) = Beb X 2.C
et nn € KG(E) be the element de

g & G, ze U(1),ps Q, c€ e
fined in the periodicity

theorcm.

I ——————— LAt S
e —————— T YT
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We apply the Corollary 2.7.2. to the G-space Q, the representation
. PAETYE 1 (e 1 gﬁven by the product projeetion, and the element

= rnn e Ky (Q x 8 ) to obtain @

KG(Q X 82) =3 Kﬁ(Q) [71] subject to the relction (m-1)(n-p) =

Now L ~(Q x S ) 2 KG(P) and the element 7 corresponds to the element

n e Kg(P). A4lso Ky(3) = K4(X) and the element P = ot peKylQ)

corresponds to the element p € KG(K). Therefore KG(P) =1 KG(X) [l

subject to the relation (n-1) (n-p) = 0.

2.8 The QTOUDS*anLKLél
We ccnclude by O‘flﬂlnﬁ the rest of the extr.ordinary cohoinology

theory Ké. Let

ERR) = KX % e R
K&n(X,A) = KG(X x D7, X x 521 4 x D)
whére Sn—l, D are the unit (n-1)-sphere, n-disc respectively in Rn
and where G accts trivially on both. TNote that
SERA) = RglX %D B e BRT T ot el )
= EAXx D"« D% XxD'x 1y xxs®txa®
Ué x Dmx Dn)n

Kan(X N B g%y A % Dm_l).
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ay the periodicity theorem (Corollary 2745 )

) " 2 1 ,
Kg (X) = KG(K 2 D5, ¥ x87) KG(K).

similarly Kaz(X,A) = KG(X,A) and hence KE(X,A) can be defined for

all, not only non-positive, valucs of n.
s for ordinary K-theory there is a long exact sequence (we omit

the proof).
—l(X) has an especially simple description. It

The group KG

Jx x I, X x {0} u Xx i3
(B, g,a') where E is a G-vector pundle

is the group Ka ) and therefore an element

is represented by & triple
is defined by two i somorphisms
Qo M~——w—#—)ElX 0L

oyt } ————— B{X x f11.

over X x I and Bt

=4 -1 ; _‘ 4
Let @ = 01 Goe Then elements of Kg (X) can ve represented by pails
(M, o) where M 18 & G-module and at M-—3U is an sutomorphism of

g = % % M. In this casc the coboundary mnap

—1 A ™ < x
KG (.b.) ' "—‘—_'—_—%.L\.G(J{,i}.)

ijs defined by

(s a) 3-(@: M, @),

—

The multiplication ia KG(X)_ given by tensor pfoducts of G
bundlcs can be extended (agaln we omit the procf) to define products

IEE————eSS L e

in relative groups

K (Tal) & KG(Y,B) —_— KG(X x ¥, AxYUuXx Bl

and also in highe? KG—groups.

e ————————————E —

oo, SN
- - . e

—vactor-
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The periodicity theorem can be extended to include the relative
case and the higher KG—groups. Thus consider the case in which the
G-space X has a base point Xp. There is a commutative diagram

0 —5Kg(% {xe})[n] —>KG(X) [n] —> Kg(ixe})ln]

! | L

A —5 KG(X_ X SQ,EXO} x 82) —'—;KG(X X 82) -=;~KG({xO} X 82)

where KG(X,ZXOZ)[n] denotes the ring of polynomials in n .. . =7
W and in which the left hand entries are zero because
| K;l({xo}) = Kal({xo} % 82) are zero. By Corollary 2.7.2. the
second and third vertical arrows denote isomorphisns. Therefore, SO

does the first.

Proposition 2.8.1. Let Y be 2 closed G-subspace of & compact G-spacc

{ X. Then
| 2

1z

i 0% % 55 L% B Ky(X,¥) [n] where (n-1)(n-p) = 0 end

; KG(X,Y)[H} denotes the ring of polynomials in 7

Proof Let {%,} be the buse point of X/Y. Then

mn

K (X,¥)[n] = KK/ imlln] & K(W9) x 8% 0%} x 8%)

114

Ky 3282, (%] x {O})

A -
I{G(XxS,YxS).

114

Proposition 2.8.2. Let Y be a closecd G-subspace if a compact G-sub-
space X. Then

T A =, 2 r 2 A !

Kz(X x 87,Y x 8 ) = Ki(X,Y) [n]
where (n-1)(n-p) = 0, &nd where Kg(X,Y) [n] denotes the ring of

<.
o — P — SR

b s o3
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polynomials in 7.

2, Lome 82)

IR

Proof. K (X x S Ky(X x 5% x D%, X x 8%2x 521 yy x 82 « D7)

112

Ky(X x D%, X x 8™ 1 u ¥y x D%) [q]

B %, 1) Inls

1

2.9. K, with compact supports

So far in this lecture we have assumed that all G-spaces X k
are compact. KG(X) can also be defined for non-compact spaces, but
the simple definition by G-vector-bundles is no longer suitable.

One can, however, give a simple definition of KG-withucompact—supports

for the case of a locally compact G-space, and we do this now.

Definition If X is a locally compact G--space, KG,cp(X) is the
quotient of the semigroup of triples (E,, Eq; ac), where E,, E; are
G-vector-bundles on X and g BolX - C S By |X - € i858 an isomorphisn
over the complement of a relatively compact G-subspace C of X, by
the equivalence relation ~, where
(Bes By ac) ~ (Fg, Py} BD) <=> there exists a G-vector-bundle L on
a compact neighbourhooed A of G ulD in X, and a G-isomorphism

0:(Eo @ F1)|A @ L

»(B1 9 F)lAe L

such that 6|W

as |7 @ 1351 W e id}w
where W=A- (CuD),.
One defines similarly Kq cp(X, A), for A locally closed in
i

X, by considering only triples (E,, E,; ac) gtuch that C € ¥ - A,

ﬂ'&."«-q,,___ S - T e — - - v - - - e RN e e e ey s g
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we had defined ¥.(¥) it would be a K, (X)-module.
G

41 3
Loy
Lilcnvw & 4

14 18§ eles®

endomorphisn

(iv) X:—K on the
and DProper maps.

X) for
o (1)

locally compact G—s; CESs

proper we write f (y) - KG the

(X) is also a

G co

On the other hand Xw— K
G,cp

category of locally compact G-spaces and ODEN

22D
Remarks: (i) We leave It to the reader to verify that K cp(x)
andrKG (X A) are well-Zzfined groups.
(ii) It is immediate thz: if X and A are compact then
KG (X, A) = KG(:, A).
(141 & G, cg(X) is a ring-without-unit if X is not compact 1f

In any case

= +zcton-bundle B on X determines an

® ag)

category of

If $eX = L 18

induced map.

govarinnt functor

embeddings.

on ths

(o

-+ X is an open erbedding we write j!:KG,cn(U)

I §:U

ed map.

Q

for ths indu

Propos:tion_2.9.1. If X is an open G-subspace of

G-spacz Y, - X, then

KG(Y’ B) —."_‘) I..G CP(X)-

Proof: Given (Bo, Ei; a) representing an element

— e e

zn isomorphism & over a closed G-stable

extens = to

ilX n B) represents

o
o]
H
L

in 7. Then (EolX, E4|X;

KG,cp(X)

the compact

of K,(Y, B),
neighbourhood

an element of

i o ottt > e = .

- S s S g 7
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KG cp(X)’ and it is clear that this process defines a homomorphisn
]

. v
p.KG(L, B) - KGECP(X).

Conversely, given (Bo, B3 ac) representing an element of

K cp(X)’ choose a compact neighbourhood A of T in X and a

?
complementary bundle F for E; |A. Say V:E;|A e F-—M. Then

((EolAt & F) M x (Y - C)), ¥ ; identity) defines an

U (1
Yo |A-C v
element of KG(Y, B). It is easy to show that this construction

gives a homomorphism inverse to p.

Corollary: XK, CD(X) = KG(X+, pt), where X' is the one-point
=K

compactification of X.

We shall adopt from now on the convention that KG(X, A) will always

mean  Kg CP(X, A). This makes no difference when X and A are
3
compact.
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| Lecture 3. Further properties of KG

Ge SHGAL

In this lecture we set up the spectral sequence for KG—theory and

;¢ it to deduce corollaries on the behaviour of KG under localisation.
43 that X is a compace G-space.

s assume that G is a compact Lie group a

erves of ,,EJ:"?ELPEE,_;QIL,G:,%@EP}S?‘_ﬂsilil?’..e_,tﬂ.i

‘ -
) 3.0 Rerves .S

I
Let X be a compact G-space, E = {Fa} I R finite covering of X

=

57 closed G-stable subsets. For o c S define

and let NF be the nerve of F considered as a set of subsets of F. There
ig a map of sets

defined by E(x) = {a e8; x € Fa}' Let \NEI denote a geometric

[ 4

realisation of N, and v ¢ |1\TF| >N the map which assigns to

=

each point the unique open simplex containing it.

fln,z) & lﬁFl x X3 w(n) is a face of g(x)?

Definition Wp =

or equivalent1§

i

il 5 e -
F OEI\EE lnleoclNEIxX

The space Wg is closed in [NEI x X

There are oovious projections DPg? Wﬁ——-ﬁ-INFI and Djp: v%r_%x.

and is thsrefore a compact

B-space.

(X,E)F*——*—ﬁﬁF - W(X,g) is functorial

 Notice that the construction
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e A S e
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a2

(Y,H = {H

., the sense that if (£,0) ¢+ (XLE = {Fa}a e s? H B}B & p)

s a morphism (i.e. f: X—3Y, 0: § —3 T and F_cHy for g € S)

men |6 % £ maps W(X,F) into W(¥,H).
-ne proof of—~the following lemma then devends on the standard argument

that different choices of refinement map are continguous:

Lemma 3.1.1. (£,0 ), (£,68.) : (X,F)—5(Y,H) are two morphisms then
oy tnrnerte) 0 = —4

the induced maps from W(X,F) to W(Y¥,H) are G-homotopic.

fixed and drop the subscript F on NF and

From now on we keep (X,F)

g The polyhedron |¥| has a finite filtration by its skeletons

Bl < wgeen B wese D INll - T L
Similarly X has a finite filtration by closed G-stable subsets

X=X 2% D «eee DX, D ...owhere X, = fx e X;dim E(x)zri.

et s, -1 .
Definition = #° = pr |N°0s
=
W, = | .
0o D2 P

Wle now introduce the KG—grouys of W, We shall use several times the

following trivial lemma.

emma 3.1.2., Let Y be a compact G-space, [Y } a closed G-stable
ma a’a € A

covering, and

¥ =¥ n¥X vt = ~r o ',
B 7 o Bga af L] ¥ Yo

B S —
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Dol

{ wnen LI (Ya’ Y&)___fy Y, Y' is a relative homeomorphism
a € A

'LJ- denotes disjoint union) and induces an i somorphism
|
i 1
b ! #
! K% (Y,Y") —> e 2 6 (YG;Y&)
; sition Balede The projection Dz * W ———> X induces an
| ;somorphism K§(X)—72 K% (W) -

Proof pas W,W, —% A% 1B B relative homemmorphism and S0

< KE(X,Xy) S KE(W,W,) is an i somorphism.
D G G 3.

gsimilarly we have for all r = 0

KE(W_ W 1) & Ke( U |5l % .5 U ol = B ) by defin-
g\ "r+l G gimg > T o dim © = r+l 8" {tion of
W
P
~ EX( v ol x F U 3l x ') by definition of
¢ ain o:rl R B g g 20 Tl B B
o
= 1 Kg(lal % ¥ |a] x ') by lemna
dim o=r 2 ) O
ZEx II K% (F ¢ F')
pz dim o=T G Gy G
o Ké (Xps Xr+1) by lemma

* h T
It now follows by imduction that Pz @ K3 (X,Xr)-_-—§Ké(N,Wr)
ig an isonmorphism for &11 . But Xr and Wr arc empty for r large.

Therefore P; : KE(X) -J;K§(W) is an isomorphism.

AT T e

RO AT '--""-""W""M
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» The K -spectra l secuence

o i

Let us apply tne Cartan-Eilenberg method for constructing spectral

,uences to the filtration.

W - e s o s 0 8T DWP S | em = 4.8 & & :)vg ]

n

. get a spectral segquence whose termination is Kg(W) KE(X) and

41

»@ topm is the p . cohomology group of the complex

+Q 7/ p-1
k%, () _—-——3,1{%*1(?1-‘- WO) =3 aeeeeee=—d K LUw?, w27

-yt the stzndard argument gives

& i p"‘l P'i“\ [ ] |
Kg+q(wp,d ) = dimHoszG T (13] x F o 6] x Fo)

n K3 (B) € & W, {xE&EF)})
dim o=p

chere CF (W, ) denotes the ©» th cochﬂln group of the simplicial

1¥d

somplex N in the indicated coelflclent coeff1c1ent systeme

O- D+G+1 DL
In order to check that the uchoundary 3, tEE QP , )—> (WES W)

‘ne usual cchoundary operator on cochains we must be more precise about

. +Q/ (= . F
the jdentification of Kg( 0) with Kg q(.cl x Fgo 161 x FG)' S

aq

convenience we drop the realil sation signs. Chcosea sequence

G € Op € evees ©@ O, =0
. +Q, = ;
»f faces of ¢ of the dimensions indicated.ldentify Kg q(op X Fo’ Op X FO)

with K P+a- 1(0 xPF , 6 1 X F ) by the composition of the isomorphism
o D-

(relative homeomorghism}

Q

p+q41 .
x F ) K gt 001

-1 o G (OP

£

+0+q@-1, —
4 o (cp_l g Fo’

and the isomorphism

. +D+g-1,s . —c NP+ AT 1 P

{hd

X

X FO)

Qe

S

IRS————

e o S e et T 5
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, by the cobundArTy o ers Lo off tho +pinle

%,ﬁau

(3, % Tor Op * R il o) * B
gud 39 .n down to K%(F ). Of course the choice of Co © 01 C R N o
Jefines an ovricnt. tion of o© &nd different choices define thc same
id,;tification if and only if they derine thic same orientation. Tow

_-jder the diagram

prasl (RL)

-G P - P"l P+ ey 'r?-l P"‘q s w'j?—l dj_
2T (W Yy '\ el {08 b ) v ¥
ke (T\,i ) ——Fg (5 ) —— g (i ’ ) ———t Ko A
l ‘ ,
L 0 GxF 5 6xF )5 K"—)"“l(axT: axd ) Sy KEFE(AxE (4-0)xT ) & xR (g X
te el LAY BSOS o = 5’ T G rﬁf 9
~ J\f-\_.: -‘hg

b
e
shere T 18 @ (p+1)—simplcx and o a p-simplex of N. All the rcctangles

of the dizgran obviously comaute cxcent the 1over right hand one which
commutes or snti-comnutes or is mero accordiﬁg as © 1s & coherently
i or non~coherently oricnted fuce of T sor mota face of 7T at all.

This shows that the coboundzl'y dy A8 theusual cobounday onecrator.

Y.neec we obtain
= 4 i Q
Theorem 3.2.1. mhore is a spectral seguence with o1 d = HP(N,{Ké(FO)})

amd tevmination KG(K).

It is easy to sec that this spectral scquence 1is moreover functorial

in (X,F).

o

R TS g

e e o e R WL o
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.3 The. shealf, Kg'F

ot space Y and let X —e>Y De a

Let G act tpivially on the compa
) = K%(f-lﬁ), By the

.map. Define 2 presheaf K%f on Y by (Kgf)(U

-ontinuity of Kg(see ©.5.2), the stalk of K%f vt v e ¥ 3AB just

;g(f“l(y)), By definition K%f is a oresheaf of R(G)-modules.

Let Cov(Y) be the set of finite open coverings of Y. To each

ite closed covering G. Let cov'{(Y) be

- e Cov(Y) 1is sssocisted a fin
jsting of coverings ¢ such” that

Ty = W.ia 1t fs ehEy te SeE that Cov'(Y) is cofinal in Cov(Y). gimilarly

i Y has finite covering

\

dimension n then the set of coverings U

= N is cofinal in Cov(Y).

=

it

such that gt and dim U =1

For each e Oov(Y),Theorem %,2.1. gives & spectral sequence

2

1V is a refinement of
R L s .
¥ Now lim 18 an exact functor; anply it to

U ety

s

HP(NE’ EK%(f-lao)}) 13:?£$>K;(X)'

na

there is a well defined morphisnm of spectral

na

sequences

the fanily {gU}U < gov' () and the result is 2 spectral seguence of

3(G)-modules

p — L
K‘g:f H (Y; K?}f) == '—-—ﬁ} KG(X)
atcd to the above presheaf,

there nowAdenotes the sheaf associ If ¥ has

finite covering dimension n ‘then We may take the limit over coverings of
dimension n. In this caseé we have a direct 14imit of convergent spectral
sequences; each of which give rise to & filtration of length n.
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3.7

Therefore if Y has finite covering dimension the spectral sequence

- ‘-1 — ) . 3 STy
HH{,KGf)__%>KG(X) is convergent.

Consider the case in which Y = X/G ond f:X-n%X/G is the

entification map. Then the stalk of Kif at xG is
' G
Kq(G/Gx) = kZ(point) = R(¢,) ® K% (point).

x
is R(GX) at xG@ for gq even, and 0 for g odd.

r\

nerefore the stall
When G=1, £ is the ideatity. map and Kgf 2. % for g =ven. Then

#(X;Z):::$ X*(X) is the spectral seguence constructed in F1ls,524

or general G we obtain a speciral sequence

i (X/6, Kef) —==5x%(%).

The ring R(G) is a sub-ring of the ring of complex valued functions

m the set of conjugacy classes of G. We use the same notation for a

conjugacy class +y in @G , for the corresponding evaluation map

r ¢+ R(G)—> C, .fnd for the prime ideal g in (@) which is the kernel
of this evaluaticn map.

Now KG(K) is an R(8)-module. Locaﬁsing with respect to the prime
ideal + of R(G) we obtain a R(G)Y-module KG(X)Y- We shall apply the

G-spectral seqguence to give a geometrlc interpretation of X (X)Y.

[a)

Definition If + is a coajugacy class in G let
XY= {xeX; 6 _ny#o}
U

where x% ig the fixed point set of g.

Clearly gx XY if and only if x e XY, Therefore Xf, is a G-spacc.

m e i e B~ . o H e i

e T A P T et

A, 3 5% Sl S g o S
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!
i

f: inclusion 1 : Xﬂl_ug X defines homomorphisms

& I K#(X) -—«--—-;15(:{’1’)

ity KE(X)y — KE(XV)y

-{hor oM Badiada If X/@ has finite covering dimension then

t
i*y is an isomorphism.

Proof Vle Tirst obscrve that localisation is an exact functor and therefos

the spectral seguence

H*(X/G, BET) ey ﬂGLX)

j o 5 ;
defined by fF:X - X/G can be localised to give a socctral seaquence
v Py £ =

H=:1.\.‘.:/i:._) l_Gf)Y __,____7 l{G(JL)Yo
The inelusion i : XY ——3 X induces a homomorphism of spectral
;rquences.
wHx/G, xk5Ty) = H¥(X/G, Kif)y > KE(X)y
.

iy , 2
WH(z/e, Keylx¥h) - Xl/6, Kif|X%)y =KXy
Since X|G hes finitc covering dimension the spectral segquence s converge and

P

-t

t is therefors sufficient to prove that i$ is an isomorphism. We assume

e following lemma which is proved in the appendix.

fmma 3.4.2. Let H be a closed subgroup of a compact Lie group G, and
& conjugary class of G IfTH N v = @ then therc exists a character

of G such that X(Y) £ 0 but i[H =




5.9

6{éx:ﬁ is a closed stbgroup of G, R(H) is a R(G)-module. If X(y) £ 0
bﬂfxlﬂ = 0 for some X € R(G) then R(H)y = O.

Aéa point £(x) € X|G the stalk of Kgfy is R(GX)Y for q even, 0 for g
‘gfx £ XY then G, ny = #. Therefore, by tie lanma, R(GV)Y Os Théfﬂ

K*PY is zero at all points of? LY/G. It follows that 1% is an isomorph
Gr [ S

Co E pllaPy Saliu3. Supposz tat g € G acts without fixed points . Then
0

I7fgq§ Apply the theorem with vy = [g] the conjugacy class determined

oy s

i

]

jo Einiteness thecrems
|

i

f

wmedule (scc the appendix). This fact cm be used to prove that under Su%:
I ab

If H is a closed subgroup of G then R(H) is a finite RlG}=

hyoothescs the E,-terms of the spe ctral seguance
! HP (% /&, ;gf)_-:_-_-; K, (X)

j

are finite R(G)-modules. This is far example iz case if X is a compact

5
,

dﬁfﬁmtntlaole G-manifold, ormore generally if X is locally G-contractiy

(F.e. each oroit has a necighbourtved of which it is a G-deformation retract)

I'lf in addition X/3 has finite covaring dimension then the spectrd scguen
dan be used to deduce that KE(X) is a finitc R(G)-module. In particular

- W¢ have
ﬁheorqg 3.5.1 If X is a compact differntiable G=manifold then KE(X)

§ a finite R(G)-modules.

for the proof and genecralisations of this thcorem we refer to a forthcor
= (\41

paper of G. Segal. It is used only in 7.2.5.

oy z - L —— = ’ e R 1
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Lecture 4. Integrality theorems I.

M.F. ATIYAH.

In this lecture we prove a Thom isomorphism theorem for

KG—theory when G is abelian, and use it to obtain an integrality

theorem (L4.3.%1) for differentiable G-manifolds. We assume that X

.is 2 compact G-space.

IL,1. __The Thom homomorphism.

Let X be a compact G-space, F a G-vector-bundle on X with
h-dimensional fibres, and s:X - F a G-invariant section.

At each point x € X there 1is a linear map

s(x) A t M'F_ - g

These maps combine to give a seguence
(£_,Fy 8) 2 04N B > oy o Lo Lol R
which is exact over all points x € X at which s(x) £ 0.

In particular, supposc that ¥ is a closed G-subspace of X,
and that therec is given a never-zero G-invariant section s of F|Y.
Then the above construction defines an element of KG(X, v). (Recall
that not only does a triple (Eoy Ei, o) define an element of
KG(X, Y) but so also does a complex (E;, di) of G-vector-bundles on
X which is acyclic over Y. For detalls se&c {3].)

Now observe that if p:E - X is a G-vector-bundle with
n-dimensional fibres then the G-vector-bundle p*E on E has a canonical
G-invariant section 6 (the diagonal map E = E x 4B = p*E) which is

never zero on the complement of the zero-section of B. So we obtain




lt.2

a complex of G-vector-bundles (A~1p*E,'é) on the locally compact

gpace B which is acyclic on the complement of a compact set and SO

dgefines a canonical element KE in KG

(B).

For the applications it is convenient to compactify E by

regarding it as the “affine part" of

the projective bundle

?(E @ C) =B U P(E) on X. (B is embedded in P(E @ C) by

£ va{E, 1}.) Then Kg(B) = Ky (P(E ©
But the complex (A_1p*E, &)
P(E P G‘ in the most obvious way. T
g & P(E @ C) does not determine a h
determine, by definition, an inclusi
inclusion C - (Ex e C)® Hg where H”
P(E @ g) as defined in 2.7. That 1is
projection, the bundle 5*(Ee C) © H

never—-zero section whose projection

g), P(E))-

on E does not extend to

o be precise, & point
omemorphism C - Ex’ put it does

on L £ - EX ® C, and so an

is the co-Hopf bundle on
. 4P PaP(E ® g) <+ ¥ 48 the
on P(E @ C) has 2 canonical

into P*E ® H we call 5. 1If

E e P(E 3 T = P(Ex & G) then Hg @ B & E, @ C, so & is certainly never

zero on P(E). But H - (B ® D) -

tpivialization C - H|E, and so an is

C induces & canonical

omorphism 9: p"E » p"E ® (E|E);

and it is easy to sec that 8 ° O = ¥|E. So the complex (A‘1p*E, 5)

on E is to be regarded as the restri

(A_y4 (3*E @ H), 3) on P(E @ C) Fina

ction of the complex

1ly observe that
k

2(5%E @ H) 2 (NF'E) @ HX = (3%2KE) @ H'. In summary:

Proposition L.1.1. There is a canonical elemeént Ay 10 KG(E).
1

If i:X - E is the zero-section, then i _kzo (- )k = M_q=-

B S —
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If KG(E) is regarded as KG(P(E ® C), P(E)), then the image of Ap

n ! o
in Kg(P(E @ €)) is 2/ ()% 5" (2"B) - 1.
Corollary: The restriction of 5 (--)k ﬁ:(th)-n_k to K, (P(E))
T : ~ k=0 G
is zelo.
prigi&igg:. If A is a closcd G-subspace of X, the homomorphism of
B ST P ]
KG(k)-modules @E.KG(X, A) - KG(E’ Bin™A)

1
defined by op(u) = (-1)* (p'u)-lE is called the Thom homomorphism.

Remarks:

(i) p!u is actually an element of K;(E, Elp_ﬂA), but this does not
matter in view of the remark (iii) in 2.9.1.

(ii) i o @szg(x, A) - K3(X, A) is clearly multiplication by
(-1)%_, (E] e Kg(X).

(iii) @E:KE(K) - K;(P(E o C), P(E)) is seen by the above discussion
to be even a homonorphism of K;(P(E @ g))mmodules.

(iv) The periodicity theorem of 2.7 is frceciscly the statement that
@L:Ké(x) o KZ(L) i Ké(P(L ® C), P(L)) is an isomorphism when

L is a G-line bundle. For P(L) = X, and bscause of the

existence of the section X = P(L) » P(L @ C) [the one called

(b
|l
Vel

i_ in the proof of the periodicity theorem. OCbserve ii(H*) ~

we know that the top line of the diagram
s : %
Ki(P(L o ), X) - K(P(LeQ)) = B0

Je: I l!

Kg(X) E3(0) [n)/(n-1)(n-0) ¥ KE(x

=i

B e ]
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L.

is a short exact sequence. Definc { by av—s - (n = pla, v by
f(n)—+£(p). Then the diagram commutes, and one can show that the
lower line is a short exact sequence, 80 Qp is an isomorphism.

In -the next section we show that ¢p iz an isomorphism for

any G-vector-bundle E which is a sum of G-line-bundles.

El;:.g_m“._EEE?EJ?E.Q?BJ&L@},.Q,Q the veriodity theorem.

In 4.1 we explained how a G_vector-bundle B on X can be

jdentified with the open subsct of the compact space P(E & g)

- complementary to the closcd subspace P(E). This can be generalized

in the following way:s

Supvose given two ¢_vector-bundles By, Dz ON X. Choose 2
metric on Bs. Lift By to the o_vector—bundle By = By x XP(EZ) on
P(Ez). Then By x X?(Ez} can be identified with the open subset of

P(E; o Ez) complementary to the closed subspace P(E,). In fact the

embedding is simply ;
(&1, Ez)!—_————-ﬂ) (B |t E2ll, E2) -

By replacing everywhére C by E; in the argument of L.1 -
which makes it, if anything, clearer - one discovers that when
KG(ﬁi) is identified with KG(P(Ei ® Es), P(By)) the canonical element
Nex

By
And o :KG(p(Ez)) - KG(P(Ei o Bz), P(E;)) is furthermore &

: 5 " e kel % L
in KG('i) maps to 2, (=) B*(NEg)m  1in KG(P(bi o Ez)).

1
homomorphism of KG(P(Ei o Ep))-modules.

We can now prove a generalization of the periodicity theorem.
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Theorem 4.2.1 Let X be a compact G-space, and B =13 & ... & Ln’
where Lj (1 £.j € n) are G-line-bundles on X. Let n € KZ(P(E)) be
the element determined by the co-Hopf bundle H*. Then KS(P(E)) is

generated as an algebra over KZ(X) by 7 subject to the single

: - k .k _n-k
relation 6. (m) = 32 (=) A = 0.
H k=0 2
Remarks: Write A = K;(X), and let py € K4(X) be the element

determined by Lj' Then

n
(1} en(x) = jg1(x — p.) is a polynomial identity in A[x],

J
as is seen very easily by induction.

(11) By the corollary to Proposition L.,1.1 we know we can

define a2 homomorphism of rings an:A[x]/(Gn(x)) - Kg(P(E)) B Hewaf]s

Proof : We proceed by induction. The casc n = 1 is triviel, as
then P(B) = X. So it suffices to show that if

0, :A[x1/(8(x)) —F— K5 (P(E)) then

an+1:A[y]/(6(y)-(y - p))——jif%KE(P(E e L)) where & is a G-vector-

bundle on X and L is a G-line-bundle. It is obvious that the

co-Hopf bundle on P(E @ L) restricts to the co-Hopf bundle on P(E).

Now the bundle $:P(E @ L) - X has a canonical section i, so
we have & split short exact scquence

5% 1 Had i : 5t #
0 - K5 (P(E @ 0% W =0 5 RUEMRE... 2+ X5 (P(E @ L)) ﬂdi———eKG(h) = (]

of KE(P(E @ L))-modules.

On the other hand by the periodicity theoren the Thom

homomnorphi sm ¢L;K§(K) - K;(L X XP(E)) o KE(P(E o L), P(L)), which

el e A i e s i N i A4
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: . P . ;
we have seen to be a homomorphism of K,(P(E e L) )-modules, is

an isomorphism. Consider the diagram:

0 - A[x]/(8(x)) —E—sa[y1/(8(y)-(y - p)) —= A =0
| |

}
| |
E i

4

n t n+1
i IOCPN '}’ L l
0+ KiP(E)) ——L K(P(EeL)) ~—"HKi(X) ~0

PR s (=7 = pIELF)s

hip).

where p is defined by

and v by Bl ) o

The upper line is also a short exact sequence, and the diagram

comnutes by construction,; so a 1 is an isomorphism.

n+

An imnediate corollary is:

Theoren b.2.2 The Thom homomorphisn @E:Kg(x) - KS(E) is an

isomorphism whenever E is a sunm of G-line-bundles.
Remark: The restriction is unnccessary, as we shall see in

Lecture 6.

Proof: Consider this time the diagram
A y-\ N >
0> & — Aly)/(6, (1) ——— Alxl/(ey(x)) » 0
‘ 1N ]~
(PE != ‘liz
Hrn : = - 3
0 » K, (E) Ky(P(Z 0 ) — K(P(E}} —0

E——————— R LR

ot

e v e
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=
where p is defined by ar——%("1)na . 3 (-)klk-y"k = (- 1)na'6n(y)

and v ' by £(y)——T(x).
The upper line is exact by insnection.
The lower line is exact because ¥ is now xnown to be surjective.

And the diagram commutes. So Pn is an isomorphism.

4.3. The Gysin homonorphisn

Let X be a differentiable manifold, TX the total space of
the tangent bundle of X. I G acts differentiably on X then the
differential induces an action of G on TX, and we may consider

the group (with ccmpact supports!) KG(TX).

Let f£:¥ » X be a differentiable G-map of compact

G-manifolds. We wish to define, in a functorial manner, a
homomorphisn
- 5 )
£y KG_(J. ) Kq (TX)

which is analogous to the Gysin homonorphism for cohomology theory.
Thers is an cquivariant embedding h of ¥ in some real
G-vector space V. For the proof, which is very similar to the
proof in 2.4, sec Palais (81,
Therefore the map £:Y - X can be factored as the

composition of G-naps

o
——r \""'-w-..,_,_..,....-.-..--.-f— e ————————
. S U ————————e R P L e SR D e

T
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vy Iy w -dyzay LEyx
where ji : Y- X xV 1s givenby £ x h, J ¢ N-%X x V 1is the
embedding of a G-invariant tubular neighbourhood N cf Jji(Y) in
XxV, i:Y~—3 N 1is the map of Y onto the zero section of the
normal bundle of Y in X x Vand p : X x V—% X 1is the product pro-

juction. It therefore suffices to define 1i,, J, and D,.

Definition of i, ¢ Consider the diagram of projection maps

TY §mm TN

e

Y & N

Here TN is regarded as & real vector bundle over TY with Ny & Ny

over each point of phl(y). Thercfore TN can be identified in a
natural way with the total spoace of the G-vector-bundle p(N @RC)
over TY. The (relative) Thom homomorphism

b KG(Ty)._-_aJ, KG(TN)
is the required homcmornhism il' By Proposition L.2.1s il 1, 1is

multiplication by (-l)nh_l(N e C) where n is the fibre dimension

of N. DNote that n = dim X - dim Y + d4dim V.

Definition of j, * Let (TN)+ denote the one-point compactification

of TH. There is a G-map r: (T(X x V))"— (Tn)*

obteained by collapsing everything outside TN to a point.

The homomorphism _
1
r* 1 K (TH) — K (T(x x V))

is the required homomorphism Ji.

s e

A T T 5 i fm ¥ 3

o AR LA it o b Bt v i e g

L T




e e T8 1

F—

o

= . Lt e —— e S R e B T T

S SIS

k.9

Definition of vy ¢ The Thom homomorphism for the G-vector-bundle

Ve C is a homcmorphisn

S

b ¢ K (TX) —3 K (TX x (V@C)) = K, (T(X x V))

The required homomorphism D. is the homomorphism

kg Bl x V)] wmsamaly K, (T)
and is defined whenever ¢ is an isomorphism.

By the corollary to Theorem U.2.2, b is an isomorphism whenever

G is abelian, and therefore D, ie defined in this case.

Theorem L.3.1. Let f 3 Y—=—> X be a differentisble G-map of compact

G-manifolds and suppose G 1is abelian. There is a natural homomorphism
£, + K (TY) —3 KGCTX)
° G -

such that
(fa)y = Ty &

and :
1
fl(y.f‘(x)) = fl(y) x for X e KG(TX), v e KG(TY).

Moreover if £ 1is an embedding of codimension n with normal bundle IH

1]
N then £° f, is multiplicaction by (-1)" A_;(F ® C). Aile c o
Proof Let i,j,p Dbe the maps defined above and define £y = DPededse

The rest of the proof now follows &s for K-theory (ﬂtiyah—Hirzebruch

[1]). The main step is to show that £, is independent of the choice

of V : two embeddings in V and V' definc embeddings in V & V! which

are equiveriantly homotopic.

A L

S

e
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L.10
gorollary h.3.2. Let Y be & compact G-manifold, and £:Y -3 {point]
the constant map. Phen T,(u) € R(¢) for all u € KG(TY)
In the next lecture we shall, in particular cases, obtain
alternative expressions for £,(u) =as an element of r(G) ® C.

The stetement that in fact f.{u) e R(G) is then called an

integrality theorenm.

REFERENCES
[1] #. F. itiyah and F. Hirzebruch.
The Riemenn- Roch theorem for anelytic embeddings.

Topology 1(1962) 151-166
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rzy R. Palaise Theory of G-spacesS. Memoirs A. M. S.

[3] M. F. Atiyah, R. Bott and A. Shapiro. clifford Modules.

Topology 3 Suppl.l,(l96u),3—38.



Lecture 5. Integrality theorems Il

M. F. ATIYAH

In this lecture we apply Theorem L4.3.1. in the case when G is &
cyclic group. 1t is then possible 1O obtain more concrete results and
to see clearly the relationship with the usunl integrolity theorems

for differentisble monifolds. We cossume thet X 1is a compact

gifferentiable c-manifold.

5.1 Differcntinble acticns of cyclic groups

e

For the purpose of this lecture o gyclic group G will meon either
a finite cyclic group with generator g € G or o ccmpact Lie group in

which powers of some fixed element g € G arc dcnse. Typical cyclic

grouns of the second type ore the forus T = Slx.,,..xsl, or more generally
the product of 2 torus and a finite cyclic grcup.

Iet X Dbe a differentoble G-manifold, where G = {gk} is eyclic
with genercter g ¢ X ~—3y X. The fixed point set of g is dencted by Xg.

For each point X &€ Xg there is an automorphism dg Qx-——;TX of the

tangent spoce Tx t5 X ot x. The subspace

g
TS = {v e Ty ag(v) = v} c T,

is identified in a natural woy (see the eppendix)
with the tengent space &t X of the differentiable manifolds Xg.

Thus T = Ti =) Ni s where Ni is the subspace of Tx spanned by

eigenvectors of Cg with eigenvalues Z 1. We denote by Ng the normal

bundle Ni of Xg in X and by Ng ® C the complexifieation of Ng.

U
xeX
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5.2

The action of ¢ on N& ® C defines an element

A _1(Ng & C) e KG(Xg). Yle use the same notation for the corresponding

. g
element of K,(X )g .

Proposition 5.,1.1. A_1(Ng @C) 1s invertible in KG(Xg)g.

Proof. First suppose that x& has n connedted components with
base peoints x4 (i = 1y0e05n). Since the action of G on Xx& is
trivial, the embedding fi : {xi ] s xE is a G-map., Consider

the exact sequence

0 —— 1(x8) 0 B(G) —— K(x8) @ R(G) -8y © K({x;} o R(G)

| fl 1

g g 2 @
!
where E= © fi° o The ideal IG(Xg) is nilpotent and

therefore u e K,(X®) is invertible if and only if e(u) 1is
invertible, j.e. if and only if fé (u) is invertible for
1=1,e0005n., It is therefore sufficient to consider the case
n=91. Then KG({xi})g - R(G)g is a local ring A with
naximal ideal m .,

If G is finite tﬁen R(e) =2 [ x]/(x"1) and the prime
ideal (g) is the kernel of the homomorphism R(G) ——3 C taking
X to Z, aprimitive n th root of unity. Then R(G)g = A= Q(z),
If G = (81)n i1s a torus then R(G) - is the ring of polynomials in

+1i ®
o= J (1< J <n)wita integral coefficients, and R(G)g = A e

the field of such polynomials with rational coefficlents,

BB 3 RECT ” r o RS ot T e s g ey g st
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To prove that fi(u) is invertible it is sufficient
] t
to prove that fi(u) €m, i.¢. that the cvaluation of £i(u) at

g 1s non-zero. Now let w, = ht(Ng ® C). Then

1
. . -8 -
£ (ug)(e) = 2 (Fy @ C)(g) = det (1 + tdg)
where dg @ Ng-~§ ne is the automorphism induced by dg.
X4 Xq
Since no eigenvector of .dg has eigenvalue 1 we have
t 1
fi(us)(g) #0 and f£7(uy) € m. Therefore K_l(Ng @ C) is invertible
v g A
in KG(A %

Remark since @ acts trivially on Xg,

It

KG(Xg)g K(x%) o R(G) o

K(Xg) & A.

Il

We 1ntroduce the following notation ¢ A c A where
(1) 3£ @ is cyclic of order n , 4 = %[zl =1.
i.n > . ]
(11} 1f @ = (87)", A = the subring of trigoncmeiric

polyncmials with integer ccefficients.

Theorem 5.1.2. Let G be o cyclic group with generator g, X o
G-manifold with fixed point set Xg, i:Xg-—é X the embedding end
r8 : Xg_-—)paint, f : {—>>pcint, the constont maps. Let N8 ve the
normal bundle of X% in X and u e KG(TX). Then, regorded os

elements in &L = R(G)g.,.. ... ,

e

yf, {u) = £,5 e igﬁ_—_m\>
(=1)7%y ! A, (8" e CY,

where n  is the codimension ¢f X% in X .




5.4
1
g i‘u

proof Consider the dicgram
8

Xg EN—— point
{
i £

P4

By Theorem L.3.1. there is o corresponding dicsgram

£

i (7%%) y R(G)

g

vt £ tily) = £5(v)  fer a1l V e KG(TXg) -

such tho
1 g
By 3.4.1. Rt £ oY o isomorvhsim with inverse i, ( h (” G))
ond therefore . using %uB.l, ¢
.u i.u
m— = - - r .
£y 1i(h_1(ug TS Pl (e

("'1 )%C‘: ( _‘\_l(Ng & C) ) =

of fixed points

5.2 Actions with o f£inite numbel

finite numbeT of points P € X»

Suppose thﬂt x& consists of £
t
i u o i
£5( g yoaE R L e R(«
%o (N° o c) o 1(T 5 C) e R (&)

Then

S

A B ¢ X B i)




here i;p : {p} —>X is the embedding, TD is the tangent spoce to X

t P, and u eKG(TX). Let 0 -—)E, 2B =Pt w3E —50 e a

;equence of G-vector-bundles over Tx which is exnct off the zero section

£ TX. This defines on element u e Ky(TX) such that
% (-1)" trace glE,

1
| 28 e : -
{f £y ( -8 = b
AT V(1 e 0) 5 4A_l (T, ® ©)
| kgl
| i,
» 2(=-1)" trace glE;L s
{ - E( 1 9P)

| ' det (1-dg)

i‘hecrem 5.1. then implies

i‘rongsition 5.2.1. Under the above hypotheses

T T

€ Ao

1
E( 1)” troce g[Ei’P >

b det (1~agp)

rroposition 5.2.1. can be regorded as o set of ecnditiins on the linear
llaps  dg. ., g|Ei,p which must be satisfied if the points p can occar

D
‘s fixed points of an action of G on a differentisble manifcld.

3.3 Triviel acticns

In corder t> show how Theorem 5.1.2. links up with the usuzcl integrality
‘heorems for characteristic classes we consider the cose G = 1. Since

Ig_ = X this 1s the opposite extreme to the cose 1n which Xg is finite.

A
it ’ o - 0 N N e R 1. T P, ' (DA~
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is clways dcefined.

cohomology methods.

ch

from K(TX)

compact supports.
K(TX)

1
ch

~
H#(T%,Q)

in which J

Recoll the construction of Iy

consider on embedding 4 : X —3V

pundle N. In this
1

1" ig =

i 1y, =

Consider < formal

Pontrjagin clzss

K(TX) > BTz 1) =

to the ring H*(TX,Q)

n
foctorisation c¢(Ne C) = 10

pil) = 1

e - - i i el 2v gl

5.6

and the mop

%: Xy = ppint

On the othecr hand it can be caleculs ted by

The Chern character defines & ring hom-m-rphism

: K(TX) i

H#(TX,Q)

of rational cchomology with

There is a diagram
£y
: > K(T{Xo}) = D
¢h = 3
%

> H*(TEXO},Q) = Q

¢ 72 —3 Q is the usual homomorphism end f£,.(u) = (v)[TX].

in 4.3,

with real n-dimensional anvrmal
case

o . n
multiplication by (-1) h_l(H @ C)
multiplicotion by Chern class cn(N & O),

2
1(1”Xj)9 80 that the
J:
n )
(1+x5). ‘Then

j=1

The essentinl step was to



ch(u) (-1)® [ch mul(N @ C)]

|

y#ch i,(u) = ch i 3,(u) =

" n - o -X,
= () el {E)on (1-¢ I)(1-e 7,
i=1
- n
s 1. en(u) = (-1)" eh (u) O (=, P %)
e iz J J
and therefore 1
A _ n Ke N3 \
1% ch ig(u) = i*iﬁ‘*ch(u)< i (,_ﬂi_, <~v~m§; ) 'W
& " =1 -:]__.l-'e—-xj 1l-e J/ wl #

we cnonnot of course conclude directly thot

. —x, -1
ﬁ§l<1.:£X3><1_:iH>> i}

ch i!(u) = i*[iCh(u) (

However, an exoctly similer crlculntion on the clossifying space for

N @ C shows that this formula 1is true, -nd that

en £, (W) = «ng(ch(u:° fr(X)) [7%]

&l A 5 polynomial ia the Pontrjagin closses pi(X) & Hui(X,Q)

where
ol W R plX) = n(l + yg) then
- A
c(T @ C) = n(1 - Y?) = LHLL ~ Xj)) . and
¥ RE
i 5 |
o(X) = H(l—e# j)(l«eyj
%y -1, X 1
) (1* Xj) (1'9 3> :

We therefpre obtain
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Theorem 5.3 .1. If U e K(TX) then

(ch u. (X)) [TX] is con integer.

corollary 5.3.2. If X is orienteble and b H%(X,Q) —> H*(TX,Q)

is the Thom isomorphism then ( b—l ch u. (X)) [X] 4is an integer.

This is the customory integrality theorem. TO obtoin more

concfete results it is necessary t> cho.se an element u € KT )

Different integrality theorcms correspond to different choices of u.

5.4 The integrolity theorem
which combines the two extreme coses

We now seek o formula
and 5.3. We keep the nototions of Theoren Belads

€ we hove KG(Xg) = X(x8) @ R(G) =ond

discussed in 5.2
Since G ccts trivially on X

therefore o Chern chorocter homomorphism

ch 2 K (XE) 1 (x%,4)

where A= (R(G) @ C)g. Similerly if {x,} is & single point

ech 3 KG(T{XOZ)-—% H*(T[{Xo},0) = &

maps onto the subring A C Ae By S.1.2s

gl Baiy = B A g SIS C))_
On the ne hond ch £,(u) e A. On the other hand, since ch is
multiplicative, and G acts. trivially on x& (see 5.3)

t o 1

L] 1 s @ b )
ch £8 ( i ug ) =y eh S u T(Xg)} [TXg].
a_1(IeC) len 7\_1(Ng®c) 3

O . '_ M T s SR

A LT SRR N A S N A T T D



Consider the G-vectcr-bundle Ng. Every representation of the

cyclic group is 2 direct sum >f -ne-dimensional representntions which

are determined by the eigenvolues of g. It follows that

g

N =N’1c@zNa
6
where Nﬂ is the subspace of Ng spenned by eigenvectors with
eigenvalue -1 and Ne is the (real) subspace of we spanned by
+ 16 .

gigenveetors with eigenvalues g , 0<6<w. Then Ne hos a natural

complex structure and

whérgN;, N@ Al e (c&mplex) G-vect.r-bundlecs .n which g operctes

)]

D : i -i aspectively. imil~rly D : 3
by multiplicntisn by e 6, e respectively Simil-~rly Nn @ C 1
' G-vcetor-bundle on which g aperates by multiplicotisn by -1.
Cunsider formol foctorisations

2
Iy = 1 ’
p(iﬂ) m(1 + yﬂ,a)

J
C(Na) =1 (1 + ye,j)

J

; g : e ) 11 8
T = I (1 T s 1+ o L ] :
hen C(N & C) J ( y"a . ( ye,a)( ye,a)

and

s (-1)7 cn kr(Ng)

ch (n_p(NG))

r
y +e..-+F
SR e O T B 6,1,
r
_ P s
= I (l—eiee 6’3.).
g

" Mﬂm T ——————— — i e

2l
[

L | A S




__,44""""
5+30
5 15 8,3
-i1erly ch(k_l(Ne)) Ul O e V)
J
N a -y .
ch(Nﬂ eC) = I (1+e sy (1+e Ty d)
J
el therefore
i Vo —i =y ;
ch (h_l(Ng 2 C)) = T Mo (1-e 6. 0rd) (1 © e 6,3
0<O<T J
L(ie+y, 1) -—2(30+Y )
=] 2 '
= I n (-1)(e 0,07 e 6,4 )2
0<o<T ]

gult in the foprmule for cb £,(u) we have
X

pstituting this re
2y

meoren Beltels et & he & cyclic group with geacrntol

g
nifold with fixed point st X8, 11X —X the
sne normol yundle of Xg in X. Let J¥g 3 be defined 38 above
9 :
1€ KG(TX) o - Bhen
i & ! g .
| ] chi’u (X%)
L e A e e K Tt -
1 k] 4 . 1
. s -3y 5.2 L(16+74 1) ~(le+v, 4
H(e Ty d 4+ € ‘75,3) I H(—l)(e €,3" _¢ £ 3
J 0<BLT 3

iy 18 necesstry to chosse

\gain, to obtoin more concrete results,
. Tor details sce (1)

slement u € zcg('rx)_ This 1s done 1in 5.5

35 Constructionﬁggﬂg;ementg w € KG(TX)
we seek & segu

—3 B, —

ence

In opder to define clements U € KG(TX)

0 —-")EO

4 s

—_— Bi

e ———————— T S

@ inclusion ~nd N

a

24

~nd let

“-['L‘{E] c A
)

)2

an

R e T
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of G-vector-bundles Ei over 7 which is exact off the zero
secticn ef TX. In order to dc *ais in o systematlc woy we suppose
that X has an H structure: *ist is, there is & principal
H-bundle P over X, a2 real rciresentatien space ¥ of B ond an

isomorphism

3
™.
IH
Hd
x

<

Now suppose that there exiz+ complex representation spoces

Mo sMaporoeesty of H such th-: there is an H-mop Ve My 5 — My

7

for ecch 1 = 1lyeceesld and suc-. that the sequence

v v v
0 -"'} 1“10 ""“""w} }'Ij_ _-—-} LRI S ] }" ‘DIn } 0

defined by v e V is exact for =11 v Z 0. Then if p: TX sty X 18

the projection mep there is & izguence

=&

0--—->E0 ———ﬂ'}‘Ei -'“"“} ee s so ——-?En-—-%o

as required with B, = p¥(Px.0 . If in cddition X is & G-manifcld
with H-structure (i.e. G 2c%: n P in o manner congistent with

the action of H and
/the differential cction of & :n TX) then E; 1s 2 G-vector-bundle

and the sequence defines on cosment u e KG(TX).

The Thom is.m:rphism

b3 H#(X,Q)=——3 I TL,Q)

ijs defined, where §  denntes titwisted or twisted coefficients accerding
as X is crientable or n-n- »zntable (the manifold TX 1is always

erientople). If s X —-'-?'-T:f i3 the zero section,
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L 2

end dim X = 2K, —1) s#$ is multiplication by the Euler class, or
+wisted Buler class, e(T) of X. Therefore

i %(—1)i ch (P x ;)

(-1)% e (1)

whenever the right hond side is well defined.
The following are the simplest examples of this construction.
Tor convenicnce we assume that dim V = 2Ke

(1) Almost complex structure vn this case H = 6L(k,C), V = Ck,

M, = liV'and Ve liﬁlv ——J})}V' is exterior multiplication. X is

il s

automaticelly orientable and 2 (-1)" o {F x H M,) = ch A T= H (1-="4)
4 4 3“1
hepe T is the compleX tangent bundle of X and e(T) = H (1+y ).
J=1
y
= | k .}.‘;_‘?‘,}_
Thus ) gh {u) = O 5
J=1 J
K -V,
and b ch (w). =(X) = 1 - Iy )
PR e

ia the Todd charecteristic of X. In particuler Theoren 53el implies .

that the Todd genus ?(X) of X is an integer.

(1i) Spin stru Tr this coge | = Spin (Pk) eod ¥ RE

.—i-- _-

l(D

Consider the homomorphism V @ Mg > M, where Mo, M, are s-spin

representotions and multiplication is Clifford multiplication. In

this case p(%X) = I (1+y§) and
J=1
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s
&
= lé ¥y = 1;1 -y
= e e P = g
e ¥ sinh %yj
Fal

In particular Theorem Bsb«l Implies that the A —genus of X is

en intesger.

We remark that the segucnce

0 —-—-}ZQ-—-—-}Spin (2x) ~—> s0(2k) —> 0

can be used to show that an oriented 2k-manifold X adnits o Spin
2

structure if and only if wy(X) e H (Xy2s ) 1s zera.

(1ii) Qrisnhozion

e

in this case H = 80(2k) and V = REK. Let A%* denote the

. . 2k
exterior clgebra of R, and consider the duallty operator

$qa(a-1)
W

1 k- 24 . . .
- lquﬁ —_— A q ¢, Define q : A% ——=>A%* DYy a(mq)=(—1)
Then a® = (—1)k end
MogC = Mo ol

i i . - . .k
where M, 1is spanned by eigenvectors with eigenvalues +1i, My by

IS T T iy g e 7Y s T T T Y e T T T Ty
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V@ wswm~ém(w) = ¥ A

514

. . k .
with eigenvclues -i7. Define

2k .
me___J? hl

w — Vv v w where a is exterior product and

is the adjoint inner product. Then

w -V v w) -V Vv (V AW -V Vv w)

v(v(w)) =V A (v A

vl

1l

and therefore Vv is on isomorphism for v # 0. 1In this case

k 2
p(x) = I (1+y5) and
§=1 )
k -y. ¥
ch (P x M) — ch(P x LR i M J).
& q 4=0
X is orientoble and
K V. Y3
¢ ch u. L(A) = j=1 ¥ T(K)
¥
J
k
= I ¥4
=] el
J tonh 2 7.
J
k
In par ticular Theoren B eDale implies that I .,,jﬁl .
j=1 taonh ;“g

is en integs?r when evalucted on the 2k dimensional fundamental

cycle of X. How

k 2 kK VY.
'-) m - ?}IE“;-" Jix] = o tfm ya)m

)

-

tanh zy

P il
[ N
=
‘.I.

s —————
o s (O R A (WL
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~nnt this agrees rith the usual definition of the L-genus of X

we remark thot the segue nce

330(2k) -3 0(2k) w*;,zQ i, 0

.- pe used to show that 2 ok-manifold X admits an orientation if

-l only if Wi(}{) e Hl(X,Zg) ig zZero.

.,6 4 special case

; e < e e

We cpply 5.4.1. 1n the specinl cnse where u € KG(TX) is the

1ement given by excmple (¥4} of  Bsbw Ve consider a formal

saotorisation

g 2
p(x%) = 12733
3
e(t®) = 1 v,
j J

o(7® @ C)=1 (1 + yj)(l - yj)-

Then. in the notation of 5.k, if <:x& — %8 is the zero section,

' L V3 Y -y o —(ie+y ) (ie+y, )
a% g ACwaste” e ). H( e . Trdge¥m iy H(c 0997 e 6,47y,
J e
!
g et T(;ﬁ))

Th. f - ( - i o iu "I} i 2 e

erefore ¢ i K_l(ﬂg 5 C) is a product of terms of three
types

=¥ J. v
(1) e 33\ g geaar
3 J j ‘tenh 2¥y

e ey o M 2

ey T ———T
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5.16
=y . b .
n (-e Ted L e TC)J) 1
J
5 oty SRS s Wl e - - G ) SO
5y -5y ' tenh b
I? (e“2 Ty d & B < ’K’j)z T ey’ﬂ‘- J
J
~(iea7. 5) (18+Y6 J)

o7 . e 62" L6 R
e i ( ey

204 - j« o] T 5 =
2(*9+Vej)e 9(16+3qj))2 ococr | tanh EHygile

Now define
ey i3
(1) Y = I3 = polynomial in Pontrjagin closses
- A

tanh %yj

g : . =y .
cf X with rational coeffeclents,

(ii S () = 1 J
) A Ui 5 e El; - polynomial in Pontrsdagin

SRR
tanh zyet,j

elaness v U with rational coefficients,

I pyey £ ok 1
(ida) NLgne) = I  ceeeimmeas = polynomial in Cher:n classes
J anh %(yj+16)

with compleX coefficients,
nd let e(N ) be the untwisted or twisted coefficients Buler class
of Fﬂ according &s Xg is orientoble or non-orientable. Then

Theorem 5.4.1. implies:

- e RO AP TR I R TR A LT T P R T YEE
v I—————— L AL e
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Theorem 5.6.1. Under the cbove hypotheses

e P ;
(L (XE) . () L T(@). o)} [¥°] e 4
o<O<x

In the case G=Z, the eigenvalues of g are all 5] and therefore

Nﬂ:ﬁg is the whole normal bundle of Xg. Hence

Coroilary 5.6.2. Suppose G=Z,. Then
C i Pyl L
{z}i(ng)-i_(Ng) . e(mg)} [Xg] a A

Lays - SubeaBa Suppose that the characteristic classes of Nﬂ
and N wie zero for all 6. Then

f L (X5 g cotenh ie ] [x®] e a.
0<OLK

We conclude with one more concrete application of Corollary 5.6.3.

Proposition 5.6.4.  Let G be cyclic of order p-, p odd.

“When * ronnot have precisely one fixed point.
Proof ipoose that ¥® consisted of o single point. Then

N =0, (x%) =1, and the eigenvalues of g have the form
=

T a1 2ri r
n ’coaco,n k the:.‘e T] = e -%lt-— ’ n = p and T] # _1 Bince p

cdd. Then by Corollary 5.6.3 with 8 = 2“rj
n
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Bsds

I‘.
e =7 LEnl = &[4
J 1 5
- M
ThereiJre g r ; r.,
. 0 (1) = @ (L) =1 (2 ")

J J

The lei't hand side belongs to the idesl in Z[n] generated Dby

on the cther hond the right hand side 1s a powe

]"'T}o L
this idezl. Since z[n]/(n-1) E Zp this is o contradiction.

r of 2 modulo
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Lecture 6. The anzlytic index

M. F, ATIYAH

In this lecture we outliine the proofs of two theorems - the
determinntion of Ké(P(E) snd the Thon isomosphisn K (X) = KE(E) -
i

which have spo far been proved only for E & direect sum of G-vector-

-

bundles with fihre C. As & corollary we obtain the determination of
( v) £

5 G-modulcs V3 so for this h~d been done only for @ <4belidn. We

b

R

K3(X x P(V))and the Thom isomorphism K (%)

assume thot X 1is o compact G-spnce.

6.1 The C-splitting principle

We wish to extend to G-vector-bundles the familicr splitting

principle for vector bundles. This extensicn depends on the following

theorem. The proof involves dl.fferential operators ond is outlined

very briefly on 6.2.

Theorem 6.1.1. Let X be a compnoct G-space, E ° G-vector-bundle

e £

over X, and p: P(E)—yX the projective bundlc of E. There is 2

natursl hemomorphism

Dy ¢ K (B(E)) : > K, (%)
1 '
such th-t py p° = identity. In porticul-r p° is o Zoacmorphism,
L]
We give o number of applications of Thcores Gu.lsls Jnothep
applicntion is given in 7.7.




et K be & G-vector-bundle with fibre Cn, P the nssocicted

s

_-:-cipel bundle with fibre 6L(n,C), ~nd F(E) the fibre bundle
~=r X obt~ined by dividing out P Dby the oction of the trlanmilaprmatrices
- 5L(n,C). The action of G on E mokes F(E) a G-spcce end the

.otion % : F(E) =3 X 1is o G-map. F(E) 1is cnlled the flog bundle

- T
-

-1
- B. By construction o point y e « (x) corresponds to a flag of linenr

~mSDoCces
0 = I‘-’IO & Nil &= PRI, il I\,‘in = Ex

2 +the Tibre Ey of B over X. There cre G-vector-bundles Ll,.,..Ln

» T(B) with fihre C such that B = Ly @eves® Lo

~gposition 6.7.2, There 18 & netural homomorphism

ry ¢ K (F(E)) —— K (%)

1 1
s-ch that ®,x° = identity. 1In particular x" 1is 2 momomorphism.
L]

Troof The proposition is true for n=1 since then F(E) = X. Ve therefore

There 1is © commutative

=sume thot the proposition is true for n-1, n>l.

P(E') = F(E)

. i
P(E) S X
P

where E' is the G-vector bundle over P(E) defined by the exnct sequence

0 —3 H¥ —3D*E —} E' —) O

IS
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L ot el

6.3

By the jnduction hypothesis x'y is defined. By Thesorem Balata

py 18 gefined. We &fine ®t = Dy 14

L Ly
proposition Bulade  Ba (p(E) 1is generated as By dlgre. OVeT K;(X)

py the elerent M (see 0,7) subject to the single relation

n . .
3 (—1)lnn-lhi(E) S il
i=0

Proof . The conse 1N which B =14 @osves® o where each Ly is &
G—vector—bundle @itk Fivre Gy has been proved in Theorem B.d sk

Consider the din groms

Wi

w P . * Y sl
p(RE) —> P(E) KG(P(W*E)) == K (P(E))
i} w Y
! :
a P = i
L !
~ <r T o ™ \/*
F(E) ._ﬁ_;___ﬁ? X ﬁG(f(E)) ¢ T K, (%)

where psq &r€ projection meps of projective pundles and w0 are
projection mops of f£1ng bundles.
Then Ké(P(K$E)) ijg generated

over KZ(F(E)) by &n clemnt M’ subject to the relation (Theorem

Ll—-z -1')

n s . ] 1
AL e W
=0

0,

i}

i

e

where n o= w0

e — —————TT S
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1 n 3 L : 1 & 1
Phus o [ 3 (—1):L nn % D ll(E)] = ond, since ®* is a
=0

monomorphism (Proposition 6.1.2.),

n.

B s e R
120 (=3)F o =SB = e

1
Since w® is -~ monomorphism this is essentinlly the only relation
n . ] g i
betwecn 1; MNyeeessT ; since w, 1is on epimorphism,every elcment
::‘ 4 1 -y 3 = - 3 -+ - nﬂl me e
of KG(P(E)) is o linesry combination of 1,Myesssy” +» The result

follows.

Proposition 6.1.3. Dow implies the Thom isomorphism theorem; by
exactly the same argument as in Theorem 4.2.2:
Theorem 6.1.4. Let X be a compact G-space and E o G-vector-
5 #
bundle over X. Then KG(E) is = free KG(X)—module with gener-tor
Ny e In prrticular the Thom homomorphism ¢ @ KG(X)-W§ KG(E) is
an isomorphism.
Proof Let 1i: P(E)-—3 P(E @ C) De the inclusion. By

1
Proposition 6.1.3 1° 1is an epimorphism and there is an exoct sequence
t

0 —3(E) > KL(B(E o Q) 23k (2(E)) =0

| ]

KG(X) [n'] ———3 Kg(X)[n] — 0

' n P
subject to the relctions 1*n' =m; 3 (-1)lnn ihl(E) = 0,and
=0
e Ny e S el i AL



6.5

A%
k (1)) -

™
omMB

3.
‘ (*‘l) .n!n-!'-l -i i(E @ C) = (T}"l).
i=0 : §i =

Therefore KG(X) = ker 1° is isomorphic to the free K*(X)-module

i
generated by 2 (-1)™n - 1(E), or, toking the corresponding element in

1=0

% % L i
KG(E)’ to the frec Ké(X)—module generated by 3 (—l)ill(E) = Age
3=0

6.2 _Fomilies of differential operatBrs

et p: Y ~=3»X be o fihre bundle with fibre a compact

difrerntinble monifold M and witn structure group o subgroup of the
group of diffeomorphisms of M. Then the differential

dp : TY —y p*TX has maximel ronk. The kernel Tp of @ 1is a real
vector bundle with fibre dimension dim M colled the bundle glong the
fibres of Y. Suppose that G acts on p: ¥ —> X counatiidsn.gith

- the structurc group, and recall that by means of a metric we may
identify Tp with its dual.
Proposition 6.2.1. There is o naturnl homomorphism of KG(X)—moduies

ind & K AEp) =l KW(X')

[0}

which reduces, when X 1s ¢ point, to the anslytic index.

We sholl not prove the proposition here, but moke some remarks
on the cose when X 1is o point. Let =« ¢ TM —% M Dbe the projection
and consider differentinble complex vector bundles E,F overM . A
pertial differentinl operator, 4: r'(E) =% P(F) of order k defines
o symbol |

0 ¢ RFE 3 HE,
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Definition d 1 elliptic if o 15 an isomorphlism off the zeyo

section of TM.

Thus zn elliptie differentizl operctor 4 defines an element
o(d) = (x*E, ®%F, o) of XK(TM). On the other hand the elliptic
condition implies thot Her 4 &and coker 4 are finite dimensionnl.
The index ind d of 4 1is definecd by

ind d = dim kepr 4 = dim goger d.

In foet not every element 4 e K(TH) crises from o differntial
operator. This is however the cuse once we consider the larger class
of pseudo-differntisl operctors defined by Seeley [h]. The same

argument then defines o homomorphism
ind ¢ K(TH) ~— Z ,

Full detnils con be found in Palais [3] which 2lso contoins

the cn~lysis needed for the mére genersl case.

If X 4is o point cnd M is 2 G-manifold then an elliptic
@ differnticl operator 4 which respects the action of G on
I'(E), T(F) defines on the one h-nd an element
o(d) e KG(TM)
and on the other hond an element
ind d =ker 4 - coker d e R(G)
where now ker 4 ond coker d are representation spaces for G. This

is the required homomorphism

ind KG(TM)———-§ KG(point) = R(G).
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6.7

The &xtension to a genernl G-spnce X and G-fibre-bundle p: ¥ —=X
involves fomilies d = {d ) of elliptic differential operators. Any
such is homotopic to an operctor for which ker dx and coker dx have

sonstant dimension and so define G-vector-bundles ker d and coker 4.
Then

ind 4 = ker d - coker 4 e KG(X) end there is a

homomorphism

ind ¢ Kg(Tp) —— K, ().
If also Tp 1is o complex vector bundle then the composition
of ind with the Thom homomorphism ¢ : KG(Y) — KG(Tp) defines o
natural homomorphsim

p4 1Ky (¥) ey X ().

- Note that we do not claim thot ! sotisfies ony perticulor
properties in relntion to p?This is done in 6.3 for fibre bundles

p: Y —) X which scotisfy an additional restriction.

6.3 Fomilies of differcnticl overftors over complex mainfolds

/compact
Let M Ye a’complex monifold, and 0M the shecf of germs of

holomorphic functions on M. If M is connected then, Liocuville's
theorem, HO(M,OM) 2 C. We say that M is regular if M is connected

and if olso Hi(M,O = 0 for 1> 0 (Worning: the word regular is

| w A
also used to menn simply H (M,OM) = 0

f Lemmz 6.3.1. Let V be o complex vector space. The complex

monifolds P(V) and F(V) eore regular.




6.8

Proof (see [2], §15) : The theorem of Dolbeault implies that

dim Hi(M,OM) is egual to the number h°°'l of linearly independent
armonic forms of type (0,i). On the othep hand P(V) 2nd w(V)

are K&hler manifolds whose complex cohomology ring is generated by

elements in HQ(P(V),C) and Hz(F(V),G). These elements are Chern

classes of complex analytic line bundles =nd therefore of type (1,1).

Lo ollons fham bW w0 o p oy asa Sewee Bl RPID 0 for

I > 0.

Now cssume that p Y =3 X is o fibre bundle with fibre o
regular complex manifold M, and thet the structurec group is Campatible
with the group of complex nnalytic homeomorphisms of M. Let ?p denote
the duzl complex vector bundle clong the fibre. There is o differential

operctor (for detnils see [2] 8315 ona 25)

r+l __

T )
D

o~ G -
e : T(a Tp) — T(2
defined by differcatintion with respect to % coordinates. The

Corresponding complex of differenticl operstors

Tl

\ C — m-1 ot o rs
-3 (1" ) R ;_r(m ip)-a r(a ip)%«‘

is elliptic. Its symbol is the clement of KG(T£)= KG(TP) defined

by the exterior product sequence

D 7
Here =x : 55 % X denotes the complex vector bundle conjugate
to 'I‘p ; the underlying bundle Spaces are of course the same.

- T e - : B e —w-;rr!—v—:'—"’rf!"‘n‘;‘ﬂn”"ﬁ-ﬁl’-"—rl-v'1*-—-*.——,\__:‘%-—-‘70’u B - T ———— — - A

S s o
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At ecch point x € X the corresponding differenticl operator dx
--35 kerncl the spaoce of harmonic forms of MN of type (o,r), r even,

-~d cokernel the sprce of harmonle forms of M of type (o,p), ¥ 084,

ince M is regular there are isomorphisms

L}l

ker qx 2 C, coker 4 = 0,

ker {da.} = C, coker {dx} = O

If p:Y~)X is o G-fibre-bundle gnd & 1is contnined in the structure
zroup, then the imnge of {dX} under the homomorphism
. \ ' b4 ] N~ ale T o =
ind : KG(TP) - hG(A) is the element 1 € KG(X)
Recnll the definition of the Thom homomorphism b: KG(Y)*3KG(TD).

The construction of {dx} implies thot its symbol is $(1) and hence that

p:(l) = dna {b(1)) = 1 EKG(X).

[

Since p; 1s a homomorphism of KG(X)~modules, we conelude that under
i '
the nbove ossumptions p.P* = identity. This proves Theorem 6.1.1

(toking Y = P(E)) and Proposition 6.1.2, (taking Y=F(E)).

heorem

= b

6.4 Remarks on the index 1

In L.3. we defined o homomerphism

oy 3 KG(TY)-.—) KG(point_) = R(G)

for any cbelinn group G. In 6.2 we defined a homomorphism

ind : KG(TY) —3 K (point) R(G)

for any G. Note that the definiton of £ depends on topologicsal

o g o e A T s e Wy TR e e



6.10
methods, the definition of ind on 2nolytic methods.
Theorem 6.4.1. f, cnd ind core egual when both are defined.

When G is the identity this is the Atiych-Singer index theorem,

which is proved in [1]. An alternative proof, which will appear

in & forthcoming peper of Atiyah =nd Singer, is valid for arbitrary

compact Lie groups G.

Theorem 6.l}.1. shows that we con use the Thom isomorphism

theorem (6.1.4) to extend the definition of f, to non-abelinn groups
G without inconsistency. It also gives an explanntion of the integers
and representotions which occur in the integrclity theorems; these now

appear os indexes of differential operators.

The index of ellipiic operators on

Soc. 69(1963)422-433,

[1] M.F.Atiyah and I.M.Singer.

compact munifolds. Bull, Amer. Math.

[2] F. Hirzebruch. Topological metihods in zlgebraic geometry

(translated by R.L.E. Schw-rzenberger) Springer-Verlog. To

[3] R. Prlais. Secminar on the Atiyah-Singer index theorem,

contributions by A. Borel, FiE. Browder ond R. Solovay.

of lMaths Studies 57, Princeton University Press.

[4] R. Secley. Integro-diffcrential operators on vector bundles.

Trons. Amer. Math, Soc. 117(1965)167-204 .
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Lecture 7. Completions

G. SEGAL

In this lecture we stote o result concerning the completion
KG(X)A of the R(G)-module KG(X) with respect to the I(G)-adic

topology. We assume that X is & compact G-spnce.

7.1 Completions of R(&)-modules

Let A be = ring, I an ideal of A, and M an A-module.
The I-adic topology of M is thnt for which the submodules IMM of

M form a basis cof neighbcurhoods of 0 € M. There are inclusions

eoase II]MCIn—lI\.'ICo--. CIQLICI}';CI‘VI

and hence homomorwvhisms

ceees =y WDy oy Wong —%.... S W2 s/

The completion M” of M with respect to the I-adic topology is

defined by

¥ - gdn Wom

Clearly M" is a A*-module.
los)
There is a notursl mep M -—% M" with kernel n InM.
b=o

(o8]
Remark M is a Haousdorff space if and only if n InM is empty.
n=o0

e T

B Sy
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In this case M”* is the completion off M with respect to the metric

Bxli = i)
0 s [ 7 X =0
ViX =
(x) { p I merw, xgI1™w

. A homomorphism u : M'-u% M induces a dingrem of homomorphisms

M)’InM, : »u! /In-lm,,
<
Wy : — /-1y

and hence o homomorphism u” : M'A#ﬂﬁh%MA cf  AMapodules.,

Now consider the ring R(G). There is o homomorphism
e ¢ R(G) ey Z

induced by the map which assigns to ench representotion its dimension.
We define I(G) = ker & and consider the I(G)-adic completion R(G)"
of R(G). For further detiled description of R(G)" we refer to
[3], when @ 4is connected nnd to [1], when G 1is finite.

We recall (see the apopendix) thot R(G) is a Noetherian ring and
that (see 3.5) if X 1is o compact differenticble G-manifold then
KG(K) is o module of finite type over R(G). The importance of these

Tacts is due partly to the fact ([1],$33) that completion is an exnct




7.3

functor for modules of finite type over a Noetherian ring.

22 Generalisation of Atiyah's theorem R(G)" = K(B.).
2s 2P

In this section we discuss the question : can one associate
naturally to a compact G-space X a space XG such that
ot 2
KG(X) o K(XG).

If G acts freely on X we know the answer. is yes, because

1

then KG(X) K(X/G). 1If G does not act freecly the answer apnears
to be no, but one can define a functor X~—X; so that KG(X) and

K KG) become isomorphic when completed with resvect to their

natural topologies as filtered modules.

Consider the case X = point. It is known that
R(G)* = K(EG/G), where B, is a contractible space on which G acts
freely. (Sce [1] for finite G, [3] for connected G, [2] for general
G.) This suggests the general solution: choose a2 free G-space
E(X) and a G-map E(X) - X which is a homotopy equivalence over X
(not neccssarily a G-homotopy equivalence). Define Xy = E(X)/aG.
Then we would like to prove an isomorphism of the type:

Kg(X)" —=— Kg(B(X))" = K(x,)".

In particular, if X is a free G-space one can take E(X) = X.

We cannot give a full discussion of this matter here, for
twb reasons. The first is that a compact group cannot act freely
on a compact contractible space (at any rate if the space 1s also
locally contractible), so E(X) cannot be compact unless X is free.

But we have not definecd KG for non-compact spaces.




B “

- The sccond rcason is that we have not defineca the
filtration on KG(X). However it is known that the filtration-
topology on R(G) = Ky(point) coincides with the I(G)-adic topology
as defined in 7.1. Furthernore KG(X) is a filtered module over
the filterea ring R(G), and it Secns at any rate plausible that
when KG(X) is a finite R(G)-modulec the filtration-topology of
KG(X) Wwill be induced by that of R(G) and so will coincide with
the I(G)-adic topology. We suggest this as motivation for the

following theorecn.

Let E(X) ve the category of compact frec G-spaces over X,

(In other words, an objecct of E(X) is a pair (&, Pz ¢ E » X), where
E is a compact frec G-space and p,, is a G-map. )

fheorem 7.2.1  If Ky(X) is a finite R(G)-module, then

(1) Ky(x)* ﬁfqeiég Ko (E)® = %%g K*(E/G)"; (1i) R1i%p KS(E)A = 0;
where E runs through the category Q(X), and all completions refer

to the I(G)-adic topology.

Remark (1ii) is included for the benefit of those familiar with
the bchaviotn of gencralized cohomology theories who sec that it
would be reasonable to Gxpect a short exact sequence (et [5])

0 - R' 1in i LR XH(x)" - lin x}(E)" - 0.

Before proceecding with the proof observe that it is

bermissible, and will be convenient, to redefine E(X) as the categor

Sa T T ey e e g o s B T on ey v sy T —
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of compact free G-spaces over X and G-fibre-homotopy-classcs of maps

Recall also that a functor 6 : Co — C is called cofinal

. g
(1) each object of C adﬁ%ts)q norphism into an object 6(E), E € Co;
B(E4
(ii) each diagran Pf::96(E2) in C can be extended to a commutative
diagran
P ﬂG(E)
\\\\\ o
JG(EE)/G(fz)

It is then a trivial exercise to show that the natural map

e

6% :1im F ——1im F°6 is an isomorphism for any contravariant functor
C Cs
from C to abelian groups.

We prove Theorem 7.2.1 in several stages.

?rogosi.gmg_z 2.2 Theoren 7.2.1 is equivalent to:
h (X) is & finite R(G)-module, then
: = .2 a [REoE %
(i) KGU{) —-—-—————%1;}”1 B’G(P % X)'=" (31) B %{{1 Ko (P x XY = 0y

where P runs through the category of compact free G-spaces and
G-homotopy-classes of maps.

Proof: We have to see that the sub-category of projections

(P x X » X) is cofinal in the category E(X). But any (E » X) in
Pre

E(X) adnits _an obvious map into (E x X———X). On the other hand,

Pix]{

given E“‘an o one can complete to the diagran

T e e——
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B m X
E’//a \\\“(P *Pa) x X
\ / 1 2 5

PQXX

which is commutative up to G-fibre-homotopy. ("*" denotes "join".)

Now choose a fixed embedding # ¢+ G~>Uof G in a unitary
group. ¢ induces a functor ¢, : {G-spaces} - {ﬂ-Spaces} by
X—U x oX. 4And by 1.3.3 K;(g.X) = Ks(X). But the I(G)-adic
topology on any R(G)-module coincides with the I(U)-adic topology
(see appendix), so also K;(ng)“ & K:;(X)A . And ¢, takes free
G-spaces to free U-spaces. And when regarded as a functor from
E(X) to E(o,X) o, is cofinal, as X admits a G-map into U x % ete.
Thus theorem 7.2.1 for a G-space X ¢==stheoren 7.2.41 for the
U-space ¢,X, i.e.

Proposition 7.2.3 It is sufficient to prove 7.2.1 for the unitary

groups U(n),

Propeosition 7.2.4 It is sufficient to prove 7.2.1 when G is a

torus Tn = 1

Proof: Recall that we defined in 6.1 a natural homonorphisn

Dy ¢ KG(F x X) - KG(X) such that p:p: = identity,
where F was the flag manifold of CT, F = U(n)/T. Apply this when
G = U(n), chserving that if X is a U(n)-snace then
U(n)/é x X = U(n) x r £+ One obtains a natural homomorphism

- Dy
b’ ot { ud A ) i Wi - s By iy ) :
KT(K) = KU(n) (U{n) x T X)-————aKU(n)(Y) which will be left-inverse

" T ——— T e g S S
= r - ot 2 o e ——
3 A it b, Y " Ap——— T —
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to the "restriction" p .KU(n)(X) > Kp (X). Now consider the diagra.

" 14 0 !
KU(n)(X)“ ——e3 1im KU(n)(E)A where p,p” = id and B,p’ = id.
1 ; (e i 3 ;
P.j1 - 5 jl By It is immediate that
"l M B isomorphic =—= a isomnorphic.
Kp (X)° ——g— lim KT"(E)“

b i . - o Nl =
Similarly R lim KU(n)(E)A is a direct summand of R lim KT(E)A,

which proves the second part.

Proof when G is a torus T

FPirst observe that if G = Hy x Hz and if P;, Po ars free
Hi, Hs spaces respectively then P; x Pz is a free G-space and that
free G-spaces of this form are cofinal in the category of all free
G-spaces. (In fact any frec G-space P admits the diagonal map into
P/H, x P/H,, etc.)

Applying this to the torus T one finds by induction using
7:2.2 that when G ¢« T 7.2.1 is implied by
Proposition 7.2.5 T K;(X) is a finite R(T)-module, then

o s = ra{s
(1) K x)" ,%rg Kn(X x P)*  (i1) R'lim Ky (X x P)"

P

~

1
when P runs through the category of compact freec S -spaces and
S1-homotopy-c1asses of maps. (One supposes given a fixed homomorphis
8:T = 81 by which S1~spaces become T-spaccs.)

1
Proof of Proposition 7.2.5 Regard 8 as the group of complex

nunbers of modules 1. Then 81 acts naturally on SZn—1, the unit

—-x.-_; I —— g - ———
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sphere in C°. Furthermore the set of spheres sZn—1 With inclusjon
meps is cofinal in the category of free 81-5paces. For any free
S1—space P can be regarded as the unit sphere bundle of gz Complex
line-bundle T.. But L can be regarded as a subbundle of a trivial

bundle with fibre g, The resulting C-pap L - B induces an

Sf—map P - SEn-1. But any two 81—maps P - 82n—1, P > gom-1

% S2mm1

: - sfin e 2 - 2n.-
certainly become hemotopice in § (n+m)-1 & BeR « So we

have to show:

() mLlay? ——1in B (X & §20=1ya (i1) R111m Kp(X x 5201y _ o
n r

Consider the long exact sequence

X x DQn, X x 82n~‘1) = K B K,.P(K % Sgn“Ji) * 5w

e
Using the Thon isomorphism this becomes

sor = K

L, —>K*(x)_~9fsxi(x) I s ARy
where q is multlpllcﬁtlon by A_ [C 1= =« &%,

Because R (X) is a flnltp R(T)-module this sequence remains
€xact when completed, (This is the only point at whieh one uses

finitencss., We deduce €xact sequences
q

(1) 0> a/(1 - 6)Bs o e A Lo L

where A = Kf(x)“, and A, = A, but the map from ALq to A is
multiplication by (1 = 8). Now observe that (1 - 0)24 < I(T)".A
80 Mm (1 - 6)"A = 0. For the same reason 11m A1 -~ 8Y% = &,
T
R1lim &1 - 80”8 = § because the maps in the sequence are surjective

Finally reecal: that
. T s
0. - lim 4 - HAn-—g—vHAn »Rlim A -0,

‘\\h o= . S X T T o Vzmummwvwv11:‘--,7»‘.---r-v--—‘.w——-'-"‘ T
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where @({ai}) = {ai AR e 6)ai+13. (see [5].)

But ¢ is an isomorphism on the complete module HAn because

k.

it has an inverse: {a,f+r—>{ 2 1 -0 J e
fa;} {320 ( )Yay .5
So %i@ An = R lin An = 0,
This completes the proof, as (i) induces
; n . L 2n-1ya §
0 - 1lin A/(1 - 8) A - 1im Kn(X x S y* =+ dim B, =
bl BT = BYPR R, i % BT ) R'1im B, - 0,
- e g% N Xl
while from (ii)
6 o» ik B -+ 1im A o Lai (1 - B) A = r'1im B. - R'lin A_,
e I &— - 1 < «— n «—— N

¢ ; g fog 2
showing that lim Bn = R lim B11 = B

emark 7.2.6 The construction of the cofinal sequence of free
.]

w

-spacee is of coursc a particular case of Milnor's construction
of universal bundles [4]. In fact the sequence G, ¢ ¥ @&, G ¥ G * G,
... is cofinal in the category of compact free G-spaces, SO T2t

is equivalent to

(1) Kot Zoue KEDT (1) B un KEp” -0

where Xg = (X x EE)/G and Eg =G % ... * @ (n copies). When X is

a point, this is precisely Atiyah's rcsult.
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[5]

" G it

7210

REFEREDNC CE S.

M.F. Atiyah. Characters and cohomology of finite groups.

Publ. Math. Inst. Hautes Etudes Scientifiques 9 (1961).

M.F. Atiyczh, Finiteness theorems for compact Lie groups.

(unpublished).

M.F. Atiyah and F. Hirzcbruch. Vector bundles and
homogcnous spaces. Proceedings of Tucson Symposium on

Differential Geometry, A.N.S., 1961.

J. Milnor. Construction of universal bundles I, II.

Ann. Math. 63(1956), 272-284 and L430-L36.

Jgs. Milnor. Axiomatic homology theory. Pacific J. Math.

12 (1962) 337-3L1.,

G et e e R S e

o e s s

N VeI —



