CHAPTER 22

Positivity of the Action of F, E;
in the Simply-Laced Case

22.1.1. In this chapter, the root datum is assumed to be Y-regular. We
fix A € X* and we set A = A,. The main result of this chapter is Theorem
22.1.7, which asserts, in the simply laced case, that the matrices of the
linear maps E; and F; of A into itself, with respect to the canonical basis
of A, have as entries polynomials with integer, > 0 coefficients.

Using Theorem 18.3.8, we see that Lemma 18.2.7 is true unconditionally.
We restate it here as follows.

Theorem 22.1.2. We have E(L(f)) C L(f) ® L(A).
22.1.3. In the following corollary we shall use the notation
vod=Y uili,\)(i-i/2)
i€l
for any v € Z[I),) € X.

Corollary 22.1.4. Let b € B. Write r(b) = )_ htp, 5,01 ® b2 and 7(b) =
Y Gbiby by 1 ® bo where hyp, b, € A and gpp, b, € A; here by, by Tun over B.
Thus, Gb;by by = hb;bl,bz'

If by € B()) and b,b; € B, we have

pTlbaleG=lbal g, o€ Z[vTY] and wlrleC-leDp, e Z[y].
It suffices to prove the statement about gp.p, b, -

By 3.1.5, we have A(b™) = Y gb;b, 0,07 ® K_5, b5 . By the definition of
=, we have

Z(6) = ) Guipr babs ® K_ppy by =y w71 CO0Dgpy 1 by @ by,

By the previous theorem, if b, € B()), the coefficient of b; b, 7 is in A.
This coefficient is clearly in 4; hence it is in Z[v~!]. The corollary follows.
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Corollary 22.1.5. Let i € I. Let b € B. Let us write ;v(b) =
2 binez b6, by nV"Y where b’ runs over B and dyp, b n are integers.

(a) Let b’ € B()) and let n € Z be such that dy g, p n # 0. Then
io(A=|V])+n>0.
(b) We have

io(A—|b'D4+n _  —io(A=|b/|)—n
- v v —
E(b™n) = ) droin = ¥n

bineZ Vi — Uy

where b’ runs over B()\).

We apply the previous corollary to hyp, b, With by = 6;; we obtain

Z,U'io()—-lb'p"'ndb,ghb”n € Z[’U]

for any ' € B()\); (a) follows. We now prove (b). By 3.1.6(b), we have
Ei(b7n) = (vi — v )7 (=ri(b) " K—in + o7 (0) " Ka)

since E;n = 0. By 1.2.14, we have r;(b) = v/?I*~%%,7(b), since b = b. Note
also;that Ky = vd:(1 A)

—|b|-i+i~i+nv_(i,/\> plbli—ii—n, —(H:2)
Ei(bn) = Zdbo,,b n —5 L b

i — Uy

Using now |b| = |b’| + ¢, we obtain (b).

22.1.6. Let b € B(A). Forany i € I, weseth—Eb, Soprin0™V  Eib=
2bn fb b,i,n V™Y where b’ runs over B(A) and n runs over Z; the coefficients

Fopin» fo.b,im are integers.

Theorem 22.1.7. Assume that the Cartan datum is simply laced. Then
foprim € N and foprin € N for any b,V ,i,n.

If 3,8’ € B are such that fn = b, 'n = ¥/, then with the notation of
Theorem 14.4.13, we have

Jobin = Co,.8,8'n
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and

> Jopimv™ = lio (A= |b]) + nldye, b
n n

(we have used Corollary 22.1.5(b) and the equality v; = v). By Theorem
14.4.13, the integers cy, g 5/, are > 0. Hence fy 4 ;n € N.

Again by Theorem 14.4.13, the integers dp g, »,n are > 0 and, by Corol-
lary 22.1.15(a), we have io(A—|b'])+n > O for any n such that dy g, b’ - # 0.
Since [N] is a sum of powers of v if N > 0, we deduce that fy 4 ;, € N.
The theorem is proved.



Notes on Part 111

1. Most results in Part III are due to Kashiwara [2]. An exception is Theorem
22.1.7, which is new.

2. Although Theorem 22.1.2 does not appear explicitly in Kashiwara’s papers,
it is close to results which do appear; the same applies to the results in 17.1.
The proofs in 17.2 are quite different from Kashiwara'’s.

3. The proof in 19.2.3 is an adaptation of arguments in [3].
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