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BernsteinZelevinskyduality

G GF reductivegroupIF
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PropertiesofQ1心 一 21
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fHcmGln.Ind.io7 0 when0 公 出Σni.iti

Cor essentiallytempered generic
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2 L factors E factors

GoalDefine Linx T S EITxT t.si for TFIrrIGL.nlFil T'tIrriGLniIFI

They are symmetric w.r.tn ti WLOG n in

L e factorsforgenerisrepin

Recallthat it IvrIGLnIFi is calledgeneric if

TEW IT 4 a C IINF 4 IGLnIFI 1
t

write it IrrgenIGL.nlFil

Def1LocalZetaintegralc

Case n n

Input WEWIT.tl W'tWIT Ti It IiiF

一口 ZIW.W.I.si SNnFnGLnF.Wlgswigs.CIvn.gIdetgPdg1o怎 tF
Case n s n

Input Wt Win41 W'tWIT41 j o i n_n一了
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Denote A maximaltorus fixW w E supposeWtWin 4 K

111For α positivesimple voot.at A

ClaimWhenIα1a1 0 Wla o rootspaceofα

Infaet.wia.no uiini.as 4iai inindi wia

品
Assume a supercuspidal

ClaimWhenIαlal kai Wla o
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Cor When T is supercuspidal WIT4CCTIINFs.fiGLnF
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Rmk Ingeneral if n isonly irvgeneric
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Lookingfortestfunctionsw w I s.t.ZIW.W.E.SI 1
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ThmIKirillovmodel
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Casen s n
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whiih is uniqueuptoscalar

Rmk For at IrriGLnIFI

LIT.si Linx卫 s1

E in t.si ein x卫4.51

L e
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termsofless discreteseriesI

LI QI 一 on x n s1 其LI QiΔi x n S1
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LIT xT s1
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553 UniquenessofLLC

ThmiSuppose T.it Irr IGLnIFi satisfies

EIT xT 4 s EIT'xe.t.si forall et Irr IGLnIF n'an

Then T T

CorThereexistsatmostonecollectionof
bijerticnsIrrsiGLnlFisisIrr.n

dimlWDFvepin.in 1 1

s.t.EITixT.t.si El resin rest 4 si

Rmk Oneextends1 to

Irr IGLnIFI I n dim'lWDF rep'n

品器的 器
总器in

Q1 一 rl 1 realQ1Oil

Themi canbeproved多thefollowingthem2

Thm2 Suppose下 艹
FIrrgenIGLnlFDsatisfieerinxe

4 si ran'xe 4 si foralletIrr9enIGLn iF.li

then T T

ProofofthmI

Recall Linx e s1 1for tf Irr IGLnF etIrriGLn.FI n'an

rinxe t.si rin'xe 4 si forall etIrriGLn.FII n'an

rinxe 4 si ritixe 4 SI forall et Irr901GLn_ IFI I
T T
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Roofofthmz

Notethat for Wt Win41 W'tWIT 41 V t Wi e T1

If ZIWiv.si Z1W v s ZIW.V.i.SI Ziw̅ U i s
Ǘig wlwntg's Vigiwiwn.itg

finianW19 1vigildetgidg

TakeWan_二W am I infact Wan exaustsCilNn 4iGLn by Kirillovmodel

ThenZIW.V.si Z1W Vs1 forall etIrrgenIGLn.nlFil VtWieT

Ziw̅ V i s Z1w̅ V i s1 forall etIrrgenIGLn.nlFil Vt WK T

w̅ an w̅ GLn_n

Define S4IT T CWIT41 WIT十
wiiwilwlalnFWlc.lu_了

AboveaugmentgivesSt iii iiiǘ
Bothsidesare P stable bothsides are Pn t stable

bothsidesare GLnIFI stable

T T



4 Bernsteincenter

G anyconnectedreduetivegp IF

Bloikdecompositionof RIGI

Def A cuspidalpairofG is

1 L 子

ˋ L is a LeviofG

s t Irr IL

XnrlG 91XPG 14ㄨ Xtㄨ1G了 called unramifiedcharacters

For Tt RIG 911 了xfxnriG arecalledwnramifedtwistsof下

Inertialequivalence

IL o 1M e 1AdgL Adg5 M e.x forsome gtG XtXnr1M

BIG iuspidalpairs

For St BIG
grmalized

induction

Rs1G thick subcatof RIG gen.byfactorsof Lir forall 1L o t s P s Lparabolic

Thm1 1Bernsteindecomposition

RIG
snoRs1G asabeliancategories

Inparticular ZI RIG I i芯31GZPj.thi.is
theBernsteincenter

1Z1E Endtide

Descriptionofbloiks

For s 1L a We NGlllh.WS Stabmlo wtWLlAdwlol 5 x 3

Irr571L o.X XE Xnr1L3 1unramifiedtwistsof5
品



Denote L
xmu

Ker1 1

1 Xt XmlL o.X 03 C XtXnrlL X zEtriv3
centerofL

Then 6157 L Zi L J o

Irr 1L XurlLlo.si NIL Yi or 4ㄨ5 r rKXTL
品

Thm2 了 Ol Irr 1Ll
W

is an isomorphism

41 15ㄨ ˋ 4 4
1hisisascalonforgeneric

Rmk For s IL olJEBIG wehave 5L 100 m
for 5 t Irr1L

一口Ps LilrindLoo0 is a compactprojectivegeneratorofRs1G

As EndIPs

一口
R.iq iIYn0nd.i i

Then As isfreeofrk m 1Wsp over ZiAs J 0145K
女心

e.gFor G GLn s T Irr IG

As 了 Ct t

Compatibilitywith K types

Say an opencompartsubgroup K s G is stronglydecomposable if

IKnf 亚 1KnUa s K
rootwrt A

e.g.Iw器咒 hyperspecial x

These Kforma neighborhood basisof It G

H ICFIG ek 1ktH Hk ekHek

RKIG V tRepIG H.V K V C RIG fullsubcat



Thm3 Assume K stronglydecomposable then

finitesubset S K C BIG s

Hkmod RKIG ski RsIG

Cor ZIHKI sT.sk了
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