UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC, IV

G. LuszTIG

INTRODUCTION

Let k be an algebraically closed field of characteristic exponent p > 1. Let G
be a connected reductive algebraic group over k and let g be the Lie algebra of G.
Note that GG acts on GG and on g by the adjoint action and on g* by the coadjoint
action. (For any k-vector space V we denote by V* the dual vector space.) Let
G¢ be the reductive group over C of the same type as G. Let Ug be the variety of
unipotent elements of G. Let N be the variety of nilpotent elements of g. Let Ng»
be the variety of nilpotent elements of g* (following [KW] we say that a linear form
€ : g — k is nilpotent if its kernel contains some Borel subalgebra of g). In [L1,
L2, L3] we have proposed a definition of a partition of U and of Ny into smooth
locally closed G-stable pieces which are indexed by the unipotent classes in G¢
and which in many ways depend very smoothly on p. In this paper we propose a
definition of an analogous partition of Ny« into pieces which are indexed by the
unipotent classes in G¢. (This definition is only of interest for p > 1, small; for
p =1 or p large we can identify My with Ny~ and the partition of Mg is deduced
from the partition of Ny.) We will illustrate this in the case where G is of type
A,C or D and p is arbitrary. (We do not treat the case where G is of type B
which seems to be more complicated.)

Notation. If f is a permutation of a set X we denote X/ = {x € X; f(z) = x}.
The cardinal of a finite set X is denoted by |X|. For any subspace U of g let

Ann(U) = {€ € g*;¢|y = 0}.

1. PRELIMINARIES

1.1. Let V be a k-vector space of finite dimension. Let G = GL(V). We have
g = End(V). We have an isomorphism

(a) g — g
given by X — [T +— tr(TX, V)].
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1.2. Let V be a k-vector space of finite even dimension with a fixed nondegenerate
quadratic form @ : V' — k. Let (, ) be the (nondegenerate) symmetric bilinear form
VxV — kgiven by (z,y) = Q(z+y) —Q(x) —Q(y) for z,y € V. Let G = SO(V)
be the special orthogonal group of Q). We have g = {T" € End(V); (Tx,z) =
0 Vz € V}. Let &(V) be the vector space consisting of all symplectic forms
V x V — k. The following result is easily verified.

(a) We have a vector space isomorphism g — &(V), T — [z,y — (Tz,y)].

This is compatible with the SO(V')-actions where SO(V') acts on &(V') by the re-
striction of the obvious GL(V')-action.
By taking transpose we obtain an isomorphism &(V)* — g* compatible with the
natural SO(V)-actions. We can find an isomorphism &(V*) — &(V)* com-
patible with the natural GL(V)-actions and, by restriction, with the natural
SO(V)-actions. Now (,) defines an isomorphism V' — V* hence an isomorphism
&(V) = &(V*) compatible with the natural SO(V)-actions. The composition
g — 6(V) = 6(V*) = 6(V)* = g* is an isomorphism

(b) g — g

compatible with the SO(V')-actions.
1.3. Let V be a k-vector space of finite (even) dimension with a fixed nondegen-
erate symplectic form (,) : V x V — k. Let G = Sp(V') be the symplectic group
of (,). We have g ={T € End(V); (Tz,y) + (z,Ty) =0 Vz,y € V}. Let Q(V)
be the vector space consisting of all quadratic forms V' — k. According to T. Xue
[X]:

(a) we have a natural vector space isomorphism oy : g* — Q(V).

Indeed, let Z = {X € End(V); (Xa,a) = 0Va € V}. We have a diagram Q(V) <

End(V)/Z LN g" (o is induced by X +— [a — (Xa,a)]; B is induced by X — [T —
tr(TX,V)]). Now «, 3 are isomorphisms and we set oy = a5~

We define a linear map Q(V) — g,Q — Ag by

Qlz+y) - Qx) — Qy) = (Agw,y) for all z,y € V.
If p = 2, then for Q@ € Q(V) we have Ag € Q'(V) where Q'(V) = {A €
End(V); (Az,z) =0 Vo e V}. Let Q(V)nu = {Q € Q(V); Ag is nilpotent}.

1.4. In this subsection we assume that k is an algebraic closure of a finite field
F, and that we are given an F ,-rational structure on G. Then g, g*, Ny, N+ have
induced F -structures. For any k-variety X with an F,-structure we denote by
F : X — X the corresponding Frobenius map. Let N be the number of roots of
G. According to [S] we have

(a) INF| = ¢,

We now state the following result.

(b) If the adjoint group of G is simple of type A,C or D, then |Nf
We can assume that G is a general linear group, a symplectic group or an even
special orthogonal group. The proof in these cases will be given in the remainder
of this section. We will show elsewhere that (b) holds without any assumption on
the type of G.

:qN.
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1.5. We preserve the setup of 1.4. Assume that there exists a G-equivariant vector
space isomorphism ¢ : g — g* compatible with the F -structures. It is easy to
see that ¢ restricts to a bijection Ny — Ng-. Hence |N]| = [NJ| and 1.4(b)
follows from 1.4(a). In particular, if G is a general linear group or an even special

orthogonal group or a symplectic group (with p # 2) then ¢ as above exists (see
1.1(a), 1.2(b)) and 1.4(b) holds in these cases.

1.6. In this subsection we assume that V, (, ), G, gare asin 1.3. We set 2r = dim V.

Assume first that p = 2. Let £ € g*, let Q € Q(V') be the element corresponding
to & under 1.3(a) and let A = Ag. The following result is due to T. Xue [X].

(a) If € € Ng« then AV — V is nilpotent.

Let H = {i € Z;-2r+1 < i < 2r —1,i = odd}. A basis (e;)icn, of V is
said to be good if (e;,e;) = ;150 = 0 for all 4,j € H,. We can find a Borel
subalgebra b of g such that |, = 0. We can find a good basis (e;);cp, of V such
that b consists of all T € End(V) with T'e; = >°, g ,<;tije; for all i € H, and
tij+t_j—i =0forallije H (tij € k). We can find X € End(V) such that
tr(XT,V) = £(T) for all T € g. Define z;; € k by Xe; = > ;g wije; for all
it € H,. Then Zi,jeHr x;iiti; = 0 for any ¢;;, (j < 4) such that ¢t;; +¢t_;_; =0
for all 4,5. It follows that x;; + z_; _; = 0 for any 7 < ¢ and z;_; = 0 for
any ¢ > 0. Define y;; € k by Ae; = ZjeH,« y;je; for all i € H,. We have
(Aej ej) = (Xei,ej) + (e, Xej), Qei) = (Xes,e;). Hence yij = x5 + x—j 4,
Q(e;) = x;,—;. For j < i we have x;; + x_; _; = 0 hence y;; = 0. Thus A is
nilpotent and (a) is proved.

We show a converse to (a):

(b) If A: V. — V s nilpotent then & € Ng-.

It is enough to verify the following statement:

(c) Let Q@ € Q(V). Let A= Ag. Assume that A :V — V is nilpotent. Then
there exists a good basis (€;)icn, of V such that Ae; = yije; for all
i€ H, (yij €k)and Q(e;) =0 fori>0.

(Indeed if (c) holds then as in the proof of (a) we can define a Borel subalgebra b
in terms of (e;) and we have £|p = 0.)

We prove (c) by induction on 7. When r = 0 the result is trivial. Now assume
that » > 1. Since z,y — (Av,z) is a symplectic form on an even dimensional
vector space, its radical has even dimension. Thus dimker A is even. Since A is
nilpotent, its kernel is # 0 hence it has dimension > 2. Now a quadratic form on
a k-vector space of dimension > 2 vanishes at some non-zero vector. Thus there
exists v € V — {0} such that Av =0, Q(v) = 0. Let (kv)* = {v' € V;(¢v',v) = 0}.
Let V' = (kv)* /kv. Then V' inherits a nondegenerate symplectic form (,)’ from
(,), a quadratic form @’ from @ and a nilpotent endomorphism A’ from A. Note
that A’ = Ag/. By the induction hypothesis there exists a good basis (€})icn, _,
(relative to (,)) such that A'e; = >,y . yie; forall i € Hy—1 (y;; € k)
and Q'(e}) = 0 for ¢ > 0. For ¢ € H,_; we denote by e; a representative of e
in (kv)t. We have Ae; = yijej +civ foralli € H.y (¢; € k) and

JEH <]

jEHr71§7;<.j
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Qe;)) =0foralli € H._1, 7> 0. We set eg.—1 = v. Let e_o,41 be the unique
vector in V' such that (e_2,41,€;) = d2r—1,;. We have Ae_or11 = > . Y_ort1,i€
with Y_ort1,i € k. Since tl”(A, V) = 0 we have Y—2r41,—2r41 = 0. Thus (ei)ieH,«
has the required properties.
From (a),(b) we see that oy : g* — Q(V) (see 1.3(a)) restricts to a bijection
(@) Ny = (V).
Note that (d) holds also when p # 2 (with a simpler proof).

1.7. We preserve the setup of 1.6 with p = 2. We assume that k,F, are as
in 1.4 and that we are given an F,-structure on V' compatible with (,). Then
G,g,9%,Q(V),Q'(V) have natural F-structures with Frobenius maps denoted by
F. Note that Q(V) — Q'(V),Q — Ag (whose kernel is the set of squares of linear
forms on V) induces a map Q(V)¥ — Q'(V)¥ with fibres of cardinal ¢*". From
1.6 we see that

\N;: = |QV)E | = ¢*"|[{A € Q' (V)T A nilpotent}| = q2rq2r2_2r = q2T2.

(The third equality follows from 1.4(a) applied to an even special orthogonal
group.) This proves 1.4(b) in our case.

2. THE MAIN RESULTS

2.1. Let 6 € D¢ (see [L3, 1.1]). Let g = @;czg? be the corresponding grading of
g (see [L3, 1.2]). For j € Z let g;f‘s = Ann(®;2—;97). We have g* = @jezg;a. Let
Gézo be as in [L3, 1.2].

Since g‘sz_ﬂ_l is G‘;O—stable we see that g*z‘sj is G‘;O—stable. For any £ € g* let
G¢ be the stabilizer of  in G for the coadjoint action. Let

03" ={¢ €93 Ge € Gy}

Let A € D¢ (see [L3, 2.1]). As in [L3, 2.1] we write Gém gg‘i (1 € N) instead
of G‘;O,g‘;i (see [L3, 1.2]) where 6 € A. For j € N we set

9*2% = Ann(gé—jﬂ)'

We have also 9*2% = @j/ez;jfzjg;fs. Since gé_jﬂ is Géo—stable, we see that 9*2% is
G£,-stable.

For any § € A we have an obvious isomorphism g5° — g*zA2 / g’g%. Via this
isomorphism the subset g3 of g4° can be viewed as a subset ¥*0 of g*ZA2 / 9*2%. As
in [L3, 2.3] we see that ¥* is independent of the choice of § in A; we will denote
it by ¥*2. Note that X*2 is a subset of g%5/g%3 stable under the action of GZ,,.

Let o2 C g*;% be the inverse image of £*2 under the obvious map g*;% —
g*é% / g’;%. Now o*2 is stable under the coadjoint action of Géo on g*é% and £ — &
is a map

\Pg* : I—'AEDGJ*A - Ng*.
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Theorem 2.2. Assume that the adjoint group of G is a product of simple groups
of type A,C,D. Then ¥4« is a bijection.

The general case reduces easily to the case where GG is almost simple of type
A, C or D. Moreover we can assume that G is a general linear group, a symplectic
group or an even special orthogonal group. The proof in these cases will be given
in 2.4, 2.13. We expect that the theorem holds without restriction on G.

2.3. In this subsection we assume that there exists a G-equivariant vector space
isomorphism ¢ : g — g*. Let 6 € D¢. For any i € Z we have

(a) u(g)) = g;°. |
Recall that g¢ = {x € g; Ad(6(a))r = a’z Va € k*}. Hence

ug)) ={¢ € g";Ad(6(a))¢ = a’¢ Va ek}

IfjeZ,j# —iand £ €u(gl),z € g? then for a € k* we have

£(z) = a™'(Ad(6(a))§)(2) = aT'¢(Ad(6(a) T )z) = a""aTIE(x) = a7 TIE(2)

hence &(x) = 0. Thus «(g?) C g°. Since (¢(g?)), (g:°) form direct sum decompo-
sitions of g* it follows that (a) holds.

Let g3' be as in [L3, 1.2]. From the definitions we see that + induces a bijection

(b) g3' = g5°".

Let A € Dg. Using (a) we see that for any j € N we have

(c) [’(géj) = 9*2%~
Now ¢ induces an isomorphism g<,/g5; — g%5/¢%3. This induces (using (b) and
the definitions) a bijection ¥4 — ¥*A (with ¥4 as in [L3, 2.3]) and a bijection
o® = o*A (with 02 as in [L3, A.1]).

We can find dg € D¢g, Ag € D¢ such that 6g € Ay and Gég is a Borel subgroup
of G. An element £ € g* is nilpotent if and only if for some g € G we have
Ad(g)¢ € Ann(gég) (which equals g*zAlO = L(géi})). We see that ¢ restricts to a
bijection Ny — Ng«. Thus, if ¥, (see [L3, A.1]) is a bijection, then ¥ is a
bijection.

2.4. In this subsection we assume that GG, g are asin 1.1 or as in 1.2. In both cases
we can find an isomorphism g — g* compatible with the G-actions (see 1.1(a),
1.2(b)). Since ¥, is a bijection (see [L3, A.2]) we see from 2.3 that Theorem 2.2
holds for G.

2.5. Let V,(,),G,9,Q(V) be as in 1.3. Let Q(V) — g, Q — A be as in 1.3.
We now fix a Z-grading V = @,z V; which is s-good (as in [L3, 1.4]) that is,
dimV; = dimV_; > dimV_;_5 for any ¢ > 0, dimV; is even for any even i and
(Vi, V;) = 0 whenever i+ j # 0. For any ¢ we set V>; = @i Vir.
Let Q(V')3 be the vector space consisting of all @ € Q(V') such that Ag(V;) C
Viio for any i and Q|y, = 0 for any i # —1. Let Q(V)J be the set of all Q € Q(V),
such that



6 G. LUSZTIG

(i) for any even n > 0, A3 : V_,, — Vj, is an isomorphism;

(ii) for any odd n > 1, Ag_l)/Q : V_,, — V_1 is injective and the restriction of
Q to Ag_l)/ 2(V_n) is a nondegenerate quadratic form.
Let Q(V)>2 be the set of all @ € Q(V) such that Ag(V>;) C V>iyo for any ¢ and
Qlvs, = 0. Note that Q(V)2 C Q(V)>2 C Q(V)na-

We show:

(a) if p # 2, then Q(V)3 is equal to the set S consisting of all Q € Q(V)a such
that Ag : V_p, — Vi is an isomorphism for any n > 0.
Assume first that Q@ € Q(V)3. Let n > 0 and let 2 € V_,, be such that Af(x) = 0.
If n is even then z = 0 by (i). If n is odd then let ' = Agl_l)mx e V_;.

For any xz; € V_,, we have (AQx’,Agl_l)ﬂxl) = +(Apx,x1) = 0 so that 2’

is in the radical of Q|A<n_1>/2(v 5 this radical is 0 using (ii) and the condition
Q —n

p # 2. Thus 2/ = 0 that is Ag_l)/zx = 0. Using the injectivity in (ii) we see
that x = 0. Thus A : V_, — V, is injective for any n > 0 hence it is an
isomorphism since dimV,, = dimV_,,. We see that () € S. Conversely assume
that @ € S. Assume that n > 1 is odd. Clearly Ag_l)/Q V., — V_,is

injective. If z € V_,, and Ag_l)/zx is in the radical of Q|A(n71)/2(v ) then
Q —n

0= (AQAg_l)/Qx,Ag_l)/le) = +(AQz, 1) for any z1 € V_,, hence Az =0
so that x = 0 (since Q € S). Thus Q € Q(V)9.

2.6. Asin [L3, 2.6], let §5(V') be the set of all filtrations V. = (V>4)qez such that

(i) {zx € V;(x,V>4) =0} = V51, for any a;

(ii) the obvious grading of the associated vector space gr(Vi) = ©aV>a/V>at1
is an s-good grading with respect to the symplectic form (,)o on gr(V,) induced
by (,).

(Here condition (ii) can be replaced by the condition that there exists an s-good
grading (V;) of V such that V>, = ®g,4>;V; for any a.)

For Vi, = (V>4) € §s(V) let (Vi) be the set of all Q@ € Q(V) such that
Ag(Vsa) C Vsayo for any a € Z, Qly., = 0 and such that the element Q €
Q(gr(V.))2 induced by Q (see below) satisfies Q € Q(gr(V4))9. The element Q
is defined as follows. Let x = > xz, where z, € V>,/V>441. Let &, € V>, be
a representative of z,. Then Q(z) = Q(i—-1) + > ,«_(Ag®a, #—a—2). Note that
C(Vi) € Q(V)nar-

Assuming that p # 2 we note that Q — Ag defines a bijection

(8) (Vi) = €(V2) N
(with ¢'(V,) as in [L3, A.3]); the inverse map associates to A € &'(V,) the quadratic
form @ : V — k given by Q(z) = (Ax,x)/2.

We have the following result.

Proposition 2.7. The map Uy, cz, (v)¢(Vi) — Q(V)nit, @ — Q is a bijection.
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When p # 2 this follows from [L3, A.3(a)] using the bijection 2.6(a) and the
bijection @ +— Ag of Q(V),i onto Ny. The proof for p = 2 will be given in 2.10,
2.11.

2.8. In this subsection we assume that V' # 0 and that p = 2. For any Q €
Q(V)ni let e = eq be the smallest integer > 1 such that AZ =0 and let f = fq

be the smallest integer > 0 such that Q(Aé(x)) =0 for all x € V. Define a subset
Hg C V as follows.

Ho={zeV;A5 s =0} if e > 2f + 1;

Hg={zeViAG 'z =0,Q(AL () = 0} if e = 2f;

Hg ={z€V;Q(AL '(z)) =0}ife <2f — 1.

We show:

e<2f+1.

It is enough to show that Aéfﬂx =0 for all z € V or that (Aéfﬂx, y) = 0 for all
x,y € V or that (Agrlx, Aéy) =0 for all z,y or that Q(Aé;(a: +y)) — Q(Aéx) —
Q(Aéy) = 0 for all x,y; this is clear.

Let V = ®;V; be an s-good grading of V. Let m > 0 be the largest integer
such that V,,, # 0. Let Q € Q(V)>2. Weset e = eq,f = fo, A = Ag. Let
Qe Q(V)3. Weset e =eg, f = fg, A= Ag. We asume that C := A — A satisfies
C(V>;) C Vsiqg) for all i and that (Q — Q)|v~_, = 0. We show:

(i) If m is even thene =m+ 1, 2f < m (hence 2f < €&). Since e < 2f + 1 we
deduce that € = 2f + 1 hence 2f = m. If m is odd then 2f =m+1,e <m+1
(hence 2f > €). In any case, Ho=V>_mq1.

We must show:

if m is even then {x € V; A"z = 0} = V> _p,11; if mis odd then {z € V; A™z =
0, Q(A(m_l)/Zl’) = O} = VZ—m—l—l'

Let . =) ,~_, or € V with z;, € V;;. We have Amg = Amx_,, and if m is odd
then Q(AM=1/2z) = Q(A™=1/2g_, ). Hence it is enough to show:

if m is even then x_,, = 0 if and only if A™z_,, = 0 (this is clear); if m is odd

then z_,, = 0 if and only if A™z_,, = 0 and Q(A™~D/2x_, ) =0.
Assume that m is odd. Assume that A™z_,, = 0 and Q(A™~D/2z__ ) = 0.
Let y = Am=1/2¢_ <« V_,. For any z_,, € V_,, we have (y,A(mH)/Qz_m) =
(A™z_ ., z_m) = 0. Hence y is in the radical of the symplectic form (a,b)
(a, Ab) on A™=D/2y_ Since Q is nondegenerate on A(m~1/2V_ (with asso-
ciated symplectic form (a, Ab)) and Qy = 0 we see that y = 0. Since A~1/2 .
V_m — V_1 is injective we deduce that x_,, = 0. This proves (i).

We show:

(ii) If 2n > m then QA™ = 0,QA™ = 0,QA™ = 0. Hence if m is even then
f<m/2; if m is odd then f < (m+1)/2.

To show that QA™ = 0 it is enough to show that Q(A"x) = 0 whenever x € V;,
i > —m and (A" "z, A"z') = 0 whenever z € V;, 2’ € V}, 1,5 > —m, i # j. This
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follows from A"V € V> and Qv., =0, (V>1, V>¢) = 0. The remaining equalities
are proved in the same way. -

The following statement is immediate.

(iii) Let P € End(V') be a sum of products of n factors of which at least one is
C and remaining ones are A. Then P(V;) C Vsizont1 for all i. Hence if n > m
then P = 0.
We show:

(iv) If n > m then A" = A",
Indeed, A™ = A™ + P where P is as in (iii). Hence the result follows from (iii).

We show:

(v) If e = 2f + 1 then A®~' = A®1 £ 0, A°® = A® = 0; hence e = € and
Hg=Hg. Ife=2f then A" = A°"1 £0, A° = A® = 0; hence e = é.
In the first case we have € = m + 1 hence €é — 1 > m,é > m and we use (iv);
moreover, we have e =€ = 2f + 1 =m + 1 > 2f + 1 (see (ii)), hence

]

Ho={zeV;A 2 =0} ={zc V; A% o =0} ={z € V; A* 12 = 0}
— Hp.

In the second case we have 2f = m + 1 hence € = m + 1 and we continue as in the
first case.

We show:

(vi) If n >0, 2n 4+ 1 > m, then QA™ = QA".
If 2n > m then both sides are 0, see (ii). Thus we may assume that m = 2n+1. We
have A" = A"+ P, with P as in (iii). By (iii) we have P(V) C V5> _ni2n+1 = Vo,
hence QP(V) = 0. We have A"V C Vs _mgon = Vo, AA™V C AVs_1 C V>,
(Vs0,V>1) = 0, hence (AA™V, PV) = 0. For x € V we have

QA" = Q(A"z + Pz) = Q(A"z) + Q(Pz) + (AA™x, Px)
= Q(A"x) + (AA"x, Px) = Q(A"x).

Since A"z € V>_;1 we have QA" (z) = QA™(x) as required.

We show: ) ) ) )

(vii) If € < 2f (hence f > 0) then QAT~1 = QA1 #£ 0, QAS = QA/ = 0.
Hence f = f.
In this case we have 2f = m + 1, 2(f — 1) = m — 1. Hence the result follows from
(vi).

We show:

(viii) If &€ < 2f then e < 2f.
In this case we have f = f = (m + 1)/2. We must show that e < m + 1. By (iv)
we have A™ = A™. We have é < 2f =m+ 1 hence é < m and A™ = 0. Hence
A™ =0 and e < m as required.

Collecting together the results above we deduce:

(ix) Ife =2f +1thene=¢€¢ =m+1>2f +1 (hencee > 2f +1). If
e =2fthene=¢e=m+1, f=f=(m+1)/2 hencee = 2f. Ife < 2f



UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC, IV 9

then f = f = (m+1)/2 and e < 2f. In each case we have Hyg = Hg hence
Ho=V>_p41 and m =max(e —1,2f —1).

2.9. We preserve the setup of 2.8. We assume in addition that A = 0. From the
definitions we see that V; = 0if ¢ ¢ {—1,0,1} and dimV_; = dimV; < 1. It
follows that A =0. Wehavem =0orm=1. If m=0then Q =Q =0. If m =1
then Q # 0,Q # 0.

2.10. We prove the injectivity of the map in 2.7 assuming that p = 2. We argue
by induction on dim V. If dimV = 0, the result is trivial. Assume now that
dimV > 1. Let Q € Q(V) and let V. = (V5,), Vi = (V5,) be two filtrations
in §,(V) such that Q € (V) and Q € ¢(V,). We must show that V, = V.
Let Q € Q(gr(Vi))2, Q1 € Q(gr(Vi))2 be the quadratic forms induced by Q.
Let m > 0 be the largest integer such that gr,, (Vi) # 0. Let m > 0 be the
largest integer such that gry (Vi) # 0. If Q = 0 then Q = 0 hence Q; = 0;
also, Vo1 = 0, Voo = V, Va1 = 0, Voo = V; hence V, = V, as desired. Thus
we can assume that Q # 0, Q; # 0. Hence m > 1, m > 1. Using 2.8(ix) we
see that V>_,,41 = Hg = Vz—m—kl, m = max(eqg — 1,2fg — 1) = m. Thus,
m = m and V>_p4q = Vz_mﬂ. We have Vs, = {z € V;(z,V>_p,41) = 0},
Vzm = {CL’ eV, (CL’, Vz—m—i—l) = 0}, hence Vzm = Vzm- Let V' = Vz—m—i—l/vzm =
Vz_mﬂ / Vzm- Note that V'’ has a natural nondegenerate symplectic form induced
by (,). Weset VL, =image of V>, under V>_,, 41 — V' (ifa > —m+1), VL, =0
(ifa < —m+1). Weset V2, = image of Vsq under Va_ 1 — V' (ifa > —m+1),
VL, =0 (ifa < —m+1). Then V! = (V£,), V! = (VL) are filtrations in s(V").
Also @ induces an element Q' € Q(V’) and we have Q' € ¢(V/), Q' € ¢(V!). Note
also that dim V’ < dim V. By the induction hypothesis we have V! = V/. It follows
that V>, = YN/ZQ for any a > —m + 1. If a < —m + 1 we have V>, = VZQ =V.
Hence V, = V,, as desired. Thus the map in 2.7 is injective.

2.11. We prove the surjectivity of the map in 2.7 assuming that p = 2. By a
standard argument we can assume that k is an algebraic closure of the field Fo
with 2 elements. We can also assume that dim V' > 2. We choose an Fs-rational
structure on V such that (,) is defined over Fy. Then the Frobenius map relative
to the Fy-structure acts naturally and compatibly on the source and target of the
map in 2.7. We denote each of these actions by F'. It is enough to show that for
any n > 1 the map a,, : (I_IV*GSS(V)C(V*))Fn — QWE" . Q — Q is a bijection.

nil>’

Since a, is injective (see 2.10) it is enough to show that |(Uy, ez, (v)C(Vi))!"| =
IQ(V)ET|. By 1.4(b), 1.6(d), we have |Q(V)E]| = 2ndmV?/2 1t is enough to show
that

n : 2
(a) [(Uy. ez, (S (Vi) | = 2ndim Vo2,

Now the left hand side of (a) makes sense when k is replaced by an algebraic
closure of the prime field with p’ elements where p’ is any prime number; when

rmdim V2 /2

p’ # 2, this more general expression is equal to p since the map in 2.7
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is already known to be a bijection in this case (we use also 1.4(b), 1.6(d)). Then
(a) follows from this equality by specializing p'" (viewed as an indeterminate) to
2" provided that we can show that the left hand side of (a) (for general p’) is
”universal” in the sense that it is a polynomial in p’”™ with rational coefficients
independent of p’, n.

We now compute the left hand side of (a) (for general p’). A collection (f4)acz
of integers is said to be admissible if f, = 0 for all but finitely many a, f, is even
for any even a, f, = f_oforalla, fo > f o> fu>..., f1>f3>fs5>...
and ), fo =dim V. For (f,) as above let Vs,) be the set of all V., € (V) such
that dim(gr,(Vi)) = f, for all a. The left hand side of (a) is Z(fa) |y{}:)||c(v*)F”|
where V, is any fixed element in y{}j). Since each |JJ(1}:)| is "universal” it is enough
to show that if V, € y{}:) then |¢(V;)F"| is ”universal”. By a standard argument

similar to the one in [L2, 1.5(d)] we see that [C(V.)F" | = p'|(Q(V)DF"| where d
is a quadratic expression in the f, (with integral coefficients independent of n) and
1Q(V)9] is defined with respect to a fixed s-good grading (V;) of V which satisfies
dimV, = f, and F(V,) =V, for all a. It is enough to show that |(Q(V)$)F"]| is
"universal”. Let s’ be the number of pairs (¢, (U-1 D U_3 D U_5 D ...)) where ¢
is a quadratic form V_; — k defined over F/~» and U; are subspaces of V_; defined
over Fn such that dimU; = f; and such that ¢|y, is nodegenerate (for i < —1
odd). Let s” be the number of all (Uy D U_3 D U_4 D ...) where U; are subspaces
of Vi defined over Fp» such that dim U; = f; and such that (, )|y, is nodegenerate
(for i < 0 even). From the definitions we have |[(Q(V))¥"| = s's”s; where s; is
"universal”. It is easy to see that s/ is "universal”. It remains to show that s’ is
"universal”. If f; = 0 we have s’ = 1 and there is nothing to prove. We now assume
that fo > 0. If fy is odd then s’ = tv(f_1, f—3, f—5,...) where t is the number of
nondegenerate quadratic forms on V_; and v(f_1, f_3, f—5,...) (asin [L2, 1.2]) is
"universal” by [L2, 1.2(a)]); moreover, t is clearly "universal” hence s’ is "univer-
sal”. If f() is even Z 2 then s’ = tll/l(f_l, f_3, f_5, PN )+t_1V_1(f_1, f_3, f_5, PN )
where t1 (resp. t_1) is the number of nondegenerate quadratic forms on V_; which
are split (resp. nonsplit) over Fpn and v¢(f_1, f_3, f-5,...) (as in [L2, 1.2]) is
"universal” by [L2, 1.2(a)]); moreover, t1,t_1 are clearly ”universal” hence s’ is
"universal”. Thus s’ is "universal” in any case. This completes the proof of the
surjectivity of the map in 2.7.

2.12. To give the s-good grading V' = @;V; (see 2.5) is the same as to give an
element § of Dg. We can then identify Q(V ), with g4° under the restriction of
the bijection 1.3(a). We have:

(a) Q(V)2 — (V)3 C g5° — g5

(b) (V)3 € g
Let Q € Q(V)2—Q(V)9. To prove (a), we must show that there exists B € Sp(V)
such that B fixes () and B does not fix V>; for some 1.

Generally z;, will denote an element of V. We set A = Ag.

Assume first that A : V_; — V_;,5 is not injective for some ¢ > 2. Then A :
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Vi_o — V; is not surjective and since dim V;_o5 > dim V;, we seethat A : V;, 5 — V;
is not injective. We can find e_; € V_; — {0} such that Ae_; = 0. We can find
ei—o € Vi_o — {0} such that Ae;_5 = 0. Define B € End(V') by

B(Z T) = Z xp+ (v + (ei2, x_it2)e—i) + (Tia + (e—i, Ti)ei—2).

k#t—i,i—2

By a computation exactly as that in the first two cases in [L3, 1.7] we have
B(Y zr). B i) = (D ok, Y _24) = 0.
k k k k
Thus B € Sp(V). We have

B wx) - QO wx) =Q(z_1)+ Y (Azg,z_p)

k<—2;k#—i

+ (Az_i + (-2, T—ip2)Ae_i, xi—o + (e—i, xi)ei—2) — Q(z_1)

- Z (Azg,x_k—2) = —(Az_i,zi—2) + (Az_;, xi—o + (e—i, Ti)ei—2)
k<—2

= (Az_j,e;_2)(e—, x;) = —(v—i, Ae;—2)(e—i, ;) = 0.

Thus B~ stabilizes Q.

We now assume that A : V_; — V_; 4 is injective for all ¢ > 2 and that for some
evenn > 0, A" : V_,, — V,, is not an isomorphism. Note that n > 2. Asin [L3, 1.7]
we can find e_,,, f_,, linearly independent in V_,, such that A"e_,, =0, A"f_,, =
For j > 0 we set exj_,, = Ale_,,, foj—n = Aif_.. We have e,, = 0,f, = 0
Also e,,, f,, are linearly independent in V,, if m < 0 is even. As in loc.cit., for

J € [0,n] we have (ezj—n,en—2;) = 0, (foj—n,fn—25) = 0, (e2j—n, fn—2;j) = 0,
(fgj_n,en_2j> = 0. Define B € End(V) by

B(Z l‘k) = Z TL

k¢{2h—n;h€[0,n—1]}

+ Z (x2j—n + ( )j(fn—zj—2,5€2j—n+2)€2j—n
j€[0,n—1]

- (_1)j(en—2j—2: T2j—n+2) f2j—n)-

By a computation exactly as that in the third case in [L3, 1.7] we have

B> a), B ah) — (Y. > k) =o.
k k L L
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Thus B € Sp(V'). We have
QB> wx) — Q) k) = Q(z1) + > (Azg, _k—2)
k k k<—-2;k¢—n,—n+2,...,—2

(n—2)/2 |

+ > (Az o+ (=1 (fa2jo2, T nyajr2)e niajta
=0
+ (-1 j+1(en—2j—2>x—n—|—2j+2)f—n+2j+27
Tn—25-2 + (_1)n_j_1(f—n—|—2j: xn—2j)en—2j—2 + (_1)n_j(e—n—|—2j: xn—2j>fn—2j—2>
—Qx_1) — > (Awg,z_p )
k<—2
(n—=2)/2

= Z (Az_pp2j, (1) 77N (fonyogs Tno2j)en—25-2
=0

+ (=1)" I (e_pt2j, Tn_2;) fa2j—2)+
(n—2)/2

Z ((_1)j (fn—2j—27 x—n—|—2j—|—2>e—n—|—2j+2
j=0

+ (1) en—2j—2, Tnt2j42) font2it2s Tno2j—2)

(n—2)/2
= - Z (T—nt2j, (1) TN fongag Tn—2j)en—2; + (=1)" 7 (e—n+25, Tn—2;) fa—2;)
j=0
(n—2)/2 ‘
+ ((_1)](fn—2j—27 JU—n+2j+2)(6—n+2j+2, xn—2j—2)
j=0
(n—2)/2

+ Z (=1)7 " (en—2j—2, Tontaj2) (font2j+2, Tn—2j—2)
=0

(n—2)/2 '
= Z (—=1) (f=nt2js Tn—25)(T—nt2j, En—2;)
7=0
(n—2)/2
+ (=17 (e—nros Tno25) (T -nt2j, fu—2;)

0
n/2
+ ) (=1 (en—2j, ni2j) (font2js Tn2;5)
=1
n/2
+ ) (1) (fa—2jr -nt2j)(e—nt2js Tn-25) = (fon, Tn)(T_n, €n) = (€—n, 2n)(T_n, fn)
=1

J
+ (=) (eq, 20) (fo, o) + (—1)?) (fo, m0) (€0, 20) = 0 |
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since e,, = f, = 0. Thus B~ stabilizes Q.

Now assume that A : V_; — V_;,5 is injective for all ¢ > 2 and that for
some odd n > 1 the restriction of Q to A™~1/2(V_,) is a degenerate quadratic
form. Then we can find £ € A™(V_g,—1) — {0} such that (A, A"(V_2,—1)) = 0,
Q(x) = 0. We can write £ = A"e_g,,_1 for a unique e_o,_1 € V_g9,_1 — {0}.
For any j > 0 we set e_o,_142; = Ale_g,_1 € V_on—1425. Thus e_; = § and
(Ae_1, A"(V_2,-1)) =0, Q(e—-1) = 0. We show that es, 11 = 0. Indeed,

(Vean—1,eant1) = (Voan_1, A" le_1) = £(A"V_g,_1, Ae_1) = 0.
For j € [0,2n + 1] we have
(e—2n-112j, €2nt1-25) = 0.
It is enough to note that
(Ale_gp_1, A*" 1 e o, 1) = £(A*" e o, 1,6-9,-1)
= (e2n+1,€—2n-1) = 0.
Define B € End(V') by

k

k#—2n—1,—2n+1,....2n—1

2n
+ Z(w—zn—przj + (_1)j<62n—1—2j7 33—2n+2j+1)€—2n—1+2j)
§j=0

_ S -

k#—2n—1,—2n+1,....2n+1
2n—+1

+ Z (Jl—zn—1+2j + (_1)j<62n—1—2j7 33—2n+2j+1)€—2n—1+2j)~
7=0

(In the last line, ea,—1_2; is not defined when j = 2n + 1; we define it to be 0.)
We have

B ). B #) = (Saw, Sowh) = S (an 2l y)
k k k k k

2n+1
+ > (=1 (ean—1-2j, T 2n42541) (€20 14255 Toy 1 o))
j=0

2n+1
+ (=1 (ean—1-2j, ¥ ops041) (@ant1-25); €2n-1425)
§=0

2n

=Y (@i aly) = ) (1) (ean—1-2js T-2n2j41) (€—2n-142) Ton1-25)
k j=0

2n
+ ) (1) (e—an—142j, Thy_9j11) (T—2nt1425), €2n—1-25) = 0.
5=0
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Thus B € Sp(V'). We have

B(Y ak) — Q) @)
k k

Q(z-1+ (=1)"(e-1,71)e—1) + Z (Azg, _k—2)
k<—2;k#—-2n—1,—2n+1,....2n—1

n—1

+ Z(Ax—Qn—l—l—Qj + (—1)7 (e2n—1-2j, T—2n+2j+1)€—2n+1+2)
=0

Toan—1— 29 ( ) (8 2n— 1+2j7x2n 23—}—1)8211 1— 23)

—Qx_1) — E (Azg, x_f_2)
k<—

= (Az_y1, (-1 5(6 1,T1)e_1)

+ Y (=1)(ean-1-2j, T—2nt2j+1)(€—2n+1+2j; T2n—1-2;)

=0
= —(=1)"(e—1,21)(w_1,€1)
n—1
+ > (=1 (@ an-1425, €2n41-2;)(€—2n—142;, Tan—2;11)
=0

+ Z(_l)j_l(e2n+1—2j7 T ont2j-1)(€—2n—1+425, Tant1-2;)

j=1
= —(=1)"(e—1,z1)(z_1,€1) = (T_2n-1,€2n41)(€—2n—1, T2n 1)
+ (-1)n_1(61, 33_1)(6_1,561) =0

since e,+1 = 0. Thus B~! stabilizes Q.

This completes the proof of (a).

Now let Q@ € Q(V)9 and let B € Sp(V) be such that Q(B(x)) = Q(x) for all
x € V. To prove (b) it is enough to show that

Be Gy,
The proof is similar to that in the last paragraph of [L3, 1.8]. We argue by
induction on dim V. Recall that V' # 0. Let A = Ag. We have AB = BA. Let
m be the largest integer > 0 such that V,, # 0. If m = 0 we have G‘;O =G
and the result is clear. Assume now that m > 1. If m is even we have A™V =
Vi, ker(A™ : V. — V) = Vs_p41. Since BA = AB, the image and kernel
of A™ are B-stable. Hence B(V,,) = V,, and B(V>_pn41) = V>_p+1. Hence
B induces an automorphism B’ € Sp(V’) where V' = V>_,,11/V,,, a vector
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space with a nondegenerate symplectic form induced by (,). We have canonically
V=V i1 ® Voo @ ... ® Vo and Q(V')o, Q(V')Y are defined in terms
of this (s-good) grading. Now @ induces an element Q' € Q(V')J and we have
Q'(B'(z") = Q'(z') for all 2’ € V. If V' = 0 then clearly B € G, and the result
is clear. Hence we can assume that V'’ # 0 and that the result holds for V. We see
that for any ¢ € [—m+1, m—1], the subspace V;+V; 11+ - -+ V,,_1 of V' is B’-stable.
Hence the subspace V>; of V' is B-stable. We see that B € G5>0: as required. Next
we assume that m is odd. We have Vs_,,11 = {z € V; A"z = 0, Q(A™~1/2z3) =
0} (we use that Q € Q(V)3). Since B commutes with A and preserves @ we
see that B preserves the subspace {z € V; Az = 0,Q(A™~1/2z) = 0} hence
BVs_ i1 =Vs>_pmy1. Wehave V,,, = {z € V;(z,V_,,,41) = 0}. Since B preserves
the subspace V>_,,+1 and B preserves ) and (, ) we see that BV, = V,,,. Hence
B induces an automorphism B’ € Sp(V') where V' = V>_,,11/V,,, a vector
space with a nondegenerate symplectic form induced by (,). We have canonically
Vi =Vopi1 @ Voo @ ... @ Vi1 and Q(V')o, Q(V')Y are defined in terms
of this (s-good) grading. Now @ induces an element Q' € Q(V')J and we have
Q'(B'(z") = Q'(2') for all 2’ € V'. If V' = 0 then clearly B € G, and the result
is clear. Hence we can assume that ¥V’ # 0 and that the result holds for V’. We
see that for any i € [-m + 1, m — 1], the subspace V; + Vj41 4+ -+ V1 of V' is
B’-stable. Hence the subspace Vs; of V is B-stable. We see that B € G . This
completes the proof of (b). -
From (a),(b) we deduce
(c) Q(V)3 = g5

2.13. Assume that G,g are as in 1.3. In this case Theorem 2.2 follows from
2.7, in view of 2.12(c). (We identify §s(V) and D¢ as follows. Let [0] € D¢
be the equivalence class of 6 € Dg and let V = @;V; be the s-good grading
corresponding to 6 (see 2.12). Let V>, = @;>,Vi. Then (V>,) is the element of
§s(V) corresponding to [4].)

2.14. Assume that G, g are as in 2.2. As in [L3] let {g be the set of G-orbits on
D¢. From [L3, 2.1(b)] we see that g = Ug.. In particular, g is a finite set
which depends only on the type of G, not on k. For any O € Ugs we set

./\/’gq = \I/g* (l_lAEoO‘*A).
The subsets ./\fgq are called the pieces of Ng-. They form a partition of Ny
into smooth locally closed subvarieties (which are unions of G-orbits) indexed by
e = Ug.. Now assume that k is an algebraic closure of the finite prime field
F, and that we are given a split F-rational structure on G. Then g, g*, N+ have
induced F,-structures and each O as above is defined over F,. Also, each piece
N, 52 is defined over F,, (with Frobenius map F'). Let n > 1. We have the following
result.
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(a) \(NQQ)Fn| is a polynomial in p™ with integer coefficients independent of p,n.
For type A, D this follows from [L2, 1.8]. For type C' this follows from the proof
in 2.11.
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