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0.1 Local Langlands for GL(n)

References are [B-K93, Hen93, Kud94, Rog00, H-T01, Wed08, Sch13].

Notation(0.1.0.1).
• Let p ∈ Prime.
• Let ℓ ∈ Prime \{p} and an isomorphism ιℓ : Qℓ

∼= C.
• Let (K,OK , ϖK , κ) ∈ p-NField.

• Fix a square root | − |1/2
K : K× → Qℓ

× s.t. ι ◦ | − |1/2
K is valued in R>0.

• Let 1 6= ψ ∈ K∨.
• Let (Kr,Or, ϖK , κr)/K be an unramified extension of degree r.

⌟

1 Local Langlands for p-adic GL(n)

Remark(0.1.1.1). The local Langlands correspondence for essentially-L2 and generalized Speh repre-
sentations of GL(n;K) are realized in the cohomology of the moduli space of 1-dimensional p-divisible
groups of height n.

To construct Galois representations, Harris and Taylor consider the cohomology of the Shimura
varieties associated to unitary groups of signature (1, n − 1) and split at p, uses it to construct ℓ-
adic Galois representations associated to certain cuspidal automorphic representations of GL(n), and
proves a local-global compatibility result at places of bad reduction. This is achieved by counting
points on Igusa varieties.

This method and its generalizations allow one to compute the trace of arbitrary Hecke correspon-
dences at p on a Shimura variety. But Scholze restrict attention to Hecke operators at p coming
from the maximal compact subgroup and reduce all counting problems to counting problems for the
maximal compact level structure, for which one can just appeal to the classical work of [?]. ⌟

Thm.(0.1.1.2)[Test Function Characterization of Local Langlands, Scholze[Sch13]].
(a) For each n ∈ Z+, there is a unique map

σn : Irradm(GL(n;K))→ wdnψ-ss(WK)

s.t. for any τ ∈WK and any “cut-off” function h ∈ C∞
c (GL(n;K)),

tr(fτ,h|π) = tr(τ |σn(π)) tr(h|π)(0.1.2.4),

Write rec′(π) = σn(π)(1−n
2 ).

(b) If π ∈ Irradm(GL(n;K)) is a constituent of π1× . . .×πr, then rec′(π) = rec′(π1)⊕ . . .⊕ rec′(πr).

(c) rec′ induces a bijection between Irrcusp(GL(n;K)) and Irrnφ-ss(WK).
(d) rec′ is compatible with twists, central characters, duals, and L- and ϵ-factors of pairs, hence

rec′ = rec as in??.
⌟
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Proof: (a) and (b) follow from(0.1.1.3) and(0.1.1.5).
For (c), use computation of IK-invariant nearby cycles for simple Shimura varieties. This com-

putation leads to a direct proof of the bijective correspondence for supercuspidal representations,
without using the numerical local Langlands correspondence.

Finally, for the proof of (d): By Brauer induction and linearity, it suffices to assume that
π is induced from characters. It suffices to show that: For any π1 ∈ Irradm(GL(n1;K)), π2 ∈
Irradm(GL(n2;K)), there exists F ∈ NField with w ∈ Σfin

F s.t. K ∼= Fw, and two potentially
Abelian πi ∈ Irrauto(GL(ni)/F ), π2 ∈ Irrauto(GL(n2)/F ) s.t. (Πi)w is an unramified twist of πi. Cf.
proof of[H-T01]VII.2.10.

Then the compatibility follows from Henniart’s method of twisting with highly ramified characters,
cf. Corollary 2.4 of [?]. □

Prop.(0.1.1.3)[Dévissage for Constructing Galois Representations]. For n ∈ Z+, suppose (a)
and (b) of(0.1.1.2) hold for all n′ < n and the following hold:

1. If π = π1 × . . .× πr ∈ Repadm(GL(n;K)) where πi ∈ Irradm(GL(ni;K)), then

tr(fτ,h|π) = tr

τ ∣∣∣ ⊕
1≤i≤r

σ(πi)(
n− ni

2
)

 tr(h|π).

2. For π ∈ Irradm(GL(n;K)) that is either essentially square-integrable or a generalized Speh
representation, then there exists a virtual finite dimensional representation σ(π) of WK with
Q+ coefficients of dimension n s.t.

tr(fτ,h|π) = tr(τ |σ(π)) tr(h|π).

3. If π ∈ Irrcusp(GL(n;K)), then σ(π) is a genuine representation of WK .
Then (a) and (b) of(0.1.1.2) hold true for n, by defining σ(π) as follows: If π has supercuspidal
support {π1, . . . , πr}(with multiplicity), then we define

σn(π) =
⊕

σ(πi)(
1− ni

2
).

⌟
Proof: Firstly, the uniqueness of σn follows from the fact the elements mapping to a positive power
of σK determines a Weil-Deligne representation up to semisimplification.

What is Bernstein center Let fτ be the function on the Bernstein center that acts through the
scalar tr(τ |σ(π)(n−1

2 )) on any π ∈ Irradm(π).
Then to prove (a) and (b) of(0.1.1.2), it suffices to show that

tr(fτ,h|π) = tr(fτ ∗ h|π)

for any π ∈ Irradm(GL(n;K)). If π is induced or supercuspidal, then this is true by the hypothesis
listed. By(0.1.1.4), it suffices to check for any generalized Speh representation π = St(π0; t). Choose
h0 ∈ C∞

c (GL(n;K)) as in item1 of(0.1.1.4), then

tr(fτ,h0 |π′) = tr(fτ ∗ h0|π′)

holds for any tempered π′ ∈ Irradm(GL(n;K)): This is true □
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Lemma(0.1.1.4)[Testing on Tempered Representations and Generalized Speh Representa-
tions].

• Let d ∈ Z+, t ∈ Z≥2, n = dt, π0 ∈ Irrcusp,uni(GL(d;K)) and π = St(π0, t). Then there exists
h ∈ C∞

c (GL(n;OK)) s.t. tr(h|π) = 0 for any π ∈ Irradm(GL(n;F )) that is tempered but not of
the form π = π0(iy1)× . . .× π0(iyt) where yi ∈ R. And for these π, tr(h|π) 6= 0.

• If h ∈ C∞
c (GL(n;K)) s.t. for all π ∈ Irradm(GL(d;K)) that is tempered but non-square-

integrable or π = St(π0, t) for some d ∈ Z+, t ∈ Z≥2, n = dt, π0 ∈ Irrcusp,uni(GL(d;K)); then
tr(h|π) = 0 for any π ∈ Irradm(GL(n;K)).

⌟
Proof: Kazhdan’s density theorem and □

Prop.(0.1.1.5)[Constructing Galois Representations]. The hypotheses of(0.1.1.3) are true for any
n ∈ Z+. In particular, (a) and (b) of(0.1.1.2) hold true for any n ∈ Z+. ⌟
Proof: 1 is proved in Theorem 6.4. of [Sch13], by relating the deformation spaces of one-dimensional
p-divisible groups to the deformation spaces of their infinitesimal parts.

2. Firstly by(0.1.3.3), K can be realized as K = Fw with notation as in(0.1.3.1) and(0.1.3.1).
Then we can apply(0.1.5.2) to π∨ to get πf ∈ Irradm(G(Af )) s.t.

• H∗
ξ (πf ) 6= 0.

• πp,0 is unramified.
• πw = π ⊗ χ for some unramified quasi-character χ of K×.

Then we apply(0.1.5.1) to get

tr(f∨
τ,h|π∨ ⊗ χ) = 1

a(πf )
tr

(
τ |[Hξ[πf ]]⊗ χπp,0

)
tr

(
h∨|π∨ ⊗ χ

)
.

Then we can take σ(π) = 1
a(πf ) [Hξ[πf ]]∨ ⊗ χ−1

πp,0 ⊗ χ
−1, which has dimension n by(0.1.3.7).

3: It suffices to show that σ(π) ∈ K0(Repfd(WK)). For this, Cf.[Sch13]P705. □

Vanishing Cycles

Thm.(0.1.1.6)[Formal Vanishing Cycles on the Deformation Tower]. Consider the formal van-
ishing cycles on the tower {Spf Rβ,m}m∈Z+ :

Ψi
β = lim−→

m∈Z+

H0(Spf Rβ,m,Ψi
Spf Rβ,m

Qℓ).

Then
H0(Spf Rβ,m, RiψSpf Rβ,m

Qℓ) ∈ Repfd (WKr ×GL(n;OK/(ϖm))) ,
and it vanishes unless i ∈ [0, n− 1].

In particular Ψi
β, [Ψβ] ∈ Rep(cont,adm)(WKr ×GL(n;OK)). ⌟

Proof: Cf.[Sch13]P673. □
Def.(0.1.1.7)[Vanishing Cycles on the Lubin-Tate Tower]. Define the vanishing cycles as

Ψn = lim−→
m∈Z+

H0(Spf Rn,m,Ψi
Spf Rm

Qℓ),

with an action of AK,n induced by??. Then Ψn ∈ Rep(adm,alg,cont)(GL(n;OK)×O∗
DK,1/n

× IK), and
it vanishes unless i ∈ [0, n− 1]. ⌟
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Proof: The smoothness of O∗
DK,1/n

-action follows from comparison theorem Corollary 4.5 of [Van-
ishing cycles for formal schemes. 2, Berkovich], Cf. proof of [H-T01], Lemma II.2.8. The rest follows
from(0.1.1.6). □

2 Cyclic Base Change
Prop.(0.1.2.1).Kr/K be the unramified extension of degree r, then for any x ∈ GL(n;Kr), we can

define Nm(x) = x.xσ. . . . .xσ
l−1 .

Then N defines an injection from the σ-conjugacy classes of GL(n;Kr) to the conjugacy classes
of GL(n;K). In fact, if γ = Nm x, then Gx,δ is an inner form of Gγ . ⌟
Proof: Cf.[Arthur-Clozel]P3. □

Prop.(0.1.2.2) [Cyclic Base Change]. If γ = Nm(x), we can define orbital integrals and twisted
orbital integrals:

TOrbδ(φ) =
∫
Gδ,σ\ GL(n;Kr)

φ(g−1δgσ)dgr
dt ,

Orbγ(f) =
∫
Gγ\ GL(n;K)

φ(g−1δg)dg
dt .

Then for any φ ∈ C∞
c (GL(n;Kr)), there exists f ∈ C∞

c (GL(n;K)) s.t. for any regular γ ∈ GL(n;K),

Orbγ(f) =
{

TOrbγ,σ(φ) , γ = Nm δ, δ ∈ GL(n;Kr)
0 , otherwise

.

⌟
Proof: Cf.[Arthur-Clozel]P20. □

Test Functions

Def.(0.1.2.3)[Test Functions]. For any τ ∈ σrkIK and h ∈ C∞
c (GL(n;OK);Q), define

ψτ,h(β) =
{

tr(τ × h∨|[Ψβ]) , β ∈ GL(n;OKr ) diag(ϖK , 1, . . . , 1) GL(n;OKr )
0 , otherwise

.

Then φτ,h ∈ C∞
c (GL(n;Kr);Q), and is independent of ℓ. ⌟

Proof: Cf.[Sch13]P674. □
Def.(0.1.2.4)[Base Change Test Function, fτ,h]. Define fτ,h ∈ C∞

c (GL(n;K);Q) s.t. it has match-
ing twisted orbital integral with φτ,h ∈ C∞

c (GL(n;Kr);Q)(0.1.2.2) w.r.t. the Haar measures that
give the hyperspecial subgroups volume 1. ⌟

Def.(0.1.2.5). For any τ ∈WKr and h ∈ C∞
c (GL(n;OK);Q), h′ ∈ C∞

c (O∗
D′ ;Q), define the function

φτ,h,h′(δ0) = tr
(
τ × h∨ × h′ | [ΨH ]

)
??.

if H has Dieudonné paramter δ0??, and 0 if there is not such H. Then by(0.1.2.3), φτ,h,h′ ∈
C∞
c (GD(W (κr)[1

p ])) and is independent of ℓ. ⌟
Prop.(0.1.2.6)[Base Change Test Functions].φτ,h,h′ ∈ C∞

c (GD(W (κr)[1
p ]);Q) corresponds to f∨

τ,h×
h′ ∈ C∞

c (GD(Qp);Q). ⌟
Proof: Cf.[Sch13]P688. □
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3 Simple Shimura Varieties

Notation(0.1.3.1).
• Let F0 ∈ NField be totally real with 2|[F0 : Q].
• Let τ ∈ Σ∞

F0
and x0 ∈ Σfin

F0
.

• Let K ⊂ C be an imaginary quadratic field s.t. the rational prime below x0 splits in K.
• Let F = F0K and SF (x0) = {x, xc}.
• Let w ∈ Σfin

F with u = w ∩ K and p = w ∩Q s.t. p is split in K and w /∈ {x, xc}(in particular,
D is split at w).

• Let K = Fw with residue field κ. Let n ∈ Z+.
⌟

Prop.(0.1.3.2)[Division Rings and Simple Unitary Groups]. There exists D ∈ AzF of dimension
n2 with an involution ∗ of second kind, and a homomorphism h0 : C→ Dτ s.t.

• x→ h0(i)−1x∗h0(i) is a positive involution on DR.
• D splits at all places v ∈ ΣF \ {x, xc}.
• Define G0 ⊂ ResF/F0(D∗) ∈ AlgGrp /F0 representing the functor

G0 : R 7→ {g ∈ (D⊗F0 R)∗|gg∗ = 1},

then G0 is quasi-split at all non-split places of F0, unitary of signature (1, n − 1) at τ and
unitary of signature (0, n) at all other infinite places of F0.

Define
G ∈ RedGrp /Q : R 7→ { g ∈ (D⊗R)∗ | gg∗ ∈ R∗ } ,

together with the amplitude map ν : G→ Gm with kernel G1.
⌟

Proof: Take D = Bop as in [H-T01]Lemma 1.7.1. □

Prop.(0.1.3.3)[Globalization]. Any K ∈ p-NField can be realized as K = Fw for some F and w with
the setting as in(0.1.3.1) and(0.1.3.1). ⌟
Proof:

□

Prop.(0.1.3.4) [Shimura Varieties]. Situation as in(0.1.3.2), we can regard h0 as a map S → GR.
Then the datum (G, h−1) defines a tower of Shimura varieties

lim←−
K⊂G(Af )

ShK(G, h−1)

with reflex field E = τ(F ). ⌟
Proof: By [?] and[Sch13]P691. □
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Automorphic Vector Bundles

Thm.(0.1.3.5)[Matsushima’s formula].

inj lim
U

H i(XU,τ (C),Ltopιℓ(ξ)) ∼=
⊕

π∈Irrauto(G/Q)

πf ⊗H i(Lie G(R), Uτ , π∞ ⊗ ιℓ(ξ))# ker1(Q,G).

⌟
Proof:

□
Def.(0.1.3.6)[Cohomology of Automorphic Vector Bundles]. For any ξ ∈ Irr

Qℓ
(G), we can get

a lisse sheaf Lξ,K ⊂ Locét
Qℓ

(ShK(G)) for any open compact K ⊂ G(Af ) that is small enough. The
action of G(Af ) on ShK(G) extends to Lξ,K, and we can consider the cohomologies

H∗
ξ = lim−→

K

H∗
ét(ShK(G)F ,Lξ,K) ∈ Rep(cont,adm)(GalF ×G(Af )).

Then:
• There is a decomposition H i

ξ =
⊕

πf
πf ⊗ H i

ξ[πf ], where πf runs over Irradm
Qℓ

(G(Af )) and
H i
ξ[πf ] ∈ Repfd

Qℓ
(GalF ).

•
dimH i

ξ[πf ] = # ker1(Q,G)
∑
π∞

mτ (ιℓ(π)⊗ π∞) dimH i(Lie G(R), Uτ , π∞ ⊗ ιℓ(ξ)),

where π∞ runs through Irr(G(R)) and m(π) is the multiplicity of π in A(G/Q).
• H i

ξ[πf ] ∈ Repfd
Qℓ

(GalF ) is pure of weight i+ w(ξ) and deRham.
•

⌟
Proof: Cf.[H-T01]P104. □

Prop.(0.1.3.7)[Kottwitz]. For any πf ∈ Irradm(G(Af )) and ξ ∈ Irradm
Qℓ

(G), consider

H∗
ξ [πf ] ∈ K0(Rep(GalF ))(0.1.3.6).

Then either πf only appears in odd dimensions or only appears in even dimensions. Thus ±H∗
ξ [πf ]

is an genuine representation.
And there exists a(πf ) ∈ N s.t. dim

(
±H∗

ξ [πf ]
)

= a(πf )n for any ξ. ⌟
Proof: Cf.[?]. □

4 Langlands-Kottwitz Method
Def.(0.1.4.1). Define

f = h∨ × h′ × 1Z∗
p
×fp ∈ C∞

c (G(Af ))
where

h ∈ C∞
c (GL(n;OK);Q), h′ ∈ C∞

c (O∗
D′ ;Q), fp = 1

Vol(Kp)
1KpgpKp

where gp ∈ G(Ap
f ) and Kp ⊂ G(Ap

f ) is a sufficiently small compact open subgroup.
Fix m ∈ Z+ s.t. h∨ × h′ × 1Z∗

p
is bi-Km

p -invariant. ⌟
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For τ ∈W+
K with deg(τ) = r, we want to evaluate tr(τ × f |[Hξ]) via Lefschetz trace formula.

Cor.(0.1.4.2)[Test Function Trace Formula].

n tr(τ × h∨ × h′ × 1Z∗
p
×fp|[Hξ]) = tr(1×f∨

τ,h × h′ × 1p−r′
Z∗

p
×fp|[Hξ]).

where r′ = r.[κ : Fp]. ⌟
Proof: Cf.[Sch13]P698. □

5 Global methods

Prop.(0.1.5.1). Notation as in Simple Shimura Varieties, assume that πf ∈ Irradm(G(Af )) s.t. H∗
ξ (πf ) 6=

0(0.1.3.6), and in the decomposition πp = πw ⊗ πwp ⊗ πp,0 corresponding to

G(Qp) = GL(n;Fw)× (D′)× ×Q×
p ??,

assume πp,0 is unramified and let χπp,0 =
(
πp,0 ◦Art−1

Qp

)
|WK

be a quasi-character of WK . Then for
any τ ∈W+

K and h ∈ C∞
c (GL(n;OK)), we have

tr(f∨
τ,h|πw) = 1

a(πf )
tr

(
τ | [Hξ[πf ]]⊗ χπp,0

)
tr(h∨|πw).

⌟
Proof: Take h′ ∈ C∞

c (O∗
D′ ;Q) s.t. tr(h′|πwp ) = 1, and take m ∈ Z+ s.t. both h∨ × h′ × 1Z∗

p

and f∨
τ,h × h′ × 1∗

p−r′
Zp

are both bi-Km
p -invariant??, and π

Km
p

p 6= 0. And we take Kp ⊂ G(Ap
f ) s.t.

(πpf )Kp 6= 0, and let K = KpKm
p .

Because dimH∗(ShK,Lξ,K) <∞, there are only f.m. πf ∈ Irradm(G(Af )) that is invariant under
K and H∗

ξ [πf ] 6= 0. So we can choose fp ∈ C∞
c (G(Ap

f )) bi-invariant under Kp s.t. tr(fp|πpf ) = 1,
and satisfying the following: whenever π′

f ∈ Irradm(G(Af )) is K-spherical and tr(fp|π′p
f ) 6= 0, we

have π′p
f
∼= πpf , thus also πf ∼= π′

f by (0.1.5.6).
Applying(0.1.4.2), we get

n tr(τ |[H∗
ξ [πf ]]) tr(h∨|πw) = na(πf ) tr(f∨

τ,h|πw)πp,0(p−r′),

and the assertion follows. □

Thm.(0.1.5.2) [Globalization, Harris-Taylor]. If π ∈ Irradm(GL(n)/K) that is either essentially
square-integrable or generalized Speh, then there exists πf ∈ Irradm(G(Af )) and ξ ∈ Irr

Qℓ
(G) s.t.

(notation as in(0.1.5.1)):
• H∗

ξ (πf ) 6= 0(0.1.3.6).
• πp,0 is unramified.
• πw is an unramified twist of π.

⌟
Proof: Cf.[H-T01]6.2.5 and 6.2.11. □

Cor.(0.1.5.3) [A variant Globalization]. If π ∈ Irradm(GL(n)/K) is essentially square-integrable,
then there exists Π ∈ Irrcusp(GL(n)/F ) s.t.
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• Π∨ ∼= Πc.
• Π is regular C-algebraic(0.1.6.8).
• Πx is supercuspidal.
• Πw is an unramified twist of π.

⌟
Proof: Cf.[H-T01]Cor. 6.2.6. □

Thm.(0.1.5.4)[Clozel’s Base Change]. Suppose π ∈ Irrcusp(G/Q) is cohomological for ξ′ ∈ IrrC(G),
then there is a unique BC(π) = (ψ,Π) ∈ Irrauto(ResK/QGm × ResF/QD×) s.t.

• ψ = ψπ|cIK
.

• If p ∈ Prime is split in K, then BC(π)p = BC(πp).
• For a.e. p ∈ Prime that is inert in K, we have BC(πp) = BC(π)p.
• Π is cohomological for ξ′

K.
• ψ|cK×

∞
= ξ′|−1

K×
∞

.

• ψΠ|IE = ψc/ψ.
⌟

Proof: Cf.[H-T01]6.2.1. □

Cor.(0.1.5.5). It follows from strong multiplicity one?? and the theorem that: if π, π′ ∈ Irrauto(G/Q)
are cohomological for ξ′ ∈ IrrC(G) and πp ∼= π′

p for a.e. p ∈ Prime, then πp ∼= π′
p for any p ∈ Prime

that is split in K. ⌟
Cor.(0.1.5.6)[Harris-Taylor]. If π, π′ ∈ Irradm(G(Af )) and ξ ∈ Irr

Qℓ
(G) s.t.

• πp ∼= (π′)p.
• [H∗

ξ [πf ]] 6= 0.
• [H∗

ξ [π′
f ]] 6= 0.

Then π ∼= π′. ⌟
Proof: It follows from(0.1.3.6) that both π, π′ are automorphic and cohomological for ιℓ(ξ). Then
the assertion follows from(0.1.5.5), noticing that p is split in K(0.1.3.1). □

Thm.(0.1.5.7)[Clozel’s Descent]. Suppose Π ∈ Irrauto(D×/F ) and ψ is a Hecke character of K s.t.
• Π ∼= Π∗.
• ψΠ|IK = ψc/ψ.
• Π is cohomological for ξ′

K.
• ξ′|−1

K×
∞

= ψ|cK×
∞

.
Then there is a π ∈ Irrauto(G/Q) s.t.

• BC(π) = (ψ,Π).
• π is cohomological for ξ′.
• dimHι−1

ℓ
(ξ′)[ι

−1
ℓ πf ] 6= 0.

⌟
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Proof: Cf.[H-T01]6.2.9. □

Prop.(0.1.5.8) [Descending from D× to G]. Let Π ∈ Irrauto(D×) s.t. Π ∼= Π∗ and Π is regular
C-algebraic, then there exists a Hecke character ψ of K and ξ′ ∈ Irr(G/C) s.t.

• ψΠ|IK = ψc/ψ.
• Π is cohomological for ξ′

K.
• ξ′|−1

K×
∞

= ψ|cK×
∞

.

• ψ(O×
K,x0

) = 1.
⌟

Proof: Cf.[H-T01]Lemma6.2.10. □

Cor.(0.1.5.9)[Jacquet-Langlands plus Base Change, Harris-Taylor]. Let Π ∈ Irrcusp(GL(n)/F )
s.t.

• Π∨ ∼= Πc.
• Π is regular C-algebraic(0.1.6.8).
• Πx is square-integrable.

Then there exists
• Some πf ∈ Irradm(G(Af )),
• Some ξ ∈ Repfd(G) s.t. H∗

ξ [πf ] 6= 0(0.1.3.6).

• Some algebraic Hecke character ψ of K?? satisfying the following: For any w ∈ Σfin
F with

u = w ∩ K and p′ = w ∩Q s.t. p′ is split in K and w /∈ {x, xc}, we have

πw ∼= Πw, πp′,0 ∼= ψu(0.1.5.1).

Moreover, for any p′ ∈ Prime that is split in K, we can arrange (πf , ξ, ψ) s.t. πp′,0 is unramified.
⌟

Proof: Use global Jacquet-Langlands correspondence?? to obtain ρ ∈ Irrauto(D×) s.t. J-L(ρ) ∼=
Π(0.1.3.2), then ρ ∼= ρ∗ and ρ∞ is regular C-algebraic. Then(0.1.5.7)(0.1.5.8) and the properties of
the base-change map(0.1.5.4) finish the proof. □

Cor.(0.1.5.10)[Deligne-Brylinski(86)/Carayol(86)/Harris-Taylor[H-T01]/Scholze[Sch13]]. Let
Π ∈ Irrcusp(GL(n)/F ) s.t.

• Π∨ ∼= Πc.
• Π is regular C-algebraic(0.1.6.8).
• Πx is square-integrable.

Then there exists a ∈ Z+ and R(Π) ∈ Repan
Qℓ

(GalK) s.t. for any v ∈ Σfin
F \ S(ℓ), we have

R(Π)|WFv
= aσn,v(Πv)(0.1.1.2).

Moreover, for each v ∈ Σfin
F , the representation Πv is tempered. ⌟

Proof: This is Theorem C of Harris-Taylor.
Take πf , ξ, ψ as in(0.1.5.9), a = a(πf )(0.1.5.1). Take χψ be a character of GalF corresponding to

ψ under the global class field theory. And let

R(Π) = [H∗
ξ (πf )]∨ ⊗ χ−1

ψ .
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Then the assertion is trivial if v ∈ Σfin
F \ (SF (ℓ) ∪ {x, xc}) is split over F0 and πp′,0 is unramified,

where p′ = v ∩ Q. Then by Chebotarev density theorem, this determines 1
aR(Π) uniquely. But for

any such p′ ∈ Prime, we can arrange that πp′,0 is unramified, so this condition can be dropped.
Now for an arbitrary v, we can take a real quadratic field R that is linearly disjoint with F s.t.

the rational prime under x splits in R, and the completion of R and K at the rational prime under v
are isomorphic. Let F̃0 = F0R and F̃ = FR, and choose ṽ and x̃ above v and x in F̃ s.t. ṽ /∈ {x̃, x̃c}.

Then we can take Π̃ ∈ Irrauto(GL(n)/F̃ ) to be the cyclic base change of Π, which continues to
have the properties listed. Hence we get an R(Π̃) that satisfies the assertion for any ṽ ∈ Σfin

F̃
\(S

F̃
(ℓ)∪

{x̃, x̃c}) split over F̃0. By Chebotarev density theorem, 1
ã
R(Π̃) = 1

aR(Π)|Gal
F̃

. Then applying the
above split case to ṽ finishes the proof.

Using p-adic Hodge theory, it would be no problem to show that one can choose a = 1, cf. proof
of Proposition VII.1.8 in [H-T01]. Also, this holds for any CM field F , cf. proof of Theorem VII.1.9
of [H-T01]. □

Cor.(0.1.5.11). Let Π ∈ Irrcusp(GL(n)/F ) s.t.
• Π∨ ∼= Πc.
• Π(n−1

2 ) is regular C-algebraic(0.1.6.7).
• Πx is square-integrable for some x ∈ Σfin

F that is split over F0.
Then there exists a ∈ Z+ and R(Π) ∈ Repan

Qℓ
(GalK) s.t. for any v ∈ Σfin

F \ S(ℓ), we have

R(Π)|WFv
= a rec′

v(Πv)

⌟
Proof: It suffices to find a Hecke character χ of F s.t. χ−1 = χc and χ∞(n−1

2 ) is C-algebraic, which
can be done as in the proof of Corollary 7.2.8 of [H-T01]. □

6 Geometric Galois Representations

Def.(0.1.6.1)[Geometric Representations, Fontaine-Mazur[?]]. (ρ, V ) ∈ Repfd
Qp

(GalF ) is called a
geometric representation if it satisfies

• For a.e. v ∈ Σfin
F , ρv is unramified.

• For any v ∈ SF (p), the representation ρv is deRham??.
⌟

Def.(0.1.6.2) [Algebraic Weil Representations]. For τ ∈ Σ∞
F , an admissible Weil representation

r : WFτ → LG(C) is called
• an L-algebraic Weil representation if λσ ∈ X∗(T ).
• a C-algebraic Weil representation if λσ − δ ∈ X∗(T ).

⌟
Prop.(0.1.6.3)[Algebraic Weil Representations and Galois Representations]. ⌟

Automorphy of Galois Representations

Def.(0.1.6.4)[Admissible Representations attached to Galois Representations]. For a geomet-
ric p-adic Galois representation(0.1.6.1) ρ : GalF → GL(n;Qp) and an isomorphism ιp : Qp

∼= C, we
can associate a Π(ρ) = ⊗′

vΠv(ρ) ∈ Irradm(GL(n)/F ) s.t.
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• For any v ∈ Σfin
F \SF (p), Πv(ρ) corresponds to the Weil-Deligne representation attached to the

restriction of ρ to the Weil group Wv.

• For any v ∈ SF (p), we can also associate a Weil-Deligne representation WDv(ρ) via Fontaine’s
Dpst functor.

• For any v ∈ Σ∞
F , we can also define Hodge-Tate numbers and thus an irreducible (gv,Kv)-

module Πv.
⌟

Conj.(0.1.6.5) [Automorphy of Galois Representations, Clozel[?]/Fontaine-Mazur[?]]. For
any irreducible geometric p-adic Galois representation(0.1.6.1) ρ : GalF → GL(n;Qℓ),

• w(ρ) = 2
dim ρ

∑
a∈H-T(ρ) a ∈ Z,

• mi(ρ) = mw(ρ)−i(ρ) for all i.

• Π(ρ) ∈ Irrcusp(GL(n)/F )(0.1.6.4).

• Πv(ρ) is C-algebraic(0.1.6.8).
⌟

Conj.(0.1.6.6)[Langlands-Fontaine-Mazur]. Any geometric representation of GalF (0.1.6.1) is auto-
morphic(0.1.6.5). ⌟

Proof:
□

Def.(0.1.6.7)[Algebraic Automorphic Representations]. For v ∈ Σ∞
F , an irreducible representa-

tion πv of G(Fv) is called an L-algebraic representation(resp. a C-algebraic representation)
if the Weil representation associated to it by Langlands correspondence is so(0.1.6.2).

And Π ∈ Irrauto(G/F ) is called an L-algebraic representation(resp. a C-algebraic repre-
sentation) if Πv is so for any v ∈ Σ∞

F . ⌟

Def.(0.1.6.8)[Regular Algebraic Automorphic Representations]. For v ∈ Σ∞
F , Π ∈ Irrcusp(GL(n)/F )

is called a regular C-algebraic automorphic representation at v if λΠv is just the highest weight
of an irreducible algebraic representation of GL(n;Fv).

A regular C-algebraic representation is C-algebraic. ⌟

Proof: This follows from the definition of the Harish-Chandra isomorphism, Cf.[Kna02]5.43. and
[B-G14]Section2.3. □

Example(0.1.6.9) [Algebraic Representations for GL(n)]. Π ∈ Irrcusp(GL(n)/F ) L-algebraic if
Π(n−1

2 ) is C-algebraic(0.1.6.7).
The notion of L-algebraic and C-algebraic coincides for n odd and differs by a twist for n even.

⌟

Proof:
□
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Galois Representations attached to Automorphic Forms

Conj.(0.1.6.10)[Automorphic Galois Representations(weak version), Buzzard-Gee[B-G14]].
If π ∈ Irrauto(G/F ) is L-algebraic(0.1.6.7), then for any p ∈ Prime and ιp : Qℓ

∼= C, there exists a
continuous geometric Galois representation

ρπ = ρπ,ιp : GalF → LG(Qp)

s.t.
• The composition of ρπ with the natural projection LG(Qp)→ GalF is the identity map.
• For a.e. v ∈ Σfin

F , ρπ|WFv
is unramified and ι ◦ ρπ(σv) is Ĝ(C)-conjugate to c(πv).

• For v ∈ SF (p), the Hodge-Tate character of ρπ|GalFv
can be read off π(Cf.[B-G14]P156).

• If v ∈ ΣR
F , then ι ◦ ρπ(cv) is Ĝ(C)-conjugate to the element αv = λσv (i)λτv (i)rπv (j)

⌟
Proof:

□

Conj.Cor.(0.1.6.11)[Automorphic Galois Representations for GL(n), Clozel[?]]. For p ∈ Prime
and any Π ∈ Irrcusp(GL(n)/F ) that is isobaric?? and C-algebraic(0.1.6.7), then

• πf is defined over a number field E ∈ NField(i.e. πσf ∼= πf for any σ ∈ Aut(C/E)).
• there exists an irreducible geometric p-adic Galois representation

ρℓ,Π : GalF → GL(n;Qp)

s.t.
Π(ρp,Π) ∼= Π(1− n

2
)(0.1.6.4).

• Moroever, such {ρp,Π} form a strongly compatible system R of representations of GalF .
Such representations ρp,Π and ρp,Π(its reduction modulo p) are called automorphic Galois repre-
sentations. ⌟
Proof:

□
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