CHAPTER 29

A Refinement of the Peter-Weyl Theorem

29.1. THE SuBseTs B[\] oF B

29.1.1. In this chapter we assume that (/,-) is of finite type.

Let 3 be an element in the canonical basis B of U. We associate to 3 an
element \; € X as follows. We have 3 € Ulc for a unique ¢ € X. Choose
A A" € Xt such that A’ — A = ¢ and such that (i, \) is large enough for
all i. Then B(£—x ® 1) is in the canonical basis B of “A) ® Ay, and by
27.2.1, it belongs to B[);] for a unique A\; € Xt. We want to show that
A1 depends only on 3, and not on the choice of A\, \”. It is enough to show
that, if A, X" are replaced by A+ X, N’ + )", then the procedure above leads
again to A;. This follows from 27.3.5. Thus we have a well-defined map
B Xt (8 — A1). We shall write B[/\l] for the fibre of this map at A;.
Thus we have a partition B = U, ¢ x+B[\1]-

29.1.2. For any \; € X, we denote by U[> \] (resp. U[> A;]) the
Q(v)-subspace of U spanned by Ujx,;x,>x, B[A2] (resp. by Ux,;a,>a, B[A2])-

Lemma 29.1.3. The following conditions for an element u € U are equiv-
alent:

(a) u € U[> \y];

(b) for any A, X" € Xt we have u(€_x ® nar) € (“Ax ® Axn)[> Ay);

(c) for any object M € C of finite dimension over Q(v) and any vector
m € M, we have um € M[> \];

(d) if A2 € Xt and u acts on Ay, by a non-zero linear map, then \y >
A1,

The equivalence of (a) and (b) is clear from the definition. The equiv-
alence of (c) and (d) follows by expressing M in (c) as a direct sum of
simple objects. Clearly, if u satisfies (c), then it satisfies (b). Conversely,
assume that u satisfies (b); we show that it satisfies (c). We may assume
that m is in a weight space of M. By 23.3.10, we can find A\, \” € X+ and
a morphism f: “Ax ® Ax» — M (in C) such that f(€é_\ @ nav) = m. We
obviously have f(“Ax ® Ax»)[> M| C M[> A;]. Since (b) holds for u, it
follows that um = uf(§_x ® nar) = f(u(€—r @ Mar)) € M[> A1]. Thus the
equivalence of (b),(c) is established. The lemma is proved.
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Lemma 29.1.4. The following conditions for an element u € U are equiv-
alent:

(a) u € U[> Al
(b) for any A, N’ € Xt we have

w(é-x ®@mav) € (YA ® Axr)[> Al

(c) for any object M € C of finite dimension over Q(v) and any vector
m € M, we have um € M[> \];

(d) if A2 € Xt and u acts on Ay, by a non-zero linear map, then Ay >
A-

This follows from the previous lemma or can be proved in the same way.

Lemma 29.1.5. Let \; € X*. The subspaces U[> ;] and U[> 1] of U
are two-sided ideals. Hence U[> A]/U[> Ay] is naturally a U-bimodule.

This follows from the descriptions 29.1.3(c), 29.1.4(c) of U[> \;] and
U[) )\1]

29.1.6. The U-module structure on Ay, gives us a homomorphism of
algebras U — End(A A, ). This restricts to a homomorphism of algebras
(without 1)

U[> A1) = End(Ay,)

Qhose kei‘nel is, by Lemma 29.1.4, exactly U[> )\;]; hence we have an
induced homomorphism of algebras
(a) U[> \1}/U[> M| — End(Ay,) which is injective.
In particular, we have
(b) dim(U[> A\]/U[> A1]) < oo,
or equivalently,
(c) B[A,] is a finite set for any A, € X+,

29.2. THE FINITE DIMENSIONAL ALGEBRAS U/U|[P]

29.2.1. Let P be a subset of X+ with the following two properties:
(a) if A € P and X' € X7 satisfies A’ > A then X € P;
(b) the complement of P in X is finite.

Note that such P exist in abundance. We denote by U[P] the subspace
of U generated by UxecpB[)\]. From Lemma 29.1.5, we see that U[P] is a
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two-sided ideal of U, and from 29.1.6(c), we see that the algebra U/U[P]
is finite dimensional. Note that this algebra has a unit element (unlike
U). Indeed, since 1, € B for all ¢ € X, we have that 1. € U[P] for
all but finitely many (. Then Zce x 1¢, which is not meaningful in U, is
meaningful in U/U[P] and is the unit element there. Let A € X+ — P.
We show that U[P] acts as zero on the U-module Ay. Indeed, let 3 be an
element of B N P (these elements span P.) We have 8 € B[X] for some
A € P. If the action of 3 on A, were non-zero, then from Lemma 29.1.3,
it would follow that A > X’; using the definition of P, it would follow that
A € P, a contradiction. We have proved that fJ[P] acts as zero on Ay,
hence Ay may be regarded as a U/U[P]-module. This module is simple.
Indeed, even as a U-module it has no proper submodules. It is clear that
for A # X in X+ — P, the U/U[P]-modules Ay, Ay are not isomorphic
(they are not isomorphic as U-modules).
By the standard theory of finite dimensional algebras, it follows that

dim(U/U[P]) > > (dim A,)?
A

(sum over all A € X* — P). On the other hand, by 29.1.6(a), we have

dim(U/U[P]) = ) U[> A|/U[> A] < ) (dim A,)?
A A

(both sums over all A € X+ — P).
Comparing with the previous inequality, we see that

dim(U/U[P]) = > _(dimA,)?
A

and
dimU[> \]/U[> )] = (dim A,)?
for any A € X+ — P. This implies the following result.
Proposition 29.2.2. (a) The algebra (with 1) U/U[P] is semisimple and
a complete set of simple modules for it is given by Ay with A € X+ — P.
(b) For any A € X+, the homomorphism U[> \|/U[> A] — End(A,)
(see 29.1.6(a)) is an isomorphism.

Actually, we get (b) for A € X+ — P; but for any A € X+ we can find P
as above, not containing .
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29.2.3. From the definition, we see that the finite dimensional semisimple
algebra U/U|[P] inherits from U a canonical basis, formed by the non-zero
elements in the image of B.

29.3. THE REFINED PETER-WEYL THEOREM

Lemma 29.3.1. Let A€ X™.

(a) The anti-automorphisms S,8",0 : U — U carry U[> A] onto
U[> —wo(N)].

(b) The automorphism w: U — U carries U[> A] onto U[> —wp(A)].

Let u € U[> ). Assume that A € X+ and m € Ay are such that
S(uym # 0. The map 6y : “Ay ® Ay — Q(v) (see 25.1.4) may be
considered as a non-degenerate pairing; hence there exists m’ € “Ay such
that 6x/(m' ® S(u)m) # 0. Using 28.2.1, we see that 6y (m’ ® S(u)m) =
6y (um’ ® m); hence um’ # 0. Since “Ay = A_,, (x), We see using 29.1.3,
that —wp(A’) > A, or equivalently, that A’ > —wp()). Using again 29.1.3,
we, deduce that S(u) € U[> —wp())]. An entirely similar proof shows that
S'(u) € U> —wp(A)]. Thus S(U[> A]) € U[> —wo())] for all A and
S(U[> —wo(A)]) € U[> A] for all X. Since §5’ = §'S = 1, the assertions
about S and S’ in (a) are proved. The assertion about o follows from
the assertion for S, using 23.1.7 and the fact that U[> )] is generated by
.. elements in B which are contained in the summands of the decomposition
23.1.2 of U.

We prove (b). Let u € U[> )]. Assume that X' € X+ and m € Ay
are such that w(u)m # 0. Then um # 0 in “A, which is isomorphic to
A_ye(); hence, by 29.1.3, we have —wg(\) > X or equivalently, \' >
—wp()). Using again 29.1.3, we deduce that w(u) € U[> —wpA]. Thus,
w(U[> A)) € U> —wpA]. Similarly, w(U[> —wo(\)]) € U[> A]. The
lemma follows.

29.3.2. We shall use the following terminology: an element 8 € B is said
to be involutive if ow(B) = £6. (Recall that ow = wo maps B to +B.)
The following theorem is, in part, a summary of the results above.

Theorem 29.3.3. Given A € X, we define U[> )] (resp. U[> )]) as the
set of all u € U with the following property: if N € X+ and u acts on Ay
by a non-zero linear map, then N > A (resp. X' > \).

(a) U[> ) and U[> A] are two-sided ideals of U, which are gener-
ated as vector spaces by their intersections with B. The quotient algebra
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U[> A/U[> )] is isomorphic (via the action of U on Ay) to the algebra
End(A,); in particular, it is finite dimensional and has a unit element,
denoted by 1x. Let w: U[> A] — U[> A]/U[> A] be the natural projection.

(b) There is a unique direct sum decomposition of U[> X|/U[> )] into a
direct sum of simple left U-modules such that each summand is generated
by its intersection with the basis m(B[A]) of U[> A]/U[> A].

(c) There is a unique direct sum decomposition of U[> A]/U[> )] into a
direct sum of simple right U-modules such that each summand is generated
by its intersection with the basis m(B[A]) of U[> A\]/U[> A].

(d) Any summand in the decomposition (b) and any summand in the
decomposition (c) have an intersection equal to a line consisting of all mul-
tiples of some element in the basis m(B[\]). This gives a map from the set
of all pairs consisting of a summand in the decomposition (b) and one in
the decomposition (c), to the set w(B[)\]). This map is a bijection.

(e) Each summand in the decomposition (b) and each summand in the
decomposition (c) contains a unique element of the form w(83) where 3 €
. B[] is involutive.

(f) Let b,b' € B[\]. There exists b € B[\] and cpp v € A such that
bb' = cppr pb” mod U[> A].

(a) has already been proved. (b) follows from the definitions, using
27.1.7, 27.1.8 with M = (“Ax ® Ay)[> A]/(YAx ® Ayv)[> A] and with
A1 = A (for various X, X" € X+).

(c) follows from (b) using the anti-automorphism ow = wo of U which
maps B into itself, up to signs, (see 26.3.2) and maps U[> A] and U> Al
into themselves (see 29.3.1).

We prove (d). The two subspaces considered in the first sentence of
(d) are a minimal left ideal and a minimal right ideal in the algebra
U[> A/U[> A] which has 1, and is finite dimensional and simple (by
(a)). Their intersection is therefore a line. Since both these subspaces are
spanned by a subset of the basis m(B[)]), the same is true about their in-
tersection, and the first assertion of (d) follows. The map in the second
sentence of (d) is obviously surjective. It is a map between two finite sets
of the same cardinality (dim A,)? (see 29.2.2); hence it is a bijection.

We prove (e). Let G be a summand in the decomposition (b). The map

: U — U induces an involution ¢ of the vector space U[> A]/U[> Al.
The image of G under ¢ is a summand in the decomposition (c), which
by (d) intersects G in a line spanned by a vector in w(B[\]). This line is
necessarily stable under ¢ (since ¢ is an involution); hence our vector in this
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line is preserved up to a sign by ¢. This proves (e) as far as G is concerned.
The same proof applies to summands in the decomposition (c).

We prove (f). The product m(b)w(b’) is in the intersection of the left
ideal of U[> A]/U[> )] generated by m(b’) with the right ideal generated
by m(b), hence, by (d), is of the form cy p pm(b") for some b” € B[)] and
some cpp p € Q(v), which is necessarily in A since the structure constants
of the algebra U with respect to B are in A.

The theorem is proved.

29.4. CELLS

29.4.1. The subsets B[)\] (for various A € X*) are called two-sided cells;
they form a partition of B. For each ), the two-sided cell B[)] is further
partitioned into subsets corresponding to the bases of the various summands
in the decomposition 29.3.3(b) (these are called left cells) and it is also
partitioned into subsets corresponding to the bases of the various summands
in the decomposition 29.3.3(c) (these are called right cells). Then 29.3.3(d)
asserts that any left cell in B[A] and any right cell in B[)\] have exactly
one element in common; 29.3.3(e) asserts that any left cell and any right
‘cell contain exactly one involutive element. Since the number of left cells
(or right cells) in B[)] is dim A, it follows that the number of involutive
elements in B[)] is also dim A,.

,29.4.2.7Let A be an associative algebra over a field K with a given basis
B as a K-vector space. We do not assume that A has 1. The structure
constants cypp € K of A (where b,t/,b"” € B) are defined by bb' =
Zb” Cb,b',bnb”.

Generalizing the definition of cells in Weyl groups (which goes back to
A. Joseph), we will define certain preorders on B as follows. If b, b € B, we
say that b’ <p b (resp. b’ <g b) if there is a sequence b = by, bo,...,bp =
b in B and a sequence (1,02,...,0n—1 in B such that cg, b, ,,, # 0
(resp. Cb, B, byys # 0) for s =1,2,...,n—1. Wesay that b’ <pg bif thereis
a sequence b = by, bs,...,b, =¥ in B and a sequence (31, 32,...,8n—1in B
such that for any s € [1,n — 1] we have either cg, b, 5,,, # 0 OT Cb, .8, b,41 #
0. Then <, <g,<rr are preorders on B. We say that b ~p b’ if b <p ¥
and b <y b. This is an equivalence relation on B; the equivalence classes
are called left cells. Similarly, <p (resp. <pr) give rise to equivalence
relations ~gp (resp. ~Lg); the equivalence classes are called right cells
(resp. two-sided cells).

In the case where A = U and B = B, the definition of cells just given
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coincides with that given 29.4.1. (This can be easily checked.) The involu-
tive elements in Theorem 29.3.3 are the analogues of the Duflo involutions
from the theory of cells in Weyl groups.

29.4.3. We will describe explicitly the two-sided cells of B in the simplest
case where ] = {i} and X =Y =Z withi=1€ Y,/ =2 € X. (See 25.3.)
For each n > 0, we consider the subset

S(n) = {Ei(a)l_nFi(b); n>a+b}uU {Fi(b)lnEi(a); n>a+b}

of the canonical basis B (with the identification 25.3.1(c)). Note that &(n)
consists of (n+1)2 elements. The product of two elements of G(n) is given
by the following equalities (modulo a linear combination of elements in
Gn+1)USn+2)U---):

o
Zj Ei(a)l_nFi(d) ifb=cn>a+d
(a) () p(c) @ _ )
B 1ol B LB = : Fr O, E" Y ifb=cn<a+d
{ 0 i-f b#c
o
B F D bt c=nd 2 a
(a) ®) )y @@ _ ) ]
BTETETLET = [R50 ity e nid <
(0ifb+c#n
’;] FPLE® ifb=cn>a+d
@7 g p®y @@ _ ) r
Fon BB = 'Z] B, F* 9 ifb=cn<a+td
0ifb+c
m FUEifbtc=nd>a
(a) (b) (c) (@) _
F LB BB = [:] Ei("_“)l_nFi(d) ifb+c=n,d<a’

Oifb+c#n
Hence &(n) are the two-sided cells. The involutive elements in G(n) are
Ei(a)l_nFi(a) with @ > 0,2a < n and Fi(a)lnEi(a) with a > 0,2a < n, with
the identification E,-(“)l_nFi(") = Fi(a)lnEi(a) if 2a = n.



29.5. The Quantum Coordinate Algebra 237

29.5. THE QUANTUM COORDINATE ALGEBRA

29.5.1. Let O be the vector space of all Q(v)-linear forms f : U — Q(v)
with the following property: f vanishes on U[> A] for some A € X+, If
a € B, then the linear form @ : U — Q(v) given by d(a’) = 84,4, for all
a € B, belongs to O and {ala € B} is a basis of O. This follows from 29.3.3.
We define an algebra structure on O by the rule ab = e 3¢, where c
runs over B and 713? are as in 25.4.1. The previous sum is well-defined: all
but finitely many terms are zero. This product is associative by 25.4.1(b).

The linear map A : O — O ® O given by A() = 3, , mS,d ® b (with
mS, as in 25.4.1) is well-defined. All but finitely many terms in the sum are
zero. This map is called comultiplication. It is coassociative by 25.4.1(a)
and it is an algebra homomorphism by 25.4.1(c). The element 1 is a unit
element for this algebra. Consider the linear function O — Q(v) which
takes @ to 1 if a = 1, for some A € X, and otherwise, to zero. This
is an algebra homomorphism. Thus O becomes a Hopf algebra called the
quantum coordinate algebra. 1t is easy to see that this definition is the same
as the usual one.

We call {@|a € B} the canonical basis of O.

29.5.2. Let 40 be the A-submodule of O generated by the basis (a).
Since the structure constants m,, 2 are in A, it follows that 4O inherits
from O a structure of Hopf algebra over A. If now R is any commutative
~-A-algebra with 1, we can define a Hopf algebra over R by gO = R® 4(40).



