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Abstract

Equations with two time scales (refinement equations or dilation equations) are central
to wavelet theory. Several applications also include an inhomogeneous forcing term F(t).
We develop here a part of the existence theory for the inhomogeneous refinement equation

6t) = 3 alk)6(2t — k) + F(1),
keZ
where a(k) is a finite sequence and F' is a compactly supported distribution on IR.
The existence of compactly supported distributional solutions to an inhomogeneous
refinement equation is characterized in terms of conditions on the pair (a, F').
To have L, solutions from F € L,(IR), we construct by the cascade algorithm a
sequence of functions {¢,} from a compactly supported initial function ¢y € L,(IR) as

bult) = 3 alk)bur (26— B) + F().
keZ
A necessary and sufficient condition for the sequence {¢,} to converge in L,(IR)(1 < p <
o0) is given by the p-norm joint spectral radius of two matrices derived from the mask a.
A convexity property of the p-norm joint spectral radius (1 < p < o0) is presented.
Finally, the general theory is applied to some examples and multiple refinable func-
tions.
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Inhomogeneous Refinement Equations

§1. Introduction

The (homogeneous) refinement equation for the scaling function ¢(t) is the fundamen-

tal equation in wavelet theory:

o(t) = 3 a(k)p(2t — k).

The existence, uniqueness and regularity of ¢(¢) have been studied by many authors. But
the inclusion of an inhomogeneous term F(t) changes the analysis, and this also deserves
study. We have seen this term in two applications that will be mentioned again:

1. The construction of the Geronimo-Hardin-Massopust multiwavelets [5] from a “frac-
tal equation”.

2. The construction of boundary wavelets [14, p. 294].

In this paper we study the existence of solutions (first as distributions, then as func-
tions in L,(IR)) to the inhomogeneous refinement equation

6t = 3 alk)(2t — k) + F(1). (1)
keZ

The refinement mask « is a finite sequence of complex numbers. The function F(t)
is compactly supported; we first assume only that it is a distribution. The special case
o(t) = a(0)p(2t) + F(t), with only a single coefficient in the mask, will be analyzed below
in particular detail.

We begin with the Fourier transform of equation (1.1):

B(&) = a(€/2)p(£/2) + F(¢) (1.2)

where a is the symbol of the mask a given by
a(€) =Y a(k)e ™2, ¢eC.
keZ

The transform ﬁ’(f) = |r F(z)e™**dz, ¢ € €, has a natural extension to compactly

supported distributions on IR.



Our first purpose is to characterize the existence of compactly supported distributional
solutions of (1.1). A necessary and sufficient condition in terms of the mask a and the
inhomogeneous term F' will be given in Section 2. Our second purpose is to find L,-
solutions of the inhomogeneous refinement equation (1.1). One way to construct ¢() is by

the cascade algorithm. Define a sequence of functions {¢,} by

bn(t) = 3 a(k)dn_(2t — k) + F(0)

keZ

Observe that if a, F and ¢g are supported in [Ny, N3] with Ny < 0 < N,, then ¢, is
supported in [Ny, N;] for any n € IN. Therefore, if the sequence {¢,} converges in L,(IR)
(that is, the cascade algorithm converges), then the limit function ¢ € L,(IR) is supported
in [Ny, N3] and solves (1.1). In Section 4 we shall present a necessary and sufficient
condition for the cascade algorithm to converge. To this end, some properties of the joint
spectral radius are needed, which we shall investigate in Section 3. Examples will be
provided in Section 5 to illustrate the general theory. In Section 6 we apply our main

results to a study of multiple refinable functions.

§2. Existence of Compactly Supported Distributional Solutions

We now characterize the existence of compactly supported distributional solutions to

the inhomogeneous refinement equation (1.1). Note that if ¢ is a solution, then
(1—a(0))¢(0) = F(0). (2.1)
Let us discuss three different cases. In the first case, a(0) # 2" for any n € IN U {0}.

Then existence and uniqueness hold.

Theorem 1. Let F be a compactly supported distribution on IR and a be a finitely
supported sequence such that a(0) # 2" for any n € INU {0}. Then (1.1) has a unique
solution ¢ of compactly supported distribution on IR. Moreover, qg(O) = F(O)/(l —a(0)).

This theorem is also proved by Dinsenbacher and Hardin [3], in a preprint that we

received after completing our paper. Their proof is different (and very interesting), and
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they allow matrix masks. For us the conditions in Theorems 1-3 are easy to test and easy
to extend to the multivariate case.

The second case is a(0) = 1. In this case (2.1) tells us that a necessary condition for

existence is F(O) =0.

Theorem 2. Let F be a compactly supported distribution on IR and a be a finite sequence
such that a(0) = 1. Then (1.1) has a solution ¢ of compactly supported distribution on IR
if and only ifF(O) = 0. In this case, the solution ¢ is unique subject to qg(O) =1.

The third (more complicated) case has a(0) = 2" for some n € IN. Then by (2.1),

$(0) = F(0)/(1 —2"),

and by (1.2), for j=1,---,n
7—1

(27— 2m)30)(0) = 23 P (0) + < >~<] 9(0)4®)(0).
k=0

This shows the necessity of the following condition (2.2).

Theorem 3. Let F' be a compactly supported distribution on IR and a be a finite sequence
such that a(0) = 2" for some n € IN. Then (1.1) has a solution ¢ of compactly supported
distribution on IR if and only if

FM() = —27" ni (Z) a™ =k (0)by, (2.2)

k=0

where {bg, -+ ,b,_1} is defined inductively by by = F(O)/(l —2") and

Before proving these theorems let us introduce some preliminary results.

Recall that if f is a compactly supported distribution on IR, then

() < CL+ghPettme e, (2.3)
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where A, B and C' are positive constants independent of £. Note that a finite sequence a
can be regarded as a distribution compactly supported in Z, the set of all integers. In this

way, its symbol a equals half of its Fourier transform.

Define a sequence {II,,(£)} by IIg(¢) = 1 and

L(¢) = I,a(6/2),  €eC.

Then we know (see e.g., [17, Lemma]) that
()] < CoA(1 4 [g)™etlm, - cec, (2:4)

where Ag, By and Cy are positive constants independent of £ and n, and

a(0)[, if a(0) # 0,
A=
1/2,  if a(0) = 0.

Given {yo, - ,ym} C C, there always exists a sequence d supported in [0, m] such
that

In fact, d can be determined by
d(€) = di(k)(1— e
k=0

where d;(0) = yo, and recursively,

| = W)
i) =iy - (T -e9r) "o}
k=0
It follows that if 2" < |a(0)| < 2"*! for some n € INU{0} and a(0) # 2", then there exists
a sequence d supported in [0, n] such that

d(2¢) — a(€)d(¢) — F(26) = O(l¢[**) (€ —0).

If |a(0)] < 1, and F(O) = 0 if a(0) = 1, then there exists a sequence d supported at
{0} such that

d(2¢) — a(&)d(&) — F(26) = O(I€]) (£ —0)
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and d(0) = 1 if a(0) = 1, F(0) = 0.
If a(0) = 2™ for some n € IN and (2.2) holds, then there exists a sequence d supported
in [0,n] such that
dP0)=b;, j=0,---,n—1,

which implies

d(2¢) — a(£)d(€) — F(2¢) = O(¢["T") (£ —0).

Now we are in a position to prove the main results on existence.

Proof of Theorems 1, 2 and 3.

Suppose that the conditions hold. We have either |a(0)] < 1 or 2" < |a(0)] < 21!
for some n € IN U {0}. If |a(0)] < 1, we set n = 0. Then, A < 2"*!. By our previous

discussion, there exists a sequence d supported in [0, n] such that
d(2¢) — a(¢)d(¢) — F(2¢) = O(|¢["*) (£ = 0)
and ci(O) =1if a(0) = I,F(O) = 0. It follows that
. F(0)/(1 —a(0)), ifa(0) # 1,
d(0) =
1, if a(0) =1, F(0) = 0.

The function J(Qf) - &(f)ci(f) — F(Qf) can be regarded as the Fourier transform of a
compactly supported distribution on IR. By the order of the zero at the origin and (2.3),

we know that
d(2¢) — a(€)d(€) — F(26)] < Crle" T (L + ¢y Pretime e, (2.5)

where Ay, By and C; are positive constants independent of &.

Let us define a sequence {®,,}men of functions on € by

[y

3

~

O () =T (§)d(E/2™) + Y T;(EF(E/2)), €. (2.6)

Then



For the refinement relation, we have

S (€) = a(6/2)8m (£/2) + F(6). (2.7)

Let us give an estimate on |<i>m(§)| for m € IN,¢ € C. By (2.6),
m—1

€)= {Hj<s>[a<s/2f“>ci<s/2f“> _de)2) + F(&/%‘)}} de)

1=

Applying (2.5) and (2.4), we obtain for 0 < j <m — 1,

I (€)la(¢/27 M )d(¢/27H) — d(¢/27) + B(¢/2)]]
< CoCl (A/2n+1)j(1 + |€|)B0+B1 6(440+441)|Im$|‘

Thus, from the assumption that A < 2711

n+1

- ~ 2
[P ()] < ()] + Colh g

X (1 + |£|)BO+B1 6(140+141)|Im5|.

Applying (2.3) for d, we know that
[Bm(6)] < Ca(1 + [¢])Peetmel (2.8)

where Ay, By and C5 are positive constants independent of ¢ and m.

Now we show that the sequence {Ci)m} converges uniformly on any bounded subset K

of C. Then by (2.6), for £ € K,

~ ~

Srmt1(6) — () = Mm(€)[a(/27H)d(E/27F) — d(€/2™) + F(€/2™)).
Together with (2.5) and (2.4) this implies that for m € IN, £ € K,

1B 1(6) — B(€)] CoA™(1 4 [¢])BoeoImel g jomtt ntt

X (14 [e/2m 1) Prettmerz™ ) < co0y Cpe(a /274,

Here C' is the constant depending only on K given by
Crc = sup{[¢[" T (1 + [¢]) 7ot P etotAnibmely,
(EK
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Therefore, the sequence {Ci)m} converges uniformly on K. This implies that the function
lim, oo @)m(f) is analytic in C.

By the Paley-Wiener Theorem, we conclude from (2.8) that there exists a compactly
supported distribution ¢ on IR such that

~ A

P(§) = lim ®m(¢), ¢ eC.

m— 00

By (2.7) we have
6(¢) = a(¢/2)(¢/2) + F(6).

Hence (1.2) holds, which implies the refinement relation (1.1). Moreover, by our definition,

F(0)/(1 - a(0)), if a(0) # 1,

The necessity parts of Theorems 1, 2 and 3 are proved. The uniqueness in Theorems 1
and 2 follows from the condition for the existence and uniqueness of compactly supported

distributional solutions of (1.1) with F = 0. ]

§3. Joint Spectral Radius

In this section we review some results concerning the p-norm joint spectral radius.
A convexity property is presented, which provides some interesting applications for the
estimate of uniform joint spectral radius.

The joint spectral radius was introduced by Rota and Strang in [12]. This concept was
used by Daubechies and Lagarias [2] to study the regularity of wavelets, which has initiated
much further research in wavelets. The mean spectral radius (p = 1) was introduced by
Wang [16] who studied L;(IR) refinable functions. The concept of p-norm joint spectral
radius (1 < p < o) was defined by Jia in [7] and was used implicitly by Lau and Wang
[11] independently.

Let A:= {A;,---,Aq} be a multiset of M x M complex matrices. Choose || - || as a

(DMXM

matrix norm on , the set of all M x M complex matrices. For 1 < p < oo,n € IN,
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define || A"||, as the £, norm of the sequence of all products (in all orders) of n matrices

from A:

maX{HA€1 Al | e, en € {1,---,d}}, if p = oo,
A%, = Lo
{2517...7€n€{17...7d} HAsl e A«‘fn Hp} 5 if 1 S P < Q.

Then the p-norm joint spectral radius p,(A) is defined to be

po(A) = lim [lA™[}/". (3.1)

n— 00

It is a classical fact that this limit exists, and equals the lim inf:
: n|l/n _ n|l/n
Jim AT = o AT

Clearly, p,(A) is independent of the choice of the matrix norm || - ||. Recall that po(A) is
the uniform joint spectral radius introduced in [12].

If A consists of a single matrix A, then p,(.A) equals the ordinary spectral radius p(A).
It is obvious that each p(A4;) < pso(A), since po(A) includes the powers (A;)™ when we
choose the same matrix A; each time by ¢; = 5. Moreover, if Ay = --- = A; = A, then
pp(A) = d'/Pp(A) for 1 < p < o0.

The Riesz-Thorin Theorem assures the convexity of £, operator norms as function of
1/p (see e.g., [4]). This leads directly to the following convexity property for the p-norm

joint spectral radius.
Theorem 4. The function In py/,(A) is convex on 0 < z < 1.

What is disappointing about the joint spectral radius is that the limit in (3.1) is
reached very slowly. We can hardly compute p,(.A) using (3.1). Thus, it is quite desirable
to find fast ways to compute the joint spectral radius. Theorem 4 provides a method to
estimate poo(A) in terms of p,(A) (see [18]):

If 1 <p<ooandgqg>0,then

Inppiq(A) < tq Inpy(A) + T In poc(A)
Hence
IOP q(-A) Pr/q
poo(A) = (m) 1ppiq(A). (3:2)



In particular, for k,1 € IN,

pool A) > <”Zp’;:—j{§l“j‘>>k/’pzk+zl<A>.

Together with the following result from [18], this provides an effective method for estimat-
ing the uniform joint spectral radius po(A). We can compute p,(A) explicitly when p is
an even integer: For any k € IN,

o) = (oS )} (3.3)

=1

The Kronecker product of A € €M and B € ¢V is the block matrix

auB alzB (IlMB
A9B— Gz%B az?B asy B E(DMNXMN‘
aynB ay2B -+ amymB

We set Al = A and AlF+1 .— A @ Al for k € IN.

As an application, let us mention the following nice equivalence:

poo(A) = p2(A) = pa(A) = pa(A).

§4. Convergence of the Cascade Algorithm

In this section we apply the p-norm joint spectral radius to the study of convergence
of cascade algorithms associated with inhomogeneous refinement equations.
Let a be a finite sequence, F' and ¢y be compactly supported functions in L,(IR) for
1 <p<oo(C(IR) if p = o0). Define a sequence of functions {¢,} by
bult) = 3 a(k)gns (2t — ) + E(1). (4.)

keZ
The cascade algorithm associated with (a, F') converges in L,(IR) if there exists ¢ €

L,(IR) such that lim, _, ||¢n — ¢||, = 0. In this case, ¢ solves the inhomogeneous refine-
ment equation (1.1). Also, ¢ € C(IR) if p = <.

To consider the convergence of the cascade algorithm, we introduce a sequence {a,}
by

ap=a  and  apgi(k) =Y an(Da(k —21), keZ. (4.2)
leZ

The relation between {a,} and {¢,} can be seen from the following result.
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Lemma 1. Let a be a finite sequence, F' and ¢q be compactly supported distributions on

IR. Define {¢n} by (4.1) and {a,} by (4.2). Then

ang1(k) =Y all)an(k—2"), keZ, (4.3)
and »
=) an(k)po(2"t — k) + > Y a;(k)F(2t — k) + F(t). (4.4)

Proof. The proof proceeds by induction on n. The case n = 1 is trivial by the definitions.
Suppose the lemma has been verified for m = 1,---,n — 1. Then by the induction
hypothesis and (4.2), for k € Z,

() =Y [Z a(j)tmr (I — 2”%’)] alk — 21)

= 3 al) | X anea(all =27 = 2)| = 3 atanh 2%,

This in connection with the induction hypothesis and (4.1) implies

bul) = 3 a<k>{z auet (Dgo(2"t — 2"k — )

n—2

#Y S aOF@ = 2Tk —1) + -1+ Pl

j=11ez

=Y an(k)go(2"t — k) + Z Y aj(k)F (2t — k) + F(t)

thereby completing the induction. L]

A consequence of Lemma 1 is a representation of ¢,4+1 — ¢p:

Snt1(t) = Gnlt) = Y ant1(k)do(2" 1t —k) = Y " an(k)po(2"t —k)+ > an(k)F(2"t — k).

keZ keZ keZ

Thus
bnii (1) = 6a(t) = 3 an(k)f(27 — ),

keZ
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where

F(#) =Y a(l)go(2t —1) — do(t) + F(t) € Ly(R).

lez
We assume that a, ¢y and F are supported in [0, N] for some positive integer N. Then

f is also supported in [0, N].
Let ¢ € L,(IR) be supported in [0, N]| with linearly independent translates:
Y bkt —k)=0 = bk)=0 VkeZ.

keZ

Suppose that for a sequence c,

F(t) = elk)p(t — k). (4.5)

keZ

Then we know that ¢ is supported in [0, N — 1].
Now we can write ¢,4+1 — ¢, In terms of the linearly independent generators i and
the combination sequence ¢ as

Ony1(t) — dnlt) = Y anrc(k)(2"t — k),

keZ

where

anre(k) =Y an(k —e(l).

lez

Taking the L,-norms on both sides, we have
519 aselly < lbnsn — dullp < Co2™"7 ansely
where Cf is a positive constant independent of n.
If {¢,,} converges in L,(IR), then
2_"/p]\an*ch —0 asn — oo.

Conversely, if
2=/2|lanscl, < Cap”
for some p € (0,1) and a positive constant C4 independent of n, then {¢,} converges in
L,(IR).
Therefore, the convergence of {¢,} is reduced to the behavior of the norms of the
sequences an*c, which is closely related to the p-norm joint spectral radius according to

the following result in [10].
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Lemma 2. Suppose that the sequence a is supported in [0, N] and ¢ is supported in
[0, N — 1]. Define two linear operators on € by

Ao(k,1) = a(2k —1)  and  Ai(k,))=a(2k—14+1), k1=0,---,N—1. (4.6)

Set V(c¢) be the minimal common invariant subspace of Ay and A; generated by c. Let
A be the set of matrix representations of Ag|y () and Ai|y(. Then there are positive

constants My and M, such that

Mol|A™|lp < llan*cllp < Mi||A"],,  1<p<oo, nel.
Hence
pp(A) = nh—>Holo Han*cH}D/", 1<p< o

Combining the above discussions, we obtain our main result on the convergence of the

cascade algorithm.

Theorem 5. Let 1 < p < oo and suppose that a,¢o, F, ¢ and c satisfy (4.5). For some
positive integer N, the sequence a is supported in [0, N| and ¢ is supported in [0, N — 1].
Define Ag and Ay by (4.6). Then the cascade algorithm associated with the pair (a, F)
converges in L,(IR)(C(IR) if p = oo) if and only if

pp(Aolvie), Ailv(e) < 21/,

In particular, if p,(Ag, A1) < 2P, the cascade algorithm converges in L,(IR) for any
compactly supported functions F' and ¢g in L,(IR)(C(IR) if p = o0).

Thus the convergence has been characterized by the p-norm joint spectral radius. The

existence of ¢ and ¢ satisfying (4.5) is assured by a result of Jia [8].

§5. Examples

In this section we provide some examples for the case when a has short support. Let
us begin with the case when a is supported at the origin. The inhomogeneous refinement

equation takes the form
5() = a(0)6(21) + F(2). (5.1
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Such an equation with a(0) = 1 is satisfied by boundary scaling functions, see [14, p. 294].

If the mask has only one coefficient, then Ay = [a(0)] and A; = [0]. Hence for 1 < p <
oo, we have p,(Aop, A1) = |a(0)|. By Theorem 5, if F' and ¢ are compactly supported and
liein L,(IR)(C(IR) if p = oc), and |a(0)| < 2'/P, then the cascade algorithm associated with
(a, F) converges in L,(IR). Hence the equation (5.1) has a compactly supported solution
¢ € L,(R)(C(IR) if p = 00). Moreover, an L,(IR) solution ¢ can be found explicitly if
la(0)] # 2'/7. However, when |a(0)| > 2'/7, usually ¢ is not compactly supported. This

shows that the second statement of Theorem 5 is sharp in some circumstances.

Theorem 6. Let 1 < p < oo, F be a compactly supported function in L,(IR)(C(IR) if
p = o0) and |a(0)| # 2'/P. Then the inhomogeneous refinement equation (5.1) has a unique
solution ¢ in L,(IR)(C(IR) N Loo(IR) if p = o0) given by

>isoal0) F(271), if |a(0)] < 21/7,
¢(t) = -
— % a(0) I F(279t),  if [a(0)] > 21/7.

Proof. Trivially, for n € Z,
la(0)" F(2"t) ||, = (|a(0)[27"/2)" | F,.
If |a(0)]27'/? < 1, the series E;.C:)o a(0)? F(2’t) converges in L,(IR) to a function
¢ € Ly(R)(C(IR) if p = o0). This function ¢ is compactly supported and satisfies (5.1).
To see the uniqueness, suppose that ¢ € L,(IR) is a solution of (5.1). Then

|
—

7

o(t) — 3 a(0) F(27t) = a(0)"$(2"t) = 0 in L,(IR) (n — o).

.
I
o

This tells that ¢(¢) = 3250 a(0)? F(27¢).

=09
If |a(0)| > 2'/P, we can easily check that the series — Z;’il a(0)™7 F(277t) converges
in L,(IR) to a solution of (5.1). Suppose conversely that ¢ € L,(IR) is a solution. Then

b(t) + Z a(0) 7 F(277t) = a(0)""$(27"t) = 0 in L,(IR).

This shows that ¢(t) = — Z;’il a(0)~7 F(277¢).
The proof of Theorem 6 i1s complete. L]

When |a(0)| = 2'/P, things are different. Let us consider the case when p = oo and
a(0) =1 only.
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Theorem 7. Let F be a compactly supported continuous function on IR. Then

¢(t) = (2t) + F(t) (5:2)

has a compactly supported continuous solution if and only if the series E;.i1 F(277¢t)

converges uniformly on [—2, 2| and there exists a constant ¢ such that

o0

Y F(2t)=¢, VteR\{0} (5.3)

j=—o0

In this case, the solution ¢ is unique and given by

H(t) =c— i F(277t), teTR.

J=1
Proof. Necessity. Suppose that there exists a compactly supported continuous function

¢ such that (5.2) holds. Then, for n € IN,¢ € IR,
D FR771) = 6(27") = ¢(t) = 6(0) — 6(t)  (n— c0).
j=1

Hence Z;’il F(277t) = ¢(0) — ¢(t) for t € IR. Also, on the interval [—2,2], the series
Z;’il F(277t) converges uniformly to ¢(0) — ¢(t).
On the other hand, for n € IN,¢# € R \ {0},

n—1

Y F(27t) = 4(t) — (27t) = 6(t)  (n — o),

=0

which implies that for t € IR\ {0},
Y F(27t) = ¢(1).
j=0

Combining the expressions involving 27/t and 2/, we obtain

o0

Y F(2t)=¢(0), VteR\{0}.

j=—o0

Therefore, (5.3) holds with ¢ := ¢(0). Moreover,

P(t) =c— iF(z—ft), Vt € R.

J=1
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Sufficiency. Suppose that Z;’il F(277t) converges uniformly on [~2,2] and (5.3)
holds. Then Z;’il F(277t) converges uniformly on any bounded interval. Define a function

¢ by

o0

¢(t)=c— Y F(277t), teR

Then ¢ is continuous on IR. Also,

F(277t)+ F(t) = #(t),  VteR.

Vs

I
o

b(2t) + F(t) = ¢ -

J

Moreover, by (5.3), for t € R\ {0},
é(t) =Y F(2'1).
j=0

If F is supported in [Ny, N3] with Ny < 0 < N,, then ¢ is supported in [Ny, N3]. Therefore,

¢ is a compactly supported continuous solution of (5.2). L]

The condition that Z;’il F(277t) converges uniformly on [~2,2] is a mild regularity
requirement at the origin. The condition (5.3) which is typical in finding tight frames (see
e.g., [1]) requires more information about the function F.

When p = oo and |a(0)| > 1, the combination of Theorems 6 and 7 provides a criterion
for the continuous solution given in Theorem 6 to be compactly supported.

Now we turn to the two-coefficient case. Assume that a(0) = a(1) = h. Then the

inhomogeneous refinement equation has the form
o(t) = ho(2t) + ho(2t — 1) 4+ F(¢). (5.4)

Note that the matrices in (4.6) are given by Ag = [h], A1 = [h]. Hence p,(Ag, 41) =
21/P|h| for any 1 < p < oo. Applying Theorem 5, we know that if |h| < 1, the cascade
algorithm associated with (a, F') converges. Moreover, if F' is supported in [0, 1], we have

an explicit formula for the solution.

Theorem 8. Let 1 < p < oo, |h| < 1, F be supported in [0,1] and lie in L,(R)(C(IR) if

p = o0). Then equation (5.4) has a unique solution ¢ of compact support in L,(IR)(C(IR)
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if p = o0) given by
Yoo JRTF(27t —[2M]), i 0<t<]1,
0, otherwise,
where [z] denotes the greatest integer that is less than or equal to x.

Proof. For n > 0, we have
1
| mrEer - rerd = g,
0

Since |h| < 1, we know that the series converges in L,(IR). Thus, the function ¢ is
supported in [0, 1] and lies in L,(IR). It is easily seen that ¢ is continuous if p = co.
If 0 <t <1/2, then

B(t) — hp(2t) — ho(2t — 1) Z R"F(2"t —[2"t]) — h f: RMEF(2"T — 27T H)) = F(¢).
If1/2 <t <1, then
B(t) — h(2t) — h(2t — 1) Z h"F(2"t — [2"1]) — h i RUE(2n T — 2n — [2n 2]

which is again F(t). Therefore, (5.4) holds for the function ¢ which is unique since |h| < 1.
[]

As an example, if F(t) = sin(2nt) for t € [0, 1], F(¢) = 0 elsewhere, then F' € C'(IR).
Choose p = oo and 0 < h < 1. The solution ¢ of (5.4) derived in Theorem 8 is the

well-known Weierstrass function:
(o)
= Z h" sin(2"+17rt), 0<t<1.

One essential difference between inhomogeneous and homogeneous refinement equa-
tions is that inhomogeneous equations may have C'*° solutions of compact support. For
example, choose Rvachev’s up-function [13] which is supported in [—1, 1] and given by its

Fourier transform as

sin(€/27)
£/
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If we set F(t) = up(t) —up(2t), then ¢(t) = up(t) is a compactly supported C'* solution of
(5.2). This is trivial of course. However, it would be interesting to characterize, in terms
of the pair (a, F'), those inhomogeneous refinement equations (1.1) that have compactly
supported C'* solutions. For the special equation (5.2), those conditions on existence in

Theorem 7 and F € C*°(IR) are necessary and sufficient.

§6. Multiple Refinable Functions

In this section we apply our main results to a study of some examples of multiple refin-
able functions. For the general theory and more examples of multiple refinable functions,
we refer the reader to [5, 6, 9, 10, 15, 17].

The first example was introduced by Geronimo, Hardin and Massopust [5]. Consider

the matrix refinement equation

B(t) = iakCI)(Qt — k). (6.1)

k=0
Here & = (¢, ¢2)T and
! R0
Wy sl T b 1]
[0 0] I
@ hs hs|r P T ke o0
where with a parameter s,
b s? —4s5 -3 b — 3(s? —1)(s* —3s—1)
YT (s 4 2) 2 4(s + 2)? ’
b _332—|—3—1 1 __3(32—1)(32—3—|—3)
P95 +2) e 4(s + 2)?

When |s| < 1, the matrix refinement equation (6.1) has a continuous solution ® with
b1 (0) =1 and ggz(O) = (s —1)?/(s + 2). Moreover, supp¢$; = [0, 1] and suppe2 = [0,2].
Taking the first component of the matrix refinement equation (6.1), we obtain
P1(t) = hadn(2t) + h1g (2t — 1) + $a(21). (6.2)
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This is an inhomogeneous refinement equation, and |hq| < 1 if |s| < 1. Applying Theorem

8 to (6.2), since suppgz(2t) = [0, 1], we have for 0 <t < 1,
G1(t) =Y higa(27T't —2[27)). (6.3)
n=0

This in connection with (6.2) tells us that each component of the solution & of (6.1) can
be expressed explicitly by the other.

Our next example is taken from Jia, Riemenschneider and Zhou [10]. Consider the
maftrix refinement equation

B(t) — {A 2] <I>(2t)+{ !

0
\ y] B2t — 1),

where ® = (¢1,$2)T and A,y are real parameters.
Take ¢1 = Xjo,1), the characteristic function of the interval [0,1). Then the second

component ¢, satisfies the inhomogeneous refinement equation

Pa(t) = yo2(2t) + yo2(2t — 1) + F(t),

where
A, if0<t<1/2,
F(t)=X1(2t) — A1 (2t —1) = ¢ =), if1/2<¢t <1,
0, otherwise.

It was proved in [10] that when |y| < 1,¢2 € L,(IR) for any 1 < p < co. Here by Theorem

8, we obtain an explicit formula for ¢,:

bo(t) = {En:o y"F (27t — [27]), 0 <t <1,

0, otherwise.

Let us write an irrational number ¢ in [0,1) as t = Y2 | & with ¢ € {0,1}. Then

n n — tx
2"t — 2] = ) oF
k=n+1

Hence

F(2™t — [274]) = (—1)tn+1 ),

Thus, for t; € {0,1} with k¥ € IN, and ¢ = 0 and 1 for infinitely many k& € IN, we have

62(3 ) =AD"y

8
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