
����� Professor Strang Quiz � May �� ���	

���a� ���� Compute u�� � A��u� starting from

A �

�
� �� ��

�� ��

�
� and u� �

�
� 	

�

�
� �

�b� �	�� For the same A
 which real numbers c have the property that �A� cI�n u� approaches

zero as n���

�c� �	�� Find the eigenvalues and eigenvectors of A�� �A�� without computing A�� �for the same

A as above�

���a� �	�� If you transpose S��AS � � you learn that

The eigenvalues of AT are

The eigenvectors of AT are

�b� �	�� Complete the last row so that B is a singular matrix
 with real eigenvalues and

orthogonal eigenvectors�

B �

�
����

	 � �

� � �

� � �

�
���� �

�c� �	�� C is a � � � matrix I add row 	 to row � to get K�

K �

�
����

	 � �

	 	 �

� � 	

�
���� C �

This probably changes the eigenvalues What should I do to the columns of K �answer in

words� to get back to the original eigenvalues of C�



���a� �	�� For which numbers c is this matrix positive de�nite�

A �

�
����

	 �	 �

�	 c �	

� �	 	

�
���� �

What function F �x�� x�� x�� has A as its matrix of second derivatives�

�b� �	�� What is the �� � matrix P that projects every vector onto the ���line� containing all

multiples of a � �cos �� sin ��� What are the eigenvalues of P �

�c� ��� That projection is a linear transformation Suppose we choose the basis vectors

v� � �cos �� sin �� along the ��line and v� � �� sin �� cos �� perpendicular to the ��line What

matrix represents P with respect to this basis�



����� Solutions Quiz � May �� ���	

���a� A is a Markov matrix� So � � � is an eigenvalue� Then � � �� is the other eigenvalue because
trace � ���

Eigenvectors

� � � � A� I �

�
��� ��
�� ���

�
� x �

�
�
�

�

� � �� � A� ��I �

�
�� ��
�� ��

�
� x �

�
�

��

�

S �

�
� �
� ��

�
has inverse �

�

�
� �
� ��

�
� S�� so that S��u� �

�
�
�

�
�

�

We want

A��u� � S ��� S��u� �

�
� �
� ��

� �
�

����

� �
�
�

�
�

	

�

�
� �
� ��

� �
�
�x ����

�
�

	

�

�
� 
 � ������
�� � ������

�
�

	

Check� Change �th power to th and we get

�
�


�
� u�

�b� A has � � �� and �
A� cI has � � ��� c and �� c

Need j��� cj � � �need c � ���� and j�� cj � � � need c � �
Therefore the condition for j�j � � and stability is  � c � ���

�c� Same eigenvectors for A�� 
A�� as in part �a� for A itself

Eigenvalues
�

�

 ��� � �

�

��

 ������

���a� If you transpose S��AS � � you learn that STAT �S���T � �T � �

The eigenvalues of AT are the same as the eigenvalues of A
The eigenvectors of AT are the columns of �S���T



�b�
1    2     3

3

43

B = 2   

for

4

5

symmetry
to make  B
singular

�c� Multiply on the right by

�
�� �  
� � 
  �

�
��
��

�

�
�� �  
�� � 
  �

�
��

So subtract the �nd column of K from the �rst�

Then the result

�
��
�
� �

�

�
��C

�
��
�
� �

�

�
��
��

is similar to C and has the same eigenvalues

���a� �	pts� Check determinants

� �  �� �

c� � �  �� �

c� � �  �� �

Need c � � for positive de�niteness

�� pts�

F �
�

�

	
x�
�
� �x�x� 
 cx�

�
� �x�x� 
 x�

�




�
�

�
xTAx �

Then
��F

�xi�xj

� Aij � second derivative matrix�



�b�

P �
aaT

aTa
�

�
cos �
sin �

�
�cos � sin ��

cos� � 
 sin� �
�

�
cos� � cos � sin �

cos � sin � sin� �

�
� � �� 

�c� Since Pv� � v� and Pv� �  the projection matrix in this basis is

�
� 
 

�
�
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Show all your work on these pages.
No calculators or notes.
Please work carefully, and check your intermediate results.
Point values (total of 100) are marked on the left margin.



1. Let A =

 4 1

−1 4

.

1a. Find the eigenvalues of A.[10]

λ1 = 4 + i, λ2 = 4− i.

Find roots of quadratic equation:

det(A− λI) = (4− λ)(4− λ)− (−1) = λ2 − 8λ+ 17 = 0.

1b. Find an eigenvector for each eigenvalue of A.[10]

x1 =

 −i
1

, x2 =

 i

1

.

 −i 1

−1 −i


︸ ︷︷ ︸

(A−λ1I)

 −i
1


︸ ︷︷ ︸

x1

=

 0

0

.
 i 1

−1 i


︸ ︷︷ ︸

(A−λ2I)

 i

1


︸ ︷︷ ︸
x2

=

 0

0

.



1c. Compute xH1x2.[10]
(Note: x1 and x2 are the complex eigenvectors that you obtained in 1b.)

xH1x2 = 0.



2. Let A =

 −2 1

0 0

.

2a. Find an invertible matrix S that makes S−1AS a diagonal matrix.[12]

S =

 1 1/2

0 1

.

The diagonal entries of A are its eigenvalues.

The columns of S are the eigenvectors of A for λ1 = −2, λ2 = 0.



2b. For the differential equation du
dt

= Au, give a nonzero initial vector u(0) such[10]

that u(t)→

 0

0

 as t→∞.

u(0) =

 1

0

, or any nonzero multiple of it.

u(t) = c1e
λ1tx1 + c2e

λ2tx2 = c1e
−2t

 1

0

+ c2

 1/2

1

.
Choose c2 = 0 and c1 6= 0 for initial vector to approach

 0

0

 as t→∞.



3. Fill in the matrix A =

 0.5 a12

a21 a22

 so that A is a positive Markov matrix with the[16]

steady state vector x1 =

 0.25

0.75

.

(Recall that the limit of Aku0 is always a multiple of x1.)

A =

 1/2 1/6

1/2 5/6

.

The first column of A adds to 1 when a21 = 1/2.

Next, we solve A =

 1/2 a12

1/2 a22


 1/4

3/4

 =

 1/4

3/4

 for the second column of A.

Along the first row: (1/8) + (3/4)a12 = 1/4, which gives a12 = 1/6.
The second column of A adds to 1 for a22 = 5/6.
Observe that the steady state vector satisfies Ax1 = (1)x1.



4. Each independent question refers to the matrix A =

 4 1

d −4

.

In each case, find the value of d that makes the statement true (and show your work!).

4a. Give a value for d such that

 5

1

 is an eigenvector of A.[10]

d = 41/25.

 4 1

d −4


 5

1

 =

 21

5d− 4

 = (21/5)

 5

1

.
In the second component, solve 5d− 4 = (21/5) for d.

4b. Give a value for d such that 2 is one of the eigenvalues of A.[10]

d = −12.

When 2 is an eigenvalue of A,

A− 2I =

 2 1

d −6

 must have linearly dependent columns.



4c. Give a value for d such that A is a nondiagonalizable matrix.[12]

Recall that A =

 4 1

d −4

.

d = −16.

The issue of nondiagonalizability only comes up for a matrix that has some

repeated eigenvalues.

In this case, 0 is a twice repeated eigenvalue of A when d = −16.
The eigenvalue is repeated twice, but we only find one linearly independent

eigenvector (via the special solution to (A− 0I)x =

 0

0

).
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���Q�g»¼��¡)�L��¢¤£¦¥Y§x¡ ¨ ��h�mA«b���}½kdh�fUfT���|fThwªdat��~�f�kd®�fLadp¯u=kd®�s]u�fUr�atsece��pLfL�n��fL��kYl±°b¾¿�Àu�����pLadhA��fm�kdh�fbln��s]uÁh�kQadcg��s]u�rQf�s]��ptÂÃX
²Ä³ÆÅ W [ ^ �v � y �z WG{ WdW WY[W_^ WL� W_v W_�jÇ ¹ ³Èµ ^ W WW ^ WW W ^j¸

[



É+�Q�]É�¢¤£¦¥Y§x¡ ��fTs ² u�aGªdf,fL���|fLhwªtad��~�fL��Ê+ËÍÌLÎGÎGÎLÌ¯Ê�Ï0¾Ðat���wh�k|h�ÑLfLcgk�X�ath�m0pTk|cecgfL�eÒ�k|h�m���h���fL���dfLhwª|fTpTs]kdce�Ó Ë�ÌGÎLÎGÎLÌ Ó Ï;®Ôk|cgrQ��h���aQ��ad�e����®Ôk|c�Õ Ï Â���fTs±Ö9��f0��s]�OpLkt®¿adpTsek|c�rQats]cg�Ø×�Â0¾¿�Àu�fÙath��gl¼fLcg�±sek�s]u�fÚ ~�fT�gs]��k|h��n��fL��k_l´�eu�k|~���mÁ��f±��hÁsefLcgrQ�Àkd®Ûs]u�f0Ê�Ü%ÂÝX¾¿awXb¾ÞvCÒ�se�¯X,ßàu�atsO����sec]adpTfw¾ ²�á Ë Xeâ
m�fTs_¾ ²�á Ë Xgâ¾Ô��Xb¾�WYvCÒ�se�¯X�ßàu�atsn����s]c]atpLfw¾¿Ö0Xgâjßàu�atsO���Àm�fTsY¾¿Ö0Xgâ©¾ÐãO��hwsG° ²±á Ë ³ ä�åæ]çéè�ê X

^



ë+�Q�]ë�¢¤£¦¥Y§d��¡ ��~�Ò�Ò�kd�ef ² ���n�go�r;rQf�s]ce��p;¾¿ì¬íAì+X�ln�Øs]uÁc]ath�îðï ³ W�adh�m
k|h�f±fT���|fTh�ªtad��~�f±f Ú ~�ad�+seky�Â���f�sOseu�f±�|fLh�fLc]at���ek|��~�s]��k|hðs]k ñwòñ|ó ³ · ² ò��fblnce��sgs]fThjat� ò ¾ ó X ³õô ¾ ó X ò ¾Ð{wXÍÂO¾Ð�kts]fbs]u�f±r;��h�~��À�g���|h+öÝX¾¿awXb¾ÞvCÒ�se�LÂÝXÙß¤ce�Øs]fbm�k_lnhAath
fÍ×�Ò�cefT�e�e��k|hj®Ôkdc ô ¾ ó X���h÷sefLcer;�nkd® ² adh�m ó Â¾Ô��X0¾�WYvQÒ�se�LÂÝXjø%�4��sOs]cg~�f0seu�ats�®Ôkdc�ad��� óÍù s]ceadpLf|¾ ô ¾ ó XeX0úûm�fTs_¾ ô ¾ ó XeXgâ2�M×�Ò���ad��h�o|kd~�cbadh���l,fTc�woðü�h�m���h��Qad����s]u�f�fT���|fThwªdat��~�fT�Okt® ô ¾ ó X�Â¾Ôp_X±¾ÞvCÒ�se�LÂÝXQi�adh ò ¾ ó X,����k_l´~�ÒÁlnu�fTh ó�ý þ â��M×�Ò���at��h+Â¾Ôm�Xb¾ÞvÙÒ�s]�TÂÃX;i�adh ò ¾ ó X�adÒ�Ò�cekwadp¯uj{Clnu�fLh ó�ý þ â��M×�Ò���ad��h+Â

�



ÿ¦�Q�]ë�¢�£¦¥Y§d��¡ ¾ÐawXÍÂ4ø�® ¹ ������hwª|fTcgse������f0Ò�cgkYªdfCs]u�axs ² ¹ u�ad��s]u�fC�]adr;f0fT���|fThwªdat��~�fT�bad� ¹ ² Â ¾ÐãO��hwsG°¨ ��h�m
aÙr�atsece� × ô �e~�p¯u
s]u�axs ² ¹ ô ³õô ¹ ² ÂÃX

¾Ô��X�Â ¨ ��h�m
aQm���ad�|kdh�ad����ÑGad����f�rQatsece�Ø× ²��³ {Ùs]u�axs����n�e��r;����adc,sek · ² Â������gk;ü�h�mAaQh�k|h�m���ad�|kt\h�at����ÑLad����f�rQats]cg�Ø× ² seu�atsn���À�e��r;����adc¼sek · ² Â

v
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���Q�g +��¡2�L��¢¤£¦¥Y§x¡ ¨ ��h�mj�4�¦�©s]u�fUfL���|fLhwªtad��~�fL�4ath�m¬«b��"fL���|fLhwªdfLpTsek|c�kt®�fGadp¯uAkt®�s]u�fUr�atsece��pLfL���fL��kYl±°

²´³¶µ { { W{ v {· [ { ^�¸ ¹ ³ºµ W { {{ v {· ^ { · [j¸
µ { W{j¸ ���nadh
fL���|fLhwª|fTpTsek|c�kt® ² adh�m ¹�»m�fTsY¼ ² ·)½�¾ X ³ ¼¿v ·�½ X�ÀÀÀ ·�½ · W· [ ^ ·�½ ÀÀÀ ³ ¼¿v ·�½ XT¼ ½�Á�· ^ ½CÂ [|X�Ã ½ ³ · W|Ä · [�ÄÅv¹ ���O��k_l,fTc�s]ce��adh��|~���adc » �Æu�f�fL���|fLhwªtad��~�fL�Oadcefbkdh
seu�f±m���ad�dk|h�ad�¿°,W|Ç�v�Ç�\�[ »



���Q�gÈÉ��¡)�L��¢¤£¦¥Y§x¡ ¨ ��h�mA«b���}Êkdh�fUfT���|fThwªdat��~�f�kd®�fLadp¯u=kd®�s]u�fUr�atsece��pLfL�n��fL��kYl±°b¼Ë�Æu�����pLadhA��fm�kdh�fbln��s]uÌh�kQadcg��s]u�rQf�s]��p » X²Í³ÏÎ W [ ^ �v � y �z WG{ WdW WY[W_^ WL� W_v W_�jÐ ¹ ³Ñµ ^ W WW ^ WW W ^j¸
² ���n�e��h��|~���atc��e��h�pLf±pLkd��~�r;h=W Â pLk|��~�r;hÌ^ ³ [0ÒÓpLk|��~�rQhj[ » ��k ² u�ad�Oadh
fL���|fLhwªtad��~�f±{ »¹�Ô WWW
Õ ³ Ô vvvAÕ�gkÖvC���nadhÌfL���dfLhwªtad��~�f±kd® ¹�»

[



×+�Q�]×�¢¤£¦¥Y§x¡ ��fTs ² u�aGªdf,fL���|fLhwªtad��~�fL� ½+Ø ÄLÙGÙGÙLÄ ½�Ú ¼¿at���wh�k|h�ÛLfLcgk�X�ath�m0pTk|cecgfL�eÜ�k|h�m���h���fL���dfLhwª|fTpTs]kdce�Ý Ø ÄGÙLÙGÙLÄ Ý Ú ®Þk|cgrQ��h���aQ��ad�e����®Þk|c�ß Ú » ��fTs±à9��f0��s]�OpLkt®ËadpTsek|c�rQats]cg�áÒ » ¼Ë�Æu�fâath��glÉfLcg�±sek�s]u�fã ~�fT�gs]��k|h��n��fL��k_l´�eu�k|~���mÌ��f±��hÌsefLcgrQ�Ækd®äs]u�f ½�å » X¼ËawXb¼ævCÜ�se�¯X,çèu�atsO����sec]adpTfw¼ ²�é Ø Xeê
m�fTs_¼ ²�é Ø Xgê¼Þ��Xb¼�WYvCÜ�se�¯X�çèu�atsn����s]c]atpLfw¼Ëà0Xgêjçèu�atsO���Æm�fTsY¼Ëà0Xgê©¼¿ëO��hwsG° ²±é Ø ³ ì�íî]ïñð�ò X
¼ËawX ²�é Ø u�ad�nfT���|fTh�ªtad��~�fL� ØóGô ÄGÙLÙGÙLÄ Øó Ú Ùsec]adpTfw¼ ²�é Ø X ³ ØóGô Â ÙGÙLÙ Â Øó Úm�fTsY¼ ² é Ø X ³ ØóGô Øó�õ ÙGÙGÙ Øó Ú »¼Þ��X,�Æu�f�fL���|fLhwªtad��~�fL�Ækd®�àböAadcefbseu�f±�]adr;f±ad�Æs]u�axsnkd®�à÷kdcÆm�fTsx¼ ² Xxøùs]u�k|�gf±kd® ² é Ø »�Æu�~��ns]u�fToÌadcgf±ú å ³ óGôËó�õgûüûüû óÅýóÅþsec]adpTfw¼Ëà0X ³ ½-Øg½ Á ÙGÙGÙ ½�Ú ¼ ØóGô Â ÙGÙGÙ Â ØóÅý Xm�fTsY¼Ëà0X ³ ¼ ½-Ø ÙLÙGÙ ½�Ú X Ú é Ø

^
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k|h�f±fT���|fTh�ªtad��~�f±f ã ~�ad�+seky » ��f�sOseu�f±�|fLh�fLc]at���ek|��~�s]��k|hÖs]k �	���
 ³ · ² ���fblnce��sgs]fThjat� � ¼ 
 X ³� ¼ 
 X � ¼¿{wX » ¼¿�kts]fbs]u�f±r;��h�~��Æ�g���|h�� X¼ËawXb¼ævCÜ�se� » Xâç¤ce�ás]fbm�k_lnhAath
fÅÒ�Ü�cefT�e�e��k|hj®Þkdc � ¼ 
 X���hÓsefLcer;�nkd® ² adh�m 
 »¼Þ��X0¼�WYvQÜ�se� » X��%�4��sOs]cg~�f0seu�ats�®Þkdc�ad��� 
 Ç�s]ceadpLf|¼ � ¼ 
 XeX�� m�fTs_¼ � ¼ 
 XeXgê2�MÒ�Ü���ad��h�o|kd~�cbadh���l,fTc�wo���h�m���h��Qad����s]u�f�fT���|fThwªdat��~�fT�Okt® � ¼ 
 X »¼Þp_X±¼ævCÜ�se� » XQi�adh � ¼ 
 X,����k_l´~�ÜÌlnu�fTh 
�� � ê��MÒ�Ü���at��h »¼Þm�Xb¼ævâÜ�s]� » X;i�adh � ¼ 
 X�adÜ�Ü�cekwadp¯uj{Clnu�fLh 
�� � ê��MÒ�Ü���ad��h »
¼ËawX � ¼ 
 X ³��té ò��¼Þ��X � ¼ 
 Xnu�at�Okdh�f±fL���dfLhwªtad��~�f � é�� � adh�mÌs]u�f�cgfL��s�atcef W »¼Þp_XÆ�k ����k_l´~�Ü » �����+fT���|�natcef��'W »¼Þm�X���® � ¼Ë{wX,����seu�f±fL���dfLhwª|fTpTs]kdcOpTk|cecgfL�gÜ�k|h�m���h�� s]kâsek � � � s]u�fTh � ¼ 
 X�adÜ�Ü�cgkwadp¯u�fT��{ »

�



!¦�Q�]ÿ�¢�£¦¥Y§d��¡ ¼¿awX » ��® ¹ ������hwª|fTcgse������f0Ü�cgkYªdfCs]u�axs ² ¹ u�ad��s]u�fC�]adr;f0fT���|fThwªdat��~�fT�bad� ¹ ² » ¼¿ëO��hwsG°¨ ��h�m
aâr�atsece� Ò � �e~�p¯u
s]u�axs ² ¹ � ³� ¹ ² » X

� ³ ¹ é Ø �ek ² ¹ ³"� ¹ ²#� ô ���Æ�g��r;����atcÉs]k ¹ ² »¼Þ��X » ¨ ��h�m
aQm���ad�|kdh�ad����ÛGad����f�rQatsece�áÒ ²%$³ {âs]u�axs����n�e��r;����adc,sek · ² » �����gk&��h�mAaQh�k|h�m���ad�|kt\h�at����ÛLad����f�rQats]cg�áÒ ² seu�atsn���Æ�e��r;����adcÉsek · ² »
²Í³(' W {{ · W�)²Í³(' { W{ { )
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18.06 Professor Strang Exam 3 May 6, 1998

Your name is:

Please circle your recitation:

1) M2 2-132 M. Nevins 2-588 3-4110 monica@math

2) M3 2-131 A. Voronov 2-246 3-3299 voronov@math

3) T10 2-132 A. Edelman 2-380 3-7770 edelman@math

4) T12 2-132 A. Edelman 2-380 3-7770 edelman@math

5) T12 2-131 Z. Spasojevic 2-101 3-4470 zoran@math

6) T1 2-131 Z. Spasojevic 2-101 3-4770 zoran@math

7) T2 2-132 Y. Ma 2-333 3-7826 yanyuan@math

Grading 1

2
3
4

1 Find the eigenvalues and eigenvectors of these matrices:

(a) (10) Projection P =
aaT

aTa
with a =

2
4 3

4

3
5

(b) (10) Rotation Q =

2
4 :6 �:8

:8 :6

3
5

(c) (8) Reection R = 2P � I



2 (a) (10) Find the eigenvalues �1, �2, �3 (NOT the eigenvectors x1, x2, x3) of this

Markov matrix:

A =

2
6664

:6 :6 0

:2 :2 :2

:2 :2 :8

3
7775

(b) (10) Suppose u0 is the sum x1 + x2 + x3 of the three eigenvectors that you didn't

compute. What is Anu0?

(c) (4) As n!1 what is the limit of Anu0?

2



3 (a) (2 each) Suppose M is any invertible matrix. Circle all the properties of a

matrix A that remain the same for M�1AM :

same rank

same nullspace

same determinant

real eigenvalues

orthonormal eigenvectors

symmetric positive de�niteness

(b) (2 each) This is a similar question but now Q is an orthonormal matrix. Circle

the properties of A that remain the same for Q�1AQ:

same column space

Ak approaches zero as k increases

orthonormal eigenvectors

symmetric positive de�niteness

projection matrix

3



4 (a) (3 each) Suppose the 5 by 4 matrix A has independent columns. What is the

most information you can give about

the eigenvalues of ATA:

the eigenvectors of ATA:

the determinant of ATA:

(b) (9) Find the singular value decomposition (SVD) for this matrix:

A =

2
4 0 0 0

0 4 0

3
5 :

(c) (8) When the input basis is v1; : : : ; vn and the output basis is w1; : : : ; wn and the

matrix of the linear transformation T using these bases is the identity matrix,

what is T (v1 + v2)?

4



18.06 Professor Strang Exam 3 Solutions May 6, 1998

1. (a)

�1 = 1 �2 = 0

x1 = a =

�
3

4

�
x2 =

�
4

�3

�

(or multiples of x1 and x2)

(b)

�1 = :6 + :8i �2 = :6� :8i

x1 =

�
1

�i

�
x2 =

�
1

i

�

(c)

�1 = 2(1)� 1 = 1

�2 = 2(0)� 1 = �1
R has the same eigenvectors as P

2. (a)

�1 = 1 (for any Markov matrix)

�2 = 0 (since A is singular)

�3 = :6 (since the trace of A is 1.6)
(1, 2, 3 can be permuted)

(b)

n � 1 : Anu0 = 1nx1 + 0nx2 + (:6)nx3

= x1 + (:6)nx3

(c)

Anu0 approaches x1 :



3. (a) Suppose M is any invertible matrix. Circle all the properties of a matrix A that

remain the same for M�1AM :

same rank

same nullspace

same determinant

real eigenvalues

orthonormal eigenvectors

symmetric positive de�niteness

(b) This is a similar question but now Q is an orthonormal matrix. Circle the prop-

erties of A that remain the same for Q�1AQ:

= QTAQ !

same column space

Ak approaches zero as k increases

orthonormal eigenvectors

symmetric positive de�niteness

projection matrix

4. (a) Suppose the 5 by 4 matrix A has independent columns. What is the most infor-

mation you can give about

the eigenvalues of ATA: They are real and positive

the eigenvectors of ATA: They are orthogonal

the determinant of ATA: The determinant is positive

(b)

A =

�
0 1

1 0

� �
4 0 0

0 0 0

�24 0 1 0

1 0 0

0 0 1

3
5

U � V T

(c)

T (v1 + v2) = T (v1) + T (v2)

= Iw1 + Iw2 = w1 + w2

(intermediate steps may be ommitted)

2



18.06 Professor Strang Quiz 3 May 5, 1999

Your name is:

Please circle your recitation:

1) Mon 2{3 2-131 S. Kleiman 5) Tues 12{1 2-131 S. Kleiman

2) Mon 3{4 2-131 S. Hollander 6) Tues 1{2 2-131 S. Kleiman

3) Tues 11{12 2-132 S. Howson 7) Tues 2{3 2-132 S. Howson

4) Tues 12{1 2-132 S. Howson

Grading 1

2
3
4

1 (27 pts.) Suppose A =

2
4 :7 :4

:3 :6

3
5.

(a) Find the matrices ^ and S in the diagonalization formula S�1AS = ^.

(b) Find the matrix Ak (all four entries of the kth power of A).

(c) Find the limit as k !1 of uk = Aku0 if u0 =

2
4 1

1

3
5.



2 (25 pts.) Suppose a 3 by 3 real symmetric matrix A has eigenvalues 4; 4; 0.

(a) Find the determinant from the eigenvalues of (2A� I)�1.

(b) True or false or not enough information:

This matrix A has 3 independent eigenvectors and can be diagonalized.

(c) True or false or not enough information:

The function xTAx is never negative for any vector x.

(d) True or false or not enough information:

The matrix 1

4
A is a Markov matrix.

(e) If A has orthonormal eigenvectors q1; q2; q3 with � = 4; 4; 0, �nd a

formula for A in terms of q1; q2; q3 using diagonalization.

2



3 (24 pts.) Suppose that A is an invertible 3 by 3 matrix.

(a) Show me how to prove that xTATAx is always positive if x is not the

zero vector. Why will this fail if A is not invertible?

(b) Show me how to prove that ATA is similar to AAT . Does it follow

that these matrices have the same eigenvalues and eigenvectors?

(c) If the SVD is written in the usual form A = U�V T , what is the matrix

ATA (reduced to the simplest form)?

3



4 (24 pts.) (a) Find the eigenvalues of A =

2
4 0 1

1 0

3
5 and R =

2
4 0 �1

1 0

3
5. Then �nd

the eigenvalues of A =

2
4 a 1

1 a

3
5 and R =

2
4 b �1

1 b

3
5. The numbers

a and b are real.

(b) Under what condition on \a" do all solutions of du=dt = Au approach

zero as t!1?

(c) Under what conditions on \b" do all solutions of dv=dt = Rv approach

zero as t!1?

(d) Under what condition on \a" is the matrix A positive de�nite?

4



��������� �
	����� ��������������������� ����� !#"%$'&(��)+*,$-$�.

/ 02143,57698;:�< =->@?BA@CED�?GF2?IHKJ2C�L;M ?GNPOQLRJSCUTVHWCYXZK[ZV\^]`_ [ a CUJ2> _b] cdfe�g hg e�hjik LRH@A [mlonKp ] cdrqn ikts
l L pfu CYH@AfJ2>@?v?ICUwV?IHKxRL;MUO@?IXyL;HzA{?GCYwV?GHPx;?I|}JSTVF~X�LRH@A{AzC�L;wVT;HQL;MYCU�I?yJST _b]����-���Q���

_ CYX-H@T;J�CUHPx;?IF�JSCY�zMY?;�z>@?IH@|G?�T;H@?B?ICYw;?IHKxRL;MYO@?vCUX n ���� l _ p ] e�q �QX2TrJS>z?�TRJS>@?GF�?GCYwV?GHKx;LRMYO@?vT;� _�� O@X�J���? e�q �� H^?ICUwV?IHKxV?G|GJ2TVF�TR� _ a CUJ2>^?ICYw;?IHKxRL;MYO@? n CUX l hz��g p �� H^?ICUwV?IHKxV?G|GJ2TVF�TR� _ a CUJ2>^?ICYw;?IHKxRL;MYO@? e�q CYX l�� ��e �9p �
_b] cd h �g e � ik cd n nn e�qWik cd ��� q ��� qg � q e�h � qWik s

l � p^� TVMUx;?���TVF [ml�\~p X�J�L;F�JSCYHzwr��F~T � J2>@?BwVCUx;?IH [mlonKp �
� ?IH@?GFSL;M�X~TVMYO(JSCYT;H CYX [ml�\~p ]�¡ � cd h g ik£¢ ¡}¤4¥ �§¦©¨ cd �e � ik

=->@?B|IT;H@A@CUJ2CYTVH [mlonVp ] cdrqn ik CUX-XSLRJ2CYX~ª@?IA a >@?IH ¡ � ] � � ¡�¤«] g s



l | p^¬ T �® OzJS?�J2>@? � LRJ2F2C°¯ ¥�± ¨ O@X~CYH@w � LRH@A ���_²]����-���Q�´³ ¥ ± ¨µ]��'¥I¶V¨o���Q��� � T
¥ ± ¨ ] cd h �g e � ik cd � nn ¥ �§¦ ik

cd �9� q ��� qg � q e�h � qWik ] �q cd g ¥R�§¦©¨ ¢ h e�h ¥R�§¦©¨ ¢ he�g ¥ �§¦©¨ ¢ g h ¥ �§¦©¨ ¢ g ik
l A p � X \ L @ F2TVL;|�>@?IX�CYH(ªQH@CUJ·;�zªQH@A^JS>z?�MUC � CUJ2X«T;� [ml�\~p L;H@A ¥ ± ¨%�

� X \�¸ ¹ � ¥ �§¦©¨ ¸ n � [ml�\~p'¸ cdºhg ik � L;HzA ¥ ± ¨ ¸ �q cdºh hg g ik

g



» 0�¼�½¾57698;:�< =->@? � LRJSF~CE¯ _ >@L;X hz¿ XyTVH J2>@?BA@C�L;w;TVHQL;M�LRH@A g(¿ Xy?}xV?IF�· a >@?IF~?À?IMUX2?;Á
_b]

cÂÂÂd h g gg h gg g h iÄÃÃÃk
l L pfÅ ?I|ICUA@?�CE� _ CUX  TVX2CEJSCExV?�Az?GªQH@CEJS? ��Æ >QLRJ�CYX�J2>@? � CYHzC � O � x;LRMYO@?�T;�'Ç@È _ Ç��TVF-ÉQÊËÊ7xV?G|GJ2TVF2XyÇÌCUH^ÍÏÎÑÐ

_ CYX  TVX2CEJSCUx;?vA@?Gª@H@CUJ2?�X~CYH@|G?;Á� �´_ CYX-X�· �®� ?GJ2F2CY|R�g � =->@?�O @ ?IFyMU?G�ÒJ-A@?}JS?GF � CYHQL;HKJ2X�LRF2? hz��q§��Ó �_ CYX  TVX2CEJSCUx;?vA@?Gª@H@CUJ2? ³ Ç@È _ ÇjÔ n �Æ >@?IH^Ç ] n �zÇ È _ Ç ] n � � T n CYX´JS>z? � CYHzC � O �W�l � p � MYMÕ?GHPJ2F2CU?IX´T;�7Ö ]b_ e,× L;F2? g(¿ X � u F2T � CEJSX«F2L;H@ØrªQH@A^L;MUMQJS>@?�?GCYwV?GHKx;LRMYO@?GXT;��ÖÙL;HzAWJ2>@?IH{L;MYM�JS>@?B?ICUwV?IHKxRL;MUO@?IX-T;� _��� MYM4JS>@F~?I?�|ITVMUO � H@X-T;�ÚÖÛLRF2?vJS>@?BX2L � ?³ ÜvÝKÞ�ß l Ö p ] �³ à l Ö p >QL;XyA@C � ?GH@X2CUTVH g³ Öá>QL;X-J a TâCUH@A@?  ?IHzA@?IHKJ�?ICUwV?IHKxV?G|GJ2TVF2X a CUJS>^?GCYwV?GHPxRL;MUO@? n³ ã � ]bãÕ¤«] n �@L;H@A ã Î ] \ � l Ö p ]�ä(�=->@?B?ICYw;?IHKxRL;MYO@?GXyT;� _ LRF2? � � � ��Ó �l | p Æ F~CUJS?�A@T a HjL;HK·âTVH@?vX  ?I|GCUªQ|BX�· �å� ?GJSF~CY| � LRJ2F2CE¯fætJ2>QLRJyCUX-X2C � CYMYL;F'JST _��Æ F~CUJS?yA@T a H®CU�  TVX~X2CY�zMY?�L;HK·åTVH@?�H@TVH@X�· �å� ?GJSF~CY| � LRJSF~CE¯ à JS>@LRJ«CUX�X2C � CYMYL;FJST _���Æ F~CUJ2?�A@T a H,L � LRJSF~CE¯èç a CEJS>jJ2>@?ÀX2L � ?�?ICUwV?IHKxRL;MYOz?IXvL;X _ JS>@LRJ�CUXé7ê 6�X2C � CUM�L;F�JST _�� l � CExV?�JS>z?�ërHPO � �4?IF~X�CUHWæ � à � ç � p
æ ]b�ì]

cÂÂÂd � n nn � nn n Ó iÄÃÃÃk � àí]
cÂÂÂd � n nn � �n n Ó iÄÃÃÃk � ç ]

cÂÂÂd � � nn � nn n Ó iÄÃÃÃk s
h



î ¯  MYL;HQLRJ2CYTVH�Á _ CYX«X~· �®� ?GJ2F2CU| l X~TÀ·VTVO^|GTVO@MYA >@L9x;?BMY?GJ-æ ]²_ p LRH@A^>@?IH@|G?|�L;H^�4?�AzC�L;wVT;HQL;MYCU�I?GAâJST ��� ¬ TVHzX2CYAz?IF
ï ]

cÂÂÂd � Ç ðn � ñn n Ó i ÃÃÃk
ï >@L;Xy?ICYw;?IHKxRL;MYO@?GX � � � �4Ó �ò � ï CYX�X2C � CUM�L;F´J2T _ �4JS>@?GH ï |�LRHèL;MYX~Tâ�4?�A@CYL;wVTVH@L;MYCU�I?IA^JST � L;HzAè>@?IH@|G?� O@X~J7>QL�x;?ÏJ a T�?GCYwV?GHPx;?I|}JSTVF~X a CUJ2>�?GCYwV?GHKx;LRMYO@? � � =->@CYXµCUX  TVX~X2CY�zMY?'CUD�Ç ] n �ó OzF�|�>@T;CY|I?�T;�ÏæáCYX�TV�zJ�LRCYH@?GAj�K·jMU?GJ~JSCYHzw®ð ] ñ ] n � ó O@F�|�>@TVCU|I?�TR� à CUXTV�zJ�LRCYH@?GAW�K· MU?GJ~JSCYHzwºð ] n � ñ ] � �Æ >@?IH¾Ç�ô] n � ï CUX�H@TRJ�X~C � CYMYL;F�JST _�� ó O@F�|�>@TVCU|I?åT;��ç�CYX�TV�zJSL;CYHz?IA¾�P·MY?GJ~JSCUH@w�Ç ] � �õ T;J2?;Á�=->@?GF2?BL;F~?�|�>@T;CY|I?GX«��TVF«æå� à �QLRH@Ajç a >@CU|�> L;F~?�H@T;J«O @ ?IF«J2F2C�LRH@wVO(öM�L;F �l A p u T;F«JS>@? ä �K· äº� LÑJSF2C°¯ _�÷ a CEJS> hz¿ XyTVH JS>@?BA@CYL;wVTVHQLRM L;H@A g(¿ Xy?Gx;?IF~· a >@?GF2??IMYX~?vO@X2?BJS>z?vXSL � ? � ?}JS>@T§A l�a CUJ2> _�÷ eø× p JSTºªQH@A^JS>z?�X~CE¯^?GCYwV?GHKx;LRMYO@?GX � ò �·VTVO � L;Ø;?rLfw;T(T§AÌ|�>@TVCU|I?ÀTR��?GCYwV?GHKxV?I|}JSTVF~XI��CUH a >QLRJ���TVF � |IL;Hè·VTVOÌ�ËLR|GJST;F_ Ð=->@? � LÑJSF2C°¯jÖ ÷v]ù_�÷ e�× >@L;X�FSLRH@Ø � ��X2T CUJ�>QL;X q CUH@A@?  ?IHzA@?IHKJ�?ICUwV?IH(öxV?I|}JSTVF~X a CEJS>^?ICUwV?IHKxRL;MUO@? n � ò Jy��TVMYMUT a X«JS>QLÑJJS>@?B?ICUwV?IHKxRL;MUO@?IX-T;� Ö ÷ L;F2? n � n � n � n � n � � g ] \ � l Ö p LRH@AJS>@?B?ICUwV?IHKxRL;MUO@?IX-T;� _�÷ L;F~? � � � � � � � � � � � h s
Æ ?èLRMYF2?IL;Az·ìØPH@T a J2>QLRJ _ú] ���-���Q� ��TVF®X2T � ? � a >@TVX~?è|ITVMUO � HzXfL;F~?CYH@A@?  ?GH@A@?GHPJ�?ICUwV?IHKx;?I|GJ2TVF2X�T;� _��Ïû OzJ _ CYX-X�· �®� ?GJ2F2CY|R�@X2T a ?�|IL;H{|�>zT(TVX~?CUJSX�?ICUwV?IHKx;?I|GJ2TVF2X�JSTf�4?�TVF�JS>@T;H@TVF � L;MµL;HzAÌ>QL�xV? _�]ýüB�´ü �Q� � a >z?IF2? ü CUXTVF~J2>@TVwVTVH@L;M �

þ



1 02»Q¼£57698;:�< � O z TVX~? _²]�ÿ���� È ] l TVF~J2>@TVwVTVH@L;M g��,g pvl A@C�L;w;TVHQL;M p�l T;F~JS>zTVwVTVHQLRM h��Ìh p
ÿb] � [ � [ ¤�� ��] cd þ n nn � n ik ��] ��	 � 	 ¤ 	 Î �

l L p Æ >QLRJ�L;F~?BJ2>@?B?ICUwV?IHKxRL;MYOz?IXyL;H@AW?ICUwV?IHKx;?I|GJ2TVF2X�T;� _ È _ Ð_ È _b] l ÿ���� È p È l ÿ
��� È p ]���� È ��� È �
� È � ]

cÂÂÂd þ nn �n n i ÃÃÃk
cd þ n nn � n ik ]

cÂÂÂd � ä n nn � nn n n i ÃÃÃk s
=->@?B?ICYw;?IHKxRL;MYO@?GXyT;� _ È _ L;F2? � ä � � � n �	 � CYXyL;H^?GCYwV?GHPx;?I|}JSTVF�T;� _ È _ a CUJ2>W?GCYwV?GHKx;LRMYO@? � ä(�	 ¤ CYXyL;H^?GCYwV?GHPx;?I|}JSTVF�T;� _ È _ a CUJ2>W?GCYwV?GHKx;LRMYO@? � �	 Î CYXyL;H^?GCYwV?GHPx;?I|}JSTVF�T;� _ È _ a CUJ2>W?GCYwV?GHKx;LRMYO@? n �l � p Æ >QLRJyCYX´J2>@?BHPO@MYMUX  L;|G?BT;� _ Ð loÅ ?GX2|IF~CY�4?�JS>@? a >@T;MY?vHPO@MYMUX  LR|I? � p=->@?BH§OzMYMYX  L;|G?�TR� _ CUX´JS>@?BMYCUH@?�LRF´X  LRHjT;� 	 Î �l | p Æ >QLRJyCYX´J2>@?BF2T a X  L;|G?�T;� _ Ð lËÅ ?IX~|IF2CU��?�J2>@? a >@TVMU?vF2T a X  L;|I? � p=->@?BF2T a X  L;|I?�T;� _ CYX-JS>z?�MUCYH@?IL;F´X  L;HWT;� 	 � � 	 ¤9�

q



18.06 Professor Strang Quiz 3 Solutions May 5, 1999

1 (a) �1 = 1 (because A is a Markov matrix) and �2 = :3 (from the trace).

S�1AS =

�
4 1

3 �1

�
�1 �

:7 :4

:3 :6

� �
4 1

3 �1

�
=

�
1 0

0 :3

�

(b) Ak = S ^k S�1 =

�
4 1

3 �1

� �
1

(:3)k

�
1

7

�
1 :1

:3 �4

�
=

1

7

�
4 + 3(:3)k 4� 4(:3)k

3� 3(:3)k 3 + 4(:3)k

�

(c) The limit is
1

7

�
8

6

�
=

2

7

�
4

3

�
, a multiple of the eigenvector x1.

2 (a) (2A� I)�1 has eigenvalues
1

7
;
1

7
;�1 so the determinant is �

1

49
.

(b) True (A is given as symmetric)

(c) True (no negative eigenvalues; A is positive semide�nite)

(d) Not enough information:
1

4
A =

2
4 1

1

0

3
5 is not Markov,

1

4
A =

2
4 1

:5 :5

:5 :5

3
5

is Markov.

(e) A = Q ^QT =

2
4 q1 q2 q3

3
5
2
4 4

4

0

3
5
2
4 qT

1

qT
2

qT
3

3
5 = 4q1q

T

1
+ 4q2q

T

2
.

3 (a) xTATAx = (Ax)T (Ax) is positive unless Ax = 0. (Then it is zero | so if x is in

the nullspace of A we do have xTATAx = 0.)

(b) A(ATA)A�1 = (AAT ) so the matrices in parentheses are similar.

(c) ATA = (V�TUT )(U�V T ) = V �T�V T .

4 (a) A has eigenvalues 1 and �1 (then a+ 1 and a� 1).

R has eigenvalues i and �i (then b + i and b� i).

(b) We need a+ 1 < 0 for stability so the condition is a a < �1.

(c) We need the real parts of b+ i and b� i to be negative, so the condition is b < 0.

(d) We need a+ 1 and a� 1 to be positive, so the condition is a > 1.
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PRQ SUT TWVXPWY�P Z�[]\_^ TWVXPW`�P YaV%Ycbcbed fhgRi�jlkIm]fi
TcQ SUT TWVXPWYeT n2o�^qpsrutup_o TWVAYcYcY YaVAv]`eT]b wcxk�yWf{zhyWx�jlkIm]fi
YeQ S|Y TWVXPWY�P Z�[]\_^ TWVXPW`�P YaV%Ycbcbed fhgRi�jlkIm]fi
} Q ~�PW� TWVXPWYeT ��t���p_\_� TWVAYcYcY YaVAv]`eT]b ��mezwhyc�cmjlkIm]fei
dcQ ~�PW� TWVXPWY�P �N���{� TWVAY } T YaVAvcdcv]` �a�{��{jlkImcfei
beQ ~�PcP TWVXPWY�P ���]o���t TWV�TcT]� YaV�PRd]`c� ��m]x��cz{jlkhm]fei
vcQ ~�PcP TWVXPWYeT ��t���p_\_� TWVAYcYcY YaVAv]`eT]b ��mezwhyc�cmjlkIm]fei
`eQ ~�PRT TWVXPWYeT �N���{� TWVAY } T YaVAvcdcv]` �a�{��{jlkImcfei
�eQ ~�PRT TWVXPWY�P ���]o���t TWV�TcT]� YaV�PRd]`c� ��m]x��cz{jlkhm]fei
PW�eQ ~�P TWVXPWYeT �%���c��tu^��]� TWVAYevcT YaV } Y }c} y������cz]kIm]��jlkIm]fi
PcPRQ ~�P TWVXPWY�P �����]� TWV�Tcd�P YaV } �c�ev ��mc ��ejlkImcfei
PRTcQ ~¡T TWVXPWYeT �%���c��tu^��]� TWVAYevcT YaV } Y }c} y������cz]kIm]��jlkIm]fi
PWYeQ ~¡T P�VXPRd]� �����]� TWV�Tcd�P YaV } �c�ev ��mc ��ejlkImcfei
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18.06 Professor Strang/Ingerman Quiz 3 December 6, 2002

Your name is:

Please circle your recitation:

1) M2 2-131 P.-O. Persson 2-088 2-1194 persson

2) M2 2-132 I. Pavlovsky 2-487 3-4083 igorvp

3) M3 2-131 I. Pavlovsky 2-487 3-4083 igorvp

4) T10 2-132 W. Luo 2-492 3-4093 luowei

5) T10 2-131 C. Boulet 2-333 3-7826 cilanne

6) T11 2-131 C. Boulet 2-333 3-7826 cilanne

7) T11 2-132 X. Wang 2-244 8-8164 xwang

8) T12 2-132 P. Clifford 2-489 3-4086 peter

9) T1 2-132 X. Wang 2-244 8-8164 xwang

10) T1 2-131 P. Clifford 2-489 3-4086 peter

11) T2 2-132 X. Wang 2-244 8-8164 xwang



1 (36 pts.) (a) What are the eigenvalues of the 5 by 5 matrix A = ones(5) with all

entries aij = 1? Please look at A, not at det(A− λI).

(b) Solve this differential equation to find u(t):

du

dt
= Au starting from u(0) = (0, 1, 1, 1, 2) .

First split u(0) into two eigenvectors of A.

(c) Using part (a), what are the eigenvalues and trace and determinant of

the matrix B = same as A except zeros on the diagonal.

2



3



2 (20 pts.) (a) If A is similar to B show that eA is similar to eB . First define “similar”

and eA!!

(b) If A has 3 eigenvalues λ = 0, 2, 4, find the eigenvalues of eA.

Using part (a) explain this connection with determinants:

determinant of eA = etrace of A

4



5



3 (22 pts.) Suppose the SVD A = UΣV T is

A =

 cos θ − sin θ

sin θ cos θ

 9 0

0 4

 cos α sin α

− sin α cos α


(a) For which angles θ and α (0 to π

2
) is A a positive definite symmetric

matrix? No computing needed.

(b) What are the eigenvalues and eigenvectors of ATA? No computing!

6



7



4 (22 pts.) Multinational companies in the US, Asia, and Europe have assets of $ 12

trillion. At the start, $ 6 trillion are in the US, $ 6 trillion in Europe. Each

year half the US money stays home, 1
4

each goes to Asia and Europe. For

Asia and Europe, half stays home and half is sent to the US.
US

Asia

Europe


year k + 1

=


.5 .5 .5

.25 .5 0

.25 0 .5




US

Asia

Europe


year k

(a) The eigenvalues and eigenvectors of this singular matrix A are

(b) The limiting distribution of the $ 12 trillion as the world ends is

US =

Asia =

Europe =

8



9



Course 18.06, Fall 2002: Quiz 3, Solutions

1 (a) One eigenvalue of A =ones(5) is λ1 = 5, corresponding to the eigenvector x 1 = (1, 1, 1, 1, 1).
Since the rank of A is 1, all the other eigenvalues λ2, . . . , λ5 are zero. Check: The trace
of A is 5.

(b) The initial condition u(0) can be written as a sum of the two eigenvectors x 1 = (1, 1, 1, 1, 1)
and x 2 = (−1, 0, 0, 0, 1), corresponding to the eigenvalues λ1 = 5 and λ2 = 0:

u(0) = (0, 1, 1, 1, 2) = (1, 1, 1, 1, 1) + (−1, 0, 0, 0, 1) = x 1 + x 2.

The solution to du
dt = Au is then

u(t) = c1e
λ1tx 1 + c2e

λ2tx 2 = (1, 1, 1, 1, 1)e5t + (−1, 0, 0, 0, 1).

(c) The eigenvectors of B = A− I are the same as for A, and the eigenvalues are smaller by
1:

Bx = (A− I)x = Ax − x = λx − x = (λ− 1)x ,

where x , λ are an eigenvector and an eigenvalue of A. The eigenvalues of B are then
4,−1,−1,−1,−1, the trace is

∑
i λi = 0, and the determinant is

∏
i λi = 4.

2 (a) B is similar to A when B = M−1AM , with M invertible. The exponential of A is

eA = I + A +
1
2
A2 +

1
6
A3 + · · · .

Every power Bk of B is similar to the same power Ak of A:

Bk = M−1AMM−1AM · · ·M−1AM = M−1AkM.

Then

eB = I + B +
1
2
B2 + · · · = M−1

(
I + A +

1
2
A2 + · · ·

)
M = M−1eAM.

It is also OK to show this using eA = SeΛS−1, although that assumes that the matrices
are diagonalizable.

(b) The exponential of A is

eA = SeΛS−1 = S

e0 0 0
0 e2 0
0 0 e4

S−1.

But this is an eigenvalue decomposition of eA, so the eigenvalues are 1, e2, e4.
More generally, the eigenvalues of eA are the exponentials of the eigenvalues of A, and

det(eA) = eλ1eλ2 · · · eλn = eλ1+λ2+···+λn = etr(A).



3 (a) For A to be symmetric, U has to be equal to V (notice V T in the matrices):[
cos θ − sin θ
sin θ cos θ

]
=

[
cos α − sinα
sinα cos α

]
.

Together with the restrictions on θ, α this requires that θ = α. A is then a positive

definite symmetric matrix, since it is similar to
[
9 0
0 4

]
.

(b) The eigenvalues of AT A are the square of the singular values, that is, 81 and 16. The
eigenvectors of AT A are the columns of V , that is, (cos α, sinα) and (− sinα, cos α).
This can also be shown by multiplying AT A = V Σ2V T and identifying this as the
eigenvalue decomposition of AT A.

4 (a) A is singular, so one eigenvalue is 0. It is also a Markov matrix, so another eigenvalue is
1 (Motivation: Each column of A sums to 1, so each column of A− I sums to 0. A− I
then has an eigenvalue 0, and A has an eigenvalue 1). The last eigenvalue is 0.5 since
trace(A) =

∑
i λi = 1.5.

The eigenvectors are found by solving the following systems:

λ1 = 1 : (A− λ1I)x 1 =

−.5 .5 .5
.25 −.5 0
.25 0 −.5

x 1 = 0 =⇒ x 1 = (2, 1, 1),

λ2 = 0.5 : (A− λ2I)x 2 =

 0 .5 .5
.25 0 0
.25 0 0

x 2 = 0 =⇒ x 2 = (0, 1,−1),

λ3 = 0 : (A− λ3I)x 3 =

 .5 .5 .5
.25 .5 0
.25 0 .5

x 3 = 0 =⇒ x 3 = (2,−1,−1).

(b) Write the initial value as a linear combination of the eigenvectors:

u0 = (6, 0, 6) = 3x 1 − 3x 2.

The distribution after k steps is then

uk = Aku0 = 3λk
1x 1 − 3λk

2x 2 = 3x 1 − 3 · 0.5kx 2 → 3x 1 = (6, 3, 3) as k →∞.



18.06 Exam 3 Solutions

1. a) M =
[

0.7 0.5
0.3 0.5

]
.

b) It is the eigenvector for M corresponding to eigenvalue 1, (0.5, 0.3).

c) After many years, the percentage of people drinking two kinds of coffee will converge
to one that is proportional to the steady state vector. So people drinking regular coffee
will be about 5/8 = 62.5%.

2. a) Column vectors of Q are normalized eigenvectors of A, denote column vectors of Q by
v1, v2, v3. Then

(A− (−2)I)v1 = 0⇒ v1 = (0, 1, 0)
(A− 4I)v2 = 0⇒ v2 = (−1, 0, 2)/

√
5

(A− (−1)I)v3 = 0⇒ v3 = (2, 0, 1)/
√

5

Q =

 0 −1/
√

5 2/
√

5
1 0 0
0 2/

√
5 1/

√
5

 , Λ =

 −2 0 0
0 4 0
0 0 −1



b) Λ is the matrix for L under the basis {

 0
1
0

 ,
 −1/

√
5

0
2/
√

5

 ,
 2/

√
5

0
1/
√

5


3. First we find out the eigenvalues of ATA corresponding to wi respectively.

ATAw1 =

 1 1 0
1 2 1
0 1 1

 1
2
1

 =

 3
6
3

 = 3w1

ATAw2 =

 1 1 0
1 2 1
0 1 1

 1
0
−1

 =

 1
0
−1

 = w2

ATAw3 =

 1 1 0
1 2 1
0 1 1

 1
−1
1

 =

 0
0
0

 = 0

So λ1 = 3, σ1 =
√

3, λ2 = 1, σ2 = 1, and Σ =
[ √

3 0 0
0 1 0

]
Column vectors of V are normalized eigenvectors, v1 = w1/|w1|, v2 = w2/|w2|, v3 = w3/|w3|,

V =

 1/
√

6 1/
√

2 1/
√

3
2/
√

6 0 −1/
√

3
1/
√

6 −1/
√

2 1/
√

3


Column vectors of U satisfies, u1 = Av1/σ1 =

[
1/
√

2
1/
√

2

]
, u2 = Av2/σ2 =

[
1/
√

2
−1/
√

2

]
.

1



Finally the answer is

SV D(A) = UΣV T =
[

1/
√

2 1/
√

2
1/
√

2 −1/
√

2

] [ √
3 0 0

0 1 0

] 1/
√

6 2/
√

6 1/
√

6
1/
√

2 0 −1/
√

2
1/
√

3 −1/
√

3 1/
√
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4. a)

L(
[

1
0

]
) =

[
4
5

]
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[
1
0

]
+ 5

[
0
1

]
L(
[

0
1

]
) = L(

1
2

[
2
2

]
−
[

1
0

]
) =

1
2

[
8
−6

]
−
[

4
5

]
=
[

0
−8

]
= −8

[
0
1

]

So the matrix for L with respect to the standard basis for R2 is A =
[

4 0
5 −8

]
b) The change of basis is equal to the inverse of basis matrix, i.e. P =

[
1 2
0 2

]−1

=[
1 −1
0 1/2

]
.

c)

B = P−1AP =
[

1 2
0 2

] [
4 0
5 −8

] [
1 −1
0 1/2

]
=
[
−1 14

5
2 −3

]
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18.06 Professor Strang Quiz 3 May 4, 2005

Grading

1

2

3

Your PRINTED name is:

Please circle your recitation:

1) M 2 2-131 A. Chan 2-588 3-4110 alicec

2) M 3 2-131 A. Chan 2-588 3-4110 alicec

3) M 3 2-132 D. Testa 2-586 3-4102 damiano

4) T 10 2-132 C.I. Kim 2-273 3-4380 ikim

5) T 11 2-132 C.I. Kim 2-273 3-4380 ikim

6) T 12 2-132 W.L. Gan 2-101 3-3299 wlgan

7) T 1 2-131 C.I. Kim 2-273 3-4380 ikim

8) T 1 2-132 W.L. Gan 2-101 3-3299 wlgan

9) T 2 2-132 W.L. Gan 2-101 3-3299 wlgan



1 (37 pts.) (a) (16 points) Find the three eigenvalues and all the real eigenvectors

of A. It is a symmetric Markov matrix with a repeated eigenvalue.

A =

⎡
⎢⎢⎢⎣

2
4

1
4

1
4

1
4

2
4

1
4

1
4

1
4

2
4

⎤
⎥⎥⎥⎦ .

(b) (9 points) Find the limit of Ak as k → ∞. (You may work with

A = SΛS−1 without computing every entry.)

(c) (6 points) Choose any positive numbers r, s, t so that

A − rI is positive definite

A − sI is indefinite

A − tI is negative definite

(d) (6 points) Suppose this A equals BTB. What are the singular values

of B ?

2



2 (41 pts.) (a) (14 points) Complete this 2 by 2 matrix A (depending on a) so that

its eigenvalues are λ = 1 and λ = −1:

A =

⎡
⎣ a 1

⎤
⎦

(b) (9 points) How do you know that A has two independent eigenvectors ?

(c) (9 points) Which choices of a give orthogonal eigenvectors and which

don’t ?

(d) (9 points) Explain why any two choices of a lead to matrices A that

are similar (with the same Jordan form).

3



3 (22 pts.) Suppose the 3 by 3 matrix A has independent eigenvectors in Ax1 = λ1x1,

Ax2 = λ2x2, Ax3 = λ3x3. (Those λ’s might not be different.)

(a) (11 points) Describe the general form of every solution u(t) to the

differential equation du
dt

= Au. (The answer eAtu(0) does not use the

λ’s and x’s.)

(b) (11 points) Starting from any vector u0 in R3, suppose uk+1 = Auk.

What are the conditions on the x’s and λ’s to guarantee that uk → 0

(as k → ∞) ? Why ?

4



Exam 3, Friday May 4th, 2005

Solutions

Question 1. (a) The characteristic polynomial of the matrix A is

−λ3 +
3

2
λ2

−
9

16
λ +

1

16
= −(λ − 1)

(

λ −
1

4

)2

and thus the eigenvalues of A are 1 with multiplicity one and 1

4
with multiplicity two. Clearly

the eigenvectors with eigenvalue 1 are the non-zero multiples of the vector (1, 1, 1)T . The
remaining eigenvectors are all non-zero vector of the orthogonal complement of (1, 1, 1)T :
they are the vectors





a
b

−a − b



 , with (a, b) 6= (0, 0)

and an orthogonal basis for this vector space is





1
−1
0



 ,





1
1
−2





(b) For the matrix S we may choose the orthogonal matrix

S =









1
√

3

1
√

2

1
√

6

1
√

3

−1
√

2

1
√

6

1
√

3
0 −2

√

6









and the matrix Λ is then the diagonal matrix with entries 1, 1

4
, and 1

4
along the diagonal.

We have

lim
k→∞

Ak = S
(

lim
k→∞

Λk

)

S−1 = S









1 0 0

0 0 0

0 0 0









ST

and therefore

lim
k→∞

Ak =









1
√

3
0 0

1
√

3
0 0

1
√

3
0 0









ST =
1

3









1 1 1

1 1 1

1 1 1









(c) Any r < 1

4
is such that A − rI is positive definite. Since we want r to be positive, we

may choose r = 1

8
.

Any 1

4
< s < 1 is such that A − sI is indefinite. We may choose s = 1

2
.

Any 1 < t is such that A − tI is negative definite. We may choose t = 2.
(d) The singular values of B are 1, 1

2
and 1

2
.

1



Question 2. The trace of A equals the sum of the eigenvalues, which is zero. We deduce
that the entry in the second row and second column is −a. Similarly, the determinant of A
equals the product of the eigenvalues, which is -1. We deduce that the entry in the second
row and first column is 1 − a2. Thus we have

A =

(

a 1
1 − a2

−a

)

(b) The matrix A has two independent eigenvectors since it has two distinct eigenvalues.
(c) The only choices of a giving orthogonal eigenvectors are the ones for which A is symmetric.
This implies a = 0. If a 6= 0, then A does not have orthogonal eigenvectors.
(d) For any choice of a the matrix A has exactly one eigenvalue 1 and exactly one eigenvalue
-1. Thus the Jordan canonical form of A is always

(

1 0
0 −1

)

independently of what a is.
Question 3. (a) The general solution to the differential equation du

dt
= Au is

u(t) = c1e
λ1tx1 + c2e

λ2tx2 + c3e
λ3tx3

where c1, c2, c3 are arbitrary constants.
(b) Since the vectors x1, x2, x3 are independent, they form a basis for R

3. It follows that we
may write any vector u0 ∈ R

3 as a linear combination of these vectors: u0 = a1x1+a2x2+a3x3.
Repeatedly applying the matrix A we obtain

uk = Aku0 = λk

1
a1x1 + λk

2
a2x2 + λk

3
a3x3

If we want the limit as k goes to infinity of the vectors uk to be zero, then all the limits
lim λk

i
must be zero. It follows that we necessarily have −1 < λi < 1, for all i’s.

2
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18.06 Professor Strang Quiz 3 December 4, 2006

Grading

1

2

3

Your PRINTED name is: SOLUTIONS

Please circle your recitation:

1) T 10 2-131 K. Meszaros 2-333 3-7826 karola

2) T 10 2-132 A. Barakat 2-172 3-4470 barakat

3) T 11 2-132 A. Barakat 2-172 3-4470 barakat

4) T 11 2-131 A. Osorno 2-229 3-1589 aosorno

5) T 12 2-132 A. Edelman 2-343 3-7770 edelman

6) T 12 2-131 K. Meszaros 2-333 3-7826 karola

7) T 1 2-132 A. Edelman 2-343 3-7770 edelman

8) T 2 2-132 J. Burns 2-333 3-7826 burns

9) T 3 2-132 A. Osorno 2-229 3-1589 aosorno



1 (34 pts.) (a) If a square matrix A has all n of its singular values equal to 1 in the

SVD, what basic classes of matrices does A belong to ? (Singular,

symmetric, orthogonal, positive definite or semidefinite, diagonal)

(b) Suppose the (orthonormal) columns of H are eigenvectors of B:

H =
1

2




1 1 −1 −1

1 −1 −1 1

1 1 1 1

1 −1 1 −1




H−1 = HT

The eigenvalues of B are λ = 0, 1, 2, 3. Write B as the product of 3

specific matrices. Write C = (B + I)−1 as the product of 3 matrices.

(c) Using the list in question (a), which basic classes of matrices do B and

C belong to ? (Separate question for B and C)

2



Solution.

(a) If σ = I then A = UV T = product of orthogonal matrices = orthogonal matrix.

2nd proof: All σi = 1 implies ATA = I. So A is orthogonal.

(A is never singular, and it won’t always be symmetric — take U =


 0 −1

1 0


 and

V = I, for example. This also shows it can’t be diagonal, or positive definite or

semidefinite.)

(b) B = HΛH−1 with Λ =




0

1

2

3




(B+I)−1 = H(Λ+I)−1H−1 with (same eigenvectors) (Λ+I)−1 =




1

1/2

1/3

1/4




(c) B is singular, symmetric, positive semidefinite.

C is symmetric positive definite.

3



2 (33 pts.) (a) Find three eigenvalues of A, and an eigenvector matrix S:

A =




−1 2 4

0 0 5

0 0 1




(b) Explain why A1001 = A. Is A1000 = I ? Find the three diagonal entries

of eAt.

(c) The matrix ATA (for the same A) is

ATA =




1 −2 −4

−2 4 8

−4 8 42


 .

How many eigenvalues of ATA are positive ? zero ? negative ? (Don’t

compute them but explain your answer.) Does ATA have the same

eigenvectors as A ?

4



Solution.

(a) The eigenvalues are −1, 0, 1 since A is triangular.

λ = −1 has x =




1

0

0


 λ = 0 has x =




2

1

0


 λ = 1 has x =




7

5

1


.

Those vectors x are the columns of S (upper triangular!).

(b) A = AΛS−1 and A1001 = SΛ1001S−1. Notice Λ1001 = Λ, A1000 6= I (A is singular)

(01000 = 0 6= 1).

eAt has e−1t, e0t = 1, et on its diagonal. Proof using series:

∑
∞

0
(At)n/n! has triangular matrices so the diagonal has

∑
(−t)n/n! = e−t,

∑
0n/n! =

1,
∑

tn/n! = et.

Proof using SΛS−1:

eAt = SeΛtS−1 =




1 × ×

0 1 ×

0 0 1







e−t

1

et







1 × ×

0 1 ×

0 0 1


 .

(c) ATA has 2 positive eigenvalues (it has rank 2, its eigenvalues can never be negative).

One eigenvalue is zero because ATA is singular. And 3 − 2 = 1.

(Or: ATA is symmetric, so the eigenvalues have the same signs as the pivots.

Do elimination: the pivots are 1, 0, and 42 − 16 = 26.)
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3 (33 pts.) Suppose the n by n matrix A has n orthonormal eigenvectors q1, . . . , qn and

n positive eigenvalues λ1, . . . , λn. Thus Aqj = λjqj.

(a) What are the eigenvalues and eigenvectors of A−1 ? Prove that your

answer is correct.

(b) Any vector b is a combination of the eigenvectors:

b = c1q1 + c2q2 + · · · + cnqn .

What is a quick formula for c1 using orthogonality of the q’s ?

(c) The solution to Ax = b is also a combination of the eigenvectors:

A−1b = d1q1 + d2q2 + · · · + dnqn .

What is a quick formula for d1 ? You can use the c’s even if you didn’t

answer part (b).

6



Solution.

(a) A−1 has eigenvalues
1

λj

with the same eigenvectors

Aqj = λjqj −→ qj = λjA
−1qj −→ A−1qj =

1

λj

qj .

(b) Multiply b = c1q1 + · · ·+ cnqn by qT
1 .

Orthogonality gives qT
1 b = c1q

T
1 q1 so c1 =

qT
1
b

qT
1
q1

= qT
1 b.

(c) Multiplying b by A−1 will multiply each qi by
1

λi

(part (a)). So ci becomes

d1 =
c1

λ1

(
=

qT
1 b

λ1q
T
1 q1

or
qT
1 b

λ1

)
.
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Problem 1 (25 points)

(a) Compute the singular value decomposition A = UΣV T for A =




0 1

−1 1

1 0


.

(b) Find orthonormal bases for all four fundamental subspaces of A.

Solution 1

(a) AT A =


 2 −1

−1 2


, with eigenvalues 3 and 1. Thus σ1 =

√
3 and σ2 = 1.

v1 is a normal eigenvector corresponding to 3, so v1 =


 1/

√
2

−1/
√

2


.

v2 is a normal eigenvector corresponding to 1, so v2 =


1/

√
2

1/
√

2


.

u1 = 1√
3
Av1 =




−1/
√

6

−2/
√

6

1/
√

6


; u2 = Av2 =




1/
√

2

0

1/
√

2


.

For u3 we �nd a basis for the nullspace of AT : u3 =




−1/
√

3

1/
√

3

1/
√

3


.

Thus A =




−1/
√

6 1/
√

2 −1/
√

3

−2/
√

6 0 1/
√

3

1/
√

6 1/
√

2 1/
√

3




︸ ︷︷ ︸
U




√
3 0

0 1

0 0




︸ ︷︷ ︸
Σ


1/

√
2 −1/

√
2

1/
√

2 1/
√

2




︸ ︷︷ ︸
V T

.

(b) Rowspace: v1 and v2, i.e.


 1/

√
2

−1/
√

2


 ,


1/

√
2

1/
√

2


. Nullspace: 0.

Columnspace: u1 and u2, i.e.




−1/
√

6

−2/
√

6

1/
√

6


 ,




1/
√

2

0

1/
√

2


. Left nullspace: u3, i.e.




−1/
√

3

1/
√

3

1/
√

3


.



Problem 2 (25 points)

(a) Find the eigenvalues of the matrix A =




1 2 2

2 1 −2

2 −2 1


.

(b) Find 3 linearly independent eigenvectors of A.
(c) Write down a diagonal matrix that is similar to A.
(d) Diagonalize the matrix A as A = QΛQT with orthogonal matrix Q.

Solution 2

(a) Notice that AT = A and A2 = AT A = 9I. So if λ is an eigenvalue of A, λ2 = 9. Thus
λ = ±3.

The trace of A is 3, so λ1 + λ2 + λ3 = 3. We get then that λ1 = 3, λ2 = 3 and λ3 = −3.

(b) For λ = 3, we need to �nd vectors in the nullspace of




−2 2 2

2 −2 −2

2 −2 −2


:




1

0

1


 and




1

1

0


.

For λ = −3, we �nd the nullspace of




4 2 2

2 4 −2

2 −2 4


:




−1

1

1


.

(c)




3 0 0

0 3 0

0 0 −3


 since A is diagonalizable.

(d) We need to �nd orthonormal eigenvectors. We can do this by Gram-Schmidt or by
inspection.

A =




1/
√

2 1/
√

6 −1/
√

3

0 2/
√

6 1/
√

3

1/
√

2 −1/
√

6 1/
√

3




︸ ︷︷ ︸
Q




3 0 0

0 3 0

0 0 −3




︸ ︷︷ ︸
Λ




1/
√

2 0 1/
√

2

1/
√

6 2/
√

6 −1/
√

6

−1/
√

3 1/
√

3 1/
√

3




︸ ︷︷ ︸
QT

.



Problem 3 (25 points)

Consider the matrix A =




a 2 1

2 a 1

1 1 2


 , where a is a real number.

(a) For which values of the parameter a is the matrix A positive de�nite?

(b) For which values of the parameter a is the matrix −A positive de�nite?

(c) For which values of the parameter a is the matrix A singular?

Solution 3

(a) We will use the upper left determinants:
a > 0

a2 − 4 > 0 ⇒ a > 2

2(a + 1)(a− 2) > 0 which is always true if a > 2.
So the only condition we have is a > 2.

(b) Again using upper left determinants:
−a > 0 ⇒ a < 0

a2 − 4 > 0 ⇒ a < −2

−2(a + 1)(a− 2) > 0 which is never true if a < −2.
So −A is never positive de�nite.

(c) det(A) = 2(a + 1)(a− 2), so A is singular if a = −1 or a = 2.



Problem 4 (25 points)

(a) Find the steady state for the Markov matrix A =




0.2 0.4 0.3

0.4 0.2 0.3

0.4 0.4 0.4


.

(b) Calculate the limit of An




0

20

0


 as n →∞.

Solution 4

(a) The steady state is the eigenvector corresponding to the eigenvalue 1. As a convention,
we take it so that the sum of the components is 1.

To �nd it, we need to look at the nullspace of the matrix A− I =




−0.8 0.4 0.3

0.4 −0.8 0.3

0.4 0.4 −0.6


.

The steady state is




0.3

0.3

0.4


.

(b) The limit of An




0

1

0


 as n →∞ is the steady state, so the limit of An




0

20

0


 as n →∞

is 20 ·




0.3

0.3

0.4


 =




6

6

8


.



18.06 Professor Johnson Quiz 3 December 3, 2007

SOLUTIONS

1 (20 pts.) True or false. Explain why if false, or give an example if true.

(a) There exist matrices A 6= 0 that are simultaneously Hermitian (A =

AH) and unitary (AH = A−1).

(b) There exist matrices A 6= 0 that are simultaneously anti-Hermitian

(A = −AH) and unitary (AH = A−1).

(c) There exist matrices A 6= 0 that are simultaneously Hermitian (A =

AH) and anti-Hermitian (A = −AH).

(d) There exist matrices A that are simultaneously Hermitian and Markov.

Solution:

(a) True. For example, A = I,−I, or more generally, A = SΛSH , where S is any unitary

matrix, and Λ is a diagonal matrix whose diagonal entries are ±1.

(b) True. For example, the 1× 1 matrix A = i,−i, or more generally, A = SΛSH , where S

is any unitary matrix, and Λ is a diagonal matrix whose diagonal entries are ±i.

(c) False. If A is Hermitian then all the eigenvalues are real, and if it is anti-Hermitian

then the eigenvalues are imaginary, and the eigenvalues cannot be at the same time real and

imaginary unless they are zero. The only Hermitian matrix whose eigenvalues are all 0 is

the zero matrix, but A 6= 0.

(d) True, e.g. A = I. All 2× 2 examples are of the form

 a 1− a

1− a a

 with 0 ≤ a ≤ 1.



2 (30 pts.) Suppose we form a sequence of real numbers fk defined by the recurrence

fk+1 = fk − fk−1 + fk−2, starting with the initial conditions f0 = 2, f1 = 1

and f2 = 0.

(a) Define a 3-component vector ~gk = (fk, fk−1,fk−2)
T and a 3× 3 matrix

A so that the recurrence is ~gk+1 = A~gk.

(b) If you constructed A correctly, the three eigenvalues should be 1 and

±i [I’m giving you these so you don’t have to solve a cubic equation],

and the latter two eigenvectors should be (−1,±i, 1)T . Check that

you have these ±i eigenvalues and eigenvectors, and find the λ = 1

eigenvector.

(c) Give an explicit formula for fk for any k. (By “explicit,” I mean

involving elementary arithmetic and powers of complex numbers only.

Formulas involving Ak are not acceptable.)

(d) Is there any choice of initial conditions that will make |fk| diverge as

k →∞? Explain.

Solution

(a) This recurrence gives A =


1 −1 1

1 0 0

0 1 0

. That is, the first row of A gives fk+1 =

fk − fk−1 + fk−2, while the second and third rows of A just give fk = fk and fk−1 = fk−1

(copying the first and second rows of ~gk to the second and third rows of ~gk+1.

(b) We need to find the nullspace of A− λI, via elimination to obtain row-reduced echelon

form. In each case, it will be convenient to swap the first two rows, which will make the first

pivot 1 and will not change the nullspace. For λ1 = 1:

A−I =


0 −1 1

1 −1 0

0 1 −1

 →


1 −1 0

0 −1 1

0 1 −1

 →


1 −1 0

0 1 −1

0 0 0

 →


1 0 −1

0 1 −1

0 0 0


2



for which the nullspace vector is ~x1 =


1

1

1

.

To check the provided ±i eigenvectors, we just multiply them by A:
1 −1 1

1 0 0

0 1 0



−1

±i

1

 =


−1∓ i + 1

−1

±i

 =


∓i

−1

±i

 = ±i


−1

±i

1

 .

For your edification, if we had to solve for the ±i eigenvectors we would do it by elimination

too, of course. For λ2 = i: A − iI =


1− i −1 1

1 −i 0

0 1 −i

 →


1 −i 0

1− i −1 1

0 1 −i

 →


1 −i 0

0 i 1

0 1 −i

 →


1 −i 0

0 i 1

0 0 0

 →


1 0 1

0 1 −i

0 0 0

 , for which the nullspace vector

is ~x2 =


−1

i

1

. For λ3 = −i, the eigenvector is just the complex conjugate ~x3 =


−1

−i

1

.

(c) We have to expand the initial vector in the eigenvectors (note that the initial vector is

~g2, not ~g0, here). There are several ways to do this. First, we can do this by inspection: you

might guess that you have to add ~x2 and ~x3 to cancel the i factors, and once you guess this

the other coefficients are easy:

~g2 =


0

1

2

 =


1

1

1

 +
1

2



−1

i

1

 +


−1

−i

1


 .

More explicitly, we can solve the linear system S~c = ~g2 for the coefficients ~c, where S is the

matrix of eigenvectors. Via elimination on the augmented matrix, we obtain


1 −1 −1 0

1 i −i 1

1 1 1 2

 →

3




1 −1 −1 0

0 1 + i 1− i 1

0 2 2 2

 →


1 −1 −1 0

0 2 2 2

0 1 + i 1− i 1

 →


1 −1 −1 0

0 2 2 2

0 0 −2i −i

, where we

have swapped rows to keep the pivots real (which simplifies the algebra somewhat). The

resulting trangular system is easily solved for ~c = (1, 1/2, 1/2)T .

Common mis-step: Many students correctly wrote out the solution as Ak~g2 = SΛkS−1~g2,

but then got stuck because they tried to directly compute S−1, which is painful. In linear

algebra, explicitly inverting a matrix is usually a mistake, if what we want at the end is a

vector! We have emphasized that you instead should solve the linear system (i.e. expand

the initial vector in the eigenvectors). (On the other hand, if you just stopped at SΛkS−1,

you only lost a few points.)

Anothe common mistake: Many studends wrote Ak = SΛkS−1, but then wrote S−1 = SH .

This is not true unless S is unitary, i.e. it has orthonormal rows. This is not true here, and

there is no reason for it to be true since A is not Hermitian or unitary, etc.

To get ~gk+2 = Ak~g2, we just multiply each eigenvector by λk, and take the third row to get

fk:

fk = 1 +
1

2

[
ik + (−i)k

]
= 1 + cos(kπ/2).

(This is just the sequence 2, 1, 0, 1, 2, 1, 0, 1, 2, 1, . . . repeated over and over.)

(d) No, because all of the eigenvalues have |λ| = 1, hence their powers don’t blow up.

(However, as one may check, the matrix is not unitary.)

4



3 (30 pts.) (a) Suppose A = eiB where B is Hermitian; what is AHA? Hence A is a

matrix.

(b) For the recurrence relation ~fk+1 = eiB ~fk, what is ‖~fk‖2/‖~f0‖2? [Hint:

part (a) is useful.]

(c) Compute ~fk explicitly [i.e. no matrix exponentials or powers of matri-

ces] for B =

−3 4

4 3

 and ~f0 =

1

0

. The eigenvectors of this B are

~x1 =

1

2

 and ~x2 =

 2

−1

 with eigenvalues λ1 = 5 and λ2 = −5,

respectively.

(d) Check that your answer from (b) is true for your answer from (c).

Solution:

(a) AH = e(iB)H
= e−iBH

= e−iB. Hence AHA = e−iBeiB = e−iB+iB = e0 = I. (Note that

iB and −iB obviously commute, which is why we can combine the exponentials like this.)

Hence A is unitary.

Common mistake: many students forgot to take the complex conjugate, i.e. forgetting to

replace i with −i.

(b) As in class, ~fk = Ak ~f0. Hence

‖~fk‖2 = ~fH
k

~fk = ~fH
0 (Ak)HAk ~f0 = ~fH

0 AHAH · · ·AHA · · ·AA~f0 = ~fH
0

~f0 = ‖~f0‖2

[using the result from part (a) to cancel the AHA factors in the middle], and hence ‖~fk‖2/‖~f0‖2 =

1. Equivalently, the product of unitary matrices is unitary, so Ak is unitary, so it preserves

lengths.

(c) We first have to expand the initial condition in terms of the eigenvectors. This is easy

5



enough to do by inspection here:

~f0 =

 1

0

 =

 1

2

 + 2

 2

−1


5

.

Alternatively, we could solve the 2× 2 system

 1 2

2 −1

  c1

c2

 =

 1

0

 for the coeffi-

cients c1 = 1/5 and c2 = 2/5 . Or, we could use the orthogonality to get cj = ~f0 · ~xj/‖~xj‖2.

Once this is done, we use the fact that ~fk = Ak ~f0 = eiBk ~f0 to multiply each eigenvector by

eiλk:

~fk =

 1

2

 ei5k + 2

 2

−1

 e−i5k

5
=

 ei5k + 4e−i5k

2ei5k − 2e−i5k


5

.

(d) This is simplest if we don’t combine the terms above and instead use the orthogonality

to eliminate the ~x1 · ~x2 and ~x2 · ~x1 cross terms:

‖~fk‖2 = ~fH
k

~fk =

∥∥∥∥∥∥
 1

2

∥∥∥∥∥∥
2 ∣∣ei5k

∣∣2 + 22

∥∥∥∥∥∥
 2

−1

∥∥∥∥∥∥
2 ∣∣e−i5k

∣∣2
52

=
5 + 4 · 5

25
= 1 = ‖~f0‖2.

Alternatively, we can explicitly write out

|ei5k + 4e−i5k|2 + |2ei5k − 2e−i5k|2 = (ei5k + 4e−i5k)(e−i5k + 4ei5k) + (2ei5k − 2e−i5k)(2e−i5k − 2ei5k)

= (1 + 4e−i10k + 4ei10k + 16) + (4− 4e−i10k − 4ei10k + 4)

= 25,

so again ‖~fk‖2 = 25/25 = 1 = ‖~f0‖2.

6



4 (20 pts.) Some 3 × 3 real matrix A has eigenvalues λ1 = 0, λ2 = 1, and λ3 = 2,

with the corresponding eigenvectors ~x1 = (1, 0, 0)T , ~x2 = (0, 1, 2)T , and

~x3 = (0, 1, 1)T .

(a) Give a basis for: (i) the nullspace N(A), (ii) the column space C(A),

and (iii) the row space C(AH).

(b) Find all solutions ~x to A~x = ~x2 − 3~x3.

(c) Is A (i) real-symmetric, (ii) orthogonal, (iii) Markov, or (iv) none of

the above?

Solution:

(a) The nullspace is just the span of the λ = 0 eigenvector ~x1. If we act A on any vector,

we only get multiples of the λ 6= 0 eigenvectors, so C(A) is the span of ~x2 and ~x3. The row

space is the orthogonal complement of the nullspace, and here this is spanned by (e.g.) the

vectors (0, 1, 0)T and (0, 0, 1)T .

(b) The right hand side is clearly in the column space. Since we have expanded the right

hand side in the λ 6= 0 eigenvectors, we can get a particular solution just by dividing them

by the corresponding eigenvalues: remember, A acts just like a number on these vectors.

Hence a particular solution is ~xp = ~x2/1− 3~x3/2 = (0,−1/2, 1/2)T . To get all the solutions

we must add the nullspace, obtaining ~x = (a,−1/2, 1/2)T for any constant a.

Equivalently, expand ~x in the eigenvectors, ~x = a~x1 + b~x2 + c~x3, and plug in to A~x =

b~x2 + 2c~x3 = ~x2 − 3~x3 to find a = arbitrary, b = 1, and c = −3/2.

(c) (iv) None of the above. It’s clearly not Markov or orthogonal since there is a λ = 2

eigenvalue. Although the eigenvalues are real, it’s not real-symmetric since the eigenvectors

are not orthogonal.

7



Pratie 18.06 Exam 3 questionsList of potential topis:Material from exams 1 and 2. Eigenvalues and eigenvetors, harateristi polynomials and nullspaes of
A − λI. Similar matries and diagonalization. Complex vs. real linear algebra, adjoints vs. transposes.Hermitian (AH = A), anti-Hermitian (AH = −A), and unitary matries (AH = A−1), and their eigenval-ues/eigenvetors. Markov matries. Linear reurrenes xn+1 = Axn and powers of matries. Di�erentialequations dx

dt
= Ax and matrix exponentials. Hermitian operators on funtions, eigenfuntions, Fourier se-ries, and equations written in terms of these (exponentials, inverses, et. of operators) [see online handouts℄.Positive-de�nite and positive-semide�nite matries. The singular value deomposition (SVD) A = UΣV Hand the pseudoinverse A+ = V Σ+UH .De�nitely not on exam 3: �nite-di�erene approximations, sparse matries and iterative methods, non-diagonalizable matries, generalized eigenvetors, or Jordan forms. Also not fast Fourier transforms or thedisrete Fourier transform (whih were on the original syllabus but were skipped).Key ideas: for an eigenvetor, any ompliated matrix or operator ats just like a number λ, and we ando anything we want (inversion, powers, exponentials...) using that number. To at on an arbitrary vetor,we expand that vetor in the eigenvetors (in the usual ase where the eigenvetors form a basis), and thentreat eah eigenvetor individually. Finding eigenvetors and eigenvalues is ompliated, though, so we tryto infer as muh as we an about their properties from the struture of the matrix/operator (Hermitian,Markov, etetera).The atual exam will be four or �ve questions, so this is about two to three (hard) exams worth ofpotential questions. (Some of these questions were rejeted beause they were a bit too hard/long for anexam.)Problem 1Suppose A is a square matrix with AH = u2A, where u is some omplex number with |u| = 1.(a) Show that B = zA is Hermitian for some omplex number z. What is z?(b) What an you onlude about the eigenvalues and eigenvetors of A?Solution:(a) If B = zA, then BH = z̄AH = z̄u2A = (z̄u2/z)B. Then, to make BH = B, we must have z/z̄ = u2,whih is solvable sine |z/z̄| = 1 = |u2|. The magnitude of z is arbitrary, so let us hoose |z| = 1 in whihase z̄ = 1/z and thus we have z2 = u2 and hene z = u. That is, B = uA works.(b) The eigenvetors with distint eigenvalues are orthogonal, and the eigenvetors form a basis (A isdiagonalizable sine B is). The eigenvalues of B are real beause it is Hermitian, so the eigenvalues of

A = B/u = ūB are real numbers multiplied by ū.Problem 2In an ordinary eigenproblem we solve Ax = λx to �nd the eigenvetors x and eigenvalues λ, and if A = AH(Hermitian) we �nd that λ is real and eigenvetors with di�erent eigenvalues are orthogonal.Now, suppose that instead we are looking for solutions of Ax = λBx where we have matries A and Bon both sides of the equation. Suppose that both A and B are Hermitian, and B is positive-de�nite.1



(a) Show that the �eigenvalues� λ in Ax = λBx are real. (Hint: take the dot produt of both sides with
x.) (b) Show that two solutions Ax1 = λ1Bx1 and Ax2 = λ2Bx2 with λ1 6= λ2 satisfy x1 · (Bx2) = 0. (Hint:take the dot produt of both sides of one equation with x1.)Solution(a) x · (Ax) = λx · (Bx) but it also = (Ax) · x = λ̄(Bx) · x = λ̄x · (Bx) sine A and B are Hermitian (wean move them from one side to the other of the dot produt). Therefore, λx · (Bx) = λ̄x · (Bx) and hene
λ = λ̄ is real [x · (Bx) > 0 sine B is positive-de�nite℄.(b) x1 · (Ax2) = λ2x1 · (Bx2) = (Ax1) · x2 = λ2(Bx1) · x2 = λ2x1 · (Bx2), hene (λ2 − λ1)x1 · (Bx2) = 0,hene x1 · (Bx2) = 0 sine λ1 6= λ2.Problem 3True or false: any Markov matrix A is also positive-semide�nite. Explain why if true, or give a ounter-example if false.Solution: False. All the eigenvalues of a Markov matrix have |λ| ≤ 1 but omplex λ and λ < 0 are alsopossible. For example, A =

(
0 1
1 0

) is a real-symmetri Markov matrix with eigenvalues λ = ±1. Theentries of a Markov matrix are all non-negative, but that should not be onfused with positive-semide�nite.Problem 4True or false: Explain why if true, or give a ounter-example if false.(a) Any diagonalizable matrix with real eigenvalues is Hermitian.(b) The produt of two Hermitian matries is Hermitian.() The produt of two unitary matries is unitary.(d) The sum of two Hermitian matries is Hermitian.(e) The sum of two unitary matries is unitary.Solutions:(a) False. Say A = SΛS−1 with Λ real and distint λ1 6= λ2 6= · · · 6= λn; A is not Hermitian if S is anyinvertible matrix with non-orthogonal olumns (non-orthogonal eigenvetors).(b) False, sine (AB)H = BHAH = BA 6= AB unless A and B ommute. For example, A =

(
0 1
1 0

)and B =

(
1 0
0 2

) give AB =

(
0 2
1 0

), whih is not Hermitian.() True: (AB)H = BHAH = B−1A−1 = (AB)−1 if A and B are unitary.(d) True: (A + B)H = AH + BH = A + B if A and B are Hermitian.(e) False, sine (A + B)−1 6= A−1 + B−1 in general. For example, I is unitary but I + I = 2I is not.
2



Problem 5Cal Q. Luss, a Harvard student, doesn't like the de�nition of Markov matries. He suggests instead that weuse �Marko�sh� matries: real matries A whose olumns sum to 1 like for Markov matries, but negativeentries are allowed.(a) Show that Marko�sh matries still have a λ = 1 eigenvalue (hint: onsider the eigenvalues of AT ).(b) Show that the produt of two Marko�sh matries is a Marko�sh matrix.() For Markov matries, from (b) we onluded that |λ| > 1 eigenvalues were not allowed. Is that stilltrue for Marko�sh matries? Explain why if true, or give a ounter-example if false.Solution(a) As in lass, the fat that the sum of eah olumn is one is equivalent to the statement that AT
x = x for

x = (1, 1, 1, . . .)T . Hene, λ = 1 is still an eigenvalue, sine A and AT have the same eigenvalues.(b) We an show this by the same expliit summation argument as in lass. Or we an use the fat that
A being Marko�sh is equivalent to x

T A = x
T for the x from (a). Thus, if we have two Marko�sh matries

A and B then x
T (AB) = (xT A)B = x

T B = x
T and hene AB is Marko�sh.() No, this is no longer true; before, the fat that An was Markov meant that it ould not blow up andhene |λ| ≤ 1, but now An is Marko�sh and an blow up: its entries an be arbitrarily large and negative.For example, take the Marko�sh matrix A =

(
2 −1
−1 2

), whose eigenvalues satisfy λ2 − 4λ + 3 = 0 andhene λ = 3 and λ = 1, one of whih is > 1.Problem 6Consider the vetor spae of real funtions f(x) on x ∈ [0, 1] with f(0) = f(1) = 1, and de�ne the dot produt
f · g =

∫ 1

0 x f(x) g(x) dx.(a) Is the seond-derivative operator d2/dx2 still Hermitian under this inner produt? Why or why not?(b) Show that the operator A de�ned by Af = 1√
x

d2

dx2 [
√

xf(x)] is Hermitian under this inner produt.() What an you onlude about the eigenfuntions and eigenvalues of A?(d) Show that −A is positive de�nite (f · (−Af) > 0 for all f 6= 0). What does this tell you about theeigenvalues of A?(e) What does your answer to (d) tell you about the solution to ∂f
∂t

= 1√
x

∂2

∂x2 [
√

xf(x, t)] = Af with someinitial ondition f(x, 0) = g(x), as t → ∞? (Hint: expand g(x) in the eigenfuntions, as in lass, and write aseries solution for f(x, t). You an assume that the eigenfuntions form a basis for the spae.)Solution(a) No. If we integrate by parts twie in ∫
xfg′′, as in lasswe get ∫

(xf)′′g 6=
∫

xf ′′g.(b) Plugging in, we �nd f ·Ag =
∫ √

xf(
√

xg)′′. Integrating by parts twie as above, we get ∫
(
√

xf)′′
√

xg =
(Af) · g and hene A is Hermitian.() The eigenvalues must be real as usual, and eigenfuntions for distint eigenvalues must be orthogonal.[For this operator, you an atual solve analytially for the eigenfuntions sin(nπx)/

√
x and the eigenvalues

−(nπ)2. However, this is not neessary to solve the problem.℄(d) Integrating by parts one: f · (−Af) =
∫ √

xf(
√

xf)′′ =
∫
|(
√

xf)′|2 ≥ 0. It only = 0 if √xf(x) is aonstant, but to satisfy the boundary onditions f(0) = f(1) = 0 we must therefore have f(x) = 0. Hene,3



f · (−Af) > 0 for all f 6= 0, and −A is positive-de�nite. Hene the eigenvalues of −A are positive, and henethe eigenvalues of A are negative.(e) Call the eigenfuntions fn(x) and the orresponding eigenvalues λn < 0. Then, we write g(x) =∑
n cnfn(x) for some oe�ients cn = fn · g/‖fn‖. We have the equation ∂f

∂t
= Af , so formally the solutionis f(x, t) = eAtf(x, 0) = eAtg(x) as for the di�usion equation in lass. The exponential of A is a bit weird,but as usual we know that it is just a number when it ats on an eigenfuntion:

f(x, t) = eAtg(x) = eAt
∑

n

cnfn(x) =
∑

n

cneAtfn(x) =
∑

n

cneλnfn(x).But sine all the λn eigenvalues are negative, every term goes exponentially to zero and hene f(x, t) → 0 as
t → ∞.Problem 7Suppose that you have a system of di�erential equations B−1 dx

dt
= −BH

x with some initial ondition x(0),for some invertible matrix B.(a) Find x(t) for B =

(
2 1
0 1

) and x(0) =

(
2
−4

).(b) What happens to your x(t) from (a) as t → ∞?() Argue that your answer from (b) is true in general, for any invertible n× n matrix B and any initialondition x(0).Solutions:(a) We have dx
dt

= −BBH
x, and hene x(t) = e−BBHt

x(0). To solve this we must �nd the eigenvetorsof BBH and expand x(0) in terms of them. BBH =

(
5 1
1 1

), whose eigenvalues solve λ2 − 6λ + 4 = 0,and hene λ± = 3 ±
√

5 by the quadrati equation. If we look for eigenvetors v of the form v =

(
1
u

),we �nd 5 + u = λ± and hene u = −2 ±
√

5. By inspetion, we an then write x(0) =

(
2
−4

)
=

(
1

−2 +
√

5

)
+

(
1

−2 −
√

5

). Hene,
x(t) = e−BBHt

x(0) =

(
1

−2 +
√

5

)
e−(3+

√
5)t +

(
1

−2 −
√

5

)
e−(3±

√
5)t(b) 3 ±

√
5 > 0, so the x(t) funtion deays exponentially towards 0.() This is true in general sine BBH = (BH)H(BH) is always positive-de�nite as shown in lass; B hasfull olumn rank (it is invertible) so it is not merely semide�nite. This means that the eigenvalues of BBHare all real and positive, and hene the eigenvalues of −BBH are negative, and hene e−BBHt is exponentiallydeaying for all the eigenvetors.Problem 8Suppose A and B are Hermitian n × n matries. What an you say about the eigenvalues and eigenvetorsof C = i(AB − BA)? (Hint: what is CH?) 4



Solution: CH = −i(BHAH − AHBH) = −i(BA − AB) = i(AB − BA) = C, so C is Hermitian and hasreal eigenvalues, orthogonal eigenvetors for distint eigenvalues, and is diagonalizable.Problem 9Suppose that A is an 6 × 4 matrix with full olumn rank (rank = 4), and has the SVD
A = UΣV H = U




σ1

σ2

σ3

σ4

0
0




V H .Reall the de�nition of the pseudo-inverse: A+ = V Σ+UH , where Σ+ is the transpose of Σ with the non-zero entries (σ) inverted (1/σ). Show (by expliit multipliation et.) that the pseudoinverse A+ equals
(AHA)−1AH . [That is, the A+

b is equivalent to the least-squares solution to Ax = b, as we disussed inlass.℄Solution:Given this A, we �nd
AHA = V ΣT ΣV H = V




σ2
1

σ2
2

σ2
3

σ2
4


 V H ,and hene the inverse is given by inverting the eigenvalues σ2:

(AHA)−1 = V




σ−2
1

σ−2
2

σ−2
3

σ−2
4


V HV,and hene

5



(AHA)−1AH = V




σ−2
1

σ−2
2

σ−2
3

σ−2
4


 V HV




σ1

σ2

σ3

σ4 0 0


UH

= V




σ−2
1

σ−2
2

σ−2
3

σ−2
4







σ1

σ2

σ3

σ4 0 0


 UH

= V




σ−1
1

σ−1
2

σ−1
3

σ−1
4 0 0


 UH = V Σ+UH

= A+.Problem 10Suppose that an m × n matrix has the SVD A = UΣV H . Reall the de�nition of the pseudo-inverse:
A+ = V Σ+UH , where Σ+ is the transpose of Σ with the non-zero entries (σ) inverted (1/σ). Show that
(AH)+ = (A+)H .Solution:The adjoint is AH = V ΣT UH , whih immediately tells us the SVD of AH . Hene (AH)+ = U(ΣT )+V H . Inomparison, (A+)H = U(Σ+)HV H . Clearly, the two are equal if (ΣT )+ = (Σ+)T , whih is obviously truesine inverting the singular values (Σ → Σ+ means σ → 1/σ) an learly be interhanged with transposition(swapping rows and olumns) without hanging the result.Problem 11Consider the vetor spae of twie di�erentiable real funtions f(x) on x ∈ [0, 1] with f(0) = f(1) = 1,and de�ne the dot produt f · g =

∫ 1

0 f(x) g(x) dx as in lass. Now, de�ne a sequene of funtions fk(x)[k = 0, 1, 2, . . .℄ by the reurrene relation Afk+1(x) = fk(x) with A = d2

dx2 .(a) Suppose that the initial funtion f0(x) in the reurrene has the Fourier sine series:
f0(x) =

4

π2
sin(πx) −

4

(3π)2
sin(3πx) +

4

(5π)2
sin(5πx) − · · · =

4

π2

∞∑
ℓ=0

(−1)ℓ

(2ℓ + 1)2
sin[(2ℓ + 1)πx].Give an expliit Fourier sine series for fk(x). [Reall from lass: for this vetor spae and dot produt,

sin(nπx) is an eigenfuntion of the Hermitian operator d2

dx2 , with eigenvalue −(nπ)2.℄(b) Suppose we replae d2

dx2 with c2 d2

dx2 for some real number c. For what values of c (if any) does ‖fk(x)‖2diverge as k → ∞? How does your answer depend on the initial funtion f0(x), if at all?6



Solutions:(a) The solution to this reurrene, like for matrix reurrenes, is fk(x) = A−kf0(x). To ompute A−k, wejust multiply the eigenfuntions by λ−k as usual. Hene
fk(x) = (−1)k

[
4

π2+2k
sin(πx) −

4

(3π)2+2k
sin(3πx) +

4

(5π)2+2k
sin(5πx) − · · ·

]
=

4(−1)k

π2+2k

∞∑
ℓ=0

(−1)ℓ

(2ℓ + 1)2+2k
sin[(2ℓ+1)πx],using the fat that the eigenvalues are −(nπ)2.(b) For fk to diverge, A−1 should have an eigenvalue |λ| > 1, and hene A should have eigenvalues |λ| < 1.If A = c2 d2

dx2 , the eigenvalues of A are −(cnπ)2. This has magnitude less than 1 for n = 1 when |c| < 1/π,for n = 2 when |c| < 1/2π, and so forth. So, fk diverges when |c| < 1/π. However, this does depend on ourinitial funtion f0: if the n = 1 term is not present, then |c| must be smaller; in general, if the �rst non-zeroeigenfuntion in the sine series for f0 is n = m, then we must have |c| < 1/mπ to make fk diverge.

7



18.06 Professor Edelman Quiz 3 November 21, 2008

Grading

1

2

3

4

Your PRINTED name is:

Please circle your recitation:

1) T 10 2-131 J.Yu 2-348 4-2597 jyu

2) T 10 2-132 J. Aristo� 2-492 3-4093 jeffa

3) T 10 2-255 Su Ho Oh 2-333 3-7826 suho

4) T 11 2-131 J. Yu 2-348 4-2597 jyu

5) T 11 2-132 J. Pascale� 2-492 3-4093 jpascale

6) T 12 2-132 J. Pascale� 2-492 3-4093 jpascale

7) T 12 2-131 K. Jung 2-331 3-5029 kmjung

8) T 1 2-131 K. Jung 2-331 3-5029 kmjung

9) T 1 2-136 V. Sohinger 2-310 4-1231 vedran

10) T 1 2-147 M Frankland 2-090 3-6293 franklan

11) T 2 2-131 J. French 2-489 3-4086 jfrench

12) T 2 2-147 M. Frankland 2-090 3-6293 franklan

13) T 2 4-159 C. Dodd 2-492 3-4093 cdodd

14) T 3 2-131 J. French 2-489 3-4086 jfrench

15) T 3 4-159 C. Dodd 2-492 3-4093 cdodd



1 (30 pts.) The complex matrix

A =

 a c+ di

c− di b

 ,
where a, b, c, and d 6= 0 are real numbers.

In (a) and (b) below circle the one best answer to the questions:

(a) This matrix is necessarily: symmetric? Hermitian? unitary? Markov?

(b) The two eigenvalues are necessarily: real? positive? zero?

complex conjugates?

(c) The sum of the two eigenvalues is .

(d) The product of the two eigenvalues in terms of a, b, c, and d but not i

is .

(e) In terms of an eigenvalue λ (whose value you need not derive), write

down an eigenvector of A.

2
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2 (32 pts.) The real matrix

A =

x 3/5

y z

 .
The answers to the questions below involve alternative equations or inequal-

ities involving x,y, and z that characterize all matrices of a certain type.

Write down the relations. For (a) through (c), credit is only given for the

complete description in reasonably clear and simple form.

(a) When is A positive de�nite? (Write two inequalities.)

(b) When is A Markov? (Perhaps write two or more inequalities, and two equalities.)

(c) When is A singular? (Write one equality)

(d) Write down one such A that is orthogonal. (There are four possible A and you are

asked to write down one.)

4
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3 (13 pts.) The 4x4 Fourier matrix F has eigenvalues −2, 2, 2i,−2i. Preferably without

any explicit computation ( or even knowledge of the matrix itself) what is

the matrix F 4? How do you know it has that particular Jordan form?

6
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4 (25 pts.) In terms of x ( 0 < x < 1) complete

A =

x  ,
so that A is a 2x2 matrix that is both Markov and singular.

What is A2008?

8
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SOLUTIONS TO QUIZ 3

Problem 1. (6 points each)

A =
(

a c+di
c−di b

)
a) This matrix is clearly hermetian.
b) Thus, the two eigenvalues are real.
c) The sum of the eigenvalues is tr(A) = a+b.
d) The product of the eigenvalues is det(A) = ab− (c+di)(c−di) = ab− (c2 +d2).

e) We need to solve
(

a−λ c+di
c−di b−λ

)(
x1
x2

)
= 0. We see that

(
−(c+di)

a−λ

)
is one such

(note that this solves the top row equation, and the other by singularity of the matrix).
Problem 2. (8 points each)

A =
(

x 3/5
y z

)
.

a) A is positive definite if x > 0 and det(A) = xz−3y/5 > 0.
b) A is Markov if x≥ 0, y≥ 0, z≥ 0, and x+ y = 1 and z = 2/5.
c) A is singular if 0 = det(A) = xz−3y/5.
d) Well, we need (3/5)2 + z2 = 1, so z2 = 16/25, so set z = 4/5. So set x =−4/5 and

y = 3/5. Flip the signs around to get the other possibilities.
Problem 3. (13 points)

As F has four distinct eigenvlaues, it is diagonalizable, i.e., F = S


−2 0 0 0
0 2 0 0
0 0 2i 0
0 0 0 −2i

S−1

. Thus F4 = S


(−2)4 0 0 0

0 24 0 0
0 0 (2i)4 0
0 0 0 (−2i)4

S−1 = S


16 0 0 0
0 16 0 0
0 0 16 0
0 0 0 16

S−1 =


16 0 0 0
0 16 0 0
0 0 16 0
0 0 0 16

.

As this is already a Jordan matrix, this is the Jordan form of F4. The underlying reason is

that F is diagonalizable, hence


−2 0 0 0
0 2 0 0
0 0 2i 0
0 0 0 −2i

 is its Jordan form.

Problem 4. (25 points)

A =
(

x ?
? ?

)
. As A is supposed to be Markov, we must have A =

(
x y

1− x 1− y

)
,

and A is singular implies x(1− y)− y(1− x) = 0, therefore 0 = x− xy− y + xy = x− y

, so y = x. Thus A =
(

x x
1− x 1− x

)
. As A is Markov, we know that λ1 = 1 is an

eigenvalue. As A is singular, we know that the product of the eigenvalues is 0. Therefore,

λ2 = 0 is another eigenvalue, and so A is diagonalizable; A = S
(

1 0
0 0

)
S−1. Thus A2008 =

S
(

1 0
0 0

)2008

S−1 = S
(

1 0
0 0

)
S−1 = A.

1



18.06 Professor Strang Quiz 3 May 2, 2008

Grading

1

2

3

Your PRINTED name is:

Please circle your recitation:

1) M 2 2-131 A. Ritter 2-085 2-1192 afr

2) M 2 4-149 A. Tievsky 2-492 3-4093 tievsky

3) M 3 2-131 A. Ritter 2-085 2-1192 afr

4) M 3 2-132 A. Tievsky 2-492 3-4093 tievsky

5) T 11 2-132 J. Yin 2-333 3-7826 jbyin

6) T 11 8-205 A. Pires 2-251 3-7566 arita

7) T 12 2-132 J. Yin 2-333 3-7826 jbyin

8) T 12 8-205 A. Pires 2-251 3-7566 arita

9) T 12 26-142 P. Buchak 2-093 3-1198 pmb

10) T 1 2-132 B. Lehmann 2-089 3-1195 lehmann

11) T 1 26-142 P. Buchak 2-093 3-1198 pmb

12) T 1 26-168 P. McNamara 2-314 4-1459 petermc

13) T 2 2-132 B. Lehmann 2-089 2-1195 lehmann

14) T 2 26-168 P. McNamara 2-314 4-1459 petermc



1 (40 pts.) The (real) matrix A is

A =


1 1 2

1 x 3

2 3 6

 .
(a) What can you tell me about the eigenvectors of A ?

What is the sum of its eigenvalues ?

(b) For which values of x is this matrix A positive definite ?

(c) For which values of x is A2 positive definite ? Why ?

(d) If R is any rectangular matrix, prove from xT(RTR)x that RTR is

positive semidefinite (or definite). What condition on R is the test for

RTR to be positive definite ?

Solution (10+10+10+10 points)

a) Since A is a symmetric matrix (no matter what x is), its eigenvectors may be chosen

orthonormal (5 points). The sum of the eigenvalues is the same as the trace of A, that is,

the sum of the diagonal entries: tr(A) = 7 + x.

b) In this case, the easiest tests for positive definiteness are the pivot test and the determinant

test. I’ll use the determinant test.

A matrix A is positive definite when every one of the top-left determinants is positive (3

points for correct defn.). In this case, the three determinants are 1, x− 1, and

det(A) = 1(6x− 9)− (6− 6) + 2(3− 2x) = 2x− 3. (1)

(6 points). All of these are positive precisely when x > 3/2 (1 point).

2



c) Perhaps the clearest way to think about this is by using the eigenvalues. Suppose A has

eigenvalues λ1, λ2, λ3. (They are all real because A is symmetric.) Then the eigenvalues of

A2 are λ2
1, λ

2
2, λ

2
3 (5 points). These are all positive so long as the eigenvalues are non-zero.

So, A2 is positive definite except when A has an eigenvalue of 0, or equivalently, except when

A is not invertible (3 points). We found in part that det(A) = 0 only when x = 3/2. Thus,

the final answer is that A2 is positive definite except when x = 3/2 (2 points).

One could also find A2 explicitly and use the determinant or pivot test. In practice this

turned out to lead to a lot of mistakes. However, you could notice that the top left entry of

A2 is 6, the 2 by 2 determinant is 6(10 + x2)− (7 + x)2 = 5x2 − 14x+ 11 > 0, and the 3 by

3 determinant is det(A2) = det(A)2. The only way that any of these could be non-positive

is if det(A) = 0.

A final approach is to follow the steps for part d) below.

d) We use the xTAx test for positive (semi)definiteness. We have

xTRTRx = (Rx)TRx = Rx ·Rx (2)

This is just the length of the vector Rx. This length is positive when Rx is not the zero

vector and is 0 when Rx is the 0 vector. In particular, since this number is always at least

0, RTR is definitely positive semidefinite (6 points). It is positive definite when this number

is positive for any nonzero x. That is, we need for Rx to only be the 0 vector when x is the

0 vector. This is equivalent to saying that R has trivial nullspace, or R has full column rank

(4 points).

3



2 (30 pts.) The cosine of a matrix is defined by copying the series for cosx (which

always converges):

cosA = I − 1

2!
A2 +

1

4!
A4 − · · ·

(a) Suppose Ax = λx. Show that x is an eigenvector of cosA. Find the

eigenvalue.

(b) Find the eigenvalues of A =
π

2

 1 1

1 1

. The eigenvectors are (1, 1)

and (1,−1). From the eigenvalues and eigenvectors of cosA, find that

matrix cosA.

(c) The second derivative of the series for cos(At) is −A2 cos(At). So

u(t) = cos(At)u(0) is a short formula for the solution of

d2u

dt2
= −A2u starting from u(0) with u ′(0) = 0 .

Now construct that u(t) = cos(At)u(0) by the usual three steps when

A is diagonalizable: Ax1 = λ1x1, Ax2 = λ2x2, Ax3 = λ3x3.

1. Expand u(0) = c1x1 + c2x2 + c3x3 in the eigenvectors.

2. Multiply those eigenvectors by , , .

3. Add up the solution u(t) = c1 x1 + c2 x2 + c3 x3.

Solution (10+10+10 points)

a) Suppose that Ax = λx. Then

cos(A)x = Ix− 1

2!
A2x+

1

4!
A4x− . . . (3)

= x− 1

2!
λ2x+

1

4!
λ4x− . . . (4)

=

(
1− 1

2!
λ2 +

1

4!
λ4 − . . .

)
x (5)

= cos(λ)x (6)

So x is an eigenvector of cos(A) with eigenvalue cos(λ).

4



b) We define

A =
π

2

 1 1

1 1

 (7)

We know that (1, 1) and (1,−1) are eigenvectors of A. We can find the eigenvalues simply

by acting by A:

A

 1

1

 =
π

2

 2

2

 = π

 1

1

 (8)

So A has eigenvalue λ1 = π. Similarly,

A

 1

−1

 =

 0

0

 (9)

So A has eigenvalue λ2 = 0 (4 points). Just as for any other function (A2, eA, A−1, . . .),

this means that cos(A) has eigenvectors (1, 1) with eigenvalue cos(π) = −1 and (1,−1) with

eigenvalue cos(0) = 1 (3 points). We can put these into the diagonalization formula to find

cos(A):

cos(A) =

 1 1

1 −1

 −1 0

0 1

 1 1

1 −1

−1

=

 0 −1

−1 0

 (10)

(3 points)

c) This problem is modeled after what happens for eAt. After expanding u(0), step 2 involves

multiplying the eigenvectors by cos(λ1t), cos(λ2t), and cos(λ3t). So the final answer is

u(t) = c1 cos(λ1t)x1 + c2 cos(λ2t)x2 + c3 cos(λ3t)x3 (11)

(10 points) Some common mistakes were forgetting to include the t, using the function e

instead of cos, or putting in something entirely different for the coefficients.

5



3 (30 pts.) Suppose the vectors x, y give an orthonormal basis for R2 and A = xyT.

(a) Compute the rank of A and the rank of A2 = (xyT)(xyT). Use this

information to find the eigenvalues of A.

(b) Explain why this matrix B is similar to A (and write down what

similar means):

B =

 xT

yT

 A

 x y


(c) The eigenvalues of Q are λ1 = eiθ = cos θ + i sin θ and

λ2 = e−iθ = cos θ − i sin θ:

Rotation matrix Q =

 cos θ − sin θ

sin θ cos θ


Find the eigenvectors of Q. Are they perpendicular ?

a) Any matrix given by A = xyT for two non-zero vectors x,y will have rank 1. Every row

will be a multiple of yT , and every column will be a multiple of x, meaning that it must have

rank 1. Alternatively, we note that x is in the nullspace of A, and that y is not, so that A

must have rank exactly 1. (3 points)

Note that A2 = (xyT )(xyT ) = x(yTx)yT is the zero matrix, since yTx = 0 (they are perpen-

dicular vectors). So A2 has rank 0. (3 points)

If the eigenvalues of A are λ1 and λ2, then the eigenvalues of A2 are λ2
1 and λ2

2. Since A2

only has the eigenvalue 0, both λ1 and λ2 must be 0. (4 points)

6



b) Two square matrices A and B are similar if there is some invertible matrix M such that

B = MAM−1 (5 points). Similarity is not the same thing as having equal eigenvalues;

this only works if both A and B are diagonalizable matrices, and in fact our A is not

diagonalizable. To be more precise, similarity implies that A and B have equal eigenvalues,

but the converse is not true.

In this case we check that A and B are similar by showing that the other factors are inverses. xT

yT

 x y

 =

 xTx xTy

yTx yTy

 (12)

=

 1 0

0 1

 (13)

The last step is true because x and y are perpendicular, and both of unit length (5 points).

c) Given the eigenvalues of Q, we find the eigenvectors using N(Q − λI). We start with

λ1 = cos θ + i sin θ:

Q− (cos θ + i sin θ)I =

 −i sin θ − sin θ

sin θ −i sin θ

 (14)

and this matrix has nullspace generated by (1,−i) or equivalently (i, 1). Similarly, for λ2 =

cos θ − i sin θ we find

Q− (cos θ − i sin θ)I =

 i sin θ − sin θ

sin θ i sin θ

 (15)

which has nullspace generated by (1, i). (8 points)

Every orthogonal matrix has perpendicular eigenvectors. We check in this specific case: i

1

 ·
 1

i

 =

 i

1

H  1

i

 (16)

=
[
−i 1

] 1

i

 (17)

= 0 (18)

(2 points) Make sure to take xH1 x2 and not xT1 x2.
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18.06 Spring 2009 Exam 3 Practice

General comments
Exam 2 covers the first 31 lectures of 18.06, mainly focusing on lectures 19–31 (eigenproblems). The topics covered
are (very briefly summarized):

1. All of the topics from exams 1 and 2, although of course these are not the focus of the exam.

2. Determinants: their properties, how to compute them (simple formulas for 2×2 and 3×3, usually by elimination
for matrices > 3×3), their relationship to linear equations (zero determinant = singular), their use for eigenvalue
problems.

3. Eigenvalues and eigenvectors: their definition A~x = λ~x , their properties, the fact that for an eigenvector the
matrix (or any function of the matrix) acts just like a number. Computing λ from the characteristic polynomial
det(A− λ I) and ~x from N(A− λ I); zero eigenvalues λ = 0 just correspond to N(A). Understand (from the
definition) why, if A has an eigenvalue λ , then Ak has an eigenvalue λ k, αA has an eigenvalue αλ , and A + β I
has an eigenvalue λ +β , all with the same eigenvector.

4. Diagonalization A = SΛS−1: where it comes from, its use in understanding properties of matrices and eigenval-
ues. The basic idea that, to solve a problem involving A, you first expand your vector in the basis of the
eigenvectors (S), then for each eigenvector you treat A as just a number λ , then at the end you add up the
solutions.

5. Similar matrices: A and B = MAM−1 have the same eigenvalues for any invertible matrix M, and if A~x = λ~x then
B~y = λ~y for~y = M~x. Similar matrices have the same trace (sum of the eigenvalues) and determinant (product of
the eigenvalues).

6. Using eigenvalues/eigenvectors to solve problems involving matrix powers, such as linear recurrences (e.g.
Fibonacci). Multiplying by A many times tends towards the eigenvector for the largest |λ |. Markov matrices:
what the defining properties are, and the consequences (a steady state with λ = 1, all other solutions decay away,
the sum of the components of the vector is conserved, a unique steady state if all entries of the matrix are > 0).
An = SΛnS−1.

7. Using eigenvalues/eigenvectors to solve linear systems of differential equations d~u
dt = A~u with initial conditions

~u(0). Practical scheme: expand ~u(0) in eigenvector basis and multiply each term by eλ t . Formal solution:
eAt~u(0), and the meaning of the matrix exponential eA = SeΛS−1 and how to compute it and manipulate it.

8. If A = AT (real-symmetric), then the eigenvalues are real and the eigenvectors are orthogonal (or can be chosen
orthogonal), and A is diagonalizable as A = QΛQT for an orthogonal Q. If A = BT B where B has full column
rank, then A is positive definite: all λ > 0 and all pivots > 0 and ~yT A~y > 0 for any ~y 6= 0; connection to
minimization problems (like least-squares).

9. Complex matrices, for which we replace~xT and AT by and~xH =~xT AH = AT (and why). What to do if you get
a complex λ : consequences for matrix powers (recurrence relations) and differential equations are oscillating
solutions, using eiθ = cosθ + isinθ .

10. Defective matrices and generalized eigenvectors: what to do if A is not diagonalizable, especially for a practical
problem like Ak~u or eAt~u. (Note that real-symmetric, real-orthogonal, Hermitian, and unitary matrices are never
defective, nor are n×n matrices with n distinct eigenvalues.)
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11. Singular value decomposition A = UΣV T and their relationship to eigenvectors/eigenvalues of AT A and AAT .

The central concept from this part of the course is highlighted in boldface above. Once you have an eigenvector, any
operation involving the matrix just becomes that operation with the single number λ . And single numbers are easy
to handle. So, we try to find the eigenvectors and then express every vector in that basis (aside from rare defective
cases), at which point problems become easy (ideally)! Also, you should be able to recognize and reason about how
and why special forms of the matrix A (symmetric, Markov, singular, etcetera) give you additional information about
the eigenvectors and eigenvalues.

Defective matrices and SVDs will see at most limited coverage on the exam, perhaps one part of a problem each,
at most.

Some practice problems
The 18.06 web site has exams from previous terms that you can download, with solutions. I’ve listed a few practice
exam problems that I like below, but there are plenty more to choose from. The exam will consist of 3 or 4 questions
(perhaps with several parts each), and you will have one hour. You can find the solutions to these problems on the
18.06 web site (in the section for old exams/psets).

1. (Fall 2002 exam 3.) (a) What are the eigenvalues of the 5×5 matrix A =


1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1
1 1 1 1 1

? Please look

at A, not at det(A−λ I). (b) Solve d~u
dt = A~u starting from ~u(0) = (0,1,1,1,2)T . (First split ~u(0) as the sum of

two eigenvectors of A.) (c) Using part (a), what are the eigenvalues and trace and determinant of the matrix B
which is the same as A except that it has zeros on its diagonal?

2. (Fall 2002 exam 3.) (a) if A is similar to B show that eA is similar to eB. (Hint: first write down the definitions of
“similar” and eA.) (b) If A has 3 eigenvalues λ = 0,2,4, find the eigenvalues of eA. (c) Explain this connection
with determinants: det(eA) = etrace of A.

3. (Fall 2002 exam 3.) Companies in the US, Asia, and Europe have assets of $12 trillion. At the start, $6 trillion
are in the US and $6 trillion are in Europe. Each year, half the US money stays home, 1/4 each goes to Asia
and Europe. For Asia and Europe, half stays home and half is sent to the US, hence US

Asia
Europe


year k+1

=

 .5 .5 .5
.25 .5 0
.25 0 .5

 US
Asia

Europe


year k+1

.

(a) The eigenvalues and eigenvectors of this singular matrix A are what? (b) The limiting distribution of the $12
trillion after many many years is US=?, Asia=?, Europe=?

4. (Fall 2002 exam 2.) If you know that detA = 6, what is detB for B given by:

A =

 row 1
row 2
row 3

 B =

 row 3 + row 2 + row 1
row 2 + row 1

row 1



5. (Spring 2004 exam 3.) For the symmetric matrix A =

 1 0 1
0 1 −1
1 −1 0

 , you are given that one of the eigen-

values is λ = 1 with a line of eigenvectors~x = (c,c,0). (a) That line is the nullspace of what matrix constructed
from A? (b) Find (in any way) the other two eigenvalues of A and two corresponding eigenvectors. (c) The
diagonalization A = SΛS−1 has an especially nice form because A = AT . Write all entries in the nice symmetric
diagonalization of A. (d) Give a reason why eA is or is not a symmetric positive-definite matrix.
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6. (Spring 2004 exam 3.) (a) Find the eigenvalues and eigenvectors (depending on c) of A =
(

0.3 c
0.7 1− c

)
.

For which c is the matrix A not diagonalizable?1 (b) What is the largest range of (real) values of c so that An

approaches a limiting matrix A∞ as n→ ∞? (c) What is that limit of An (still depending on c)?

7. (Spring 2005 exam 3.) (a) Find all the eigenvalues and all the eigenvectors of the following A. It is a symmetric
Markov matrix with a repeated eigenvalue.

A =

 2/4 1/4 1/4
1/4 2/4 1/4
1/4 1/4 2/4

 .

(b) Find the limit of Ak as k→ ∞. (c) Choose any positive numbers r, s, and t so that A− rI is positive-definite,
A− sI is indefinite, and A− tI is negative definite. (d) Suppose that this A = BT B. What are the singular values
σi in the SVD of B?

8. (Spring 2005 exam 3.) (a) Complete this 2×2 matrix A, depending on the real number a, so that its eigenvalues

are λ = 1 and λ = −1. A =
(

a 1
? ?

)
. (b) How do you know that A has two independent eigenvectors? (c)

Which choices of a give orthogonal eigenvectors and which don’t?

9. (Spring 2005 exam 3.) Suppose that the 3×3 matrix A has 3 independent eigenvectors~x1,2,3 and corresponding
eigenvalues λ1,2,3. (The λ ’s might not be different.) (a) Describe the general form of every solution ~u(t)to the
differential equation d~u

dt = A~u in terms of the λ ’s and ~x’s. (The answer eAt~u(0) is not sufficient.) (b) Starting
from any vector~u0, suppose~uk+1 = A~uk. What are the conditions on the~x’s and λ ’s to guarantee that~uk→ 0 as
k→ ∞? Why?

10. (Fall 2005 exam 3.) This 4×4 matrix H is a special matrix called a “Hadamard matrix:”

H =


1 1 1 1
1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

 .

It has two key properties: HT = H, and H2 = 4I. (a) Figure out the eigenvalues of H and explain your reasoning.
(b) Figure out H−1 and detH. Explain your reasoning. (c) This matrix S contains three eigenvectors of H. Find
a 4-th eigenvector~x4 and explain your reasoning.

S =


1 1 0 ?
1 0 −1 ?
1 0 1 ?
−1 1 0 ?

 .

e(d) Find the solution to d~u/dt = H~u given that ~u(0) is the 3rd column of S.

11. (Fall 2005 exam 3.) Suppose A is a 3× 3 symmetric matrix with eigenvalues 2,5,7 and corresponding eigen-
vectors ~x1, ~x2, and ~x3. (a) Suppose ~x is a linear combination ~x = c1~x1 + c2~x2 + c3~x3. Find A~x. Now find ~xT A~x
using the symmetry of A. Explain why~xT A~x > 0 unless~x = 0.

12. (Fall 2006 exam 3.) (a) Find all three eigenvalues of A, and an eigenvector matrix S. A =

 −1 2 4
0 0 5
0 0 1

 . (b)

Explain why A1001 = A. Is A1000 = I? (c) The matrix AT A for this A is AT A =

 1 −2 −4
−2 4 8
−4 8 42

 .How many

1The solutions are a little tricky. A is not a Markov matrix because c may be < 0. However, its columns sum to 1, and that was enough to give
us an eigenvalue λ = 1 in our analysis of Markov matrices. In the non-diagonalizable case, the solution’s formula for part (b) is incorrect. As we
know from lecture 30, for a repeated eigenvalue λ = 1 that is defective, there is a term in An that goes as 1n and another term that goes as n1n−1.
Since the latter blows up, the defective case does not have a finite A∞ limit.
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eigenvalues of AT A are positive? zero? negative? Does AT A have the same eigenvectors as A? (Don’t compute
anything, but explain your answers.)

13. (Fall 2006 exam 3.) Suppose the n× n matrix A has n orthonormal eigenvectors ~q1, . . . ,~qn and n positive
eigenvalues λ1, . . . ,λn. That is, A~q j = λ j~q j. (a) What are the eigenvalues and eigenvectors of A−1? (b) Any
vector~b can be written as a combination of the eigenvectors~b = c1~q1 + c2~q2 + · · ·+ cn~qn for some coefficients
c j. What is a quick formula for c1 using the orthogonality of the ~q’s? (c) The solution to A~x =~b is also a
combination of the eigenvectors A−1~b = d1~q1 + d2~q2 + · · ·+ dn~qn. What is a quick formula for d1. (You can
write it in terms of the c’s even if you didn’t answer part b.)

14. (Fall 2007 exam 3.) Suppose that we form a sequence of real numbers fk defined by the recurrence relation
fk+1 = fk− fk−1 + fk−2, starting with the initial numbers f0 = 2, f1 = 1, and f2 = 2. (a) Define a 3-component
vector~gk = ( fk, fk−1, fk−2) and a 3×3 matrix A so that~gk+1 = A~gk. (b) If you constructed A correctly, the three
eigenvalues should be 1 and ±i , and the latter two eigenvectors should be (−1,±i,1). Check that you have
these ±i eigenvalues and eigenvectors, and find the λ = 1 eigenvector. (c) Give an explicit formula for fk for
any k (formulas involving Ak are not acceptable; elementary arithmetic and powers of complex numbers only).
(d) Is there any choice of initial conditions ( f0, f1, and f2) that will make | fk| diverge as k→ ∞? Explain.

15. (Fall 2007 exam 3.) Some 3×3 real matrix A has eigenvalues λ1 = 0, λ2 = 1, and λ3 = 2, with corresponding
eigenvectors~x1 = (1,0,0),~x2 = (0,1,2), and~x3 = (0,1,1). (a) Give a basis for the nullspace N(A), the column
space C(A), and the row space C(AT ). (b) Find all solutions (the complete solution)~x to A~x =~x2−3~x3. (c) Is A
real-symmetic, orthogonal, Markov, or none of the above?
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18.06 Quiz 3 Solution
Hold on Friday, 1 May 2009 at 11am in Walker Gym.

Total: 65 points.

Problem 1:
For each part, give as much information as possible about the eigenvalues

of the matrix A described in that part. (Each part describes a different matrix A.
A may be complex.)

(a) The recurrence uk+1 = Auk has a solution where ‖uk‖ → 0 as k → ∞ for
one initial vector u0, but also has a solution with ‖uk‖ → ∞ as k →∞ for a
different choice of the initial vector u0.

(b) The equation (A2 − 4I)x = b has no solution for some right-hand side b.

(c) A = eB
TB for some real matrix B with full column rank.

(d) A = BTB for a 4 × 3 real matrix B, and the matrix BBT has eigenvalues
λ = 3, 2, 1, 0. (Hint: think about the SVD of B.)

Solution (20 points = 5+5+5+5)
(a) (There was a bug in this problem: in the first condition, we should have

required the initial vector u0 to be nonzero.) The first condition implies that A has
an eigenvalue with absolute value |λ| < 1. The second condition implies that either
A has an eigenvalue with absolute value |λ| > 1, or A is defective for 2 eigenvalues
λ with |λ| = 1.

(b) The condition says that A2− 4I is singular. But we know that, if λ1, . . . , λn
are eigenvalues of A, then the eigenvalues of A2 − 4I are λ2

1 − 4, . . . , λ2
n − 4. The

condition A2 − 4I being singular says that one of λ2
i − 4 is zero, and hence λi = 2

or −2. That is to say A has an eigenvalue 2 or −2.

(c) Since B has full column rank, the eigenvalues of BTB are postive real num-
bers λi. Hence, we know A = eB

TB has eigenvalues eλi ; they are real numbers bigger
than 1.

(d) Since BBT and BTB have the same set of nonzero eigenvalues. So BTB
must have eigenvalues 3, 2, 1. Moreover, since B is a 4 × 3 matrix, BTB is a 3 × 3
matrix. Hence, 3, 2, 1 are exactly all the eigenvalues.
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Problem 2: You are given the matrix

A =

0.5 0.2 0.2
0.1 0.5 0.5
0.4 0.3 0.3

 .

(i) What are the eigenvalues of A? [Hint: Very little calculation required! You
should be able to see two eigenvalues by inspection of the form of A, and
the third by an easy calculation. You shouldn’t need to compute det(A− λI)
unless you really want to do it the hard way.]

(ii) The vector u(t) solves the system

du

dt
= Au

for some initial condition u(0). If you are told that u(t) approaches some
constant vector as t→∞, give as much true information as possible regarding
the initial condition u(0).

[Note: be sure you understand that this is not the same thing as solving the
recurrence uk+1 = Auk! Imagine how you would find u(t) if you knew what
u(0) was.]

Solution (20 points = 10+10)
(i) First, the last two columns of A are the same. Hence A is singular and it

must have an eigenvalue λ1 = 0. Also, we observe that A is a Markov matrix. This
means that λ2 = 1 is an eigenvalue of A. Finally, we know the trace of A is the sum
of its three eigenvalues. So, Tr(A) = 0.5 + 0.5 + 0.3 = 1.3 and the last eigenvalue is
λ3 = 1.3− 1− 0 = 0.3.

(ii) We can write u(0) = c1v1 + c2v2 + c3v3 using three eigenvectors v1,v2,v3,
which correspond to λ1 = 0, λ2 = 1, and λ3 = 0.3, respectively. We know that this
system has solution u(t) = c1v1 + c2e

tv2 + c3e
0.3tv3. So, if either one of c2 and c3

is nonzero, the system would blow up as t→∞. Therefore, the only possibility for
u(t) to approaches some constant is to have c2 = c3 = 0, that is to say that u(0) is
a multiple of the eigenvector v1 = (0,−1, 1)T. In this case, u(t) = u(0) = c1v1 is a
constant.
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Problem 3:
The 3 × 3 matrix A has three independent eigenvectors v1, v2, and v3 with

corresponding eigenvalues λ1, λ2, and λ3 (that is, Avi = λivi for i = 1, 2, 3).
If

b = c1v1 + c2v2 + c3v3

for some coefficients c1, c2, and c3, then write (in terms of λi, ci, and vi) a formula
for the solution x of

A2x + 2Ax− 3Ix = b

(you can assume that a solution exists for any b).

Solution (10 points)
Using the eigenvalues v1,v2,v3, we have

x = (A2 + 2A− 3I)−1b

= (A2 + 2A− 3I)−1(c1v1 + c2v2 + c3v3)

=
c1

λ2
1 + 2λ1 − 3

v1 +
c2

λ2
2 + 2λ2 − 3

v2 +
c3

λ2
3 + 2λ3 − 3

v3.
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Problem 4: A is a 3× 3 real-symmetric matrix. Two of its eigenvalues are λ1 = 1
and λ2 = −1 with eigenvectors v1 = (1, 1, 1)T and v2 = (1,−1, 0)T, respectively.
The third eigenvalue is λ3 = 0.

(I) Give an eigenvector v3 for the eigenvalue λ3. (Hint: what must be true of v1,
v2, and v3?)

(II) Using your result from (I), write the matrix eA as the product of three matrices,
and explicitly give the three matrices. (You need not work out the arithmetic,
but your answer should contain no matrix inverses or matrix exponentials. If
you find yourself doing a lot of arithmetic, you are forgetting a useful property
of this matrix! )

Solution (15 points = 7+8)
(I) For a real-symmetric matrix, its eigenvectors are orthogonal to each other.

So, by inspection, in order for v3 to be perpendicular to v2, we need its first two
components same. Hence, we should take v3 to be (1, 1,−2)T. To easy the second
part, we can normalize the eigenvectors

q1 = v1/‖v1‖ = (1, 1, 1)T/
√

3,

q2 = v2/‖v2‖ = (1,−1, 0)T/
√

2,

q3 = v3/‖v3‖ = (1, 1,−2)T/
√

6.

Alternatively, we can use Gram-Schmidt to find (a multiple of) v3 as follows.
We start with v = (1, 0, 0),

v3 = v−(v ·q1)q1−(v ·q2)q2 = (1, 0, 0)T− 1

3
(1, 1, 1)T− 1

2
(1,−1, 0)T = (

1

6
,
1

6
,−1

3
)T.

(II) We can write

A = SΛS−1 = QΛQT

=

1/
√

3 1/
√

2 1/
√

6

1/
√

3 −1/
√

2 1/
√

6

1/
√

3 0 −2/
√

6

 1 0 0
0 −1 0
0 0 0

 1/
√

3 1/
√

3 1/
√

3

1/
√

2 −1/
√

2 0

1/
√

6 1/
√

6 −2/
√

6

 .

Hence,

eA = QeΛQT

=

1/
√

3 1/
√

2 1/
√

6

1/
√

3 −1/
√

2 1/
√

6

1/
√

3 0 −2/
√

6

 e 0 0
0 1/e 0
0 0 1

 1/
√

3 1/
√

3 1/
√

3

1/
√

2 −1/
√

2 0

1/
√

6 1/
√

6 −2/
√

6

 .

4


