






































































































































































































































































































































































































































































































































































































































































































































28.2. The Isomorphism P 229

28.2.8. Proof of Proposition 28.2.4. Let B, (resp. BY ) be the basis
of A M (resp. M ® A)) defined as in 27.3.3, in terms of the based modules
(A, By) and (M, B). Here B; is the canonical basis of A. Let T : A®@ M —
(A M), and 7’ : M ® A — (M ® A). be the canonical maps. We know
that 7 defines a bijection of B¢ [0] onto a basis (By,). of (A ® M), and 7/
defines a bijection of Bg[0] onto a basis (Bg). of (M ® A)..

Let b € (Bj).- Let b be the unique element of B, [0] such that w(b) = b.
By 27.3.8, there exists A’ € X% and elements b; € By[—wo()\)]!°, by €
BIXN]" such that b = b1$by. In A, we have that Bi[-wo()X')] is empty
unless —wp()\’) = A and B[\ = {¢}. Thus we have b = £{by where
by € B[~wp(M\)]* and by Lemma 28.2.6, we have b= ¢®by. By Lemma
28.2.5, we then have P(b) = 6(wo, —wo(A)) “ba ® ) modulo the kernel of 7’

By Lemma 28.2.7, we can find an element b}, € B[—wp(\)]!® such that

0(’(1)0, —’w()(/\))_bz - b,2 € M[> —wo()\)]
Then we have P(b) = b}, ® 7 modulo the kernel of 7’. Note that
M[> —’wO(/\)] ®A

is contained in the kernel of 7’

By Lemma 28.2.6, we have b, ® n= b5$n. By 27.3.8, we have that
bodn € By[0]. It follows that m '(P(b)) belongs to 7(BZ[0]) = (BE)+-
have therefore proved that P maps (B ). into (Bg).. The proposmon is
- proved. ;

28.2.9. Let A\j, A2,..., A be a sequence of elements of X*+. As in 27.3.9,
the space of coinvariants (Ax, ® Ay, - - -® A, )« has a natural based module
structure (hence has a distinguished basis).

This last based module has the following property of invariance by a
cyclic permutation: there is a natural isomorphism

(AAl ® AAz ot ®AA,,)* = (AAQ ®AX3 e ® AA" ® AAI)*
induced by the map
21 ®T2 @ Tp o (1) gy @13 @2, @ Ty

where z, € AC“‘ This isomorphism maps the distinguished basis onto
the dlstmgulshed basis (see 28.2.4). If we compose the n iterates of this
isomorphism, we get the identity map of (Ax, ® Ay, -+~ ® Ay, )x, since we
may assume that {3 +(2+ -+ (, =0.



CHAPTER 29

A Refinement of the Peter-Weyl Theorem

29.1. THE SuBseTs B[\] oF B

29.1.1. In this chapter we assume that (/,-) is of finite type.

Let 3 be an element in the canonical basis B of U. We associate to 3 an
element \; € X as follows. We have 3 € Ulc for a unique ¢ € X. Choose
A A" € Xt such that A’ — A = ¢ and such that (i, \) is large enough for
all i. Then B(£—x ® 1) is in the canonical basis B of “A) ® Ay, and by
27.2.1, it belongs to B[);] for a unique A\; € Xt. We want to show that
A1 depends only on 3, and not on the choice of A\, \”. It is enough to show
that, if A, X" are replaced by A+ X, N’ + )", then the procedure above leads
again to A;. This follows from 27.3.5. Thus we have a well-defined map
B Xt (8 — A1). We shall write B[/\l] for the fibre of this map at A;.
Thus we have a partition B = U, ¢ x+B[\1]-

29.1.2. For any \; € X, we denote by U[> \] (resp. U[> A;]) the
Q(v)-subspace of U spanned by Ujx,;x,>x, B[A2] (resp. by Ux,;a,>a, B[A2])-

Lemma 29.1.3. The following conditions for an element u € U are equiv-
alent:

(a) u € U[> \y];

(b) for any A, X" € Xt we have u(€_x ® nar) € (“Ax ® Axn)[> Ay);

(c) for any object M € C of finite dimension over Q(v) and any vector
m € M, we have um € M[> \];

(d) if A2 € Xt and u acts on Ay, by a non-zero linear map, then \y >
A1,

The equivalence of (a) and (b) is clear from the definition. The equiv-
alence of (c) and (d) follows by expressing M in (c) as a direct sum of
simple objects. Clearly, if u satisfies (c), then it satisfies (b). Conversely,
assume that u satisfies (b); we show that it satisfies (c). We may assume
that m is in a weight space of M. By 23.3.10, we can find A\, \” € X+ and
a morphism f: “Ax ® Ax» — M (in C) such that f(€é_\ @ nav) = m. We
obviously have f(“Ax ® Ax»)[> M| C M[> A;]. Since (b) holds for u, it
follows that um = uf(§_x ® nar) = f(u(€—r @ Mar)) € M[> A1]. Thus the
equivalence of (b),(c) is established. The lemma is proved.
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Lemma 29.1.4. The following conditions for an element u € U are equiv-
alent:

(a) u € U[> Al
(b) for any A, N’ € Xt we have

w(é-x ®@mav) € (YA ® Axr)[> Al

(c) for any object M € C of finite dimension over Q(v) and any vector
m € M, we have um € M[> \];

(d) if A2 € Xt and u acts on Ay, by a non-zero linear map, then Ay >
A-

This follows from the previous lemma or can be proved in the same way.

Lemma 29.1.5. Let \; € X*. The subspaces U[> ;] and U[> 1] of U
are two-sided ideals. Hence U[> A]/U[> Ay] is naturally a U-bimodule.

This follows from the descriptions 29.1.3(c), 29.1.4(c) of U[> \;] and
U[) )\1]

29.1.6. The U-module structure on Ay, gives us a homomorphism of
algebras U — End(A A, ). This restricts to a homomorphism of algebras
(without 1)

U[> A1) = End(Ay,)

Qhose kei‘nel is, by Lemma 29.1.4, exactly U[> )\;]; hence we have an
induced homomorphism of algebras
(a) U[> \1}/U[> M| — End(Ay,) which is injective.
In particular, we have
(b) dim(U[> A\]/U[> A1]) < oo,
or equivalently,
(c) B[A,] is a finite set for any A, € X+,

29.2. THE FINITE DIMENSIONAL ALGEBRAS U/U|[P]

29.2.1. Let P be a subset of X+ with the following two properties:
(a) if A € P and X' € X7 satisfies A’ > A then X € P;
(b) the complement of P in X is finite.

Note that such P exist in abundance. We denote by U[P] the subspace
of U generated by UxecpB[)\]. From Lemma 29.1.5, we see that U[P] is a
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two-sided ideal of U, and from 29.1.6(c), we see that the algebra U/U[P]
is finite dimensional. Note that this algebra has a unit element (unlike
U). Indeed, since 1, € B for all ¢ € X, we have that 1. € U[P] for
all but finitely many (. Then Zce x 1¢, which is not meaningful in U, is
meaningful in U/U[P] and is the unit element there. Let A € X+ — P.
We show that U[P] acts as zero on the U-module Ay. Indeed, let 3 be an
element of B N P (these elements span P.) We have 8 € B[X] for some
A € P. If the action of 3 on A, were non-zero, then from Lemma 29.1.3,
it would follow that A > X’; using the definition of P, it would follow that
A € P, a contradiction. We have proved that fJ[P] acts as zero on Ay,
hence Ay may be regarded as a U/U[P]-module. This module is simple.
Indeed, even as a U-module it has no proper submodules. It is clear that
for A # X in X+ — P, the U/U[P]-modules Ay, Ay are not isomorphic
(they are not isomorphic as U-modules).
By the standard theory of finite dimensional algebras, it follows that

dim(U/U[P]) > > (dim A,)?
A

(sum over all A € X* — P). On the other hand, by 29.1.6(a), we have

dim(U/U[P]) = ) U[> A|/U[> A] < ) (dim A,)?
A A

(both sums over all A € X+ — P).
Comparing with the previous inequality, we see that

dim(U/U[P]) = > _(dimA,)?
A

and
dimU[> \]/U[> )] = (dim A,)?
for any A € X+ — P. This implies the following result.
Proposition 29.2.2. (a) The algebra (with 1) U/U[P] is semisimple and
a complete set of simple modules for it is given by Ay with A € X+ — P.
(b) For any A € X+, the homomorphism U[> \|/U[> A] — End(A,)
(see 29.1.6(a)) is an isomorphism.

Actually, we get (b) for A € X+ — P; but for any A € X+ we can find P
as above, not containing .
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29.2.3. From the definition, we see that the finite dimensional semisimple
algebra U/U|[P] inherits from U a canonical basis, formed by the non-zero
elements in the image of B.

29.3. THE REFINED PETER-WEYL THEOREM

Lemma 29.3.1. Let A€ X™.

(a) The anti-automorphisms S,8",0 : U — U carry U[> A] onto
U[> —wo(N)].

(b) The automorphism w: U — U carries U[> A] onto U[> —wp(A)].

Let u € U[> ). Assume that A € X+ and m € Ay are such that
S(uym # 0. The map 6y : “Ay ® Ay — Q(v) (see 25.1.4) may be
considered as a non-degenerate pairing; hence there exists m’ € “Ay such
that 6x/(m' ® S(u)m) # 0. Using 28.2.1, we see that 6y (m’ ® S(u)m) =
6y (um’ ® m); hence um’ # 0. Since “Ay = A_,, (x), We see using 29.1.3,
that —wp(A’) > A, or equivalently, that A’ > —wp()). Using again 29.1.3,
we, deduce that S(u) € U[> —wp())]. An entirely similar proof shows that
S'(u) € U> —wp(A)]. Thus S(U[> A]) € U[> —wo())] for all A and
S(U[> —wo(A)]) € U[> A] for all X. Since §5’ = §'S = 1, the assertions
about S and S’ in (a) are proved. The assertion about o follows from
the assertion for S, using 23.1.7 and the fact that U[> )] is generated by
.. elements in B which are contained in the summands of the decomposition
23.1.2 of U.

We prove (b). Let u € U[> )]. Assume that X' € X+ and m € Ay
are such that w(u)m # 0. Then um # 0 in “A, which is isomorphic to
A_ye(); hence, by 29.1.3, we have —wg(\) > X or equivalently, \' >
—wp()). Using again 29.1.3, we deduce that w(u) € U[> —wpA]. Thus,
w(U[> A)) € U> —wpA]. Similarly, w(U[> —wo(\)]) € U[> A]. The
lemma follows.

29.3.2. We shall use the following terminology: an element 8 € B is said
to be involutive if ow(B) = £6. (Recall that ow = wo maps B to +B.)
The following theorem is, in part, a summary of the results above.

Theorem 29.3.3. Given A € X, we define U[> )] (resp. U[> )]) as the
set of all u € U with the following property: if N € X+ and u acts on Ay
by a non-zero linear map, then N > A (resp. X' > \).

(a) U[> ) and U[> A] are two-sided ideals of U, which are gener-
ated as vector spaces by their intersections with B. The quotient algebra
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U[> A/U[> )] is isomorphic (via the action of U on Ay) to the algebra
End(A,); in particular, it is finite dimensional and has a unit element,
denoted by 1x. Let w: U[> A] — U[> A]/U[> A] be the natural projection.

(b) There is a unique direct sum decomposition of U[> X|/U[> )] into a
direct sum of simple left U-modules such that each summand is generated
by its intersection with the basis m(B[A]) of U[> A]/U[> A].

(c) There is a unique direct sum decomposition of U[> A]/U[> )] into a
direct sum of simple right U-modules such that each summand is generated
by its intersection with the basis m(B[A]) of U[> A\]/U[> A].

(d) Any summand in the decomposition (b) and any summand in the
decomposition (c) have an intersection equal to a line consisting of all mul-
tiples of some element in the basis m(B[\]). This gives a map from the set
of all pairs consisting of a summand in the decomposition (b) and one in
the decomposition (c), to the set w(B[)\]). This map is a bijection.

(e) Each summand in the decomposition (b) and each summand in the
decomposition (c) contains a unique element of the form w(83) where 3 €
. B[] is involutive.

(f) Let b,b' € B[\]. There exists b € B[\] and cpp v € A such that
bb' = cppr pb” mod U[> A].

(a) has already been proved. (b) follows from the definitions, using
27.1.7, 27.1.8 with M = (“Ax ® Ay)[> A]/(YAx ® Ayv)[> A] and with
A1 = A (for various X, X" € X+).

(c) follows from (b) using the anti-automorphism ow = wo of U which
maps B into itself, up to signs, (see 26.3.2) and maps U[> A] and U> Al
into themselves (see 29.3.1).

We prove (d). The two subspaces considered in the first sentence of
(d) are a minimal left ideal and a minimal right ideal in the algebra
U[> A/U[> A] which has 1, and is finite dimensional and simple (by
(a)). Their intersection is therefore a line. Since both these subspaces are
spanned by a subset of the basis m(B[)]), the same is true about their in-
tersection, and the first assertion of (d) follows. The map in the second
sentence of (d) is obviously surjective. It is a map between two finite sets
of the same cardinality (dim A,)? (see 29.2.2); hence it is a bijection.

We prove (e). Let G be a summand in the decomposition (b). The map

: U — U induces an involution ¢ of the vector space U[> A]/U[> Al.
The image of G under ¢ is a summand in the decomposition (c), which
by (d) intersects G in a line spanned by a vector in w(B[\]). This line is
necessarily stable under ¢ (since ¢ is an involution); hence our vector in this
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line is preserved up to a sign by ¢. This proves (e) as far as G is concerned.
The same proof applies to summands in the decomposition (c).

We prove (f). The product m(b)w(b’) is in the intersection of the left
ideal of U[> A]/U[> )] generated by m(b’) with the right ideal generated
by m(b), hence, by (d), is of the form cy p pm(b") for some b” € B[)] and
some cpp p € Q(v), which is necessarily in A since the structure constants
of the algebra U with respect to B are in A.

The theorem is proved.

29.4. CELLS

29.4.1. The subsets B[)\] (for various A € X*) are called two-sided cells;
they form a partition of B. For each ), the two-sided cell B[)] is further
partitioned into subsets corresponding to the bases of the various summands
in the decomposition 29.3.3(b) (these are called left cells) and it is also
partitioned into subsets corresponding to the bases of the various summands
in the decomposition 29.3.3(c) (these are called right cells). Then 29.3.3(d)
asserts that any left cell in B[A] and any right cell in B[)\] have exactly
one element in common; 29.3.3(e) asserts that any left cell and any right
‘cell contain exactly one involutive element. Since the number of left cells
(or right cells) in B[)] is dim A, it follows that the number of involutive
elements in B[)] is also dim A,.

,29.4.2.7Let A be an associative algebra over a field K with a given basis
B as a K-vector space. We do not assume that A has 1. The structure
constants cypp € K of A (where b,t/,b"” € B) are defined by bb' =
Zb” Cb,b',bnb”.

Generalizing the definition of cells in Weyl groups (which goes back to
A. Joseph), we will define certain preorders on B as follows. If b, b € B, we
say that b’ <p b (resp. b’ <g b) if there is a sequence b = by, bo,...,bp =
b in B and a sequence (1,02,...,0n—1 in B such that cg, b, ,,, # 0
(resp. Cb, B, byys # 0) for s =1,2,...,n—1. Wesay that b’ <pg bif thereis
a sequence b = by, bs,...,b, =¥ in B and a sequence (31, 32,...,8n—1in B
such that for any s € [1,n — 1] we have either cg, b, 5,,, # 0 OT Cb, .8, b,41 #
0. Then <, <g,<rr are preorders on B. We say that b ~p b’ if b <p ¥
and b <y b. This is an equivalence relation on B; the equivalence classes
are called left cells. Similarly, <p (resp. <pr) give rise to equivalence
relations ~gp (resp. ~Lg); the equivalence classes are called right cells
(resp. two-sided cells).

In the case where A = U and B = B, the definition of cells just given
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coincides with that given 29.4.1. (This can be easily checked.) The involu-
tive elements in Theorem 29.3.3 are the analogues of the Duflo involutions
from the theory of cells in Weyl groups.

29.4.3. We will describe explicitly the two-sided cells of B in the simplest
case where ] = {i} and X =Y =Z withi=1€ Y,/ =2 € X. (See 25.3.)
For each n > 0, we consider the subset

S(n) = {Ei(a)l_nFi(b); n>a+b}uU {Fi(b)lnEi(a); n>a+b}

of the canonical basis B (with the identification 25.3.1(c)). Note that &(n)
consists of (n+1)2 elements. The product of two elements of G(n) is given
by the following equalities (modulo a linear combination of elements in
Gn+1)USn+2)U---):

o
Zj Ei(a)l_nFi(d) ifb=cn>a+d
(a) () p(c) @ _ )
B 1ol B LB = : Fr O, E" Y ifb=cn<a+d
{ 0 i-f b#c
o
B F D bt c=nd 2 a
(a) ®) )y @@ _ ) ]
BTETETLET = [R50 ity e nid <
(0ifb+c#n
’;] FPLE® ifb=cn>a+d
@7 g p®y @@ _ ) r
Fon BB = 'Z] B, F* 9 ifb=cn<a+td
0ifb+c
m FUEifbtc=nd>a
(a) (b) (c) (@) _
F LB BB = [:] Ei("_“)l_nFi(d) ifb+c=n,d<a’

Oifb+c#n
Hence &(n) are the two-sided cells. The involutive elements in G(n) are
Ei(a)l_nFi(a) with @ > 0,2a < n and Fi(a)lnEi(a) with a > 0,2a < n, with
the identification E,-(“)l_nFi(") = Fi(a)lnEi(a) if 2a = n.
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29.5. THE QUANTUM COORDINATE ALGEBRA

29.5.1. Let O be the vector space of all Q(v)-linear forms f : U — Q(v)
with the following property: f vanishes on U[> A] for some A € X+, If
a € B, then the linear form @ : U — Q(v) given by d(a’) = 84,4, for all
a € B, belongs to O and {ala € B} is a basis of O. This follows from 29.3.3.
We define an algebra structure on O by the rule ab = e 3¢, where c
runs over B and 713? are as in 25.4.1. The previous sum is well-defined: all
but finitely many terms are zero. This product is associative by 25.4.1(b).

The linear map A : O — O ® O given by A() = 3, , mS,d ® b (with
mS, as in 25.4.1) is well-defined. All but finitely many terms in the sum are
zero. This map is called comultiplication. It is coassociative by 25.4.1(a)
and it is an algebra homomorphism by 25.4.1(c). The element 1 is a unit
element for this algebra. Consider the linear function O — Q(v) which
takes @ to 1 if a = 1, for some A € X, and otherwise, to zero. This
is an algebra homomorphism. Thus O becomes a Hopf algebra called the
quantum coordinate algebra. 1t is easy to see that this definition is the same
as the usual one.

We call {@|a € B} the canonical basis of O.

29.5.2. Let 40 be the A-submodule of O generated by the basis (a).
Since the structure constants m,, 2 are in A, it follows that 4O inherits
from O a structure of Hopf algebra over A. If now R is any commutative
~-A-algebra with 1, we can define a Hopf algebra over R by gO = R® 4(40).



CHAPTER 30

The Canonical Topological Basis
of (U-® UY’

30.1. THE DEFINITION OF THE CANONICAL TOPOLOGICAL BASIS

30.1.1. In this chapter we assume that (I,-) is of finite type.

We denote by (U~ ® UtY the closure of U~ ® Ut in (U ® UY (see
4.1.1). The elements of (U~ ® U*Y are possibly infinite sums of the form
Zb,b’eB co,rb” @ Y'T with ¢y pr € Q(v). In this chapter we shall construct
a canonical topological basis of (U~ ® U™} which gives rise simultaneously
to the canonical bases of all tensor products of type Ay ® “Ay.

Let ~: (U” ® Uty — (U~ ® U*Y be the ring involution defined as the
unique continuous extension of ~® ~ : U~ @ Ut — U~ ® U*. Note that
we have © € (U~ @ U*) (see 4.1.2). By 24.1.6, we can write uniquely

o= > apb ob”
b,b'€B; [b|=|b'|

where appy € A.
30.i.2. From 4.1.2, 4.1.3, it follows that the Q-linear map
V: (U UtY—= (U- Uty

given by ¥(z) = 6z (product in (U~ ® U*)) satisfies ¥2 = 1. We clearly
have ¥(fz) = f¥(z) for all f € A and all z. Hence if we set

Yoy @by = D anpb by @V THT = D 1, bbby ®b,T
b,b' €B;|b|=b’) ba,by€B

for all by, b} € B, then we have

Tby,bysba,by € A;

Thy,btsbg by = 0 unless (by, b)) < (b2,b3) (< as in 24.3.1);

Tby,bysby by = 15

= _ / /
D b, by €B To1 b ib2,b5 Tba bbby = Oy by Oy by, for any by, b7, b3, b3 € B.
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The last sum is finite by the previous statements. Applying 24.2.1 to the
set H = B x B we see that there is a unique family of elements py, 3; .5, 5, €
Z[v~!] defined for by, b}, b, by € B such that

Dby bbby = 15

Poubisbay € V20T (b1, 67) # (b2, bh);

Dby b, 50,65 = 0 unless (b1, b)) < (b, b3);

Py bib2,65 = D ba b, Por bl iba,b5Tba byiba,bh

for all (b, b)) < (b2, b)). Thus we have the following result.

Proposition 30.1.3. For any (b;,b]) € B x B, there is a unique element
By, b, € (U™ QU™ Y such that ©F,, v, = By, b, and such that Sy, p, —b7 ®b)*
is an (infinite) linear combination of elements by ® byt with (b, by) >
(b1, b)) and with coefficients in v~ 1Z[v~1].

—_ /
We have By, 5 = 34, vy, Poabyiba by 02 ® b3

30.1.4. The elements 3, p; € (U~ ® U*), for various (b;,b7) € B x B,
aré’said to form the canonical topological basis of (U~ ® U*). This is not
a basis in the strict sense.

Taking b, = b) = 1, we obtain an element T = ) Y, = 1,1 where
Y, € U, ® U} for all v and

IO To=1®1.

Hence T is an invertible element of (U~ @ UTY.
By definition, we have 8T = T'; hence

(b) e=r7"1

Note also, that if v # 0, then 7, is a linear combination of elements
b- @b+ (bt € B,) with coefficients in v~!Z[v~!]. This property, to-
gether with (a),(b), characterizes 1.

30.1.5. Let A\,) € X*. By the general construction in 27.3.2, the
U-module Ay ® “Ay has a canonical basis B¢. It consists of elements
(b=ma)Q (bt ) for various b € B()\) and b’ € B()).

Note that um is a well-defined element of Ay ® “Ay, for any
u € (U- @ Uty and any m € Ay ® “Ay/, by regarding the last space
as a U ® U-module. In particular, 8y, 5, (71 ® £-x/) is well-defined.
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Proposition 30.1.6. Let b, b’ € B.
(a) Ifb € B(A) and b/ € B(X'), then By (m®E_x) = (5=12) (B HE_x0).
(b) If either b ¢ B(X) or b’ ¢ B()'), then By (mr ® €—x/) = 0.

This follows immediately from the definitions and from 27.3.2.

30.1.7. Example.. Assume [ = {i} and X =Y = Z with i =1 €
Y,i = 2 € X. The canonical topological basis of (U~ ® U*Y consists of
the elements

- [ d- 8+C s
-’Bc,d=zvi s(s+c) S-;- _Fi(+)®Ei( +d) (c>d>0)
3>0 - 41

and

—s(s FS+C" s+c s
Yoa =y v TP FI QBT (d2c20)
>0 - 41

with the identification z. 4 = y.q4 for c = d.

. 30.2, ON THE COEFFICIENTS Dp, b:by by

30.2.1. The canonical topological basis in the previous section is com-
pletely determined by the set of coefficients py, 57,656, € Z[v~!] defined for
all by, b}, be, b5, in B. In this section we make a proposal for a possible topo-
logieal interpretation of these coefficients, assuming that the Cartan datum
is simply laced (of finite type). We shall assume that (by, b)) < (bs, b); oth-
erwise the coefficient is zero.

30.2.2. Let (I, H,...) be the graph of (I,-) (see 14.1.3); note that I = I.
Assume that we have chosen an orientation for this graph. According
to 14.5.1, to give by, b},b2, b, in B is the same as to give four objects
V1,V1, V2, V3 of V and orbits 04,01,02,0; of Gv,,Gv;,Gv,,Gv; on
Ev,,Ev;,Ev,, Ey;, respectively (notation of 9.1.2). Hence we may write
P0,,0};02,0; instead of py, b;.b, ;-

Let V=V, @V, €V and let z € Ey be an element such that V, and
V5, are z-stable and the restriction of z to Vy (resp. V3) is in Oz (resp. in

%). Let J be the stabilizer of z in Gy and let Z be the J-orbit of V3 in
the variety of all I-graded subspaces of V. Note that V3 is a point of Z
and that any W € Z is z-stable. Let Z’ be the subvariety of Z consisting
of all subspaces W € Z such that

(a) w nV2 = Vl (in V),
(b) V/(W +V3) 2 V] (in V);
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2
(c) the element of Ewny, defined by z corresponds under an isomor-
phism as in (a) to an element of O; C Ev,;

(d) the element of Ev /w4v,) defined by = corresponds under an iso-
morphism as in (b) to an element of O} C Ev;.

One can hope that the coeflicients of the various powers of v in
P0,,0{;0,,0; are equal to the dimensions of the stalks of the intersection
cohomology complex of the closure of Z’ in Z at the point Vo € Z, and
that they are zero if V3 is not in that closure.



Notes on Part IV

10.
11.

. The algebra U has appeared in [1], in a geometric setting (in type Ay), but its

definition in the general case is the same as that in type A,. One of the main
results of [1] was a topological definition of a canonical basis of U (in type 4,),
generalizing the author’s definition of the canonical basis of f. The method
of [1] works in almost the same way for affine type Ay, but the extension to
other types remains to be done.

. In [2], Kashiwara conjectured the existence of a canonical basis of U, for Cartan

data of finite type, and constructed a basis of the quantum coordinate algebra
O in which the structure constants were in Q [v,u™!]; this is presumably the
same as the basis in 29.5.1, in which the structure constants are in Z [v,v™!].

. The definition of the canonical basis B of U, in the general case was given in

[6]. Most results in Chapters 24 and 25 appeared in [6].

. Something close to Lemma 24.2.1 has been used in [3] to attach a polynomial

to two elements of a Coxeter group.

. Expressions like those in 25.3.1 appeared in [2], and are implicit in [1].
. I do not know what is the relation, if any, between the form ( , ) on U, in

26.1.2, and the form on U defined in [7).

Propositions 27.1.7, 27.1.8 (and also results similar to 27.2.4) appear in [2].
Theorem 27.3.2 is similar to results in [6]; the analogous result for more than
two factors (see 27.3.6) is new.

The existence of a canonical basis on the space of coinvariants (A, ® Ay, ...
® A, )+ (see 27.3.9) is new; it was known earlier for n = 3, see [5]. It implies
that the corresponding space of coinvariants over A is a free .A-module; this
answers a question of D. Kazhdan. (There is a somewhat analogous result
about the space of “coinvariants in the tensor product” (see [4]) of several
Weyl modules with the same negative central charge over an affine Lie algebra:
this space has dimension independent of the central charge. There are other
analogies between the two theories, for example the invariance property under
cyclic permutations (28.2.9) has a counterpart in the theory over affine Lie
algebras.)

The results in Chapters 28, 29 and 30 are new.

The positivity conjecture in 25.4.2 is made plausible by the results in [1].
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Part V

CHANGE OF RINGS

Let R be a commutative A-algebra with 1. The main topic of Part V is
the R-algebra RfJ, obtained from _AU by tensoring with R over A, and its
modules.

Chapter 31 contains a general discussion of gU and its module category.

In Chapter 32, assuming that the Cartan datum is of finite type, and
that a certain root of v is given in R, we show that the integrable modules
of gU form a braided tensor category.

In Chapter 33 we consider the specialization v = 1 and we establish the
connection with Kac-Moody Lie algebras.

Chapters 34, 35, and 36 are concerned with the case where v is a root
of unity in R. In Chapter 34 we establish various properties of Gaussian
binomial coefficients at roots of 1. In Chapter 35 we construct a quan-
tum analogue of the Frobenius homomorphism (under some rather mild
assumptions). This includes as a special case the classical Frobenius ho-
momorphism over fields of positive characteristic and also the exceptional
isogenies (in small characteristic) defined by Chevalley [1]. In Chapter 36
we study the Hopf algebra ru, which in some sense, is the kernel of the
Frobenius homomorphism. This algebra is finite dimensional if R is a field
and the Cartan datum is of finite type.



CHAPTER 31

The Algebra zU

31.1. DEFINITION OF prU

31.1.1. From now on, R will be a fixed commutative ring with 1, with a
given invertible element v. We shall regard R as an .A-algebra via the ring
homomorphism ¢ : 4 — R such that ¢(v"™) = v™ for all n € Z.

We consider the R-algebras

rf = R®4 (4f) and RU = R®4 (4U).

We have a direct sum decomposition rf = &, (rf,) where v runs over
N[I] and. pf, = R®4 (4f,). The canonical bases B and B of 4f, 4U give
rise to R-bases of gf, RU consisting of elements 1 ® b where b is in B or
B; we write b instead of 1 ® b. In particular the elements 1, € rU are
well-defined for all A € X. They satisfy as in fJ, 1aly = 6a a1,

The structure constants m¢,, M2 of U (see 25.4.1) can be regarded as
. .elements of R via the ring homomorphism ¢ : A — R. The identities
25.4.1(a)-(d) are clearly satisfied in R.

The comultiplication of pU (a collection of maps as in 23.1.5) is defined
by the same formulas as in 25.4.1.

31.1.2. The 4f ® 4 (4f°PP)-module structure (z ® z’) : u — ztuz’~ on
AU, by change of scalars, induces a rf ® g (rf°PP)-module structure on rU
denoted in the same way. Similarly, the 4f ® 4 (4f°PP)-module structure
(z®z') : u— z-ux’* on 4U, by change of scalars, induces a rf ® g (RfPP)-
module structure on U denoted in the same way.

From 23.2.2 we deduce that

(a) the elements b*1,0'~ (b0’ € B,\ € X) form a basis of the R-
module rU;

(b) the elements b=1)b't (b, € B,X € X) form a basis of the R-
module grU;

(c) the R-algebra pU is generated by the elements Ei(")l A Fi(n)l A for
various i € I, n > 0and A € X.



246 31. The Algebra RI:I

31.1.3. We will give an alternative construction of gU in terms of rf.

Let rA be the algebra generated by the symbols z2+1.2'~, 2 1,z'* with
z € rf,, 2’ € gf,, for various v,/, and { € X; these symbols are subject
to the following relations:

B 1c(057)™ = (0) Lesairsny (B if i # j

R | I DIC e R IR

t>0

O 16y = S ol * T ] 0 e 080

t>0

ztle = 1epzt, 271 =1,z for x € f,;
(@*1)(Agra’™) = 8¢ rxtlea’™, (z71)(Lea'*) = 6¢ o™ Lea't
(@*1)(Aa™) = b lern(az), (27 1) (12" ™) = b¢erle—w(za’)™ if
. x € pfy;

(re+r'z )Yl =ra*le + 2’1, (re +r'2’) "1 =rz1c + 7'z’ "1

if x,z’ € gf, and r,7’ € R.
If z or ' in z*1cz’™ or ™ 1¢2't is 1, we omit writing it.

We have an obvious surjective R-algebra homomorphism prA — rU.
Using the relations of rA, we easily see that the symbols z1,2'~ generate
rA as an R-module. In other words, the elements bt 1.0, with b0’ € B

and ( € X, generate gA as an R-module. Since they form an R-basis of
RU, they must also form an R-basis of A and we deduce that:

(a) the natural algebra homomorphism rA — gU is an isomorphism.

31.1.4. There is a natural R-linear involution ¢ : rf — gf; it is given by
a change of rings from the analogous involution for R = A, which is the
restriction of o : f — f.

The automorphism w : U — U restricts to an automorphism w : AU —
AU tensoring with R, we obtain an R-algebra automorphism w : gU —
rU.

31.1.5. As in 23.1.4, we say that a gpU-module M is unital if
(a) for any m € M we have 1ym = 0 for all but finitely many A € X;

(b) for any m € M we have >,y 1am = m.
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We then have a direct sum decomposition (as an abelian group) M =
®rex M> where M?* = 1, M; we can regard M as an R-module by rm =
Y5 (r1x)(m) for r € R,m € M. Then the decomposition above is as an
R-module. The unital gU-modules are the objects of an abelian category
rC with the morphisms being homomorphisms of rU-modules.

31.1.6. Let M € RrC, let i € I and let n € Z. We define R-linear
maps E( MM > M, F : M = M by EPm = ¥,( E(")l)‘)m and
F(")m EA F(")l,\)m for allm € M. (Recall that E(")l)\ and F( )1, are
elements of B C U, hence are well-defined in zgU.) It follows immediately
from the definitions that 8{™  (E™ : M — M) and 6™ — (F™ : M —
M) define two gf-module structures on M, denoted by z,m — ztm and
x, m +— z~m respectively. We have

(a) EMWM> ¢ MM F™M* ¢ M for any i € I,n € Z and
A€ X.
Moreover, for any ( € X and any m € M¢, we have

(b) EF®m = FPE®m if i # j;
7 (0) B FOm = S o[ FTIEE

(d) F‘i(b)Ei(a)m _ tho & [—a+bt— (i,()]i)Ei(a—t)Fi(b—t)m

31.1.7. Conversely, let M be an R-module with a given direct sum decom-
. position M = @¢ex M¢ and given R-linear maps E(") F; ). M — M (for
i € I,n € Z) satisfying 31.1.6(a)—(d) and such that E(") F(") = 0 for
n < 0. Assume that 6™ — (E™ : M — M) and o™ (F(") M — M)
define two gf-module structures on M, denoted by z,m — ztm and
z, m v £~ m, respectively. Then this structure comes from a well-defined
structure of unital gU-module on M. Indeed, it is clear that this structure
gives an gpA-module structure on M hence a RU—module structure (see
31.1.3).

31.1.8. Let M, M’ € grC. The tensor product M ®g M’ (as R-modules) will
be regarded as a gU-module by the rule c(z ® z') = 3, , ¢(Mm3®)az @ ba'.
(All but finitely many terms in the last sum are zero.) The fact that the rule
above defines an gpU-module structure follows from the identity 25.4.1(c).
This gkU-module is unital, by the identity 25.4.1(d). Thus M ®g M’ is
naturally an object of rC.

Now let M, M’, M" be three objects of gC. By the previous construction,
the R-module M ® g M’ ®p M" can be regarded as an object of rC in two
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ways, (M @r M') ®p M” and M @r (M’ ® g M"). In fact these two ways
coincide; this follows from the identity 25.4.1(b).

31.1.9. From the definitions it is clear that, in the case where R =
Q(v),v = v, we have rC = C and the tensor product just defined coin-
cides with the one introduced earlier for C.

31.1.10. To any object M of rC, we associate (as in 3.4.4) a new object
“M of gC as follows. “M has the same underlying R-module as M. By
definition, for any u € U, the operator u on “M coincides with the
operator w(u) on M.

31.1.11. If R" — R is a homomorphism of commutative .4-algebras with
1, we have U = R ®p (gU) and for any object M € grC, we may
regard R ® pr M naturally as an object in rC with the induced grU-module
structure. This gives a functor r2C — RgC called change of rings, or change
of scalars. It commutes with tensor products (as in 31.1.8) and with the
operation w in 31.1.10.

31.1.12. Let (Y',X’,...) be another root datum of type (I,-) and let
f:Y —Y,9g: X - X' be a morphism of root data. This induces a
homomorphism ¢ : U’ — U between the corresponding Drinfeld-Jimbo
algebras (see 3.1.2). For each ¢’ € X’ and ¢ € X such that g(¢) = ¢’ let
4¢: AU 1(1 & AUlc be as in 23.2.5. By tensormg with R this gives rise
to R¢ rU’ 1(: o RUlc Let M be a unital gU-module. We can regard M
as a unital RU -module by the following rule: if m € M¢ and u € gU’ 1
then um is defined to be (R¢(u))m if ¢’ = g(¢), and 0, otherwise. This
gives a functor from unital gU-modules to unital gU’-modules.

31.1.13. Let A € X. The A-submodule 4M, of the Verma module M, is
a unital 4U-submodule (see 23.3.2); by change of scalars, it gives rise to an
object M) of rC, called an R-Verma module. We have an exact sequence
in RC:

Bi,n>0(RULx4nir) — ULy — My — 0,

where the first map has components given by right multiplication by
1 )\+mlE and the second map is given by u +— ul (1 is the canonical
generator of My). This is deduced by tensoring with R from the analogous
exact sequence over A.
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Let M € gC and let m € M be such that Ei(")m =0forallie I and
all n > 0. From the previous exact sequence, we see that there is a unique
morphism ¢ : My — M such that ¢(1) = m.

31.2. INTEGRABLE rU-MODULES

31.2.1. In this section we assume that the root datum is Y-regular (except
in 31.2.4). Let A\, X € Xt. The A-submodule 4Ay of Ay is a unital 4U-
submodule (see 23.3.7); by change of scalars, it gives rise to an object
rRAN =R®4 (AA,\/) of gC.

Similarly, the A-submodule 4Ax ® 4 (4Ax) of YAy ® Ay is a unital
AU-submodule (see 23.3.9), in fact a tensor product in 4C; by change of
scalars, it gives rise to the object 4Ax ®r (rAN) of rC.

Let ( = X — A € X. Consider the following morphisms of rU-modules

(®in> (i3 (RULnir)) @ (Bin> (3,0 (RU L 4nir))
fv

rUL,

-

YA\ ®r (RAN)

~

0

where f has components given by right multiplication by 1 ,\_m-/Fi(") (in the
first group of summands), 1xyns Ei(n) (in the second group of summands)
and 7(u) = u(€—_, @ na) . We write £_, instead of 1 ® £&_, and similarly
for ny.

Proposition 31.2.2. The sequence above is exact.

When R is A and v = v, this is a restatement of 23.3.8. The general
case follows from this by taking the tensor product with R, by the right
exactness of tensor products.

We can state the previous proposition in the following equivalent form.

Corollary 31.2.3. 7 is surjective and its kernel is the left ideal

Z R(JFi(n)I(-F Z RUEi(n)lc of RU.

i,n> (i) ,n>(i,A)
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31.2.4. In this subsection, the root datum is arbitrary. An object M € rC
is said to be integrable if for any m € M and any i € I there exists
ng > 1 such that Ef")m = Fz-(")m = 0 for all n > ng. In the case where
R = Q(v), v = v, this coincides with the earlier definition of an integrable
object of C.

From the definitions we see immediately that:

(a) if M, M’ € gC are integrable, then M ®r M’ € grC is integrable;
(b) if R* — R is as in 31.1.11, and if M’ € gr.C is integrable, then
R®p M’ € gC is integrable.

Let rC’ be the the category of integrable unital rU-modules, regarded
as a full subcategory of gC.

31.2.5. Returning to the assumptions of 31.2.1, we note that gA, and
%Ax ®r (rAx) are integrable. Indeed, this is already known over Q(v);
from this, the result over A follows, since our objects over A are imbedded
in the corresponding objects over Q(v) and finally, this implies the general
case, by 31.2.4(b) with R’ = A.

Proposition 31.2.6. Let M € gC; let AN € X*+. Let M be the R-
submodule of M» —* consisting of all m such that Ei(n)m =0 for all i and
all n > (i, A) and such that Fi(")m =0 for all i and all n > (i,N'). Then
the map Hom_y;(%Ax ®r (rAN), M) — M given by f — f(_x @) is
an jsomorphism.

This follows immediately from Corollary 31.2.3.

Proposition 31.2.7. Let M € grC. Then M is integrable if and only if it
satisfies the following condition:

(a) M is a sum of subobjects each isomorphic to a quotient object of
some %A ®r (rRAN) with A\, N € XT.

We know already that any object of the form {A\®g (rAx) with A\, X €
X7 is integrable. It follows immediately that, if M is as in (a), then M is
integrable. We now prove the converse.

Assume that M is integrable and that m € M¢ where ¢ € X. We
can find integers a;,a] € N such that Ei(a)m =0 for all ¢ and all a > q;
and Fi(al)m = 0 for all 7 and all &’ > a]. Since the root datum is Y-
regular, we can find A € X such that (i,\) > a; and (i,A + ¢) > d
for all i. Let X = A+ (. Then (i, ') > a} for all i. By the previous
proposition, there exists a morphism f : 4A\ ®g (rRAx) — M in gC such
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that f(£é—x ®na) = m. The image of f is a quotient of 4Ax ®r (rAx) and
it contains m. Hence M satisfies (a).

31.3. HiIGHEST WEIGHT MODULES

31.3.1. In this section, we assume that the root datum is X-regular.
Let M be an object of gC. We say that M is a highest weight module,
with highest weight A € X, if there exists a vector m € M> such that

(a) E{™m =0 for all i and all n > 0;

(b) M = {z~m|z € gf}; and

(c) M?* is a free R-module of rank one with generator m.
In this case, we have M = 3", ., M.

Proposition 31.3.2. Assume that R is a field.

(a) For any A € X, there exists a simple object (unique up to isomor-
phism) rLx of rC which is a highest weight module with highest weight
A o

(b) If X # X then rL) is not isomorphic to rLy:.

(c) If M is a highest weight module in rC with highest weight A, then
M has a unique mazimal subobject; the corresponding quotient object is
isomorphic to rL).

Let M be asin (c). A subobject M’ of M is distinct from M if and only if
M’ C ¥y, MY This shows that the sum of all subobjects of M distinct
from M is a subobject distinct from M. Thus, M has a unique maximal
subobject, hence a unique simple quotient object, which is clearly a highest
weight module with highest weight A. Applying this to the Verma module
rM,, which is a highest weight module with highest weight A, we obtain a
simple quotient gLy of this Verma module; this proves the existence part
of (a). If L' is a simple object of gC which is a highest weight module
with highest weight A, then, by 31.1.13, we can find a non-zero morphism
rM, — L'. This is necessarily surjective. Since gM) has a unique simple
quotient, we must have that L’ is isomorphic to gLx. Thus (a) and (c) are
proved. (b) is now obvious.



CHAPTER 32

Commutativity Isomorphism

32.1. THE ISOMORPHISM ¢R s m-
32.1.1. In this chapter we assume that the Cartan datum is of finite type.

Proposition 32.1.2. Let M € gC.

(a) M is integrable if and only if it is a sum of subobjects which are
finitely generated as R-modules.

(b) If M is integrable, then for any m € M there exists a number N > 0
such that zvm =0 for all x € pf, with trv > N.

Assume first that M is integrable. By 31.2.7, M is a sum of subobjects
which are quotients of objects of the form A\ ®g (rRAx) with A\, N € XT;
- these objects are finitely generated (free) R-modules. It remains to show
that an object M € gC which is finitely generated as an R-module, is
integrable and satisfies (b). This follows from the fact that there are only
finitely many A € X such that M* # 0, together with the fact that the
root datum is X-regular. If z € gf, and m € M?, then ztm € M**¥ and
= e M V.

32.1.3. Let f: X x X — Q be a function such that

fC+v, ¢ +v) = f(¢.¢)
(a) = =D mli )i /2) = DM QO i/2) — v

for all (,¢{’ € X and all v, € Z[I].

Such f exists: for example, we can choose a set of representatives H for
the cosets X/Z[I] and an arbitrary function ¢ : H x H — Q, and set for
any h,h’ € H and v,V € Z[I]:

Fh+v, B +v) = c(h, 1) = wili, ) (i-1/2) = > vili, h)(i-i/2) —v -V
i i
This function satisfies (a) and conversely, any function satisfying (a), is of

this form for a unique function c for fixed H. A function f satisfying (a)
clearly satisfies the following identities:
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(b) £(C,¢'+7) = £(G,¢) = (6, Qi+ /2,
FC+4,¢) = f(¢, ) =—(,{")i-i/2,
FC—7,¢") = f(¢.¢) = (5,¢")i- /2,
F(G¢ =) = f(¢,¢) = (5,Q)i-i/2,

forall {,{’ € X and i € I.

32.1.4. We fix an integer d > 1 and a function f : X x X — Q as in
32.1.3, such that the values of f are contained in %Z. Such f exists even
with integer values: it suffices to take the function ¢ in 32.1.3 with integer
values. Assume that we are given an element v € R such that v¢ = v. For
any rational number ¢ € 5Z, we will write v7 instead of v¥9. This is the
usual power of v, when ¢ is an integer.

Given two objects M, M’ in gC’, we define an (invertible) linear operator
I : MOM' — MM’ by II;(m@m') = vIA )mem’ form € M*,m’ €
MY Lets: M'®M — M®M’ be the isomorphism of R-modules given by
s(m’®m) = m®m’. We define the R-linear map © : MQpM’' - Mg M’
by

B(mem') = Z Z d(ppp )b m @bt m’
v beEB,
where © = )° Zb,b'eBu Poprb” ® YT is as in 4.1.2, 24.1.6 (with p,p € A)
and ¢ : A — R is as in 31.1.1. By 32.1.2 applied to M’, only finitely many
terms in the sum are non-zero for any given m,m’.
" Similatly, the R-linear map 8 : M ® g M/ — M @ M’ given by

O(mem') = Z Z @) mebTm

v bbeEB,

for any m € M,m’ € M’, is well-defined. From 4.1.3, we see that ©,0 :
M ®r M' — M ®g M’ are inverse to each other.

Theorem 32.1.5. Let {Rym = Ollys : M@ M — M @ M’'. Then
fRM M is an isomorphism in gC.

Let (f’,d’) be another pair like (f, d), but with d’ = 1; thus f’ has values
in Z. Assume that the theorem holds for f replaced by f’; we show that
it holds for f. Since f(A,X') — f/(\, X’) is constant when A, X’ run through
fixed cosets of Z[I] in X, the operator SH;,IHIS MM — M'®M is an
isomorphism in rC. Since fRy mr = g R, M/SH;,IH s, our claim follows.
Thus, in the rest of the proof we shall assume that d = 1 so that f takes
values in Z; we then have v = v.
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From the remark preceding the theorem, we see that ;Ras a is an iso-
morphism of R-modules; its inverse is s‘ll'I;lé MM — M'®@M. We
must show that uBIl;(m®m') = 6Il;u(m’®m) for all homogeneous m, m’
and all u € gU. Using the characterization 31.2.7 of integrable objects, we
are reduced to the case where both M, M’ are of the form $4A* ®g (rAx);
since such objects are obtained by change of rings from the analogous ob-
jects over A, we may assume that R = A. This can obviously be reduced
to the case where R = Q(v). We may assume therefore that R = Q(v). It
suffices to show that

A(u)Bll;(m ® m') = 8(Il; A(u)(m @ m'))

for all wu € U, m € M,m’ € M’'. (Here *A(u) is as in 3.3.4.) Let o :
U® U — U® U be the algebra automorphism given on the generators by

o(E;®1)=E;®K_;,
a(F;®1)=F® K,
c(1® E;) = K_; ® E;,
a(1® F;) = K;® F;,
a(K,®Ky)=K, QK.

We have the identity A(u) = a(*A(u)) for all u € U. Indeed, both sides
can be regarded as algebra homomorphisms U — U ® U; hence it suffices
to check that they agree on the generators E;, F;, K, which is immediate.
Therefore, the identity in 24.1.2(a) can be rewritten as follows:
Auw)o(m @ m') = 8(a(*A(u))(m @m')).

We will show that
(a) a*A@w) =TIAAI MM — Mo M,
for all u € U. Therefore we obtain

A(u)B(m®m') = O AL (m ® m')),

for all m,m’. This implies

A(u)8ll(m ® m') = O(I;*A(u)(m @ m')),
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for all m, m’, as required.

It remains to show (a). Clearly, if (a) holds for u, v’ then it holds for
uu', and for linear combinations of u,u’. Hence it suffices to verify (a) in
the case where u is one of the generators E;, F;, K,,. The verification for
K, is trivial. We apply both sides of (a) (with u = E;, resp. F;) to m® m/
where m € M¢, m’ € M’S’. The left hand side is

Em@m'+ K_;m® E;m’
(resp. m ® F;m' + Fym ® K;m'). The right hand side is
v—f(C,C')(Uf(CvC"f‘i')m ® Eim, + vf(c+i,1<’)Eim ® Rim’)

(resp. v/ (/) B @ m! 4+ vf €'~V K _;m @ Fym')). It remains
to use the identities 32.1.3(b) for f. The theorem is proved.

In the following corollary, we do not assume the existence of roots of v.

Cerollary 32.1.6. If M, M’ are in rC', then M ® M’ and M’ ® M are
isomorphic objects of rC’.

Indeed, f can be chosen with integer values.
. 32.2. THE HEXAGON PROPERTY

32.2.1. Let M, M’, M" be three objects of rC’. We define a linear isomor-
phism [II' : MM ' QM" - M@ M' ® M" by

fnl(m Qm ® m//) — vf(,\",,\+,\’)—f(,\",,\’)—f(,\",,\)m Qm' ®@m'
for all m € M*,m’ € M ,m" € M>".
We define a linear isomorphism (II” : M" @ M @ M' - M" @ M @ M’
by

fH"(m" Q@M ml) _ vf(A+A’,A”)—f(A,)\")—f(A’,A”)m// Qmem

for all m € M*, m’ € M ,m" € M*".

Proposition 32.2.2. (a) The map

R mem (I MM @M’ - M"@Me M
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coincides with the composition

1M®!RMII,MI
_

Rt ®1,
MM QM MM'@M 1M MTM, Ao Me M.

(b) The map
fRM®M’,M"(fH”)_1 . MII ® M ®MI M ® MI ®MII

coincides with the composition

1M®IRMI’MII
-

R @1
M@ MeM MM EM pr o M @M MeM &M

Let (f’,d’) be another pair like (f,d), but with d’ = 1; thus f’ has values
in Z. Assume that the proposition holds for f replaced by f’; as in the
proof of Theorem 32.1.5, we see that it also holds for f’. Thus, in the rest
of the proof, we shall assume that d = 1 so that f takes values in Z; we
then have v = v.

Using the characterization of integrable objects given in 31.2.7, we are
reduced to the case where each of M, M’, M" is of the form 4A* ® g (rRAN);
since such objects are obtained by change of rings from the analogous ob-
jects over A, we may assume that R = A; this case can be obviously reduced
to the case where R = Q(v). We may assume therefore that R = Q(v).

Letm € M*,m' € M'X ,m” € M"*". Using the definitions and 4.2.2(b),

we have

CRu memr(m@®m/ @ m’) = pf A7 AFY) Z 6,(m" ® (m®m'))

— pf AN Z v N HONGL2E18 (" @ m @ m')

U’,V”

(fRM",M [04) lM')(lM 03] fRM”,M')(m ®m’ ®ml/)
— ,Uf(,\u,,\') Z(fRM”,M ® 1M’)e,2,3('m om'® m/)

v

= 3 /AN NGRELE (m” @ m e m).

VI ,U”

On the other hand, using the definitions and 4.2.2(a), we have

Rt (m” @m@m') =/ O NS 6, (m@m') @ m”)

= W OEN ) D =S 0GBGY: (m g m' @ m”)

Ul,ll”
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and

(1M ® fRM’,M”)(fRM,M" ® le)(m" ®m ®m/)
= ’Uf(’\’,\”)(lM ® fRM',M”) z e,l,z(m ® m” ® m/)

= pf QAN +7) Y eBel(mem @m").

! "
[ZR7%

The proposition follows since f(A” — v, X) — f(A",A) = f(0,X) — f(v", ))
and f(N, M + ") — f(N, X") = F(N, ") — f(X,0) for v € Z[I].

Lemma 32.2.3. Let d > 1 be the order of the torsion subgroup of X/Z[I].
There exists a symmetric Z-bilinear pairing f : X x X — %Z which satisfies
32.1.3(a).

We can find a direct sum decomposition X = X; @ X5 such that Z[I]
is contained in X, as a subgroup of index d. There is a unique symmetric
bilinear pairing f; : X1 xX; — 1Z such that fi(#, ') = —i-j forall,j € I.
For'zy,z) € X; and z,2% € Xy, we set f(z1 + z2, 2] + 25) = f1(z1,7)).
This has the required properties.

Proposition 32.2.4 (Hexagon property). Let M,M’', M" € rC. Let
(f,d) be as in the previous lemma. Assume that we are given an element
'V € R such that ¥? = v. Then the map fRy» mom' : M @ M' @ M" —
M"® M Q® M’ coincides with the composition

1M®IRMII'MI
_

Rpger 1,
M®M/®MII M®M”®M’M’M”®M®MI

and the map
fRMeM M7 T MOMOIM - MM @ M"

coincides with the composition

1M®fR pgr pr
- - 7,

R 0 @1y
MII®M®MIf_y_-£_®—M)M®M/I®MI M®M,®M”.

This follows from Proposition 32.2.2, since in our case, ¢II’, ({II" are the
identity maps.



CHAPTER 33

Relation with Kac-Moody Lie Algebras

33.1. THE SPECIALIZATION v =1

33.1.1. Let g’f be the free associative algebra over R with generators
6; (i € I). As for 'f, which corresponds to the case R = Q(v), we have a
natural direct sum decomposition g'f = @, (r’f,) where v runs over N[I];
each 'f, is a free R-module of finite rank.

Let grf be the quotient of the algebra g’f by the two-sided ideal of g’f
generated by the elements

D N i L4

p+p'=1-(i,j')

for various 7 # j in I. Recall that ¢ : A — R is given.

Let rf, be the image of g'f, under the natural map r’f — gf. It is
clear that we have a direct sum decomposition Rf = @, Rf,,). From the
definition, we have, for any v, an exact sequence of R-modules

@u’,u";i#j(R,fu') ®Rr (R,fu”) i R,fu — Rfu —0

where the indices satisfy v/, v” € N[I] and '+ 0" +(1—(¢,5'))i+7 = v; the
first map has components z,z’ — z®; jz’. If we take this exact sequence
for R = Q[v,v™!] and we tensor it over Q[v,v™!] with Q(v) or with Ry (a
field of characteristic zero, regarded as an .A-algebra or Q[v, v~!]-algebra
via v — 1), we obtain again exact sequences, by the right exactness of
tensor product. We deduce that

RO?V =Ro® (Q[v,v-l]fu)
and i )
Qi = Q(v) ® (qp,»-1f)-

Since Q[,,’,,_llf’,, is a finitely generated Q[v,v~!]-module and Q(v) is the
quotient field of Q[v,v~!], we deduce that

(a) dimQ(v)(Q(u)f‘u) < dlmRo (Ro?u)
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By 1.4.3, there is a unique (surjective) algebra homomorphism Q(v)f' —
f which takes 6; to 6; for all ¢ (and preserves 1). It is clear that this
homomorphism maps g»)f, onto f,, hence

(b) dimgy) £, < dimq(,,)(q(,,)f,,) for any v € N[I].

Note that g,f is the Ro-algebra defined by the generators 8; (i € I)
and the Serre relations

SO (-1 (er/p)e;eF fp') =0

p+p'=1-(i,j’)

for various i # j in I. Thus it is the enveloping algebra of (the upper
triangular part of) the corresponding Kac-Moody Lie algebra over Rp.

33.1.2. Assume now that the root datum is Y-regular and X-regular. Let
A€ Xt and let M = g Ay € g,C’. The linear maps E;, F; : M — M
satisfy in our case:

(a) E;M¢ ¢ M+ F;MS¢ < M~ for any i € I and ¢ € X;

(b) (E;F; — F;E;)m = 6;,;(i,{)m for any ¢,j €  and m € M¢;

(©) Xpaprmi—ijn(—1)P (EF/P)E;(EF [p') =0: M — M for any i # j
in I;

(d) Zpﬂ,:l_(i’j,)(—l)pl(F‘ip/p!)Fj (FP/p')=0:M — M for any i # j
in 1.
" This shows that M is an integrable highest weight module of the Kac-
Moody Lie algebra attached to the root datum. By results in [3], namely,
the complete reducibility theorem of Weyl-Kac and the Gabber-Kac theo-
rem, M is simple as a module of that Lie algebra and the Rp-linear map

rof/ Y R FOSN o M
i
given by
0,0i, -+ -0, — Fy Fyy - Fy s

is an isomorphism. It follows that
(e) roAn is a simple object of g,C and
(f) for given v € N[I], we have

dimpg, (Rofu) = dimRo(RoAlA\_y)

provided that (i, A) are large enough for all <.
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From the definition of Ay and g,A,, it is clear that
(g) dimp, (RoAi_") = dimgg) A:\\_" for any A, v and

(h) for given v € N[I], we have dimq(,)(f,) = dimq,) Ay~ provided
that (i, A) are large enough for all .
From (f),(g),(h) we deduce that

dimQ(v) (f,,) = dimRo (Roi:u)

for all v. Combining this with the inequalities 33.1.1(a),(b), we see that
those inequalities are in fact equalities. In particular, the natural surjective
homomorphism Q(v)f' — f must be an isomorphism. Similarly, the natural
surjective homomorphism g,f — g,f is an isomorphism since

dimp, (rof,) > dimp,(f,) = dimqq,)(f,) = dimpg, (r,f.)

for all v.
Thus we have the following result.

Theorem 33.1.3. (a) The natural algebra homomorphism Q(,,)f' — f is
an isomorphism.
(b) We have dimq(y) f, = dimp, (g, f,) for any v.
(c) The natural algebra homomorphism r,f — g, f is an isomorphism.
{d) If A € X, then the dimension of the weight spaces of Ax are the

same as those of the simple integrable highest weight representation of the
corresponding Kac-Moody Lie algebra.

33.1.4. Remark. Parts (a), (b) and (c) of the theorem hold for arbitrary
root data, since only the Cartan datum is used in their statement.

Corollary 33.1.5. The algebra U can be defined by the generators E; (i €
I, F, (t€l), K, (p€Y) and the relations 3.1.1(a)-(d), together
with the quantum Serre relations for the E;’s and for the F;’s.

33.2. THE QUASI-CLASSICAL CASE

33.2.1. In this section we assume that the A-algebra R is a field of char-
acteristic zero and ¢(v;) = £1 in R for all i € I. We then say that we are
in the quasi-classical case; this is justified by the results in this section. We
also assume that (I, -) is without odd cycles (see 2.1.3). Then, by 2.1.3, we
can find a function
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(a) i — a; from I to {0, 1} such that a; + a; = 1 whenever (i, ') < 0.

Let Rp be the ring R with a new A4-algebra structure in which v € A is
mapped to 1 € R. We want to relate the algebras rf and Rof' . We cannot do
this directly, but must enlarge them first as follows. Let A be the R-algebra
defined by the generators 6;, K; (i € I) subject to the following relations:
the ; satisfy the relations of rf, the K; commute among themselves and
I?,'Oj = ¢(’U¢)<i’j’)9jki, for all 3,5 € I. _

Let Ap be the R-algebra defined by the generators ;, K; (¢ € I} sub-
ject to the following relations: the 8; satisfy the relations of Rof' , the K;
commute among themselves and f{,ﬂj = ¢(v,-)<i'j')0jl~(i, for all 4,7 € I.

It is clear that, as an R-vector space, A (resp. Ap) is the tensor product
of gf (resp. g,f) with the group algebra of Z! over R, with basis given by
the monomials in K;.
Proposition 33.2.2. (a) The assignment E; — E] = Eil?f‘ and K; — K;
for all i, defines an isomorphism of R-algebras Ag — A.

(b) dimg(rf,) = dimg(g,f,) for all v.

:gc) The natural algebra homomorphism rf — &f is an isomorphism.

Let 7,7 € I be distinct. A simple computation shows that we have in A:
EE; EIP = ¢(v,) P04, )63 pastr' ) P B B f(i(P+P')a»' f{;:
_ The facter B(vi)*@+PIE+P'=1) 5 1 since ¢(v;) = +1 and the exponent is
even. By the definition of a;, we have

B(v;) (B3N Paitp'as) — 4y )BTV PP gy ) (TP

and this equals ¢(v;){3? if p + p’ = 1 — (i,5'). Note also that ¢([n]}) =
B (v;)™=1/2p), since ¢(v;) = £1. Hence, if p+p’ =1 — (i, '), then

$([p)([P'];) = plvs) PP~ D+ =10 2pi0

= ¢(vi)(p+p')(p+p'—1)/2¢(vi)—pp’ ¢(v;)PA—Pplp't
= ¢(v;)PHPIPHE =1)/2 40, VT WP 1)

It follows that

Z (—1)”/(E{”/p!)E;-(E{pl/p'!) - ¢(Ui)(i,j’)(1—(i,j'))/2
p+p'=1-(i,j’)
S VP ES /() E (B () R R.

p+p'=1-{i,j’)
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This shows that the assignment in (a) preserves relations, hence defines
an algebra homomorphism Ay — A. The same proof shows that the as-
signment E; +— Eiki_“‘ and K; — I?,- defines an algebra homomorphism
A — Ay; it is clear that this is the inverse of the previous homomorphism.
This proves (a).

For any v, the isomorphism in (a) maps the subspace Rof isomorphically
onto the subspace ( rE, )K where K is a monomial in the K; depending only
on v. This proves (b).

The homomorphism in (c) maps gf, onto gf, for any v. Using (b), it
follows that this restriction gf, — gf, is an isomorphism. This implies (c).
The proposition is proved.

The next result compares the algebras g, U and U.

Proposition 33.2.3. There is a unique isomorphism of R-algebras f :
roU — RU such that

F(Bil) = ¢(v)* OB, f(File) = ¢(vi) 7o EOH R, (1) = 1¢

forallie€ I, € X. Here a; is as in 33.2.1(a).

To construct f, we take advantage of the fact that for the algebra ROU,
we know a simple presentation by generators and relations, while for gU
we do not. It will be easier to first construct a functor from gC to g,C and
theh to show that it comes from an algebra homomorphism.

Let M be an object of rC. The linear maps E;, F; : M - M (i € I)
satisfy

(a) E;M> ¢ MY F;M*» ¢ M*¥ for any i € I and A € X;

(b) (E:;Fj — F;E))m = 6; ;¢(v:)»V~1(i, \ym for any 4,5 € I and m €
M'\'

(€) Xpprmr iy (1) $(vi)P 1) (EL [p) B (EY /p')) = 0: M — M for
any ¢ # j in I;

() St a7y (~ 17 G(02)P 7 (FP fp) F5 (FF [pY) = 0: M — M for
any ¢ # j in I.

For any a € Z, we define linear maps P;, : M — M by P, ,(m) =
¢(v;)*“m for m € M>. We define linear maps E!, F! : M — M in terms
of the function 33.2.1(a) by E; = E; P, ,,, F! = ¢(v;)F;Pi1_4,. As in the
proof of the previous proposition, we can check that:

(al) EIM> ¢ MMY, F!M> c M*~¥ forany i€ I and A € X;

(b1) (E{F; — F{E;)m = §; ;(i, \)m for any i,j € I and m € M?>;
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(c1) Zpﬂ’,:l_(i’j,)(—l)p'(E,fP/p!)E;(E{”'/p’!) =0: M — M for any
i#jin I;

(d1) 3,41 n (VP (FIP/P)F}(F/ [p'l) = 0 : M — M for any
i1# jin I. Since g, f = Rof' (see 33.1.3) has the presentation given by the
Serre relations, it follows that M with its weight space decomposition and
with the linear maps Ej, F] is an object of g,C.

Thus, we have defined a functor I" : gC — g,C. This functor has the
following obvious property: it associates to M an object I'(M) with the
same underlying R-module as M and any endomorphism of M in gC is at
the same time an endomorphism of I'(M) in g,C. Applying the functor I to
rU, regarded as a left module over itself, we obtain a structure of a unital
left ROU-module on rU. Thus, we have an R-bilinear pairing R{,U x gU —
rU, denoted by a,b — a  b; this has the properties (aa’) * b = a * (a’ * b)
and (a * b)b’ = a * (bb’). The last property holds since right multiplication
by b is an endomorphism of gU in gC, hence also in Rro,C. We define a map
f:r,U— rUby f(a) = > cex a*1¢; only finitely many terms in the sum
are non-zero. We have

' ’f(a)f(a') = Z(a *1¢)(a’ * 1¢/)

¢.¢'

=2 ax) L@ x1)
¢’ ¢

= Za* (' *1¢) = Zaa' * 1o = f(aa').
¢’ ¢’

It is clear that f has the specified values on the algebra generators
Eil¢, Filg,1¢ of g, U.

We show that f is an isomorphism. The elements E;l¢, Fil¢,1; are
algebra generators of rU, since ¢([n]}) = £n! is invertible in R for any
i € I and any n > 0. It follows that f is surjective. As in 31.1.2, rU
(vesp. r,U) is a free rf ® rf°PP-module (resp. g,f ® g, f°PP-module) with
generators 1¢ (under (z ® 2') : u — ztua’~ ), and f carries the subspace
of r,U spanned by z*1,z'~ with

TEDu VSN(RofV))x, € D ¢tr uSN’(Rofu)

and fixed ¢ onto the analogous subspace of rU. Since these subspaces are
both of the same (finite) dimension over R, the restriction of f must be an
isomorphism between them. This implies that f is an isomorphism. The
uniqueness of f is obvious. The proposition is proved.
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Corollary 33.2.4. Assume that the root datum is Y -regular and X -regular
and that A € X*. Then gAy is a simple object of rC.

By the proof of 33.2.3, this is equivalent to the statement that g A, is
a simple object of g,C. (See 33.1.2(e).)



CHAPTER 34

Gaussian Binomial Coefficients
at Roots of 1

34.1.1. Let ! be an integer > 1. In this chapter we assume that the A-
algebra R, with ¢ : A — R and with v = ¢(v), is such that R is an integral
domain and the following hold

vi=1landv* #£1forall0<t<l.

All the identities proved in 1.3 for Gaussian binomial coefficients imply,
after applying ¢, corresponding identities in R. However, certain identities
will be satisfied only in R. We shall now give some examples of such
identities.

Lemma 34.1.2. (a) Ift > 1 is not divisible by |, and a € Z is divisible by
1, then ¢([$]) = 0.
(b) Ifa; € Z and t, € N, then we have

lar]\ _ e+ (@
¢<[”1D -V t1)’

(c) Let a € Z and t € N. Write a = ap + lay with ag,a; € Z such that
0<ap<!l—1andt=ty+1t) withtg,t; € N suchthat0 <tz <1—-1. We

have
al\ _ (aoti—arto)l+(ar+1)ty1? ap a
o(ld]) - (o)) (&)

Here (‘t’l‘) € Z is an ordinary binomial coefficient. We prove (a) for a > 0
by induction on a. If a = 0, we have trivially [':] = 0; if a = [, the equality
#([3]) = 0 follows directly from the definitions.

Assume now that a > 2! and that (a) holds for a — [ instead of a. By
1.3.1(e), we have

o([) = 2 e ([ ) 1))
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For each term in the sum, we have that either ¢’ or t” is not divisible by
[; hence the sum is zero by the induction hypothesis. This proves (a) for
a > 0. We now prove (a), assuming that a < 0. Write t = ty + l¢; with
0 <ty <!l. We have

([) = ()
= 5 ey (o) ([51]),

t+t =t

Consider a term in the sum corresponding to (¢, ¢”). Since —a+It; > O is
divisible by I, we see from the earlier part of the proof that ¢( [_“:,'“1]) =0
unless t’ is divisible by {. But then t” is congruent to t modulo I. Hence
t” is congruent to tp modulo . It follows that ¢ > ¢;, hence [t”tﬁl] =0.
Hence our sum is zero and (a) is proved.

We prove (c), assuming (b). In the setup of (c) we have

o([)= e ([E]) e ([2])

By (a), the sum may be restricted to indices such that ¢’ = It{ for some
t{ € N and such that t’ < ap. Then ¢ is congruent to ¢ modulo {, hence ¢’
is congruent to ¢y modulo I. Since both t/, ¢, are in [0, — 1], we must have
t' =ty and therefore t”” = It;. Thus,

() Bt ) (i)}

This shows that (c) is a consequence of (b).
We prove (b) for a; > 0 by induction on a;. The case where a; = 0 or
1 is trivial. Assume now that a; > 0. By 1.3.1(e), we have

(L)) =, 2, e (D)o (o))

By (a), we may assume that the sum is restricted to indices divisible by {,
namely t’ = It],t" = It with t] + t;, = ;. Using the induction hypothesis,
we get

la'l — 12(a1t1—t'1+t'1') ay — 1 1 —_ 12(a1+1)t1 a
o(lnl) =, 2~ AU o)

)+t =t
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We have used the identity 1.3.1(e), specialized for v = 1. This proves (b)
for a; > 0.
We now prove (b) assuming that a; < 0. We have

e(fw]) =0 (™50 7)

I ([(1 1)+ z(;:n ) — 1)])

— it (oo =] )

The last equality follows from (d). By the part of (b) that is already proved,

we have
¢ l(—a1 + tl - 1) _ vl2(_al+tl)tl —Q) + tl -1
ltl tl

— vl2(_al+t1)t1 (—l)tl <al) .

t
It follows that

laa |\ _ ittty Q=1+ (—ar )t [ 31
#([am]) = o :

1

"'It remains to observe that

(e) vV H! = (—1)!*1.

Indeed, if { is even, we have v! = —1 and both sides of (e) are —1; if | is
odd, then v! = 1 and both sides of (e) are 1. The lemma is proved.

34.1.3. Let p > 0. We have

(a) ¢([tp)!/([1)?) = ptv*PP=1/2,
We prove (a) by induction on p. If p = 0 or 1, then (a) is trivial. Assume
that p > 2. We have

¢([tl'/([YP) = o([ie - DI /(MNP )é ([ﬂ) '
Using 34.1.2 and the induction hypothesis, we see that
o(ltp)'/ (1)) = (p — 1)ty = DE=DHTEEED = pryFre-D),

This proves (a).
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Lemma 34.1.4. Assume that 0 <r <a <!l. We have

(a) E;—:t(l)—l(_l)l—r+l+qv—(l—r)(a—l+1+q)+q¢( [l;r]) = v g( [trl])

In the left hand side of (a) we may replace v°~! by (—1)!*1. Note also
that [ — r > 1; hence

l—r

Z(—l)qvq(l"”f) [l ; T] -0

q=0
(see 1.3.4). Hence the left hand side of (a) equals
-7 I
(_1)r+lvr(a+1——l)~la Z (_l)qvq(l—l+7-)¢ ([ - T‘:I)

g=l—a q

T r(a+1— —aa—r —r—q (I—-r7—¢ YA =141 l—r
= (-1)"tlv (a+1-1)—1 Z(_l)z ¢ (—r=¢) -1+ )¢([ ¢ ])

q’'=0

For any ¢’ in the last sum, we have by 34.1.2(c), ¢( [lq_,r]) = vi7 g [;,T]) .
Thus the left hand side of (a) is

(__1)a+l—r+lvr(a+1——l)—la Z (__l)a*r—q’vlq'+(l—r—q')(l—l+r)¢ ( [_T]>

N = q
‘ a—r , , -1 _r
_ (_1\aHl-r+1_l-(l-7)l-la —q'+r(a—r-q’)
= (—1yetry Sovrreag Tt De([7])
q'=0
r—1
- (_1)a+l—r+lvl—(l—r)l—la¢([ T ])
a—rT

=ty (2 J) <vene([7).

We have used v! = v~ . The lemma is proved.
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CHAPTER 35

The Quantum Frobenius Homomorphism

35.1. STATEMENTS OF RESULTS

35.1.1. In this chapter we fix an integer [ > 1. Then the integers [; > 1,
the new Cartan datum (7, o) and the new root datum (Y™*, X*,...) of type
(I,0) are defined in terms of I, (I,-),(Y, X,...) as in 2.2.4, 2.2.5.

35.1.2. The assumptions (a),(b) below will be in force in this chapter.
(a) for any ¢ # j in I such that [; > 2, we have |; > —(¢,5') + 1;
(b) (1,-) is without odd cycles (see 2.1.3).

N(;te that (a) is automatically satisfied in the simply laced case: in that
case, we have [; = [ for all ¢; in the general case, the assumption (a) can
be violated only by finitely many I. Note also that (b) is automatically
satisfied if (I,-) is of finite type.

35.1.3. Let I’ be one of the integers [, 2, if | is odd, and let I’ be equal to
21, if | is even. Let A’ be the quotient of A by the two-sided ideal generated
by the I’-th cyclotomic polynomial fir € A. Thus, (f1, f2, f3,...) = (v —
Lv+1Lv2+v+1,...).

In this chapter, we assume that the given ring homomorphism ¢ : A — R
factors through a ring homomorphism A’ — R, or that R is an .A’-algebra
or, equivalently, that fi(v) =0 in R, where v = ¢(v).

35.1.4. When (I,-) is replaced by (I,0), the element v; € A, whose defi-

oy .. 12
nition depends on the Cartan datum, becomes v} = v*°¥/2 = (A

For any P € A, we denote by P} the element obtained from P by
substituting v by vj. For each ¢ € I, we set v; = ¢(v;) and v} = ¢(v}) =

2
Vi .

Lemma 35.1.5. (a) Leta € L,Z andt € ;N. We have ¢([],) = ¢( ['t'//ll']*)

(equality in R).
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(b) Let a € l;Z and lett € N be non-divisible by l;. We have ¢( [':]1) =0
(equality in R).

It suffices to prove this for R = A’. This is an integral domain in which
vZi = 1and vZ # 1 for all 0 < t < ;. We prove (a). Applying 34.1.2(b) to
v; and !; instead of v and I, we see that ¢( [‘t‘]z) = v,(-aH‘)t (?ﬁ:) Applying

the same result to v} and 1 instead of v and I, we see that ¢( [‘t’ﬁ]*) =
idq
2

via+le/i} (‘://ll‘) It remains to use the equality v} = vi . The proof of (b)
is entirely similar; it uses 34.1.2(a).

35.1.6. Let f* (resp. U*) be the Q(v)-algebra defined like f (resp. like U),
in terms of the Cartan matrix (I, o) (resp. in terms of (Y*, X*,...)). Then
the R-algebras gf, pf*, RU, gU* are well-defined.

We state the main results of this chapter.

Theorem 35.1.7. Recall that R is an A’-algebra. There is a unique R-
algebra homomorphism Fr : pf — gf* such that for alli € I and n € Z,
{ Fr(9§")) equals 05"/1‘) if n € ,Z, and equals 0, otherwise.
Theorem 35.1.8. There is a unique R-algebra homomorphism Fr’'
rE* — pf such that Fr'(6™) = 0™ for alli € I and alln € Z.
Theorem 35.1.9. There is a unique R-algebra homomorphism Fr : gU —
rRU? such that for alli € I,n € Z and { € X, we have:

Fr(Ei(")lc) equals E,-("/l")lc ifn € ,Z and ( € X*, and equals 0, other-
wise;

Fr(Fi(n)lc) equals Fi("/l‘)lc ifn € ,Z and ( € X*, and equals 0, other-
wise.

We give a proof of the last theorem, assuming that theorem 35.1.7 is
known. Using the presentation of the algebra gU in terms of rf given in

31.1.3, and the analogous presentation of the algebra rU* in terms of gf*,
we see that it is enough to prove that the assignment

ztlcz™ — Fr(zt)1 Fr(z7),z " 1czt v Fr(z7)1:Fr(z")
for z,z' € gf, ( € X*,
ztlez™ = 0,27 1czt — 0

for z,2’ € rf, ( € X — X* respects the relations described in 31.1.3. (Here,
Fr is the homomorphism given by Theorem 35.1.7.) This is immediate,
using Lemma 35.1.5.
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35.1.10. Remark. The homomorphism Fr constructed in Theorem
35.1.9 is called the quantum Frobenius homomorphism. It is compatible
with the comultiplication on rU and gU* (proof by verification on the
generators Ef")lc and Fi(n)lc).

35.1.11. The uniqueness part of Theorems 35.1.7 and 35.1.8 is clear. To
prove the existence part of these theorems, we note that the general case
follows by change of scalars from the case where R = A’. Since A’ is an
integral domain, it is contained in its quotient field K and the algebras
a'f, 4f* are naturally imbedded in the corresponding algebras over K.
Thus, if the theorems are known over K then, by restriction, we see that
they hold over A’. We are thus reduced to proving the theorems assuming
that R is the quotient field of A’. The proof in this case will be given in
35.2, 35.5.

35.2 PROOF OF THEOREM 35.1.8

35.2.1. In the rest of this chapter (except in 35.5.2, 35.5.3), we assume that
R js the quotient field of A’. Note that R is a field of characteristic zero and
that the order of v2 = ¢(v?) in the multiplicative group of R is I. Thus, we
have v2 =1 and v? # 1 for all 0 < t < I. By the definition of /;, we have
vZi = 1and v # 1forall 0 < ¢t < l;. In particular, ¢([n]}) is invertible
in R, if 0 < n < [;. For any ¢ we have v} = %1 since v?l‘? = 1; hence, when
dealing with the algebras rf*, glU*, we are in the quasi-classical case (see
33.2).

Lemma 35.2.2. The R-algebra gf is generated by the elements Of") (i€
I) and by the elements 6; for i € I such that l; > 2.

Recall that the R-algebra gf is generated by the elements 05") for various
iand n > 0. Writing n = @ + ;b with 0 € a < [; and b € N, we have
01(") = vgb‘*0§“)9§’*b) (using 34.1.2). On the other hand,

(a) 6/ = ¢([a]}) =262 (see 35.2.1) and
(b) 9(1 b) _ (b')_l l (b~ 1)/2(9(1 ))b
The equality (b) follows from the equalities
(68) = b/ ()6 in £
and
BB/ (1)) = bo(wy ")
(see 34.1.3). The lemma is proved.
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35.2.3. We now give the proof of Theorem 35.1.8. As observed in 35.1.11,
it is enough to prove the existence statement in 35.1.8, assuming that R is
as in 35.2.1.

We will show that there exists an algebra homomorphism grf* — gf
such that 6; — 9?‘) for all i. Since the assumption 35.1.2(b) is in force, the
algebra gf* has a presentation given by the generators 8; and the Serre-

2
type relations; this follows from 33.2.2(c) . Since ¢(([n]')?) = vi""("_l)/ %n!
(see the proof of Lemma 35.2.2), we see that it suffices to prove that, for
any 7 # j, we have the following identity in gf:
' 2p(p—1)/2, 12p' (0 —1)/2 (8L3)P o(15) (68+))?
(a) Ep+pl=l—(‘i,j,)l]‘/l|’(_1)p v; p(p—1)/ v; ?'(p )2 ( ‘p!) 0§ i) ( p’!) =0

Using (Bfl‘))b = b!v:?b(b_])/zggl‘b) (equality in gf, see 34.1.3), we can

rewrite (a) in the following equivalent form:
! A(L; l; Lip
(b) 2p+p'=1—(i,j')t,-/z,-(_1)p 9§ p)9§' 1)01( )= 0.
It remains to prove (b). Let a = —(¢,j’). For any g € [0,!; — 1] we set
ga= 3. (=)roftTim0gglgl) ¢ Lt
r+s=alj+li—q
 This is f; j1;,a1;+1,—¢;—1 in the notation of 7.1.1.

Let g = Zf]:ol(—l)qvf qu“‘q_ng&(q). By the higher order quantum
Serre relations (see 7.1.5(b)), we have g, = 0 for all ¢ € [0,l; — 1];
hence ¢ = 0. On the other hand, setting s’ = s + ¢, we have g =
L cr,310£')0;-l" 16" where

1

li—l ’

Z li—1— lijqg+liqg—q|S
Cr,sr = (_1)T+q'U:( )t 39+hg q[ ] .
i

Er,s{;;r+s'=alj+

q=0 ERE

Taking the image of ¢ = 0 under the obvious map 4f — gf, we obtain
S Bene)80800 =0 in gf.
r,s'ir+s'=alj+l;
For fixed s’, we write s’ = a + I;b where 0 < a < |; — 1. We have
&( [2]1) = v_bql"qﬁ([‘;]i) (see 34.1.2); hence

i

li—-1
Blers) = (=17 v 3 (c1)avil Dbl <[a] )

9=0 a1

= (-1)rvD i(—l)qvg(a—l)q& ([Z])

g=0 '
1 —1b. (i—1)(cd;+1;—1;b
—60,,,(—1)"’1“' z‘bvl(. Hal;+1;—1:b)

=& a(_l)l—b+alj/l,» .
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We have used the identity vi*"™1) = (—1)k+1) see 34.1. 2(e). (b) fol-

lows. Thus, we have an algebra homomorphlsm Fr' : gf* — gf such
that Fr'(8;) = 0,([‘) for all 1.
To complete the proof we must compute Fr’ (GE")) for n > 0. We have

Fr'(0) = ¢((In])3) " Fr'(8:)" = v "7V 2 () =1 (610)m = (™0,
Theorem 35.1.8 is proved.

35.3. STRUCTURE OF CERTAIN HIGHEST WEIGHT MODULES OF gU

Proposition 35.3.1. Assume thati # j in I satisfy l; > —(i,5') + 1. The
following identity holds in gf:

(17 _ . 3
609, = Z V(-G r>¢([ (21:3 )} )Hf’)f’j@i(“")-
i

We set a = —(i,j’). Using Corollary 7.1.7 with m = [;,n = 1, we see
that we are reduced to checking the identity

Li—a—1
i (- 1)1;—T+1+q —(li-r)(a— l+1+q)+q¢ i =T =v’.‘(°‘_r)¢ a
q 1 ¢ T i

q=0

““for any # € [0, a)]. This follows from Lemma 34.1.4.

Proposition 35.3.2. Assume that the root datum is X -regular. Let \ € X
be such that (i,\) € ;Z for alli € I. Let M be a simple highest weight
module with highest weight A in gC and let 1 be a generator of the R-vector
space M.

(a) If ¢ € X satisfies M¢ # 0, then { = A — Y, lin;i’, where n; € N. In
particular, {i,() € ,Z for alli € I.

(b) If i € I is such that l; > 2, then E;, F; act as zero on M.

(c) For any r > 0, let M/ be the subspace of M spanned by the vectors

F(l“)F(“z) . F(l")n for various sequences iy,is,...,%, in I. Let M’ =
Z M. Then M =M.

Clearly, M is spanned by vectors in M¢ where ( is of the form ¢ =
A — Y, lLinid’, with n; € N. Such ( satisfies (i,¢) € [;Z for all i € I. We
use the fact that, for j € I, the integer (¢, j') is divisible by ;.

We show by induction on r > 0, that
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(d) E;M] =0,F;M. =0 for any i € I such that [; > 2.
Assume first that r = 0. Then E; Mg = 0 is obvious. Assume that for
some i € I such that [; > 2, we have x = F;n # 0. For any j € I, we have

Ejz = EjFin = FEjn+ 66 ([(i, i) n = 6i,;0 ([(%1)0] ) 7
Since (i,A) € [;Z, and l; > 2, we have qﬁ([(if‘)]i) = 0; thus, E;z = 0. If
n > 2, then E](-"):z: = EJ(")Fm is an R-linear combination of FiEJ(.")n and of
E'J(-"_l)n, hence is again zero. Thus, E](.")x =0 for all j € I and all n > 0;
since £ € M~ there exists a unique morphism in gC from the Verma
module M) _; into M which takes the canonical generator to z; its image
is a subobject of M containing = but not 1. Since M is simple, we must
have z = 0. Thus (d) holds for r = 0.

Assume now that » > 1 and that (d) holds for r — 1. To show that it
holds for r, it suffices to show that E,-Fj(lj I = O,F,-Fj(lj dm = 0 for any
i, in I such that I; > 2 and any m € M]_,¢. If [; > 2, then EiF]-(lj)m

- is an R-linear combination of F ]-(lj)Eim and of F;"_lm, hence is zero since
E;m = 0, F;m = 0, by the induction hypothesis. If [; = 1, then E;F;m =
FE;m + 6; j¢( [(i’f)]i)m where (i,¢) € 1;Z, hence ¢( [(i’IC)]i) = 0, as above;
since E;m = 0, by the induction hypothesis, we have again E;F;m = 0.

If i # j, then from the identity in 35.3.1, we deduce by interchang-
ing" 4,7 and applying o, that F,-FJ-(I’ )m is an R-linear combination of
Fj(lj_r)FiF}r)m for various r with 0 < r < —(j,%') < l;. For such r we
have F;F\'m = 0. (Indeed, if [; > 2, then F;F;”'m = 0, by the induc-
tion hypothesis; if /; = 1, then r = 0 and FiFj(r)m = Fym = 0, again by
the induction hypothesis.) Thus, we have FiFj(l" dm =0 Ifi = 7, then
F}F}"' ‘m = Fj(l")Fim = 0, by the induction hypothesis. This completes the
inductive proof of (d).

Next we show by induction on r > 0 that

(e) EMIM! c M!_, for any i € I,
where, by convention, M’ , = 0. This is clear for 7 = 0. Assume now that
r > 1. We must show that Ei(l‘)Fj("')m’ € M/_, for any j and any m €
M]_,. Now Ei(l“)Fj(l" )m’ is an R-linear combination of F}(lj ) Ei(l‘)m’ (which
is in M]_, by the induction hypothesis) and of elements Fj(l"_t)E'i(l"—t)m'
with ¢t > 0 such that ¢t <[;,t < I; (which are zero if t < l; orif t =1;,t < I,
by (d), and are in M/ _, if t =1; = ;). Thus, (e) is proved.
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From (d), (e), 35.2.2, and the obvious inclusion Fi(l‘)M; C M/, we
see that 3° M/ is an grU-submodule of M. (It is certainly equal to the
sum of its intersections with the weight spaces of M since it is spanned by
homogeneous elements.) Since M is simple, we must have M = " M.
Thus (c) is proved. Now (b) follows from (d) and (c).

We prove (a). Let ¢ € X be such that M¢ # 0. By (c), we have M’S # 0.
Then, as we have seen at the beginning of the proof, ¢ is of the required
form. The proposition is proved.

Corollary 35.3.3. There is a unique unital RU* -module structure on M
in which the -weight space is the same as that in the gU-module M, for any
( € X* C X, and such that E;, F; € gf* act as El.(l‘),Fi(l‘) € rf. Moreover,
this is a simple highest weight module for gU* with highest weight A € X*.

We define operators e;, f; : M — M fori € I by e; = Egl"),_fi = Fi(l‘).
Using Theorem 35.1.8, we see that the e; satisfy the Serre-type relations of
rf* and that the f; satisfy the Serre-type relations of pf*.

If { € X — X* we have M¢ = 0, by 35.3.2(a). If { € X* and m € M¢,
then, by 31.1.6(c), we have that (e; f; — fje;)(m) is equal to §; ;&( [(iif)]i)m
plus an R-linear combination of elements of the form F}*~*EX~*(m) with
0 < t < I; which are zero by 35.3.2(b). Since (i, () € l;Z, we see from 35.1.5

([571) =+ (["3"])

Therefore, (e; f; — fjei)(m) = 6,-,j¢([(i’cl)/l‘]:)m. It is clear that e;(M¢) C
MSH and fi(MS) ¢ MS4Y,

Thus, we have a unital fU*-module structure on M. By 35.3.2(c), thisis
a highest weight module of g U* with highest weight A. This gU*-module is
simple. Indeed, assume that M” is a non-zero gU*-submodule of M. Then
M" is the sum of its intersections with the various M¢ (with ¢ € X) and is
stable under all Ei(l"), Fi(z") : M — M (in the gU-module structure). Now
M?" is automatically stable under E?, F? (in the rU-module structure) for
any ¢ and a such that 0 < a < [;, since these act as zero on M. Using now
lemma 35.2.2, we see that M” is stable under E™, F™ for any i and any
n € N. Thus, M” is a (non-zero) pU-submodule of M; hence M” = M.
The corollary is proved.

Corollary 35.3.4. Assume, in addition, that the root datum is Y -regular
and that A € X*. Then the simple highest weight module for RU* defined
in Corollary 35.3.8 is grA,.
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Indeed, the module gA, of gU* is simple. By the assumption 35.1.2(b),
we may apply 33.2.4.

35.4. A TENSOR PrRODUCT DECOMPOSITION OF gf

35.4.1. Definition. Let f be the R-subalgebra of grf generated by the
elements 6; for various ¢ such that [; > 2. (Note that without the assump-
tion 35.1.2(a), the definition of § should be more complicated.) We have
f = @uf, where f, = gf, Nf.

Theorem 35.4.2. (a) If ¢ € I and y € f,, the difference 9,([")3/ _

vi_l‘(i’")yﬂgl‘) belongs to §.

(b) The R-linear map x : rf* @r f — rf given by x @ y — Fr'(z)y is
an isomorphism of vector spaces.

We prove (a). If (a) holds for y and y/, then it also holds for yy’. Hence
it suffices to prove (a) when y is one of the algebra generators of f. Thus,
we may assume that y = 0; where j satisfies /; > 2. By our assumption,
we then have l; > —(i,5’) + 1. Therefore, we may use the identity in
Proposition 35.3.1, and we see that 9?")9]- -v; i ,)0j9§l‘) is an R-linear
combination of products 61(7)0]-91(1"_’) with 0 < 7 < —(4,j') < l;; these
products are contained in f, by the definition of f. This proves (a).

We prove (b). We first show that x is surjective. Using Lemma 35.2.2,
we see that gf is spanned as an R-vector space by products z,z3-- -z,
where the factors are either in f, for some v (factors of the first kind) or of
the form 01(1‘) (factors of the second kind).

By (a), any product z,z54+1 with z, (resp. z,41) a factor of the first kind
(resp. of the second kind) is equal to vl'z,1+125 plus an element of f,. for
some 7 and some v'. Applying this fact repeatedly, we see that z,z2-- -z,
is a linear combination of analogous words in which any factor of the second
kind appears to the left of any factor of the first kind. It follows that x is
surjective.

It remains to show that yx is injective. Recall that the elements of B
may be regarded as an R-basis of gpf*. Assume that for each b € B, we are
given an element y; € f such that y, = 0 for all but finitely many b and
such that we have a relation ), Fr'(b)ys = 0 in gf. We must prove that
yp = 0 for all b. We may assume that each y, belongs to f, for some v.
Assume that yp # 0 for some b. Then we may consider the largest integer
N such that there exists b with y, # 0 and tr |b] = N.
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In this proof we shall assume, as we may, that (Y, X,...) is both Y-
regular and X-regular. Let A € X+ and )\’ € X; assume that (i,)\) € [;Z
for all 7 (i.e., that A € X*). We consider the objects M = gLy, M’ = My,
of rC (see 31.3.2, 31.1.13); let 1,1’ be generators of the R-vector spaces
M> M’ Then M' ® M € gC.

In M’ ® M we have ), Fr'(b)"y, ( ® n) = 0. We have y, (/ ® ) =
v”(")yb~ (7’) ® 5, for some integer n(b), since any element of f, with v # 0
annihilates 7 (see 35.3.2(b)). Hence we have

(©) X o™ Fr' ()~ (y; (n') ®n) =0 in M’ ® M.

Let M, = @M™* C M where the sum is taken over all \; € X of the
form A — ", lip;t’ with 3", pi = N. Let m : M — M; be the obvious
projection. We apply 1® 7 : M’ ®@ M — M’ ® M, to the equality (c). We
obtain

(d) 32, vy, (') ® Fr'(b)~(n) = 0
where the sum is taken over b subject to tr |b] = N.

By 35.3.3, we may regard M as a gU*-module; this is a simple highest
weight module of pU* which is just gAy (see 35.3.4). Note also that
F#'(b)~17j in the g U-module structure is the same as b~ in the gU*-module
structure.

We shall assume, as we may, that (i, A) are not only divisible by [;, but
are also large for all 2, so that the vectors b—n € M are linearly independent
when b is subject to tr |b] = N (a finite set of b’s). Here we use that
"“M = gA, as a gU*-module. Then from (d) we deduce that y, (n') = 0,
hence y, = 0 for all b such that tr |b| = N. (We use the fact that M’ is a
Verma module.) This is a contradiction. The theorem is proved.

35.4.3. We assume that the root datum is simply connected. Then there
is a unique A € X% such that (i, \) = ; — 1 for all i. Let 7 be the canonical
generator of gAj.

Proposition 35.4.4. The map x — z~7n is an R-linear isomorphism f —
rAL.

Let J = Ei,n>l¢(Rf01(n))' It suffices to show that J @ § = rf. An
equivalent statement is that o(J) @ f = gf since § is o-stable. We have
o(J) = 2> 0§")Rf. If i,n are such that n > [;, then we can write
n=a-+ l,'b‘ with 0 < a < I; and b > 1 and we use the formulas in the
proof of Lemma 35.2.2. We see that 95") C 051‘)31‘. It follows that o(J) =
> 9§[‘) rf. The fact that >, 051") rf and f are complementary subspaces of
rf follows easily from Theorem 35.4.2(b). The proposition follows.
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35.5. PROOF OF THEOREM 35.1.7

35.5.1. As we have seen in 35.1.11, we only have to prove existence in
35.1.7, assuming that R is as in 35.2.1.

By Theorem 35.4.2, there exists a unique R-linear map P : gf — gf*
such that P(Hg"‘) - -0&‘")9,-1 -+-8;,)isequal to 6;, ---6;, if r =0 and to 0
if r > 0. (Here 4,,...,1, is any sequence in I and ji,...,Jr is any sequence
in I such that {;, >2,...,l; >2.)

We show that P is an algebra homomorphism. It suffices to show that
(a) P(z0;) = P(z)P(6;) for any = € rf and any 7 such that I; > 2 and
(b) P(xegl")) = P(z)P(0§l")) for any z € gf and any 1.

(a) is obvious. We prove (b) for z = 051“) e oﬁ‘"’ojl -+ -6, by induction
on r > 0. The case where r = 0 is trivial. Assume that r > 1. We have
z = z'0; where j = j, and 2’ = 02") e oﬁ‘"’o]-l @,

If 7 # j then, using the identity in 35.3.1 (after applying o to it), we see
that z’ 0,-01("') is equal to a multiple of =’ 95"')9,- plus a linear combination of
- terms of the form 266,60 where 0 < r < ;.

By (a) and the induction hypothesis, we have

P(z'6{0;) = P(a'6{"")P(6;) = 0

and *
P(«'6{76;6%"7) = P(z'9"0;)P(6“ ") = 0.

It follows that P(m’HjB?‘)) =0. If i = 7, then x’9j0,(l‘) = x’ezf")o,- and the
same proof as the one above shows that P(:v’0j0§l‘)) = 0. On the other
hand, we have from the definition P(z) = P(z'6;) = 0. Hence (b) holds in
this case; both sides are zero.

To complete the proof we must compute P(Bg")) for n > 0. Writing
n=a+1bwith0<a<landbe N, we have 8™ = v3¥:g{®g{®) a5 in
Lemma 35.2.2, hence P(6{™) = v@% P(6{)P({"*?)). This is zero if a > 0,
i.e., if n is not divisible by ;. If a = 0, then

P(6(™) = P(O{*) = (o) v *C D2 a0y
= (b))~} (v} /20 = 6.

The theorem is proved.
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35.5.2. We now discuss to what extent the assumptions 35.1.2(a),(b) are
necessary. Theorem 35.1.8 depends only on the assumption 35.1.2(b). This
assumption can be replaced by the assumption that ! is odd; then essentially
the same proof will work (using the results in 33.1, instead of those in 33.2).
If the Cartan datum is of finite type, then as pointed out in 35.1.2, the
assumption 35.1.2(b) is automatically satisfied; hence 35.1.8 holds in this
case.

We now discuss Theorem 35.1.7. Here we may again substitute the as-
sumption 35.1.2(b) by the assumption that [ is odd. If the Cartan datum is
irreducible, of finite type, 35.1.2(b) is automatically satisfied, but 35.1.2(a)
can fail; more precisely, if 35.1.2(a) is not satisfied, then we may assume
that

(a) we have (i,j') = —2 for some i,j € I and [ = 2 or

(b) we have I = {i,j} with (i,5') = -3, (j,i) = ~1 and l =2 or 3.

In case (a), the algebra gf is known in terms of explicit generators and

relations (see [6]) and the statement of 35.1.7 can be verified by checking
that these relations are satisfied in pf*.
' “In case (b), the explicit presentation of the algebra gf is not known for
general [; however, for small ! (for example | = 2 or 3), it is possible to
again write generators and relations, using the formulas in [6], and with
their help to verify 35.1.7. We omit further details.

We see that 35.1.8, 35.1.7 (hence also 35.1.9) hold unconditionally in the

“case where the Cartan datum is of finite type. It is likely that they hold
without any restriction whatsoever.

35.5.3. Frobenius homomorphism in the classical case. We now
assume that [ is a prime number and that the A-algebra R is such that
v=1and ! =0 in R. (For example, R could be the finite field with [
elements.) Let I’ =l if l is odd and let I’ = 4 if [ = 2. Then the value of the
I’-th cyclotomic polynomial at v = 1 is divisible by /; hence if we define A’
as in 35.1.3 (with the present choice of I), we have that R is an A’-algebra.
Hence Theorems 35.1.7, 35.1.8, 35.1.9 hold in this case. (For Cartan data
of finite type, the assumptions in 35.1.2 are not needed; for infinite types,
35.1.2(a) is needed, and 35.1.2(b) is needed only if | = 2.) For Cartan data
of finite type, we thus obtain the transpose of the classical Frobenius map
or of an exceptional isogeny in the sense of Chevalley.



CHAPTER 36

The Algebras pf, pu

36.1. THE ALGEBRA gf

36.1.1. In this chapter we assume that the Cartan datum is simply laced.
As in the previous chapter, we fix an integer [ > 1. We preserve the assump-
tions of 35.1.1- 35.1.3. Note that in this case, 35.1.2(a) is automatically
satisfied. Note also that in this case, we have [; = and v; = v for all 7.

36.1.2. We define an R-algebra gf as follows. If R = A’, then gf is the
R-subalgebra of gf generated by the elements 9§") for various %, n such that
0 < m < l. In the general case, we define gf = R® 4 (a-f). We have a direct
sum decomposition gf = @, (rf,) indexed by v € N[I]; for R = A, it is
induced by the analogous decomposition of gf and, in general, is obtained
by extension of scalars from the special case R = A'.

From the definitions we see that in the case where R is the quotient
field of A’, grf is the R-subalgebra of grf generated by the elements Hgn) for
various i,n such that 0 < n < [, or equivalently, by the elements 6; for
varigus i (if { > 2) and by 1. (We use the fact that ¢([n]') is non-zero in
this field for 0 < n < l.) It follows that in this case, gf is the same as the
algebra § defined in 35.4.1.

We shall need the following result.
Lemma 36.1.3. Leti,j € I be such that (i,5') # 0. Let m,n € N be such
that m € IN and n < L.

(a) og’")a;.") € 4f is an A'-linear combination of elements u,6'") where
s € [0,m] is divisible by | and us € 4/f.

(b) 0,(")0;-'") € af is an A'-linear combination of elements Ogs)u’s where
s € [0,m] is divisible by | and u), € 4.
We have (i, j') = —1, since the Cartan datum is simply laced. We prove

(a). We may assume that m > 0. Then m > [, hence m > n+1 and 7.1.7

is applicable. Thus we can express 0§m)0§") as an A’-linear combination of

9™ g(s")
i 3 i

terms where 7,8’ € N,7+ s =m,m —n < s < m. For such

a term, we have r < n < [, hence 0,(")05") € af and 01(3’) is either 01("’)
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or, if s’ < m, a power of v times 01(5’—m+1)01(m—1) (see 34.1.2). In the last
expression we have m —l € IZ and 0 < ' —m+ 1 < [; (a) follows. Now (b)
follows from (a) by using the involution o.

Theorem 36.1.4. The R-module gf, is free for any v € N[I].

Lemma 36.1.5. . Assume that the root datum is simply connected. Let
A € Xt be defined by (i,\) = l; — 1 for all i. Let n be the canonical
generator of pAx. The map x — x~ 1 is an isomorphism gf — RA.

It suffices to prove this in the case where R = A’; the general case
follows by change of rings. The fact that this map is injective follows
from Proposition 35.4.4 (over the quotient field). We prove surjectivity.
The argument is similar to the one in the proof of 35.4.2. Note that grf
is spanned as an R-module by products z,z;-- -z, where the factors are
either of the form 92(") with 0 < n < | (factors of the first kind) or of the
form 8™ with m € IN (factors of the second kind).

By Lemma 36.1.3, any product x;z,; with z; (resp. z;41) a factor of the
segond kind (resp. of the first kind) is an A’-linear combination of products
of the form z)z% - - -z _,z] where z},z),...,z,_, are factors of the first

kind and z.. is a factor of the second kind. Applying this fact repeatedly,

we see that 2122 - - - T is a linear combination of analogous words in which

any factor of the first kind appears to the left of any factor of the second
- kind.

Since the R-module rA) is generated by elements ™7 with =z € gf,
we see from the previous argument that gA, is generated by elements
I > ---x,n where z' € gf and z),22,...,z, € grf are factors of the
second kind.

Since (Hgm))‘n = 0, for any m such that m > (i,A) = l; — 1, we have
(0§"‘))—n = 0 for any m € [N such that m # 0. It follows that the R-module
rA, is generated by elements 2’ ~n with z’ € rf. The lemma follows.

36.1.6. Proof of Theorem 36.1.4. We may assume that the root datum
is simply connected. Hence Lemma 36.1.5 is applicable. The isomorphism
in that lemma is compatible with the direct sum decompositions according
to v; it remains to observe that the canonical basis of gA) provides a basis
for the summand corresponding to v.

The following result is an integral version of Theorem 35.4.2(b); here R
is not assumed to be a field.
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Theorem 36.1.7. The R-linear map x : grf* ®r (rf) — rf given by
z®y +— Fr'(z)y is an isomorphism of R-modules.

It is enough to prove this in the case where R = A’; the general case
follows by change of rings. The fact that x is surjective has already been
proved in the course of proving Lemma 36.1.5 (actually the products in that
proof are in the opposite order of what we need now, so we must apply o
to them). Next we note that x is a homomorphism between two free A’-
modules (the freeness of rf* and of grf is already known; the freeness of
rf follows from 36.1.4). Hence to prove that x is injective over A’, it is
enough to prove the corresponding statement for the quotient field of A’.
That statement is already known (see 35.4.2(b)). The theorem is proved.

36.1.8. Let pf — gf be the R-algebra homomorphism induced by change
of scalars from the analogous homomorphism for R = A’, which is the
obvious imbedding.

Corollary 36.1.9. The natural algebra homomorphism grf — grf is an
imbedding; its image is the R-subalgebra of rf generated by the elements
95") for various i,n such that 0 <n < .

We shall identify rf with a subalgebra of rf, as above.
36.2. THE ALGEBRAS gl, g

36.2.1. Let pu be the R-subalgebra of U generated by the elements
E'i(n)lc, Fi(")lc for various i, n such that 0 < n < ! and various ( € X. Note
that gi is the free rf ®r (rf°PP)-submodule of gU with basis (1¢) (the
module structure being (z ® z') : u — zTuz’~); the same statement holds
for the module structure (z ® z’) : u — z~uz'*.

Lemma 36.2.2. gpu is closed under comultiplication.

This is easily proved by checking on the algebra generators of git.

36.2.3. In the rest of this chapter we assume that | = !’ is odd. Then
vl = 1. We introduce a certain completion gii of git as follows. Note that
any element pu can be written uniquely as a sum

(a‘) E(,('ex T¢ ¢
where z¢ ¢ € 1¢(ru)1¢ are zero except for finitely many pairs (¢, ().

We now relax the last condition and we consider infinite formal sums (a)
in which the only requirement is that there exists a finite subset F C X
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such that z¢ ¢+ € 1¢(rtt)1¢/ are zero unless { — ¢’ € F. The set of all such
formal sums is denoted by gii. (Note that the set F varies from element to
element of gil.) The R-algebra structure of ril extends in an obvious way
to an R-algebra structure on gi; this algebra has a unit element ZC 1.
Note that that the two gf ®r (rf°PP)-module structures on gu extend in
an obvious way to two rf ®g (rf°P?)-module structures on gii.

For any X*-coset ¢ in X, we define 1. = ZCEC 1. € gu. Let J
(resp. J') be the R-submodule of gil generated by the elements z+1.2'~
(resp. z~1.z't) for various ¢ € X/X* and z,z’ € gf.

Lemma 36.2.4. (a) Fi(b)u C J for any u € J and any i,b such that
0<b<l.
(b) J is an R-subalgebra of gii and J = J'.

To prove (a), we may assume that u = Ei(f‘)---Ei(:”)lcm’ ~ where
ai,...,ap € [0,l — 1],c € X/X* and ' € gf. We argue by induction on p.
If p = 0, the result is trivial. Assume that p > 1. Let z; = 95:2) . -9§:”).
We have

. u=1sE"afa'~
for some ¢ € X/X*. If i # ), the desired result follows immediately.
Assume that i = ¢;. We have

ay +b— (i, - - _
Z Z ¢ ([ ' Y ( C>:|> Ei(al t)lC—(‘11+b—t)i'Fi(b t):l"-l"ml .

CeC t>0it<a;t<b
For each t,( in the sum we have 0 < ¢ < ! and a1 +b— (3,{)= a1 +b— (3, (o)
mod !Z, for some fixed element (o of ¢. We have

([0 ) e )

(see 34.1.2); here we use the hypothesis that [ is odd. Hence we have
Fi(b)u _

Z p ([m + bt— (i,C0>]) E,'(al_t)Fi(b_t)(Z le—ayir)xia’™.

t>0;t<a;;t<b ¢ec’
Note that Zce o l¢—a,ir = 1cv for some ¢” € X/X*. Using now the induc-
tion hypothesis, we see that Fi(b)u € J; (a) is proved. Using repeatedly
(a) and the identities 1c1¢ = 6c o 1c, for ¢,/ € X/X*, we see that J is a
subalgebra of pii. Again, using (a) repeatedly, starting with 1.2'* € J for
c € X/X*,z' € gf, we see that J' C J. By symmetry, we have J C J',
hence J = J’. The lemma is proved.
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36.2.5. Definition. gu is the R-subalgebra J = J' of gii.

Note that the algebra gru has a unit element ) _1.; here c runs through
the set X/X*. The set X/X* is finite, since by the definition of X*, the
map ¢ — (i,¢) mod [ defines an injective map X/X* — (Z/1Z)!.

From the definition, we see that pu is the free gf ® g (rf°P?)-submodule
of rtt with basis {1.|c € X/X*} (the module structure being (z®z’) : u —
ztuz’~); the same statement holds for the module structure (x®z') : u —
z-uz't.



Notes on Part V

1. The results in Chapter 32 are due to to Drinfeld, for R = Q(v). The extension
to the case where R is a field and v is a root of 1 in R is new; it answers a
question that Drinfeld asked me in January 1990.

2. The fact that the simple integrable modules of a Kac-Moody Lie algebra admit
a8 quantum deformation (Chapter 33) was proved in [4]; for Cartan data of
finite type this was also stated in [8], but the proof there has a serious gap.
(It appears [2] that, for Cartan data of finite type, this result was known to
Drinfeld.) The results in 33.2 are new.

3. The results in Chapter 34 have appeared (for ! odd) in [5].

4. The quantum Frobenius homomorphism, for Cartan data of finite type and
with some restrictions on I , was implicit in [5] and explicit in [7]; its general-
ization given in Chapter 35 is new.

5. In the case where R is a field of characteristic zero, v is a root of 1 in R, and
the Cartan datum is of finite type, RU is the finite dimensional Hopf algebra
defined in [6], [7] (with some restrictions on the order of v). The extension to
infinite types is new.
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Part VI

BRAID GROUP ACTION

In the classical theory of semisimple Lie algebras, the Weyl group plays
an important role. Now the Weyl group is not quite a subgroup of the
corresponding simply connected Lie group; only a finite covering of it is.
As Tits has shown [9], one can choose such a covering which is naturally
a quotient of the braid group. In particular, there is a small obstruction
to making the Weyl group act on a simple integrable module for the Lie
algebra; what acts naturally is a quotient of the braid group, which is a finite
covering of the Weyl group. Since in this case, the obstruction involves only
signs, it is almost invisible. In the quantum case, the obstruction becomes
- quite serious, and in this case, not even a finite covering of the Weyl group
can be made to act; the braid group still acts, but in general not through
a finite quotient.

In Part VI we explain how the braid group acts on integrable U-modules
and on U itself. (In fact there are several braid group actions, but they are
related to each other in a simple way.)

The symmetries T} ., T}’, of an integrable U-module have already been
introduced in Chapter 5. In Chapter 39 it is shown that these symmetries
satisfy the braid group relations, hence they define braid group actions.
These symmetries are studied simultaneously with the analogous symme-
tries of U (see Chapter 37) which also satisfy the braid group relations.

In Chapters 38 and 40 we study the connection between the symmetries
of U and the inner product (,) on f. In Chapter 41 we define a braid group
action on grU and on its integrable modules for any R.

In Chapter 42 we assume that the Cartan datum is simply laced and of
finite type and we use the braid group actions to give a purely combinatorial
parametrization of the canonical basis B in terms of reduced expressions
for the longest element of W.



CHAPTER 37

The Symmetries T/.,T. of U

37.1. DEFINITION OF THE SYMMETRIES

37.1.1. In this section we fix i € I and e = +1. Recall that in 5.2.1 we
have defined some symmetries T/, T{, : M — M for any integrable module
M of U. In the following proposition we define analogous symmetries

T ., T" :U— U.

i,er"ie
Proposition 37.1.2. (a) For any u € U, there is a unique element u” €
U such that for any integrable U-module M and any z € M, we have
TV (u"2) = uT!_,(2).
(b) The map u — u” is an automorphism of the algebra U, denoted by
(c) For any u € U, there is a unique element u' € U such that for any
integrable U-module M and any z € M, we have T o (u'2) = uT] (2).
(d) The map u — v’ is an automorphism of the algebra U, denoted by
Til_. 1tlis the inverse of T}, : U — U.

Thus, for any integrable U-module M, any z € M, and any u € U, we
have
T o (uz) = T; ()T} . (2)

and

Ti-e(uz) = Tj_ (W)T;_,(2).

37.1.3. The proof will be given in 37.2.3. The proof will give at the same
time the following formulas for the values of the automorphisms 77 LT
U — U on the generators of the algebra U.

T} (E:) = —K.iF, T (F)) = —E;K_;;

T} o(Bj) = X iom iy (V) 0 BV E;E®) for j # i;
T} o(Fj) = X g ommijy (V)0 TFOFEM for j # i
TiI,e(Ku) = Ku—(u,i’)i;
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i,e ' tie

Til,l—e(Ei) = _Fik—eia Tz"—e(Fz) = —f{eiEi;

’I‘i,,l—-e(EJ') = zr+s=—(i,j’)(_l)rvfrEi(S)EjEzgr) for ] ?é i;
T/ _(F)) =3, +s=_(,.1j,)(—1)%;”F}”F,-F}s) for j # i;
ﬂ,l—e(Kﬂ) = Kn—(u,i')i-

More generally, we have, for any n > 0:

ﬂ,e(Egn)) = (_l)nv:n(n-l)keniFi(n)i
T (F™) = (-1 " VB R ns;

T; (E('n)) =) i (—l)rv'-"E(r)E(-n)E-(s) for j # 1
nLe\"g r+s=—(1,j')n i i 3 i J )
Ti,,e(Fj(n)) - E‘r—l—S:—(i,j’)n(_l)rvi_erFi(S)Fj(n)E(r) for j # 4

TV_(E™M) = (-1 F R enss
T/ (F™) = (=)0 "D Reni B
TV (E) = T i gyn (VBB EL for § £ 4;

i,—e
T (F}"))=Zm:_(i,,»)n(—l)rvf"F‘fr)F}")E(s) for j # i.

i,—e
37.2. CALCULATIONS IN RANK 2

37.2.1. Given i # j in I, we set a = —(i,j’) € N. For any m,n € Z, we
set (compare 7.1.1)

Zijn,mie = Tn,mie = frtm;e = Z (_1)r”ier(an_m+])Ei(r)EJ('n)Ei(s) e U%;

r+s=m

z! =Ty e = 3 (F)TCTIER EMED € Ut

1,jin,m;e n,m;e
r+s=m

Yi,jin,mie = Yn,mpe = Z (_1)rvi—er(an—m+l)Fi(3)F](n)Fi(r) ceU;

r48s=m

’ .t o
yi,j;n,m;e - yn,m;e - fn,m;-e

Z (_l)rvi—er(an—m+1)E(T)F;n)Fi(s) ceU" .

r4s=m

I

With this notation, we have the following result.
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Lemma 37.2.2. Let M be an object of C' and let z € M. We have
(&) T _o(En,amsez) = E{VTY_, (2);

2,—€e
(b) T} (% amse?) = E\VTY ()5
(©) TV o(Yn,anez) = F\VTV_(2);

(@) T} o (Vo amse?) = FLVTY (2)

We may assume that z € M*. We have z, gn.c2 € MArani'+ni’ et
9= (), 9 = (i, A+ ani’ + nj’) = g+ an.
We have

Mot = 5 B OB e
a,b,cEN;—a+b—c=g’

By 7.1.3(a) and 7.1.5(a), we have
Ei(C)xn,an;e = vieacnzﬂ,aﬂ;eEi(C)'
Hence

"
Ti,—e(xn,an;ez)
con b, —e(—ac+b)+eacn 1~(a) (b) (c)
= 3 (~1)%y; ECF®z, B2,
a,b,ceN;—a+b—c=g’

By 7.1.3(b) and (a), this can be written:

b
ST 3 () (et eacn—e(s —b)

a,b,cEN;—a+b—c=g’' b'=0
a) iz (b=b") 1n(c)
X E,( K—eb'ixn,an—b’;eFi E;"z

b
— Z Z(_l)b+b'vi—e(—ac+b)

a,b,ceN;—a+b—c=g’ b'=0

eacn—e(bb' —b')—eb’ (i,A\+ci’ —bi’' +ani’+nj’) +(a) b—b") r~(c)
X v, ( ) )E,' zn,an—b’;eF;( E;"z

b a
bibita’, ¢t [om — b +d
- T E gy
a,b,c€EN;—a+b—c=g’ b'=0a’=0 i

X T contrtate E,-(““") Fi(""") Ei(C) 2
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i,e ' i,e

where
(e) t = e(ac—b+acn+bb +b —b'g—2b'c— ab'n+ocan+aa’ —d —2ab’).
We make a change of variable: a” = a — a’,b” = b — b'. The exponent
(e) then becomes

t=e(a'(—1+b"—a"—c—g)+(a”c—b")+(a"+c)(—a"+b"—c—~g))

We use the condition —a’ — a” + b’ + b” — ¢ = g + an which is equivalent
to—a+b—c=g".

We have Tp an—b'+a;e = 0 unless 0 < an — b +a’ < an (see 7.1.5), or
equivalently, 0 < —a” + b” — ¢ — g < an; hence we may add the condition
0< —a” + b’ — c— g < an in the summation without changing the sum.

In the presence of the equation —a’ —a” + ¥ + V" —c =g+ an, the
inequality o’ > 0 implies ' > 0 since a” — b"” + ¢+ g+ an > 0. The sum
becomes

Z (__l)b”,Uie((a"c—b”)+(a"+c)(—a“+b"—c—g))
a’” b ,ceN;0<—a’’ +b"'—c—g<an
174 i
’ "(—1—a"+b" —c— —a +b —c—g
x Z (_l)a ,Ufﬂ( a c—9) o
a’eN i
x BV FVES

Tn,—a”+b'—c—g;e

Thé sum over a’ is zero unless —a” +b” —c — g = 0 (see 1.3.4). Hence the
sum becomes

b e a''c—b" (al/ b’ c
E (-1) Ui( )xn,O;eEi )Fi( )Ez( )Z
a”,b”,cEN;—a”+b”—c=g

which equals E(")T”_e(z) This proves (a).
Using 5.2. 3(b) we have

(_1)(i,z\ —e(i, )\)Tl

z,—e

TII

1—e

and
Ti’,l—e(mn,an;ez) = (_1)<l’)‘)+an’vi_e(1,/\>—eanﬁ,—e(x"’a"?ez)'

Hence (a) implies

T; (Tn,aniez) = (=1)"v eanE(n) —e(z)

1,—€
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Substituting here

2‘.I — (_l)anv;ean

n,an;—e Tn,an;e
we obtain
T} —e(@nan-e2) = B{VT]_(2).
Replacing e by —e, we obtain (b).
We now apply (a),(b) to z and “M instead of M. The action of T,
(resp. T} ) in “M is the same as the action of T; _. (resp. T},) in M; thus
(a) and (b) for “M imply

T} _(w(Tn,anie)z) = FOT! _ (2)

and
TY,(@(Th ane)?) = F{VTI(2)  for M.

We have w(Zn,anie) = Yn,an;—e a0d W(T), 4n.e) = Yn,an;—e. Hence
fTz’,—e(yn,ovn;—ez) F(n)Tt’,—ez

and
e(yn an;—eZ) = F(n)T"

Repla.cmg e by —e, we obtain (d) and (c).

37.2.3. Proof of Proposition 37.1.2. We show the uniqueness of u”
in 37.1.2(a). It suffices to show that, if & € U satisfies T{_.(iz) = 0 for
any integrable U-module M and any z € M, then @ = 0. Since T}’_,
invertible on M, we have that 4 annihilates any integrable U-module. But
this implies @ = 0 (see 3.5.4). Thus the uniqueness in 37.1.2(a) is proved.

To prove existence, we observe that, if (a) holds for two elements u;, uz,
then it also holds for uyuz and au; + buy for any a,b € Q(v); indeed, it is
clear that (uju2)” = ujuy and (au; + bug)” = auf + bul.

Hence it suffices to prove the existence of 4" in the case where u is one of
the generators Ej, F, K, of U. For K,,, this follows from 5.2.6. For E;, F;
this follows from 5.2.4. For Ej;, F; with j # i, this follows from 37.2.2.

This proves (a). The argument above shows that u +— u” is an algebra
homomorphism. In an entirely similar way we see that (c) holds and that
u +— v’ is an algebra homomorphism.

It remains to show that (u”)’ = u and (u')” = u for all u. For any M, 2
as above, we have, using 5.2.3(a):

(ul)llz — T/ TII e(u')"z — i,_e(u,TIil,,e ) — unle:r:/ez = uz.
Thus (u’)” — u annihilates any integrable U-module, hence (u')"” = u. The

identity (u")’ = u is proved in the same way. The proposition is proved.
Y Y.
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i,e ' 1,e
37.2.4. We have
wﬁyew = 7"7.’,’6 : U - U a'nd aT’il,ea = CI’LI,,"e : U - U'

The symmetries T} ,, T/’ are related to the involution ~ : U — U as follows:

T (u) =T _(@), T/.(u)=T_.(a)foraluel.
Let u € U be such that K;uK_; = vu We have
T} (u) = (=1)"0{"T; (u),
or equivalently,
Ti(u) = (-1)"T; o(KeiuK —ei).
These formulas are proved by checking on generators.
Proposition 37.2.5. Let i # j in I. For any m € Z, we have
(a) f1'11",6(:l:;,j;l,m;e) = Ti,5;1,— (3,j ) —m;er
(b) Ty _e(@iji1,mie) = m;,j;l,—(i,j’)—m;ef
The two formulas are equivalent, by 37.1.2(d), so it suffices to prove
(a). For m < 0 or m > —(i,j’), both sides of (a) are zero. So we may
assume that 0 < m < —(i,5’). We argue by descending induction on m.
For m = —(i,j'), (a) follows from 37.2.2(b). Assume now that (a) is known
for some m such that 1 < m < —(i,j’). We show that it is then also true

for m — 1.
Recall from 7.1.2(b) the identity

. r
_Fimi,j;l,m;e + l‘i,j;l,m;eFi = [—(Z,J ) -m+ l]iK—eixz’,j;l,m—-l;e-

Applying to it the algebra isomorphism ¢ : U — U?, which interchanges

! we deduce that

Tij1,mie AN T 1 mees

~2 i mieFs + il jig e = (=6, 4') = m+ 1l i1 n ;e Kei-
We apply Tj , to this; using the induction hypothesis, we have

[_(ihj,) -m+ I]iﬂ,e(x;j;l,m—l;e)ﬁ'—ei
= ﬂ,e(xé,j;l,m;e)EiK—ei - EiK—Eiﬂ,e(x'Ii,j;l,m;e)
= Tiji1,— (i) —mie BiK —ei = BiK_eii i1, —(i,5") —mie

e((i,j')+2m)
- Y Eiz; ;

= (Zi,j;1, (i) —mie Bi i1,— (6,57) —mie ) K —ei

= [_(i’jl) -m+ l]ixi,j;l,—(i,j’)—m+1;ek—ei‘
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The last equality follows from 7.1.2(a). Since [—(i,j') —m+1]; # 0, we de-
duce that T} (2} ;.1 m—1,e) = Ti,ji1,—(i,j")~m+1;e- This proves the induction
step. The proposition is proved.

37.3. RELATION OF THE SYMMETRIES WITH COMULTIPLICATION
37.3.1. We define two elements
L;’ = Z(_1)nv:"("—1)/2{n}iFi(") ® Ez_('"),
n

L; =Y iV n} R © EM

n

of (U® UY (see 4.1.1 and 4.1.2).
Proposition 37.3.2. The following equality holds in (U ® UY, for any
ueU:

(a) (Ti —1 ® T; _))A(T}1u) = LiA(u)Ly.

It suffices to show that for any integrable U-modules M, N, the two sides
of (a) act in the same way on M ® N. Let ¢ € M,y € N. Using 5.3.4 twice,
we have

N

" LiA@L{(z®y) = L (uL{(z ® y))
= ((Ti,,ll)—l ® ( i,,,l)—l)Ti',ll(u(Tz'/,ll)_l(Ti’,llm ® T;y))
= ((Ti’,ll)—l ® (T;Hl)_l)Tzul(u)(Tzl,,lx ® Tz,,,ly))
= ((Ti -1 ® T _))A(T1u))(z ® ).

The proposition is proved.



CHAPTER 38

Symmetries and Inner product on f

38.1. THE ALGEBRAS f[i], °f[i]

38.1.1. In this section we fix i € I. For any j € I distinct from ¢ and for
any m € Z, we set

£(i,55m) = Tr g (~ 170, BT HDG06,00) €

116, 55m) = g (1), 7T, € 5.

1,7;m) is the same as the element f; ;.1 ;.- in 7.1.1.
»731, MMy

Let f[i] (resp. “f[i]) be the subalgebra of f generated by the elements
f(i,5;m) (resp. f'(¢,7;m)) for various j € I, distinct from %, and various
. m € Z. Since o : f — f interchanges f(i,j;m) and f’(¢,j;m), we have
a(f[i])) = 7f[q].

Lemma 38.1.2. (a) f =3, 0if[i];

(b) £ =350 £[i]6;-

"Note that (b) follows from (a) by applying o. We prove (a). We consider
a product yy2 - - - y, of elements in f in which each factor is either 6; or is
of the form f(i,j; m) for some j different from ¢ and some m € Z. Assume
that there are two consecutive factors y, = f(%,j;m) and ya41 = ;. Using
the formula

—o @IV, £ jim) + £, §im)B; = [m+ 1) f (3, 5;m + 1)

which follows from 7.1.2(a), we see that we may replace y,%,+1 by a scalar
multiple of y,+1Y. plus a scalar multiple of f(7,j;m + 1). Using this pro-
cedure repeatedly, we see that y,y> -- -y, is equal to a linear combination
of products y}y5 - - - y;,, which do not have consecutive factors of the form
described above, hence have the property that for some s > 0, we have
Vi =yy ==y, = 0; and y,,,,...,y, are of the form f(i,j;m) for
various j,m. Thus, y1y2---yn belongs to Y, 0:f[i]. Now any word in
the generators 8; (j € I) is of the form y,y, - - yn with y, as above, since
6; = f(i,7;0) for j # i. The lemma follows.
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Lemma 38.1.3. There is a unique algebra isomorphism = — g(z) of
f[i] onto “f[i] such that T|(z*) = g(x)* for any z € f[i]. We have
T, y(&'*) =g (")t for any =’ € *fli].

Since T}, T] _, are inverse algebra isomorphisms, it suffices to note that
ﬂ,ll(f(l,],m)+) = f,(iaj; _(isj,) - m)+
and
ﬂ,,—l(f/(ivj;m)-’-) = f("'v]: _<i’j/> - m)+a
for any j # i and any m € Z. (See 37.2.5.)

Lemma 38.1.4. Assume that z € f satisfies T]',(z*) € U*. Then ;r(z) =
0.

We may assume that z is homogeneous. By 3.1.6, we have

()T K — K_.(; +
(a) ot F — Fat = ri(z)* K; K:ll(z"'(m) )
Vi —v;

By 38.1.2, we can write

ri(@)/ (i — o) = 3 00y,

t>0

and

@)/ — o) =369z

>0
where y;,z: belong to f[i] and are homogeneous. By 38.1.3, we have
T/,(yf) € Ut and T/,(z}) € U* for all t > 0. Applying T/, to both
sides of (a), we obtain

~ T/ (a1 K Ei + K BT (a)

(b) =3 (=Dt OV EP R (T (6 K =i — KTl (21).
t>0

By our assumption, the left hand side of (b) is in K_;U", hence so is the
right hand side. Using the triangular decomposition in U, we deduce from
(b) that T, (y;) = 0 for all ¢ > 0 and T},(z;}) = 0 for all ¢ > 0. Since
T/, is bijective, this implies zt = 0 for all t, hence 2z, = 0 for all t and
ir(z) =0.
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Lemma 38.1.5. Let z; (t > 0) be elements in the kernel of ;r, which are
zero for all but finitely many t. Assume that ) _, Ogt):ct =0. Thenz; =0
for all t.

This follows from 16.1.2(c) in the setup of 17.3.1.
Proposition 38.1.6. (a) The following three subspaces of f coincide:
f[i]; {z € f|T}",(z*) € U*}; and {z € f|;r(z) = 0}.
(b) The following three subspaces of f coincide:
7fi]; {z € f|T] _,(z*) € U*}; and {z € f|ri(z) = 0}.

Note that (b) follows from (a) by applying 0. We prove (a). By 38.1.3
and 38.1.4, the first space in (a) is contained in the second and the second
in the third. Let z € f be such that ;7(z) = 0. It remains to prove that
z € f[i].

By 38.1.2, we can write z = ), Bgt)zt where z; € f[i] for all t. By
38.1.3 and 38.1.4, we have ;r(z;) = 0 for all . We then have 0 = (zo —z) +
o>t 0,@.1:,5 where g — z and z; for ¢ > 0 are in the kernel of ;. Using
38.1.5, we deduce that o — = = 0 and z, = 0 for ¢t > 0. In particular, we
have z = z, € f[i].

The proposition is proved.

Lemma 38.1.7.

r(f(i,5;m)) =1® f(i,j;m)
m m—t—1

+ Z H 1- vi—2h+2m—2a—2)U:(m—t)f(i,j;t) ® 0§m_t),

r(f'(i,5;m)) = f'(i,5;m) ®1
m m—t—1

— —2a— m— —t . .
+3 T @—o?rem=2e=2yfm99""0 @ f'(i, s ).
t=0 h=0

We set a = —(i,j5'). Using 1.4.2 and the fact that r is an algebra
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homomorphism (see 1.2.2), we compute

T(f(za J) m)) = E (—l)r,+"'",vi_(7"+T”)(0—m+1)+7'/7‘”+3’s“
P 4r ol s =m
= Z (—].)r,+r"v._(r,+r”)(0’—m+1)+7"r"+3'3"_,.Ha+2rns,
1

4! 48’ 8 =m

r" + s” ’ ’ s
X [ ] 676,68 @ o7+
1

,'.II
11

+ Z (_l)r’+r”vi—(r'+r”)(a—m+1)+r'r"+s s"42r"s’ —s'a

rl 4/ g 48 =m

/ 4 ’ ! " 1/
g [r +s] 6 +) © ")g,00")

r
' s'(m—r'—8")—r' (a—m+1) —
=2 (1Y > (-1)
r"s’ 7‘”,.9”;1‘"-}-3”:'"1—1"—3’
” ’ ’ " /" ! 1" ’” "
x ’U: (r'+s’'—a—(a—m+1)) [T ,,-.’/-/s ] 91_(7' )9]_057‘ )®91(" +s")
o i
+ Z (_l)r"vr"(m—r"—s"—(a—m+1))+(m—r"—s")(s”+r"—a)
i
r’l,sll
’ 7 ! / / 7 7 1" "
% Z (—l)r ’U: (—1+s +r)[’f' -};S:I ol(r +s)®0£r )0]_01(3 )
.85+ =m—r' —g" r i
s’
— Z(_l)rlv:'(m—r'—8')—r'(a—m+1) " 1_[3 (1 _ vi—2h+2m—2a—2)
r’,s' h=0
% osr')ojoz(s') ®0§m—r'—s') + Z (_1)r”vi—r"(cx—m+1)1 ®91(r")0j91(s")

r'4s'"'=m

m m—t—1

=18 fG,5m)+ Y [] (1—vy2rt2m=2a-2),0m 0 15 j: ) @ 6™,
t=0 h=0

This proves the first formula of the lemma. The second formula follows
from the first, using the formula r(o(z)) = (¢ ® o)'r(z) (see 1.2.8(a)).

Lemma 38.1.8. Let x € f[i] and let 2’ = g(x) be the corresponding ele-
ment in °f[i] (see 38.1.3).

(a) We have r(z) € f[i] @ f and r(z') € f ® °f[i].
(b) Let 'r(z) € f[i] @ f[i] be defined by r(z) — 'r(z) € f[i] ® 6;f. We use
the direct sum decomposition f = f[i] @ 6;f (see 88.1.5).
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Let "r(z') € “f[i] @7 f[i] be defined by r(z)—"r(z') € £6, @ 7f[i]. We use
the direct sum decomposition f = 7f[i|®f6;. We then have (9®g)('r(z)) =
"r(z'), where g is as in 88.1.3.

We prove (a). If 21,z € f satisfy r(z;) € f[i] ® f and r(z2) € f[i] ® f,
then r(r1z2) € f[i] ® f since r respects products and f[i] is closed under
multiplication. Hence to check that r(z) € f[i] ® f for z € f[i], it is enough
to check this in the special case where z = f(3, j; m). But this follows from
the previous lemma. This proves the first assertion of (a). The second
assertion of (a) is proved in the same way.

We now prove (b). Let (zn)ren be a basis of the vector space f[i], con-
sisting of homogeneous elements; then (9(zn)nen) is a basis of the vector
space “f[i] (see 38.1.3). Let f(h) = |zu|, f(R) = |g(zr)| be the correspond-
ing elements of N[I].

Using (a), we can write uniquely

r(z) = Z Cashh 20 ® 6 21
n>0;h,h'€H
r@)= > dunwg(zn)0” @ glew),
n>0:h,h'€H

where ¢(n; h, h'), d(n; h, h’') € Q(v) are zero for all but finitely many indices.
By 3.1.5, we have
(c) A(x™) = 3n>0m,neH Crih,h 2, WK ()i ® E( )Zh"
(@) A@*) = Toso wen dninwa(zn)* BV K poy ® glew)*
By definition, we have A(z'+) = A(T/,(zt)). Applying T; _, ® T} _, to
(d) we obtain
(T; _1 ® T] _))A(T(z™))
= Y w0V R VK © 23
n>0;h,h'€H
By 37.3.2, we can replace (T} _; ® T} _;)A(T",(z*)) by LiA(z*)LY, which
by (c) equals
Li( Z Cnsh,h/ g Kf(h’)+m ® E )Zh»)L”
n>0;h,h'€H
Thus, we have
> dunw ()" T R FV Ry © 2,
n>0;h,h'€H

= Lj( Z Crsh,h Z)Tf(f(h’)+m’ ® Ez( )L
n>0;h,h'eH
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or equivalently,

(> dunp ()G R FY Ry © 2L
n>0;h,h'€H
=Li( Y cummwz Kpnyin ® EV2)
n>0:h,h'€H
(equality in (U ® U)).

We consider the U ® U-module “My ® “My, where My is a Verma
module. Both sides of the previous equality act naturally on this U ® U-
module. Applying them to the vector £ ® €, where £ € “ My is the canonical
generator, we obtain the equality

Z v:(t—1)/2{t}i(_l)nvi—n(n—l)dn;h’h/

n,t>0;h,h'€eH
x 2zt K_niFV K ;00 FO€ ® 2 EMe
(e)
= 3 o cann (FO% Kyt ® BV EM)ze,
n, t>0 h,h'eH

(equahty in “ Mo ®“My). Since F;€ = 0, only the summands withn =t =0
contribute to the left hand side of (e). Let 7 : “ My/E;* Mp be the canonical
map. After applying 1® 7 to (e), the summands with (n,t) # (0,0) (in the
right hand side) go to zero; hence (e) implies the equality

Z dosn,ne 2t € @ 7( zh, Z cOhhrzh£®7r(zz',§)
hh'€H h,h'€H
in“Mp ® (“’Mo/E “ Mp).
The vectors z;, F¢ are linearly independent in “ Mp; hence we deduce that

Z (doh,nr — cosp,nr)T(2H€) =0

h'eH

in “My/E;*“ M), for all h. Hence

Z (doh,nr — cosn,nr)zne € Oif,
h'eH
for all h. Using the fact that f[¢] N (6;f) = 0 (see 38.1.5), we deduce that
do;h,hf — CO;h,h' = 0 for all h, K.
By definition, we have 'r(z) = }_, ,.cyConp2n ® 2zn, and "r(2’') =
Eh,h,eH do;h,n'g(2n) ® g(zn’) and the equalities do,n p» = co.p n imply that
(9 ® g)('r(z)) ="r(z’). The lemma is proved.
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38.2. A COMPUTATION OF INNER PRODUCTS

Proposition 38.2.1. For all z,y € f[i], we have
(a) (9(2),9(v)) = (2, ).

Assume that we are given two elements 2/, 2" € f[i] such that

(9(z"),9(4")) = (&',¥)

and
(9("),9(y")) = (=", y")
for all y',y"” € f[i]. We show that we then have

(9(z'2"), 9(y)) = (2'2",y),
for any y € f[i]. By definition, we have

('2",y) = (' ® 2", r(y))
and

(9(z'2"), 9(v)) = (9(z") ® 9(2"), 7(9(¥)))-
We have (2, 6;f) = 0 since ;7(z") = 0 (see 1.2.13(a)); hence

(2 ®2",r(y)) = (¢ ®2"/r(y))
(with the notations of lemma 38.1.8). Similarly, (g(z’),f6;) = 0, hence

(9(z") ® g(2"),r(9(¥))) = (9(z') ® 9(2"),"r(9(¥)))
=((g®9)(Z ®2"),(g®g)r(y))

The last equality comes from lemma 38.1.8. By our hypothesis, we have
((g®9)(Z ®2"),(g®g)r(y)) = (2 ® 2”,’r(y)). Combining the equalities
above, we obtain (g(2’'2"), g(y)) = (2’2", y), as claimed.

Since the algebra f[i] is generated by the elements f(i, j; m), we see that
it is enough to prove (a) under the assumption that = = f(, j;m). We can
assume also that y is homogeneous of the same degree as f(i,7;m). Since
y € f[i], this forces y to be a scalar multiple of f(¢,7;m). Thus, we are
reduced to verifying the identity

(f(i’j;m)’ f(l,],m)) = (fl(i’j;m,)vfl(ivj;ml))
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for any m, m' such that m + m’ = a = —(z, j'). (See the proof of 38.1.3.)
We have f(i,j;m) = 0(’") mod 6;f; since (f(z,j;m), 6;f) = 0, as above,
we have (f(,7;m), (¢, 7; m)) = (f('i jim),0; 6’('")) This is equal, by defi-
nition, to (r(f(¢,5;m)),0; ®9 ) and, by 38.1.7, this equals
(b) TTg' (1 — o7 +2m=2=2)(6;, 6,) (6™, 6{™).

Similarly, we have f'(i,j;m') = 0?" )0j mod f8;; since
(f,(ivj; TI’L’), fet) = Oa
we have
(635 m), £/ gsm')) = (f(6,35m),60™85).

This is equal, by definition, to (r(f’(¢, j; m’)),b’(m) ® 6;) and, by 38.1.7,
this equals

(0) TTis' (1 — w7 22 =22=2)(9;,6,) (6™, ™).

We substitute (o,?"",ag"‘)) and (Ggml),Ol(m,)) in (b) and (c) by the ex-

pressions given by 1.4.4; we see that the expressions (b),(c) are equal. The
proposition is proved.

38.2.2. We say that a sequence h = (4y,12,...,1,) in I is admissible if for
any a,b such that 1 < a < b < n, we have

(a) la,—l ‘la+1,—1 T, -1, —I(E"b) e U+ and

(b) T2, T, -T2, o (Es,) € U™,

Assume that an admissible sequence h as above is fixed, and that we are

given 0 < p < n. An element z € f is said to be adapted to (h,p), if for
any a such that 1 < a < p we have

(C) z,,,—l ta+1,—l Tz,,, —1(I+) € U+7
and for any b such that p+ 1 < b < n, we have
a 1,17 Ti,;+1,1(x+) e Ut.

ip,1 7 41,1
Given such z and given a sequence ¢ = (¢, ¢z,...,¢c,) € N, we define
L(h’cyp’x) € f by

L(h,c,p,z)*
Ef::rl)ﬂp+1,—l( ‘l(c::'z)) 1p+1,—171‘llp+2,—1 1", 1,—1(E(cn))
XS ATY e T (BY) - Ty (BB,

The definition is correct, since the factors in the right hand side are in U,

by (a),(b).
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Proposition 38.2.3. Let c = (¢1,¢2,...,¢,) € N*, &' = (c},ch,...,¢cL) €
N” and let x,2’ € f be adapted to (h,p). We have the equality of inner
products (L(h, ¢,p,), L(h,c’,p, ")) = (z,2') [T, (65", 65%).

yVie

For any i € I, t,t' € N and y,y’ € f[i] = ker(;r), we have

(2) (609,6y) = (6,68") (v, 9.

Indeed, we may assume that y, 3’ are homogeneous. We can write r(y’) =
3" y; ® y4 with y1, y5 homogeneous, and |y}| € {4,27,3¢,...} (see 38.1.8(a))
and our assertion follows easily from the definitions. -Similarly, if y,3’ €
?f[3], we have

(b) 8", y'6{) = (6, 6{)) (v, ).

Assume first that p < n and that the proposition is true when p is
replaced by p + 1. Let &,& be the sequences defined by &,41 = &5 =0
and & = cs5,8, =, for s #p+ 1. Let & = g(z) € f,&’ = g(z’) € f, where
g is as in 38.1.3 (with i = ip41). Let p = p+ 1. It is clear that Z,i’ are
well-defined and that they are adapted to (h,p + 1). We have from the
definitions

L(h,c,p,x)* = E{7T]

ipy1 T ip41,—1

(L(h,&,5,2)*).
By our assumptions, we have

TI

ip+l,—1

(L(h,&,p,2)*) € UT;
hepcp

g L(ha é’ﬁ’ i') € af[ilH-l]
and

T! . _1(L(h,&p,2)") = (g7 (L(h,E B, &)

tp+1,

where g is as above. Similarly

L(h,¢,p,2)* = BT

ip+1 ip41,—1

(L(h,&,p5,%)")
and
L(h,&,p,%) € “flip1), T, _1(L(h,&,5,&)") = (¢7'(L(h,&,5,3)*.
Using (a), we have
(L(h,c,p,z), L(h,c,p,2'))
= (0 Vg™ (L(h,&,5,8)), 657 g ™ (L(h, &, 5,7)))

ipt1 ? Tp4a
c (cpr1)yy — o o~ o~ _ - o~ ~
= (6, 6,7+)) (g7} (L(h, &, 5,8)), g~ (L(h, &, 5, "))

= (052,072 )(L(0,&,5,3), L(B, €, 5, 2)).

p+1 7 Tlp4d



38.2. A Computation of Inner Products 303

The last equality follows from 38.2.1.
Using now this hypothesns we see that the last expression equals
(9(2), 9(z")) TTo=y (65°),65). We now replace (g(z), 9(z')) by (z,a") and
we see that the formula in the proposition holds in this case. Using this
argument repeatedly, we are reduced to the case where p = n. In the rest
of the proof we assume that p = n. We now have
L(h,c,n,z)t = 2¥T) | TV N

in,1%i,_1,1 i2,1

(BEY)... Ty [(BEn))EE,

We now assume that n > 1 and that the result is known for n — 1 instead
of n.

Let h be the sequence (i1,%2,...,in—1). Let € = (c1,¢2,...,Cn—1),¢
(chychy. . Ch_y). Let T = g7z, = g~'2’ where g is as in 38 1.3, with
i = ip. It is clear that #,%’ are well-defined and they are adapted to
(h,n — 1). We have from the definitions

L(h,c,n,z)* =Tl ;(L(h,&n —1,8)")EL,
ana similérly
L(h,c',n,2')" = T ((L(h,&,n— 1,5:')+)E§::‘).

By arguments almost identical to the ones above (using (b) instead of (a))
we see that

(L(h,c,n,z),L(h,c',n,z'))
= (g(L(h,&,n -1, z))ﬂ(c“),g(L(h, ¢,n— 1,5:’))0(4'))
= (9(L(h,&n — 1,)),9(L(h,&,n — 1,7)))(8¢, 6))

= (L(h,&n —1,%),L(h,& n—1,3))(0,6{)

= (g7 }(x),g7 () H(O“"),off
= (z,z’) H(O(C’) 9(0

Using this argument repeatedly, we are reduced to the case where n = 0.
We now have L(h,c,n,z) = z and the result is obvious. The proposition
is proved.



CHAPTER 39

Braid Group Relations

39.1. PREPARATORY RESULTS

39.1.1. Study of the symmetries 7}, on A,. In this and the next
subsection, we assume that the root datum is X-regular and Y-regular.
Let A € X*t. Let n € Ay be as in 3.5.7.

Lemma 39.1.2. Let i = (i3,i2,...,in) be a sequence in I such that
8i,Siy *** Sip 15 @ reduced expression of an element of W. We have

() T} T/ .- T.’N,en = F‘i(lal)Fi("!az) e E(:N)n, where

11,67 212,€ 1
ay = <S'iN e 'Siz(il)a’\),' ceyAN-1 = (SiN(iN—l)”\>,aN = (iNaA);
note that ay,as,... ,an € N (see 2.2.7).

We argue by induction on N > 0. For N = 0, there is nothing to
prove. Assume that N > 1. Let 7(i) be the left hand side of (a). Let
i’ = (i2,43,...,%n). Then the induction hypothesis is applicable to i’ and
it remains to show that

(b) T}, (")) = F ()

‘Note that n(i’) belongs to the s;,s;, - - - 8;y (A)-weight space of Ay, and
we have, by definition, a; = (i1, 8i,8:i5 - - - Siy (A)). Using 5.2.2(a), we see
that (b) would follow from the equality E;, (n(i)) = 0.

Since E;, (n(i’)) belongs to the s;,si, - - - siy () + 7}-weight space, it is
enough to prove that this weight space is zero. If this weight space were
non-zero, then the s;, - - - 8i; 84, (8i, Siy - - - Sip (A) +17)-weight space, which is
the (A + siy - - - 8i58i,(2]))-weight space, would also be non-zero. But then
we would have A+ s, - - - 84,84, (¢])) < A, hence s; - - - 8,84, (7)) < 0 which
contradicts the assumption that s;,s;, - - - 8; is a reduced expression. The
lemma is proved.

39.1.3. A lemma on monomials. Assume that s;,s;, - - - 5;, is a reduced
expression in W. Let A € X be such that (ip,A) > 0 for p =1,2,... ,n.
Set

an = (in?’\)’a"—l = <sin(iﬂ—1)>)‘)a e = (sinsin—l e siz(il)v’\)'

Note that a;,as,... ,€ N. Let ¢ = Fi(f’)Fi(:Z) . --Fi(:").
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Lemma 39.1.4. For any i € I, we have
Bz =zFE; + yi(f(_ivi(i”\)_l - f{,-vi_(i”\)ﬂ) for some y; € U™
We argue by induction on n. For n = 0, there is nothing to prove.

Assume that n > 1. Let 2’ = Fi(:z)Fig“s)---F}(:”). By the induction
hypothesis, we have

Eix' =2 E; + yi(k_ivfi,z\)—l _ f(wi—(i,x)ﬂ)
for some y; € U~. Hence
Eiz = E;F*¢

% -1 [ 0y — 1
 pla-n Koo T — Kop it

= F‘z.(lal)Ei$l -6 x

L2XD Sl * -1
! vy — v;

= Fi(lal)x’Ei +Ipi(lal)y;(k_ivi(i,z\)—l _ kivi—('i,/\)+1)

7 . al—l ~‘ ——a1+1
pla-1) K_iv; — Kiv; ’

- 6,",'1 i 1 xT.
; Vi —Y;
It remains to note that
s . o -/
ay = (i1, —agiy — agiy — - — aniy, + A),

which follows easily from the definitions.

/,/39.2. B‘hAID GRrRouUP RELATIONS FOR U IN RANK 2

39.2.1. In this section we assume that I consists of two elements ¢ # j
and that the Cartan datum is of finite type or, equivalently, (i, j')(j,7} is
equal to 0,1,2, or 3. We define accordingly h = h(7,j) to be 2,3,4 or 6
(see 2.1.1). In this case, the root datum is automatically X-regular and
Y -regular.

By interchanging if necessary i and j, we may assume that either (¢, j') =
(4,%') =0, 0r (j,i) = —1 and (i,5') € {—1,—-2, -3}. We shall consider each
case separately.

39.2.2. Assume that (i,j') = —3,(j,i') = —1, so that h = 6. Note that
v; =v3. Asin 37.2.1, we set

Time= . (-0 ™EDEEY e U,

r+s=m

Time= D (1) MEOEEN € Ut

r+s=m
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Recall from 7.1.2 that
0P B2y e + T1mie Bi = [m 4 i1 m e

and
—Fiml,m;e + xl,m;eFi = [4 - m]iK—eixl,m—l;e-

Applying o, which interchanges z1 ;.. and z ., we deduce that

e(3—2m) 4 ’ /
—-v; ml,m;eE'i + Eiml,m;e = [m + 1]ia"l,m—f—l;e

and

—Z) meFi + Fi) e = [4— m]im'l’m_l;ekei.
By 37.2.5, we have T} .(E;) = 71,3, and T}"_,(E;) = z} 3... By 37.2.5 with
the roles of i, j interchanged, we have T} (E;) = —v§E; E; + E,E; =z 1,
and similarly, T}'_ (E;) = z1,1;e. By 37.2.5, we have T}'__(21,1,e) = 2} 2.,
and T} (7] 1.c) = T1,2;¢- We have

Ti{:—e(zllﬂ;e) = [2];1T]{,’—e(_vfx,1,l;eEi + Eim’l,l;e)
= [2]1'_1(_vfﬂ:—e(zll,l:eﬂ}/{—e(Ei) + TJ{,,—e(Ei)TJ{,I—e(wll,l;e))
= [2]7 N (—v§Eiz1,1e + 1,156 Bi) = 21,25

We set

& = [3];7 1 (—v; °T1,21eT1, 150 + T1,00T1,2;6)
and

&' = 87 (—v; 2 1,61 gy + T1,2:6%1, 156)-
We have

T} o (z1,3,) = [8]; ' T} o(—v; *Eiz1 2e + 71 2,0 i)
= 8171 (—v; T} o (B)T} o(T1,20) + T} o (@1,2:) T} o (Ei))

-1 - o
= [311 (_vi e:1",1,1;(3‘11:,1,2;(»: + x,1,2;ez,l,1;e) = mla

T]{,—e(xll,&e) = [3]:1T” (_vi_exllﬁ;eEi + Eiz,l,?;e)

’ J,—¢€
= [3];1(—vi_e"rj],':——e(x’lﬂ;e)T{, (EI) + qyf—e(Ei)T;:—e(mll,Z;e))

J,—¢€

= BT (—v7 *Z1,21eT1, 150 + T1,1:T1,256) = &,
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:l-:i,,e(j’.,) = [3]1'_17;{,03(_v;ex,l,l;exllﬂ;e + x,1,2;ex’1,l;e)

= [3]i_l(—vi_eﬂ,e(zll,l;e)ﬂ,e(311,2;e) + ﬁ,e(mll,Z;e)ﬂ,e(xll,l;e))

= [3]:1(-"’;831,2;6“51,1;8 + Z1,1;eT1,2,¢) = &

From the previous formulas we see that

T. Tie o Tie . Tie T.
(a) E; — z1,3. z > T » Ty 3,6 — Ej
and
T T/ T T iy
O ' i, e J.e Vi i,e J.e
(b) Ei = %) 1, — T12ie = T19;e — T1,1e — B

Thus, T, T} T1 T} Tt (E;) = E; and T/ T, T, T, T} .(E:) = Ei. Ap-

et jetietjetie jetietjetie

plying w and using 37.2.4, we deduce that 7}, T T/ T/ T/, (F;) = F; and

e j,e i,e"jetie

T 17! T! T! T! (F;) = F;. Replacing e by —e we deduce

e e y,emt,em g,e

ﬂ,eﬁ,eﬂ,eﬁ,en’,e(lpj) = E? and

T T T, T T (F) =F,.

Jetietjetietje

From (a),(b), it follows that

T) T T8 T T0 Tl (Ej) = T} E; = —K.; F,

Jetie” jevie” jevie

T T} Tl o T o Th e T o (By) = T1 T o T T}  Th o (— Ko Fy) = —Kej F,

t,etjeti,etjetie

T;,eﬂ,,en,eﬂ,en,e i,,e(Ei) = ﬂ,eT{,en,eﬂ,eI’;,e(—kﬂE) = —Re‘i'pi’
T T T/ TJ’ T, T; (E;) = T{ ,E; = —K.;F;. Thus, the automor-

t,etjetietjetietje
: / / ol TN / T o) TN ’ ot
phisms T} T} TL T4 T! T, and T} T} Th TL.Th T}, coincide on the

i,etje t,etj,e
generators FE;, E;; similarly, they coincide on the generators F;, F; and
one checks easily that they coincide on each K, hence are equal. Taking
inverses, we see that the automorphisms
T T T T T T and

—eti,—e

/" 1 11 1" 7
1},—31;,—61},—67" T; T;

’/
t,—e*j,—eti,—e

are equal.
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39.2.3. Assume that (i,5') = —2,(j,i') = —1, so that h = 4. Note that
v; =vZ. Asin 37.2.1, we set

T mie = Z (_l)rv:r(S—m)El(r)EjElgs) € U+,

r+s=m

wll,m;e — E (_l)rv:r(S—m)Et(s)EjEi(r) e Ut.

r+s=m

Recall from 7.1.2 that

_vf(2 2™ Ei1 mie + T1mie Bi = (M + 1iZ1,matie-

Applying o, which interchanges z1,m;e, and z ..., we deduce that

—of @I B+ By e = M i pp1ie-

By 37.2.5, we have T} _E; = Z1,2,c and T]'_ E; = 2 5,.. By 37.2.5 with the

roles of i, j interchanged, we have
7;,z(E'i) = _v;EjEi + EiEj = z,l,l;e

and similarly
T ( i) = T1,15e:

J,—¢

By 37.2.5, we have Tj/__(%1,1,¢) = #1,1,.- We have

1,—e

T”—e(xl 2; e) = [2]1 lT”_e( xl 1; eE + E; (El 1; e)
= I (T (@) T o(B) + T (BT o (31,1)
= [2]1’—1(_Eiz1,1;e + xl,l;eEi) = T12e-

From the previous formulas we see that

! T/ TI
(a) E—»xlze—mcl“—»E
and

I / /
(b) E—’l'ne—*-’”lle—’” i-
Thus,

ﬂ,eﬂ,eﬂ,e(Ej) = Ej and
Jz,eqji’,ejwj{,e(Ei) =E
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Applying w and using 37.2.4, we deduce that

T/ T/ T/ (F;)=F; and

Je"ie

T TY T (F) = F

jetie

Replacing e by —e, we deduce that
H,eu,eﬂ,e(ﬂ) = Fj and

T, T! T (F,) = F.

Jeti,etje

From (a),(b), it follows that
T, T: T 1. (E;) = T, E; = —K.;F},

j.eti,e"jetie

T! T, T. T (E;) =T/ T, T, (- Ke; Fj) = -K.; F;,

e jetietje e  jetie

T} TL T} T o(Be) = T} T1. T (~KuiFy) = —KuF,

]Ye i\e J?e I’e J?e l!e ]76

T} T T.. T (E;) = T, E; = —K.F;.

nL,e"),e",em),e

. Thus, the automorphisms 7} T} T} T} . and T| T] . T; . T; . coincide on
the generators E;, E;; similarly, they coincide on the generators Fj, Fj
and one checks easily that they coincide on each K, hence are equal.
Taking inverses, we see that the automorphisms 7;/_ T}’ T;" T} _, and
T;,'_e i’:_eT]ff_e i’,’_e are equal.

"39.2.4." Assume that (1,7") = (4,7') = -1, so that h = 3. Note that
v; = v;. Asin 37.2.1, we set

T = Y ()W EDEES € U,
r4s=1

T = O ()W EPEED € Ut
r+s=1

By 37.2.5, we have T} . (E;) = 1,1, and T}'_.(E};) = 2 ;... By 37.2.5, with
the roles of 4, interchanged, we have T} (E;) = z},,. and T} _ (E;) =
T1,1e-

From the previous formulas we see that

Ti’,e ]{,8
(a) Ej — z13, — By,
and

T, T!

(b) E; — ‘Tll,l;e — Ej‘
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Thus,
T‘]{,eqwil,e (EJ) = E; and
ﬂ,eT}{,e(Ei) = Ej'

Applying w and using 37.2.4, we deduce that

T/ T(F)=F  and

e

T TV (F) = Fj.

198 Jle

Replacing e by —e, we deduce that

T/ T (F)=F; and

ielje
T; Ti . (F;) = Fu.
From (a), (b), it follows that
T, T. T} (E;) = T/ Ei = — Ko F,

i,etj,eti,e

T} T1 o T} o (Bj) = T} T} o(~Kej Fy) = —KeiFy,

Jjretietje J.e

T, T} T/ (Ei) = T/ T} (—KeiF;) = —Ke; Fj,

i,e"jetie i,etje

T} T, T, (E:) =T, E; = —K;F;.

je"i,e” je

Thus, the automorphisms T; T; . Tj. and T; T; T; . coincide on the
generators E;, E;; similarly, they coincide on the generators F;, F; and one
checks easily that they coincide on each K, hence are equal. Taking in-
verses, we see that the automorphisms T;/_ . T;"_ T} _, and T} _ T} _ T/

—eti,—e i,—e —eti,—e
are equal.

39.2.5. Assume that (i,j') = (j,7') = 0, so that h = 2. By definition, we
have

T, .(E;) = E;,T;_.(E;) = E;, T (E;) = E;, T} _(E;) = E;

and similar formulas with F;, F; instead of E;, E;. We have
T]{,eT;'/,e(Ej) = T’]{,e(Ej) = _Reij’
T} T} (Ej) = T, (—Ke; Fy) = —Ko; F;.
Thus, T} T; .(E;) = T; T; .(E;). Similarly, T} T/ ,(F;) = T} T/ . (F;)-

je"i,e ,e" j,e j.etie i,e” j,e

Thus, T} T/, T; ,T; . coincide on Ej, F; and, by symmetry, also on E;, F};

jetiertietje



39.8. The Quantum Verma Identities 311

they clearly coincide on K,; hence they are equal. Taking inverses, we see
that the automorphisms 7' T}_,,T;'_ T, _, are equal.

39.3. THE QUANTUM VERMA IDENTITIES

39.3.1. In this section, we preserve the assumptions of 39.2.1. From
39.2.2-39.2.5, we see that for any p such that 0 < p < h — 1, the following
elements belong to U* (each product contains p factors T or T"):

(' v ﬂ,eqz,eTiI,e)(Ej); ( t n,en!,eqy,e)(Ei); ( o n’:—eﬂf—eﬂ:—e)(Ej);

(T} _T'_.Tj_.)(E;). It follows that the sequences (3,,4,...) and
(4,4,7,...), with h terms each, are admissible in the sense of 38.2.2.

Consider the following four sets of elements of U*; each element written
below is a product of h elements of U* and (c;,c2,...,c,) runs through
Nh:

(8) {ESVTE Ly (BT _\T) _((B)) - )

(0) {B™ Ty (BT \TY o (Bf) - )

() {B T (BT T (B() - );

(d) {B{ Ty (BT T () ).
Using 38.2.3 (with z = 1 and p = n or p = 0) we see that each of the
sets (a),(b) is an orthogonal set for an inner product on U™, hence each
of the sets (a), (b) consists of linearly independent vectors. This implies,
by the results in 37.2.4, that each of the sets (c), (d) consists of linearly
independent vectors.

Lemma 39.3.2. FEach of the four sets (a)-(d) in 89.8.1 is a basis of the
Q(v)-vector space Ut.

These sets consist of homogeneous elements. The number n(v) of ele-
ments in the intersection of one of these sets with U} is the same for any
of the four sets. By 39.3.1, it suffices to show that dimq(,) U} < n(v) for
all v. Using 33.1.3(b), we see that it suffices to show that

(a) dimg(qf,) < n(v) for all v
(notations of 33.1.1; Q is regarded as an A-algebra with v — 1).

We shall examine the various cases separately. Assume first that (i, j') =
(4,#") = 0. Then 0;,0; commute; hence any word in 6;,6; can be expressed
in of as a linear combination of monomials 0363.

Assume next that (i,j') = —1,(j,7) = —1 so that h = 3. We set
0;; = —0;0; + 0,0, € Qf' . Then 6;; commutes with both 8; and 6; by the
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Serre relations. Hence any word in 6;,8; can be expressed in Qf' as a linear
combination of monomials 0_’;9%0,9.

Assume next that (7,j') = ~2,(j,') = —1 so that h = 4. We set
0i; = —0;6; +6;6;,20;;; = —6,;6; + 6;0;; (in Qf'). Using the Serre relations,
we see that any word in 6;, §; can be expressed in Qf' as a linear combination
of monomials G;OQjOfijOf. This is a special case of the Poincaré-Birkhoff-
Witt theorem which can be checked directly.

Finally, assume that (i,j’) = —3, (j,7') = —1 so that h = 6. We define

the following elements in qf inductively:
9,'_,' = —91-91' + 9i9j, 29,',']' = —9,‘]'0,' + 0,-9@-,
30iiij = —0ii;0; + 0,035, 305::55 = —0:50::5 + 014505
Using the Serre relations, we see that any word in 6;,6; can be expressed
in Qf as a linear combination of monomials O;Hfjﬁfiijjﬁfiﬂfﬁj@{ . This is
again a special case of the Poincaré-Birkhoff-Witt theorem which can be
checked directly. The estimate (a) follows. The lemma is proved.

39.3.3. Remark. It is easy to see that UT is a noetherian domain. In-

deed, it is enough to show that Qf‘ is a noetherian domain and for this we
note that the associated graded ring for a suitable filtration is the algebra
of (commutative) polynomials in finitely many variables.

39.3.4. Let J (resp. J') be the Q(v)-subspace of Ut spanned by the
elements in 39.3.1(b) such that (cz,c3,...,ch—1) = (0,0,...,0) (resp. such
that (cz,cs,...,ch-1) # (0,0,...,0)).

Lemma 39.3.5. J' is a two-sided ideal of Ut. We may identify canoni-
cally the quotient algebra Ut /J’ with the Q(v)-algebra defined by the gen-
erators E;, E; and the relation E;F; = vy lEjEi.

We identify f = Ut via z — z+. Then we may regard (,) as a bilinear
form on U*t. From 38.2.3, we see that for any v, each of the subspaces
JNU} and J'NUY is the orthogonal of the other with respect to (,). To
check that J’ is a left ideal, we must check that E;J’ C J’ (the inclusion
E;J' C J' is obvious).

From the definition of ;7, we have that ;r(EE?) is a scalar multiple
of E;-‘Ef"l. Hence ;r(J) C J. This implies, by taking orthogonals, that
E;J' C J'. Thus, J' is a left ideal. Similarly, J’ is a right ideal. Hence
the quotient algebra Ut /J’ is well-defined. Clearly, J maps isomorphically
onto it. Hence the products E;‘Ef with a,b € N form a basis of Ut/J'. It
remains to observe that E,E; = vj'lEjEi holds in U*/J’ since in Ut, we
have —viE;E; + E;E; = T; E; € J'. The lemma is proved.
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39.3.6. Let A\ € X*t. We define two sequences (aj,a2,...,an) and
(by,ba,...,by) in ZP by ay = (---s;8:8;(),A), by = (- 8;8;5:(j), A); both
products have (h — 1) factors s; a2 = (---8;8i(j),A), bz = (- --8i85(i),A);
both products have (h — 2) factors s, etc. Note that a,,b, € N, since
8i8;8;--- and s;s;s;--- (h factors) are reduced expressions in W.

Let z = FVFEDFE . and y = F*VF®YF® ... both products
have h factors F. Note that z,y belong to U, where

v=aji+agjtazgi+---=bj+byi+bsj+---

Both sums have h terms. Then v is given by (4i + 63, A)i + (2i + 45, A)j if
h=6, (2i+ 2, i+ (i + 25, \)j if k=4, G+, i+ G+ \jif h=3,
(B, A)i+ (G, A\)jif h =2,

The following result is a quantum analogue of an identity of Verma [10].

Proposition 39.3.7. z =1y.

The result is trivial when A = 2. We assume that h > 3.

. For any i; € I, both E;,z and E;,y belong to the left ideal of U gen-
erated by E;, and (I?_ilvﬁ”)‘)_l - f(ilvi_l(i"’\)ﬂ) (see 39.1.4). We may
assume that Y is generated by i,j. Then there exists A’ € X such that
(41, ') = (i1,A) — 1 for 4, € I. Applying = and y to the generator 1
of the Verma module M), we obtain vectors z1,yl € My, such that
E; (x1) = 0,E;,(y1) = 0 for ¢y € I. Note that z1,yl belong to the
\’-weight space of My, where X" = X — v;i’ — v;j'. Hence there are
well-defined morphisms of U-modules 3,7y : Myx» — My which take the
generator 1 € M~ to z1,yl, respectively.

Using the explicit expression for v;,v; in 39.3.6, we see that (i), \") =
—(i;,A\) — 1, where iy = i; if h =4 or6andi =j,j =iif h =3 In
particular, we have (i1, \”) < —1 for i, € I. From 6.3.2, it then follows
that the Verma module M~ is simple.

Since z and y are non-zero (see 39.3.3), we have that z1 # 0,y1 # 0,
hence 3,y must be isomorphisms onto their images. These images may
be regarded as non-zero left principal ideals of U™, if we identify M
with U~ in the obvious way. By 39.3.3, Ut, hence also U™, has the
Ore property, hence these two ideals must have a non-zero intersection.
This intersection is a non-zero submodule of the simple U-module (M),
hence it coincides with it. Similarly, it coincides with y(My~). Thus,
we have B(Mx+) = v(Mx~). Since these two modules have the same (one-
dimensional) \”-weight space, it follows that 21 = fy1 for some f € Q(v)—
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{0}. Thus, z = fy in U~. We shall identify the algebras U~ and U™ via
.F,' hd E,', E, — Ej.

We now apply to both sides of the equality z = yf (in U%) the natural
homomorphism Ut — U*/J’ (see 39.3.5). Since in Ut — U+ /J’ we have
E.E; = vj_lEjEi, we see that z,y are mapped to

,U;Ei(al+aa+'" )Ej(az+aq+"~ ), v;Ei(bz-i-bq-f'"' )E§bl+b3+'")

respectively, where

s = Zapaq,t = Z bpr by

p<gq p'<q

and p is even, ¢ is odd, p’ is odd, ¢’ is even. It follows that vl = fvg. From
the definition of the sequences (ay,ay,...,as), (b1,b2,...,bs), we see that
s =t, hence f = 1. The proposition is proved.

39.3.8. Remarks. (a) The use of non-commutative ring theory in the
proof of the fact that the two left ideals considered above have non-zero
_ intersection can be avoided as follows. Let v’ € N[I]. The intersection of
either of our left ideals with U, , has dimension n(v’) (notation of 39.3.2);
on the other hand, dim U, , = n(v+v’). To show that the intersection is
non-zero, it suffices therefore to show that 2n(v’) > n(v+v/) if v/ has large
enough coordinates (here v is fixed as in 39.3.6). But n(v') is explicitly
computable and the previous inequality is easily checked.

(b) In the simply laced case there is a much shorter proof of the quantum
Verma identities (see 42.1.2(h)).

39.4. PROOF OF THE BRAID GROUP RELATIONS

In the following lemma, we preserve the assumptions of 39.2.1.

Lemma 39.4.1. Let M be any integrable U-module. We have

T T =T, T, T), - : M - M;

et jetie i,etje’

both products have h factors.

By the complete reducibility theorem 6.3.6, it suffices to prove the lemma
in the case where M = A with A € X*. Let n € A, be as in 3.5.7. Using
39.1.2, we see that

(a) (T, T T, )= (F;(al)Fj(az)Fi(aa) .-+)n and

i,etjetie’
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(b) (T3, The Ty In = (P FCDEP - )y
(all products have h factors) where (a1,a2,...,as),(b1,b2,... ,bn) are as
in 39.3.6.
By 39.3.7, the right hand sides of (a),(b) coincide. It follows that so do
the left hand sides:

(¢) (T!.T. T, )n= (T T T, )n.

i,etjetie jetietje”
Let u € U. Using (c¢) and the equality in U
(ﬂ,ejwj{,eﬂ,e T )('Ll.) = (T{,eT:i/,eI’J{,e ee )(u)
(see 39.2) we see that

(T T eTie - )(un) = (T T T e )W) (T7 T, T - - ))

i,etjetie’ i,etjetie

= (T} T T )@) (T T The - )

i,elj,e ielje"
= (T} Ti Tje - - ) (un).
Since any vector in Ay is of the form un for some u € U we see that
T, T T =T T, Tj. - : M — M. The lemma is proved.

i,e* jetie j.eti,e
39,4.2. Now (I,-) is again an arbitrary Cartan datum.

Theorem 39.4.3. For any i # j in I such that h = h(i,5) < oo (see
2.1.1), we have the following equalities (all products have h factors):

(a) ﬂ,eﬂ,e’I‘i’,e = Tg,eTil'eTJ{,e T
O TT T = T T T
as autoni’orphisms of U and
(C) ﬂ,en,eﬂ,e = Jy,ej”i/,eryl,e Tty
(d) ﬂ’f_ei"}f_eﬁ,'—e P TJ{,I—eﬁ,,—eT_;{—e e

as linear maps M — M where M is any integrable U-module M.

We prove (c). Let U’ be the algebra defined like U by replacing I by
I’ = {i,j} and keeping the other data X,Y,(,),... unchanged.

We may restrict M to an (integrable) U’-module in an obvious way.
Since (c) is true for this restriction, by 39.4.1, it is also true for the original
M. Thus (c) is proved. (d) follows from (c) by taking inverses.

We prove (a). Let u € U. Let uy = (T7 . T; . T;.---)(u) € U and

ieljetie’

ug = (% T/ T.,---)(u) € U. For any integrable U-module M, and any

).e” e e
m € M we have (using (c) twice):
w (T T T ..)m)zul((Ti',eT( T! - )m)

J’e )e ]le J)e 1’96

! T T - Y(um) = (T T, T, - - ) (um)

et j,eti,e j.etietje

= (
=u((T} T¢ T, - -+ )m).

ch 1’)6 ]’e
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Since T; T} T} .-+ : M — M is an isomorphism, it follows that u; — u
acts as zero on M. Since M is arbitrary, it follows (see 3.5.4) that u; = us.
This proves (a). In the same way we deduce (b) from (d). The theorem is

proved.

39.4.4. Let e = +1. Let w € W. We define algebra isomorphisms T}, , :
U—-UandT,,.:U—Uby

T,.=T] T, .- T and

i1,e” ig,e iN,e

T =7 T ...T

i1,e"iz,e in,e?

where s;;s;, -+ siy is a reduced expression of w. (7T, ., T, . are indepen-

dent of the choice of reduced expression, by 2.1.2 and 39.4.3.) From the
definition, we have

! _TI / U _ ! /!
ww’/,e — twetw e’ tww e~ fwetw e

if w,w’ € W satisfy I(ww’) = l(w)l(w’). Thus we have four actions of the
braid group on the algebra U.

39.4.5. By 5.2.3 and 37.2.4, we have
Tz = (T,L’U—l,_e)-l, Ty, w=T, ,:U->U, oT, o=T, _.:U—-U.

Let us define, for any linear map P : U — U, a new linear map P : U —
U by P(u) = P(a) for all u € U. With this notation, we have

Ty =Tl o Tl =Tl

,—e)twe w,—e*
(see 37.2.4).

39.4.6. Let u € U be such that, for any ¢ € I, we have Kiuk_i = v;"u for
some integer n;. For any w € W, we have T, ,(u) = (—1)*v*T}, ,(u) where
a,b are integers depending only on w and (n;) but not on u. This follows
from 37.2.4.

39.4.7. For any integrable U-module M and any w € W, we define Q(v)-
linear isomorphisms T, ., : M — M and T,, . : M — M by

T Tt o o o T

t1,e*ig,e iIN,e) T w,e i1,6"i2,e iN,e?
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where s;, 3;, - - - siy is a reduced expression of w. (T, ., T}, , are independent
of the choice of reduced expression, by 2.1.2 and 39.4.3.)
From the definition, we have
1va’,e = T‘a::,e 1,0’,6) aw’,e = T'n,z:,e tZ',ev
if w,w' € W satisfy l(ww') = l(w)l(w') (identities as maps M — M).
Thus, we have four actions of the braid group on M. We have T}, , =
(T:”_,’_e)‘1 : M — M for all w. For any u € U,m € M, we have

Toe(um) = Ty, o (u)(T,, em), Ty o (um) = Ty . (u)(Ty ;).



CHAPTER 40

Symmetries and U”

40.1. PREPARATORY RESULTS

Lemma 40.1.1. Assume that we are giveni # j in I. Let h = h(i,j) < oo
be as in 2.1.1. Let p be an integer such that 0 < p < h. We denote by T};.,
(resp. T} ;.,) the automorphism - - - T;\T;\ T}, (resp. ---T; T; _T;_,) of
U; both products have p factors. Then T'; (E;) and Tj;.,(E;) belong to
the subalgebra of U generated by E;, E;; T} ;.,(E;) and T} ;. (E;) belong to

1,35P
the subalgebra of U generated by E;, E,-.

In the case where h < 00, the lemma is contained in 39.2. In the rest
of the proof we assume that h = oo, or equivalently, that aa’ > 4 where
a= —(i,7') and o’ = —(j,7'). To symplify notation, we set
©z(d, 3 m) = Tiji1,mi—1, z(j, 35 m) = Tj,i51,m;—1 and
m'('i,j;m) = x;,j;l,m;—l’ ml(j’i; m) = m;,i;l,m;—l
in Ut (see 37.2.1).

Let Z be the subalgebra of U™ generated by the two elements z(i, j; @)
and’z(i,j;a — 1). Let Z’ be the subalgebra of U* generated by the two
elements z(j,%;a’) and z(j,7;@’ — 1). We prove by induction on m the
following statement:

(a) if m > 1, then T} _,(z(4, j;m)) € Z".
For m = 1, this follows from the computation

T _1(2(3,5;1)) = Tj _1(2'(G, ;1)) = z(j, 50 — 1).
Assume now that m > 1. Applying T _, to
—o7 T Big(i, jim — 1) + 2, j;m — 1 E; = [mliz(i, j;m),
we obtain

— v, O (540! )T_y (26, ;m — 1))

+ T]{,—l(x(i’j;m - 1))‘T(J’ i a/)
= [m}:Tj _, ((i, 5;m)).
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This equality, together with the induction hypothesis, shows that
T; _y(x(i,5;m)) € Z'; (a) is proved.

We have

(b) Tj _1(2) C Z', provided that a > 2 and T} _,(Z’) C Z, provided
that o’ > 2.

The first assertion of (b) follows from (a); the second one follows from
the first by symmetry. We show by induction on p > 1 that

(c)ifa>2and & > 2, then T} ;
and in Z (if p is odd).

For p = 1, we have T} ;.,(E;) = T; _,(E;) = z(i,j;@) € Z. The in-
duction step is given by (b). This proves (c). In particular, under the
assumptions of (c), 7} ;.,(E;) belongs to the subalgebra of U generated by
E;, E;; by symmetry, we have also that T; ;. ,(E;) belongs to the subalgebra
of U generated by E;, E; (for all p).

We next consider the case where one of a, o’ is 1 and the other is > 4. We
may assume that a > 4,0’ = 1. Let Z; be the subalgebra of U generated
by the elements z(i, j; ), x(i,j; — 1) and z(i,j;a — 2). Let Z] be the
subalgebra of U generated by the two elements z'(z, ;1) and z'(i, j;2).
From T; _,(z'(4, j;m)) = z(4, j; & — m) we see that

(d) T{ _,(Z1) C 2.

We show by induction on m that

(e) Tj;1(x(3,5;m)) € Z] for any m > 2.

We have

Tj1(z(3,5;1)) = T _1 (2’ (4,4, 1)) = (4, 4;0) = E;.

We also have

(E;) is contained in Z’ (if p is even)

Tj){,—l(Ei) = -’E(],i, l) = ml('L’], 1)

It follows that
T} 1 (2(3,52) = (27T} 1 (—v; P Eix(i, 5 1) + 2(,5; 1) E)
= [27 1 (~o; @7 P2/ (i, 5; ) E; — B’ (i, 5; 1)) = 2'(3,5; 2).
Thus Tj _,(x(4,j;2)) € Z; so that (e) holds for m = 2. We now assume
that m > 2. Then
T _1(2(i, j;m)) = [m; Ty (—v; @™ B (i, jim - 1)
+ z(4,j;m — 1)E;)
= [m];* (—o; @722 (4, DT (i, 53m — 1))

7

+T; 3 (z(i,5;m — 1))z'(3,5; 1))
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and this is in Z], by the induction hypothesis. Thus (e) is proved.
We show by induction on p > 1 that
(f) 1”,(E ) is contained in Z) (if p is even) and in Z, (if p is odd);
T} ;.p(E:) is contained in Z] (if p is odd) and in Z; (if p is even).

We have T} ;,(E;) = T _,(E;) = z(i,j;@) € Z1 and T}, (E;) =
T} _,E; = z(j,4;1) = 2'(3,4;1) € Z]. Thus (f) holds for p = 1. The
induction step follows from (d),(e). To apply (e), we use that a > 4. In
particular, T} ;. (E;) and T} ;.,(E;) belong to the subalgebra of U generated
by E;, E;. This completes the proof of the second assertion of the ler.\ma.
The proof of the first assertion is entirely similar.

Lemma 40.1.2. Let w € W and let i € I be such that l(ws;) = l(w) - .
We have

(a) Ty o (E:) € UY;
(b) T'zlu,e(Ei) € Ut.

We prove (a) for e = 1 by induction on /(w). When I(w) = 1, the result
. is trivial. Assume now that [(w) > 1. We can find j € I such that I(ws;) =
I(w) — 1. Note that ¢ # j. By standard properties of Coxeter groups, there
is a unique element w’ € W such that l(w’s;) = l(w')+1,l(w’s;) = l(w')+1
and w = w'y where either

(c) y = $;8j8; -+~ 8; (p > 2 factors) and l(w) = l(w') + p,l(y) =p or

(d) y = 8;8:8; -+ 8j (p > 1 factors) and l(w) = l(w') + p,I(y) =

We have necessarily p < h(3, j), since [(ws;) = l{(w) + 1. According to
40.1.1, T, (E;) belongs to the subalgebra of U generated by , Ej. Then

w 1(Ei) = Tiy 1T\ (E;) is in the subalgebra of U generated by Ty, ;(E;)
and T, 1 (Ej)- Since, by the induction hypothesis, we have T, ; (E; ) e Ut
and T”, 1(E;) € Ut, it follows that Ty, ,(E;) € U*. This proves (a)
assuming that e = 1.

We apply ~ : U — U to T, ,(E;) € Ut; using 39.4.5, we obtain
T _1(E;) € U*t. Thus, (a) is proved. The proof of (b) is entirely sim-
ilar.

'Proposition 40.1.3. Let h = (¢1,42,...,1,) be a sequence in I such that
i, 8iy - 8i, 15 a reduced expression for some w E W

Then T,z’; er‘rz’;e T” le( ) € Ut and T, z;e 123 ’ Ti’n_l,e(Ein) €
Ut.

This follows immediately from the previous lemma.
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40.2. THE SUBSPACE Ut (w,e) oF Ut

Proposition 40.2.1. Let w € W and let e = £1. Let h = (iy,142,...,i,)
be a sequence in I such that s;,s;, ---s;, is a reduced expression for w.

(a) h is admissible (see 38.2.2).

(b) The elements E(':‘)T,’1 e(Ei(:’)) T T}, .- -T{"_lye(Ei(:")) (for var-
ious sequences ¢ = (c1,C2,...,¢n) € N™) form a basis for a subspace

Ut(w,e) of Ut which does not depend on h.
(¢c) The elements E(c‘)T," e(E‘:’)) T T -fl"i'r"_he(Eg")) (for var-

t1,€712,€
ious sequences ¢ = (c1,¢C,...,¢,) € N™) form a basis for the subspace

U*(w,e) of Ut defined in (b).

(d) Let i € I be such that I(s;w) = l(w) — 1. Then E;Ut(w,e) C
Ut(w,e).

n

(a) follows from definitions using 40.1.3. We prove (b) assuming that
e = —1. We shall regard (,) as a pairing on U™, via the isomorphism
f— Ut given by z + z+. The fact that the set of vectors in (b) is linearly
mdependent follows from the fact that it is an orthogonal set with respect
to (,) (we use (a) and 38.2.3, with p =0 and z = 1). Let U*(h,e) be the
subspace spanned by this set of vectors. To show that Ut (h,e) depends
only on w and not on h, it suffices, by 2.1.2, to check the following state-
ment: if h’ is obtained from h by replacing h consecutive indices ¢, j, 1, .
inh by the h indices JriyJ,... (for some i # j with h = h(i,j) < oo),
then U*(h,e) = U*(h/,e). Usmg the fact that the T"’s are algebra auto-
morphisms of U satisfying the braid relations, we see that the last equality
would be a consequence of the analogous equality in the case where I is
replaced by {%,7}. But in that case, the desired equality holds by 39.3.2;
both sides are equal to U*t. This proves (b) for e = —1. Now (b) for e = 1
follows from (b) for e = —1 by applying = : Ut — U™* (see 39.4.5). Using
39.4.6, we see that (c) follows from (b). We now prove (d). If i is as in (d),
then we can find a sequence h = (i;,12,...,%,) in I such that i; = i and
8i,Siy ** + S;, is a reduced expression for w. From the definitions, it is clear
that for this h, we have E;U"(h,e) C Ut (h,e); (d) follows.

Corollary 40.2.2. Assume that the Cartan datum is of finite type. Then
U™ (wo,e) = U*. Hence, given e = +1 and a sequence h = (iy,1z,...,1i,)
in I such that s;, s, - - 8i,, is a reduced expression for wy, the vectors

n

E(CI)T/ (E(C2))

11,€

(n)
tne(Ei™)

ue 1,28
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(for various sequences ¢ = (c1, ¢z, ...,cn) € N™) form a basis for the Q(v)-
vector space U™ ; moreover, the vectors

ESOTY (BS) - T Tl - Thh_ (B
(for various sequences ¢ = (c1,¢C2,...,¢n) € N*) form a basis for the Q(v)-
vector space U™.

For any i € I, we have I(s;wp) = l(wp) — 1, hence E;U*(wp,e) C
Ut (wo, e) (see 40.2.1(d)). Thus, U*(wo, €) is a left ideal of Ut. It clearly
contains 1, hence it is equal to Ut.

40.2.3. It would be interesting to find an extension of the statement of
40.2.2 to the case of an affine Cartan datum (I,-). (For a result in this
direction, in the case of affine SLy, see [1], [4].)

The following approach may be useful in finding such an extension. As-
sume that we are given a sequence h = (...,i_2,i_1,%,%1,%2,...) of ele-
ments in I (infinite in both directions) such that for any integers a < b, the
product ;,8;,,, - - - 8i, has length (b —a+ 1) in W. Infinite sequences like
h above are known to exist for Cartan data of affine type.

We also assume as given an integer p. Let P be the set of all

z € f such that T} \T T”+1, zt € Ut forall + > p+ 1 and
1-’1,!7_17"'3-}-[,_1 71’,,,_193+ € U+ for all s S D.

. Eor any sequence ¢ = (...,c—2,¢-1,¢0,€1,C2,...) of numbers in N (in-
finite in both directions and such that ¢, = 0 for all but finitely many n)
we define L(h, c,p, z) € f by the following formula

L(h,c,p,2)* = (E&T,, (BEHT,, T, (B
% :L'+( Tz’,,,,l ‘L,,_;,l(E(cp 2))Tz’,,,, (Ez(;z 1))E(:P))'

This is well-defined, since the factors on the left and on the right of z*
belong to U, by 40.1.3. Now let ¢/ = (...,c_4,¢ 1,¢p,¢},¢5,...) be
another sequence like ¢ and let =’ € P.

The following result is a consequence of 38.2.3.

Proposition 40.2.4. We have the equality of inner products

(L(b,¢,p,2), L(b, ¢, p,2)) = (z,2) [T 057, 657).
s€Z
40.2.5. Let Ut (>) (resp. U (<)) be the subspace of U* spanned by the
elements E(P+) T _(E Eler+2yv ' (E-(c”+3)) .

ipr1 " iptils ip+2 ) tpt1,— 17 dp 42, — 1\ ipya

(resp. by the
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elements --- T}’ | T} _1I(Ef:ff)T{;1(Ef:f:1))Ef:p)) for various sequences
(Cp+1,Cp+2,-..) in N, with ¢, = 0 for large n (resp. for various sequences
(cp,Cp—1,-..) in N, with c_,, = 0 for large n.)

The previous proposition implies that the natural map
() Ut(>)@ P U*(<) - U*
given by multiplication is injective. It would be interesting to show that,

in the affine case, the map (a) is an isomorphism and to describe explicitly
the space P.



CHAPTER 41

Integrality Properties of the Symmetries

41.1 BRAID GROUP ACTION ON U

41.1.1. Let e = *1 and let i € I. The symmetry T}, : U —» U
(resp. Tj’, : U — U) induces for each A\, )" a linear isomorphism
rwUpr — s;(A’)Us.-(z\”) (notation of 23.1.1; s; : X — X is as in 2.2.6).
Taking direct sums, we obtain an algebra automorphism 77, : U — U
(resp. T}, : U — U) such that T] (1x) = 14, (resp. T{.(1x) = 1,,(a) for
all A and T/, (uza'u') = !, (u)T! ()T} o(&')TL, () (resp. T}, (uza's’) =
T/ ()T (z) T} (2") T} (u")) for all u,u' € Uand z,2" € U. Then T].isan

automorphism of the algebra U with inverse T/"_,. These automorphisms

i,—e*

satisfy braid group relations just like those of U.
41.1.2. From the formulas in 37.1.3, we deduce that

| TE(EM1) = (<) VIR )
T (F{M1,) = (=), O ENTDEM

T, (EML) = Y (1) EDEMEP 1, for j # i;
r+s=—(i,j')n
T (FPL) = Y (F)wo  FOFYED 1, for j #1;

r+s=—(i,j')n

Tz,,, e(Ei(n)lz\) — (_l)nvfn("+(i,/\)-l)Fi(n)18i(/\);

T (F{™M1,) = (=1) oGV EM )

T/ (EPL) = Y. ()" EPEMEM,, ) for j #4;
T+e=—(i,j')n

T (FP) = Y () EOFFEO 1, for j #i.
r+s=—(i,j')n

It follows that T}, T;’, restrict to A-algebra automorphisms AU — 4U.

They take 1) to 1,,(y) for any A € X.
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The following result is an integral version of 40.1.3.

Proposition 41.1.3. Let h = (i1,12,...,i,) be a sequence in I such that

8,84y +* + 8i,, 1S a reduced expression for some w € W; lett € Z. Then
(a) T:: T o T:; L(BY) € aU+;
(b) T, Tl e Th,_, o(BY) € AU*.

Let u be the left hand side of (a). Let ¢’ € X; define ( € X by ( =
8i8iz *** Sin_,(¢'). We have ule =T;) T77 - T} | e(Ei(:)lcz). Hence, by
41.1.2, we have ul¢ € 4U. On the other hand, by 40.1.3, we have u € Ut.
Thus, to prove (a), it suffices to prove the following statement: if z € f and
¢ € X satisfy %1, € AU, then z € 4f. This follows immediately from

23.2.2. The proof of (b) is entirely similar.

The following result is an integral version of 40.2.1.

Proposition 41.1.4. Let w € W and let e = 1. Let h = (i,12,... ,ip)
be a sequence in I such that s; s;,---s;, is a reduced expression for w.
Then

“a) the elements E(cl) T e(E('JZ)) T T}, e T _ 1’e(E(c")) (for var-
ious sequences ¢ = (cl,c2,.. ,tn) € N") form an A-basis for an A-
submodule 4U*(w,e) of Ut (w,e) which does not depend on h;

(b) the elements ESVTY (ES) ... T) [ TY - T! _ (EE™) (for var-
ious sequences ¢ = (c1,¢2,...,¢n) € N™) form an A-basis for AU (w,e)
in (a).

(c) Let i € I be such that l(s;w) = l(w) — 1 and let t € Z. Then
E,.(t)AU‘*(w, e) C AU (w,e).

Using the method of 40.2.1, we see that it suffices to prove (a) in the
case where I consists of two elements 7,5 and h(i,j) < oo. In that case,
the result follows from the analysis in [7]. (If i-i = j - j, this can also be
deduced from Lemma 42.1.2.)

41.1.5. With the notations of 41.1.4, let f € 4f be the element corre-
sponding to E(c‘)T1 _l(E(CZ)) T, T, T _ l,_I(Ei(:")) under the
isomorphism f — U given by z — z¥.

Proposition 41.1.6. Let w,n,h,c be as in 41.1.4. Let m : L(f) —
L(f)/v=1L(f) be the canonical projection. We have 6% € L(f) and there is
a unique element b of the canonical basis B such that w(6§) = £m(b).

From 38.2.3, we have (65, 0§) € 1+v~'Z[[v"!]]nQ(v). This implies the
proposition by 14.2.2(a).
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Proposition 41.1.7. Assume that the Cartan datum is of finite type.
Then

(a) AU (wo, ) = 4U™.
This follows from 41.1.4 in the same way as 40.2.2 follows from 40.2.1.

41.1.8. Braid group action on pU. Let R be as in 31.1.1. Let e = %1.
For any i € I, the A-algebra automorphism 77, : 4U — 4U (resp. T,
AU — AU) induces, upon tensoring with R, an R—algebra automorphism

: RU — gU (resp. T” rU — RfJ) These automorphisms satisfy the
brald group relations on RU just like they did over Q(v) (this holds over for
A by reduction to Q(v), since 4U is imbedded in U, and then it holds in
general by change of rings from A to R). Similarly, we have fl",',e_1 T/,

as automorphisms of zU.

41.1.9. Braid group action and the quantum Frobenius homomor-
phism. Let R be as in 35.1.3. In the setup of 35.1.9, the homomorphism
Fr: RU — RU* is compatible with the braid group actions on RU and
rU*. The proof is by checking on generators.

41.2. BRAID GROUP ACTION ON INTEGRABLE rU-MODULES

41.2.1. In the following proposition we assume that the root datum is
Y -regular and we consider A\, € X 7.

Proposition 41.2.2. The symmetries T! ,,T!". of the U-module “A\ @Ay

,e? " 1,e

map the 4U-submodule “Ax ®a (4aAy) into dtself.

Let m € %4Ax ®4 (4Ax). By definition (see 5.2.1), the vector T} ,(m) is
given by a sum of infinitely many terms such that all but a finite number
of terms (depending on m) are zero. The finitely many terms that can be
non-zero are of the form um where u € 4U. They belong to “GAA® A (aAN)
since this is an 4 U-submodule. Thus this submodule is stable under T .-
The same argument shows that it is stable under 7}',. The proposition is
proved.

41.2.3. Let R be as in 31.1.1. Let M be an integrable object in gC. We
define R-linear maps T}, : M — M and T}, : M — M by the formulas in
5.2.1, in which v is regarded as an element of R, by the .A-algebra structure
on R. It is clear that these operators are well-defined.
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Proposition 41.2.4. (a) The operators T}, : M — M satisfy the braid
group relations. The same holds for the operators T}',: M — M.

(b) We have T} ,~' = T}'_, as operators M — M.

i,—e
(c) For any u € rU and any m € M, we have T/ (um) = T] [(w)T] ,(m)
and T}, (um) = Tj (u)T; (m).

N

Using the functor in 31.1.12 in the case where (Y’, X’,...) is the simply
connected root datum of type (I,-), we can reduce the general case to the
case where the root datum is simply connected, hence Y-regular. In that
case, using the characterization of integrable objects given in 31.2.7, we are
reduced to the special case where M = $A\ ®g (rAx) with A, N € X,
Indeed, suppose that M is a sum of grU-submodules M, and that the
proposition holds for each M,. Then it clearly holds for M. Suppose that
M is a quotient of an integrable object M’ such that the proposition holds
for M’; then it clearly holds for M.

In this special case, the proposition follows by change of scalars from
the case R = A which in turn follows from the already known case where
R = Q(v). The proposition is proved.



CHAPTER 42

The ADF Case

42.1. COMBINATORIAL DESCRIPTION OF THE LEFT COLORED GRAPH

42.1.1. In this chapter we assume that the Cartan datum is simply laced
and of finite type.

Lemma 42.1.2. Consider the Q(v)-algebra with generators a, § and rela-
tions a?8 — (v + v NaBa+ Ba? =0, Ba-— (v+v1)Baf+af? =0.
Set v =aB —v'Ba. Forz =a,B or+, andn > 0, we set (™ = z"/[n]';
forn < 0, we set (™) = 0. We have

(a) ay =vya, vBy=1p;

(b) o @) = > v~ (P=n)(a=n) gla=n) 4 (n) o (p—n) .

(c) »7(m) = Zj,+j”=m(*l)j,v—j,ﬂ(jl)a(m)ﬂ(j”);

(d) a(p)ﬁ(q)a(r) = Zm,nZO;m+n=p+r—q [m;n] ﬂ(r_m)a(p+r)'8(p_n)’ if
p+r2gq;

(e) ﬂ(p)a(q)ﬁ(r) = Zm,nZO;m+n=p+r—q [m;n]a(r—m)ﬂ(p—rr)a(p—n)’ if
ptr=gq;

(B) a®B@al) = ¥ y=(p=mla=m) [P=m47] gla=n)y(m) g p-ntr),

(g) BP DB = zn;nSr p—(@—n)(r-n) [f:f;tp]ﬂ(r—n+p),y(n)a(q—n);
(h) P gt o (") = g+ 3),

(a) is obvious.

Now (b) is obvious when p < 0 or ¢ < 0. For ¢ = 1, (b) states that
a® B = v PBa® 4 yaP~V); this is proved by induction on p > 1, using
(a). Assume now that ¢ > 2 and that (b) is known when q is replaced by
q — 1. We write (b) for (p,q — 1) and multiply it on the right by 3. Using
the case ¢ = 1, we substitute

[3(4—1—n),y(n)a(z>—n)ﬂ — ﬁ(q—1—n)7(n)(v—p+nﬁa(p—n) + 'ya(”_"_l)).

This can be rearranged using (a) and yields (b) for (p,q). Thus (b) is
proved.

To prove (c), we replace o™ 3U") in the right hand side of (c) by the
expression provided by (b); we perform cancellations, and we obtain (c).
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To prove (d), we replace P39 on the left hand side and a®+7)g(P—")
on the right hand side by the expressions provided by (b); we perform
cancellations, and we obtain (d). Now (e) follows from (d) by symmetry;
(f) and (g) follow immediately from (b) and (h) is a special case of either
(d) or (e). Note that (h) is a special case of the quantum Verma identity
39.3.7.

42.1.3. Let H be the set of all sequences h = (i3, 42,...,%,) in I such that
8i,8iy -+ - 8;, 1s a reduced expression for wg. (Thus, n = I(wy).)
We shall regard H as the set of vertices of a graph in which h =

(21,%2y...,%n) and W' = (j1,72,...,Jn) are joined if h’ is obtained from
h by

(a) replacing three consecutive entries ¢,7,7 in h (with ¢ - j = —1) by
35,7 or by

(b) replacing two consecutive entries i, j in h (with i - j = 0) by j,.

For such joined (h,h’), ie., in case (a) (resp. (b)) we define a map
RM : N = N™ as follows. This map takes ¢ = (c1,...,¢,) € N” to
c = (c},-..,c,) € N™ which has the same coordinates as c except in the
three (resp. two) consecutive positions at which (h,h’) differ; if (a,b,c)
(resp. (a,b)) are the coordinates of c at those three (resp. two) positions,
the coordinates of ¢’ at those positions are

(b+ ¢ — min(a, c), min(a, ¢),a + b — min(a, c)) (resp. (b,a)).

It is easy to check that Rﬁl is a bijection; its inverse is R},.
From 2.1.2, it follows that

(c) the graph H is connected.

42.1.4. Given h = (iy,...,i,) € Hand ¢ = (c1,...,¢cn) € N, we define

(a) Ey=
E(Cl)Tl E(Cz) T T E(Ca) LT T T E(Cn)
[ il,"l( 2 ) i,—1 ’ig,—l( i3 ) T i i —1( in )'

2 1,—1742,—1 in—1,

According to 41.1.3, 40.2.2, the elements Ef (c € N™) are contained
in 4UY and form a Q(v)-basis of U%. We shall denote this basis by Bj,.
Hence, given h,h’ € H and ¢ € N*, we can write uniquely

c __ c,c’ e’
h = E , 'Yh,h'Eh'
c’eNm

where 'y,cl”'l':, € Q(v).
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Proposition 42 1.5. (a) Assume that h,h’ are joined in the graph H. For
c,c’ € N*, yp}, is in Z[v™!]. Its constant term is 1 if ¢’ = RY(c) and is
zero otherwise.

(b) For h € H, let Ly, be the Z[v~']-submodule of Ut generated by the
basis By. Then Ly, is independent of h € H. We denote it by L.

(c) Forhe H, let m: L — L/v™1L be the canonical projection. Then
7(By) is a Z-basis of L/v~'L, independent of h € H; we denote it by B.

Assume that the proposition is known in the special case in which [
consists of two elements i, j. Using the definitions and the fact that the
Ti',_1 : U — U are algebra homomorphisms satisfying the braid relations,
we see that (a) in the general case is a consequence of (a) in the special case.
To prove (in the general case) that the objects defined in (b),(c) in terms
of h,h’ € H coincide, we may assume, in view of the connectedness of the
graph H, that h, b’/ are joined in H, in which case the desired statements
follow immediately from (a).

Thus, we may assume that we are in the special case above. In the case
. where i-j = 0, the result is trivial. Hence we may assume thati-j =j-i =
—1. Now H consists of two elements: h = (3,5,7), h’ = (j,1,7). Besides
L, Ly, we introduce the Z[v~!]-submodule £ of Ut generated by the set

B' = {EPE{PE"|q>p+r}U{EPEDED|g > p+r}

in which we identify Ei(p )EJ(."')Ei(T) = E_gT)Ei(q)E](.T) forg=p+r.

By definition, we have T] ,(E;) = E;E; — v 'E;E; = T;,(E;) and
T; _\(E:) = E;E; — v E;E; = T]',(E;). 1t follows that T} \T; | E; =
E; and T; ,T] _,E; = E;. Hence, if ¢ = (c1,¢2,¢3) € N3 and ¢’ =
(cy, ch,ch) € N3, we have

Ef = E{")(E;E; — v 'E;E;)*VE{*

and
Ef, = ESV(EEj — v\ E; E;) D E"),

where the notation z(®) is as in Lemma 42.1.2. Let (p,q,r) € N3 be such
that ¢ > p + r. From 42.1.2(f), we have

EPE@DED = ZU-(p_n)(q n) [p n:r] pa- -t
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where

- (P-m)(a—n) [P ; " : T] € v~ -ma-n=r)(1 4 4=17[p-1))

is in v™'Z[v™}), if n < p and it equals 1 if n = p. Similarly,

EPEWED =3 y-la-mr—m) [" - " :I’] Ermtpman
n=0

where

p—(a-m)(r=n) [T ;’_’ : P] € u=(r=M@=p=n)(] 4 y=1Z[p=1))

is in v"1Z[v™Y], if n < r and it equals 1 if n = 7. These formulas show
that L,y = £ and, if 7 : £ — L£/v™1L is the canonical map, we have
7(B’) = m(Bw); moreover, m maps B’ onto w(B’) bijectively.

By the symmetry between ¢ and j, there is an analogous statement for
hi(note that £, B’ are symmetric in ¢,j). Thus, we have £, = £ and
w(B') = w(Bn). It follows that (b),(c) hold. The formulas above show also
that (a) holds. The proposition is proved.

Corollary 42.1.6. The A-subalgebra A4U" of Ut coincides with the A-
submodile 4L of Ut generated by L.

The fact that 4£ C 4U™ has been noted in 42.1.4. To prove the reverse
inclusion, it suffices to show that for any i € I and any s € N, 4L is stable
under x multiplication by Ei(s). Now 4L has an A-basis formed by the
elements E}, where h is a fixed element of H which starts with ¢ and ¢ runs
through N™. Multiplication by Ei(s) takes each element of this basis to an
A-multiple of another element of this basis. The corollary follows.

42.1.7. From the definitions it is clear that £ = &, L, where £, = LNU}
for any v € N[I]. This induces a direct sum decomposition £/v™1L =
®,L, /v L,. It is clear that B is compatible with this decomposition; in
other words, we have B = U, B(v) where B(v) is the intersection of B with
the summand £, /v™L, of L/v™1L.

42.1.8. We consider the equivalence relation on H x N™ generated by
(h,c) ~ (h’,c’) whenever h,h’ are joined in H and RP (c) = ¢’. Let H be
the set of equivalence classes.
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Lemma 42.1.9. For any h € H, the map f : N™ — H, which takes any
c to the equivalence class of (h,c), is a bijection.

From 42.1.5(a), we see that the (surjective) map H x N™ — B given by
(h,c) — w(E}) is constant on equivalence classes; hence it factors through
a (surjective) map H — B. On the other hand, for any h € H, the
composition N™ LA 5 Bisa bijection (again by 42.1.5). The lemma
follows.

We have the following result.

Theorem 42.1.10. (a) For any b € B there is a unique element b € L
such that w(b) = b and b =1b.
(b) The set {b|b € B} is a Z[v~']-basis of L and a Q(v)-basis of U+,

We shall regard the pairing (,) on f as a pairing on U* via the iso-
morphism f — Ut given by z +— z*. Let h € H. By 38.2.3, the basis
Eg of Ut, where c is running through N™, is almost orthonormal for ().
" Applying 14.2.2(b) to this basis, we see that any element S € B satisfies
Bt € £ and n(B%) € +B. In particular, we have L(f) C £. Applying
14.2.2(b) to the canonical basis B of f = U* and to z = Ef, which satis-
fies (x,z) € 1+ v~ 1Z[[v=1])] N Q(v) by 38.2.3, we see that z € L(f); hence,
by the previous sentence, £ = L(f) and n(z) = +m(8%) for some g € B.
Since Bt C L(f) = L, we see that the existence statement in (a) holds.
The uniqueness in (a), as well as statement (b) now follow from the known
properties of B. The theorem is proved.

42.1.11. We keep the notation from the proof of Theorem 42.1.10. We fix
i € I. Assume that h € H starts with i. Let b € B be such that b = 7(E}))
where the first coordinate of ¢ is 0. Let ¢/ € N™ be such that ¢’ has the
same coordinates as ¢ except for the first coordinate, which is s € N. Let
¥ = n(EL') € B. We shall use the following notation. For b € B, we define
B» € Bby Bf = b (see the proof of 42.1.10).

Lemma 42.1.12. (a) Write Ef = 2zt where z € f. Then z € f[i] and
Ef = (952)*.

(b) We have By = ¢, mod v~ 1L(f).

(c) We have By € Biyp.

(d) We have By = mi,s(Bs)-
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Since c starts with 0, the element Ef € Ut is in 7] _,U*, hence by
38.1.6, z is in f[i], and ;r(z) = 0; hence ¢ (z) = 05’)z. It follows that
#2(2)* = B Eg = ES'. This proves (a).

We prove (b). Using (a) and the definitions, we have z = 3, mod v=1L(f)
and ¢¢z = By mod v~1L(f). Since ¢! maps v—'L(f) into itself it follows
that ¢2z = ¢2(8,) mod v~1L(f), hence ¢?(B) = By mod v~1L(f). This
proves (b).

From the fact that the elements Eﬁ", where ¢” runs through N, form
a basis of U™, it follows immediately that

(e) for any ¢ > 0, the elements EE where ¢” runs through the elements
of N™ with first coordinate > ¢, form a Q(v)-basis of EfU*.

We prove (c). Assume that 3, € B;; with ¢t > 0. Then 8} € E{UT,
hence it is a linear combination of elements as in (e); in particular, Ef,
appears with coefficient 0, contradicting the definition of 8y. This proves
(c). Since By, By € B, we see from 17.3.7 that (d) follows from (b) and (c).
This completes the proof.

Carollary 42.1.13. We have B = {blb € B}. (We identify f = U* as
above.)

From the proof of 42.1.10, we have that {b|b € B} ¢ B. We show by
induction on N = trv that b € B, if b € B,. If N = 0, this is clear.
Assume that N > 1. By 14.3.3, we can find € I and s > 0 such that

‘be B” 'We then have b = mi,s0 where B € B;,o (see 14.3.2). We have
8= +b; where b, € B. By the argument in the previous lemma we have
that the sign is +, hence b= 5, sbl By the induction hypothesis, we have
by € B; the previous equality then implies that beB.

42.1.14. The basis {b|b € B} = {8*|8 € B} of U is in a natural bijection
with the set B, which in turn is in a natural bijection with the set H (see
the proof of 42.1.9). We thus have a purely combinatorial parametrization
of the canonical basis B.

The structure of left colored graph on B (see 14.4.7) corresponds to a
structure of colored graph on H, which we will now describe in a purely
combinatorial way.

For any ¢ € I, we define a function g, : H — N as follows. Let ¢ € I:I;
we choose h € H such that the sequence h starts with ¢. By 42.1.9, c is
the class of (h,c) for a unique ¢ € N™. We set g;(c) = ¢1 where ¢, is the
first coordinate of c. To show that this is well-defined, we consider h’ € H
such that the sequence h starts with i. Let ¢/ € N™ be such that c is the
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class of (h’,c’) and let ¢| be the first coordinate of ¢’. We must show that
c1 = ¢j. Now the set H; of all sequences in H which start with ¢ can be
naturally identified with the set of reduced expressions for s;wg; applying
2.1.2, we see that H;, regarded as a full subgraph of H is connected. Hence
to prove that ¢; = ¢}, we may assume that h,h’ are joined in the graph.
Then c and c’ are related by an elementary move as in 42.1.3(a) or (b).
This elementary move operates on coordinates other than the first, since
h, b’ start with the same element i. Thus, we have ¢, = ¢, as desired.

42.1.15. For any i € I, we define a partition H = Utzoﬂi,t by setting
ﬁi,t =g, 1(t). We define a bijection Tig I:I,-,o o I:I,-,t as follows. Let
(h, c) be a representative for an element of fli,o. Then c starts with 0; let
¢’ be the element of N™ which starts with ¢ and has the same subsequent
coordinates as those of c. By definition, m;;(h,c) = (h,c’). One checks
that this map is well-defined. From our earlier discussion, it is clear that the
partitions of H just described, together with the bijections 7; ;, correspond
to the analogous objects for B which are the ingredients in the definition

of the left colored graph.

42.1.16. We can also describe in purely combinatorial terms the left col-
ored graph for not necessarily simply laced Cartan data, by reduction to
the simply laced case, using 14.4.9 and 14.1.6.

422 REMARKS ON THE PIECEWISE LINEAR BIJECTIONS R:' :N® @ N»

42.2.1. Let h,h’ € H. We define a bijection Rl : N* =~ N” as a
composition
(2) RY' = Ruo) Ry B

where h(0), h(1),... ,h(t) is a sequence of vertices of the graph H such that
h(0) = h, h(t) = h’ and such that h(s), h(s + 1) is an edge of the graph
H for s = 0,1,...,t — 1; the factors on the right hand side of (a) are the
bijections defined in 42.1.3. (A sequence as above can always be found, by
2.1.2.) From 42.1.5, it follows that the definition of Rk' is correct, that is,
it does not depend on the choices made. Indeed, 42.1.5 gives us an intrinsic
definition of this bijection: with the notation in 42.1.5, we have Rt' (cy=¢
if and only if 7(Ef) = W(Eﬁ’,) The bijections R:' are piecewise linear, since
they are products of factors which are piecewise linear.

42.2.2. In this section we will show that the bijections R{‘l' also appear in
a completely different context.
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Let K be a field with a given subset Ko C K — {0} containing 1, and
such that the following holds:

(a) if f, f' € Ko, then f + f' € Ko, ff' € Ko, L5 € Ko.

For example, we could take

(b) K=R,Ko =R or

(c) K = R((¢)) where € is an indeterminate and Kj is the subset of K

consisting of power series of the form f = ase® + as+1€°*! + - such that
s > 0 and a, > 0; we then set |f| = s.

42.2.3. We consider a split semisimple algebraic group G over K, corre-
sponding to the root datum, with a fixed maximal unipotent subgroup U+
and a fixed maximal torus 7 normalizing U, both defined over K. For
each i € I, we denote by U;" the simple root subgroup of U+ corresponding
to i; we assume that we are given an isomorphism z; of the additive group
with Ll;“, defined over K. Let B~ be the Borel subgroup opposed to U™*
and containing 7. We shall identify G, ", T,U;", B~ with their groups of
K-rational points. We shall regard z; as an isomorphism of K onto U;'.

Proposition 42.2.4. Letw € W. Let h = (i1,12,...,in) be a sequence in
I such that s;, i, - - - Si,, 15 a reduced expression for w.

(a) The map KF — U given by

(P1,02,- -+, Pn) = Tiy (P1) T3, (P2) - - i, (Pn)

is injective.
(b) The image of the map (a) is a subset Ut (w) of Ut which does not
depend on h.

(c) If w' € W is distinct from w, then U (w) NUT(w') = 0.

Let &% (h) be the image of the map in (a). To prove (b), it suffices,
by 2.1.2, to check the following statement: if h’ is obtained from h by
replacing h consecutive indices 4, j, 1, ... in h by the h indices 3,1, j,... (for
some i # j with h = h(4,j)), then U+ (h) = Ut (k').

To prove this statement, we may clearly assume that I consists of two
elements %, j. In the case where i - j = 0, we have z;(p)z;(p") = z;(p")z:(p)
for any p,p’ € K. Assume now that i - j = —1. We have the following
identity, by a computation in SLj:

z;(t)zj(s)zs(r) = z;(t)zi(s")z;(r")
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where
I — sr ! — /— st
(d)t_t+r’ s=t+r, r'=3%
or equivalently,
1 147
() t=gfm s=t'+r, r=g25.

By the definition of Ky, we have s,t,7 € K if and only if s', ¢, € K.
This proves (b). We prove (c). Let $; be an element of the normalizer of
T in G which represents s; € W. If p € K — {0}, we have z;(p) € Bs;B.
Hence if py,p2,... ,pn are in K — {0}, then

iy (p1)iy (p2) - - - i, (Pn) € B3iy B8, B-++ 8, B C By, 54, -+ 8i, B

n

by properties of the Bruhat decomposition. Thus, U*(w) C B$;,8:, -+ $;, B
so that (c) follows from the Bruhat decomposition.
We prove (a). Assume that

iy (p1)Ti, (P2) - -~ Ti,, (Pn) = T4, (p1) T4, (03) - - - 2, (P,)

where py,...,p, and pi,...,p;, are in Ko. We prove that p; = pj for all |
by induction on n. This assumption implies

iy (1 — PVTi, (P2) -+ @i (Pn) = T4y (03) - -~ Tia (P],)-
If py — p} # 0, the two sides of the last equality are in
1

Bs,—lsiz s ‘é’i"B)Bs‘iz‘éig e 6",' B,

n

by the argument above. This is a contradiction. Thus, we must have
p1 = p}. Then we have

iy (P2) T (Pn) = iy () - -~ T4, (P],)
and the induction hypothesis shows that p; = p, ... ,pn = pl,-

Corollary 42.2.5. The subset Uyewldt(w) of UT is closed under multi-
plication. It coincides with the submonoid (with 1) of Ut generated by the
elements x;(p), for various i € I and p € K.

Let i € I and p € Ky. Let h = (i,42,...,i,) be as in 42.2.4. If
8i8i, 8, +++ 8, is a reduced expression in W, then z;(p)U*(h) C U* (k')
where h' = (¢,%1,142,... ,%,). If 8;8;,8;, - - - 8;, is not a reduced expression in
W, then we have s;,s;, -+ - 8;, = 5;8;,8j, - --8;,_,. for some j1,72,...,Jn-1.
Set h! = (4,j1,j2,--.,Jn-1). Clearly, z;(p)d*(h’) C U*(h’) and, by
42.2.4(b), we have U*(h') =U*(h). It follows that z;(p)UU+(h) C Ut (k).

We have thus proved that the set U,ewl ™ (w) is stable under left mul-
tiplication by elements of the form z;(p) as above. The corollary follows.
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42.2.6. From now on we assume that K, Ky are as in 42.2.2(c). Recall
that we then have a well-defined map f — |f| from K{ to N.

For any h = (iy,%2,...,i,) in H and any ¢ = (c1,...,¢n) € N”, we
define a subset U (h,c) of U™ as follows. By definition, U™ (h, c) consists
of all elements of Y+ which are of the form z;, (p1)zi,(p2) - - - Zi, (Pn) where
P1,P2, - - - , Pn are elements of Ko such that |p1| = ¢1, |p2| = c2, ..., |pn] = ca.
From 42.2.4, we see that we have a partition

(a) Ut (wo) = LUt (h,c).

Proposition 42.2.7. Let h,h’ be elements of H and let c,c’ be elements of
N™ such that RY (c) = ¢/. We have Ut (h,c) = Ut (h',c’). In particular,
the partition 42.2.6(a) of U™ (wo) is independent of h.

We may clearly assume that h, h’ are joined in the graph H. That case
reduces immediately to the case where I consists of two elements 4, j. The
case where i - j = 0 is trivial.

Assume now that i - j = —1. Using the identities (d),(e) in the proof
of 42.2.4, we see that it is enough to verify the following statement. Let
t,g,r,tf,g’,r' € Ko be such that t' = L, s’ =t +7,7' = t—i—‘; Then
|t'| = |s|+|r|—min([t], [r]), |s'| = min(j¢],|r]), |r'| = [t]+]s|-min([¢], [7]).
This is immediate. The proposition is proved.

“42.2.8.” We now see that the set of subsets in the partition 42.2.6(a) of
U (wp) (which is intrinsic, by 42.2.7) is in natural 1 — 1 correspondence
with the set ﬁ, hence also with the canonical basis B. At the same time
we have obtained a new interpretation of the piecewise linear bijections
R}," : N™ 22 N” in terms of the geometry of the group G.
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The braid group action on U has been introduced (with a different normal-
ization) in [5), in the simply laced case, and in [6], for arbitrary Cartan data
of finite type. Another approach (for Cartan data of finite type) to the braid
group action has been found by Soibelman [8]. The general case has not been
treated before in the literature. The fact that the braid group acts naturally
on integrable modules over arbitrary ground rings (see 41.2) is also new.

. The paper(3] of Levendorskii and Soibelman contains several results relating

braid group actions (for finite type) with comultiplication and with the inner
product. In particular, an identity like 37.3.2(a) appears (for finite type) in [3].
Our lemma 38.1.8 is closely related to [3, 2.4.2]; however, neither of these two
results implies the other. Propositions 38.2.3 and 40.2.4 are generalizations of
3, 3.2].

Corollary 40.2.2 and Proposition 41.1.7 appeared in [6] and [2].

Most results in 42.1 appeared in [7]. The results in 42.2 are new; in obtaining
them, I have been stimulated by a question of B. Kostant.
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Index of Notation

1.1.1. (I,-); v/
1.1.2. v;; P; (for P € Q(v)); v,
(for v € Z[I));
tr v
1.2.1. 'f; 'f,; |z| for z € 'f; 6;; N[I]
1.22. r:'f->'fQ'f
1.2.3. (,) on'f
124. 7
1.2.5. f; f,; (,) on f;
|z| for z € £
1.26. r:f>fef
1.2.7. o on 'f;
1.29. con f
1.2.10. ~ on Q(v), on f;
Fo'f = 'f&f, {,} on'f
1.2.12. ~on f; 7: f — f®f;
{,}onf
1.2.13. r;; ;7
1.3:1. A4; [7]
1.3.3. [n]; [n]'
1.4.1. 6
1.4.7. Af, Af,
2.1.1. h(i,5); W
,2.1.2. Yw)
2.13. Wo
221 Y; X; (it 07
223. A< X
2.2.6. s;
2.3.1. 2p; n
2.3.2. p(i)
3.1.1. 'U;'Ut;, 'U,
U, U+, U~
E;; Fi; Ky;
E®), F®),
Ri; Ru;
R AR A
313. won U; 0 on U
3.14. Aon U,'U
3.1.12. ~on U

3.1.13. 4U
3.24. U°
3.2.6. Ut; Uy
331. 8,8
34.1.C
3.44. “M
3.4.5. M,
3.4.7. CM
35.1. C
355 Xt
3.5.6. Ax
3.5.7. “Ax; ma; €=
4.1.1. A
4.1.2. 6; 6,
4.2.1. 612, 62 613
5.1.1. C!
5.2.1. Ti',e,Ti’,’e M- M
5.3.1. L; LY
6.17. Q=: M - M
7.1.1. fi,j;n,m;e = fn,m;e
8.1.1. D(X); D(K); H"K; K|[j]
8.1.2. M(X); M(X)[n]; H*K; T<n;
8.1.7. Mg(X); Mg(X)[n]; K
8.1.9. D;(X,G; A, B)
8.1.11. Lp; ®(K)
9.1.2. V; V,; Gv; Ev
9.1.3. X; F.; .’i',,; I:.,
9.1.3. Pv; Qv
9.2.1. Prw; Qr.w
9.2.5. Indy wi
-V

Rest wi

Ind¥yw
9.2.10. ResY w
9.3.1. Pv,;i>y; Pviriy
11.1.5. O

12.1.2. V% V2; Qv; Pyv; K(Qv); K(Pv)

12.1.3. O’ = Ofv,v7}Y
12.1.5. indY w; resy. v
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13.2.1. 4k

13.2.6. k

14.2.1. A

14.23. B

14.2.5. B,

14.3.1. Bi;>n; “Bi;>n;
Bi;n; aBi;n

14.4.2. B; B,

14.4.6. B;;n; ’B;.n

14.4.11. B()\); B(Ay)

15.1.2. U

16.1.1. D;

16.1.3. ¢;; &

16.1.4. F;; E;

16.2.3. A(Z); A

17.3.3. L(f)

18.1.1. (A),

18.1.2. B()\)

18.1.5. L(f),

18.1.8. L(A); L'(A)

19.1.1. p: U—-TU

19.1.2. (,) on A

19.3.1. 4Ax

19.3.4. ~: Ay — Ay

23.1.1. )‘IU)‘H; U; 1,\

23.1.2.. U(v)

23.18. - :U—-U

23.3.3. P(¢,a,d’); aP(¢{,a,a’)

24.3.3. b, O b
25.2.1. bOcb”

2524. B

Indezx of Notation

25.4.1.
26.1.2.
27.1.1.
27.2.1.
27.2.3.
27.2.5.
27.3.2.
29.1.1.
29.1.2.
31.1.1.
31.1.5.
31.2.4.

mMgy; ma’
(,)on U

M[A; M[> A); M[> )]
B[A]

B[A]hi; B[A]'D

M*

b1 OB

B[M]

U2 M) U> A

¢ : A — R; Rﬁ; Rf
rC

rC’

31.1.13. g M),

31.2.1.
31.3.2.
32.1.5.
33.1.1.
35.1.3.
35.4.1.
36.1.2.
36.2.1.
36.2.5.
37.1.2.
37.2.1.

38.1.1.
38.1.3.
39.4.4.

41.1.1.
42.1.8.
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fRM M
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o
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RYU

I T, :U-U

« gl .
xn,m;e: :En,m;e’
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£[d]; 7f[d]
g : f[i] — 7f[i]
Ttlv,mTtZ,e

™ .7 :U—=>U
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Index of Terminology

adapted basis, 16.3.1
admissible
automorphism, 12.1.1
form, 16.2.2
almost orthonormal, 14.2.1
antipode, 3.3.2
skew, 3.3.2

based module, 27.1.2

basis at 00, 20.1.1

braid group, 2.1.1

Brauer’s centralizer algebra, 27.3.10

canonical basis of f, 14.4.6
of Ay, 14.4.12
of “Ay ® Ay, 2434
of U, 25.2.4
signed...of f, 14.2.4

topological...of (U~® U™, 30.1.4

Cértan datum, 1.1.1
symmetric, irreducible, without
odd cycles, of finite type,
of infinite type, 2.1.3
cell
(two-sided, left, right), 29.4.1
~coinvariasts, 27.2.5
comultiplication 3.1.4
coordinate algebra
(quantum), 29.5.1
coroot, 2.3.1

discrete subset, 9.1.3
dominant, 3.5.5

equivariant perverse sheaf, 8.1.7
semisimple complex, 8.1.8

flag, 9.1.3

Fourier-Deligne transform, 8.1.11

Frobenius homomorphism
(quantum), 35.1.10

graph, 9.1.1

hexagon property, 32.2.4
highest weight module, 31.3.1

induction, 9.2.5
integrable object, 3.5.1

Kashiwara’s operators, 16.1.4
left graph on B, 14.4.7
length of w, 2.1.2

linear category, 11.1.1
morphism of root data, 2.2.2

orientation, 9.1.1

periodic functor, 11.1.2
perverse sheaf, 8.1.2

quasi-classical case, 33.2.1
quasi-R-matrix, 4.1.4

reduced expression, 2.1.2
restriction, 9.2.10
root datum, 2.2.1

Y -regular..., X-regular...,

simply connected..., adjoint..., 2.2.2

semisimple complex, 8.1.3
Serre relation

(quantum), 1.4.3
signed basis, 12.6.4
sink 9.3.4
structure constants 25.4.1
symmetries, 5.2.1

traceless, 11.1.4
triangular decomposition, 3.2, 23.2.1

unital module, 23.1.4
Verma
module, 3.4.5,
quantum .... identity, 39.3.7

weight space, 3.4.1
Weyl group, 2.1.1



Comments added in the second printing

1. Let M € C’ and let i € I,e = +1. We define two Q(v)-linear maps
Sie)Sie: M — M by

Sz{,e — Z (_1)bvf(c2_a2_ac+ab—bc+a+c) Fi(a) Efb) Fi(c)i('-ie(a~c)’

a,b,c

Sze — Z (_l)bv;:(c2—a2—ac+ab—bc+a+c) Elga)Fi(b)Ei(c)I"{ie(c—a)

a,b,c

where a, b, c run over Nj although the sums are infinite, on any given vector
in M, all but finitely many terms in either sum act as zero.

Several readers have asked me about the relationship between these op-
erators (which appeared in (3, 3.1]) and the operators T}, T}, : M — M
in 5.2.1. The relationship is as follows:

! __ ! e 1 __ ol pr—e
Si,e“‘Tz',eKi’ Si,e_n,eKi '

To prove this, we may replace C’ by C; and we may assume that M is a
simple object of C. Then the desired identities are checked by calculations
similar to those in 5.2.2.

It follows that the braid group relations 39.4.3(c),(d) remain valid if
T',T" are replaced throughout by $’,S”.

2. In the last sentence on p. 183, it was stated that it should be possible
to remove the signs + in Corollary 26.3.2. This is indeed true, as was shown
by Kashiwara [2].

3. The question raised in the last sentence of 40.2.5 has been answered
by J. Beck [1] in the untwisted case.
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