ON (C-SMALL CONJUGACY
CLASSES IN A REDUCTIVE GROUP

G. LuszTIG

INTRODUCTION

0.1. Let G be a connected reductive algebraic group over an algebraically closed
field k of characteristic p. Let W be the Weyl group of G. Let €2,, be the double
coset in G (with respect to a Borel subgroup B*) corresponding to an element
w € W which has minimal length in its conjugacy class C' in W and has no
eigenvalue 1 in the reflection representation of W. Let Zs be the centre of G.
From [L5, 5.2] it follows that the isotropy groups of the conjugation action of
B*/Zg on Q,, are finite abelian. One of the results of this paper is that (if G is
semisimple) the set of orbits of this action is naturally an affine variety of dimension
equal to the length of w, which looks very much like an affine space modulo the
action of a finite group. Consider the intersection of §2,, with a conjugacy class
v in G. Since Q,, N~y is B*/Zg-stable, the result quoted above shows that, when
Q, Ny is nonempty, it has dimension greater than or equal to dim(B*/Zg). As
in [L5] we say that v is C-small if Q,, N~y # () and the previous inequality is an
equality. (This condition depends only on C, not on w.)
In the remainder of this subsection we assume that
(i) p is 0 or a good prime for G

and that G is almost simple. In [L5] we have shown that for any C' as above there is
a unique unipotent class v¢ in G which is C-small. In this paper we investigate the
existence of C-small semisimple classes in G. We show that such a class 4 exists in
almost all cases. (There is exactly one exception to this property: it arises in type
Eg for a unique C.) Let p,., be the Springer representation of W associated to
v¢ and to the local system Q; on vo. We show that P~e 18 surprisingly connected
to 7/ above (again with the unique exception above) as follows: p.. is obtained
by 7 j-induction” (see 0.3) from the sign representation of a reflection subgroup of
W, namely the Weyl group of the connected centralizer of an element of v'. We
will also show that the representation p.. depends only on the Weyl group W,
not on the underlying root system.
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2 G. LUSZTIG

0.2. Here is some notation that we use in this paper. Let B the variety of Borel
subgroups of G. Let [ : W — N be the standard length function. Let S = {s €
W;l(s) = 1}. For each w € W let O,, be the corresponding G-orbit in B x B. Let
W, be the set of elliptic conjugacy classes in the Weyl group W of G (see [L5, 0.2].)
For C € W, let do = minyec l(w) and let Cyip, = {w € C;l(w) = d¢}. For any
conjugacy class v in G and any w € W we set B, = {(g9, B) € GxB; (B,gBg~!) €
Ouw}, BY, = {(9, B) € Bui;g € 7}

The cardinal of a finite set X is denoted by |X| or by #$(X). For any g € G let
Z(g) be the centralizer of g in G. Let vg be the number of positive roots of G.
For an integer o we define k, € {0,1} by 0 = Kk, mod 2.

Let C € W,,. In [L5, 5.5, 5.7(iii)] it is shown that if B, # () for some/any
w € Chip then dimB) > dim(G/Zg) and dim~y > dim(G/Zg) — de. (Here the
equivalence of ”some/any” follows from [L5, 5.2(a)].) Following [L5, 5.5] we say
that v is C-small if for some/any w € C;, we have 87 = () and the equivalent
conditions dim B}, = dim(G/Z¢), dim~y = dim(G/Zg) — d¢ are satisfied (for the
equivalence see [L5, 7.7(iv)]).

0.3. Let W be a Weyl group. Let sgn be the sign representation of W and let
Ry be the reflection representation of W. Let Irr(W) be the set of (isomorphism
classes of) irreducible representations of W. For E € Irr(W) let by be the smallest
integer > 0 such that the multiplicity of E in the bg-th symmetric power of Ry,
is > 1. We write E € Irr(W)T if this multiplicity is 1. Let W’ be a subgroup of
W generated by reflections. Let E’ € Irr(W')T. There is a unique E € Trr(W)
such that E appears in ind}y, (E’) and bg = bg. (See [GP, 5.2.6].) We have
E € Irr(W)T. We set E = 5}, (E’). The process jit() is called j-induction.

0.4. For any unipotent class v in G let p,, € Irr(W) be the Springer representation
of W associated to 7 and the local system Q; on . (We use the conventions of
[L2].) For any C € W_,; let 7o be the unique C-small unipotent class of G, see
[L5]; thus p. is well defined.

0.5. Let B* be a Borel subgroup of G and let 7 be a maximal torus of B*. Let
N¢a(T) be the normalizer of 7 in G and let W = Ng(7)/7. For any z € W let
Z be a representative of z in Ng(7). We identify W = W as follows: to z € W
corresponds the element w € W such that (B*,2B*:7!) € O,,. For any s € S let
as : T — k* be the simple root defined by s. In the remainder of this subsection
we assume that G is almost simple, simply connected and that 0.1(i) holds. Let
ag : T — k* be the unique root such that for any s € S, apa;! : T — k*
is not a root. Let A = {ays € S} U {ap}. For any K & A let Wi be the
subgroup of W generated by the reflections with respect to roots in A. Let Gg
be the subgroup of G generated by 7 and by the root subgroups attached to
roots such that the corresponding reflection in W is in Wg. Note that Gk is
a connected reductive subgroup of G (a ”Borel-de Siebenthal subgroup”). Now
B* NGy is a Borel subgroup of Gx and 7 is a maximal torus of B* N Gk . Note
that Wk = Ng, . (T)/7T = {w € W;w € Gg} may be identified (using B* N G,
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7) with the Weyl group Wk of Gk in the same way as W is identified with W
(using B*, 7). In particular W appears as a subgroup of W. Let Sk be the
set of semisimple conjugacy classes v in G such that for some ( € y N7 we have
Gk = Z({). Note that S # () and any semisimple class in G belongs to Sk for
some K ; A. The following is our main result.

Theorem 0.6. Assume that G is almost simple, simply connected and that 0.1(i)
holds. Let C € W ;. With the single exception when G is of type Eg and for any
w € C, the characteristic polynomial of w : Ryw — Rw is (X+1)(X2+1)%(X3+1),
there exists K G A such that

(i) for any v € Sk, v is a C-small semisimple class;

(i1) pro = 3%, (se).

In the case where G is of type Eg and C is the class specified in the theorem,
there is no K G A for which (i) holds and there is no K & A for which (ii)
holds. On the other hand in this case we have p,, = jvng (sgn ® r) where G is
of type D5 + A3 and r is the irreducible representation of W on which the Ds-
factor acts as the reflection representation and the As-factor acts trivially. Also,
ifye Sk, (eynT, Z(() = K and u is a unipotent element of G which is
in a minimal unipotent class # 1 of the Ds-factor, then the G-conjugacy class
of (u is C-small; although ~’ is not semisimple, it is as close as possible to being
semisimple.

In the case where G is of type A the theorem is immediate: C' must be the
conjugacy class of a Coxeter element and we can take K = (). The proof of the
theorem in the case where G is of classical type other than A is given in §1, §3.
When G is of exceptional type the proof of the theorem is given in 2.4, 3.5 (using
a reduction to a computer calculation, see 2.2.)

0.7. Assume that G is almost simple, simply connected and that 0.1(i) holds.
Let v be any C-small conjugacy class in G. Let ¢ (resp. u) be a semisimple
(resp. unipotent) element of G such that (u = u¢ € . Let K ; A be such that
the conjugacy class of ¢ belongs to Sg. We assume as we may that { € vy N 7T
and Gxg = Z((). Let p, be the Springer representation of W associated to the
conjugacy class of u in Gx. We conjecture that

Prc = Jwy (Pu)-
This is supported by Theorem 0.6.
0.8. I thank Gongqin Li for her help with programming in GAP3.

1. CLASSICAL GROUPS

1.1. Let ty,t2,...,ty be commuting indeterminates. Let M be the m X m matrix
whose j-th row is t] — 7, t) —t;7, ..., ), —t,7, j € [I,m]. Let M’ be the
(m+2) x (m+2) matrix whose j-th row is 1, (=1)7, ]+, 7,8} +t57, ..., t] +t. 7,
j € [0,m + 1]. The proof of (a),(b) below is left to the reader.
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(a) det(M) is equal to =T, [T,;(ti —t;) [Li<;(t: — tj_l) times a monomial in
the t;; a

(b) det(M') is equal to £2T[,(t; — t; 1) [Tic;(ti = t5) [ 1<t — tj_l) times a
monomial in the t;.

1.2. Let V be a k-vector space of finite dimension n > 3. We set K = k5 so that
n = 2n+ k with n € N. Assume that V has a fixed bilinear form (,) : V xV — k
and a fixed quadratic form @ : V' — k such that (i) or (ii) below holds:

(i) @ =0, (z,x) =0 for all z € V, (,) is nondegenerate;

(11> Q 7& 07 (Cﬁ,y) = Q(w-l—y) - Q(l’) - Q(y) for T,y € V: p 7& 2, (7) is
nondegenerate.
An element g € GL(V) is said to be an isometry if (gz,gy) = (x,y) = 0 for
all z,y € V (hence Q(gz) = Q(x) for all x € V). Let Is(V) be the group of
all isometries of V' (a closed subgroup of GL(V)). In this section we assume
that G is the identity component of Is(V). Let F be the set of all sequences
Vi=0=VycViCcVaC...CVy=1V) of subspaces of V such that dimV; =1
for i € [0,n], Q|v, = 0 and {z € V;(x,V;) = 0} = V,_; for all i € [0,n]. Now
Is(V) acts naturally (transitively) on F.

1.3. Assume that @ = 0 so that n = 2n. Let p, = (p1 > p2 > -+ > p,) be a
sequence of integers > 1 such that p; +ps + -+ p, = n. For any 7 > 1 we set
pi = t#(t € [1,0];p > i) so that p1 > ps > ... and ) . p; = n. Let k = p;. We
have px > 1, pr+1 = 0. We can find subspaces V;, V! (i € [1,k]) of V such that

V=ViaeVeVedVod...0V, eV,

dimV; = dim V] = p; for i € [1,k];

(,) is zero on V;, V! for i € [1, kj;

VieV,V;oV;) =0 foralli#j.
Let A1, Ao, ..., A\x be a sequence elements of k* such that

)\i—)\j%OfOI'Z'%j,

Xi — A7t #£ 0 for all 4, 5.
For any ¢ € [1, o] the system of linear equations

Z (Ai - )‘i_j)ct,i = —0j,p,

te [17pt]

(7 € [1, p¢]) with unknowns ¢ ; (i € [1, p¢]) has a unique solution (ct,i)ief,p,] € k?*.
(Its determinant is nonzero by 1.1(a) with m = p;. Note that \; is defined for
i € [1,ps] since py < p1 = k.) For any i € [1, k] we choose a basis (vt:)ie[1,0):pi>i)
of V; and we define vectors vj, ; € V; (' € [1,0],py > 1) by (vi,vp ;) = drprc
for all ¢ € [1,0],py > i. Then for any ¢t € [1,0] and any j € [1, ps] we have

(a) Zie[l,pt](Ag - )‘i_])(vt,iavilf,i) = _5j7pt'
Hence for j € [—p;e,pt — 1] we have

(b) > icn pg(Xi = A7) (v, v 3) = 65—,
(For j € [1,p — 1], (b) follows from (a); for j € [—ps, —1], (b) follows from
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(a) by replacing j by —j; for j = 0, (b) is obvious.) For any ¢ € [1,0] we set
vy = Zie[l,k};igpt(vt,i + Ufm) € V. Define a linear map g : V — V by gx = \;x for
x €V, gr =\, 'z forx € V! (i €[1,k]). Then g € G.

1.4. Assume that @@ # 0 so that p # 2. Let p. = (p1 > p2 > -+ > p,) be a
sequence of integers > 1 such that p; +p2 + -+ p, = n. If K = 0 we assume also
that kK, = 0. For any ¢ > 1 we set p; = #(t € [1,0];p¢ > @) so that p; > p2 > ...
and ) . p; =n. Let k =p;. We have p1 = o, pi, > 1, pry1 = 0.

We can choose subspaces Z’, Z” of V' and subspaces V;, V! of V (for i € [2, k])
such that:

V=Z'oZ"'® @ie[g,k](% © V{);

(,) is nondegenerate on Z’ and on Z”, () is zero on V;, V! (for i € [2, k]);

dim Z' = p1 + k — kg, dim Z” = p1 + kg

dimV; = dimV; = p; for i € [2, k];

Vi@V, V; ©V)) =0for i # jin [2,k];

(Z/,Z”) = 0:;

(Z2'+Z2",V;+V])=0foriec[2k].
Let \;(i € [2,k]) be elements of k* such that

Ai —Aj # 0 for i # j in [2,k],

Xi — A1 £ 0 forall 4, j in [2,k].
For any ¢ € [1, 0], the system of linear equations

et (e 1+ > N+ N, =65p,

te [27pt]

(7 €10,ps]) with (p; + 1) unknowns (c; .z, € k (7 € [2,p¢]) and ¢ 1 € k, ¢r,—1 € k)
has a unique solution. (Its determinant is nonzero by 1.1(b) with m = p; — 1.)
For any i € [2,k] we choose a basis (vt)ie[1,0];p,>i) Of Vi and we define vectors
v €V (t' € [1,0],py > @) by (vei,vi ;) = Oercen, forallt € [1,0],p > 4. (Note
that if ¢ € [1, 0] is such that p; > 4 then ¢ € [2, p¢] hence ¢, is defined.)

We can find vectors vy € Z’ (t € [1,0]) such that (vj,v},) = ¢;10: for all ¢, ¢/
n [1,0]. We can find vectors vy’ € Z” (t € [1,0]) such that (v}, v})) = ¢, _10¢
for all ¢,¢" in [1,0]. Then for any ¢ € [1,0] and any j € [0, pt] we have

(v, v0) + (=17 (0] + o)+ Y N+ A7) (04,015) = b5,
i€[27pt]
It follows that
(v, o) + (=17 (of o))+ > (M + A (v vp ) = 6_jp,
ie[zapt]

for j € [—py,pe—1]. Forany ¢ € [1,0] weset vy = V340" + 3,2 pi<p, (Vi V1) €
V. Define a linear map g : V — V by gv =z for x € 2/, gr = —x for x € Z”,
gr = N for x € V; (i € [2,k]), gz = \; ' for 2 € V] (i € [2,k]). Then g € G.
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1.5. Assume that we are in the setup of 1.3 or 1.4. For ¢,¢' in [1,0] and j €
[—pt, pr — 1] we have

(a) (gjvt, vy) = Ot,t/0—j p,-

Indeed, in the setup of 1.3, the left hand side of (a) is equal to

i ) -3 1 ) /
E (Nvei + A Vy > Vi T+ Ut’,i)
i€[1,k];i<p¢,i<py

= Otv/ Z (/\‘g - )‘i_j>(vt,iv Uf:,z') = 0t,t'05,—p,

te [17pt]

in the setup of 1.4, the left hand side of (a) is equal to

(v, ve1) + (—1) (v 4,00 ) + > (Mo + A7) 4 v+ v)0 )
1€[2,k];i<ps,i<py

= 0 ((ve,1,v01) + (—1)j(?’£,1, vy 1)
+ > A+ A7) (01,3, 0} 4)) = 0,404, —p, -

i€[2,k];i<pe,i<ps

As in [L5, 3.3(vi)], from (a) we deduce that the vectors (¢7v¢)ie(1 0], j€[—pepi—1]
span a (n — k)-dimensional subspace of V' on which (, ) is nondegenerate. (If k =0
this subspace is V'.) For any h € [1, n] we can write h = p1+pa+- - -+p,_1+i where
r € [1,0] and i € [1, p,| are uniquely determined; we define V}, to be the subspace
of V spanned by the vectors g7v;(t € [1,r—1],j € [0, p;—1]) and ¢g7v,.(j € [0,i—1]).
Let V} be the subspace of V spanned by the vectors g/v;(t € [1,7 — 1], € [1,ps])
and g7v,.(j € [1,4]). We have (Vj,, V) = 0 (see (a)), (V}, V) =0, gV}, = V;. There
are unique sequences V., V, in F such that V}, V) are as above for any h € [1,n].
We have V/ = ¢gV,. For any r € [1,0] and ¢ € [1, p, — 1] we have

dim(vgl—l-pg—l—m—l—pr_l—l—i N %1+p2+"'+pr—1+i) =p1+tp2+--+p—1+ 1 — r,

(the intersection is spanned by the vectors gu(t € [1,r —1],5 € [1,p; — 1]) and
g’vr(J € [1,i=1])),

dim(‘/;1+p2+~~+pr,1+i N ‘/;71+p2+~"+10r—1+i+1) =p1+p2t+--Fp1ti—r+ 17

(the intersection is spanned by the vectors g/v.(t € [1,r —1],j € [1,p; — 1]) and
g’v.(j € [1,4])). For any r € [1, 0] we have

dim(‘/;1+P2+--~+Pr A Vn—Pl—p2—”'—pr71—1> =p1+tp2+t--+p—1,
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(the intersection is spanned by the vectors g’/v;(t € [1,7],7 € [1,p: — 1])),
dim(Vy, 4y tp, N Vaampy—pa—ompy 1) = DL P2+ pp =7+ 1,

(the intersection is spanned by the vectors g/v,(t € [1,7],j € [1,p;—1]) and gPrv,.).
(We use again (a).) As in [L5, 3.2] we deduce that ay, v = w,, € W (notation
of [L5, 1.4, 1.6]). Let B, B’ be the stabilizers of V,,V/ in G. Then B, B’ are
Borel subgroups of G and (B, B’) € O, _, gBg~! = B’. Hence if v denotes the
conjugacy class of g in GG, we have

(b) B, A0,

Note that v is a semisimple conjugacy class and that w,, has minimal length in
its conjugacy class C' in W (which is elliptic).
Let 6(g) = dim Z(g). Let d = [(w), ). We show that

(c) d(g) = d.

In the setup of 1.3, Z(g) is isomorphic to GL(p1) X GL(p2) X ... X GL(py) hence
5(g) = p? + p3+ -+ p2. In the setup of 1.4, the identity component of Z(g) is
isomorphic to SO(p1 + k — ko) X SO(P1 + ko) X GL(P2) X GL(p3) X ... x GL(p)
hence

6(9) = (P1+ K — Ks)(P1 + K — ko — 1)/2+ (P1 + k) (P1 + ks — 1)/2
Py P =Py AP+ Py — ol k).

If (1-k)Q =0 wehaved=2(p2+2ps+---+ (0 —1)p,) +n;if (1 —K)Q # 0 we
have d = 2(pa +2p3 + -+ -+ (0 — 1)py) + n — 0. Hence to prove (c) it is enough to
show that

PPt +pr=2p2+2p3+ -+ (0 — 1)p,) +n.

This follows from the equality X = 2Y in [L5, 4.4]; note that fo, from loc.cit. is
the same as p’ and ), fop, = n. From (b) and (c) we see that v is a (semisimple)
C-small conjugacy class. This proves 0.6(i) for our G.

2. EXCEPTIONAL GROUPS

2.1. In this subsection we assume that k is an algebraic closure of a finite field F,
with ¢ elements; we also assume that 0.1(i) holds. We choose an F ,-split rational
structure on G with Frobenius map F' : G — G such that B* and 7 are F-stable.
Note that F(t) = t? for all t € 7. Define a class function IIg : W — Z by
e(w) = >, tr(w, H*(B, Q;))q" where we use the standard W-module structure
on H*(B,Qy). For any 2 € W let z, € G be such that 2 F(z,) = z and let
T, =2, Tx;', an F-stable maximal torus of G. For any w € W we have

g (w) = ()G g4 Ty |~
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2.2. We assume that k is as in 2.1, that G is almost simple, simply connected of
exceptional type and that K ; A. Let v € Sk. Let C € W_; and let w € Cyip.
We show that the condition that B7 # () can be tested by performing a computer
calculation. We will also see that this condition depends only on K, not on 7.
We choose an F;-rational structure on G as in 2.1. We can assume that g?9=! =1
for some/any g € v. Then v is F-stable and yN7 =y N 77T is a single W-orbit.
Let ¢ € yNT be such that Z({) = Gg. Note that Gk is defined and split over
F,,
Now the class function Ilg, : Wi — Z is well defined, see 2.1. For z € W we
have

t(he GF;h™ ' ¢h e T.) =t(h € GF; 2 h ™ Cha, € T)
=4k e G;F(R) =Rz 01N €¢T) =4 € G, F(W)=h2 01 eyNT)
= Wi|™" ) 40 € G F(W) =Wz, B¢ = o¢o!)

veW

= |WK|—1 Z H(h' € G;F(h") = h”i)_li’F(i)), h//_1Ch” —¢)
veW

= Wik|™" Y H(0 € Gr; F(W") = W'~ 4F (0))
vew

= [Wk| (v € WioT'2F (4) € Gk )|GRe| = Wi | (v € Wiv™ 20 € Wie)|G|.

(We set h' = hx,; then we set b’ ~1Ch/ = v¢v~! with v € W; then we set h” = h/v
and we use Lang’s theorem in Gg.)

As in [L5, 1.2(a)] the number of fixed points of F' : B) — B, (¢,B) —
(F(g), F(B)), is given by
(a)

(B2)" ] = W[~ > tr(Tow, By)(pe « Rer)tr(z, ENtr(C, R (2)).
E,E'€lrtW 2e W genF

(Notation of loc.cit..) Using [DL, 7.2] we see that

tr(¢, R'(2)) = (h € G h™'Ch € TL)| T 7 g o (= 1)H)
= \WK|_1ti(v eW;v 1l e WK)|G§|TZ|_1q_”GK(—1)L(Z)
= Wk | (v e Wi;v ™ 2v € Wi, (v 20).

(We have used that the restriction to Wx = W of the function z +— (—1)42) on
W =W is the analogous function defined in terms of Gi.) Substituting this into
(a) we obtain

(BT =RFIWITE Y 6(Tw, B (pe : Retr(z, EY)
E,E'€lrrW,zeW
X (Wi |"H(v € Wiv™ 20 € Wi)Tlg, (vt 2v)

= AP Wt > tr(Tw, By)(pp : Rpr)tr(z, B')tr(z, ind}¥, (I, ))-
E,E'e€lrrW ,zeW
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Hence

(b) (BLFI=1G"1/IGR] > tr(Tw, E)(pe : Re)(E': Moy )wy -
E,E'elrrW

Here (E' : Tlg, )w, is the inner product of Ilg, (viewed as a representation of
W) with the restriction of E’ to Wx. We can also write (b) as follows:

(B2)71 = |GF1/IGR| Y Ap,cépmme prte,k

where the sum is taken over all E, E’ in IrrW, E” € IrrWg and the notation is
as follows. For C" € W, E € IrtW we set Ag ¢ = tr(1,, E,) where z € C] ...
(Note that Ag ¢ is well defined by [GP, 8.2.6(b)].) For E, E’ € It'W let ¢p g =
(pE : Rpr). (Notation of [L5, 1.2].) For £/ € I'W, E” € "W let mg/ g be
the multiplicity of E” in E'|w,. For E” € ItWg let tg» x be the multiplicity

of B” in Mg, . Thus [(B)] is |GF|/|GE| times the the C-entry of the vector

"Ap,c)(op,e)(me ) (te k).

Here the matrix (Ag ¢/) is known from the works of Geck and Geck-Michel (see
[GP, 11.5.11]) and is available through the CHEVIE package [C|. The matrix ¢ g g/
has as entries the coefficients of the "nonabelian Fourier transform” in [L1, 4.15].
The matrix (mgs gr) ("Induction table”) and the vector (tg~ k) ("Fake degree”)
are available through the CHEVIE package. Thus |[(B7,)f| can be obtained by
calculating the product of several explicitly known matrices. The calculation was
done using the CHEVIE package. It turns out that |(87)%| is a polynomial in
q with integer coefficients denoted by Pg (it depends only on K, C not on v, w).
Note that B, # () if and only if P& # 0 as a polynomial in g. Thus the condition
that B7, # () can be tested. Moreover for each K such that P # 0 and for v € Sk,
the condition that v is C-small is equivalent to the condition that dim(Gg) = d¢;
in this case we have P& = m&|G(F,)| as polynomials in ¢ where m% is an integer
> 1 independent of g. (For any K such that PX # 0 we have deg(PL) > dim(G)
(by [L5, 5.2]). Note that m& is equal to the number of connected components of
B for v € Sk, w € Chyipn. This number can be > 1; in one example in type Ejg
it is 10.

2.3. In this subsection we give (in the setup of 2.2) tables which describe for each
exceptional type and each C' € W, (with one exception) some proper subsets
K of A such that PE # 0 and dim(Gk) = dc. The elements of A — {ag} are
denoted by numbers 1,2,3,... as in [GP, p.20]. We write 0 instead of ag. We
specify K by marking each element of A — K by e. An element C' € W, is
specified by indicating the characteristic polynomial of an element of C' acting on
Rw, a product of cyclotomic polynomials ®; (an exception is type F; when there
are two choices for C' with characteristic polynomial ®3®¢ in which case we use
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the notation (®3®¢)’, (®3Pg)” for what in [GP, p.407] is denoted by Dy, C3+ A1).
The notation d; C; x; (K1)m,; (K2)ms; - .. means that C € W, d = dc, X = pye
(vc as in 0.4), and K1, Ko, ... are proper subsets of A such that Pé(i % 0 and
dim(Gg,) = dc; we have m; = mg (We omit m; whenever m; = 1.)

The notation for irreducible representations of W (of type Eg, 7, Es) is as in
[Sp|; for type Fy it is as in [L1]; for type Ga, 1p is the unit representation, 2,
is the reflection representation and 2, is the other two dimensional irreducible
representation of W.

Type Ga; A is (012)
2;Pg;1p; (eee)
4;®3:21; (ele); (ee2)
6; $3;20; (0 e2)

Type Fy; A is (01234)

4;P19;11; (eeeee)

6:Ds;ds; (o0 o0)

8;®%9;; (0e2e0); (ele3e),

10; (@3P6)';81; (o @ 034)

10; (P2d6)";83; (e12e6e); (00204)
12;®2:12;; (e e23e)3; (e12e4); (0ee34)
14; ®2P4;161; (0 0 230)

16; ®%;61; (01 e34)

24; ®3;94; (0 234)

13456
TypeE6;Ais< 2 )
0

6; P3P12; 1o; ( . )

leoeoe
8; g; 61; ( . )

.13000 leebe
12;@3@%;303; < ° ) ; ( 2 )

le4e6
14; @%@3@6; 154; ( ° )
0

1356
24; ®3:100; ( 2 )
0

2

Type Eyr; A is <0134567>
7;@2@18;10; (ooooooo)

9;@2(1)14;71; (olooooo

11; @9 PP 195 279; <. te ; *° .>
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13; @2P6P10; 563; ('13“”); ('1';5")
2
15; ®3®10; 354;

17; Do Py Pg; 1895, <’13°5°°>; (0.3;5.7)
21; o ®E; 3157; (°1°45-.>; (013;560>

23; @3‘1)2'2808; 013e5e 7)
25; B B2 Dg; T0o; (0“4-67)
0

31; ®3 5Dg; 8419; 13.567)
33; 0403210155 (*175°07)

63;®;§1528§ <0 1 34567)

Type Bs; Ais (1257°750)

87@30;10’ (........)

10;@24;81; (looooooo)

12; @293 352; (12)

14; ®Pqg; 1123; (13°°"“> : (10;5oo..>
* 2

16;@15;2104; <1°;000..>2;(10;50700>

16; 3D5; 84y; (..;5.7'())

oo (137000t (1goeTeo)

20; ®7,; 7006; <13:56°”>2; (13.5.7”)

2
22: 2®15; 4007; (1 Be5eTe 0)

2
22; 95 P12; 14007; (1"2*5”“)3; (13;56...>
e45eT7 00 N oS e
ot (14177700 (37
24; D300 15; 13445 (57 70)

26; P3P12; 448y; (13:56°80>
26; ©3P6P10; 32409; (13:1.67..); <1.45.7.o>

2
28; ©3Pg; 22401 0; (13;567..>§ (13;56.80)
30,03 14005 (1037070

32 0401007215 (*°5°°750)

11
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34;¢§¢4®8;453613; (13;1.67..>; (1.;150780)

40;@§;448016; (1.45670.) 0_ (13450780)

2 [ )

42; P30F; T16817; (1’4567. )
44; ®505; 42001g; ( 345°780>
44; ®3DE; 31501; (13456.80>
80

16; D30306; 20160 (157°7
46; @%@Z@G, 134419;
48;@%;42020; (1 34.6780)

)

2

60;@1‘;84026; (13;15.780)

64; D405 700555 (** 57070

1456780
66; DAD2; 140020; ( ! )

80;<I>§;17536; (13:156780)

120; 0% 505, (*05°°7%°)

4. We prove 0.6(i) in the case where G is almost simple, simply connected of
exceptional type. Let C € W ;. Let K be a proper subset of A associated to C
in the tables in 2.3. We can find v € Sk such that

(i) any element of v has finite order.

We show that v is C-small. By a standard argument we are reduced to the case
where k is as in 2.1. In this case the calculations outlined in 2.2 show that v is
C-small, as claimed.

Next we consider for w € Ciuip, the map 7 : B, — G, (¢9,B) — G. Let
A = mQ,. Using [L4, 14.2(a)], we see that the cohomology sheaves of & behave
smoothly when restricted to U,es,y (which is one of the pieces Y7, g in [L3, 13.11]).
Since we know that when v € Sk satisfies (i), some cohomology sheaf of £ is non-
zero on 7, it follows that for any v € Sk, some cohomology sheaf of K is non-zero
on ~; in particular, B # (). It follows that any v € Sk is C-good. This completes
the proof of Theorem 0.6(i).

3. SPRINGER REPRESENTATIONS

3.1. In the setup of 1.2 we assume that G is the identity component of Is(V). If
(1—-r)Q = 0 we identify, as in [L5, 1.5], W with W, the group of all permutations
of [1,n] that commute with the involution ¢ — n + 1 —i. Let W, be the group
of all permutations of [1,2n] that commute with the involution ¢ — 2n 4+ 1 — i.
If n = 2n we have W = W,,; if n = 2n 4+ 1 we identify W with W,, (hence W
with W) by w — w’ where h(w'(i)) = w(h(i)) for ¢ € [1,2n] and h(i) = i if

€ [L,n], h(i) =i+ 1if i € [n+ 1,2n]. Asin [L1, 4.5] we write the irreducible
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representations of W,, in the form [(Ay > Ao >+ > Api1), (1 > 2 > -+ > fim)]
where \;, ; € N, > N+ >, i = m? +n and m is sufficiently large. For example
[(0<1<2<---<n),(1<2<---<n)is the sign representation of W,.

If (1 -k)Q # 0 we identify as in [L5, 1.5] W with W/, the group of even
permutations in W,,. Asin [L1, 4.6] we write the irreducible representations of W,
as unordered pairs [(A1 > Ao > -+ > A), (1 > p2 > -+ > )] where A\, u; € N,
S Ai+ >0, i = m? —m-+n and m is sufficiently large. (There are two irreducible
representations corresponding to [(A1 > Ao > -+ > Ap), (1 > 2 > -+ > i)
with A\; = p; for all i.) For example [(1<2<---<n),(0<1<2<---<n—1)]
is the sign representation of W) .

3.2. Let S, be the symmetric group in n letters. Using [L6, 5.3, 4.4(a)] we see
that

(a) if n = 2¢ € 2N then W, x W/, S,, are naturally reflection subgroups of W,
and we have

Jwlxw, (sgn) = jg" (sgn)
=[0<2<3<4<---<c+1),(1<2<3<--- <o)

(b) if n =2c+1 € 2N + 1 then W, x W/, S, are naturally reflection subgroups
of W,, and we have

Wi W
Jwixwr,, (sgn) = jg," (sgn)
=[(1<2<3<4<---<c+1),(1<2<3<---<0).

Using [L6, 6.3] we see that
(c) if n = 2¢ € 2N then W/ x W/ is naturally a reflection subgroup of W/ and
we have

jgvvéxw,(sgn):[(2<3<4<-~-<c+1),(0<1<2<3<~-~<c—1)].

Let p1 > ps > -+ > p, be integers > 1 such that p; + --- + p, = n. Define
p1 > P2 > -+ > P as in 1.3. Note that p; = 0,k = p;. Define p1 > ps > --- > p,
by pi = p; — Lifi € [1,py], ps = pi if i € [pr +1,0].
Assuming that £ > 1 we have p, = p, > 1 and using [L6, 4.4(a)] we see that
(d) if o = 27 + 1 we have

[(Po < Po—2t+ 1< - <p3+7—=1<p1+7),(Po-1 <Po—3z+1<--<py+717—1)]
:jg;2an_ﬁk(sgn&[(ﬁa<ﬁa—2+1<"'<]53+7'—1<]51+7')7
(Po—1 <Po—z+1<--<Pa+71—1)]);
(e) if o = 27 we have
[(0<pe14+1<pes+2<---<ps+7—1<p+7),
(Po <Po—2+1<---<py+T7—1)
:ngZan_ﬁk(Sgn@[(0<25cr—1+1<15cr—3+2<"'<]53+T—1<]51+7),
(Po < Po—2 +1 <+ <po+71—1)]).



14 G. LUSZTIG

Assuming that k > 1, 0 = 27 we have p, = p, > 1, n — pr > 2 and using [L6,
6.2(a)] we see that

[(pa—1+1<pcr—3+2<"'<p3+7-_1<p1+7-)7
(pg—1<pg_2<"'<p4+7'—3<p2+7'—2)]

!

= Jo wr (8B [(Fom1 +1 < Poog +2 < oo < 1 +7),
n—pg
(f) (Po — 1 <Po2 <+ <Pat+T7—3<Po+T7—2)]).

We show that
W, )
(2) TS x...% Spy X S, (sgn) is equal to

[(Po < Po—2t+1<- - <ps+7—1<p1+7), Po-1 <Po-3z+1<- -+ <py+7—1)]
ifo=27+1 and to

[(0<po1+1<pr3+2<---<p3s+7—1<p+7),
(Pa<pa—2+1<"'<p2+7—1)]

if 0 = 27. We argue by induction on k. If £ = 1 we have ¢ = n and the result
follows from (a),(b). If £ > 1 then

W, W Wi_p
TS xSy x Sp, (S8M) = J5, " sew, (580 BJg "% 5 xs,, (s0))

and the result follows from (d),(e) using the induction hypothesis and the transi-
tivity of the j-induction.
We write p; = a + b where b — a € {0,1}. We show that
(h) jEZ’} X X8, X Wax W] (sgn) is equal to
k 2
[(Pe <Po—2+1<- - <ps+7—1<p1+7),(Po—1 <Po—st+l <+ <pat7—1)]
it o =274 1 and to

[(0<po1+1<pr3+2<---<p3s+7—1<p+7),
(Po < Po_2+1<--<po+7—1)]

if o = 271.
Using (a),(b) and the transitivity of j-induction we see that

W W Spp X XS5y X Wiy
]S,;k X .. X Spy XWe x W/ (Sgn) - ]S,;k XX X Spy x Wiy (]Sﬁk X .. X Spy XWo x W/ (sgn))

W, S5, X ... XS5y X W5 W,
= 08y xSy x Wiy (TSt oo xSpa xSy (S81)) = T5." s x5y, xSy, (581))

and it remains to use (g).
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Assuming that o = 27 we show that

’

'Wn
ISy X0 X Sy X W) X W) (sgn) = [(Po—1+1<po—3+2 < <p1+7),

p1/2

(i) (po—1<po—a < - <ps+7—3<ps+T7—2)

We argue by induction on k. If £ = 1 we have 0 = n and the result follows from
(c). If k£ > 1 then the left hand side of (i) is equal to

W,,'L .Wé—ﬁk
jsﬁkz Xqu,—ﬁk (Sgn @ jsﬁkz—l ><---><st2 XW1171/2XW1;1/2 (Sgn))
and the result follows from (f) using the induction hypothesis and the transitivity

of the j-induction.

3.3. Assume that we are in the setup of 1.3. Let p, = (p1 > p2 > -+ > p,) be
as in 1.3. We consider a unipotent class v in G such that any u € v has Jordan
blocks of sizes

(i) 2p1,2p2, .- -, 2ps-
We set 0 = 27 + k,. We show:

Pvz[(0<pa—1+1<pa—3+2<---<p3+¢_1<p1+7),
(P <po—2+1< - <ps+7-2<p2+7-1)]if e =0,
py =[(po <ps—2+1<---<ps+7—1<p+7),

(a) (Po—1 <Po—s+1< - <ps+7—2<ps+7—1)]if K, =1.

To the partition (i) we will apply the procedure of [L2, 11.6]. Let M = o + k.

Let zpy > -++ > zo > 21 be the sequence (i) if K, = 0 and 2p1,2ps, ..., 2p,,0 if

ks = 1. The sequence 2}, > --- > z5 > 2} in loc.cit. is
2pi+o0—1,2ps+0—2,...,2p, (if K, = 0),
2p1+0,2pa+0—1,...,2p, + 1,0 (if k, = 1).

This contains M /2 even numbers 2yy7/o > -+ > 2y2 > 2y; given by
{2ps + 0 —t;t € [1,0], ke = 0} (if kK, = 0),

{2pt +o—t+1;t€[l,0],k =0} U{0} (if kK, = 1)

and M /2 odd numbers 2y§w2 +1>--->2y,+1>2y; + 1 given by
{2pt +0 —t+ ko3t € [1,0], ke = 1}.

Thus, the sets ({y;W/2 > >y >y b {ymye > - > Y2 > 1)) are given by
{pe+7—(t+1)/2;t € [1,0], ke = 1}, {pt+7—1/2;t € [1,0],k: = 0}) (if kK, = 0)
{pe+m+(1=t)/2t € l,0],m =1} {pe+7—t/2+ 1t € [1, 0], 5, = 0} L{0})

(if ke = 1).

If kK, = 0, the multisets
{yr -2y -12y; 20 {yr —(1—1) > >y —1>uy})

are given by
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{p12p3 > 2po-1 >0}, {p2>ps>->po}).
If kK, = 1, the multisets

(vrpr—722p-12n200{yrm -7 >yp-12mn})
are given by

{pr=2ps > 2ps 20}, {p2>ps >+ >p,—1 > 0}).
Now (a) follows from [L2, §12]. Using (a) and 3.2(g) we see that

W,
(b) pg :jsﬁkx...XS,32><S];1 (Sgn)

3.4. Assume that we are in the setup of 1.4. Let p. = (p1 > p2 > -+ > p,) be as
in 1.4. Define ¢ : [1,0] — {—1,0,1} by ¥(t) = 1 if ¢ is odd and p;—1 > p; (the last
condition is regarded as satisfied when ¢t = 1); ¥(t) = —1 if ¢ is even and p; > p;11
(the last condition is regarded as satisfied when t = o); ¥(t) = 0 for all other t.
We set 0 = 27 + k. If n = 2n we assume that o = 27. We consider a unipotent
class v in G such that any u € « has Jordan blocks of sizes

(i) 2p1 +¥(1),2p2 +¥(2),...,2p, + (o) if n = 2n (hence k, = 0),

(ii) 2p1 + (1), 2p2 +9¥(2),...,2p, + (o) f n =2n + 1 and K, = 1,

(iii) 2p1 +¥(1),2p2 + ¥(2),...,2ps + (o), 1 if n =2n + 1 and k, = 0.
We show:

Py =1Po —1<po—a < - <ps+T7—3<ps+7—2),

(Po—1+1<po—g+2<---<psg+7—1<p+7)], in case (i),

pry =[P <Po2+1<---<p3+T7—1<p+7),

(Po—1 <Po—3+1<---<ps+7T—2<ps+7—1)] in case (ii),

py=[0<pr1+1<pr_3+2<---<ps+7—1<p+7),
(a) (Po <Po—2t+1<---<psg+7—2<ps+7—1)]in case (iii).

To the partition (i),(ii) or (iii) we will apply the procedure of [L2, 11.7]. Let
Zp > -+ > 29 > 21 be the sequence (i),(ii) or (iii) (where M = o in cases (i),(ii)
and M = o + 1 in case (iii)). The sequence 2}, > --- > 24 > 2z} in loc.cit. is
201 + (1) +0—1,2ps +9(2) + 0 — 2,...,2p, + (o) (in cases (i),(ii)),
201 + (1) +0,2p2 +¥(2) + 0 —1,...,2p, + (o) + 1,1 (in case (iii)).
This contains [M /2] even numbers 2y ) > -+ > 2y2 > 2y; given by
{2pe +9(t) + 0 —t;t € [1,0], Kt = Ky } in case (i),
{2p: +9(t) + o —t;t € [1,0], ke # Ky} in case (ii),
{2pe +(t) + o —t+ 1t € [1,0], k¢ # kg } in case (iii),
and [(M 4+ 1)/2] odd numbers 2yf(M+1)/2} +1>--->2y,+1>2y; + 1 given by
{2pe +9(t) + 0 —t;t € [1,0], Kt # Ky} in case (i),
{2p: +9(t) + o —t;t € [1,0], ke = Ky} in case (ii),
12ps +9(t) + o —t+ 1t € [1,0], k¢ = Ky} U {1} in case (iii).
Thus, the sets ({yf(M+1)/2} > >y >y Ay > - > y2 > yi}) are given



ON C-SMALL CONJUGACY CLASSES IN A REDUCTIVE GROUP

in case (i),

{pe + 7+ @@) —t=1)/2t € [1,0], 5t # Ky(s) }
{pe+7+ () —t)/2;t € [1,0], 5t = Ky(r) })

= ({pr+7+(—t—2)/2;t € [1,0],0(t) = =1,k = 0}
U{p; +74 (=t —1)/2;t € [1,0],9(t) = 0,k = 1},
{pe+7+0—t)/2ute[l,o], @) =1,k =1}

U{p: + 7+ (—t)/2;t € [1,0],%(t) = 0,5, = 0})
={pt+7+(—t—2)/2;t € [1,0],9(t) = -1,k = 0}
U{py +7+ (=t =2)/2;t' € [1,0],%(t) =0,y = 0},
{pe+7+ 0 —t)/2;t € [1,0],9(t) =1,k =1}

U{py +7+ 1 —t)/2:t' € [1,0], () =0,y = 1})
= ({pr+7+(—t—2)/2;t € [1,0],5 = 0}
U{pe+7+ (1 —1t)/2te[l,0], ke =1})

{pe + 74+ (@) —t)/25t € [1,0], ke = Ky }
{pe+7+ @@ +1—1)/25t € [1,0], 5t # kyy })
={pe+7+ (1 —-1t)/2;te1,0],9%(@) =1,k =1}
U{p +7 —t/2;t € [1,0],4(t) = 0,r, = 0},

{pe +7—t/2:t € [1,0],9(t) = —1, 5y = 0}
U{pe+74+ (1 —1t)/2;t € [1,0],0(t) =0,k =1})
={pe+7+ (1 —-1t)/2;te1,0],9(@) =1,k =1}
U{py +7+ (1 —=t")/2;t € [1,0],({) =0, kpy = 1},
{pe+7—t/2;t € [1,0],9(t) = -1,k = 0}

U{py +7—t/2;t € [1,0],9(t) =0, 5y = 0})
={pe+7+A—-0)/2t€l,0],k =1},
{p+7—t/2te[1,0],k =0})

17
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in case (ii),
({pe + 74 (©(t) — 1) /2;t € [1, 0], ke = Ky} U {0},
e +7+ @) +1-1)/2;t € [1,0], ke # Ky }) =
{pe+7+ 1 —-1)/2t € [1,0],4(t) =1,k =1} U {0}
U{ps+7—t/2:t € [1,0],9(t) = 0,k = 0} L {0},
{pe +7—t/2;t € [1,0],0(t) = —1, k5, = 0}
U{pe+74+ (1 —t)/2;t € [1,0],0(t) =0,k =1})
={pe+7+ A -0)/2te[l,0],9(t) =1,k =1} U{0}
U{py +7+ 1 —t)/2:t € 1,0],(t) =0, 5y = 1} U {0},
{pe +7—t/2;t € [1,0],9(t) = —1, 1, = 0}
U{py +7 =1 /25t € [1,0],9(t") = 0,k = 0})
={pe+7+ 1 -1)/2;t € 1,0,k =1} L {0},
{pe +7—1t/2;t € [1,0], k¢ = 0}})

in case (iii). (We have used that, if k; = 0, t < ¢ and ¥(t) = 0, then ps(t + 1) =

Y(t), pre1 = pe; if ke =1 and Y(t) = 0 then (t — 1) = Y(t), pr—1 = pt.)
In case (i) the multisets

{yr—7r+1z2 2y -12y}{y-—7+12 >y —12un})

are given by
{p2—12ps—1>-2p,—1}{p1+1>ps+1>-->ps_1+1}).

In case (ii) the multisets

e —7> 2y —1>y 1 {yr —7+1> - >y —1>u1})
are given by

({p12p3>-2pof{P22pP1 > 2 po1})

In case (iii) the multisets

e —7> 2y —1>y 1 {yr —7+1> - >y —1>u1})
are given by

({p12p3>-2>2po—1>0},{p2>ps>--->ps}).

Now (a) follows from [L2, §13]. Using (a) and 3.2(i),(h), we see that

=jq" sen) in case (i);
Py Jsﬁkx...xsﬁzszgl/sz];W( gn) (i);
'Wn
= sgn
p7 jSﬁkX...XSﬁzXW(ﬁl_No_)/ZXW(/ﬁl+NO_)/2( g )

(b) in case (ii),(iii).
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3.5. We prove Theorem 0.6(ii). If G is of type A the result is immediate. If
G is of classical type other than A, the result follows from 3.3(b) and 3.4(b). If
G is of exceptional type, the result follows from the tables in 2.3 using the data
on j-induction available in the CHEVIE package [C]. This completes the proof of
Theorem 0.6.

3.6. Let w,, be the conjugacy class in W,, (as in 3.1) associated to p. = (p1 >
p2 > -+ > p,) (where py +p2 + -+ +p, = n) as in [L5, 1,6]. We can view w,,
as an element of W in the cases where G is as in 1.2 with either Q = 0,x = 0 or
with @ # 0,x = 1. In both cases w,,, has minimal length in its conjugacy class C
which is in W ;. Let v¢, 74 be the corresponding C-small unipotent classes (one
is in a symplectic group, one is in an odd orthogonal group). From 3.3(b), 3.4(b),
we see, using 3.2(g),(h), that
(a) the Springer representations p~.., P, are the same.

We see that the map C' +— p,, from W, to Irr(W) depends only on the Weyl

group W, not on the underlying root system.

4. THE VARIETY OF (G-ORBITS ON ‘B,

4.1. Let C €e W, and let w € C,;p,. Let U* = Up~. Let U} = U* NwU*w™ 1,
T = {t € T;uirt = ti}. Let

B, ={(g9,2U}) € G x (G/UL);2 " g € wU*},

a closed subvariety of G x (G/U%). Now G acts on B, by g1 : (g,2U}) —
(glggl_l,gle{Z) and T acts (freely) on B, by ¢t : (g,2U%) — (g, 2t1Uz); these
two actions commute. Define 7, : By, — By, by (g9,2U) — (g, xB*z~1). Tt is
easy to see that, if G is semisimple, then 7% is a finite group and m, is a finite
principal covering with group 7*. (In this case, the homomorphism 7 — 7T,
t — t~litw ™! is surjective, since it has finite kernel 7%.) Note that G acts
on B, by ¢1 : (¢9,B) — (glggl_l,nggl_l) and that m, is compatible with the
G-actions. Note that U acts on U* by uy : u +— ™ ugtbuu] '

Let G\B, G\By, UX\\U* be the set of orbits of the G-actions on B,,, B,
or of the U -action on U*. Now the 7%-action on B, induces a 7"-action on
G\B,,; let T\(G\B,,) be the set of orbits of this action. Also, T acts on U*
by conjugation and this induces an action of 7% on UZ\\U™; let T*\(U\\U™)
be the set of orbits of this action. Note that u +— (wu, U};)} induces a bijection

(a) UX\\U* = G\B,,.
This induces a bijection 7%\ (U \\U*) = T%\(G\B,,). If G is semisimple then 7
induces a bijection 7%\(G\B) — G\B,,; combining with the previous bijection
we obtain in this case a bijection

(b) T\(Uy\\U*) — G\ B,
We have the following result.
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Proposition 4.2. (i) The isotropy groups of the G-action 4.1 on B, are {1},
(1i) The isotropy groups of the U -action 4.1 on U* are {1}.
(11i) The variety B, is affine.
(w) If G is semisimple, the variety B, is affine.

We prove (i). Let g; be an element of G such that (g, 2U%) = (91997 ", 12U%)
for some (g,z2U}) € B,,. Then 91997 = g, 7 g1 € U}. We have

(91997 ', g12Box ™ g ™) = (g, 2Boz™") € By,
hence from [L5, 5.2] we see that the image of g1 in G/Z¢ is of finite order invertible
in k. Hence g; is semisimple. Since 7 'g,z € U we see that g; is also unipotent.
Hence g; = 1 and (i) is proved.

We prove (ii). Let u; € U, u € U* be such that v uytouu; ' = u. We must
show that u; = 1. Note that (wu,U}) € B, and (upbuu; ", u Ur) = (wu, UY).
Thus u; is in the isotropy group of (wu, U}) for the G-action on B,,. Using (i)
we have u; = 1 and (ii) is proved.

We prove (iii) by a method inspired by [BR]. As in the proof of [L5, 5.2] we
can assume that w is good in the sense of Geck and Michel. Let Y be the set of
all sequences (Byg, By, ..., Bq) € B¥! such that (B;_1, B;) € O,, for i € [1,d]. By
[BR, Proposition 3], Y is an affine variety. Hence G x Y is an affine subvariety
of G x B™!. Let Y’ be the set of all (g, By, By,...,Bq) € G x B¥! such that
B; = ¢'Bog™" for i € [1,d]; this is a closed subvariety of G' x B!, Hence
(GxY)NY" is a closed subvariety of G x Y so that it is affine. The map B,, — Y’
given by (g, B) + (g9,B,9Bg~',g’Bg~2,...,9?Bg~%) is an isomorphism of 9B,
onto (G x Y)NY’. Hence B, is affine, as required.

(iv) Since B, is a principal bundle over B,, with group 7% (a finite group)
and B, is affine (see (iii)) we see that B, is affine.

4.3. Assume that G is semisimple. From 4.2(i),(iv) we see that all G-orbits on

the affine variety ‘i%w are closed hence the set of G-orbits on B,, has a natural
structure of an affine variety. Using 4.1(a) we may identify this affine variety with
UX\\U*. Using 4.2(ii) we see that this affine variety is something like an affine
space of dimension [(w). Using 4.1(b) we see also that the set of G-orbits on B,
is an affine variety of dimension [(w) which is something like the quotient of an
affine space by the action of the finite group 7%.

REFERENCES

[BR] C.Bonnafe and R.Rouquier, Affineness of Deligne-Lusztig varieties for minimal length
elements, J.Algebra 320 (2008), 1200-1206.

[DL] P.Deligne and G.Lusztig, Representations of reductive groups over finite fields, Ann.Math.
103 (1976), 103-161.

[C] M.Geck, G.Hiss, F.Liibeck, G.Malle and G.Pfeiffer, A system for computing and processing
generic character tables for finite groups of Lie type, Weyl groups and Hecke algebras,
Appl. Algebra Engrg. Comm. Comput. 7 (1996), 1175-210.

[GP] M.Geck and G.Pfeiffer, Characters of finite Cozeter groups and Iwahori-Hecke
algebras, Clarendon Press Oxford, 2000.



ON C-SMALL CONJUGACY CLASSES IN A REDUCTIVE GROUP 21

[L1] G.Lusztig, Characters of reductive groups over a finite field, Ann.Math. Studies 107,
Princeton U.Press, 1984.
[L2] G.Lusztig, Intersection cohomology complexes on a reductive group, Inv.Math. 75 (1984),
205-272.
3] G.Lusztig, Character sheaves, I, Adv.Math. 56 (1985), 193-237.
4] G.Lusztig, Character sheaves, III, Adv.Math. 57 (1985), 266-315.
6] G.Lusztig, Unipotent classes and special Weyl group representations, J.Algebra 321 (2009),
3418-3449.
[L5] G.Lusztig, From conjugacy classes in the Weyl group to unipotent classes, arxiv:1003.0412.
[Sp] N.Spaltenstein, On the generalized Springer correspondence for exceptional groups, Alge-
braic groups and related topics, Adv.Stud.Pure Math.6, North Holland and Kinokuniya,
1985, pp. 317-338.

DEPARTMENT OF MATHEMATICS, M.I.T., CAMBRIDGE, MA 02139



