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Abstract: In this paper we study finite element approximation to
Navier-Stokes equations by means of approximate inertial manifold
(AIM). Main idea is to analyse the error of lower components of genue
solution to finite element approximation solution, then to construct an
AIM to improve the error between higher frequence components of genue
solution and projection of finite element solution on AIM. Such that new
approximate solution possesses more than double convergent rate com-
paring with finite element solution.

This proceedure can be made on several level of meshes.
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1 Introduction

In order to improve the rate of convergence for Galerkin finite element solution, a lot of
authors derived special technique, for example, Lin Qun[?], J.Novo and E. Titi[?] and
W. Layton[?], J. Xu[?] use entrapotation, post-Galerkin method and two level mesh
respectively.

Assume that (u,p) is a solution of Navier-Stokes equation, Y}, is a suitable finite
element subspace, Y, C Y, Y is a Sobolev space. Then

(u7p) = (Qh(u7p)7 Rh(u7p)) + (&7]5) (11)

where ) )
(Qh('%p), Rh(uap)) € Y}u (&7]3) € Yh7 Y = Yh @ Yh (12)
(Qn, Rp) is a projection from Y onto Y} (1.3)

(Qn(u,p), Ru(u,p)) is called lower frequence components and (@, p) is called higher
frequence components of genue solution (u,p). In addition, we suppose that (ux, ps)
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is a Galerkin finite element solution of Navier-Stokes equations. Analysis of error
shows that |||(Qr(u, p) — upn, Rr(u, p) — pr)||| possesses higher accuracy comparing with
I|(ur, — u, pr, — p)|||. However,

[+l

Il (un = w o =PI < [[[(ur. = Qn(w, p), Bi(u, p) = pr) (@, )]
I[|(@, p)||| is error of projection, is a error of approximation theory (EAT).

Our main idea is to construct a mapping ® = (¢,£): Yr — Y}, such that

(@~ ¢,p— &)l and ||| (ur — Qn(u, p), Ru(u, p) — pr)l

has a some accuracy. So, two problems must be resolved: (1) we have to construct a
suitable projection (Qr, Ri): Y — Yi; (2) we have to construct a Lipschitz mapping
D : Yh — Y}L.

Then content of this paper is managed as following. In section 2, we consider

Navier-Stokes equation and its Galerkin finite element approximation; in section 3, the
suitable projection (Qn, Ry): Y — Y}, is constructed and the norm of higher frequence
components

(@ Pl = [[(w = Qn(w, p); p — B (u, p))|l]

will be derived; in section 4, we give an estimation of error between Galerkin finite ele-
ment solution (ux, py) and (Qr(u,p), Ru(u, p)); in section 5, we construct the mapping
® and make estimate of ||[(@& — ¢,p — &)]||.

2 Preliminary

Letr us consider stationary Navier-Stokes equation

—AMu+ (uV)u+Vp=f inQ
divu =0 in Q (2.1)
u=0 ondQ2="I

where Q is a bounded domain with Lipschitz boundary T'in R, d =2or 3. u : Q — R?
is the flow field, p : 2 — R is the pressure, f represents the exterior forces which drive
the flow, A = 1/Re, Re is the Reynolds number of the flow, V is gradient operator, A
is Laplace operator in Cartain coordinates system.

The Velocity—Pressure variational formulation for (2.1) reads

{ find (u,p) € X x M such that (2.2)

a(u,v)+ b(u; u,v) — (p,dive) + (¢q,divu) = (f,v), VY(v,q) € X x M

where
X = HY(Q)Y, M = L3(Q) = {glq € LA(Q), [y qdz = 0}.
Later on, weset Y = X x M.

The inner product and norm of X and M are respectively denoted by

(w,v)) = (Vu, Vo), u|* = ((uw, u)),
(0,0) = Jqqpdz Vg, ¢ € L§(Q, |q1* = (¢,9).



The bilinear form a(-, ) and trilinear form b(-; -, -) are given by

a(u,v) = AM(u,v)) Vu,ve X (2.3)
b(u;w,v) = (uV)w,v) Vu,v,we X (2.4)
It is obvious that
Ja(u, v)| < Al [[oll,  a(u,u) > Mu]|* Yue X (2.5)
i.e. a(-,-) is symmetry positive definite and continuous. Whereas, b(-; -, -) is continuous

on X X X x X and symmetry.
|6(u; w, )| < ellul o] Jw]] YV, w,ve X (2.6)
b(u;w,v) = =b(u;v,w) Yue V,v,we X (2.7)
Note(see [?]), b(+; -, -) possess following properties.
[b(u; w, v)| < clfulls, [wllsy 1[0l s, (2.9)

Vu € HS (Q)d,’l) c g% (Q)JU € Hsz-}-l(Q)d

d
81+82+83257 sy > 0,80 > 0,83 >0,

d d d
(517 52, 53) 7£ (07 0, 5) 7£ (07 57 0) # (57 0, 0)
and
(s 0, 0)] < o el ellos ~++ = 3 (210
s Wy P o,r 0,s) r s — 2 .
In sequel, we will use (2.9), (2.10) frequently.
Equivaletly, (2.1) can be rewritten by
find w € V such that (2.11)
a(u,v) +b(u;u,v) = (f, f), YweV '

Let us introduce finite element subspace Y, = X, x My, where X, C X, My C M.
SoY, CY.
It is well known that (X, M) satisfies compatibility of velocity—pressure space

inf sup (L2410

> B >0 (2.12)
€M yex  |q| [[v]]

In order to guarantee the solvability of problem, finite element subspace Y}, is re-
quired to possess the following properties:
(H1) The approximation properties of piecewise polynomials of degree (k,k — 1)

V(u,p) € Y ((HF(Q)? x HF(Q))

inf {hflu—un|l + [lo = vnl| + hlp = aul} < b {]Jullesr + [[plle}(2.15)

(vh,9n)EYR



(H2) Interpolant properties: assume that (/p,.J;) is interpolant operator in Y},

llv = Tuoll + llg = Jagl < eh*([v]li+1 + llglli)
Y(v,q) € Y (J(H*1(Q)? x H*(9)) (2.14)

(H3) Inverse inequality
”'Uh” < ch_1|vh| Yo, € X,

(H4) inf-sup condition for the compatibility of velocity—pressure (discrete LBB condi-
tions)
di
inf sup (g, divv)

L >8> 0.
9€My ex, lal||v]|

where 8 is a constant independent of h.

It is well known that (see [?]) classical Galerkin finite element approximation for
stationary Navier-Stokes equation reach following optional results:

Theorem 2.1 If (u,p) € Y N(H*T1(Q)4, H*(Q)) is a nonsingular solution of (2.2)
(see section 3) and finite element subspace Y}, satisfies assumption (H1)~(H4); (up, pr)
is a solution of Galerkin equation:

{ find (un,pn) € Ys such that‘ . (2.16)
a(up, v) + b(up; ur, v) + (q,divur) = (pr,dive) = (f,0) V(v,q) € Y
Then following estimation of error is valid
Bllw = wnll + o — wn] + Alp = pl < e+ (ulligr + [1p]e) (2.17)
3 Projection
Later on, we ues the graph norm
@, Oll* =1lvl* +lgI* ¥(v,q) €Y (3.1)

Naver-Stokes operator F'(+,-) is a mappingy — Y* (dual space) defined by:
V(u,p) €Y,
< F(u,p), (v,q) >= a(u,v) + b(u; u, v) + (¢, divu) — (p,dive)  V(v,q) € ¥(3.2)
Then Navier-Stokes equation (2.2) is equivalent to
F(u,p)=0 (3.3)

The Frechte derivative operator of I'(u,p) at (u,p) is denoted by DF'(u,p), which is
linear mapping from Y to Y and defined by

(DyF(u, p)(w,v), (v,q)) = a(w,v) + b(u; w,v) + b(w; u,v) + (¢q,divw) — (r,dive) (3.4)



For sake of simplicity, we introduce bilinear form
YxY = R:V(w,r)eY, (v,g) €Y

L((w,v), (v,9)) = (Du'(u, p)(w, v), (v, 9)), (3:5)
where (u, p) is supposed to be solution of (3.3). If we denote

Cy(w,v) = a(w,v) + b(u; w,v) + b(w; u, v) (3.6)

then
L((w,v), (v,q)) = Cu(w,v) + (¢, divw) — (r, divv) (3.7)

In similar manner, we define mapping F(u) : V — V* by
< F(u),v >= a(u,v) + b(u;u,v) YveV (3.8)

It is obvious that

< DyF(uw)w,v >= Cy(w,v) (3.9)

It is well known that u is a nonsingular solution of (2.11) if and only if D,F(u) is
an isomorphism on V. Similarly, (u,p) is a nonsigular solution of (2.2) if and only if
DF(u,p) is an isomorphism on Y.

By virtue of general Lax-Milgram theorem, u is a nonsigular solution of (2.11) if
and only if C\(+, -) satisfies inf-sup conditions

Cy(w,v)
inf sup ———= > a9 >0 (3.10)
weV ev [lw]|[|v]]

inf sup Culw, v) > ag >0 (3.11)
veVwev [lw]|[|v]]

Therefore, variational problem

find w € V such that
Cu(w,v) =< f,v> VYveV

has an unique solution for any f € V'.
In similar manner, (u, p) is a nonsigular solution of (2.2) if and only if L(-, ) satisfies
inf-sup conditions

e ()

ey (2B TTCw, TG, ol =P > (312)
£((w,1), (v,9))

e 1T RS 1 T T [ (3.13)

Therefore, the variational problem

(3.14)

{ find (w,r) € Y such that
L((w,r), (v,q)) = (fiv) Y(v,q) €Y



has a unique solution.

Following lemma indicates the relationship between (3.10), (3.11) and (3.12),(3.13).

Lemma 3.1 Suppose that (2.12) is satisfied and the bilinear form C,, (-, -) satisfies
(3.10),(3.11). Then the bilinear form L(, ) satisfies (3.12),(3.13).

The proof see in [?][?].

Next lemma describes the conditions which ensure one point (%, p) close to nonsigu-
lar point (u, p) is a nonsigular point, too.

Lemma 3.2 Assume Y C Y is a finite dimensional subspace, and F is a smooth
mapping Y — Y*. Let (u,p) be a nonsigular point of F'(u,p). Let

o(u,p) = |DF(u, )~ || cevyy (3.15)

,u(ﬂ,ﬁ) = ”DF(U,p) - Dﬁ’({%ﬁ)HL‘(Y,Y) (316)
If (@, p) is closed to (u, p) such that
o, Pl 5) < 1 (3.17)

Then Dﬁ(ﬂ,ﬁ) is an isomorphism on Y. Hence (@, p) is a nonsigular point of F.
Proof. See [?].
By similar manner, (2.16) can be rewritten by operator form

< F(up,pr), (v,q) >=a(up,v) + b(up; un, v) + (q, divug)
— (pn,dive) — (f,v) =0, V(v,q) € Y3
and
< DF (up, pr) (w, 1), (v,q) >= a(w, v) + b(up; w, v) + b(w; uy, v) + (¢, divw) — (r, dive).

If (u,p) is a nonsigular solution of (2.2), inf-sup conditions (3.12), (3.13) and general
Lax-Milgram theorem show that

o(u,p) = |DF(u,p) "l gvy) < 571

on the otherhand, set n = w — up, then

< (DF('ZL,p) - DF(‘U,}“p}L))(’w, 7“), (,U7 Q) >= 5(777 w, U) + b(w7 7, U)
Therefore
:u(ﬂvﬁ) :HDF(u,p) - DF(Umph)”C(Yh,Yh)

o < (DuF(u7p) — DF(uh7ph))(wvr)7 (Uvq) >
= sup
(wir) €V, (v,0) €V 11 (s )T (o, )]

<cllnll = ellu — unll < ch(([ulla + [|p[)

JFrom (3.17) we conclude



Collorary 3.3 Assume that (u,p) is a nonsigular solution and h is chosen such

that
c(llulla+ lplhAs~" < 1

Then (up,pp) is a nonsigular solution of (2.16).
Later on, set
Ch(w7 U) = a(w7 U) + b(uh; w, U) + b(w7 Uh, U)
[’h((wv 1‘), (Uv q)) = Ch(ﬂ), U) + (Q7 lew) B (/’“7 diV’U)
Therefore )
< DF(uhaph) (w7 T), (Uv q) >= Eh((w7 T), (Uv q))

(3.20)

Collorary yields that £(-, ) satisfies inf-sup condition: there exists v > 0 such that

L((w,r), (v,q
(w,r) €Y, (v,0) €Y || (w, )| ]]] (v,

L((w,r), (v,q
n
(va)€¥n,(w.r)evi || (w, P[] [[|(v,
in sequence we will frequently use
Lr((w,r), (v,9)) =L((w,7), (v,q)) + b(ur — u;w,v)
+ b(w; up — u,v)

~—r

v

v>0

=

~—r

v

v>0

~— [ ~— |

=

Now, we define projection (Qn, Ry) : Y — Y, by

V(w,r) €Y, (Qun(w,r), Rp(w,r)) € Yy such that
Eh((w — Qh,f‘ — Rh), (v,q) =0 V(v,q) €Y.

V(w,r) € Y, we can make decomposition
w=Qn(w,r)+ 0, r=Ry(w,r)+7, (d,7) €Y
Y=Y,aV,
Consequently, (3.24) can be rewritten
Lo((@;7), (v,9)) =0 V(v,q) € Ya

i.e. Y, and Y}, are orthogonal with respect to Lp(-,-).
Furthermore, we define adjoint bilinear form £ (-, ) by

Ly ((w,r), (v,)) =Ch(v, w) = (¢, divw) + (r, dive)
V(w,r) €Y, (v,q) €Y
From this definition, it is easy to show

Ly ((w,r), (v,q)) =L5((v,9), (w,7))

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)



V(w,r) €Y, (v,q) €Y (3.29)
in view of (3.27), we have: ¥(w,#) € Yy,
EZ((Uv q)v (ﬁ]v /’a)) =0, V(U, Q) €Yy (3.30)

Y}, is a finite dimensional subspace which consists of lower frequence components
in Y and Y} is a infinite dimensional subspace which consists of higher frequence com-
ponents in Y. Following lemma shows norm of higher frequence components is very
smaller.

Lemma 3.4 Assume that u is a nonsigualr solution of (2.11) and the adjoint
linearized Navier-Stokes equations:

(3.31)

{ find (w,r) € Y such that
Lx((w,r), (v,q)) = (fiv) Y(v,q) €Y

is H?(2) -regular. Furthermore, finite element subspace Y} satisfies assumptions
(H1)~(H4).
Then projection (Q, Ry) defined by (3.26) satisfies:

[l(w = @n(w,r),r = Ry(w, )| < ell[(w,r)]l| Y(w,r)eY (3.32)
(@, #I] < eh* ([wllesr +[Irllx),  Y(w,r) e Y (YHH Q)T x HF Q) (3.33)

| < chl|d]| Ywe X (3.34)

o Sch" 0 ([[wllkgr + (I7le),

V(w,r) € Y [ \(H(Q)? x HF(Q)),0 € [0,1] (3.35)

w

Proof. Owing to nonsigurality of u, by virtue of lemma 3.1 and 3.3, we have:

V(Qh(wv 1’), Rh(vv Q))

_ Eh((thRh)7(U7Q))
R <y
11(Qn, Ba)|ll <v Wup @ ol

oty El01). (0.0)

<yl (w, 7
B M TTEAITT G-

This derives (3.33) by triangle inequality.
Assume that (¢, A) is a solution of (3.31) with right side f = & = w — Qp(w, ).
Setting (v,q) = (@, 7) and using (3.23) we obtain

L5.((6, ), (@, 7)) = | @] + b(up, — 3 b, @) + b(ib; up — u, )
Taking arbitrary (¢, As) € Y}, and using (3.30), we have

1L (6 = n, A = An), (@, 7))] <el[[(& = dn, A = An)I] I 7)




<ch(l|gll + IMDII (w, )|l < chlw

|| (@, 7)]

|
Here we used H?-regurlarity of (3.31):

[@ll2 + (Al < el £
In addition, by applying (2.9) with sy =1, s5 =0, s3 = 2,

w

w|| < chl|ul|

Ibun = w3 o, p)| < cllun — ulll]2 i (3.37)

|b(@; u — up, )| < cf|w W

[l = url[l|¢ll2 < chllul

@
Therefore, from (3.36) and above inequalities, if follows that

Owing to arbitrary of (v, ¢), this derive (3.34) which is called enhanced Poincare in-

@] < ehl|(@, 7)

equality.
It is remainder to consider |||(@,#)|||. Let (I, Js) be interpolation operator in Y,
then

1 (nw = Quw, r) Jur — Ruw, )| < y=* sup om0 =QrJar = Bi), (v, 9))

(v,9) €Y} |||('U,Q)H|
S’Y_l sup »Ch((lhw - w, JhT - 7“)7 (U7 q))
(v,9) €Y} |H(U7Q)H|
<y [ (Ihw = w, Jpr = )| < ey T RE((|wllegs + [I7]lk) (3.38)

By triangle inequality and (3.38)

(o, 7)

| <lll(w = Iw, r = Jpr) ||| + | (Inw = Qny Jrr — B
<ch*([Jwllkgr + [I7[lx) + v R (lwllesr + [Irlx)

This derive (3.33). By interpolation inequality of norm in sobolev space and (3.33),
(3.34), we obtain (3.35). ]

4 Lower frequence components

Assume that (u, p) is a solution of (2.2). It can be splitted by

U = Qh(u7p) + '&7 P = Rh(u7p) + ﬁ7 (Qh7 Rh) € Yh7 (aﬂﬁ) ey (41)

Set
€=Qn(u,p) —un, €= Rp(u,p)—pn (4.2)
where (up,pp) is a solution of Galerkin finite element equation (2.16). It is easy to
show that
n=u—u,=e+id, E=p-—pp=c+p (4.3)



We rewrite Navier-Stokes equations
a(Qh + ﬂ7 ’U) + b(Qh + ﬂ? Qh + ﬂ7 ’U) + (q7 le(Qh + ﬂ’)) - (Rh + ﬁ7 diV’U) = (f7 ’U).
Using (3.19), it yields that

'Ch((@hv Rh)?(”? q)) + Eh((ﬂvﬁ)v (7)7 q)) + b(u; u, v) - b(Qh; Uh, v)
= b(un; Qn, v) — b(up; @, v) — b(d; up, v) = (f,v). (4.4)

b(us u, ) ~b(Qn; wn, v) — b(it; un, v) — blun: Qn, v) — blup; i, v)
=b(u;u, v) — blu; up, v) — b(un; u, v) = b(u — up; u — un, v) — b(un; up, v).
(4.4) yields that
Lr((@Qn, Br), (v,4)) + La((@,0), (v, q)) + b(n;m,v) = b(up; up,v) = (f,0).  (4.5)

This is an other form of Naver-Stokes equations. On the other hand, Galerkin finite
element equations (2.16) can be rewritten by

Ly ((un, pr), (v, q)) = blup; up, v) = (f,v) V(v,q) € Y. (4.6)

Substracting (4.5) from (4.6), we using (3.30), we have

Lr((e ), (v,9))+b(n;n,v) =0, ¥Y(v,q) € Ya. (4.7)
In view of (3.21),
. -1 Ly((e ), (v,q))
R S TTENAI
<yt sap D (4.9

(v,9) €Y} Hl(vv Q)‘H ‘

By virtue of (2.9)
|b(n; 5 0) [ < ellnlls [0l s, +1[]0]]-
d
s1+sy+12> 3

When d = 2, sy + s > 0. Hence, taking s; = sy = 0, we have

[6(n;m,0) < elnl {Inl] [|v]]-

1 1
When d = 3, s; + s9 > 3" Hence, taking s; = 0, s3 = 3 and using interpolation
inequality

1 1
[Inll < |nl={lnl[>-

10



we obtain X ,
16(m; m,0)| < elnlz]Inllz]]v]|-

Finally,
[6(n; 7, 0)| < elnl'=* ||+ (4.9)
0, d=2
= 1 4.10
T s d=3 (4.10)
2
Combining (4.8), (4.9) and (4.10) we obtain
(e )l < v~ el == (lml|"*=. (4.11)
where
0, ifd=2
= 1
c S, ifd=3

Next we derive estimate for |e|. To do this, suppose (3.31) is H?-regular and (¢, \)
is a solution of (3.31) with f = e, therefore

16112 + [IAl] < cle| (4.12)
Using (3.23), we rewrite (3.31) by
Ly ((9,2), (v,9)) = (e,v) + b(up — u; v, ¢) + b(v; un — u, 9)
Setting (v, ¢) = (e, ¢), it yields
le]* =L5((¢,A), (e,€)) + b3 e, ) + ble;m, ¢)

=Lu((¢ = dn, A= An), (e,€)) + b(n; €, ) + b(e; 7, §)

<cll[(@ = én, A= Al I[(e; )1+ cClnl llell + lel [[ml])[|#]]2

<ch{|l|(e, )|l + llell} (1|2 + [IA]])

<chll[(e, )]l €]

i.e.
e[ < chl||(e; )]l] (4.13)

Consequently, we obtain

Theorem 4.1 Suppose that (2.2) is H*+1(Q) regular and (3.31) is H?(f2) regular.
Finite element subspace Y}, satisfies assumptions (H1)~(H4). Assume (u, p) and (ux, ps)
are solution of (2.2) and (2.16) respectively. (u, p) is nonsingular. (@, Ry) is projection
on Y}, defined by (3.24). Then following estimates of error are valid

1(e; )l < A== (lullers + lIpllx) (4.14)
le] < ch® 27 (||ul| k41 + [Ipllx) (4.15)
where
0, ford=2
= 1
c 2 ford =3

11



5 Higher Frequence Components
Follows the section 4,

lu = ell < 1Qn(u,p) — e+ .

< lell +1

It is obvious that though ||e|| possess higher accuracy, but ||%|| do not possess higher
accuracy, it is the same accuracy as in approximation theory. In order impove the
rate of convergence for (e,e) we have to correct (@,p). To do this we introduce the
approximate inertial manifold which is the Graph of mapping ® : ¥, — ' satisfying
following properties

(H1) & is Lipschitz continuous with Lipschitz constant /
1@ (w1, 1) — D (az, ra) ] I3 — w3, 71— ) (5.1)
V(ws, 1) € Ya ﬂ B
B ={|||(w,r)]|]| < p,¥(w,r) € Y}, and [ is dependent upon p
(H2) & is attracting all solution (u,p) of (2.2)

6 > 0 is a small constant.

(@) = ®(@n(w, p), Bu(u, p))[[ < 0 (5.2)

M = Graph(®) is called approximate inertial manifold with §-thinkness because all
solution (u,p) of (2.2) is at the 6— neighborhood of M. Indeed

dist((u,p). M) = inf_ |

<l = ((@n(u, p); Bu(u, p)) + @(Qn, Br)))l|
=1 p) — ®(Qn, Rr)|]| <

(u, p) = (w, r)]l|

i.e.

dist((u, p), M) < 6 (5.3)
In order to construct ®, we rewrite Navier-Stokes equations into a form of (4.5)
Eh((Q}n Rh),(’l), q)) + Eh((f%i))a (U7 q))
+6(n;1,v) = buns up, 0) = (f,v) V(v,q) €Y

However

Eh((th Rh)7 (’U, Q)) = _‘C}Z((th Rh)7 (U7 Q))
+2a(Qn,v) + b(up; Qn,v) + b(Qr; up, v) + b(up; v, Q) + b(v;up, Qr)

12



Therefore
'Ch(({hﬁ% (U7 Q)) - 'C}:((Qfm Rh)7 (U7 q)) + b(777 7, U) - b(u}n Up, ’U)
+2a(Qn, v) + b(un; Qny v) + 0(Qn; un, v) + b(ur; v, Qn) + b(v; un, Q)
=(f,v) VY(v,q) €Y.

Note
b(un; Qn,v) — blup; up,v) = —b(n;e,v) + b(u; e, v).
and )
L7((Qn, Bn), (v,9)) =0 V(v,q) € Ya.
then

L ((@,p),(v,9)) + b(n;n,v) + b(u;e,v) — b(n; e, v)
+2a(Qn, v) + b(Qn; un, v) 4+ b(up; v, Qr) + b(v; up, Qp)
=(f,v) Y(v,q) € Ys. (5.4)
It is clear that we suppose ® = (¢, €) satisfies

find (¢, &) € Y}, such that Vf € X*,
’C’h((¢7 )7 (,07 Q)) + 2a(uh7 ,U) + b(uh; U, U) + b(uh; v, Uh) + b(?]; Uh, uh) (55)
=(f,v) VY(v,q) € Ya.

Owing inf-sup condition for L (-, -), we assert that there exists unique solution (¢, &)
of (5.5).
Substracting (5.5) from (5.4), we obtain

Li((@ = ¢p = &), (v,4)) + b(n; 1, 0) + blu; €, 0) = b(n; €, 0)
+ 2a(e,v) + b(e; up, v) + b(un; v, e) + b(v; up, e) = 0.
Notice
b(e;up, v) + b(up; v, €) + b(v;up, €)
=—b(e;e,v)+ be;u,v) — ble;v,e) + b(u;v,e) — b(v; e, e) + b(v;u, e)
=b(u;v,e) + ble;u,v)+ b(v;u,e) — ble;e,v) — b(e;v,e) — b(v; e, e).

Therefore, using

b(u; e, v) + b(u;v,e) =0,

we derive

La((@—¢,p =), (v,4)) +b(n;m,0) = b(n; e, 0)
+ 2a(e,v) + b(e;u,v) + b(v;u, e) — b(e;e,v) — ble;v,e) — b(v;e,e) = 0. (5.6)
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By virtue of inf-sup condition and lemma 3.2 and 3.3,

in su Enl{w, 1), (v,9))
7S ey (0B MiCw, DTN, o)

((ﬁ B ¢7ﬁ_ 5)7 (U7Q))
(&=, p = IIHI(v, @)l

< sup

Using (3.28), it follows that
['h((a - ¢7ﬁ - 5)7 (,U7 Q))

N " -1
(@ —é,p= Nl < (Uzl;gyh el (5.7)
Now we estimate right hand side of (5.6) term by term.
la(e, v)] < clle] [|v]]
[b(;m, 0)] < elnl =[]l e l]]
[b(n; €, 0)| < cllnl] llell o]l
[b(e; u, v)| < clel [|ullaf[o]l
[b(vsu, e)] < cle] [|ufl2[|v]] (5.8)
[be; e, v)| < clel"==[|el|+*]lv]
[be; v, €)| < ellv]| [e]' == [le]|**
[b(vse,e)| < ellvl| [e]' == [le]|**
where
62{ 01 d=2
3 d=3

Taking (5.6)~(5.8) into account, we assert that
(i = 65— NIl <ev™{llell + el + [lnll lell + el ~[le[| = + nl"*=[lnlI"*<}
<e'lell

Repeating the arguments for making estimate |& — ¢| as in section 4, we conclude

Theorem 5.1 Suppose that assumptions of theorem 4.1 are satisfied. Then there
exists unique solution (¢, &) of (5.5) which is lipschitz continuous with respective to uy,.
Furthermore, following estimates hold.

(it = &, = |l < k1 ==(|[ullk41 + [|pl|x)

5.9
Bl < ch®**+2==(||u|lks1 + |Ipllx) )
where
0, d=2
_ 1 5.10
e L a=y (5.10)



Proof. The remainder of proof has to prove existence and Lipschitz continuous.
Indeed, if (u,p) is a nonsingular solution of (2.2) therefore L(-,-) satisfies inf-sup con-
dition (3.12) and (3.13) on space Y. In view of (3.23), (2.6) and (2.17)

it sy Lrl@r) (@) oL L((wr) (v,9))
(w, 7”>f€Y< saer N(w, r)HI (v, )]l . (wﬂ")er ey TG, DT )]

> —evh(|lullz + [|pl])

If we choose h such that

= cllu = un]

h < e (llullz + lIpl) 'y /2

then r
ey Lellnn) ) |y
(w.r)€Y (vg)ey |l (w, 7“)H| (v, @)l ~ 2
Moreover,
it wp Lel) (0,0)
2 7 (wr)eY (gpev [|l(w, T)\II (v, )l

o L), (v,0)
e By THCw, DT e, o)

(by (3.27))

IN

L) ()
= s, 2 T, DT, D]

By similar manner, we can prove like (3.13) but on space Y. Therefore, we have

inf  sup En((w, 1), (v,q)) > 7 (5.11)

(w:r) &V (v,q) et [1(05 ?“)HIHI(U Al

[\

-2

inf  su En((w, 1), (v,q)) > = (5.12)
@0V (wryev, (@ P, )]

[\

By using general Lax-Milgram theorem, we assert that there exists unique solution

(¢,&) of (5.5) and
11 N < eCll A" + lunll + [[un]l®)

Assume that (¢,£) and (qg,é) are solution of (5.5) with respect to u; and @j. By
elemental calculation from (5.5), setting

A¢:¢_$7 A£:€_§7 Aup = up, — y,

we obtain

Lr((Ag, AL), (v,9)) = E

E =~ b(Aup; ¢+ up,v) — b(¢ + iip; Aun, v) — 2a(Aup, v)
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= b(Aup;v,up) — b(an; v, Aup) — b(v; Aup, up) — b(v; @y, Aup)

However

< |luw—up

+ [lull < ch(llullz +[IpIl) + llull,
Consequently, using inf-sup condition (5.11)

||un

1(Ag, AG)[[ < 297" sup
wayer, 110, 0l

E -
)H| = (u)Huh - uhH

This is Lipschitz continuous of ®. Proof is completed.
Following theorem is obvious.
Theorem 5.2 Suppose that assumptions of theorem 5.1 are valid. Then following
estimates hold
1 = s p = po) | < chZ+10

|u _ u*l < Ch2k+2—e

where

Uy = up + Pup)
P = Ph + & (un)

(un, pr) is a Galerkin finite element approximation

0, d=
=<1
€ L
2
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