UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC, II

G. LuszTIG

INTRODUCTION

0.1. Let k be an algebraically closed field of characteristic exponent p > 1. This
paper is a study of unipotent elements in a special orthogonal group SO¢ (where
Q@ is a nondegenerate quadratic form on a finite dimensional k-vector space V')
with emphasis on the case where p = 2. We develop some of the proposals in [L2]
which try to extend the Dynkin-Kostant theory [K| of unipotent elements in the
case p = 1 to the case p > 1.

Namely we show that to any unipotent element uv € G one can associate canoni-
cally a filtration of V' whose is stabilizer in SO¢ is a parabolic subgroup containing
u in the unipotent radical and such that this parabolic is of the same type as a par-
abolic attached in the Dynkin-Kostant theory to a unipotent element in a special
orthogonal group with p = 1. This allows us to partition the unipotent variety of
SOq into pieces which are both smooth varieties and unions of (possibly several)
unipotent conjugacy classes. We show that (for a split rational structure over a
finite field with ¢ elements) each piece has a number of rational points given by
a polynomial in ¢ with integer coefficients independent of ¢ and p. (This kind of
property was stated without proof in [L1].) The similar statement was established
for groups of type C' in [L2]; for an exceptional type this is is easily established us-
ing the available tables since in that case each piece contains at most two unipotent
conjugacy classes. In some sense the behaviour of the pieces is more complicated
for orthogonal groups than for other almost simple groups. For example this is
the only case where the number of unipotent conjugacy classes in a given piece (in
bad characteristic) is not necessarily a power of 2.

Notation. We set Z' =2Z + 1,Z" = 2Z. For a € Z we set ZL, = {n € Z';n >
a}, 2, ={n € Z";n > a}. The cardinal of a finite set X is denoted by |X|; if X
is an infinite set we write | X| = oo.
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3. The case p # 2.
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1. UNIPOTENT ELEMENTS IN ORTHOGONAL GROUPS

1.1. Let k be a finite or algebraically closed field of characteristic exponent p > 1.
Let C be the category whose objects are k-vector spaces of finite dimension; the
morphisms are linear maps. Let C’ be the subcategory of V consisting of all V € V
such that dimV € Z’. Let C” be the subcategory of V consisting of all V € V
such that dimV € Z”. Let C be the category whose objects are Z-graded k-
vector spaces V = @,czV ® such that dim V' < oo; the morphisms are linear maps
respecting the grading.

Let V € C. For N € EndV nilpotent and ¢ > 1 let

EN =ker N*/(N(ker N“*1) 4 ker N*71).

Then ¢ :=dim EV is the number of Jordan blocks of size i of N. Let e = ex be
the smallest integer > 0 such that N¢ = 0.

For any symmetric or symplectic bilinear form (,) : V' x V' — k let Rad ) =
{z € V;{(x,V) = 0} be the radical of (,).

In the remainder of this paper we fix V' € C and a quadratic form @ : V — k
with associated symmetric bilinear form (,) : V x V. — k; we have (z,y) =
Q(z+y) —Q(z) —Q(y) forz,y € V. Let D = dimV. Let R = Rad ). We assume
that @ is nondegenerate that is, Q|r : R — k is injective. (In this case we must
have R =0 unless V € C',p =2 when dim R = 1.)

In the case where D € Z" let Jg be the set of D/2-dimensional subspaces of
V on which @ is 0. In the case where |k| < 0o, D € Z%, we set ng =1 if Jg # ()
and ng = —1if Jg = 0. -

For any subspace W of V we set W+ = {x € V;(x, W) = 0}.

Let Og = {T € GL(V);Q(Tz) = Q(x) Vz € V} be the orthogonal group of
Q. In the case where |k| = oo we denote by SO¢ the identity component of Og;
in the case where [k| < oo we set SO = Og N SO where Q is the quadratic
form obtained from ) by extension of scalars to an algebraic closure of k. Let

Mg = {N € End(V); 1+ N unipotent in Og}
= {N € End(V); N nilpotent , Q(Nz) = —(z, Nz) for all x € V'}.

Note that if N € MQ and z,y € V then
(z, Ny) + (Nz,y) + (Nz, Ny) = 0.

In particular, for N € /\~/lQ we have (x, Ny) = (N'z,y) for x,y € V, where

Ni=(1+N)"'—1=-N+N2-N34... € Mg.
Let N € Mqg. We have

(a) NVAR=0.
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If € V and Nx € R then Q(Nz) = —(z, Nx) = 0; since ) : R — k is injective
we see that Nz = 0. Thus (a) holds.

From the definitions we have for ¢ > 1:

(b) (ker NO)*+ = N'V + R, (N*V)! = ker N*.
In particular, NR C R. Since dim R < 1, it follows that NR = 0.

1.2. In this subsection we assume that p > 1 and that |k| = ¢ < co. For any
m € ZZ%, we set

Py = g/ =2t (g2 — 1) (gt — 1) (¢!~ 1),
For any m € Z%, and § € {1, -1} we set

Py, = g/ =2m) (g2 — 1) (gt — 1) (¢ 2 = 1)(q™/% - 0).
Let V be a k-vector space with a nondegenerate quadratic form u : V — k. Let
(,) : VXV — k be the associate symmetric bilinear form. Let R = Rad ). Let s =
dim V. Let k € [0, s]. Let SV be the set of k-dimensional subspaces W of V such
that u|yy is nondegenerate. If k € Z’éz we have a partition SpV = I_I(;e{l’_l}SkV(s
where SpV° = {W € SiVinu, = 6}. If s € Z", k € Z/ we set Ny = [SpV)]. If
s€Z kel weset N3 =|SpV|. If s € Z", k€ Z%, and 6 € {1, 1}, we set
Noy =|S3V|. If s€ Z', k€ Z2, and § € {1, -1}, we set NI} =|SpV.

(i) If s€Z%,, k€ Z', e =, then NJy = pPeptPTL
If p # 2 this is obvious. Assume now that p = 2. Let R’ be the radical of (, )|y
for W € S,V. Then R’ is one of the ¢*=2)/2(¢*/2 — ¢€) lines in V on which u is
not identically 0. Also R'* is a hyperplane in V and (,) induces a nondegenerate
symplectic form on R'*/R’. For each such R', the number of W € S,V such
that R’ € W C R'* is the number of (k — 1)-dimensional subspaces of R'+ /R’ on
which (, ) is nondegenerate hence it is P,_y P, ' P,!,. Hence N;:;: = q=2/2(¢3/2 —
€)Ps_1 P, 1Pt(),__lk, as required.

(i) If seZ%,, ke Z!,, k<s, e=mn,, 6 € {1,—1}, then

Ngj = 27 PE(PY) T (P )
This is clear: the orthogonal group of u acts transitively on SgV.

(iii) If s € Z/, k€ Z, k <, then N0 =271 305 ) 1y PPt (P2 )7L
If p # 2 this is obvious. Assume now that p = 2. We set s =2t + 1,k = 2a + 1.
Let R = Rad,,, for W € S;V. Then R’ is one of the ¢*! lines in V on which
u is not identically 0. The number of W € S;V such that the corresponding R’
is equal to R is the number of 2a-dimensional subspaces of V/R on which (,) is
nondegenerate that is Py P, IPS__lk 41- Let N " be the number of W € S,V such
that the corresponding R’ is not equal to R. Then N’ = (¢°~! — 1)N} where
N{ is the number of W with prescribed R’ # R. To such W we associate the
subspace W = W + R (of dimension k + 1) of R’* (of dimension s — 1). Note
that the number of possible such YW’ is the number of k — 1-dimensional subspaces
of R"+/(R +R') on which (,) is nondegenerate that is Ps_o P, ' P}, _|. For any
W' as above the number of W such that R C W C W and W& R = W' is the
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number of subspaces X C W /R’ such that X ® R = W'/R’ that is ¢*~!. Thus,

N/ — (qs—l o 1)qk_1P5—2Pk_1PS__1k_1

212 (t—a)?—(t—a—1)2 9 IR
:q2aq t +(t 1) q(t ) (t 1) (q2t 2 _1)Pst 1P5_1k+1-

We see that

*. % _ _ a —t2 _1)2 )2 —(t—a—1)2 _92a _ _
NS”k = P,P; 1Ps—1k:—|—1 -l-q2 q t*+(t—1) q(t ) (¢ 1) (q2t 2 —1)P3Pk 1P5—1k+1

_ 2t—2a —1 —1
=4q P2t+1p2a+lp2t—2a+1

and (iii) follows.

(iv) If s€ Z', k € Z%,, § € {1,—1} then N3, = 27LP,(P}) 1P,
This is clear: the orthogonal group of u acts transitively on ng.

We now consider a descending sequence rg > r9 > 14 > ... of integers such
that ro = s and ry, = 0 for large n. We denote by v(rg, 72,74, ...) (if s € Z') or by
ve(ro,r2, T4, ... ) (if s € ZZ,, n, = €) the number of sequences Uy D Uz DUy D ...
of subspaces of V such that for any n > 0, dim Us,, = r2,, and the quadratic form
u|y,, is nondegenerate. We show:

(a) Let X = v(ro,r2,74,...) if ro € Z' and X = v(ro,r2,74,...) if ro € ZY,

and € € {1,—1}. Then X is a polynomial in q with coefficients in Z independent
of q or p.
Let M be the number of nonzero terms in the sequence (rg,ra,74,...). We have
M > 1. We argue by induction on M. If M = 1 we have X = 1. Assume now
that M > 2. If ro,, = 195,42 > 0 for some n we have X = v(ro,..., T2, Tont4, .- )
if ro € Z', X = v(ro,...,Ton, Tonta,...) if ro € Z"; the result follows. Hence
we may assume that the nonzero terms of rg,ro,... are distinct. If ry, € Z’
for some n > 0, we have X = v(rg,...,7r2,,0,0,)v(ron, ronto,...) if 7o € Z/,
X =v(ro,.--,721,0,0, ) v(ron, ronta, ... ) if ro € Z"; in both cases the induction
hypothesis applies to the second factor in the right hand side. Thus we may assume
that any odd number in the sequence rq, r2, ... must appear either as ry or it must
be followed by 0. Thus we must consider four cases.

Case 1. 19, € Z" for all n. Let ry,, be the last nonzero term of rg,ro,.... If
m =0 we have X = 1. If m > 0 we have, using (ii):

X — § N6,51 N61752 . N67n7176m

T0,727 "T2,T4 T Tr2m—2,T2m
51,52,...,5m€{1,—1}

—m € € — — Om—16m — m \—
—9 > P (PO TN (P2 )T (P )~L(Pom )L,

ro—T2 T2—T4 T2m—-2—T2m T2m
517627---76m6{17_1}

This is clearly a polynomial in ¢ with coefficients in Z[271]. It is also the product
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of a polynomial in ¢ with coefficients in Z with

2 Z (Q(TO_T2)/2 — 651)_1(6_](7"2_7"4)/2 —6105) 7 . x
51,52,...,5m€{1,—1}

x (q(rgm_g—rgm)/Z - 5m_15m)—1(q7"2m/2 - 5m)_1
= (" e)(g T =) g = )T (g = )T (g - 1)

hence is a power series with integer coefficients in ¢q. Hence X € Z[q].
Case 2. 1o € Z", 1oy, € L', 19, € Z" for 0 <n <m and ry, =0 forn >m. If
m =1 we have X = N* . It m > 1 we have

X = E NEO1 o102 NfOm_2,0m—1 p\TOm—1,%

T0,T27 72,74 T2m—4,"2m—2" T2m—2,T2m "
51’527---’5171—16{17_1}

As in case 1 we see, using (ii) and (i) that X € Z[q].
Case 3. rq € Z', ro, € Z" for n > 0. Let ra,, be the last nonzero term of
ro,72,.... We have

X = § N*01 o102 A7Om—1,0m

T0,727 72,74 T T2m—2,T2m”
51,52,...,5m€{1,—1}

As in case 1 we see, using (ii) and (iv) that X € Z]q].
Case 4. ro € Z' and for some m > 0, roy, € Z', 19, € Z" for 0 <n < m and

Ton = 0 forn>m. If m =1 we have X = N>*_ see (iii). If m > 1 we have

X = E N*01 NO1,d2  AOm—2.0m—1 N Om—1,*

T0,T27 "T2,T4 T2m—4,T2m—2" T2m—2,T"2m "
81,02,...,0m—1€{1,—1}

As in case 1 we see, using (i), (ii) and (iv) that X € Z[g]. This completes the
proof of (a).

For any m € Z%, we set

Ry =q™ /(g = 1)(¢* = 1)...(¢" - 1).
Let V' be a k-vector space with a nondegenerate symplectic form (,) : V' xV' — k.

We consider a descending sequence r; > r3 > r5 > ... of even integers such
that r;1 = dimV’ and rg,+1 = 0 for large n. We denote by v/(r1,73,75,...) the
number of sequences U; D Uz D Us D ... of subspaces of V' such that for any
n > 0, dimUspq1 = 7r2p41 and the symplectic form (,)|y,,,, is nondegenerate.
Clearly,

(b) v/(r1,73,75,...) = Ry R R ... is a polynomial in q with coeffi-
cients in Z independent of q or p.
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1.3. Let V € C. Define (f,)acz by fo = dim V% A quadratic form Q : V — k
with associated symmetric bilinear form (,) is said to be compatible with the
grading if Q| = 0 for a # 0 and (V, V®) = 0 for a+a’ # 0. In this subsection we
fix such a Q (compatible with the grading) and we assume that it is nondegenerate.
Let R = Rad. Then R C V°, Q|yo : V? — k is nondegenerate and (,) restricts
to a perfect pairing V=% x V¢ — k for any a > 1. Hence f, = f_, for all a. Let

E?V = {T € Hom(V,V); T(V®) C V**2 for any a € Z; (Tz,y)
+(z,Ty) =0 for all z,y € V;{x,Tz) =0 for any . € V11,

If T € E?V we have B
(a) (x,T%x) =0 for any a € ZZ%, and any z € V1.
Indeed, we have a = 2a/+1 with @’ > 0 and 2/ = T% x € V! satisfies (z/, Tz') = 0.
Thus
0= (T"x,T* Tz) = (=1)" (x,T%)

and (a) follows.

Let E2V be the set of all T € E?V such that

(i) for any a € ZZ,, the quadratic form Q, : V™% — k,  — Q(T%?%x) is
nondegenerate; a

(ii) for any a € ZZ% |, the symplectic form V=% x V=% — k, x,y — (z,T%) is
nondegenerate. -

Note that (i) is automatic for a = 0.

For N € F?V and a > 0 we set K = ker(T% : V=% — V%). If a > 1 then
KI =Rad(,, where (,),: V™ x V™% — kis 2,y — (z,T%). Hence condition
(ii) is equivalent to the condition that KI =0 for a € ZZ%,. If a € Z2, then the
symmetric bilinear form associated to Qg is (—1)%2(,),. Hence condition (i) is
equivalent to the condition that Q, : K — k is injective for a € ZZ,. (It implies
that for such a we have K = 0 unless p =2 and f_, € Z’, when dim K = 1.)

This discussion shows that if p # 2 an element T' € E?V belongs to E2V if and
only if T%: V=% — V@ is an isomorphism for any a > 0.

Returning to the general case we reformulate the conditions (i),(ii) for an ele-
ment T' € E?V to be in E2V as follows:

(") for any a € Z2,, the map T7%2: V=% — V0 is injective and its image I7 is
such that Q)| 7 is a nondegenerate quadratic form;

(ii’) the symplectic form wr(x,y) = {x,Ty) on V! is nondegenerate; for any

a € ZZ%,, the map T(=1/2 . y—a _, ~1 ig injective and its image IT is such
that wT\_Ig is a nondegenerate symplectic form.
Clearly if (i) holds then (i) holds. If (i) holds and z € ker(T%/? : V=% — V9)
(with a € ZZ,) then T%z = 0 hence x € KI. We have also Q,(z) = 0. Since
Q. : KI' — k is injective we see that = 0. We see that (i) holds.

For a € ZZ%, and z,y € V™% we have
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<.’13, y>a — (_1)(a—1)/2<T(a—1)/2x, T(a—l)/2y>1'
Hence if (ii’) holds then (ii) holds. If (ii) holds and x € ker(T(*=1/2 . V=2 — 1)
(with @ € ZZ% ) then T%x = 0 hence z € K" and x = 0. We see that (ii’) holds.

If T € E2V then clearly,

Vi='olorifo...andVi=01olo>rf>....
We see that if E2V # () then

(D) fo>fo2>2fu>...and fo1>f 3> fs5>...,

(¢) fa€Z"ifaeZ.
We say that (f,).cz is admissible if it satisfies (b),(c). In the remainder of this
subsection we assume that (f,)q.cz is admissible. Let RO be the set of all sequences
Up D Uy D Uy O ... of subspaces of V? such that dimU, = f_, and Q\UQ is
a nondegenerate quadratic form for a = 0,2,4,.... Let R~! be the set of all
pairs (w, (U1, Us, Us,...)) where w is a nondegenerate symplectic form on V1!
and U; D Us D Us D ... are subspaces of V! such that dimU, = f_, and wlu,
is a nondegenerate symplectic form for a = 1,3,5,.... Clearly R? # 0, R~ # 0.
Define ¢ : B2V — R° x R™! by

T (I, 1517, .. ), (wr, (IT, I, IF,..))).
Clearly,

(d) the fibre of ¢ at ((Ug, Uz, Uy, ...), (w, (U1, Us,Us,...))) € R x R™! can be
identified with [] s, Iso(V ™%, U,);
here Iso(V =%, U,) is the set of vector space isomorphisms V=% — U,.

We now assume that k, q are as in 1.2. For any m > 0 we set

A =g 2" (g = 1) (¢ — 1) (q™ — 1),
If fo € Z%, let € = ng, - From (d) we see that

(€) [E2V] =Tl\51 A8V (f1, f3s f50 - )(Ryp)
where & = I/(fo,fg,f4, .. ) if fo € Z/; &= Ve(fo,fg,f4, .. ) if fo € Z/£2; E=114f
fo=0.
1.4. Let X* = (X=%),cz be a sequence of subspaces of V' such that X=¢+! ¢ X=¢
for any a, X=% = 0 for some a, X=% = V for some a that is a filtration (see [L2,
2.2]) of V. We say that X* is a Q-filtration of V' if for any a > 1 we have

(a) Q| x>« = 0 and X217 = (X=22)L,
Then for any a < 0 we have:

(b) (X24)+ = X217 + R (direct sum) and X='7% = (X=22)L N Q~1(0).
The first equality follows by applying + to both sides of X2 = (XZ17%)L see
(a). If z € V217N R then by (a) we have Q(z) = 0. Since Q : R — k is injective,
we have z = 0. Thus, V217N R = 0. The second equality in (b) follows from the
first equality and (a). This proves (b).

The proof of the following result is standard.

(c) We can find a direct sum decomposition V. = DaeczX® such that X=% =
Barsar>a X for all a and (X“,X“/> =0 fora+d #0, Q|xa =0 for a#0.
For any Q-filtration X* of V' we set

EZ2X* = {N € Mg; NX2% € X292 for all a € Z}.
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We show:
(d) If v € X=71 then (x, Nx) = 0.
It is enough to show that Q(Nz) = 0. Since Nz € X =1, this follows from (a).

1.5. Let X* be a Q-filtration of V. We set gr*X* = X=¢/X2%+1 Then grX* =
Bueczgr®X* € C. Let f, = dimgr®X*. Define a quadratic form Q : grX* — k
by Q(z) = Q(Z0) + Y yoq (¥—asda) where z = >z, (with z, € gr*X*) and
&y is a representative of xp in XZb. The symmetric bilinear form associated to
QIS Y, Tas 2oy T = 2o qipeo(Ea, &) Where z, € groX*, z} € gr’ X* and g, i},
are representatives of z,,z} in X=% X=b. This form is denoted again by (,); its
radical is the image of R under X=° — gr®X*. It follows that Q is nondegenerate.
It is clearly compatible with the grading. Hence f, = f_, for any a.

Now let N € E22X*. For any a, N restricts to a linear map X=¢ — X292 and
X=Zaotl 5 X29+3 hence it induces a linear map gr¢ X* — gr?+2X*. Taking the
direct sum over a of these linear maps we obtain a linear map N : grX* — grX*.
We have N € E?grX*. (If x € gr*X*,y € gr®’X* and 4,5 are representatives for
z,y in X=% X=% the sum (Nz,y) + (z + Ny) is 0 unless a + b+ 2 = 0 in which
case it (N, ) + (& + Ny) = —(Ni, Ny) which is again zero since Ni € X212
Ny € X20%2 = X279 and (X292, X2~%) = 0. If ,dx are as above and a = —1,
we have (x, Nz) = (i, N#) = —Q(N) and this is 0 since N& € X=! and Q| y>1 =
0.) Thus we have a well defined map

d: E22X* — E%erX*, N — N.

Let

d= Z fafa’+ Z fa(fa_l)/2‘

a<a';—a—a’>3 a;—2a>4

We show:
(a) ® is an iterated affine space bundle with fibres of dimension d.
Let V = &,X* be as in 1.4(c). For any integer k > 2 let Z; be the set of all
collections (N{)apez:2<b—a<k Where N : X — X? are linear maps that satisfy
(i) (%a, Nfa%/) + (N2 @a, Ty) = — Zb;—a’—22b2a+2<Nl;1xa7 Ng/bxiz’>
for any a # a’ such that 2 < —a —a’ <k and any z, € X%, 2/, € X'
(ii) (@a, N2oxa) = —Q(Niwa) — Zb<0;—a—22b2a+2 (Nywa, N2yza)
for any a such that 4 < —2a < kO and any z, € X%
(iil) (x_1, Ny 'z_1) =0
for any x_; € X1
For large k we may identify Z, = E=2X* by (N{) — N, Nz, = Y bvsate Vo Ta
with , € X*. Moreover we may identify Zo = E?grX* in an obvious way. We
have obvious maps Zy «— Z3 «— Z4 < .... These maps eventually become the
identity map of EZ2X*; their composition may be identified with ®. It is enough
to show that for any k& > 3 the obvious map Z, — Zj_; is an affine space bundle
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with fibres of dimension

dk:: Z fafa’+ Z fa(fa_l)/z'

a<a';—a—a’'=k a;—2a=k

We shall prove only that the fibre of this map at any given point of Z;_; is an
affine space of dimension di. This fibre may be identified with the set of all
collections (N)apez:b—a=k Where N : X — X" are linear maps that satisfy (i)
with —a — o’ = k, (ii) with —2a = k. (In these equations the right hand sides
involve only the coordinates of the given point in Zx_;.) In the equation (i) with
a # a',—a —a = k each of NE/a,Nﬁa, determines the other. So the solutions
of this equation form an affine space of dimension f,f,,. If K € Z’' there are no
further equations. If k € Z”, in the equation (ii) with —2a = k the right hand side
is a known quadratic form on X“ and the solutions N¢ _, form an affine space of
dimension f,(f, —1)/2. This completes the proof of (a).

We show:

(b) 14+ E=2X* C SOq.
To prove this we may assume that |k| = co. Since 1 € 1+ E=2X* C Og it is
enough to show that EZ2X* is irreducible. Using (a) we see that it is enough to
show that E2grX* is irreducible. From the definitions we see that E2grX* is an
affine space of dimension /., . —o fafar + f-1(f=1 —1)/2. This proves (b).

We set EZ2X* = &~1(F2grX*). From (a) we see that:

(¢) EZ2X* is (via ®) an iterated affine space bundle over E2grX* with fibres
of dimension d.
Using this and results in 1.3 we see that if FZ2X* # () then (f,)qcz is admissible.

In the remainder of this subsection we assume that k, ¢ are as in 1.2 and that
(fa)acz is admissible. From (c) we see that

(d) [E22X7| = %] F2grX.
We denote |[EZ*X | by By, if D € Z'; by B¢, | if D € Z%, and 5g = €. From
(d), 1.3(e), 1.2(a) and 1.2(b) we see that:

(e) LetY = %(fa) if fo € 7Y = %Efa) iof fo € Z//, Za fa >0, €€ {1,—1}.
Then Y is a polynomial in q with coefficients in Z independent of q or p.
Note that if D € Z%, we have ng = n4.

1.6. In the remainder of this section we assume that D > 2. Let FP be the set of
all collections (fq)qecz of natural numbers such that > fo = D, f, = f—, for all
a and the admissibility conditions 1.3(b),(c) hold. When D € Z"”, let J be the set
of SO(V)-orbits on Jq (if [k| = o) or on Jj for Q as in 1.1 (if |k| < 00); note
that |J| = 2; in this case let

FP ={(fa) € FP; fo = 0}, FP = {(fa) € FP; fo > 0},

FP=FPu(JxFP).
When D € Z' we set FP = FP. For ¢ € FP of the form (f,) or (4, (f.)) (where
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j € J), let Y, be the set of all Q-filtrations X* of V such that dimgr*X* = f, for
all @ and (in the case where ¢ = (4, (fa))), X° = X! € j; let Y, be the set of all
pairs (X*, N) such that X* € )7¢ and N € EZ?X*. Note that )7¢ is a partial flag
manifold of SOg. Moreover, the obvious map Vg4 — )7¢ has fibres E*ZQX * which
are smooth (if [k| = co) since EZ2X* is open in the affine space E22X*. We see
that )y is naturally a smooth variety (if |k| = o0).

Define ¥ : UyerpYy — {9 € SOq;g unipotent} by (X*,N) — 1+ N for
(X*,N) € Vy. This is well defined by 1.5(b).

Theorem 1.7. In the setup of 1.6, V is a bijection.

An equivalent statement is:

(a) For any unipotent element g € SOq there is a unique Q-filtration X* of V
such that g — 1 € EZ%X~.
It is enough to prove this in the case where |k| = co. The proof is given in 2.12,
3.3.

For any ¢ € FP let 24 = ¥(),). The theorem shows that the sets =4 form a
partition of the variety of unipotent elements in SOqg and that for any ¢ € F D
® restricts to a bijection JVy — Z4. One can show that if |k| = oo this is an
isomorphism of the smooth variety V4 with a subvariety of the variety of unipotent
elements of SO¢q. Note that if |k| = oo then each )y is nonempty hence each Z is
nonempty. (If k| < oo then Z, is nonempty unless D € Z"”7, ng = —1, ¢ € J x FP
in which case it is empty.) In the case where |k| = co and p # 2, the subsets Z
are exactly the unipotent conjugacy classes in SOq. If p = 2, the subsets Z4 are
unions of unipotent conjugacy classes in SO¢g but not necessarily single conjugacy
classes; see Section 4.

1.8. In the setup of 1.6 we assume that k, g are as in 1.2. We assume that Theorem
1.7 holds. Let ¢ € FP. Assume that if D € Z”, ng = —1, then ¢ € ﬁlD We have
(2) [Vl = 95l B22X] ~ N
for any X* € V. We denote |Vy| by B if D € Z'; by B, if D € Z” and 1 = e.
From (a) and 1.5(e) we see that:
(b) Let Y = By if D € Z; Y = ‘3; if D€ Z" and ng = e¢. ThenY is a
polynomial in q with coefficients in Z independent of q or p.

1.9. Let N € Mg — {0},e = ey. We have e > 2. Let E be a complement to
ker N1 in V. We show
(a) The (—1)¢"L-symmetric bilinear form (,) : E x E — k given by (z,y) =
(x, N¢~1y) is nondegenerate.
Assume that vg € E, (vg, N 'E) = 0. Then (N¢ vy, E) = 0. Also,
(Ne~Lyg, ker Ne71) = +(vg, Nt ker Ne71) = 0.
Thus (N lvg, E + ker N¢~1) = 0 that is (N° "1y, V) = 0 hence N°~tvy € R.
Using 1.1(a) we deduce N¢"lvg = 0. We see that vg € KerN°~1 N E = 0. This
proves (a).



UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC, II 11

We show:

(b) the linear map E®¢ — V given by (vo,v1,...,0e—1) — vo + Nvy + -+ +

Ne=Yy._1 is injective and {,) is nondegenerate on its image W := E+ NE+-- -+
N 1E.
Assume that v = vg + Nvy + --- + N loy,_; with v; € E satisfies 0 = (v, E) =
(v, NE) = -+ = (v, N°"1E). We must show that vy = 0 for k € [0,e — 1]. We
argue by induction on k. Assume that k € [0,e — 1] and that vy = 0 for k&’ < k.
From 0 = (v, N*"17kE) we get (N*vj, N 1"FE) = 0 hence (vx, E) = 0 hence
v = 0 (using (a)). This proves (b).

We show:

(c) we have V=W @Y (W asin (b),Y = W), RCY andY is N-stable;
moreover N¢~1Y = 0.

The first assertion follows from (b). Now let x € Y. We can write z = 2’ +x" where
2 € B, 2" € ker N°~!. We have N°7lz = N°7'2/ € WNY hence N¢~lz = 0.
This proves (c).

2. THE CASEp = 2

2.1. In this section we assume that p = 2. In this case the symmetric bilinear
form (,) associated to @ is symplectic. Let N € MQ.

For i > 1 we define AN : ker N — k by z — (2, N*"'2)/2. Note that AN =0
if i € Z’ and A\Y is linear for any 1.

For i > 1 we define €Y € {0,1} by ¥ =0if AN =0, ey = 1if A} # 0. Note
that ey =0ifi € Z'.

2.2. Let N € Mg —{0},e = ex. We have e > 2. Let A = AY. Define a subspace
L =Ly of V by

L=Ne1Vif \=0,

L= (ker \)* if A\ # 0, R =0,

L={x € (ker\)t;q(z) =0} if A\ #0, R #0.
If A # 0 then ker A is a hyperplane in V' containing R; thus L is a line if R = 0. If
A # 0,R # 0 then K := (ker \)* is a two dimensional subspace containing R so
that (,) is zero on K. Hence ¢ : K — k is a group homomorphism which restricts
to a group isomorphism R — k hence induces a group isomorphism K/L — k. We
see that K = L @ R. Thus L is a line complementary to R in K and ker A = L=.

We show:

(a) LC L*.
Assume first that A = 0. By 1.1(b) it is enough to show that N¢~'V C ker N¢~1
which is clear since 2e — 2 > e. If A # 0 then (a) is clear since L is a line.

We show:

(b) if A # 0, then L C N°~Y(L1) if and only if N¢~1V € C".
Define a symmetric bilinear form (,) on V by (y,v') = (y, N°"'3/). We have
Rad() = {y' € V;N“ 'y € R} = ker N1 (since N"'V N R = 0). We have
AMy) = (y,y)"/%. Since AlRad , = 0, we can find v € V such that (v,y) = A(y) that
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is (N 1v,y) = A(y) for any y € V. Since A # 0 we have N¢~1v ¢ 0. Clearly, if
y € ker A then (N~ lv,y) = 0. Thus N*"!v € (ker \)*.

The symmetric bilinear form (,)o on V' given by (y,y")o = (y,¥’) + A(y)A(y') is
symplectic: for y € V we have (y,3)o = (y,v) + My)? = 0. Since A|yxer ne-1 = 0
we see that Ry := Rad(), contains ker NV ¢=1. Since (,)o is symplectic we have
dim Ry = D mod 2.

Assume now that N1V € C”. Then dimker N°! = D mod 2. Hence
dimker N¢~! = dim Ry mod 2 that is Ry/ker N°=! € C". If Ry # ker N°~! then
dim(Rg/ ker N¢~1) > 2. Hence the kernel of the linear map Ry/ker N¢~! — k in-
duced by A : Ryg — k is non-zero. Thus there exists u € R such that u ¢ ker N e—1
and A(u) = 0. For any y € V' we have 0 = (y,u)o = (y,u) + A(uw)A(y) = (y,u) so
that u € Rad( ) = ker Ne¢~1. This contradiction shows that Ry = ker N¢~1. Since
N¢=1y £ 0 we have v ¢€ ker N~! hence v ¢ Ry. Thus there exists v’ € V such
that (v,v")g # 0 that is, (v,v’) + (v,v)(v,v") # 0. It follows that 1 + (v,v) # 0.
Moreover we have 0 = (v,v)o = (v,v) + (v,v)(v,v) so that (v,v)(1+ (v,v)) = 0.
Since 1 + (v,v) # 0 we deduce that (v,v) = 0 that is (v, N°"'v) = 0. We have
Q(N¢=1lv) = (Ne=2y, N~ 1o) = (v, N2¢73p). If e > 3 this is 0 since 2e — 3 > e; if
e = 2 this is equals (v, N°~1v) which is again 0. We see that N°*~1v is a non-zero
vector in ker(Q : (ker \)* — k). Hence N*"1v € L — 0. Since L is a line we see
that L is spanned by N¢~!v. To show that L C N~ 1(L1) it is enough to show
that v € L or that (v, L) = 0 or that (v, N°"1v) = 0. But this equality is already
known. We see that L C N¢~1(L1).

Conversely, assume that L C N°"1(Lt). Let x € L — 0. We have x = N° 1¢
with (¢, L) = 0. In particular, (¢,z) = 0 that is A\(¢) = 0. Since = € L we have
z € ker\ = (x,z) = 0. Hence there exists ¢ € k such that (x,z) = c\(z)
for all z € V. Since z ¢ R we have ¢ # 0. Replacing = by a non-zero scalar
multiple we may assume that (z, z) = A\(z) that is (¢,z) = \(z) for all z € V. Let
Ry = Rad(),.,,- If v € Ry then we have w € kerA = (u,w) = 0. Hence
there exists ¢ € k such that (u,w) = dA(w) that is (u,w) = (t,w) for any
w € V. Hence u—c't € Rad( ) = ker Neé—1. We see that Ry C kt + ker N¢~!. The
reverse inclusion is obvious. Thus, Ry = kt + ker N°~!. We see that (,) induces
a nondegenerate symmetric bilinear form on ker \/(kt + ker N¢~1). This induced
form is symplectic: the equality (y,y")o = (v,v’) + AM(y)A(y’) with (,)o symplectic
shows that (,)|kerx = (; )olker»- We deduce that ker \/(kt +ker N¢~1) € C". Since
r # 0 we have t ¢ ker N~ hence dimker \ — 1 — dimker N°~! € Z” that is
D —2—(D—dimN¢ V) e Z". We see that N~V € C”. This proves (b).

We show:

(c) We have L C N¢ 'V + R. More precisely we have L C N 1V except
possibly in the case where V € C', A # 0,e = 2,cN € Z'.

If A = 0 this is obvious. Assume now that A # 0. Since ker N¢~! C ker A\ we
have (ker \)* C (ker N°~1)+ and using 1.1(b), (ker \)* C NV + R. Since
L C (ker\)* we have L C N°"'V + R. If R = 0 then clearly L C N~ 1V. If
e > 3,R # 0 we have Q|yc-1y = 0; indeed for v € V we have Q(N¢ lv) =
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(Ne=2y, Ne~lo) = (v, N2¢730) = 0. Hence if z € L is written as = N° v + o’
with v € Vo' € R then 0 = Q(x) = Q(v'). But Q(v') =0, v" € R implies v’ =0
hence x = N°"tv and L C N¢ V. If ¢¥ € Z" then we have L C N¢~1V by (b).
This proves (c).

We show:

(d) NLC L, N(L‘)cL*.
From (c) we see that NL = 0 (since N® = 0 and NR = 0). Thus the first inclusion
holds. The second inclusion follows from the first.

We define a subset Mg of MQ as follows:

Mg =Mgif Ve,

Mg={NeMgkerNeC'}if Vel
We show:

(e) If N € Mg — {0}, then Q| = 0.
If R # 0 the result is obvious. Now assume that R = 0. If e > 3 we have
Q|ne-1v = 0 as in the proof (c). The same argument shows that Q|ye-1y, = 0 if
A=0.Ifx=0ore>3wehave L C N~V see (c), hence Q|;, = 0. Thus we
may assume that A # 0,e = 2. Since ker N € C” and V € C” we have NV € C”
that is N¢~1V € C”. As in the proof of (b) we see that L is spanned by N¢ v (v
as in that proof) which is contained in ker(Q : (ker A\)* — k); the result follows.

2.3. Let N € Mg — {0},e = ex,A = AV, L = Ly. We have e > 2. We
set V! = LY/L, see 2.2(a). From 2.2(d) we see that N induces a (nilpotent)
endomorphism of V', denoted by N’. Let ¢/ = ens. If A = 0 we have ¢/ < e — 1;
if A # 0 we have ¢/ < e. Define a quadratic form Q' : V! — k by Q'(z') = Q(x)
where z is a representative of 2’ € V' in L. (To see that @’ is well defined we use
2.2(e).) The symplectic form associated to Q" is (z’,y") = (z,y) where 2’,y' € V'
and z,y are representatives of z/,y’ in L+. Its radical is

{x € Lt (x,L*) =0}/L = (L+R)/L.
It follows that ' is nondegenerate. We have N’ MQ/. We show:

(a) N € M.
To do this we may assume that V' € C”. Then R = 0. It is enough to show that
dimker N/ = dimker N mod 2. We have ker N/ = {x € L+; Nz € L}/L. We
have an exact sequence

0—L%kerN 2 {zelt;Noel}/L-SLAN(LY) —0

where a is the inclusion, b is induced by the inclusion ker N C L+ and ¢ is induced
by x — Nx. Thus dim L — dimker N + dimker N’ — dim(L N N(L*)) = 0 and it
is enough to show that dim L = dim(L N N(L*)) mod 2.

Assume first that A # 0. We show that L C N(L') (this implies that dim L =
dim(L N N(L1))). If e = 2 this follows from 2.2(b). (We have NV € C” since
ker N € C"” and V € C”.) Assume now that e > 3. Since R = 0 we see from
2.2(c) that L is spanned by N¢ 1z for some z € V. It is enough to show that
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N¢=2g € L+; since e > 3 it is enough to show that NV C L*; this is clear since
L+ is N-stable of codimension 1.

Assume next that A = 0. We must show that

dim N¢71V = dim(N¢1V N N(ker N°71)) mod 2.
If e > 3 we have N7V C N(ker N°71) hence dim N7V = dim(N¢~1V N
N(ker N¢71)). If e = 2 we have N(ker N°~1) = 0 and it is enough to show that
NV € C”. But this follows from ker N € C"” and V' € C”. This completes the proof

of (a).

2.4. Let N € Mg —{0}. Let e, \,L, V', N', Q" be as in 2.2. Properties (i)-(iii)
below describe the invariants ¢, fv of N'.

(i) Assume that )\ =0. WehavecY =0;cNy =cN o+cN (ife>2); N =V
ifit #ei#e—2; ei =N foranyz

(ii) Assume that X # 0 and ¢ € Z". Then ¢ =N —2; N =N | +2;
cﬁv/ =cN fori#tei#e—1; eév/ =0y eﬁv/ = eﬁv for anyi;«ée

(iii) Assume that A # 0, ¢ € Z’ Then ¢ =N —1; N, = ce o+ 1 (if
e>2);cl~ =cN fori#ei#e— N—Oe 2—1(zfe>2)e —efvfor
any i ¢ {e,e — 2}

We have N'¢~1V' = (N*"Y(LY) + L)/L = N*~Y(LY)/ (N~ (L) N L).

If A\ =0 we have L+ = ker N~ and N*~}(L1) = 0. Hence N’¢~'V’/ = 0 and

N —0fori>e.

If)\ # 0and N*~1V € C” (that is ¢)Y € Z") we have L C N*~1(L1) (See 2. 2(b))
so that N’¢~1V/ = N~} (LY)/L. If A # 0 and N7V € (' (that is ¢ € Z') w
have L ¢ N¢~1(L1) (see 2.2(b)) and, since L is a line, we have N~ 1(LL) NL= 0
and N'¢71V/ = N¢"1(L+). We have an exact sequence

0 — ker N 1AL+t — Lt Y75 Ne1(pL) o
Now ker N¢~! C ker A\ = L' hence this exact sequence becomes

0 — ker N°°! — ker A — N }(L1t) — 0.
We see that

dim N¢~}(L+) = dimker A\ —dimker N*~! = dim V —dimker N*~! -1 = ¢} -1
so that ¢¥" = dim N'¢"'V’ equals ¢¥ — 1 if ¢ € Z’ and equals ¢ —2 if ¢ € Z".

We write V.= W @Y as in 1.9(c). Let Ny = N|w, N2 = N|y. Let us now
assume that we are not in the case

() Vel N#0,e=2,cN eZ.
By 2.2(c) we have L C N°¢~ 1V. Since N¢~1Y = 0 we have L C N 'W hence
L C W. Since ker N°! C kerA = L+ and Y C ker N°~! we have Y C L*.
Hence we have canonically V/ = W’ &Y where W’ = L+ /L’ (and Lt = {z €
W;(x,L) = 0}) with both W'Y, N'-stable. Let N{ = N'|y. If A = 0 then

cév/z—ch—c andc —Oforz%e—Q If A\ # 0 we have either
cévi:cév—l:cév—l, év/z 1c '=0fori¢ {e,e—2}

or
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N N N .
cet=cr—2=cV -2 =2 =0fori¢{ee—1};

the formulas for ¢’ in (i)-(iii) follow since

/ N/ N. N/ .
cﬁv :ci1+ci2:ci1+c£\7forz§e—1.

(Those formulas hold also in the excluded case (x). Indeed in that case we have
e = ¢) —1 as we have seen already. For i > 2 we have ¢V = 0 and ¢ +2¢) =
dim V' = dimV — 2 = ¢V 4 2¢) — 2 hence ¢ = ¢V)

Assume now that [ # 0. We show that eévl = 0. It is enough to show that if
x € L+ then (z, N°~'z) = 0. This follows from L+ = ker \. We have ' | =0
since e — 1 € Z’. (This determines completely €N in the case where e = 2.)

Assume that X\ # 0,¢N € Z/,e > 2. We show that ', = 1. Tt is enough to
show that there exists # € V such that N2z € L and (x, N¢~3z) # 0. (For such
x we have automatically x € L+ since N°~'z = 0 and ker N~ C ker A = Lt))
By 2.2(c) we can find y € V such that N1y is a basis element of L. We have
(y, N°~ly) # 0. (If not we would have y € L+ and L C N°"}(L1) contradict-
ing 2.2(b).) Let z = Ny. We have N2z = N¢ 1y € L and (z, N°3x) =
(Ny, N°=2y) = (y, N°~1y) # 0, as required.

We may now assume that we are not in the case (x). We use the decompositions
V=WaY,V =W &Y as above. The proof of the remaining assertions on ¢; /
in (i)-(iii) is standard.

2.5. Let N € Mg. We associate to N a collection of subspaces (V=%),cz =
(Vﬁa)aez of V using induction on D. Let e = ey. If N = 0 we set V=% =V for
a<0,V2% =0 for a>1. Thus V=¢ are defined when D < 1. We may assume
that D > 2, N # 0 and that V2% are already defined when V is replaced by a
vector space of dimension < D. We have e > 2. Let A\, L, V', N’ Q' be as in 2.2,
2.3. Let p: L+ — V' be the obvious map. Since L # 0, we have dim V' < D. By
the induction hypothesis, /2% = V2% is defined for any a € Z. If A = 0 we set

VZ¢=Viora<l—e V2% = p_l(V'za) forac[2—e,e— 1];V2“ =0 for a > e.
If A # 0 we set
V24 =V fora< —e; V2= p H(V'2%) fora € [1 —e,e|; V2 =0fora > 1+e.
This completes the definition of the subspaces V=9,

From the definition it is clear that V=¢t!1 C V=9 for any a. Thus (V=9) is a
filtration of V. We show:

(a) If a > 1 we have Q|y>a =0 and VZ17¢ = (V29)+,
We use induction on D. For N = 0 the result is obvious. Thus the result holds
when D < 1. Now assume that D > 2, N # 0. Let \,L,V’,Q’, N’ be as above.
By the induction hypothesis we have Q’|,,,>. = 0 and V’IZ\,}_G = (V’%ﬂ)r with +

N/

relative to V’. Tt follows that Q|y>« = 0 and V=17 = (V=%)L for a € [1,e — 1]
(if A =10) and for a € [1,¢] (if A # 0). For a > e (with A = 0) and for a > 1 +e¢
(with X\ # 0) the result is again true since Q|{oy = 0 and {0}+ = V. This proves
(a).



16 G. LUSZTIG

2.6. Let N € Mg—{0}. Let \, L, V', N, @', ¢’ be as in 2.2, 2.3. Let p: L+ — V'
be the obvious map. Define L’ in terms of V' in the same way as L is defined
in terms of V. If ¢ > 1 we set ' = /\]e\,ﬂ. If ¢ > 2 we define L', V" ,N",Q", e"
in terms of V', N, Q" in the same way as L, V', N, @Q’, ¢’ were defined in terms of
V,N,Q. If ¢ > 2 and e’ > 1 we set \ = /\Je\f,”.

Let V = Wa®Y be asin 1.9(c). For a subspace Z of Y let Z" = {y € Y; (y, Z) =
0}.

In the case where A = 0,/ = e —1 > 2, ) # 0 we can view L’ as a line
in Y as follows. We have N°"'V Cc W, Y C kerN*! hence V! = W' @Y
where W' = (ker N1 N W)/N¢"1V. Since W' C ker N'"2 C ker \' we have
(ker V)Y c W'Y =Y. Hence L' C Y and L' = W' @ L'".

In this subsection we describe explicitly VZ¢ for certain a.

(i) If A # 0 then VZ¢ = L.

We have e/ < e. If e/ < e then V'2¢ = 0. If ¢/ = e then (using 2.4(ii),(iii)) we have
€N =0 hence X' =0 and V'Z¢ = 0. Hence VZ¢ = p~(0) = L.

(i) If A #0,¢’ < e then V=61 = L.

Ife/! <e—1then V'Z¢ ! =0. Ife’ =e—1and N = 0then V'Z¢"1 =0. Ife/’ =e—1
and )\ # 0 then ¢/, e are even, contradiction. Hence VZ¢~1 = p~1(0) = L.

(iii) If A =0 and either ¢’ <e—2 ore’ =e—1,N =0 then V=¢"1 = N7V,
If € <e—2wehave V'Z¢71 =0. If e’ = e — 1, ) = 0 we have again V'2¢~1 = (.
Hence V¢! = p=1(0) = L = N*71V,

(iv) If N\ #0,¢' = e then V=¢"1 = Ne71LL + [ C ker N.

Using 2.4(ii),(iii) we have A’ = 0. Hence e’ < ¢€'. If either ¢’/ < ¢ — 2 or
e’ = ¢ —1,) = 0 then from (iii) applied to V' we get V/2¢~! = N’¢~1V’ and
the result follows. If ¢ = ¢’ — 1,\” # 0 then €”, e are even, contradiction. We
have NVZ¢~1 = ( since N® =0 and NL = 0.

(V) If A\ =0 and eithere’ <e—3 ore' =e—2>1,N =0 ore=2,¢’ =0 then
VZe—Q — Ne—lv‘

Ife! <e—3then V2672 =0. If e’ =e—2>1,\ =0 then V/2¢72 = 0. If
e=2¢ =0then V' =0and V'2¢"2 = 0. Hence V22 = p~1(0) = L = N°~'V.

(vi) IfFA =0,/ =e—1,N #0 then V¢ = {x € V; N1z = 0, (v, N°"2z) =
0} Ng '(0),

vzel = Ne“'V @ L' C ker N.

By (i) for V/ we have V/2¢~! = [/ = {x € V'; (x, N~ 2z) = 0} N ¢’~1(0). Hence

VZel = ker N !N {x € ker N°71; (x, N*~22) = 0} N ¢ 1(0).

In the last equality of (vi) we regard N¢~'V as a subspace of W and L' as a
subspace of Y (as earlier in this subsection).

(vii) If A = 0,/ = e—2>1,N # 0 we have V2¢72 = {x € V;N° !z =
0, (z, N°73z) = 0} C ker N.

By (i) for V'’ we have V'2¢~2 = {/ € V/; (a/, N"¢=32/)0}L" N Q'~1(0). Hence

VZe=2 =ker N~ N {x € ker N~} (z, N°32) = 0} N Q1(0).

We have NV C {z € ker N°71; (x, N°73z) = 0} since A = 0. Taking L we obtain
{z € ker N7 (z, N~ 32) = 0} C ker N. Since ker N C ker N*~! we see that
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VZ¢=2 is as required.

(viii) IfFA =0, =e—1,N #0,¢" < e —1, we have V262 = {z € V; N1z =
0, (z, N°22) =0} NQ~(0) C ker N.
By (ii) for V’ we have V'2¢72 = {&/ € V'; (z/, N’*"22")0}+ N Q'~1(0). Hence

VZze=2 =ker N~ N {x € ker N~} (z, N°22) = 0} N Q~1(0).
We have NV C {z € ker N°°!;(z, N°~2z) = 0}. Taking L we obtain {z €
ker N¢~1: (z, N°=2z) = 0}+ C ker N. Since ker N C ker N*~! we see that V/=2¢~2
is as required.

(ix) If A\ =0,¢ =e—1,N =0 and either ¢ =1 ore > 3, <€ —2 or
e>3,¢ =e =1, =0 then V=¢"2 = N 2(ker N°!) + N1V C ker N.
By (iii) for V/ we have V'Z¢=2 = N’¢=2V’. Hence V2¢"? is as required.

(xX)IfA=0,e =e—1,\ #£0,e" =€, thenV=¢"2 = N IVQ(N 2L +L') C
ker NV.
Here we regard N°~!V as a subspace of W and L’ as a subspace of Y (as earlier
in this subsection). Then N°¢ 2L + L’ is a subspace of Y. By (iv) for V’
we have V/2¢72 = N/¢=2[/L" L [/ Since N'*2IW' = 0 we have V'Z¢72 =
Ne=2[/F 4 [/ € Y and VZ¢=2 = N~V @ (N°~2L'" + L'). By (iv) for V' we
have N(N¢ 2L + L') = 0. Hence NV=¢72 = (.

(xi) If A = 0,/ =e—1,e >3, N =0, =¢€ —1,\ # 0 then V2672 =
N Wa({beY;N“2b=0,(b, N°3b) = 0} N¢ 1 (0)) C ker N.
By (vi) for V/ we have V'2¢=2 = U'L' 0 Q'~1(0) where U’ = {x € V/; N'*" 2 =
0,(z, N3z’ = 0}. We write V' = W’/ @Y as in the proof of (x). We write
the condition that x = a + b with @ € W/,b € Y is in U’ in terms of a,b.
Note that N'¢72a = 0 and {(a, N’ 3a) = 0. (The last equality follows from
a€ W, N la=0 = (a, N°3a) = 0. Indeed we have @ = Nc with c € W
and (a, N°73a) = (N¢, N 3Nc¢) = (¢, N°~l¢) = 0 since A = 0.) We see that
U=W o{beY;N2p=0,(b, N°3b) = 0} and

ViZzem2 = {p e Y; N 2b =0, (b, N°73b) = 0}F N Q'~1(0),

Vze2 = N“W g ({beY; N“2b =0, (b, N°~3b) = 0}F N Q~1(0)).
By (vi) for V' we have N({b € Y; N¢2b = 0, (b, N¢~3b) = 0} nQ~1(0)) = 0.
Hence NV=¢72 = (.

2.7. Let N € Mg, e =en. Let V=% be as in 2.5. We show:

(a) NVZ¢ C V292 for any a € Z.

When N = 0 the result is obvious. Now assume that N # 0. Then e > 2. Let
A\ L,V N Q' be as in 2.2, 2.3. We may assume that (a) holds when V| N are
replaced by V', N’. We may assume that (a) holds when V, N are replaced by
V/,N'.

Assume first that A\ = 0. If @ > e then V=% = 0 and (a) is obvious. If
a€{e—2,e—1} then NV=% =0 by 2.6 and (a) holds. Assume now that a = —e
or that a = 1 — e,e > 3. To prove (a) in this case it is enough to show that
NV C V29+2 that is (using 2.5(a)) NV C (V="179)L or that NT(V="179) € R.
This follows from N(V=717%) = 0 which has been noted earlier. If a = —1,e = 2
we have NV = VZ29%2 and (a) holds. If a < —1 — e then V22 = V and (a)
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is obvious. If 2 — e < a < e — 3 then V=2 = p~}(V/22) V=2at2 = p=1(y/=2a+2)
(notation of 2.5). Since N'V’/2% C V'29%2 we see that (a) holds.

Assume next that A # 0. If @ > e + 1 then V2% = 0 and (a) is obvious.
If @ € {e — 1,e} then NV=% = 0 by 2.6 and (a) holds. Assume now that a €
{—e, —1—e}. To prove (a) in this case it is enough to show that NV C V29*2 that
is (using 2.5(a)) NV C (V="1=9)L or that NT(V="179) € R. This follows from
N(VZ7179) = 0 which has been noted earlier. If @ < —2 —e then V=2%+2 =V and
(a) is obvious. If 1 —e < a < e—2 then V2% = p~}(V'29), V2at+2 = p=1(y/2a+2)
(notation of 2.5). Since N'V’'2% C V'29%2 we see that (a) holds. This proves (a).

For any a € Z we set V¢ = V=9/V=9"1" From (a) we see that N induces a
linear map N : V& — Vot2,

2.8. In the setup of 2.6 taking L in 2.6(i),(iii),(vi) we obtain

If X\ #0 then V21=¢ = L+,

If A\ =0 and eithere’ <e—2ore =e—1,N =0 then V227¢ =ker N°~ 1,

IfA=0, =e—1,N #0 then V=2¢ = (ker N ' nW) & L'".

2.9. For any a > 0 we set K, = ker N% : V=% — V. For any a € ZZ, we define a
quadratic form Qq : V=% — k by Qu(z) = Qo(N%2x). (Note that N*/2z € V0.)
If & is a representative of z in V=~ we have

Qu(z) = Q(NY?%) = (N*/?7 14 N*/2¢) = (&, N* Y& + cN% +...)
where ¢ € k. If f > 0 we have (x, N*"/z) = 0 since (V=72 V=a+2/) = .
Moreover,

(x, Nox) = (N¥2p 4 ¢ N/ ?H g 4 NY2g)
= (N g 4 NY%g) = (x, N“Tig) =0
where ¢’ € k. Hence
Qu(z) = (2, N 1).
Let {,), be the symplectic form on V=% associated to Q.. Thus

<.’L‘, x/>a _ <Na/2x’ Na/2$/>0
for x,2’ € V2. If ,4’ are representatives of z, 2’ in V=% we have
(x,2")q = (NV25, N¥/23"y = (&, N%' + ¢NOTY + .. ) = (&, N%') = (z, N%2').

(We use that (V=79 V292) = (.) Let R, be the radical of (,),. If 2’ € R, then
(x,Nez') =0 for all z € V=2 hence N%' = 0. Thus R, = K,. We show:

(a) If a € Z' we have K, = 0. If a € Z2,0 then Q. is nondegenerate; hence
dim K, € {0,1}. -
If N =0 we have V27¢ = V>1—a = V hence V=% =0 so that K, = 0 as required.
Now assume that N # 0 so that e > 2. Let A\,L, V', N’,Q’ be as in 2.2, 2.3.
Let V'% N’ Q' be the analogues of V¢ N¢, Q, for V', N’ instead of V, N. We



UNIPOTENT ELEMENTS IN SMALL CHARACTERISTIC, II 19

may assume that the analogue of (a) holds when V| N is replaced by V', N'. If
A #0,a>eorif A\ =0,a> e we have V™% = 0 hence K, = 0 as required. If
A#0,a=ewehave V¢ =V/Lt V¢ =L,bN® =0 hence K, = V/L*. We must
show that ), is not identically zero. It is enough to show that & +— <:Jc N 1) is
not identically zero on V; this holds since A # 0. If A = 0,a = e—1,¢)"; = 0 then
Vize = V/ker N7t Ve=l = N7V and N® : V=% — V¢ is an isomorphism;
hence K, = 0, as required. If A\ = 0,a = e — 1,e)’; = 1 then with notation of
2.6(vi), 2.8 we have V1=¢ = W/(ker N~ }|W) @ Y/L'", Ve=l = N~V & L/; now
Ne~1 restricts to an isomorphism W/(ker N¢~1|[W) — N¢~1V and to the zero
map Y/L'"" — L’ (since N°~'Y = 0). Hence K, = Y/L'". We must show that
Q. is not identically 0 on Y/L'" or that x — (z, N°“2z) is not identically 0 on Y.
But this follows from €', =1. If A #0,a € [l,e—1] orif A\=0, a € [1,e—2], we
have V=% = V/7% Ve = V'2 We can identify N'® = N® and (if a € Z") Q, with
Q',. Hence the result follows from the induction hypothesis. If a = 0 the result is
obvious. This completes the proof.

We show:

(b) Assume thata € Z%,. We set ¢, = |{b € Z";c €7 b>a}|, &, = dim K,.

We have Y € 2! = ¢, =1;c €2, ¢, €2 = ¢, =1;cN €2, ¢, €
7' = fa =elV.
If N = 0 the result is obvious. Now assume that N # 0 so that e > 2. Let
NVIUN' Q" be as in 2.2, 2.3. Let £, ¢! be the analogues of &,, ¢, for V' N’
instead of V, N. We may assume that the analogue of (b) holds when V| N is
replaced by V/,N’. If A # 0,a > e or if A = 0,a > e we have (by the proof of
(a)) &, = 0, as required. If A # 0,a = e we have (by the proof of ( ) & =1
as required. If A = 0,a = e — 1 then (by the proof of (a)) &, = €] = € | as
required. In the remainder of the proof we assume that either \ # 0 aclle—1]
or A =0, a € [l,e—2]. Then (by the proof of (a)), £, = £,,. Using the induction
hypothesis we see that if ¢ € Z", ¢! € Z" then &, = €,V ; otherwise, &, = 1.

Assume first that A # 0. Then e € Z"” hence a < e — 2.

Ifa=e—2¢Y,eZ and ¢ € Z' then ¢, € 27, ¢V € Z” and €Y', =1 s0
that 56_2 =1.

Ifa=e—2,¢Y,eZ and Y € Z” then ¢, € Z/, ¢N' € Z" so that &e_o = 1.

Ifa=e—2¢Y,eZ"and Y € Z/ then V', € Z’, ¢ € Z” and ', =1 s0
that £&._o = 1. Also, ¢e_o = 1.

Ifa=e—2cN,cZ" andcy € Z" then N, € 2", N € 2", 2,5 =N, =
eN .

If a < e — 4 we have cN =cN If these are odd then &, = 1. If these are even
then ¢, = ¢/, mod 2 (1fc € Z', co o € Z' then ¢, = ¢/, +2; otherwise, ¢, = @).

Assume next that A = 0.

If a = e—2then ¢ € Z” and ¢ = ¢ mod 2. If ¢, ¢ are odd we have
€o=1. If ' ¢V are even we have Sa—eN/ eN.

If a < e — 3 we have cév = c . If these are both odd then &, = 1; if these are
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both even then ¢, = ¢,.

We see that (b) holds.

We show:

(c) If a € ZZL | then the bilinear pairing V= x V=% — k, z,y — (x, N%) is
symplectic; it is nondegenerate by (a). Hence V=% € C".
If N =0 we have V=% =0 if a # 0 and (c) is obvious. Assume that N # 0. Then
e > 2. Let \,V/, N’ be as in 2.2, 2.3. We may assume that (c) holds when V, N
are replaced by V', N’. If A # 0,a > e or if A = 0,a > e we have V=% =0 and (c)
is obvious. The case A # 0,a = e cannot occur since ¢ € Z". If A =0,a = e —1
then e — 1 € Z’ and €| = 0; we have V1¢ = V/ker N°~! and (z, N®~!z) = 0
for all z. Hence (c) holds. If A # 0,a € [1,e—1] or if A =0,a € [1,e — 2|, we have
V~% = V'~ Hence the result follows the induction hypothesis. The case a = 0
does not arise. This completes the proof.

2.10. Let X* = (X=2%),cz be a Q-filtration of V (see 1.4). Let N € Mg, e = ey.
We say that X™* is N-adapted if conditions (i)-(iii) below hold.

(i) NXZ¢ C X=292 for any a;
For any a > 0 let K, be the kernel of the map v* : gr=*X* — gr*X* induced by
N®. We state conditions (ii),(iii).

(ii) for any a € ZZ% | we have K, = 0;

(iii) for any a € Z%, we have K, = 0 or dim K, = 1; in the latter case the map
Ko — k, x+— (i, N%~1%) is a bijection.
(For = € gr*X* we denote by & a representative of x in X=%.) Note that (V=%),cz
is N-adapted where V2% = VJ\?C‘. We show:

(a) If (X2%) 4z is an N-adapted filtration of V then X=% = V=% for any a.
If V = 0 the result is obvious. Now assume that V' # 0. If N =0 and a > 1
then v : gr 2X* — gr?X* is 0 and K, = 0. Hence X=2¢ = X2t and X222 =
X=7a%1 g0 that we have X! = X2 =... =0 and Xs9g=X>_1=---=V as
required. We now assume that N # 0 hence e > 2. Let A\, L, V', N',Q’, p, €' be as
in 2.2,2.3. If ¢ > 11let X beasin2.6. If ¢ >21let Y,L',L'" be as in 2.6. We
may assume that (a) holds when V, N are replaced by V', N'.

Ifa>e+1orifa=e =0, then v*: gr *X* — gr*X* is 0 and X, = 0.
Hence X2 = X291 and X2-% = X279 50 that if A = 0 we have

Xze=Xx=tl=...=0and X51 c=X>_ = =V;
if A # 0 we have
Xzetl=xz2et2 = ... =0and X>_=X>_1_,=---=V.

Hence X2¢ =VZ2%ifqa>e+1lorifa=e A=0orifa < —eorifa=1—e, A =0.
Assume that A\ # 0. Then K, is the kernel of 0 = v : V/XZ17¢ — X2€ that
is o, = V/X=17¢. Also K, — k, = + (&, N°"'i) is not identically zero hence
dimV/X=17¢ = 1. Since for x € gr'=°X* we have @, N°"1i) = 0 we see that
XZl=e C ker A\ = L*. Since dim XZ!7¢ = dim L we see that X=17¢ = L. We
have X=¢ = (X=17¢)L N Q~1(0) = L as required.
Next we assume that A = 0. Then K,_1, the kernel of v¢ : V/X227¢ — X=Z¢~1,
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is

{reV/X?> ¢ Nl e X2¢ =0} = {x € V/X?* ¢, N 'q = 0}
= ker N1/ Xx=227¢,

If ¥, = 0 then &, N°“2i) = 0 for = in this kernel that is for z € K._;.
Hence in this case we have K._; = 0. Thus N¢ ! induces an isomorphism
V/X227¢ — X2¢71 g0 that X2¢7! = N1V, X227¢ = ker N°7!, as required.
We have X=27¢ = (X2¢71)L = (V2¢71)L = V=22-¢ a5 required.

Now assume that A = 0,¢) ; = 1. In this case we have an isomorphism
ker N¢~1/X2¢ — k induced by AY ; that is we have

X=27¢ = {g e ker N1\ 2 = 0}.

This is the same as (ker N'NW) @ L'" = V=27¢ see 2.8. Taking | in X=27¢ =
VZ2-¢ and intersecting with Q~!(0) we obtain X=¢~1 = V/Ze~1,

If \=0,a € [2—e,e— 1] we have N°"1V C X2 C ker N°~! and we denote
by X’'2% the image of X2 under p : ker N°°! — V' = ker N°~1/N¢~1V. For
a<1—eweset X'Z% =V’ and for a > e we set X'2% = 0. Now (X'2%),cz is
an N’-adapted filtration of V’. (We must only show the analogue of (ii),(iii) for
N’ with a = e — 1. We have X'217¢/X'227¢ = ker N°~1/X=27¢; this is Y/L'" if
¢ =e—1,) # 0 and 0 otherwise. We have X'Z¢~1/X'2¢ = X2~ /Ne~1V/ This
is L' if ¢ = e—1,\ # 0 and 0 otherwise. Hence (ii),(iii) are obvious in this case.)
By the induction hypothesis we have X'Z% = V' ]%a for all a. Taking inverse image
under p we see that for a € [2 — e, e — 1] we have X 2% = V=9,

If A\ # 0,a € [1 —e,e] we have L C X2 C L+ and we denote by X’Z% the
image of X2% under p: L+ — V' = Lt/L. For a < —e we set X'Z% = V'’ and
for a > e+ 1 we set X’'=% = 0. Now (X'2%),ez is an N’-adapted filtration of V'.
(We have X'=7¢/X'=17¢ = (, X'2¢/X'2¢t1 = (0.) By the induction hypothesis
we have X'Z¢ = V' ]ZV“ for all a. Taking inverse image under p we see that for
a € [1 — e, €] we have X2¢ = V=%, This completes the proof of (a).

2.11. Assumethat V € C". If g € Og and S € Jq, we set 6, = dim(S/(SNg(S)))
mod 2. It is known that ¢, is independent of the choice of S and that 6, = 0 if
and only if g € SOq.

Let N € MQ. We show that

(a) 014y = dimker N mod 2.
If N = 0 this is clear. Assume now that N # 0. Let e = ey, L = Ly. We have
e > 2. Let \,L be as in 2.2. We may assume that V € C”. Assume first that
e > 3. As in the proof of 2.2(e) we have Q| = 0. We set V' = L+/L. The
nondegenerate quadratic form Q' : V' — k can be defined as in 2.3. The nilpotent
endomorphism N’ : V' — V” induced by N belongs to Mq. As in the proof of
2.3(a) we see that dimker N’ = dimker N mod 2. We have §;4n = d14n7. Since
the result may be assumed to hold for N’ we see that (a) holds. We now assume
that e = 2 that is N2 = 0, N # 0.
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Assume that A # 0. We can find € V such that (x, Nx) # 0. Then z, Nx
span a two-dimensional N-stable subspace P of V' on which (,) is non-degenerate.
Let V/ = P+ and let Q" = Qlys. Then V = P @ V', Q' is non-degenerate and N
restricts to a nilpotent map N’ : V' — V’. Note that dimker N = dimker N’ + 1
and 14 n = d1on + 1 mod 2. Since the result may be assumed to hold for N’
we see that (a) holds.

Assume that A = 0. We write V = W &Y as in 1.9(c). Then W)Y are N-
stable nondegenerate even dimensional subspaces of V' with (W,Y’) = 0; moreover
NY = 0. Hence dimker N = dimker(N|w) +dimY, d14n = d14ny,- Y #0
we may assume that the result holds for Ny ; we see that (a) holds. Thus we
may assume that ¥ = 0. We have V = E & NE with FE as in 1.9(a). Note
that dim NE = D/2, see 1.9(b). Since A = 0 we have Q|yg = 0. Clearly NE
is 1 + N stable. We see that d;4n = 0. The nondegenerate symmetric bilinear
form on E described in 1.9(a) is symplectic since A = 0. Hence dim E € Z” and
dim NE € Z". We see that dimker N € Z”. Thus (a) holds.

From (a) we deduce that for N € Mg we have N € M if and only if 1+ N €
SOq.
2.12. We prove Theorem 1.7 (with p = 2) in the form 1.7(a). Let T' € SOq be
unipotent. Then N =T —1 € Og and by 2.11, we have N =T —1 € Mg. In 2.5
we have attached to N a Q-filtration X* = (VZ*) of V. In 2.7, 2.9 we have shown

that N € EZ2X*. In 2.10 we have shown that the last property determines X*
uniquely. Thus 1.7(a) is established.

3. THE CASE p # 2

3.1. In this section we assume that p # 2. In this case we have R = 0.

Let N € Mg — {0},e = ey. We have e > 2. Let L = Ly = N°°'V, a
subspace of V. By 1.1(b) we have L+ = ker N°~!. Since 2e — 2 > e we have
N1V C ker N*~! hence:

(a) L C L*.
Clearly,

(b) NL=0,NV C L*.
We show:

(c) QL =0.

Let v € V. We have ¢(N¢ tv) = (N7 2y, N¢710) = (v, N2¢730). If e > 3 this is
0 since 2¢ —3 > e. If e = 2 this is 0 since (v, Nv) = —(Nwv,v) so that 2(v, Nv) =0
and (v, Nv) = 0.

3.2. Let N € Mg —{0},e =en,L = Ly. We have e > 2. Weset V' = L*/L,
see 3.1(a). From 3.1(b) we see that N induces a (nilpotent) endomorphism of
V', denoted by N'. Let ¢ = en/. We have ¢ < e — 1. Define a quadratic form
Q' : V' — kby Q'(2') = Q(x) where z is a representative of 2’ € V' in L*. (To see
that @’ is well defined we use 3.1(c).) The symmetric bilinear form associated to
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Q' is (x',y') = (z,y) where 2/, y’ € V' and x,y are representatives of /.5 in L*.
Its radical is {z € LY {x,L*) = 0}/L = 0. It follows that @’ is nondegenerate.
We have N’ € M.

3.3. Let N € MQ, e = en. We associate to IV a collection of subspaces
(VZaez = (Vi “acz

of V using induction on D. If N = 0 we set V=% =V for a < 0, V=% = 0 for
a > 1. Thus V2% are defined when D < 1. We may assume that D > 2, N # 0 and
that V22 are already defined when V is replaced by a vector space of dimension
< D. We have e > 2. Let L, V', N'.Q’ be as in 3.1, 3.2. Let p: L+ — V' be the
obvious map. Since L # 0, we have dimV’ < D. By the induction hypothesis,
V'2e = V1,29 ig defined for any a € Z. We set

V24 =Vifora<l—e V2= p Y (V2% fora € [2—e,e—1];VZ% =0 for a > e.

This completes the definition of the subspaces V' =¢.

From the definition it is clear that (V=%) is a filtration of V. We show:

(a) If a > 1 we have Q|y>a =0 and VZ17¢ = (V29)+,
We use induction on D. For N = 0 the result is obvious. Thus the result holds
when D < 1. Now assume that D > 2, N # 0. Let L,V’,Q’, N’ be as above. By
the induction hypothesis we have QI|V’§7 =0and V517" = (V'O with ~

relative to V’. It follows that Q|y >« = 0 and V=179 = (V2%)L for a € [1,e — 1].
For a > e the result is again true since Q|01 = 0 and {0} = V. This proves (a).

We see that V* = (V29) is a Q-filtration of V. Clearly, V= is the same as
the subspace VY defined in terms of the nilpotent endomorphism N : V — V
(without reference to Q) in [L2, 2.3, 2.4]. It follows that NV = C V=92 for any
a € Z. For any a € Z we set V* = V=9/V =911 We see that N induces a linear
map N : V¢ — Va2, From [L2, 2.3] we see that for any a > 0, N®: V=% — VV/~¢@
is an isomorphism. It follows that N € EZ%v~. Conversely if X* is a Q-filtration
of V such that N ¢ E*ZQX* we see that for any a > 0 the kernel I, of the map
gr 2 X* — gr®X* induced by N¢ is the radical of the symmetric bilinear form
attached to a nondegenerate quadratic form on gr=®X*; since p # 2 it follows that
Ko = 0. Hence the map gr = *X* — gr®X* induced by N is an isomorphism.
Using [L2, 2.4] it follows that X* = V*. Thus 1.7(a) holds.

4. ON UNIPOTENT CONJUGACY CLASSES IN SOq (p = 2)

4.1. In this section we assume that k is algebraically closed. Moreover in this and
the next subsection we assume that p = 2. Assume that D > 2. Let ¢ € FP. (See
1.6.) Thus ¢ = (f,) where fo > 0. Let

Xy ={ieZ.;i= f, for some a € Z,}.
this is a finite set. Let &, be the set of all subsets of X4 x X, which are equivalence
relations on X4. To any X* € Y, (see 1.6) and any N € EZgr*X* we associate
an element S € &, as follows. For any i € X4 let Z; be the subspace of gr'X*
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given by the image of the imbedding gr-%/2X* — gr'X* induced by N%/2 for
some/any a € ZZ, such that i = f,; the natural symplectic form (,) on gr'X*
restricts to a symplectic form on Z; with 1-dimensional radical denoted by L;. By
definition, S = {(i,5) € X4 X Xp; L; = L;}. For X* € Y, and S € &4 let E2gr* X}
be the set of all N € E2?gr*X* such that (X*, N) give rise to S as above. Let
E22X% =& 1 (E%gr* X}%) where ® is as in 1.5. We thus obtain a partition
EZ*X* = Usee, B2 X5
into finitely many locally closed subvarieties. For S € & let
Eg = {g € SOg; g unipotent g — 1 € E*ZQXg}.
Hence Z4 (see 1.7) is partitioned as =, = |_|Seg¢E£. Note that each Eg is stable
under conjugation by SOg. One can show that the sets =% with ¢, S as above

(together with the sets =4 with ¢ € FP — FP in the case where D € Z") are
exactly the unipotent conjugacy classes in SOg. A quite different classification of
unipotent conjugacy classes in SO is given in [W].

4.2. Let Ng be the set of nilpotent elements V € End(V') such that (z, Vy) +
(Va,y) =0 for all z,y in V and (z,Vz) =0 for all z € V. We can view Ny as
the set of nilpotent elements in the Lie algebra of SOg. Note that SOq acts by
conjugation on Ng.

Let u be a unipotent element in SOg. We associate to u a SOg-conjugacy class
in Ng as follows. Let N =u—1¢€ Mg. Let X* = V3. Then N € EZ2X* and
N € E%grX* is defined as in 1.5. Let Q be the quadratic form on grX* defined in
1.5. We have N € Ng- Note that if D € Z” then the set of connected components
of Jg and that of J5 may be naturally identified. We can find an isomorphism

of vector spaces grX* —— V which carries Q to @ and (when D € Z”) induces
the identity map from the set of connected components of Jg to that of Jg. This
isomorphism carries N to an element V € N whose SOg-orbit is independent of
the choice of isomorphism. Note that 1 + N +— V defines a map

{S0¢ — conjugacy classes of unipotent elements in SOq}
— {SO¢ — conjugacy classes of nilpotent elements in Lie SOg}.

One can show that this map is injective; it is not in general surjective.

4.3. The map 4.2(a) makes sense also in the more general framework of [L2].
Assume that p > 1. Let G be as in [12, 0.1]. We assume that property P; in
[L2, 1.1] holds for G. Let u be a unipotent element in G. By 9, we can find a
unique sequence A= (G§ D G{ D G§ D ...) in Dg such that v € X* (notation
of [L2, 1.1]). In particular we have u € G5. Let g = Lie G, g5 = Lie G4. Let u
be the image of u in G§/G%. Since G4 /G4 is a connected commutative unipotent
group in which the p-th power of any element is 1 we see that it is canonically
isomorphic to its Lie algebra g5 /g5. Hence @ can be identified with an element of
g5 /95. By definition there exists a homomorphism of algebraic groups h : k* — G
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such that if we denote by g™ the n-eigenspace of the action z — Ad(h(z)) of k*
on g (n € Z) we have g2 = g" ® g"™ @ ... for any n > 0; moreover h is unique
up to G§-conjugacy. Using the decomposition g4 = g ® g5 we can identify g4 /g%
with g2 and we can view @ as an element of g2 hence as a nilpotent element of g.
This element is well defined up to G§-conjugacy. This defines a map

{unipotent G-conjugacy classes in G} — {nilpotent G-conjugacy classes in g}.
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