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Problem Set 6
Due: 3 May 2012 in class.

Print or write out any Matlab input and output.
1. (10 points) Using the Taylor series of u(z) around x = 0:

(a) Show that % is a first-order approximation of % (0).

(b) Find constants cg, c1, ¢y such that ©2w2An)Feiu(Az)+eou(0)

is a second-order approximation of

y Az
s (0)-
2. (10 points) By hand, find the solution to
d*u
Tdzz T °
du
- — *
20y =0 )
u(l)=0

3. (20 points) In this problem, you will solve (*) by a finite difference method. Use a grid of N equally
spaced points from x = 0 to x = 1, inclusive. Thus, Az = ﬁ
(a) Write out by hand the finite difference linear system to be solved in the N = 5 case. Approximate
‘31273 by the standard 3-point discretization. Approximate %(0) by w.
(b) Use Matlab to construct and solve the corresponding linear system for N = 100 and N = 200.
(c) What is the maximal error in each of these solutions? Is the method first or second order accurate
in Az.
4. (20 points)

(a) Show that any solution to (¥) satisfies the following weak form

1 1
/ — —dx = / x¢(x)dx for all ¢ such that ¢(1) = 0.
0 0

Note that ¢(0) is not assumed to be zero.
(b) Consider a grid x; = iAz with Az = % Fori = 0,--- ,N — 1, let ¢; be the piecewise linear
1 ifi=j
0 ifi#y
out the linear system arising from a finite element method with these basis functions.

function such that ¢;(z;) = { .Inthe case N = 5, draw ¢q(x), - , ¢4(x) and write

(c) Write a Matlab program to generate and solve the finite element linear system for the cases N =
100 and N = 200.



(d) What is the maximal error in each of these two solutions. Is the method first or second order
accurate in Az.

5. (20 Points) Consider the 27 periodic boundary value problem

5@ = (@)
u(—m) = u(m)

du du
%(—W) = %(W)

where f(z) = §(z — 7/2) — 0(x + 7/2).

(a) Sketch a solution to the boundary value problem.
(b) Expand f as a Fourier series: f(z) = 5°° ___ f(n)e™®. Find f(n).

n=-—00

(c) Expand u as a Fourier series: u(z) = > oo d(n)e™*. Compute % and use the differential
equation to solve for %(n). Argue that 4(0) can be anything.

(d) Set %(0) = 0. Use Matlab to plot 27210:720 i(n)e® for —m < x < .



