The Joint Spectral Radius Gilbert Strang

The paper “A note on the joint spectral radius” gives a natural definition of the joint spectral radius of two matrices A and B:

ρ(A, B) = lim inf (largest norm of any product with N factors)^{1/N} . N → ∞ The product can have A’s and B’s in any order (and the lim inf is actually a limit).

I was very proud to be a joint author with Gian-Carlo, but I am now a little ashamed that we never thought seriously about how to compute this number ρ. For a single matrix it equals the largest magnitude of the eigenvalues λ(A). But products of A and B can produce norms and eigenvalues that are very hard to estimate (as N increases) from the two matrices. The Lyapunov exponent is a similar number, using averages over products of length N instead of maxima, and it suffers from the same difficulty (impossibility?) in actual computation. An equivalent definition of ρ is the infimum over all matrix norms of max(‖A‖, ‖B‖). The definitions extend directly to sets of more than two matrices, and an l_p norm joint spectral radius has also proved useful [57, 71].

Every few years, Gian-Carlo would ask me whether anyone ever read our paper. After I had tenure, I could tell him the truth: “not often”. Part of the reason may have been the relatively unfamiliar journal, and the nonexistence of the Internet, and even the atypically obscure language that he had chosen to express our (very simple) idea. In recent years I could change my answer! The joint spectral radius suddenly found application in wavelet theory, especially in the work of Ingrid Daubechies and Jeff Lagarias [31]. Of special interest is the question whether ρ < 1, so that products with more and more factors of A and B all go to zero.

The application comes in solving the key equation in wavelet theory—the refinement equation (or dilation equation) for the scaling function. Its special feature is the presence of two time scales t and 2t. Written as a system for a vector unknown as in [108], it involves two matrices m(0) and m(1):

ϕ(t) = m(0)ϕ(2t) + m(1)ϕ(2t − 1) on (0, 1).

At the point t with binary expansion .t_1t_2t_3t_4 . . ., either m(0) or m(1) enters on the right side according to whether t_1 is 0 or 1. And the recursion continues, involving all the bits in the expansion of t:

ϕ(t) = m(t_1)ϕ(.t_2t_3t_4 . . .) = m(t_1)m(t_2)ϕ(.t_3t_4t_5...) = . . .

A nearby point T begins with the same bits as t. To prove continuity of the solution is to show that ϕ(T ) is close to ϕ(t). Both m(0) and m(1) have an eigenvalue at 1, but its effect cancels in the difference ϕ(T ) − ϕ(t). What matters is the restrictions A and B of m(0) and m(1) to their common invariant subspace, orthogonal to (1, . . . , 1). Continuity will hold if the product of A and B in every order is small—thus if ρ(A, B) < 1. The exact value of ρ determines the exponent of Hölder continuity of ϕ(t).

A beautiful result of Berger and Wang [4] allows the option of estimating ρ from the eigenvalues of the products, instead of their norms. The eigenvalues (we take their absolute values) approach from below and the norms from above. Thus ρ(A, B) = lim inf (largest |eigenvalue| of any product with N factors)^{1/N} . N → ∞ Lagarias and Wang [71], and also Gurvits [?], asked whether this limit is necessarily attained for a finite product. This “finiteness conjecture” was disproved in 2000 by Bousch and Mairesse [9], using their deep results for dynamical systems. They gave the form of a 2 by 2 counterexample, but not explicit matrices A and B. Maesumi (private communication) conjectures that such counterexamples form a set of measure zero. Blondel, Theys, and Vladimirov [7] have just established that A = [ 1 1 0 1 ] and B = [ b 0 b b ]

yield counterexamples for infinitely many b. A spcific b remains unknown in November 2001.

The logical decidability of ρ ≤ 1 has also been an active question. Blondel and Tsitsiklis [8] have now given a negative answer. Perhaps we will never have an explicit counterexample to finiteness? Gian-Carlo would have been quite happy, if he knew that our simple definition led to such profound questions (and answers).

References

[1] T. Ando and M.H. Shih, Simultaneous contractability, SIAM J. Matrix Analysis & Applications, 19 (2), Apr (1998):487-498.

[2] N.E. Barabanov, Lyapunov indicator of discrete inclusions, I–III, Autom. Remote Control, 49 (1988):152-157, 283-287, 558-565.

[3] N.E. Barabanov, Method for the computation of the Lyapunov exponent of a differential inclusion, Autom. Remote Control, 50(4), (1989):475-479.

[4] M.A. Berger and Y. Wang, Bounded semigroups of matrices, Lin. Alg. Appl., 166, (1992):21-27.

[5] W.J. Beyn and L. Elsner, Infinite products and paracontracting matrices, Electr. J.

Linear Algebra, 2, (1997):1-8.

[6] R. Bhatia and T. Bhattacharya, On the joint spectral-radius of commuting matrices, Studia Mathematica, 114 (1), (1995):29-38.

[7] V.D. Blondel, J. Theys, and A.A. Vladimirov, An elementary counterexample to the finiteness conjecture, preprint (2001): www.inma.ucl.ac.be/~blondel

[8] V.D. Blondel and J.N. Tsitsiklis, The boundedness of all products of a pair of matrices is undecidable, Systems & Control Letters, 41(2), (2000):135-140.

[9] T. Bousch and J. Mairesse, Asymptotic height optimization for topical IFS, Tetris heaps and the finiteness conjecture. to appear in Journal Amer. Math. Soc.

[10] M. Broker and X. Zhou, Characterization of continuous four-coefficient scaling functions via matrix spectral radius, SIAM J. Matrix Analysis Appl., 22 (2000) 242-257.

[11] C.A. Cabrelli and U.M. Molter, Wavelet Transform of the Dilation Equation, J. Australian Mathematical Soc. Series B–Applied Mathematics, 37 (4), Apr (1996):474-489.

[12] C. Cabrelli, C. Heil, and U. Molter, Self-similarity and multiwavelets in higher dimensions, preprint.

[13] A.S. Cavaretta, W. Dahmen, and C.A. Micchelli, Stationary Subdivision, rs of Amer.

Math. Soc. 93, (1991).

[14] Q. Chen and X. Zhou, Characterization of joint spectral radius via trace, Linear Algebra Appl., 315 (1-3), (2000):175-188.

[15] C.K. Chui and C. Li, Nonorthogonal wavelet packets, J. Math. Anal., 24, (1993):712- 738.

[16] A. Cohen, Ondelettes, analyses multirésolutions et filtres miroir en quadrature, Ann.

Inst. H. Poincaré Anal. Non Linéaire, 7, (1990):439-459.

[17] A. Cohen and I. Daubechies, On the instability of arbitrary biorthogonal wavelet packets, SIAM J. Math. Anal., 24, (1993):1340-1354.

[18] A. Cohen, K. Gröchenig, and L. F. Villemoes, Regularity of multivariate refinable functions, Constr. Approx., 15, (1999):241-255.

[19] R. Coifman, Y. Meyer, and M.V. Wickerhauser, Size properties of wavelet packets, in Wavelets and Their Applications, M. B. Ruskai et al., eds., (1992):pp. 453-470, Jones and Bartlett, Boston.

[20] R. Coifman and M.V. Wickerhauser, Entropy-based algorithms for best basis selection, IEEE Trans. Inform. Theory, 38, (1992):713-718.

[21] D. Colella and C. Heil, The characterization of continuous, 4-coefficient scaling functions and wavelets, IEEE Trans. Information Theory, 38 (2, Part 2), Mar (1992):876- 881.

[22] D. Colella and C. Heil, Characterization of Scaling functions—Continuous solutions, SIAM J. Matrix Analysis & Applications, 15 (2), Apr (1994):496-518.

[23] F.Colonius and W.Kliemann, Stability radii and Lyapunov exponents, In D. Hinrichsen and B. Mårtensson, editors, Proc. Workshop Control of Uncertain Systems, Bremen 1989, 6 of Progress in System and Control Theory, (1990), pp. 19-55, Basel, Birkhäuser.

[24] F. Colonius and W. Kliemann, Maximal and minimal Lyapunov exponents of bilinear control systems, J. Differ. Equations, 101, (1993):232-275.

[25] F. Colonius and W. Kliemann, The Lyapunov spectrum of families of time varying matrices, Trans. Am. Math. Soc., 348, (1996):4389-4408.

[26] F. Colonius and W. Kliemann, The Dynamics of Control, Birkhäuser, Boston, (2000).

[27] W. Dahmen and C.A. Micchelli, Biorthogonal expansions, Constr. Approx., 13, (1997):293-328.

[28] I. Daubechies, Ten Lectures on Wavelets, SIAM, (1992).

[29] I. Daubechies and J.C. Lagarias, 2-scale difference-equations .2. local regularity, infinite products of matrices and fractals, SIAM J. Mathematical Analysis, 23 (4), Jul (1992):1031-1079.

[30] I. Daubechies and J. C. Lagarias, On the thermodynamic formalism for multifractal functions, Rev. Math. Phys., 6, (1994):1033-1070.

[31] I. Daubechies and J.C. Lagarias, Sets of matrices all infinite products of which converge, Lin. Alg. Appl., 161, (1992):227-263.

[32] M.A. Dehghan and M. Radjabalipour, On products of unbounded collections of matrices, Linear Alg. & its Applications, 233, 15 Jan (1996):43-49.

[33] G. Deslauriers and S. Dubuc, Symmetric iterative interpolation process, Constr. Approx., 5, (1989):49-68.

[34] G. Donovan, J.S. Geronimo, D.P. Hardin, and P.R. Massopust, Construction of orthogonal wavelets using fractal interpolation functions, SIAM J. Math. Anal., 27, (1996):1158-1192.

[35] R. Drnovsek, On reducibility of semigroups of compact quasinilpotent operators, Proc.

American Mathematical Soc., 125 (8), Aug. (1997):2391-2394.

[36] N. Dyn, J.A. Gregory, and D. Levin, Analysis of uniform binary subdivision schemes for curve design, Constr. Approx., 7, (1991):127-147.

[37] T. Eirola, Sobolev characterization of solutions of dilation equations, SIAM J. Math.

Anal., 23, (1992):1015-1030.

[38] L. Elsner, The generalized spectral-radius theorem: An analytic-geometric proof, Lin.

Alg. Appl., 220, (1995):151-159.

[39] L. Elsner and S. Friedland, Norm conditions for convergence of infinite products, Lin.

Alg. Appl., 250, (1997):133-142.

[40] A.H. Fan, Moyenne de localisation fréquentielle des paquets d’ondelettes, Rev. Mat.

Iberoamericana, 14, (1998):63-70.

[41] T.N.T. Goodman, R.Q. Jia, and C.A. Micchelli, On the spectral radius of a bi-infinite periodic and slanted matrix, Southeast Asian Bull. Math., 22, (1998):115-134.

[42] T.N.T. Goodman and S.L. Lee, Convergence of cascade algorithms, in: Mathematical Methods in Curves and Surfaces II, Innov. Appl. Math., Vanderbilt Univ. Press, Nashville, (1998):191-212.

[43] T.N.T. Goodman, C.A. Micchelli, and J.D. Ward, Spectral radius formulas for subdivision operators, in: Recent Advances in Wavelet Analysis, L. L. Schumaker and G. Webb (eds.), Academic Pree, (1994):335-360.

[44] G. Gripenberg, Computing the joint spectral radius, Lin. Alg. Appl., 234, (1996):43-60.

[45] L. Grüne, Numerical stabilization of bilinear control systems, SIAM J. Contr. & Opt., 34(6), (1996):2024-2050.

[46] L. Grüne, A uniform exponential spectrum for linear flows on vector bundles, Journal of Dynamics and Differential Equations, 12, (2000):435-448.

[47] N. Guglielmi and M. Zennaro, On the asymptotic properties of a family of matrices, Lin. Alg. Appl. to appear.

[48] N. Guglielmi and M. Zennaro, On the zero-stability of variable stepsize multistep methods: The spectral radius approach, Numer. Math to appear.

[49] Y. Guivarc’h, Large deviation estimates for products of random matrices, Lecture Notes of a talk given in June (1997).

[50] L. Gurvits, Stability of discrete linear inclusions, Lin. Alg. Appl., 231, (1995):47-85.

[51] S.M. Guu and C. Pang, On the asymptotic stability of free fuzzy systems, IEEE Trans.

Fuzzy Systems, 7 4, Aug (1999):467-468.

[52] B. Han and R.Q. Jia, Multivariate refinement equations and convergence of subdivision schemes, SIAM J. Mathematical Analysis, 29 (5), Sep (1998):1177-1199.

[53] C. Heil and D. Colella, Dilation equations and the smoothness of compactly supported wavelets, Wavelets: Mathematics and Applications (J. Benedetto and M. Frazier, eds.), CRC Press, (1993):163-201.

[54] C. Heil and G. Strang, Continuity of the joint spectral radius: Application to wavelets, Linear Algebra for Signal Processing, Minneapolis, MN, (1992), A. Bojanczyk and G. Cybenko, eds.; Also: IMA Vol. Math. Appl., 69, Springer–Verlag, New York (1995):51- 61. [55] C. Heil and G. Strang, Linear Algebra for Signal Processing, 69 of IMA Vol. Math.

Appl.; Chapter: Continuity of the joint spectral radius: Application to wavelets, pages 51-61, Springer-Verlag, New York (1995).

[56] C. Heil, G. Strang, and V. Strela, Approximation by translates of refinable functions, Numer. Math., 73, (1996): 75-94.

[57] R.Q. Jia, Subdivision schemes in L_p spaces, Adv. Comput. Math., 3, (1995):309-341.

[58] R.Q. Jia, Characterization of smoothness of multivariate refinable functions in Sobolev spaces, Trans. Amer. Math. Soc., 351, (1999):4089-4112.

[59] R.Q. Jia, S.D. Riemenschneider, and D.X. Zhou, Vector subdivision schemes and multiple wavelets, Mathematics of Computation, 67 (224), Oct. (1998):1533-1563.

[60] R.Q. Jia, Q.T. Jiang, and S.L. Lee, Convergence of cascade algorithms in Sobolev spaces and integrals of wavelets, Numer. Math., to appear.

[61] R.Q. Jia, Q.T. Jiang and Z.W. Shen, Convergence of cascade algorithms associated with nonhomogeneous refinement equations, Proc. Amer. Math. Soc., to appear.

[62] R.Q. Jia, K.S. Lau, and D.X. Zhou, L_p Solutions of refinement equations, J. Fourier Anal. Appl., to appear.

[63] R.Q. Jia and C.A. Micchelli, On linear independence of integer translates of a finite number of functions, Proc. Edinburgh Math. Soc., 36, (1992):69-85.

[64] R.Q. Jia, S. Riemenschneider, and D.X. Zhou, Approximation by multiple refinable functions, Canadian J. Math., 49, (1997):944-962.

[65] R.Q. Jia, S. Riemenschneider, and D.X. Zhou, Vector subdivision schemes and multiple wavelets, Math. Comp., 67, (1998):1533-1563.

[66] R.Q. Jia, S.D. Riemenschneider, and D.X. Zhou, Smoothness of multiple refinable functions and multiple wavelets, SIAM J. Matrix Analysis & Applications, 21 (1), 27 Oct (1999):1-28.

[67] R.Q. Jia and J.Z. Wang, Stability and linear independence associated with wavelet decompositions, Proc. Amer. Math. Soc., 117, (1993):1115-1124.

[68] R.Q. Jia and D.X. Zhou, Convergence of subdivision schemes associated with nonnegative masks, SIAM J. Matrix Analysis & Applications, 21 (2), Feb. (2000):418-430.

[69] V.V. Kisil and E.R. deArellano, A functional model for quantum mechanics: Unbounded operators, Mathematical Methods in Applied Sciences, 20 (9), Jun (1997):745- 757.

[70] V.S. Kozyakin, Algebraic unsolvability of problem of absolute stability of desynchronized systems, Autom. Rem. Control, 51(6) (1990):754-759.

[71] J.C. Lagarias and Y. Wang, The finiteness conjecture for the generalized spectral radius of a set of matrices, Lin. Alg. Appl., 214, (1995):17-42.

[72] K.S. Lau and M.F. Ma, Regularity of L^p-scaling functions, Asian J. Math., 1, (1997):272-292.

[73] K.S. Lau and J.R. Wang, Characterization of L(P )-solutions for the 2-scale dilation equations, SIAM J. Mathematical Analysis, 26 (4), Jul (1995):1018-1046.

[74] W. Lawton, Necessary and sufficient conditions for constructing orthonormal wavelet bases, J. Math. Phys., 32, (1991):57-61.

[75] W. Lawton, S.L. Lee, and Z.W. Shen, Convergence of multidimensional cascade algorithms, Numer. Math., 78, (1998):427-438.

[76] S. Li, Convergence of cascade algorithms in Sobolev spaces associated with inhomogeneous refinement equations, J. Approx. Theory, 104, (2000):153-163.

[77] J. Levitzki, Über nilpotente Unterringe, Mathematische Annalen, 105, (1931):620-627.

[78] M. Maesumi, Optimum unit ball for joint spectral radius: an example from fourcoefficient MRA, Approximation theory VIII, 2, (1995): 267-274.

[79] M. Maesumi, An efficient lower bound for the generalized spectral radius of a set of matrices, Lin. Alg. Appl., 240, (1996):1-7.

[80] M. Maesumi, Calculating joint spectral radius of matrices and Hölder exponent of wavelets, Approximation theory IX, 2, (1998):205-212.

[81] M. Maesumi, On construction of a family of smooth nonseparable prewavelets via infinite products of triangularizable matrices, SIAM J. Matrix Analysis & Applications, 19 (4), Oct (1998):1005-1026.

[82] M. Maesumi, Joint spectral radius and Hölder regularity of wavelets, Computers & Mathematics with Applications, 40 (1), July (2000):145-155.

[83] M. Maesumi, Calculating the spectral radius of a set of matrices, Wavelet analysis and multiresolution methods (Urbana-Champaign, IL), (1999):255-272; Also: Lecture notes in pure and applied mathematics, Marcel Dekker, New York, NY, 212, (2000).

[84] C.A. Micchelli and Prautzsch, Uniform refinement of curves, Linear Algebra & Appl., 114/115, (1989):841-870.

[85] C.A. Micchelli and T. Sauer, Regularity of multiwavelets, Advances in Comp. Math., 7, (1997):455-545.

[86] M. Nielsen, Size properties of wavelet packets, Ph.D. thesis, Washington University, Saint Louis, (1999).

[87] M. Omladivc and H. Radjavi, Irreducible semigroups with multiplicative spectral radius, Lin. Alg. Appl., 251, (1997):59-72.

[88] A.D.B. Paice and F.R. Wirth, Analysis of the local robustness of stability for maps, In Proceedings of the 4th European Control Conference 1997, July (1997), pages TU– E–B–4, Brussels, Belgium.

[89] R.E.A.C. Paley, A remarkable system of orthogonal functions, Proc. London Math.

Soc., 34, (1932):241-279.

[90] G. Plonka, Approximation order provided by refinable function vectors, Constr. Approx., 13, (1997):221-244.

[91] G. Plonka and A. Ron, A new factorization technique of the matrix mask of univariate refinable functions, Numer. Math., to appear.

[92] V.Y. Protasov, The generalized joint spectral radius. A geometric approach, Izvestiya Mathematics, 61 (5), Sep-Oct (1997):995-1030.

[93] V.Y. Protasov, Refinement equations with nonnegative coefficients, J. Fourier Analysis & Applications, 6 (1), April (2000):55-78.

[94] H. Radjavi, On irreducibility of semigroups of compact operators, Indiana Univ. Math.

J., 39, (1990):499-515.

[95] A. Ron, A necessary and sufficient condition for the linear independence of the integer translates of a compactly supported distribution, Constr. Approx., 5, (1989):297-308.

[96] R. Rosenthal and A. Soltysiak, Formulas for the joint spectral-radius of noncommuting banach algebra elements, Proc. American Mathematical Society, 123 (9), Sep (1995):2705-2708.

[97] G.C. Rota and G. Strang, A note on the joint spectral radius, Indag. Math., 22, (1960):379-381.

[98] J.H. Shen, Compactification of a set of matrices with convergent infinite products, Linear Algebra & its Applications, 311 (1-3), May 15 (2000):177-186.

[99] Z.W. Shen, Refinable function vectors, SIAM J. Math. Anal., 29, (1998):235-250.

[100] I.A. Sheipak, Nontrivial fractals in the plane and linear operators with joint spectral radius equal to 1, Mathematical Notes, 63 (5-6), May-Jun (1998):701-705.

[101] M.H. Shih, Y.Y. Lur, and C.T. Pang, An inequality for the spectral radius of an interval matrix, Linear Algebra & its Applications, 274, 15 Apr (1998):27-36.

[102] M.H. Shih, Simultaneous Schur stability, Linear Algebra & its Applications, 287 (1- 3), 15 Jan (1999):323-336.

[103] M.H. Shih, J.W. Wu, and C.T. Pang, Asymptotic stability and generalized Gelfand spectral radius formula, Lin. Alg. Appl., 252, (1997):61-70.

[104] A. Soltysiak, On the joint spectral radii of commuting banach algebra elements, Studia Mathematica, 105 (1), (1993):93-99.

[105] G. Strang, The optimal coefficients in Daubechies wavelets, Physica D, 60 (1-4), Nov (1992):239-244.

[106] G. Strang, Wavelet transforms versus fourier-transforms, Bulletin American Mathematical Society, 28 (2), Apr (1993):288-305.

[107] G. Strang, Eigenvalues of (↓ 2)H and convergence of cascade algorithm, IEEE Trans.

Signal Processing, 44 (1996):233-238.

[108] G. Strang and T. Nguyen, Wavelets and Filter Banks, Wellesley-Cambridge Press, (1996).

[109] G. Strang and D.X. Zhou, Inhomogeneous refinement equations, J. Fourier Analysis & Appl., 4 (6), Dec. (1998):733-747.

[110] G. Strang and D.X. Zhou, The limits of refinable functions, Trans. Amer. Math. Soc., to appear.

[111] J.N. Tsitsiklis and V. Blondel, The Lyapunov exponent and joint spectral radius of pairs of matrices are hard - when not impossible - to compute and to approximate, Math. Contr., Sign., and Syst., (1997):31-40.

[112] Y.V. Turovskii, Volterra semigroups have invariant subspaces, J. Functional Analysis, 162 (2), 10 Mar (1999):313-322.

[113] L.F. Villemoes, Wavelet analysis of refinement equations, SIAM J. Math. Anal., 25, (1994):1433-1460.

[114] A. Vladimirov, L. Elsner, and W.-J. Beyn, Stability and paracontractivity of discrete linear inclusions, Lin. Alg. Appl., 312, (2000):125-134.

[115] Y. Wang, Two-scale dilation equations and the mean spectral radius, Random Comput. Dynam., 4, (1996):49-72.

[116] F. Wirth, Dynamics of time-varying discrete-time linear systems: Spectral theory and the projected system, SIAM J. Control Optim., 36(2), (1998):447-487.

[117] F. Wirth, On stability of infinite-dimensional discrete inclusions (summary), J. Math.

Syst. Estim. Control, 8(4) (1998):507-510. Full electronic manuscript, 21: 429 KB, ftp://trick.ntp.springer.de/pub/jmsec/, Retrieval code 72701.

[118] F. Wirth, On the calculation of real time-varying stability radii, Int. J. Robust & Nonlinear Control, 8, (1998):1043-1058.

[119] F. Wirth, The generalized spectral radius and extremal norms. Berichte aus der Technomathematik 00-16, Zentrum für Technomathematik, Universität Bremen, (2000).

[120] W. Wojtynski, Quasinilpotent Banach-Lie algebras are Baker-Campbell-Hausdorff, J.

Functional Analysis, 153 (2), 10 Mar (1998): 405-413.

[121] D.X. Zhou, The p-norm joint spectral radius for even integers, Methods Appl. Anal., 5, (1998):39-54.

[122] D.X. Zhou, Norms concerning subdivision sequences and their applications in wavelets, preprint, (1999).

[123] D.X. Zhou, Multiple refinable Hermite interpolants, J. Approximation Theory, 102 (1), Jan (2000):46-71.

[124] D. X. Zhou, Spectra of subdivision operators, Proc. Amer. Math. Soc., to appear.

[125] D.X. Zhou, On the joint spectral radius, manuscript, (2000),

mazhou@math.cityu.edu.hk.