CHAPTER 32

Commutativity Isomorphism

32.1. THE ISOMORPHISM ¢R s m-
32.1.1. In this chapter we assume that the Cartan datum is of finite type.

Proposition 32.1.2. Let M € gC.

(a) M is integrable if and only if it is a sum of subobjects which are
finitely generated as R-modules.

(b) If M is integrable, then for any m € M there exists a number N > 0
such that zvm =0 for all x € pf, with trv > N.

Assume first that M is integrable. By 31.2.7, M is a sum of subobjects
which are quotients of objects of the form A\ ®g (rRAx) with A\, N € XT;
- these objects are finitely generated (free) R-modules. It remains to show
that an object M € gC which is finitely generated as an R-module, is
integrable and satisfies (b). This follows from the fact that there are only
finitely many A € X such that M* # 0, together with the fact that the
root datum is X-regular. If z € gf, and m € M?, then ztm € M**¥ and
= e M V.

32.1.3. Let f: X x X — Q be a function such that

fC+v, ¢ +v) = f(¢.¢)
(a) = =D mli )i /2) = DM QO i/2) — v

for all (,¢{’ € X and all v, € Z[I].

Such f exists: for example, we can choose a set of representatives H for
the cosets X/Z[I] and an arbitrary function ¢ : H x H — Q, and set for
any h,h’ € H and v,V € Z[I]:

Fh+v, B +v) = c(h, 1) = wili, ) (i-1/2) = > vili, h)(i-i/2) —v -V
i i
This function satisfies (a) and conversely, any function satisfying (a), is of

this form for a unique function c for fixed H. A function f satisfying (a)
clearly satisfies the following identities:
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(b) £(C,¢'+7) = £(G,¢) = (6, Qi+ /2,
FC+4,¢) = f(¢, ) =—(,{")i-i/2,
FC—7,¢") = f(¢.¢) = (5,¢")i- /2,
F(G¢ =) = f(¢,¢) = (5,Q)i-i/2,

forall {,{’ € X and i € I.

32.1.4. We fix an integer d > 1 and a function f : X x X — Q as in
32.1.3, such that the values of f are contained in %Z. Such f exists even
with integer values: it suffices to take the function ¢ in 32.1.3 with integer
values. Assume that we are given an element v € R such that v¢ = v. For
any rational number ¢ € 5Z, we will write v7 instead of v¥9. This is the
usual power of v, when ¢ is an integer.

Given two objects M, M’ in gC’, we define an (invertible) linear operator
I : MOM' — MM’ by II;(m@m') = vIA )mem’ form € M*,m’ €
MY Lets: M'®M — M®M’ be the isomorphism of R-modules given by
s(m’®m) = m®m’. We define the R-linear map © : MQpM’' - Mg M’
by

B(mem') = Z Z d(ppp )b m @bt m’
v beEB,
where © = )° Zb,b'eBu Poprb” ® YT is as in 4.1.2, 24.1.6 (with p,p € A)
and ¢ : A — R is as in 31.1.1. By 32.1.2 applied to M’, only finitely many
terms in the sum are non-zero for any given m,m’.
" Similatly, the R-linear map 8 : M ® g M/ — M @ M’ given by

O(mem') = Z Z @) mebTm

v bbeEB,

for any m € M,m’ € M’, is well-defined. From 4.1.3, we see that ©,0 :
M ®r M' — M ®g M’ are inverse to each other.

Theorem 32.1.5. Let {Rym = Ollys : M@ M — M @ M’'. Then
fRM M is an isomorphism in gC.

Let (f’,d’) be another pair like (f, d), but with d’ = 1; thus f’ has values
in Z. Assume that the theorem holds for f replaced by f’; we show that
it holds for f. Since f(A,X') — f/(\, X’) is constant when A, X’ run through
fixed cosets of Z[I] in X, the operator SH;,IHIS MM — M'®M is an
isomorphism in rC. Since fRy mr = g R, M/SH;,IH s, our claim follows.
Thus, in the rest of the proof we shall assume that d = 1 so that f takes
values in Z; we then have v = v.
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From the remark preceding the theorem, we see that ;Ras a is an iso-
morphism of R-modules; its inverse is s‘ll'I;lé MM — M'®@M. We
must show that uBIl;(m®m') = 6Il;u(m’®m) for all homogeneous m, m’
and all u € gU. Using the characterization 31.2.7 of integrable objects, we
are reduced to the case where both M, M’ are of the form $4A* ®g (rAx);
since such objects are obtained by change of rings from the analogous ob-
jects over A, we may assume that R = A. This can obviously be reduced
to the case where R = Q(v). We may assume therefore that R = Q(v). It
suffices to show that

A(u)Bll;(m ® m') = 8(Il; A(u)(m @ m'))

for all wu € U, m € M,m’ € M’'. (Here *A(u) is as in 3.3.4.) Let o :
U® U — U® U be the algebra automorphism given on the generators by

o(E;®1)=E;®K_;,
a(F;®1)=F® K,
c(1® E;) = K_; ® E;,
a(1® F;) = K;® F;,
a(K,®Ky)=K, QK.

We have the identity A(u) = a(*A(u)) for all u € U. Indeed, both sides
can be regarded as algebra homomorphisms U — U ® U; hence it suffices
to check that they agree on the generators E;, F;, K, which is immediate.
Therefore, the identity in 24.1.2(a) can be rewritten as follows:
Auw)o(m @ m') = 8(a(*A(u))(m @m')).

We will show that
(a) a*A@w) =TIAAI MM — Mo M,
for all u € U. Therefore we obtain

A(u)B(m®m') = O AL (m ® m')),

for all m,m’. This implies

A(u)8ll(m ® m') = O(I;*A(u)(m @ m')),
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for all m, m’, as required.

It remains to show (a). Clearly, if (a) holds for u, v’ then it holds for
uu', and for linear combinations of u,u’. Hence it suffices to verify (a) in
the case where u is one of the generators E;, F;, K,,. The verification for
K, is trivial. We apply both sides of (a) (with u = E;, resp. F;) to m® m/
where m € M¢, m’ € M’S’. The left hand side is

Em@m'+ K_;m® E;m’
(resp. m ® F;m' + Fym ® K;m'). The right hand side is
v—f(C,C')(Uf(CvC"f‘i')m ® Eim, + vf(c+i,1<’)Eim ® Rim’)

(resp. v/ (/) B @ m! 4+ vf €'~V K _;m @ Fym')). It remains
to use the identities 32.1.3(b) for f. The theorem is proved.

In the following corollary, we do not assume the existence of roots of v.

Cerollary 32.1.6. If M, M’ are in rC', then M ® M’ and M’ ® M are
isomorphic objects of rC’.

Indeed, f can be chosen with integer values.
. 32.2. THE HEXAGON PROPERTY

32.2.1. Let M, M’, M" be three objects of rC’. We define a linear isomor-
phism [II' : MM ' QM" - M@ M' ® M" by

fnl(m Qm ® m//) — vf(,\",,\+,\’)—f(,\",,\’)—f(,\",,\)m Qm' ®@m'
for all m € M*,m’ € M ,m" € M>".
We define a linear isomorphism (II” : M" @ M @ M' - M" @ M @ M’
by

fH"(m" Q@M ml) _ vf(A+A’,A”)—f(A,)\")—f(A’,A”)m// Qmem

for all m € M*, m’ € M ,m" € M*".

Proposition 32.2.2. (a) The map

R mem (I MM @M’ - M"@Me M
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coincides with the composition

1M®!RMII,MI
_

Rt ®1,
MM QM MM'@M 1M MTM, Ao Me M.

(b) The map
fRM®M’,M"(fH”)_1 . MII ® M ®MI M ® MI ®MII

coincides with the composition

1M®IRMI’MII
-

R @1
M@ MeM MM EM pr o M @M MeM &M

Let (f’,d’) be another pair like (f,d), but with d’ = 1; thus f’ has values
in Z. Assume that the proposition holds for f replaced by f’; as in the
proof of Theorem 32.1.5, we see that it also holds for f’. Thus, in the rest
of the proof, we shall assume that d = 1 so that f takes values in Z; we
then have v = v.

Using the characterization of integrable objects given in 31.2.7, we are
reduced to the case where each of M, M’, M" is of the form 4A* ® g (rRAN);
since such objects are obtained by change of rings from the analogous ob-
jects over A, we may assume that R = A; this case can be obviously reduced
to the case where R = Q(v). We may assume therefore that R = Q(v).

Letm € M*,m' € M'X ,m” € M"*". Using the definitions and 4.2.2(b),

we have

CRu memr(m@®m/ @ m’) = pf A7 AFY) Z 6,(m" ® (m®m'))

— pf AN Z v N HONGL2E18 (" @ m @ m')

U’,V”

(fRM",M [04) lM')(lM 03] fRM”,M')(m ®m’ ®ml/)
— ,Uf(,\u,,\') Z(fRM”,M ® 1M’)e,2,3('m om'® m/)

v

= 3 /AN NGRELE (m” @ m e m).

VI ,U”

On the other hand, using the definitions and 4.2.2(a), we have

Rt (m” @m@m') =/ O NS 6, (m@m') @ m”)

= W OEN ) D =S 0GBGY: (m g m' @ m”)

Ul,ll”
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and

(1M ® fRM’,M”)(fRM,M" ® le)(m" ®m ®m/)
= ’Uf(’\’,\”)(lM ® fRM',M”) z e,l,z(m ® m” ® m/)

= pf QAN +7) Y eBel(mem @m").

! "
[ZR7%

The proposition follows since f(A” — v, X) — f(A",A) = f(0,X) — f(v", ))
and f(N, M + ") — f(N, X") = F(N, ") — f(X,0) for v € Z[I].

Lemma 32.2.3. Let d > 1 be the order of the torsion subgroup of X/Z[I].
There exists a symmetric Z-bilinear pairing f : X x X — %Z which satisfies
32.1.3(a).

We can find a direct sum decomposition X = X; @ X5 such that Z[I]
is contained in X, as a subgroup of index d. There is a unique symmetric
bilinear pairing f; : X1 xX; — 1Z such that fi(#, ') = —i-j forall,j € I.
For'zy,z) € X; and z,2% € Xy, we set f(z1 + z2, 2] + 25) = f1(z1,7)).
This has the required properties.

Proposition 32.2.4 (Hexagon property). Let M,M’', M" € rC. Let
(f,d) be as in the previous lemma. Assume that we are given an element
'V € R such that ¥? = v. Then the map fRy» mom' : M @ M' @ M" —
M"® M Q® M’ coincides with the composition

1M®IRMII'MI
_

Rpger 1,
M®M/®MII M®M”®M’M’M”®M®MI

and the map
fRMeM M7 T MOMOIM - MM @ M"

coincides with the composition

1M®fR pgr pr
- - 7,

R 0 @1y
MII®M®MIf_y_-£_®—M)M®M/I®MI M®M,®M”.

This follows from Proposition 32.2.2, since in our case, ¢II’, ({II" are the
identity maps.



