Inhomogeneous Refinement Equations†

Gilbert Strang Department of Mathematics Massachusetts Institute of Technology Cambridge, MA 02139, USA E-mail: gs@math.mit.edu

Ding-Xuan Zhou Department of Mathematics City University of Hong Kong Tat Chee Avenue, Kowloon HONG KONG E-mail: mazhou@math.cityu.edu.hk

Abstract

Equations with two time scales (refinement equations or dilation equations) are central to wavelet theory. Several applications also include an inhomogeneous forcing term F (t). We develop here a part of the existence theory for the inhomogeneous refinement equation ϕ(t) = ∑ k∈ZZ a(k)ϕ(2t − k) + F (t), where a(k) is a finite sequence and F is a compactly supported distribution on IR.

The existence of compactly supported distributional solutions to an inhomogeneous refinement equation is characterized in terms of conditions on the pair (a, F ).

To have L_p solutions from F ∈ L_p(IR), we construct by the cascade algorithm a sequence of functions {ϕ_n} from a compactly supported initial function ϕ_0 ∈ L_p(IR) as

ϕ_n(t) = ∑ k∈ZZ a(k)ϕ_{n−1}(2t − k) + F (t). A necessary and sufficient condition for the sequence {ϕ_n} to converge in L_p(IR)(1 ≤ p ≤ ∞) is given by the p-norm joint spectral radius of two matrices derived from the mask a. A convexity property of the p-norm joint spectral radius (1 ≤ p ≤ ∞) is presented.

Finally, the general theory is applied to some examples and multiple refinable functions.

AMS Subject Classification: Primary 42C15, 41A25, 65F15

Keywords and Phrases: Inhomogeneous refinement equation, wavelets, joint spectral radius, cascade algorithm, multiple refinable function

† Research supported in part by Research Grants Council and City University of Hong Kong under Grants #9040281, 9030562, 7000741

Inhomogeneous Refinement Equations

§1. Introduction The (homogeneous) refinement equation for the scaling function ϕ(t) is the fundamental equation in wavelet theory: ϕ(t) = ∑ a(k)ϕ(2t − k). The existence, uniqueness and regularity of ϕ(t) have been studied by many authors. But the inclusion of an inhomogeneous term F (t) changes the analysis, and this also deserves study. We have seen this term in two applications that will be mentioned again:

1. The construction of the Geronimo-Hardin-Massopust multiwavelets [5] from a “fractal equation”.

2. The construction of boundary wavelets [14, p. 294].

In this paper we study the existence of solutions (first as distributions, then as functions in L_p(IR)) to the inhomogeneous refinement equation ϕ(t) = ∑ k∈ZZ a(k)ϕ(2t − k) + F (t). (1.1) The refinement mask a is a finite sequence of complex numbers. The function F (t) is compactly supported; we first assume only that it is a distribution. The special case ϕ(t) = a(0)ϕ(2t) + F (t), with only a single coefficient in the mask, will be analyzed below in particular detail.

We begin with the Fourier transform of equation (1.1):

ϕ̂(ξ) = ã(ξ/2)ϕ̂(ξ/2) + F̂ (ξ) (1.2)

where ã is the symbol of the mask a given by

ã(ξ) := ∑ k∈ZZ a(k)e^{−ikξ}/2, ξ ∈ C.

The transform F̂ (ξ) = ∫ IR F (x)e^{−iξ·x}dx, ξ ∈ C, has a natural extension to compactly supported distributions on IR.

Our first purpose is to characterize the existence of compactly supported distributional solutions of (1.1). A necessary and sufficient condition in terms of the mask a and the inhomogeneous term F will be given in Section 2. Our second purpose is to find L_psolutions of the inhomogeneous refinement equation (1.1). One way to construct ϕ(t) is by the cascade algorithm. Define a sequence of functions {ϕ_n} by

ϕ_n(t) = ∑ k∈ZZ a(k)ϕ_{n−1}(2t − k) + F (t).

Observe that if a, F and ϕ_0 are supported in [N_1, N_2] with N_1 ≤ 0 ≤ N_2, then ϕ_n is supported in [N_1, N_2] for any n ∈ IN. Therefore, if the sequence {ϕ_n} converges in L_p(IR) (that is, the cascade algorithm converges), then the limit function ϕ ∈ L_p(IR) is supported in [N_1, N_2] and solves (1.1). In Section 4 we shall present a necessary and sufficient condition for the cascade algorithm to converge. To this end, some properties of the joint spectral radius are needed, which we shall investigate in Section 3. Examples will be provided in Section 5 to illustrate the general theory. In Section 6 we apply our main results to a study of multiple refinable functions.

§2. Existence of Compactly Supported Distributional Solutions

We now characterize the existence of compactly supported distributional solutions to the inhomogeneous refinement equation (1.1). Note that if ϕ is a solution, then

(1 − ã(0))ϕ̂(0) = F̂ (0). (2.1)

Let us discuss three different cases. In the first case, ã(0) ≠ 2^n for any n ∈ IN ∪ {0}. Then existence and uniqueness hold.

Theorem 1. Let F be a compactly supported distribution on IR and a be a finitely supported sequence such that ã(0) ≠ 2^n for any n ∈ IN ∪ {0}. Then (1.1) has a unique solution ϕ of compactly supported distribution on IR. Moreover, ϕ̂(0) = F̂ (0)/(1 − ã(0)).

This theorem is also proved by Dinsenbacher and Hardin [3], in a preprint that we received after completing our paper. Their proof is different (and very interesting), and they allow matrix masks. For us the conditions in Theorems 1–3 are easy to test and easy to extend to the multivariate case.

The second case is ã(0) = 1. In this case (2.1) tells us that a necessary condition for existence is F̂ (0) = 0.

Theorem 2. Let F be a compactly supported distribution on IR and a be a finite sequence such that ã(0) = 1. Then (1.1) has a solution ϕ of compactly supported distribution on IR if and only if F̂ (0) = 0. In this case, the solution ϕ is unique subject to ϕ̂(0) = 1.

The third (more complicated) case has ã(0) = 2^n for some n ∈ IN. Then by (2.1),

ϕ̂(0) = F̂ (0)/(1 − 2^n),

and by (1.2), for j = 1, · · · , n,

(2^j − 2^n)ϕ̂^{(j)}(0) = 2^jF̂^{(j)}(0) + j−1∑ k=0 ( j k ) ã^{(j−k)}(0)ϕ̂^{(k)}(0).

This shows the necessity of the following condition (2.2).

Theorem 3. Let F be a compactly supported distribution on IR and a be a finite sequence such that ã(0) = 2^n for some n ∈ IN. Then (1.1) has a solution ϕ of compactly supported distribution on IR if and only if

F̂^{(n)}(0) = −2^{−n n−1} ∑ k=0 ( n k ) ã^{(n−k)}(0)b_k, (2.2)

where {b_0, · · · , b_{n−1}} is defined inductively by b_0 = F̂ (0)/(1 − 2^n) and

b_j = (2^j − 2^n)^{−1} { 2^jF̂^{(j)}(0) + j−1∑ k=0 ( j k ) ã^{(j−k)}(0)b_k } , j = 1, · · · , n − 1.

Before proving these theorems let us introduce some preliminary results. Recall that if f is a compactly supported distribution on IR, then |f̂ (ξ)| ≤ C(1 + |ξ|)^B e^{A|}Im^{ξ|}, ξ ∈ C, (2.3) where A, B and C are positive constants independent of ξ. Note that a finite sequence a can be regarded as a distribution compactly supported in ZZ, the set of all integers. In this way, its symbol ã equals half of its Fourier transform.

Define a sequence {Π_n(ξ)} by Π_0(ξ) ≡ 1 and

Π_n(ξ) = Π^n_{j=1}ã(ξ/2^j ), ξ ∈ C.

Then we know (see e.g., [17, Lemma]) that

|Π_n(ξ)| ≤ C_0Λ^n(1 + |ξ|)^{B0} e^{A0|}Im^{ξ|}, ξ ∈ C, (2.4)

where A_0, B_0 and C_0 are positive constants independent of ξ and n, and

Λ :=

|ã(0)|, if ã(0) ≠ 0, 1/2, if ã(0) = 0.

Given {y_0, · · · , y_m} ⊂ C, there always exists a sequence d supported in [0, m] such that d̃^{(j)}(0) = y_j , j = 0, · · · , m.

In fact, d̃ can be determined by

d̃(ξ) =^m ∑ k=0 d_1(k)(1 − e^{−iξ})^k

where d_1(0) = y_0, and recursively,

d_1(j) = i^{−j} { y_j − (_{j−1}∑ k=0 d_1(k)(1 − e^{−iξ})^k )_{(j)} (0) } . It follows that if 2^n ≤ |ã(0)| < 2^{n+1} for some n ∈ IN ∪ {0} and ã(0) ≠ 2^n, then there exists a sequence d supported in [0, n] such that d̃(2ξ) − ã(ξ)d̃(ξ) − F̂ (2ξ) = O(|ξ|^{n+1}) (ξ → 0). If |ã(0)| ≤ 1, and F̂ (0) = 0 if ã(0) = 1, then there exists a sequence d supported at {0} such that d̃(2ξ) − ã(ξ)d̃(ξ) − F̂ (2ξ) = O(|ξ|) (ξ → 0) and d̃(0) = 1 if ã(0) = 1, F̂ (0) = 0.

If ã(0) = 2^n for some n ∈ IN and (2.2) holds, then there exists a sequence d supported in [0, n] such that d̃^{(j)}(0) = b_j , j = 0, · · · , n − 1,

which implies d̃(2ξ) − ã(ξ)d̃(ξ) − F̂ (2ξ) = O(|ξ|^{n+1}) (ξ → 0). Now we are in a position to prove the main results on existence. Proof of Theorems 1, 2 and 3.

Suppose that the conditions hold. We have either |ã(0)| < 1 or 2^n ≤ |ã(0)| < 2^{n+1} for some n ∈ IN ∪ {0}. If |ã(0)| < 1, we set n = 0. Then, Λ < 2^{n+1}. By our previous discussion, there exists a sequence d supported in [0, n] such that d̃(2ξ) − ã(ξ)d̃(ξ) − F̂ (2ξ) = O(|ξ|^{n+1}) (ξ → 0) and d̃(0) = 1 if ã(0) = 1, F̂ (0) = 0. It follows that

d̃(0) =

F̂ (0)/(1 − ã(0)), if ã(0) ≠ 1,

1, if ã(0) = 1, F̂ (0) = 0.

The function d̃(2ξ) − ã(ξ)d̃(ξ) − F̂ (2ξ) can be regarded as the Fourier transform of a compactly supported distribution on IR. By the order of the zero at the origin and (2.3), we know that |d̃(2ξ) − ã(ξ)d̃(ξ) − F̂ (2ξ)| ≤ C_1|ξ|^{n+1}(1 + |ξ|)^{B1} e^{A1|}Im^{ξ|}, ξ ∈ C, (2.5) where A_1, B_1 and C_1 are positive constants independent of ξ.

Let us define a sequence {Φ̂_m}_{m∈IN} of functions on C by

Φ̂_m(ξ) = Π_m(ξ)d̃(ξ/2^m) +^{m−1} ∑ j=0 Π_j (ξ)F̂ (ξ/2^j ), ξ ∈ C. (2.6)

Then Φ̂_m(0) =

F̂ (0)/(1 − ã(0)) = d̃(0), if ã(0) ≠ 1, d̃(0) = 1, if ã(0) = 1, F̂ (0) = 0.

For the refinement relation, we have Φ̂_{m+1}(ξ) = ã(ξ/2)Φ̂_m(ξ/2) + F̂ (ξ). (2.7)

Let us give an estimate on |Φ̂_m(ξ)| for m ∈ IN, ξ ∈ C. By (2.6),

Φ̂_m(ξ) =^{m−1} ∑ j=0 { Π_j (ξ)[ã(ξ/2^{j+1})d̃(ξ/2^{j+1}) − d̃(ξ/2^j ) + F̂ (ξ/2^j )] } + d̃(ξ).

Applying (2.5) and (2.4), we obtain for 0 ≤ j ≤ m − 1, |Π_j (ξ)[ã(ξ/2^{j+1})d̃(ξ/2^{j+1}) − d̃(ξ/2^j ) + F̂ (ξ/2^j )]| ≤ C_0C_1(Λ/2^{n+1})^j (1 + |ξ|)^{B0+B1} e^{(A0+A1)|}Im^{ξ|}.

Thus, from the assumption that Λ < 2^{n+1},

|Φ̂_m(ξ)| ≤ |d̃(ξ)| + C_0C_1

2^{n+1} 2^{n+1} − Λ

(1 + |ξ|)^{B0+B1} e^{(A0+A1)|}Im^{ξ|}. Applying (2.3) for d, we know that |Φ̂_m(ξ)| ≤ C_2(1 + |ξ|)^{B2} e^{A2|}Im^{ξ|}, (2.8) where A_2, B_2 and C_2 are positive constants independent of ξ and m.

Now we show that the sequence {Φ̂_m} converges uniformly on any bounded subset K of C. Then by (2.6), for ξ ∈ K,

Φ̂_{m+1}(ξ) − Φ̂_m(ξ) = Π_m(ξ)[ã(ξ/2^{m+1})d̃(ξ/2^{m+1}) − d̃(ξ/2^m) + F̂ (ξ/2^m)].

Together with (2.5) and (2.4) this implies that for m ∈ IN, ξ ∈ K, |Φ̂_{m+1}(ξ) − Φ̂_m(ξ)| ≤C_0Λ^m(1 + |ξ|)^{B0} e^{A0|}Im^{ξ|}C_1|ξ/2^{m+1}|^{n+1}× × (1 + |ξ/2^{m+1}|)^{B1} e^{A1|}Im^{ξ/2m+1|} ≤ C_0C_1C_K (Λ/2^{n+1})^m.

Here C_K is the constant depending only on K given by C_K = sup_{ξ∈K}{|ξ|^{n+1}(1 + |ξ|)^{B0+B1} e^{(A0+A1)|}Im^{ξ|}}.

Therefore, the sequence {Φ̂_m} converges uniformly on K. This implies that the function lim_{m→∞} Φ̂_m(ξ) is analytic in C.

By the Paley-Wiener Theorem, we conclude from (2.8) that there exists a compactly supported distribution ϕ on IR such that

ϕ̂(ξ) = lim_{m→∞} Φ̂_m(ξ), ξ ∈ C.

By (2.7) we have ϕ̂(ξ) = ã(ξ/2)ϕ̂(ξ/2) + F̂ (ξ). Hence (1.2) holds, which implies the refinement relation (1.1). Moreover, by our definition,

ϕ̂(0) = lim_{m→∞} Φ̂_m(0) =

F̂ (0)/(1 − ã(0)), if ã(0) ≠ 1,

1, if ã(0) = 1, F̂ (0) = 0.

The necessity parts of Theorems 1, 2 and 3 are proved. The uniqueness in Theorems 1 and 2 follows from the condition for the existence and uniqueness of compactly supported distributional solutions of (1.1) with F = 0.

§3. Joint Spectral Radius

In this section we review some results concerning the p-norm joint spectral radius. A convexity property is presented, which provides some interesting applications for the estimate of uniform joint spectral radius.

The joint spectral radius was introduced by Rota and Strang in [12]. This concept was used by Daubechies and Lagarias [2] to study the regularity of wavelets, which has initiated much further research in wavelets. The mean spectral radius (p = 1) was introduced by Wang [16] who studied L_1(IR) refinable functions. The concept of p-norm joint spectral radius (1 ≤ p ≤ ∞) was defined by Jia in [7] and was used implicitly by Lau and Wang [11] independently.

Let A := {A_1, · · · , A_d} be a multiset of M × M complex matrices. Choose ‖ · ‖ as a matrix norm on C^{M×M} , the set of all M × M complex matrices. For 1 ≤ p ≤ ∞, n ∈ IN, define ‖A^n‖_p as the ℓ_p norm of the sequence of all products (in all orders) of n matrices from A:

‖A^n‖_p := max { ‖A_{ε1} · · · A_{εn} ‖ : ε_1, · · · , ε_n ∈ {1, · · · , d} } , if p = ∞, {∑ ε1,···,ε_n∈{1,···,d} ‖Aε1 · · · Aεn ‖ p}_{1/p} , if 1 ≤ p < ∞. Then the p-norm joint spectral radius ρ_p(A) is defined to be

ρ_p(A) := lim_{n→∞} ‖A^n‖^{1/n}_p . (3.1)

It is a classical fact that this limit exists, and equals the lim inf:

lim_{n→∞} ‖A^n‖^{1/n}_p = inf_{n∈IN} ‖A^n‖^{1/n}_p .

Clearly, ρ_p(A) is independent of the choice of the matrix norm ‖ · ‖. Recall that ρ_∞(A) is the uniform joint spectral radius introduced in [12].

If A consists of a single matrix A, then ρ_p(A) equals the ordinary spectral radius ρ(A). It is obvious that each ρ(A_j ) ≤ ρ_∞(A), since ρ_∞(A) includes the powers (A_j )^n when we choose the same matrix A_j each time by ε_i = j. Moreover, if A_1 = · · · = A_d = A, then ρ_p(A) = d^{1/p}ρ(A) for 1 ≤ p ≤ ∞.

The Riesz-Thorin Theorem assures the convexity of ℓ_p operator norms as function of 1/p (see e.g., [4]). This leads directly to the following convexity property for the p-norm joint spectral radius.

Theorem 4. The function ln ρ_{1/x}(A) is convex on 0 ≤ x ≤ 1.

What is disappointing about the joint spectral radius is that the limit in (3.1) is reached very slowly. We can hardly compute ρ_p(A) using (3.1). Thus, it is quite desirable to find fast ways to compute the joint spectral radius. Theorem 4 provides a method to estimate ρ_∞(A) in terms of ρ_p(A) (see [18]):

If 1 ≤ p < ∞ and q > 0, then

ln ρ_{p+q}(A) ≤ p p + q ln ρ_p(A) + q p + q ln ρ_∞(A).

Hence ρ_∞(A) ≥ ( ρ_{p+q}(A) ρ_p(A) )^{p/q}ρ_{p+q}(A). (3.2)

In particular, for k, l ∈ IN, ρ_∞(A) ≥ ( ρ_{2k+2l}(A) ρ_{2k}(A) )^{k/l}ρ_{2k+2l}(A). Together with the following result from [18], this provides an effective method for estimating the uniform joint spectral radius ρ_∞(A). We can compute ρ_p(A) explicitly when p is an even integer: For any k ∈ IN,

ρ_{2k}(A) = { ρ (_d∑ l=1 (A_l ⊗ A_l)^{[k]} )}_{1/2k} . (3.3)

The Kronecker product of A ∈ C^{M×M} and B ∈ C^{N×N} is the block matrix

A ⊗ B := a_{11}B a_{12}B · · · a_{1M} B a_{21}B a_{22}B · · · a_{2M} B . . . . . . a_{M1}B a_{M2}B · · · a_{MM} B ∈ C^{MN×MN} .

We set A^{[1]} = A and A^{[k+1]} := A ⊗ A^{[k]} for k ∈ IN.

As an application, let us mention the following nice equivalence: ρ_∞(A) = ρ_2(A) ⇐⇒ ρ_4(A) = ρ_2(A).

§4. Convergence of the Cascade Algorithm In this section we apply the p-norm joint spectral radius to the study of convergence of cascade algorithms associated with inhomogeneous refinement equations.

Let a be a finite sequence, F and ϕ_0 be compactly supported functions in L_p(IR) for 1 ≤ p < ∞(C(IR) if p = ∞). Define a sequence of functions {ϕ_n} by ϕ_n(t) = ∑ k∈ZZ a(k)ϕ_{n−1}(2t − k) + F (t). (4.1) The cascade algorithm associated with (a, F ) converges in L_p(IR) if there exists ϕ ∈ L_p(IR) such that lim_{n→∞} ‖ϕ_n − ϕ‖_p = 0. In this case, ϕ solves the inhomogeneous refinement equation (1.1). Also, ϕ ∈ C(IR) if p = ∞.

To consider the convergence of the cascade algorithm, we introduce a sequence {a_n} by a_1 = a and a_{n+1}(k) = ∑ l∈ZZ a_n(l)a(k − 2l), k ∈ ZZ. (4.2) The relation between {a_n} and {ϕ_n} can be seen from the following result.

Lemma 1. Let a be a finite sequence, F and ϕ_0 be compactly supported distributions on IR. Define {ϕ_n} by (4.1) and {a_n} by (4.2). Then

a_{n+1}(k) = ∑ l∈ZZ a(l)a_n(k − 2^nl), k ∈ ZZ, (4.3)

and ϕ_n(t) = ∑ k∈ZZ a_n(k)ϕ_0(2^nt − k) + n−1∑ j=1 ∑ k∈ZZ a_j (k)F (2^j t − k) + F (t). (4.4)

Proof. The proof proceeds by induction on n. The case n = 1 is trivial by the definitions.

Suppose the lemma has been verified for m = 1, · · · , n − 1. Then by the induction hypothesis and (4.2), for k ∈ ZZ,

a_{n+1}(k) = ∑ l∈ZZ [∑ j∈ZZ a(j)a_{n−1}(l − 2^{n−1}j) ] a(k − 2l)

= ∑ j∈ZZ a(j) [∑ l∈ZZ a_{n−1}(l)a(k − 2^nj − 2l) ] = ∑ j∈ZZ a(j)a_n(k − 2^nj).

This in connection with the induction hypothesis and (4.1) implies

ϕ_n(t) = ∑ k∈ZZ a(k) {∑ l∈ZZ a_{n−1}(l)ϕ_0(2^nt − 2^{n−1}k − l)

+ n−2∑ j=1 ∑ l∈ZZ a_j (l)F (2^{j+1}t − 2^j k − l) + F (2t − k) } + F (t)

= ∑ k∈ZZ a_n(k)ϕ_0(2^nt − k) + n−1∑ j=1 ∑ k∈ZZ a_j (k)F (2^j t − k) + F (t)

thereby completing the induction.

A consequence of Lemma 1 is a representation of ϕ_{n+1} − ϕ_n:

ϕ_{n+1}(t) − ϕ_n(t) = ∑ k∈ZZ a_{n+1}(k)ϕ_0(2^{n+1}t − k) − ∑ k∈ZZ a_n(k)ϕ_0(2^nt − k) + ∑ k∈ZZ a_n(k)F (2^nt − k).

Thus ϕ_{n+1}(t) − ϕ_n(t) = ∑ k∈ZZ a_n(k)f(2^nt − k), where f(t) = ∑ l∈ZZ a(l)ϕ_0(2t − l) − ϕ_0(t) + F (t) ∈ L_p(IR).

We assume that a, ϕ_0 and F are supported in [0, N] for some positive integer N. Then f is also supported in [0, N].

Let ψ ∈ L_p(IR) be supported in [0, N] with linearly independent translates: ∑ k∈ZZ b(k)ψ(t − k) = 0 =⇒ b(k) = 0 ∀k ∈ ZZ. Suppose that for a sequence c, f(t) = ∑ k∈ZZ c(k)ψ(t − k). (4.5) Then we know that c is supported in [0, N − 1].

Now we can write ϕ_{n+1} − ϕ_n in terms of the linearly independent generators ψ and the combination sequence c as ϕ_{n+1}(t) − ϕ_n(t) = ∑ k∈ZZ a_n∗c(k)ψ(2^nt − k), where a_n∗c(k) = ∑ l∈ZZ a_n(k − l)c(l). Taking the L_p-norms on both sides, we have C^{−1}_3 2^{−n/p}‖a_n∗c‖_p ≤ ‖ϕ_{n+1} − ϕ_n‖_p ≤ C_32^{−n/p}‖a_n∗c‖_p, where C_3 is a positive constant independent of n.

If {ϕ_n} converges in L_p(IR), then 2^{−n/p}‖a_n∗c‖_p → 0 as n → ∞. Conversely, if 2^{−n/p}‖a_n∗c‖_p ≤ C_4ρ^n for some ρ ∈ (0, 1) and a positive constant C_4 independent of n, then {ϕ_n} converges in L_p(IR).

Therefore, the convergence of {ϕ_n} is reduced to the behavior of the norms of the sequences a_n∗c, which is closely related to the p-norm joint spectral radius according to the following result in [10].

Lemma 2. Suppose that the sequence a is supported in [0, N] and c is supported in [0, N − 1]. Define two linear operators on C^N by

A_0(k, l) = a(2k − l) and A_1(k, l) = a(2k − l + 1), k, l = 0, · · · , N − 1. (4.6)

Set V (c) be the minimal common invariant subspace of A_0 and A_1 generated by c. Let A be the set of matrix representations of A_0|_{V (c)} and A_1|_{V (c)}. Then there are positive constants M_0 and M_1 such that M_0‖A^n‖_p ≤ ‖a_n∗c‖_p ≤ M_1‖A^n‖_p, 1 ≤ p ≤ ∞, n ∈ IN. Hence ρ_p(A) = lim_{n→∞} ‖a_n∗c‖^{1/n}_p , 1 ≤ p ≤ ∞. Combining the above discussions, we obtain our main result on the convergence of the cascade algorithm.

Theorem 5. Let 1 ≤ p ≤ ∞ and suppose that a, ϕ_0, F, ψ and c satisfy (4.5). For some positive integer N, the sequence a is supported in [0, N] and c is supported in [0, N − 1]. Define A_0 and A_1 by (4.6). Then the cascade algorithm associated with the pair (a, F ) converges in L_p(IR)(C(IR) if p = ∞) if and only if

ρ_p(A_0|_{V (c)}, A_1|_{V (c)}) < 2^{1/p}.

In particular, if ρ_p(A_0, A_1) < 2^{1/p}, the cascade algorithm converges in L_p(IR) for any compactly supported functions F and ϕ_0 in L_p(IR)(C(IR) if p = ∞).

Thus the convergence has been characterized by the p-norm joint spectral radius. The existence of ψ and c satisfying (4.5) is assured by a result of Jia [8].

§5. Examples In this section we provide some examples for the case when a has short support. Let us begin with the case when a is supported at the origin. The inhomogeneous refinement equation takes the form ϕ(t) = a(0)ϕ(2t) + F (t). (5.1)

Such an equation with a(0) = 1 is satisfied by boundary scaling functions, see [14, p. 294].

If the mask has only one coefficient, then A_0 = [a(0)] and A_1 = [0]. Hence for 1 ≤ p ≤ ∞, we have ρ_p(A_0, A_1) = |a(0)|. By Theorem 5, if F and ϕ_0 are compactly supported and lie in L_p(IR)(C(IR) if p = ∞), and |a(0)| < 2^{1/p}, then the cascade algorithm associated with (a, F ) converges in L_p(IR). Hence the equation (5.1) has a compactly supported solution ϕ ∈ L_p(IR)(C(IR) if p = ∞). Moreover, an L_p(IR) solution ϕ can be found explicitly if |a(0)| ≠ 2^{1/p}. However, when |a(0)| > 2^{1/p}, usually ϕ is not compactly supported. This shows that the second statement of Theorem 5 is sharp in some circumstances. Theorem 6. Let 1 ≤ p ≤ ∞, F be a compactly supported function in L_p(IR)(C(IR) if p = ∞) and |a(0)| ≠ 2^{1/p}. Then the inhomogeneous refinement equation (5.1) has a unique solution ϕ in L_p(IR)(C(IR) ∩ L_∞(IR) if p = ∞) given by ϕ(t) = ∑_∞ j=0 a(0)^j F (2^j t), if |a(0)| < 2^{1/p}, − ∑_∞ j=1 a(0)^{−j} F (2^{−j} t), if |a(0)| > 2^{1/p}.

Proof. Trivially, for n ∈ ZZ, ‖a(0)^nF (2^nt)‖_p = (|a(0)|2^{−1/p})^n‖F ‖_p.

If |a(0)|2^{−1/p} < 1, the series ∑_∞ j=0 a(0)^j F (2^j t) converges in L_p(IR) to a function ϕ ∈ L_p(IR)(C(IR) if p = ∞). This function ϕ is compactly supported and satisfies (5.1). To see the uniqueness, suppose that ϕ ∈ L_p(IR) is a solution of (5.1). Then ϕ(t) − n−1∑ j=0 a(0)^j F (2^j t) = a(0)^nϕ(2^nt) → 0 in L_p(IR) (n → ∞).

This tells that ϕ(t) = ∑_∞ j=0 a(0)^j F (2^j t).

If |a(0)| > 2^{1/p}, we can easily check that the series − ∑_∞ j=1 a(0)^{−j} F (2^{−j} t) converges in L_p(IR) to a solution of (5.1). Suppose conversely that ϕ ∈ L_p(IR) is a solution. Then ϕ(t) + n∑ j=1 a(0)^{−j} F (2^{−j} t) = a(0)^{−n}ϕ(2^{−n}t) → 0 in L_p(IR).

This shows that ϕ(t) = − ∑_∞ j=1 a(0)^{−j} F (2^{−j} t).

The proof of Theorem 6 is complete.

When |a(0)| = 2^{1/p}, things are different. Let us consider the case when p = ∞ and a(0) = 1 only.

Theorem 7. Let F be a compactly supported continuous function on IR. Then

ϕ(t) = ϕ(2t) + F (t) (5.2)

has a compactly supported continuous solution if and only if the series ∑_∞ j=1 F (2^{−j} t) converges uniformly on [−2, 2] and there exists a constant c such that ∞∑ j=−∞ F (2^j t) = c, ∀t ∈ IR \ {0}. (5.3) In this case, the solution ϕ is unique and given by ϕ(t) = c − ∞∑ j=1 F (2^{−j} t), t ∈ IR. Proof. Necessity. Suppose that there exists a compactly supported continuous function ϕ such that (5.2) holds. Then, for n ∈ IN, t ∈ IR, n∑ j=1 F (2^{−j} t) = ϕ(2^{−n}t) − ϕ(t) → ϕ(0) − ϕ(t) (n → ∞).

Hence ∑_∞ j=1 F (2^{−j} t) = ϕ(0) − ϕ(t) for t ∈ IR. Also, on the interval [−2, 2], the series ∑_∞ j=1 F (2^{−j} t) converges uniformly to ϕ(0) − ϕ(t).

On the other hand, for n ∈ IN, t ∈ IR \ {0}, n−1∑ j=0 F (2^j t) = ϕ(t) − ϕ(2^nt) → ϕ(t) (n → ∞), which implies that for t ∈ IR \ {0}, ∞∑ j=0 F (2^j t) = ϕ(t).

Combining the expressions involving 2^{−j} t and 2^j t, we obtain ∞∑ j=−∞ F (2^j t) = ϕ(0), ∀t ∈ IR \ {0}. Therefore, (5.3) holds with c := ϕ(0). Moreover, ϕ(t) = c − ∞∑ j=1 F (2^{−j} t), ∀t ∈ IR.

Sufficiency. Suppose that ∑_∞ j=1 F (2^{−j} t) converges uniformly on [−2, 2] and (5.3) holds. Then ∑_∞ j=1 F (2^{−j} t) converges uniformly on any bounded interval. Define a function ϕ by ϕ(t) = c − ∞∑ j=1 F (2^{−j} t), t ∈ IR. Then ϕ is continuous on IR. Also,

ϕ(2t) + F (t) = c − ∞∑ j=0 F (2^{−j} t) + F (t) = ϕ(t), ∀t ∈ IR.

Moreover, by (5.3), for t ∈ IR \ {0}, ϕ(t) = ∞∑ j=0 F (2^j t).

If F is supported in [N_1, N_2] with N_1 ≤ 0 ≤ N_2, then ϕ is supported in [N_1, N_2]. Therefore, ϕ is a compactly supported continuous solution of (5.2).

The condition that ∑_∞ j=1 F (2^{−j} t) converges uniformly on [−2, 2] is a mild regularity requirement at the origin. The condition (5.3) which is typical in finding tight frames (see e.g., [1]) requires more information about the function F .

When p = ∞ and |a(0)| > 1, the combination of Theorems 6 and 7 provides a criterion for the continuous solution given in Theorem 6 to be compactly supported.

Now we turn to the two-coefficient case. Assume that a(0) = a(1) = h. Then the inhomogeneous refinement equation has the form

ϕ(t) = hϕ(2t) + hϕ(2t − 1) + F (t). (5.4)

Note that the matrices in (4.6) are given by A_0 = [h], A_1 = [h]. Hence ρ_p(A_0, A_1) = 2^{1/p}|h| for any 1 ≤ p ≤ ∞. Applying Theorem 5, we know that if |h| < 1, the cascade algorithm associated with (a, F ) converges. Moreover, if F is supported in [0, 1], we have an explicit formula for the solution.

Theorem 8. Let 1 ≤ p ≤ ∞, |h| < 1, F be supported in [0, 1] and lie in L_p(IR)(C(IR) if p = ∞). Then equation (5.4) has a unique solution ϕ of compact support in L_p(IR)(C(IR) if p = ∞) given by

ϕ(t) = ∑_∞ n=0 h^nF (2^nt − [2^nt]), if 0 ≤ t < 1, 0, otherwise, where [x] denotes the greatest integer that is less than or equal to x. Proof. For n ≥ 0, we have ∫_1 0 |h^nF (2^nt − [2^nt])|^pdt = |h|^{np}‖F ‖^p. Since |h| < 1, we know that the series converges in L_p(IR). Thus, the function ϕ is supported in [0, 1] and lies in L_p(IR). It is easily seen that ϕ is continuous if p = ∞.

If 0 ≤ t < 1/2, then ϕ(t) − hϕ(2t) − hϕ(2t − 1) = ∞∑ n=0 h^nF (2^nt − [2^nt]) − h ∞∑ n=0 h^nF (2^{n+1}t − [2^{n+1}t]) = F (t).

If 1/2 ≤ t < 1, then ϕ(t) − hϕ(2t) − hϕ(2t − 1) = ∞∑ n=0 h^nF (2^nt − [2^nt]) − h ∞∑ n=0 h^nF (2^{n+1}t − 2^n − [2^{n+1}t − 2^n])

which is again F (t). Therefore, (5.4) holds for the function ϕ which is unique since |h| < 1.

As an example, if F (t) = sin(2πt) for t ∈ [0, 1], F (t) = 0 elsewhere, then F ∈ C(IR). Choose p = ∞ and 0 < h < 1. The solution ϕ of (5.4) derived in Theorem 8 is the well-known Weierstrass function: ϕ(t) = ∞∑ n=0 h^n sin(2^{n+1}πt), 0 ≤ t ≤ 1.

One essential difference between inhomogeneous and homogeneous refinement equations is that inhomogeneous equations may have C^∞ solutions of compact support. For example, choose Rvachev’s up-function [13] which is supported in [−1, 1] and given by its Fourier transform as ûp(ξ) = Π^∞_{j=1} sin(ξ/2^j ) ξ/2^j , ξ ∈ C.

If we set F (t) = up(t) − up(2t), then ϕ(t) = up(t) is a compactly supported C^∞ solution of (5.2). This is trivial of course. However, it would be interesting to characterize, in terms of the pair (a, F ), those inhomogeneous refinement equations (1.1) that have compactly supported C^∞ solutions. For the special equation (5.2), those conditions on existence in Theorem 7 and F ∈ C^∞(IR) are necessary and sufficient.

§6. Multiple Refinable Functions

In this section we apply our main results to a study of some examples of multiple refinable functions. For the general theory and more examples of multiple refinable functions, we refer the reader to [5, 6, 9, 10, 15, 17].

The first example was introduced by Geronimo, Hardin and Massopust [5]. Consider the matrix refinement equation

Φ(t) = 3∑ k=0 a_kΦ(2t − k). (6.1)

Here Φ = (ϕ_1, ϕ_2)^T and

a_0 = [ h_1 1 h_2 h_3 ] , a_1 = [ h_1 0 h_4 1 ] ,

a_2 = [ 0 0 h_4 h_3 ] , a_3 = [ 0 0 h_2 0 ] , where with a parameter s,

h_1 = − s^2 − 4s − 3 2(s + 2)

, h_2 = −

3(s^2 − 1)(s^2 − 3s − 1) 4(s + 2)^2 ,

h_3 =

3s^2 + s − 1 2(s + 2)

, h_4 = −

3(s^2 − 1)(s^2 − s + 3) 4(s + 2)^2 . When |s| < 1, the matrix refinement equation (6.1) has a continuous solution Φ with ϕ̂_1(0) = 1 and ϕ̂_2(0) = (s − 1)2/(s + 2). Moreover, suppϕ_1 = [0, 1] and suppϕ_2 = [0, 2].

Taking the first component of the matrix refinement equation (6.1), we obtain

ϕ_1(t) = h_1ϕ_1(2t) + h_1ϕ_1(2t − 1) + ϕ_2(2t). (6.2)

This is an inhomogeneous refinement equation, and |h_1| < 1 if |s| < 1. Applying Theorem 8 to (6.2), since suppϕ_2(2t) = [0, 1], we have for 0 ≤ t < 1,

ϕ_1(t) = ∞∑ n=0 h^n_1 ϕ_2(2^{n+1}t − 2[2^nt]). (6.3)

This in connection with (6.2) tells us that each component of the solution Φ of (6.1) can be expressed explicitly by the other.

Our next example is taken from Jia, Riemenschneider and Zhou [10]. Consider the matrix refinement equation

Φ(t) = [ 1 0 λ y ] Φ(2t) + [ 1 0 −λ y ] Φ(2t − 1),

where Φ = (ϕ_1, ϕ_2)^T and λ, y are real parameters.

Take ϕ_1 = χ_{[0,1)}, the characteristic function of the interval [0, 1). Then the second component ϕ_2 satisfies the inhomogeneous refinement equation

ϕ_2(t) = yϕ_2(2t) + yϕ_2(2t − 1) + F (t),

where F (t) = λϕ_1(2t) − λϕ_1(2t − 1) = λ, if 0 ≤ t < 1/2, −λ, if 1/2 ≤ t < 1, 0, otherwise.

It was proved in [10] that when |y| < 1, ϕ_2 ∈ L_p(IR) for any 1 ≤ p < ∞. Here by Theorem 8, we obtain an explicit formula for ϕ_2:

ϕ_2(t) = { ∑_∞ n=0 y^nF (2^nt − [2^nt]), if 0 ≤ t < 1, 0, otherwise.

Let us write an irrational number t in [0, 1) as t = ∑_∞ k=1 t_k 2^k with tk ∈ {0, 1}. Then

2^nt − [2^nt] = ∞∑ k=n+1 t_k 2^k . Hence F (2^nt − [2^nt]) = (−1)^{tn+1} λ.

Thus, for t_k ∈ {0, 1} with k ∈ IN, and t_k = 0 and 1 for infinitely many k ∈ IN, we have

ϕ_2 (^∞∑ k=1 t_k 2^k ) = λ ∞∑ n=1 (−1)^{tn} y^{n−1}.

References

[1] I. Daubechies, Ten Lectures on Wavelets, SIAM, 1992.

[2] I. Daubechies and J. C. Lagarias, Two-scale difference equations: II. Local regularity, infinite products of matrices and fractals, SIAM J. Math. Anal., 23 (1992), 1031– 1079.

[3] T. B. Dinsenbacher and D. P. Hardin, Nonhomogeneous refinement equations, to appear Wavelets, Multiwavelets and their Applications, Aldroubi & Lin, editors, Contemporary Mathematics Series, AMS [4] N. Dunford and J. T. Schwartz, Linear Operators. Part I: General Theory, John Wiley & Sons, New York, 1958.

[5] J. S. Geronimo, D. P. Hardin, and P. R. Massopust, Fractal functions and wavelet expansions based on several functions, J. Approx. Theory 78 (1994), 373–401.

[6] C. Heil, G. Strang, and V. Strela, Approximation by translates of refinable functions, Numer. Math., 73 (1996), 75–94.

[7] R. Q. Jia, Subdivision schemes in L_p spaces, Advances in Comp. Math., 3 (1995), 309–341.

[8] R. Q. Jia, Shift-invariant spaces on the real line, Proc. Amer. Math. Soc. 125 (1997), 785–793.

[9] R. Q. Jia, S. Riemenschneider, and D. X. Zhou, Approximation by multiple refinable functions, Canadian J. Math., to appear.

[10] R. Q. Jia, S. Riemenschneider, and D. X. Zhou, Vector subdivision schemes and multiple wavelets, Math. Comp., to appear.

[11] K. S. Lau and J. Wang, Characterization of L^p-solution for the two-scale dilation equations, SIAM J. Math. Anal. 26 (1995), 1018–1046.

[12] G.-C. Rota and G. Strang, A note on the joint spectral radius, Indag. Math. 22 (1960), 379–381.

[13] V. A. Rvachev, Compactly supported solutions of functional-differential equations and their applications, Russian Math. Surveys 45 (1990), 87–120.

[14] G. Strang and T. Nguyen, Wavelets and Filter Banks, Wellesley-Cambridge Press, 1996.

[15] G. Strang and V. Strela, Orthogonal multiwavelets with vanishing moments, Optical Eng. 33 (1994), 2104 – 2107.

[16] Y. Wang, Two-scale dilation equations and mean spectral radius, Random Comput.

Dynam. 4 (1996), 49–72.

[17] D. X. Zhou, Existence of multiple refinable distributions, Michigan Math. J. 44 (1997), 317–329.

[18] D. X. Zhou, The p-norm joint spectral radius for even integers, Methods and Applications of Analysis, to appear.