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1 Bernstein Zelevinskyllaes.fication

Notations

FniiiiiiiR.mn
Levi

define lin IndiInSi
For M GLnx x GLnm Ti t RIGLni

define Tix x Tm Li In TmltRIGL.sni

For it RIGLnl.denottils.li T ldetl s t lumramifiedtwist

Def Aninterval Δ is oftheform

IT mi T T117 Tim 1 t Irr IGLn

⼀⼀⼝ Ti nxniilx.i.xnlm DFRIGLm.nl

Denote Intnm Irr IGL.im tobethesetofintervals

Int YmIntnm



Δ2 arecalled linked if ie noorani or

台
E linked

4 2 24 V02 is an interval 1402 2 0

Say Δ 2 1 0 precedes 2 if

2 are linked min1 a mini 2

Thm1Bernstein ZelevinskyclassificationI

111 For

FIntnm.g.in
⼆2m

T10 hasa uniqueirreducible quotient Q10 tIrrIGL.mn which isessentiallysquareintegrable

uniqueirreduciblesub ZIODFIrrlGL.mn

12 Suppose Δ ⼀ Or t Int satisfies

i a j Δit i.e.LEi
z_XThen.cl1x x Q1 r has aunique irreducible quotient Q1 is r

Z1 ix x ZIOr hasaunique irreduciblesub Z1 ⼀ Δr

131Define 0 z Int

T
on ǒiiii

is a welldefinedbijection

canarvageoii.ors.t.iej Oi4 j

Qgpiginifigr
irreducible Oi are notlinkedfor i

15 I lotInt了 konnioinijE.in
1 1 Q10

define aringisomorphism



BernsteinZelevinskyduality

G GF reductivegroupIF

Define DBz D1RIG9m 贺冚19naiiG.IThm For Mt Irr IG kmt卫 1km dimSpeeIs

s.t.DBZIMICkMJFIrrIGJThm.IDBzIQIO.in

Or ⼀ 1Z1 ⼀ Or
ˇ Z 1 ǐ Or

where for Δ T T11 TIm.nl uns ˇ 1ˇ11 ml i__ ˇ

Faet For It nim n z ⼼ anmiiěiigaed
as asegment

e.g 11.1笁 i.i

Z1 1 Ǐllii
i 笁

notessentiallytempered notgeneric

IDBZC.IQ10Stn squareintegrable generic

e.g For XiFX s ㄨ suppose

i i Xj Xi l I

QI Xi Xn is unramified



PropertiesofQ1⼼ ⼀ 21

T Q1 ⼀ r is

squareintegrable r i 91miI ⼀ 91兰 for9unitary 1 unitarycentralchar

Iessentially squareintegrable r 1 1

tempered Q1Δit are squareintegrable

unitary Isee Tadiá Classificationofunitaryrepresentations inirreduciblerepresentationsofgenerallineargroups

Δi j are notlinked9
fHcmGln.Ind.io7 0 when0 公 出Ʃni.iti

Cor essentiallytempered generic

Summary

unitarysupercuspidal I
supercuspidal.is

quotientof iii x xilmz

s esssquareintegrablesquarěintegrable
i_ii.si

Q1 I x x Q1 r Q10 Or1

Q1 rtempered

all inducible

man 体an
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⼆
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2 L factors E factors

GoalDefine Linx T S EITxT t.si for TFIrrIGL.nlFil T'tIrriGLniIFI

They are symmetric w.r.tn ti WLOG n in

L e factorsforgenerisrepin

Recallthat it IvrIGLnIFi is calledgeneric if

TEW IT 4 a C IINF 4 IGLnIFI 1
t

write it IrrgenIGL.nlFil

Def1LocalZetaintegralc

Case n n

Input WEWIT.tl W'tWIT Ti It IiiF

⼀⼝ ZIW.W.I.si SNnFnGLnF.Wlgswigs.CIvn.gIdetgPdg1o怎 tF
Case n s n

Input Wt Win41 W'tWIT41 j o i n_n⼀了

ZIW.W.J.SI⼆SNn.iFiGLn.FI SMjxn.FI W1这 Ii
In_n Wig1ldetg1

当
dxdg

Case n n i

Z1W_Ws SNn.FiGLn.FIW19 1wiglldetgls

dgPoplDefILfaetorsllnZIw.W.fis convergesforReisssso defines an elem in 419

12 ZIW.W.f.SI Ww I
了 fractionalidealof4C9 7 Lin xi s 95 C419⼠5

forsome LITT S pigs Pt X P10 1

Ideaofproof In n'l

AsymptoticbehaviorofW 111

Kirillovmodel 12



Denote A maximaltorus fixW w E supposeWtWin 4 K

111For α positivesimple voot.at A

ClaimWhenIα1a1 0 Wla o rootspaceofα

Infaet.wia.no uiini.as 4iai inindi wia

品
Assume a supercuspidal

ClaimWhenIαlal kai Wla o

Infaet.ro T 0 W Ʃ luiWi WisforuitUaas.WiEWIT

41saftmmcniddagi.liattachedtoα

WhenIβlalIsso forsomeβt lal CanassumeIβ1allnotlarge

lui.wi wiial ltiquiaiiiiyiq.ci
Cor When T is supercuspidal WIT4CCTIINFs.fiGLnF

hence ZiWw I s1 E 99 Linx T si 1

Rmk Ingeneral if n isonly irvgeneric

rCnn isoffinitelength asymptoticbehaviorwhenIα1a1 o onlyhavefinitelymanymodes

121ZigWgw g I s ldetgiziw.W.I.SI LHS is afractionalidealof4 9⼠5

Lookingfortestfunctionsw w I s.t.ZIW.W.E.SI 1

Pn mirabalis subgroup IǙIGLnIF
ThmIKirillovmodel

For Tt Irr901GLnF17 then rindintoRes Tc Indint ie.cinn.tiPnlCWT41lpn.CCNn

IfTissupercuspidal thenc indit ResGLnF下 i.e.ci11Nn4 R Win⼗lpn



ZIW.W.E.S SNnanWigswiglElvn.gl

detgPdggin靠 Sun 品器器然点品 器 di品對
Forany f f'tCilnin.plPn chooseWlp f Wlpn f

Suppose W w'tWin.tl choose E In.k

Then Ilvnaklto akaPn K aktPnnk k atOk

⼆ lonst.SNnpnfip.fiplldetpl drp

Comchoose f f

⼆ I

Consider

Wii i 等 wiwntg.in

CYF I 1CIF I
I I I I

xiifnEiyl4ix.tyldyPoplDefle
faeto.rs

Ein xi t.si F49 9 s.t

Casen n

恐吢 lwnn ni.enit.si 2
器器

ZIw̅ w̅ I 1 S1 Wii 1 rlnxnit.s1 ZIW.W.E.SI 1

Casen s n

211⼯wiiii 点 iwn.in enxii 4 si Zǐǐiǐǐi

Z1F wn_n w̅ w̅ n_n i j i s1 wait i rinxnit.si ZIWw j s

Ideaofproofin n'l
o i t indǎ1 1 F I 卫 0

Exceptfhitelymanys bothsidesdefinetrilinearform B win41 win fociFn c I
UseFrobeniusreeipra

Reduceto Kirillov

models.tBigW gw gEl ldetglSBIW.W.CI



whiih is uniqueuptoscalar

Rmk For at IrriGLnIFI

LIT.si Linx卫 s1

E in t.si ein x卫4.51

L e

fartorsforarbitraryirrepDeflProplaslAnyirr.in

termsofless discreteseriesI

LI QI ⼀ on x n s1 其LI QiΔi x n S1

E 1Q1 rlxi 4 SI 其 El QIOil x T 4 s

b71less1 discreteseries in termsofsuperuspidal

o sir n o sir n r r

LI QI x Q1 i s1 其 Ll r x o s r r i Ithinkof Lir 11 Lir n E L1r r 2g 1
r Q10 xQ10'114 莒的

5 5 4
75 xoijiit.si

Pop If Tf Irr IGLnIFI titIrrIGLn.FI n n

LIT xT s1

f
LIX.si if n n

l n s n

tt

IrrIGLuIFIIEin.t.si

Ʃint.ol.qlsfltltn.nl417

where nifl mh n 4oF.con 卫
modof i

fin min f k of'I03 conductorofa

EITㄨˇ4⽀ w_l i



553 UniquenessofLLC

ThmiSuppose T.it Irr IGLnIFi satisfies

EIT xT 4 s EIT'xe.t.si forall et Irr IGLnIF n'an

Then T T

CorThereexistsatmostonecollectionof
bijerticnsIrrsiGLnlFisisIrr.n

dimlWDFvepin.in 1 1

s.t.EITixT.t.si El resin rest 4 si

Rmk Oneextends1 to

Irr IGLnIFI I n dim'lWDF rep'n

品器的 器
总器in

Q1 ⼀ rl 1 realQ1Oil

Themi canbeproved多thefollowingthem2

Thm2 Suppose下 ⺾
FIrrgenIGLnlFDsatisfieerinxe

4 si ran'xe 4 si foralletIrr9enIGLn iF.li

then T T

ProofofthmI

Recall Linx e s1 1for tf Irr IGLnF etIrriGLn.FI n'an

rinxe t.si rin'xe 4 si forall etIrriGLn.FII n'an

rinxe 4 si ritixe 4 SI forall et Irr901GLn_ IFI I
T T

只iiiigf.si T rinxoi 4 stkil.si t I



Roofofthmz

Notethat for Wt Win41 W'tWIT 41 V t Wi e T1

If ZIWiv.si Z1W v s ZIW.V.i.SI Ziw̅ U i s
Ǘig wlwntg's Vigiwiwn.itg

finianW19 1vigildetgidg

TakeWan_⼆W am I infact Wan exaustsCilNn 4iGLn by Kirillovmodel

ThenZIW.V.si Z1W Vs1 forall etIrrgenIGLn.nlFil VtWieT

Ziw̅ V i s Z1w̅ V i s1 forall etIrrgenIGLn.nlFil Vt WK T

w̅ an w̅ GLn_n

Define S4IT T CWIT41 WIT⼗
wiiwilwlalnFWlc.lu_了

AboveaugmentgivesSt iii iiiǘ
Bothsidesare P stable bothsides are Pn t stable

bothsidesare GLnIFI stable

T T



4 Bernsteincenter

G anyconnectedreduetivegp IF

Bloikdecompositionof RIGI

Def A cuspidalpairofG is

1 L ⼦

ˋ L is a LeviofG

s t Irr IL

XnrlG 91XPG 14ㄨ Xtㄨ1G了 called unramifiedcharacters

For Tt RIG 911 了xfxnriG arecalledwnramifedtwistsof下

Inertialequivalence

IL o 1M e 1AdgL Adg5 M e.x forsome gtG XtXnr1M

BIG iuspidalpairs

For St BIG
grmalized

induction

Rs1G thick subcatof RIG gen.byfactorsof Lir forall 1L o t s P s Lparabolic

Thm1 1Bernsteindecomposition

RIG
snoRs1G asabeliancategories

Inparticular ZI RIG I i芯31GZPj.thi.is
theBernsteincenter

1Z1E Endtide

Descriptionofbloiks

For s 1L a We NGlllh.WS Stabmlo wtWLlAdwlol 5 x 3

Irr571L o.X XE Xnr1L3 1unramifiedtwistsof5
品



Denote L
xmu

Ker1 1

1 Xt XmlL o.X 03 C XtXnrlL X zEtriv3
centerofL

Then 6157 L Zi L J o

Irr 1L XurlLlo.si NIL Yi or 4ㄨ5 r rKXTL
品

Thm2 了 Ol Irr 1Ll
W

is an isomorphism

41 15ㄨ ˋ 4 4
1hisisascalonforgeneric

Rmk For s IL olJEBIG wehave 5L 100 m
for 5 t Irr1L

⼀⼝Ps LilrindLoo0 is a compactprojectivegeneratorofRs1G

As EndIPs

⼀⼝
R.iq iIYn0nd.i i

Then As isfreeofrk m 1Wsp over ZiAs J 0145K
⼥⼼

e.gFor G GLn s T Irr IG

As 了 Ct t

Compatibilitywith K types

Say an opencompartsubgroup K s G is stronglydecomposable if

IKnf 亚 1KnUa s K
rootwrt A

e.g.Iw器咒 hyperspecial x

These Kforma neighborhood basisof It G

H ICFIG ek 1ktH Hk ekHek

RKIG V tRepIG H.V K V C RIG fullsubcat



Thm3 Assume K stronglydecomposable then

finitesubset S K C BIG s

Hkmod RKIG ski RsIG

Cor ZIHKI sT.sk了

lime ZIHK ZI RIG ⼀⽇ Is


