Introduction to Linear Algebra
International Edition (2019)

Solutions to Selected Exercises

Problem Set 1.1, page 8
1 The combinations give (a) aline in R? (b) aplane in R3 (c) all of R3.
4 3v+w=(7,5)and cv + dw = (2¢ + d, ¢ + 2d).
6 The components of every cv + dw add to zero. ¢ = 3 and d = 9 give (3, 3, —6).
9 The fourth corner can be (4, 4) or (4,0) or (-2, 2).
11 Four more corners (1,1,0),(1,0,1),(0,1,1),(1,1,1). The center point is (%, %, %)
Centers of faces are (%,1,0),(3,3,1) and (0,3,1),(1,1,3) and (3,0,3), (5,1, 3).
12 A four-dimensional cube has 2 = 16 corners and 2 - 4 = 8 three-dimensional faces
and 24 two-dimensional faces and 32 edges in Worked Example 2.4 A.
13 Sum = zero vector. Sum = —2:00 vector = 8:00 vector. 2:00 is 30° from horizontal
= (cos Z,sin I) = (V/3/2,1/2).
16 All combinations with ¢ + d = 1 are on the line that passes through v and w.
The point V' = —v + 2w is on that line but it is beyond w.
17 All vectors cv + cw are on the line passing through (0,0) and u = %v + %w. That
line continues out beyond v + w and back beyond (0, 0). With ¢ > 0, half of this line
is removed, leaving a ray that starts at (0, 0).
20 (a) %u + %v + %w is the center of the triangle between w, v and w; %u + %w lies
between u and w (b) To fill the triangle keep ¢>0,d>0,e>0,and c+d+e = 1.
22 The vector 3 (u + v + w) is outside the pyramid because c +d +e = 3 + 1 + 3 > 1.
25 (a) For a line, choose © = v = w = any nonzero vector (b) For a plane, choose

w and v in different directions. A combination like w = w + v is in the same plane.
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Problem Set 1.2, page 19

3

11
12

15
17

21

22

23

24

28

Unit vectors v/||v|| = (£, 2) = (.6,.8) and w/||w| = (%, 3) = (.8,.6). The cosine

5'5 55
of 0 is ﬁ . Hw—ll = %. The vectors w, u, —w make 0°,90°, 180° angles with w.
(@ v (—v)=-1 b)) (v+w)-(v-—w)=v-v+w-v—v-W—W- W=

1+( )—( )—1=0s06=90° (noticev-w = w-v) (©) (v—2w)-(v+2w) =
vov—4dw-w=1-4=-3.

All vectors w = (¢, 2¢) are perpendicular to v. All vectors (z,y, z) withz +y+2z =0
lie on a plane. All vectors perpendicular to (1,1, 1) and (1, 2, 3) lie on a line.

If vows /vywy = —1 then vywe = —vwy Or V1w +vowe = v-w = 0: perpendicular!
v - w < 0 means angle > 90°; these w’s fill half of 3-dimensional space.

(1,1) perpendicular to (1,5) — ¢(1,1)if 6 —2c =0orc = 3;v - (w — cv) = 0 if
¢ =wv-w/v - v. Subtracting cv is the key to perpendicular vectors.

Lz +y) = (2+8)/2 = 5; cos = 21/16//10v/T0 = 8/10.

cosa = 1/v/2,cos 8 = 0, cosy = —1/+/2. For any vector v, cos? a+ cos? 3+ cos?
= (vi + v +03)/[lv]* = L.

2v-w < 2||v||||lw|| leads to [|[v+w|]? = v-v+2v-w+w-w < ||v|?+2||v||||w| +
|lw||?. Thisis (||v|| + ||w]||)?. Taking square roots gives ||v + w|| < ||v|| + |Jw]|.
viw? + 201wy vawe + v3ws < v¥w? + v?w3 + viw? + v3w3 is true (cancel 4 terms)
because the difference is viw3 + v3w} — 2v1wivews which is (v1wy — vowq)? > 0.
cos B = wy /||w| and sin B = wa/||w]|. Then cos(8—a) = cos 5 cos a+sin Fsin o =
viwy /||v||||w]| + vews/||v||||w]|| = v - w/||v]|||w||. This is cos # because 5 — o = 6.
Example 6 gives |u1[|U1] < 2 (uf + U) and |uz||Us| < £ (u} + UZ). The whole line
becomes .96 < (.6)(.8) + (.8)(.6) < (.62 + .82) + 3(.8% 4 .6%) = 1. True: .96 < 1.
Three vectors in the plane could make angles > 90° with each other: (1,0), (—1,4),

(=1, —4). Four vectors could not do this (360° total angle). How many can do this in
R3 or R™?

29 Try v = (1,2,—3) and w = (—3,1,2) with cosf§ = T and § = 120°. Write
vew=gzz+yztayas s(r+y+2)?2—32@?+y?+2%). lfo+y+2z=0thisis
—3(a? +y* +22) = —5|vlll|wl|. Then v - w/||v||lw] = —3.

Problem Set 1.3, page 29

1

2

281 + 3s2 +4s3 = (2,5,9). The same vector b comes from S times = (2,3, 4):

1 0 0772 (row 1) - x 2
[1 1 O] [3] = [(row2)-m] = [5] .
11 1] [4 (row 2) - ¢ 9

The solutions are y; = 1, yo = 0, y3 = 0 (right side = column 1) and y; = 1, y2 = 3,
y3 = 5. That second example illustrates that the first n odd numbers add to n?.
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4 The combination Ow; + 0wz + Ows always gives the zero vector, but this problem
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14

looks for other zero combinations (then the vectors are dependent, they lie in a plane):

wsy = (w1 + ws)/2 so one combination that gives zero is %wl —wy + %’LUg.

The rows of the 3 by 3 matrix in Problem 4 must also be dependent: ro = %(rl +73).
The column and row combinations that produce O are the same: this is unusual.

All three rows are perpendicular to the solution « (the three equations r; - * = 0 and
ro+-x = 0 and r3-x = 0 tell us this). Then the whole plane of the rows is perpendicular
to « (the plane is also perpendicular to all multiples cx).

The cyclic difference matrix C' has a line of solutions (in 4 dimensions) to Cx = 0:
1 0 0 -1 T 0 c
-1 1 0 Of laa] 10 el
0 —1 1 0 25| = |0 when x = | = any constant vector.
0 0 -1 1 T4 0 c

The forward differences of the squares are (¢ + 1)2 — 2 = t2 + 2t +1 — 2 = 2t + 1.
Differences of the nth power are (¢ +1)" — " =" — " 4+ nt"~! + ... The leading
term is the derivative nt"~'. The binomial theorem gives all the terms of (¢ + 1)".

Centered difference matrices of even size seem to be invertible. Look at eqns. 1 and 4:
0 1 0 0 T b1 First T —bQ — b4
-1 0 1 0 ZTo | bg solve xTo . bl
0 -1 0 1 T3 B bg T = b1 T3 B —b4
0 0 -1 0 T4 b4 —I3 = b4 Ty b1 + bg

0dd size: The five centered difference equations lead to b; + b3 + b5 = 0.

€2 =b
r3 —x1 = by
T4 — T2 = b3
T5 — T3 = by

— x4 = bs

Add equations 1, 3,5

The left side of the sum is zero

The right side is by + b3 + bs

There cannot be a solution unless b; + bs + b5 = 0.

An example is (a,b) = (3,6) and (¢,d) = (1,2). The ratios a/c and b/d are equal.
Then ad = be. Then (when you divide by bd) the ratios a/b and ¢/d are equal!

Problem Set 2.1, page 40

1

The columns are ¢ = (1,0,0) and 7 = (0,1,0) and k = (0,0,1) and b = (2,3,4) =
% + 35 + 4k.

The planes are the same: 2z =4isxz = 2,3y =9isy = 3,and 4z = 16 is z = 4. The
solution is the same point X = x. The columns are changed; but same combination.

If z = 2thenz+y = 0 and x —y = z give the point (1,—1,2). If 2 = O thenz+y = 6
and z — y = 4 produce (5, 1,0). Halfway between those is (3,0, 1).

Equation 1 + equation 2 — equation 3 is now 0 = —4. Line misses plane; no solution.
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Solutions to Selected Exercises

Four planes in 4-dimensional space normally meet at a point. The solution to Ax =
(3,3,3,2) is « = (0,0,1,2) if A has columns (1,0,0,0),(1,1,0,0),(1,1,1,0),
(1,1,1,1). Theequationsare x + y + 2+t =3,y + z+t =3,z +t = 3,1 = 2.

Az equals (14,22) and (0,0) and (9, 7).

2x+3y+z+5t = 8is Az = bwiththe 1 by 4 matrix A=[2 3 1 5]. The solutions
x fill a 3D “plane” in 4 dimensions. It could be called a hyperplane.

90° rotation from R = [_(1) (1)} , 180° rotation from R? = [_(1) _(1)} =1
1 0 100
E= [_1 1] and /= |[—1 1 O] subtract the first component from the second.
0 0 1
x
The dot product Az = [1 4 5] ly] = (1 by 3)(3 by 1) is zero for points (x,y, z)
z

on a plane in three dimensions. The columns of A are one-dimensional vectors.
A=[12; 3 4]ande =[5 —2] andb=[1 7]’. 7 = b— Axax prints as zero.
ones(4,4) xones(4,1)=[4 4 4 4];Bxw=1[10 10 10 10]".

The row picture shows four /ines in the 2D plane. The column picture is in four-
dimensional space. No solution unless the right side is a combination of the two columns.

w7, vy, wr are all close to (.6, .4). Their components still add to 1.

[g ﬂ {Z] = [‘ﬂ = steady state s. No change when multiplied by {g 3]

8 3 4 5+u 5—u+v 5—vw
M:[l 5 9]: 5—u—w 5 5+u+uv|; Ms(1,1,1) = (15,15,15);
6 7 2 54v b54+u—v H—u

My(1,1,1,1) = (34,34, 34,34) because 1 + 2 + - - - + 16 = 136 which is 4(34).

A is singular when its third column w is a combination cu + dv of the first columns.
A typical column picture has b outside the plane of u, v, w. A typical row picture has
the intersection line of two planes parallel to the third plane. Then no solution.

w = (5,7) is bu + Tv. Then Aw equals 5 times Au plus 7 times Awv.

2 -1 0 0 T 1 T 4

0 -1 9 _1 zs| = |3 has the solution 2| = 8]

0 0 -1 2 T4 4 T4 6
x=(1,...,1)gives S& = sum of eachrow = 1+---+9 = 45 for Sudoku matrices.

6 row orders (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), (3,2, 1) are in Section 2.7.
The same 6 permutations of blocks of rows produce Sudoku matrices, so 6 = 1296
orders of the 9 rows all stay Sudoku. (And also 1296 permutations of the 9 columns.)
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Problem Set 2.2, page 51
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Subtract —% (or add %) times equation 1. The new second equation is 3y = 3. Then
y=1and x=05. If the right side changes sign, so does the solution: (x,y)= (-5, —1).

Subtract £ = < times equation 1. The new second pivot multiplying y is d — (cb/a) or
(ad — bc)/a. Theny = (ag — cf)/(ad — be).

Singular system if b = 4, because 4z + 8y is 2 times 2z + 4y. Then g = 32 makes the
lines become the same: infinitely many solutions like (8, 0) and (0, 4).
If k& = 3 elimination must fail: no solution. If & = —3, elimination gives 0 = 0 in

equation 2: infinitely many solutions. If £ = 0 a row exchange is needed: one solution.

Subtract 2 times row 1 from row 2 to reach (d—10)y—z = 2. Equation (3)isy—z = 3.
If d = 10 exchange rows 2 and 3. If d = 11 the system becomes singular.

The second pivot position will contain —2 — b. If b = —2 we exchange with row 3. If
b = —1 (singular case) the second equation is —y — z = 0. A solution is (1,1, —1).
If row 1 =row 2, then row 2 is zero after the first step; exchange the zero row with row

3 and there is no third pivot. If column 2 = column 1, then column 2 has no pivot.

Row 2 becomes 3y — 4z = 5, then row 3 becomes (¢ +4)z =t — 5. If ¢ = —4 the
system is singular — no third pivot. Then if ¢ = 5 the third equationis 0 = 0. Choosing
z = 1 the equation 3y — 4z = 5 gives y = 3 and equation 1 gives x = —9.

Singular if row 3 is a combination of rows 1 and 2. From the end view, the three planes
form a triangle. This happens if rows 1+2 =row 3 on the left side but not the right side:
r4+y+2=0,z—2y—2z=1, 2e—y=4. No parallel planes but still no solution.

a = 2 (equal columns), a = 4 (equal rows), a = 0 (zero column).
A(2,:) = A(2,:) — 3% A(1,:) will subtract 3 times row 1 from row 2.

Pivots 2 and 3 can be arbitrarily large. I believe their averages are infinite! With row
exchanges in MATLAB’s lu code, the averages are much more stable (and should be
predictable, also for randn with normal instead of uniform probability distribution).

If A(5,5) is 7 not 11, then the last pivot will be 0 not 4.

Row j of U is a combination of rows 1, ..., j of A. If Az = 0 then Ux = 0 (not true
if b replaces 0). U is the diagonal of A when A is lower triangular.

Problem Set 2.3, page 63
100 100 10077010 010
1E21:[—510,E32=[010,P:001[100]:[001].
001 071 010][001 100
1 0 0 1 00 1 0 O 1 0 O
3 (-4 1 O] , [O 1 O] , [O 1 0| M=Es3E;1Ey = l—4 1 O] .
0 0 1 2 01 0 -2 1 10 -2 1
5 Changing as3 from 7 to 11 will change the third pivot from 5 to 9. Changing ass from

7 to 2 will change the pivot from 5 to no pivot.
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100
9 M= [ 0 0 1. After the exchange, we need E3; (not Es;) to act on the new row 3.
-1 10
1 0 1 1 0 1 2 0 1
10 Ei5=1(0 1 O] ; [O 1 O] i F31Ei3=1(0 1 O] . Test on the identity matrix!
0 0 1 1 0 1 1 0 1
9 8 77 rowsand 1 2 3
12 The first productis |6 5 4| alsocolumns Thesecond productis |0 1 —2|.
3 2 1] reversed. 0o 2 -3
14 Ey has —(31 =13, E3; has —(30=2, Fy3 has —{43= 2. Otherwise the E’s match I.
1 0 0 1 0 0 1 0 0 1 0 0
18 EF=|a 1 0|, FE= a 1 0|, E2=12a 1 0}, F?=|0 1 01.
b ¢ 1 b+ac ¢ 1 26 0 1 0 3¢ 1

22 (a) Y azjz; (b) agi—air  (¢) ag1—2a11 (d) (Ea1Ax); = (Ax), = a;z;.
25 The last equation becomes 0 = 3. If the original 6 is 3, then row 1 + row 2 = row 3.
27 (a) No solution if d=0 and ¢#0 (b) Many solutions if d=0=c. No effect from a, b.
28 A=Al = A(BC) = (AB)C = IC = C. That middle equation is crucial.

3 4 11 11

3°EM—{23 2 3 12

} then FEM = [ } then EFEM = [ ] then EEFEM =

[(1) ﬂ = B. So after inverting with E~! = Aand F~! = B thisis M = ABAAB.

Problem Set 2.4, page 75

2 (a) A (column 3 of B) (b) Row 1of A) B (¢) (Row 3 of A)(column 4 of B)
(d) (Row 1 of C)D(column 1 of E).

o |1 2b n_ |1 nb o |4 4 n_ |2 27
5 (a) A = [O 1 and A" = 0 1l (b)y A° = 0 0 and A" = 0o ol
7 (a) True (b) False (c) True (d) False.

a a-+b

9 AF = [C ot d} and E(AF) = (EA)F: Matrix multiplication is associative.

0 0 1

0 1 O] (d) Every row of Bis 1,0, 0.

1 0 0

15 (a) mn (use every entry of A) (b) mnp = pxpart(a) (c) n3 (n? dot products).
16 (a) Use only column2 of B (b) Use only row 2 of A (c)—(d) Use row 2 of first A.
18 Diagonal matrix, lower triangular, symmetric, all rows equal. Zero matrix fits all four.

19 (@ ain (b) fn=azi/ann (©) az2 — ($)arz () azz — ($2)ase.

o1 o e [1 =171 11 [0 0]
2 a- [0 e o= L[]0 0)

01[01 -1 0

11 B=4I () B=0 (c) B=

DE=17 ol 121 ol =] o 1|~ —£D- Youcan find more examples.
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24 (A" — [20” 2"1‘1}, (Ay)" = 21 E ﬂ (A3)" = [aon analb}

27 (a) (row 3 of A)-(column 1 of B) and (row 3 of A) - (column 2 of B) are both zero.

T 0 =z «x T 0 0 =«
(b) [x] [O T x]—lO xr x| and [x] [O 0 x}_[O 0 x
0 0 0 O x 0 0 =z

2w A} [ [ =

30 In29, ¢ = {_é}, D= {(5) il))], D —cb/a= [i zl))} in the lower corner of EFA.

: both upper.

32 Atimes X = [x; @2 x3] will be the identity matrix I = [ Az, Axs Axzs)].

3 3 1 0 0
3Bb=|5|givesx =3x; +5x2+8x3 = | 8|; A= |—-1 1 0] will have
1 8 16 0 -1 1
those 1 = (1,1,1),x2 = (0,1,1), 23 = (0,0, 1) as columns of its “inverse” A~
0 1 0 1 2 0 2 0 aba,ada cba,cda These show
35 A — 1 01 0 A2 — 0 2 0 2 bab, bcb dab,dcb 16 2-step
{0 1 0 1| “ 12 0 2 0]’ abc,adc cbe,ede  pathsin
11 0 1 0 0 2 0 2 bad, bed dad,dcd the graph
Problem Set 2.5, page 89
1 A1 = 0 4 and B~! = 2 0 and C~! = [
$ 0 -1 3 -5 3|
7 (a) In Az = (1,0,0), equation 1 + equation 2 — equation 3 is 0 = 1 (b) Right
sides must satisfy by + by = b3 (c) Row 3 becomes a row of zeros—no third pivot.
8 (a) The vector x = (1,1,—1) solves Ax = 0 (b) After elimination, columns 1

and 2 end in zeros. Then so does column 3 = column 1 + 2: no third pivot.
12 Multiply C' = AB on the left by A~! and on the right by C~!. Then A~ = BC~1.

—1
14 B~1 = A1 E (1)} = A1 [_i (1)] subtract column 2 of A~! from column 1.

16 | ¢ b d —=b| _|ad—bc 0 The inverse of each matrix is
c d||-c a| 0 ad —be | the other divided by ad — bc

18 A?B = I can also be written as A(AB) = I. Therefore A~! is AB.
21 Six of the sixteen 0 — 1 matrices are invertible, including all four with three 1’s.

1310 1 3 1 0 1 0 7 -3] o
22[2 1]%{0 1 -2 1]%{0 1 -2 1}—[1‘4 E

0
1410 1 4 10 1 0 -3 4/3] .
[3 01]%[0 —3 -3 1}%[0 1 1—1/3]—[1’4 J-

O = W
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1 a b1 0 0 1 a 01 0 —0b 1 0 01 —a ac—>b
24 |10 1 ¢ 0 1 O}%lO 10 0 1 —c}%lO 100 1 —c].
001 001 001 00 1 001 0 O 1
1 0 0 2 -1 0
27 A~ = [—2 1 —3] (notice the pattern); A=1 = |—-1 2 —1].
0 0 1 0 -1 1
1 a 0-b
31 Elimination produces the pivots a and a —banda —b. A~ = —a a 0.
ala —b) 0—-a a

33 z=(1,1,...,1) has Pe = Qz so (P — Q)xz = 0.

ol 4 A1 0 J-p 1
—c 1™ |_p-1ca-t p-r| " I 0l

35 A can be invertible with diagonal zeros. B is singular because each row adds to zero.
38 The three Pascal matrices have P = LU = LL" and then inv(P) = inv(LT)inv(L).

42 MM~'=(1,-UV) (I,+U(IL,—VU)~*V) (this is testing formula 3)
=1,-UV+U(I,,—VU)"'V-UVU(I,,—VU) 'V (keep simplifying)
=1,-UV+U(IL,—VU)(I,,—VU) 'V =1, (formulas 1, 2, 4 are similar)

43 4 by 4 still with 777 = 1 has pivots 1,1, 1, 1; reversing to 7" = U L makes T}, = 1.
44 Add the equations Cx = b to find 0 = by + by + bs + by. Same for Fx = b.

3

S

Problem Set 2.6, page 102

3 V31 = 1 and {35 = 2 (and ¢33 = 1): reverse steps to get Au = b from Uz = ¢:
1times (x4+y+2z = 5)+2times (y+2z = 2)+ 1 times (z = 2) gives z+3y+6z = 11.

1 5 5 1 1 1 5 5
4Lc_l1 1 ]l2]_ 7: Ux= 1 2] lw]_[Q];m_ —2].
1 2 1] (2 11 1 2 2
1 1 1 1 1 1 0 0
6[0 1 1—21 A=1|0 2 3| =U. Then A = |2 1 0| Uis
0-2 1 0 01 0 0-6 0 2 1

the same as E2_11E3_21U = LU. The multipliers {21, {35 = 2 fall into place in L.

10 ¢ = 2 leads to zero in the second pivot position: exchange rows and not singular.
¢ = 1 leads to zero in the third pivot position. In this case the matrix is singular.

Cf2 4] [t oolf2 4] 1 oo]f2 ol[1 2] . gre o
12A—{4 11}—[2 1] [o 3]—{2 1} {0 3] {0 1]—LDU’U‘SL

M1 1 4 0 1 1 1 4 0

4 1 ] lO —4 4] = lél 1 ] [ —4 1 lO 1 —1|=LDL".

L0 -1 1J 10 0 4 0 -1 1 4110 0 1

[a r 7 r 1 a T r r a#0

a b s s| |1 1 b—r s—r s—r b#r
14 a b c t| |1 1 1 c—s t—s - Need c#s

la b ¢ d 11 11 d—t d#t
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.|

Ax =1b is LU:B:{

1 0
4 1

Je= [ 2] aves e [2].

} T = [ﬁ] Forward to [g

2

4
8 17

2
0 1

4
1

:[3

e oo 1]
] "

2

|-

18 (a) Multiply LDU = L; DU, by inverses to get LflLD = D,U,U~". The left side
is lower triangular, the right side is upper triangular = both sides are diagonal.
(b) L,U, Ly, U; have diagonal 1’s so D = D;. Then LflL and U, U1 are both 1.

20 A tridiagonal T has 2 nonzeros in the pivot row and only one nonzero below the pivot
(one operation to find ¢ and then one for the new pivot!). 7' = bidiagonal L times
bidiagonal U.

23 The 2 by 2 upper submatrix Az has the first two pivots 5, 9. Reason: Elimination on A
starts in the upper left corner with elimination on A,.

24 The upper left blocks all factor at the same time as A: Ay, is LiUy.
25 The i, j entry of L~ tis j/i fori > j. And L;;_1 is (1 — 4)/i below the diagonal
26 (K 1);;=j(n—i+1)/(n+1)fori> j (and symmetric): (n + 1)K ~* looks good.

Problem Set 2.7, page 115

2 (AB)T is not ATYBYT except when AB = BA. Transpose that to find: BT AT
ATBT.

4 A= {8 (1)] has A? = 0. The diagonal of AT A has dot products of columns of A with

themselves. If AT A = 0, zero dot products = zero columns = A = zero matrix.

AT CT

6MT:|:BT DT

};MT:MneedsAT:AandBT:CandDT:D.

8 The 1 in row 1 has n choices; then the 1 in row 2 has n — 1 choices ... (n! overall).

10 (3,1,2,4) and (2,3, 1,4) keep 4 in place; 6 more even P’s keep 1 or 2 or 3 in place;
(2,1,4,3) and (3,4, 1,2) exchange 2 pairs. (1,2, 3,4), (4, 3,2, 1) make 12 even P’s.

14 The, j entry of PAP isthe n—i+1,n—j+1entry of A. Diagonal will reverse order.

18 (a) 5+4+3+2+ 1 = 15 independent entries if A = AT (b) L has 10 and D has 5;
total 15in LDLT (c) Zero diagonal if AT = — A, leaving 4 +3+ 2+ 1 = 10 choices.

20'13_101013.11)_1010 1 b
3 2073 1[0 =7[|0 1> |b | |b 1|0 e¢=b*]|0 1
c 9 _ : 1 2 _1
2 -1 0 ! 5 1L -5 0 .
-1 2 -1|=|-35 1 5 1 2| =LDL".

_ 2 4

L 0 =1 2] 0—51 3 1
! r1 1 0 17711 1 1 2 0

22 |1 A=1{0 1 H 1 1];[ 1|A=1]1 1 H -1 1]
L1 2 3 1 ~1 1 2 0 1 1
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1710 1 2 1 2 1 1
1 ] lO 3 8] =0 1 ] [ 3 8].Ifwe wait
1 2 1 1

0 1/3 1 -2/3
1 1 2 1 1
to exchange and aq2 is the pivot, A = L1 P,U; = |3 1 1 [ 1] [O 1 2].
1] [1 0 0 2

26 One way to decide even vs. odd is to count all pairs that P has in the wrong order. Then
P is even or odd when that count is even or odd. Hard step: Show that an exchange
always switches that count! Then 3 or 5 exchanges will leave that count odd.

150 700
o] ar. [1 40 2 [ 6820 | 1truck
B 1(5’801 [$2:| = Az Ay = {50 1000 50] |, | = 188000 1 plane

32 Ax -y is the cost of inputs while « - ATy is the value of outputs.
33 P3 = [ so three rotations for 360°; P rotates around (1, 1,1) by 120°.

36 These are groups: Lower triangular with diagonal 1’s, diagonal invertible D, permuta-
tions P, orthogonal matrices with QT = Q1.

24 PA=1LUis

31

. . . . . —1
37 Certainly BT is northwest. B? is a full matrix! B~ is southeast: H (ﬂ = [[1) _H
The rows of B are in reverse order from a lower triangular L, so B = PL. Then
B~! = L=1P~! has the columns in reverse order from L~1. So B~! is southeast.

Northwest B = PL times southeast PU is (PLP)U = upper triangular.

38 There are n! permutation matrices of order n. Eventually two powers of P must be
the same: If P" = P% then P" ~ % = I. Certainly r — s < n!

P 0 1 01 0
P=|""7 is 5 by 5 with P, = and P3= |0 0 1|andP%=1.
Ps 1 0 10 0

Problem Set 3.1, page 127

1let+y#y+axandz+ (y+ 2) # (x+y)+zand (¢1 + c2)x # 1@ + cox.

3 (a) cx may not be in our set: not closed under multiplication. Also no 0 and no —x
(b) c(x + y) is the usual (2y)°, while cx + cy is the usual (x°)(y). Those are equal.
With ¢ = 3,z = 2,y = 1 this is 3(2 + 1) = 8. The zero vector is the number 1.

5 (a) One possibility: The matrices cA form a subspace not containing B (b) Yes: the
subspace must contain A — B = I (c) Matrices whose main diagonal is all zero.

9 (a) The vectors with integer components allow addition, but not multiplication by %
(b) Remove the x axis from the xy plane (but leave the origin). Multiplication by any
c is allowed but not all vector additions.

11 (a) All matrices {g 8] (b) All matrices {8 8} (c) All diagonal matrices.

15 (a) Two planes through (0, 0, 0) probably intersect in a line through (0, 0, 0)
(b) The plane and line probably intersect in the point (0, 0, 0)
(¢) If  and y are in both S and T', « + y and cx are in both subspaces.

20 (a) Solution only if by = 2b; and bs = —b; (b) Solution only if b3 = —b;.
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23 The extra column b enlarges the column space unless b is already in the column space.
(A b]= {1 0 1] (larger cglumn space) {1 0 1} (b is in column spacg)
0 0 1| (nosolutionto Az ="b) |0 1 1| (Ax = b has a solution)
25 The solutionto Az =b+b"isz=ax +y. Ifband b* are in C(A) sois b+ b".
30 (a) If wand v are bothin S + T, thenu = s; +t; and v = so +t2. Sou +v =
(814 82) + (t1 + t2) isalsoin S + T. And sois cu = ¢s1 + cty: a subspace.
(b) If S and T are different lines, then S U T is just the two lines (not a subspace) but
S + T is the whole plane that they span.
31 If S =C(A)and T = C(B) then S + T is the column space of M = [A B].
32 The columns of AB are combinations of the columns of A. So all columnsof [A AB|

are already in C'(A). But A = 8 (1)

For square matrices, the column space is R™ when A is invertible.

has a larger column space than A? = {8 8} .

Problem Set 3.2, page 140

2 (a) Free variables x5, x4, x5 and solutions (—2, 1,0, 0, 0), (0,0, -2, 1,0), (0,0, —3,0, 1)
(b) Free variable x5: solution (1, —1, 1). Special solution for each free variable.

1 2 0 0 O 1 0 -1
4 R=10 0 1 2 3|, R=10 1 1|, R has the same nullspace as U and A.
0 0 0 0O 0O 0 O

6 (a) Special solutions (3,1,0) and (5,0,1) (b) (3,1,0). Total of pivot and free is 7.
8 R— [(1) - _8] with 7= [1]; R = [(1) - (1)] with T = [(1) ﬂ
10 (a) Impossiblerow 1 (b) A = invertible (c) A=allones (d) A=2[,R=1.
14 If column 1 = column 5 then x5 is a free variable. Its special solution is (—1,0, 0,0, 1).
16 The nullspace contains only & = 0 when A has 5 pivots. Also the column space is R®,
because we can solve Ax = b and every b is in the column space.

20 Column 5 is sure to have no pivot since it is a combination of earlier columns. With
4 pivots in the other columns, the special solution is s = (1,0, 1,0, 1). The nullspace
contains all multiples of this vector s (a line in R).

24 This construction is impossible: 2 pivot columns and 2 free variables, only 3 columns.

2 A:[Ol

28 0 O} has N (A)=C/(A) and also (a)(b)(c) are all false. Notice rref(AT) = [1 O} .

00
1 00
32 Any zero rows come after these rows: R =[1 —2 —3], R = 01 ol B=1

33 (a) [(1) (1)} , {(1) 8], [(1) (1)], [8 (1)} , {8 8} (b) All 8 matrices are R’s !
35 The nullspace of B = [ A A] contains all vectors = {_Z} for y in R*.
36 If Cx = 0 then Az = 0 and Bz = 0. So N(C) = N(A) N N(B) = intersection.

37 Currents: yr —ys+ys = —y1+ Y2+ +ys = —y2 + Ya + Y6 = —Ya — Y5 — Yo = 0.
These equations add to 0 = 0. Free variables ys, y5, yg: watch for flows around loops.
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Problem Set 3.3, page 151

1 (a) and (c) are correct; (d) is false because R might have 1’s in nonpivot columns.

3 Ry = (1) (2) (1) Rin—=I[Ra Ral R Ra 0O Zero rows go
o 0 00 o= [Ra Ra] C77 |0 Ra to the bottom

5 Ithink R; = Ay, Ry = As is true. But Ry — R may have —1’s in some pivots.

7 Special solutionsin N =[—-2 —4 1 0; -3 =5 0 1] and [1 0 0;0 —2 1].
13 P has rankr (the same as A) because elimination produces the same pivot columns.
14 The rank of R is also 7. The example matrix A has rank 2 with invertible S:

1 3
) 6] P [1 2 2} gr_ [1 2} G [1 3].

P =
9 7 3 6 7 37 2 7

Tw =0.

16 (uv?)(wzT) = u(vTw)z" has rank one unless the inner product is v
18 If we know that rank(BT AT) < rank(A7T), then since rank stays the same for trans-
poses, (apologies that this fact is not yet proved), we have rank(AB) < rank(A).

20 Certainly A and B have at most rank 2. Then their product AB has at most rank 2.

Since BA is 3 by 3, it cannot be [ even if AB = I.

21 (a) A and B will both have the same nullspace and row space as the R they share.
(b) A equals an invertible matrix times B, when they share the same R. A key fact!

1 0 11 0 1 1 0
22 A = (pivot columns)(nonzero rows of R) = [1 41 [O 0 1} =11 1 0]+
1 8 1 10
882 Bﬁ??loicolumns720+02
008. {2 3|0 1| timesrows ~ |2 0 0 3

26 The m by n matrix Z has r ones to start its main diagonal. Otherwise Z is all zeros.
|1 F|_ rbyr rbyn—r|. ™ _ |{ 0], Ty
27 R_{O O}_[m—rbyr m_rbyn_r},rref(R )_[0 O},rref(R R)=same R

28 The row-column reduced echelon form is always {é 8} ; [isr by r.

Problem Set 3.4, page 163

2 1 3 by 2 1 3 by 1 1/2 3/2 5
216 3 9 by 5|0 0 0 by—3b;| Then[R d]=[0 0 0 0
4 2 6 by 0 0 0 by—2by 00 0 0

Ax = b has a solution when by — 3b; = 0 and bs — 2b; = 0; C(A) = line through
(2,6,4) which is the intersection of the planes bo — 3b; = 0 and bs — 2b; = 0;
the nullspace contains all combinations of s; = (—1/2,1,0) and s = (—3/2,0,1);
particular solution ¢, = d = (5,0, 0) and complete solution x,, + ¢181 + c282.

=2y +xn = (3,0,1,0) +22(=3,1,0,0) + 24(0,0,-2,1).

wcomplete
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6 (a) Solvable if by = 2b, and 3b, — 3bs + by = 0. Then - — [5bb31__22bb13} —x,
5by — 2bs =
(b) Solvable if by = 2by and 3by — 3b3 + by = 0. x = l by —2b1 | + a3 —1] .
0 1

8 (a) Every bis in C(A): independent rows, only the zero combination gives 0.
(b) Need bs = 2b, because (row 3) — 2(row 2) = 0.

12 (a) 1 — x2 and 0 solve Az = 0 (b) A(2x1 —222) = 0,A(221 —x2) = b
13 (a) The particular solution @, is always multiplied by 1  (b) Any solution can be z,

3 3][z] [6 1] 5
(©) [3 3} [y} = [6} Then [1] is shorter (Iength v/2) than [O} (Iength 2)
(d) The only “homogeneous” solution in the nullspace is ,, = 0 when A is invertible.

14 If column 5 has no pivot, x5 i a free variable. The zero vector is not the only solution
to Az = 0. If this system Ax = b has a solution, it has infinitely many solutions.

16 The largest rank is 3. Then there is a pivot in every row. The solution always exists.
The column space is R®. An exampleis A = [I F'] for any 3 by 2 matrix F.

18 Rank = 2; rank = 3 unless ¢ = 2 (then rank = 2). Transpose has the same rank!

25 (a) r <m,alwaysr<n (b)) r=m,r<n ()r<m,r=n (d) r=m=n.

28'1230 120 0], 7‘%,1235 120 -1
0040 70010 T o048 7001 2

Free xo = 0 gives ¢, = (—1, 0, 2) because the pivot columns contain /.

‘1023 2 102 32 1020 -4 _g _g
30 13205—>l030—33]—>l0100 3| oliwa=as| U],
2049 10 000 36 0001 2] |3 :

36 If Az = b and Cx = b have the same solutions, A and C have the same shape and
the same nullspace (take b = 0). If b = column 1 of A, x = (1,0,...,0) solves
Axz=bso it solves Cx=b. Then A and C' share column 1. Other columns too: A=C"

Problem Set 3.5, page 178

2 v1,v9,v3 are independent (the —1’s are in different positions). All six vectors are on
the plane (1,1,1,1) - v = 0 so no four of these six vectors can be independent.

3 If a = 0 then column 1 = 0; if d = 0 then b(column 1) — a(column 2) = 0; if f =0
then all columns end in zero (they are all in the zy plane, they must be dependent).

6 Columns 1, 2, 4 are independent. Also 1, 3, 4 and 2, 3, 4 and others (but not 1, 2, 3).
Same column numbers (not same columns!) for A.

8 If C1 ('11)2 —|—’LU3) “+co ('11)1 +'Ll)3) “+c3 ('11)1 +'Ll)2) = 0 then (02 +Cg)’UJ1 + (Cl +Cg)’UJ2 +
(c1 + c2)ws = 0. Since the w’s are independent, ¢y + ¢3 = ¢1 +¢3 = ¢1 +¢c2 = 0.
The only solution is ¢; = c¢3 = ¢3 = 0. Only this combination of v, v2, v3 gives 0.

11 (a) Line in R® (b) PlaneinR®  (c) Allof R®  (d) All of R®.
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12 b is in the column space when Az = b has a solution; c is in the row space when
ATy = chas a solution. False. The zero vector is always in the row space.

15 The n independent vectors span a space of dimension n. They are a basis for that space.
If they are the columns of A then m is not less than n. (m > n).

18 (a) The 6 vectors might not span R* (b) The 6 vectors are not independent
(c) Any four might be a basis.

20 One basis is (2,1,0), (—3,0,1). A basis for the intersection with the 2y plane is
(2,1,0). The normal vector (1, —2, 3) is a basis for the line perpendicular to the plane.

22 (a) True (b) False because the basis vectors for R® might not be in S.
25 Rank 2 if ¢ = 0 and d = 2; rank 2 except when ¢ = d or ¢ = —d.

| 100 Jo 1 0] o o 1] [1-1 0] . [1 0-1

-1 0 0]°[0 =1 o] |o o0 —-1°|-1 1 o] *™ |1 o 1
32 y(0) = 0 requires A + B + C = 0. One basis is cos z — cos 2z and cosz — cos 3z.
34 yi(2),y2(z),y3(x) can be x, 2z, 3z (dim 1) or x, 2z, 2 (dim 2) or z, 2%, 23 (dim 3).

37 The subspace of matrices that have AS = S A has dimension three.

39 If the 5 by 5 matrix [A b] is invertible, b is not a combination of the columns of A.
If [A b] is singular, and the 4 columns of A are independent, b is a combination of
those columns. In this case Az = b has a solution.

1 1 1 1 1 . s
M -1 - 1 1 1|~ |1 | ThesixPs
1 1 1 1 are dependent
42 The dimension of S is (a) zero whenx = 0 (b) one when = (1,1,1,1)

1
(c) three when & = (1,1, —1, —1) because all rearrangements have 21 + - - - + x4 = 0
(d) four when the x’s are not equal and don’t add to zero. No x gives dim S = 2.
43 The problem is to show that the u’s, v’s, w’s together are independent. We know the
u’s and v’s together are a basis for V', and the w’s and w’s together are a basis for W.
Suppose a combination of u’s, v’s, w’s gives 0. To be proved: All coefficients = zero.

+ +

Key idea: The part x from the »’s and v’s is in V/, so the part from the w’s is —a. This
part is now in V' and also in W. Butif —z is in V' N W it is a combination of w’s
only. Now  — x = 0 uses only u’s and v’s (independent in V'!) so all coefficients of
u’s and v’s must be zero. Then = 0 and the coefficients of the w’s are also zero.

44 The inputs to an m by n matrix fill R™. The outputs (column space!) have dimension
r. The nullspace has n — r special solutions. The formula becomes r + (n — r) = n.

Problem Set 3.6, page 190

1 (a) Row and column space dimensions = 5, nullspace dimension = 4, dim(IN (AT))
=2 sum=16=m+n (b) Column space is R?; left nullspace contains only 0.

10
4 (a) ll 0] (b) Tmpossible: 7+(n—r) mustbe3  (¢) [1 1]  (d) [‘2 _ﬂ
0 1
(e) Impossible Row space = column space requires m = n. Thenm —r = n —
r; nullspaces have the same dimension. Section 4.1 will prove IN(A) and IN(A™)
orthogonal to the row and column spaces respectively—here those are the same space.
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6

11

12

16

18

20

21

24

26

29
30

31

32

A: dim 2,2,2,1: Rows (0,3,3,3) and (0,1,0,1); columns (3,0, 1) and (3,0,0);
nullspace (1,0,0,0) and (0,—1,0,1); N(AT) (0,1,0). B: dim 1,1,0,2 Row space
(1), column space (1,4, 5), nullspace: empty basis, N (AT) (—4,1,0) and (5,0, 1).
(a) Same row space and nullspace. So rank (dimension of row space) is the same
(b) Same column space and left nullspace. Same rank (dimension of column space).

(a) No solution means that 7 < m. Always r < n. Can’t compare m and n
(b) Since m — r > 0, the left nullspace must contain a nonzero vector.

1 1 1 0 1 2 21
A neat choice is [0 21 [1 9 O] = [2 4 0
1 0 1 0 1
not match 2 + 2 = 4. Only v = 0 is in both N (A4) and C(A™).

If Av = 0andvisarow of Athenv-v = 0.

; 7+ (n—1r) =n = 3 does

Row 3—2 row 2+ row 1 = zero row so the vectors ¢(1, —2, 1) are in the left nullspace.
The same vectors happen to be in the nullspace (an accident for this matrix).

(a) Special solutions (—1,2,0,0) and (—%, 0, —3, 1) are perpendicular to the rows of

R (and then ER). (b) ATy = 0 has 1 independent solution = last row of E~*.
(E~'A = R has a zero row, which is just the transpose of ATy = 0).

(a) uwand w (b) vand z (c) rank < 2 if w and w are dependent or if v and z
are dependent (d) The rank of uv™ + wzT is 2.

ATy = d puts d in the row space of A; unique solution if the left nullspace (nullspace
of A1) contains only y = 0.

The rows of C' = AB are combinations of the rows of B. So rank C' < rank B. Also
rank C' < rank A, because the columns of C' are combinations of the columns of A.
a1 = 1,a12 = 0,a13 = 1,a22 = 0,a32 = 1,a31 = 0,a23 = 1,a33 = 0,a21 = 1.

The subspaces for A = wwv™ are pairs of orthogonal lines (v and v+, w and u™).

If B has those same four subspaces then B = cA with ¢ # 0.

(@) AX = 0 if each column of X is a multiple of (1,1,1); dim(nullspace) =
(b) If AX = B then all columns of B add to zero; dimension of the B’s =
(c) 3+ 6 = dim(M3*3) = 9 entries in a 3 by 3 matrix.

The key is equal row spaces. First row of A = combination of the rows of B: only
possible combination (notice I) is 1 (row 1 of B). Same for each row so F' = G.

3.
6.

Problem Set 4.1, page 202

1

3

Both nullspace vectors are orthogonal to the row space vector in R3. The column space
is perpendicular to the nullspace of A" (two lines in R? because rank = 1).

1 2 -3 2 1 1 1

(a) [ 2 =3 1] (b) Impossible, [—3] not orthogonal to ll} (c) ll} and 01
-3 5 =2 5 1 1 0

in C(A) and N (A7) is impossible: not perpendicular (d) Need A% = 0; take A =

[1 23]

(e) (1,1,1) in the nullspace (columns add to 0) and also row space; no such matrix.
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6 Multiply the equations by y1, y2,ys = 1,1, —1. Equations add to 0 = 1 so no solution:
y = (1,1, —1) is in the left nullspace. Az = b would need 0 = (yTA)x = yTb = 1.

8 x = x, + x,,, where x, is in the row space and x,, is in the nullspace. Then Ax,, = 0
and Ax = Az, + Az, = Azx,. All Az arein C(A).

9 Az is always in the column space of A. If AT Az = 0 then Az is also in the nullspace
of AT. So Az is perpendicular to itself. Conclusion: Az = 0 if AT Az = 0.

10 (a) With AT = A, the column and row spaces are the same (b) x isin the nullspace
and z is in the column space = row space: so these “eigenvectors” have 7z = 0.

12 z splits into =, + @, = (1,—1) + (1,1) = (2,0). Notice N (A7) is a plane (1,0) =
(LD/2+(1,-1)/2 =, + x,.

13 VT = zero makes each basis vector for V' orthogonal to each basis vector for W.
Then every v in V' is orthogonal to every w in W (combinations of the basis vectors).

14 Axr = BZ means that [A B] [_; = 0. Three homogeneous equations in four

unknowns always have a nonzero solution. Here = (3,1) and = (1,0) and Ax =
Bz = (5,6,5) is in both column spaces. Two planes in R® must share a line.
16 ATy = 0leadsto (Ax)Ty = 2T ATy = 0. Theny | Az and N(AT) L C(A).

18 S is the nullspace of A = B g %] . Therefore S™ is a subspace even if S is not.

21 Forexample(_5vov171)and(071,—1,0)SpanSL—nullspaceofA_[1 22 3}

1 3 3 2
23 x in V' is perpendicular to any vector in V. Since V' contains all the vectors in S,
x is also perpendicular to any vector in S. So every x in V<+isalsoin S*.

28 (a) (1,—1,0) is in both planes. Normal vectors are perpendicular, but planes still in-
tersect! (b) Need three orthogonal vectors to span the whole orthogonal complement.
(c) Lines can meet at the zero vector without being orthogonal.

30 When AB = 0, the column space of B is contained in the nullspace of A. Therefore
the dimension of C(B) < dimension of IN(A). This means rank(B) < 4 — rank(A).

31 null(N") produces a basis for the row space of A (perpendicular to N(A)).

32 We need r'n = 0 and ¢'£ = 0. All possible examples have the form acr™ with
a # 0.

33 Both 7’s orthogonal to both n’s, both ¢’s orthogonal to both £’s, each pair independent.
All A’s with these subspaces have the form [¢; ¢o] M [ry 73] fora 2 by 2 invertible M.

Problem Set 4.2, page 214

1 (a) a'b/ava=5/3;p=5a/3;e=(-2,1,1)/3(b) a’b/a’a=—1;p=a; e=0.

LT 11 L[5 L3 1
3P1:— 1 1 1 andPlb:— 5 .PQZ— 3 9 3 andPQb: 3.
31111 315 13 1 1
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6 plz(%a_%a_%) andpQZ(%a %7_%) andp3 = (%7_%5 %) Sopl +p2 +p3 =b.

9 Since A is invertible, P = A(ATA)"1AT = AA=1(AT)=* AT = I: project on all of
R2.
11 (a) p=A(ATA)"1ATb=(2,3,0), e=(0,0,4), ATe=0 (b) p=(4,4,6), e=0.
15 2A has the same column space as A. Z for 2A is half of Z for A.
16 1(1,2,—1)+ 2(1,0,1) = (2,1,1). So bis in the plane. Projection shows Pb = b.

18 (a) I — P is the projection matrix onto (1, —1) in the perpendicular direction to (1,1)
(b) I — P projects onto the plane = + y + z = 0 perpendicular to (1, 1, 1).

1 ) 1/6 —1/6 —1/3 5/6 1/6 1/3
0e=|-1], Q=5 = [—1/6 1/6 1/3], I-Q=1{1/6 5/6 —1/3].
-2 -1/3 1/3 2/3 1/3 —1/3 1/3

21 (A(ATA)*lAT)2 = A(ATA)"H(ATA)(ATA)TLAT = A(ATA)"1AT. So P2 = P.
Pb is in the column space (where P projects). Then its projection P(Pb) is Pb.

24 The nullspace of AT is orthogonal to the column space C(A). So if ATb = 0, the pro-
jection of bonto C(A) shouldbe p = 0. Check Pb = A(ATA)~1ATb = A(ATA)~10.

28 P2 = P = P" give PTP = P. Then the (2,2) entry of P equals the (2,2) entry of
PT P which is the length squared of column 2.

29 A = BT has independent columns, so AT A (which is BBT) must be invertible.

aa® 1 [9 12

aTa 25|12 25|
(b) The row space is the line through v = (1,2,2) and Pr = vv"' /v v. Always
Pc A = A (columns of A project to themselves) and APr = A. Then Pc APr = A

31 The error e = b — p must be perpendicular to all the a’s.

32 Since Pib is in C(A), P,(P1b) equals Pib. So PP, = P = aa®/aa where
a=(1,2,0).

33 If P, P, = P, P; then S is contained in T or T' is contained in .S

34 BB isinvertible as in Problem 29. Then (A" A)(BB™) = product of r by r invertible
matrices, so rank . AB can’t have rank < 7, since AT and BT cannot increase the
rank.

Conclusion: A (m by r of rank r) times B (r by n of rank r) produces AB of rank
.

30 (a) The column space is the line through a = [i] so Po =

Problem Set 4.3, page 226

1 0 0
11 s e 48] R
1 A= 1 3 and b = 3 give A" A = [8 2% and A*b = [112].
1 4 20 i

17 —1
ATAZ = ATbgives T = | | andp = AT = | R
= givesz = | , | andp = Az = | |5 ande=b—p= _5

17 E=|el|*=44 | 3
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5 E=(C—-0)2+(C—=8)2+(C—-8)2+(C—-20)2. AT=[1 1 1 1]and ATA = [4].
ATb =[36]and (ATA)"1ATb = 9 = best height C. Errors e = (=9, —1,—1,11).
7 A=[0 1 3 4]", ATA =[26]and ATb = [112]. Best D = 112/26 = 56/13.

8 £=56/13, p=(56/13)(0,1,3,4). (C,D)=(9,56/13) don’t match (C, D) = (1,4).
Columns of A were not perpendicular so we can’t project separately to find C' and D.

Parabola i (1) (1’ c g 48 267 [C 36
9 Projectb |, o 4| |D|=] g CATAZ=| 8 26 92| |D|=|112].
w3 |1 5 el S 2 92 333] |E| |400

11 (a) The best line x = 1 + 4t gives the center point b=9whent=2.

(b) The first equation Cm + D Y t; = Y. b; divided by m gives C' + Dt =b.

13 (ATA)"1AT(b — Az) = Z — . When e = b — Ax averages to 0, so does Z — x.

14 The matrix (Z — z)(Z — )T is (ATA)"1AT(b — Azx)(b — Ax)TA(ATA)~1. When
the average of (b — Ax)(b— Ax)T is 021, the average of (Z — x)(Z — )" will be the
output covariance matrix (AT A) 71 AT2 A(AT A)~1 which simplifies to o2(AT A) 1.

1 9 1

16 —byo + —Tg = —
070 T 107 = 10

18 p = Az = (5,13,17) gives the heights of the closest line. The error is b — p =
(2,—6,4). This error e has Pe = Pb— Pp=p —p = 0.

21 eisin N(AT); pisin C(A); Zisin C(AT); N(A) = {0} = zero vector only.

23 The square of the distance between points on two lines is £ = (y — z)? + (3y — ) +
(1 + 2)?. Derivatives £0E /0x = 3z — 4y + 1 = 0 and $0E/dy = —4z + 10y = 0.
The solutionis x = —5/7,y = —2/7; E = 2/7, and the minimum distance is 1/2/7.

25 3 points on aline: Equal slopes (ba—b1)/(ta—t1) = (b3—ba)/(t3—t2). Linear algebra:
Orthogonal to (1,1,1) and (¢1,¢2,t3) is y = (t2 — t3,t3 — t1,t1 — t2) in the left
nullspace. b is in the column space. Then yTb = 0 is the same equal slopes condition
written as (bg — bl)(tg — tg) = (b3 — bg)(tz — tl).

27 The shortest link connecting two lines in space is perpendicular to those lines.

by + -+ + b1o). Knowing Zy avoids adding all b’s.

28 Only 1 plane contains 0, a1, as unless ai, as are dependent. Same test for aq, ..., a,.

Problem Set 4.4, page 239

3 (a) ATA will be 161 (b) AT A will be diagonal with entries 1, 4, 9.
6 Q1Q- is orthogonal because (Q1Q2)TQ1Q2 = QTQTQ1Q2 = QT Q2 = 1.
8 If q, and g, are orthonormal vectors in R then (g1 b)q; + (g3 b)q, is closest to b.
11 (a) Two orthonormal vectors are q; = %(1, 3,4,5,7) and g5 = %(—7, 3,4,-5,1)
(b) Closest in the plane: project QQT(1,0,0,0,0) = (0.5, —0.18,—0.24, 0.4, 0).

13 The multiple to subtractis &2 Then B = b— 2:8a = (4,0)—2-(1,1) = (2, -2).

o A R [ R
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15

16

18

20
21

22
26

28
30

32

33

@ q, = 3(1,2,-2), g, = 3(2,1,2), g3 = 3(2,-2,-1) (b) The nullspace of
AT contains g5 () &= (ATA)’lAT( 7) = (1,2).

The projection p = (a*b/aa)a = 14a/49 = 2a/7 is closest to b; g, = a/||a|| =
a/Tis (4,5,2,2)/7. B=b—p=(—1,4,—4, 4)/7hasHB||—1soq2 B.

1
3
2,

A=a=(1,-1,0,0;B=b—p= (2, 5,—1 ,0,C=c—py—pp = (é,é % —1).
Notice the pattern in those orthogonal A, B, C. InR®, D wouldbe (1,1, 1, —1).

(@) True (b) True. Qx = r1q, + T2q5. |Qx||* = 23 + 23 because q; - g5 = 0.
The orthonormal vectors are ¢; = (1,1,1,1)/2 and g, = (—5,—1,1,5)/+/52. Then
b= (-4,-3,3,0)projectstop = (—7,-3,—1,3)/2. Andb—p = (—1,-3,7,-3)/2
is orthogonal to both g, and g5.

A=(1,1,2), B=(1,-1,0), C = (—1 —1,1). These are not yet unit vectors.

(giC*)q, = BB B B because g, = and the extra g, in C™ is orthogonal to g,.

B IIBH

There are mn multiplications in (11) and —m2n multiplications in each part of (12).

The wavelet matrix TV has orthonormal columns. Notice W~! =TT in Section 7.3.
1 0 0

Q1 = [(1) _(1)} reflects across x axis, Q2 = [0 0 —1] across plane y + z = 0.
0 -1 0

Orthogonal and lower triangular = £1 on the main diagonal and zeros elsewhere.

Problem Set 5.1, page 251

11

14
15
17

21
23

27
32

det(24) = 8; det(—A) = (—=1)*det A = ; det(A?) = 1; det(A™1) =2 = det(A™) "1,

|J5|=1, |Js|=—1, |J7|=—1. Determinants 1,1, —1, —1 repeat so |J1p1|=1.
QTQ =1=1Q]>=1= |Q| = %1; Q" stays orthogonal so det can’t blow up.

If the entries in every row add to zero, then (1, 1,...,1) is in the nullspace: singular
A has det = 0. (The columns add to the zero column so they are linearly dependent.)
If every row adds to one, then rows of A — I add to zero (not necessarily det A = 1).

CD = —DC = detCD = (—1)"det DC and not — det DC'. If n is even we can
have an invertible C'D.

det(A) = 36 and the 4 by 4 second difference matrix has det = 5.

The first determinant is 0, the second is 1 — 2¢2 + t* = (1 — ¢2)2.

Any 3 by 3 skew-symmetric K has det(KT) = det(—K) = (—1)3det(K). This is
—det(K). But always det(K ') = det(K), so we must have det(/K) = 0 for 3 by 3.
Rules 5 and 3 give Rule 2. (Since Rules 4 and 3 give 5, they also give Rule 2.)

18 _ 3 -1
det(4) =10, A* = ||, 11] det(A?) = 100, A™! = 15 {_2 4] has det 15

det(A — M) = A2 — 7\ + 10 = 0 when A\ = 2 or A\ = 5; those are eigenvalues.
det A = abe, det B = —abed, det C = a(b— a)(c — b) by doing elimination.
Typical determinants of rand(n) are 10%,102°,107%, 1028 for n = 50, 100, 200, 400.
randn(n) with normal distribution gives 1031, 107, 10'%5, Inf which means > 21924,
MATLAB allows 1.999999999999999 x 21023 ~ 1.8 x 103°® but one more 9 gives Inf!
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Problem Set 5.2, page 263

2 det A = —2, independent; det B = 0, dependent; det C' = —1, independent.

4 aj1as3a32a44 gives —1, because 2 <> 3, ajgaszasaay; gives +1,det A=1—-1=0;
detB=2-4-4-2—1-4-4-1=64—16=48.

6 (a) If a1 = age = ass = 0 then 4 terms are sure zeros (b) 15 terms must be zero.

8 Some term a1,a28 - - - Gne in the big formula is not zero! Move rows 1, 2, . . ., n into
rows «, (3, . . ., w. Then these nonzero a’s will be on the main diagonal.

9 To get 41 for the even permutations the matrix needs an even number of —1’s. For the
odd P’s the matrix needs an odd number of —1’s. So six 1’s and det = 6 are impossible
five 1’s and one —1 will give AC' = (ad — bc)I = (det A)I max(det) = 4.

4. 0 42 -35
11 C’_[ b }andAC’T_(ad—bc)IandD_ 0 —21 14].
o -3 6 -3

det B =1(0) + 2(42) + 3(—35) = —21.

12 A7t =C"%/det A= C"/4.

13 (a) C1 =0, Co=-1, C3=0, Cy =1 (b) C,, = —C),—2 by cofactors of row
1 then cofactors of column 1. Therefore C1g = —Cs = Cg = —Cy = Cy = —1.

15 The 1, 1 cofactor of the n by n matrix is E,,_;. The 1,2 cofactor has a single 1 in its
first column, with cofactor E,,_o: sign gives —FE,,_2. So E, = E,_1 — E,,_2. Then
Eyto Egis1,0,—1,—1, 0,1 and this cycle of six will repeat: E1gp = E4 = —1.

16 The 1,1 cofactor of the n by n matrix is F,,_;. The 1,2 cofactor has a 1 in column
1, with cofactor F},_5. Multiply by (—1)**2 and also (—1) from the 1, 2 entry to find

F, = F,_1 + F,,_5 (so these determinants are Fibonacci numbers).

19 Since z, 22, z° are all in the same row, they are never multiplied in det ;. The deter-

minant is zero at z = a or b or ¢, so det V' has factors (x — a)(x — b)(x — ¢). Multiply
by the cofactor V3. The Vandermonde matrix V;; = (z;)?~! is for fitting a polynomial
p(x) = b at the points ;. It has det V' = product of all zj, — z,,, for k > m.

20 Gy = —-1,G3=2,G4 = —3,and G,, = (—1)""1(n — 1) = (product of the \’s ).
24 (a) All L’s have det = 1; det U, = det A, = 2,6, —6 (b) Pivots 5,6/5,7/6.

. I 0 A B . _
25 Problem 23 gives det {—CA_l I] = landdet {C D} = |A| times |D—CA™1B|

whichis |[AD — ACA™'B|. If AC = CAthisis |[AD—CAA'B| = det(AD—-CB).
27 (a) det A = a11C11 + - - - + a1, C1y,. Derivative with respect to a;; = cofactor C17.

29 There are five nonzero products, all 1’s with a plus or minus sign. Here are the (row,
column) numbers and the signs: + (1,1)(2,2)(3,3)(4,4) + (1,2)(2,1)(3,4)(4,3) —
(17 2)(27 1)(37 3)(47 4) - (17 1)(27 2)(37 4)(47 3) - (17 1)(27 3)(37 2)(47 4) Total —1.

32 The problem is to show that Fb,, 2 = 3F%, — Fb,_2. Keep using Fibonacci’s rule:
Fonyo=Foni1+4 Fop=Fop+ Fop_1+ Fop, =2F5, + (Fay, — Foy—2) =3F2, — Fop 2.

33 The difference from 20 to 19 multiplies its 3 by 3 cofactor = 1: then det drops by 1.

34 (a) The last three rows must be dependent (b) In each of the 120 terms: Choices
from the last 3 rows must use 3 columns; at least one of those choices will be zero.
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Problem Set 5.3, page 278

2

3
4

11
15

17

18

21

23

25

26
31
35

39

(@ y=

1
“h]/
(a) 1 = 3/0and z2 = —2/0: no solution (b) x1 = 22 = 0/0: undetermined.

(a) ©1 = det([ b as as ])/ det A, ifdet A #£ 0 (b) The determinant is linear in
its first column so x1 |a; as as| + x2|as as as| + x3|las a2 as|. The last two determi-
nants are zero because of repeated columns, leaving 21 |a; a2 as| which is z; det A.

abl=c/lad—bc)  (b) y=detBy/det A= (fg—id)/D.

1 —% 0 . 3 2 1 ) ] ] ]

@ |0 % 0 b = |2 4 An invertible symmetrlc matrix
4 has a symmetric inverse.
0 -1 1 12 3
6 -3 0 3 0 0] Thisis (detA)I and det A = 3.
C=| 3 1 —1|andACT=|0 3 0] . The 1, 3 cofactor of A is 0.
-6 2 1 0 0 3] Multiplying by 4 or 100: no change.

If we know the cofactors and det A = 1, then CT = A~! and also det A~ = 1.

Now A is the inverse of C'T, so A can be found from the cofactor matrix for C.
The cofactors of A are integers. Division by det A = 41 gives integer entries in A~".

For n = 5, C contains 25 cofactors and each 4 by 4 cofactor has 24 terms. Each term
needs 3 multiplications: total 1800 multiplications vs.125 for Gauss-Jordan.

jk|  —21-25+8k
1117 length=612

—90. Area of faces _

Volume = length of cross product

311
131
113

7
3
1

21 211
(a) Area 1|34 051
05 ~101

[

=5 (b) 5 + new triangle area % =5+7=12.

The maximum volume is L Lo L3 L4 reached when the edges are orthogonal in R
With entries 1 and —1 all lengths are V4 = 2. The maximum determinant is 2% = 16,
achieved in Problem 20. For a 3 by 3 matrix, det A = (1/3)3 can’t be achieved.

aT ata 0 0 T 9
A= |6 Ja b= o 8 o nes goy 2 U
cT 0 0 cTe

The n-dimensional cube has 2" corners, n2"~! edges and 2n (n — 1)-dimensional
faces. Coefficients from (2 + )" in Worked Example 2.4A. Cube from 21 has volume
2,

The pyramid has volume %. The 4-dimensional pyramid has volume 2—14 (and & in R™)

n!
Base area 10, height 2, volume 20.
S = (2,1,-1), area ||PQ x PS| = ||[(—2,—2,—1)|| = 3. The other four corners
can be (0,0,0), (0,0,2), (1,2,2), (1,1,0). The volume of the tilted box is | det | = 1.

ACT = (det A)I gives (det A)(det C') = (det A)™. Then det A = (detC)/3 with
n = 4. With det A=! is 1/ det A, construct A~! using the cofactors. Invert to find A.
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Problem Set 6.1, page 293

1 The eigenvalues are 1 and 0.5 for A, 1 and 0.25 for A2, 1 and 0 for A>°. Exchanging
the rows of A changes the eigenvalues to 1 and —0.5 (the trace is now 0.2 + 0.3).
Singular matrices stay singular during elimination, so A = 0 does not change.

3 Ahas \y = 2 and A\ = —1 (check trace and determinant) with ; = (1,1) and
@ = (2, —1). A~! has the same eigenvectors, with eigenvalues 1/A = % and —1.

6 Aand Bhave \; = land A, = 1. AB and BA have A = 2 + /3. Eigenvalues of AB
are not equal to eigenvalues of A times eigenvalues of B. Eigenvalues of AB and BA
are equal (this is proved in section 6.6, Problems 18-19).

8 (a) Multiply Ax to see Ax which reveals A (b) Solve (A — AI)x = 0to find x.

10 Ahas Ay = 1 and \y = 4 withz; = (1,2) and x5 = (1,—1). A>° has \; = 1 and
A2 = 0 (same eigenvectors). A% has \; = 1 and Ay = (.4)1°° which is near zero. So
A0 is very near A°°: same eigenvectors and close eigenvalues.

11 Columns of A — Ay I are in the nullspace of A— Ao1 because M = (A—XoI)(A— M)
= zero matrix [this is the Cayley-Hamilton Theorem in Problem 6.2.32]. Notice that M
has zero eigenvalues (A1 — A2)(A1 — A1) = 0and (A2 — A2)(A2 — A1) = 0.

13 (a) Pu = (vul)u = u(uTu) =uso ) =1 (b) Pv = (uub)v = u(utv)
0(c) 1 = (—1,1,0,0), x> = (—3,0,1,0), &3 = (—5,0,0,1) all have Px = Oz
0.

15 The other two eigenvalues are A = %(—1 + 2\/5), the three eigenvalues are 1,1, —1.
16 Set A =0indet(A—AI)= (A —A)...(A, = A) tofinddet A = (A1)(A2) -+ (\n).

17 M = 2(a+d+ /(a—d)>+4bc) and Ao = $(a+d — V ) add to a + d.
If Ahas Ay = 3 and A\ = 4 thendet(A — \) = (A —3)(A—4) = N2 —7TA+12.

19 (a) rank = 2 (b) det(BTB) =0 (d) eigenvalues of (B? + 1) 'are 1,1, 1.
20 Last rows are —28, 11 (check trace and det) and 6, —11, 6 (to match det(C' — \I)).

22 )\ =1 (for Markov), 0 (for singular), —% (so sum of eigenvalues = trace = %)

23 [(1) 8} > [8 (1)], {:i i] Always A? is the zero matrix if A = 0 and 0, by the

Cayley-Hamilton Theorem in Problem 6.2.32.
28 Bhas A= —1,—1,—1,3and C has A = 1,1, 1, —3. Both have det = —3.

32 (a) w is a basis for the nullspace, v and w give a basis for the column space
(b) « = (0, %, %) is a particular solution. Add any cu from the nullspace
(¢) If Az = u had a solution, u would be in the column space: wrong dimension 3.

34 det(P — M) = 0 gives the equation A* = 1. This reflects the fact that P* = I.
The solutions of A\* = 1 are A\ = 1,i, —1, —i. The real eigenvector &; = (1,1,1,1)
is not changed by the permutation P. Three more eigenvectors are (i,72,i%,i*) and

(1,-1,1,=1) and (=i, (—)?, (=1)®, (=0)*).
36 A\, = €>™/3 and \y = e 2™/3 give det \{\y = 1 and trace \; + \o = —1.

— i 2
A= | 0 —sind with § = 2 has this trace and det. So does every M 1AM
sin 6 cosf 3
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Problem Set 6.2, page 307

1

3

12

13

15

17

19

21

24

26

27

28

12711101—1_1171100%
0 3| |0 1|0 3|0 1”13 3] |-1 3||0 4] |1 :
If A = SAS~! then the eigenvalue matrix for A + 27 is A + 21 and the eigenvector
matrix is still S. A+ 27 = S(A +2I)S~t = SAS™! + S(21)S~1 = A +2I.
(a) False: don’tknow X’s  (b) True (c) True (d) False: need eigenvectors of S

I P

4

The columns of S are nonzero multiples of (2,1) and (0,1): either order. Same for
AL

_ N Ao A (A0 1 =X ko-1 _
A= SAS —[1 0 = g1 1 0 Ao |-1 /\1.SAS =
A1 A9 )\If 0 1 —Xo| |1| _ | 2nd componentis Fj,
vp=s vl SRS I CRYY B B SV ) Bl [PV V(P W W

(@) A= H 8] has A = 1, Ay = — L with @y = (1,1), a5 = (1, ~2)
2 1 2 1
T O N 0 3 3 ©_ |3 3
(b) A" = {1 —2] [0 (—.5)”} l; L1 AT = lz 1]
3 3 3 3
(a) False: don’t know A (b) True: an eigenvector is missing (c) True.

1 8 3 19 4 |10 5|, only eigenvectors
A= [—3 2] (or other), 4 = [—4 1]’ A= {—5 o}’ are @ = (¢, —c).

AF = SAFS—1 approaches zero if and only if every |A| < 1; A¥ — A° Ak — 0.
_ 19 0 _ |3 =3 g0 (3| _ g0 |3 10| 3| _ (a0 3
—{0 .3]’5—{1 1}’/12 M—('g) 1A | =7 )

A0 [8} = (.9)10 [ﬂ + (.3)10 {_ﬂ because [8} is the sum of [ﬂ + [_ﬂ

p_[1 1 5 01°[1 1] _[sh 5F—ak

0 —-1](0 4 0 —1 0 4k '
trace ST = (aq + bs) + (cr + dt) is equal to (ga + rc) + (sb + td) = trace T'S.
Diagonalizable case: the trace of SAS~! = trace of (AS™1)S = A: sum of the \s.

The A’s form a subspace since cA and A; + A, all have the same S. When S = [
the A’s with those eigenvectors give the subspace of diagonal matrices. Dimension 4.
Two problems: The nullspace and column space can overlap, so  could be in both.
There may not be r independent eigenvectors in the column space.

R=SvAS 1= B ﬂ has R?2 = A. VB needs A = v/9 and \/—1, trace is not real.

Note that [_(1) _(1)] can have /—1 = 7 and —i, trace 0, real square root [_(1) (1)} .

AT = A gives zTABx = (Az)T(Bz) < ||Az|||Bz| by the Schwarz inequality.
BT = —B gives —2"BAx = (Bzx)T(Az) < ||Az||| Bz||. Add to get Heisenberg’s
Uncertainty Principle when AB — BA = I. Position-momentum, also time-energy.
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32 If A= SAS tthen (A —M\I) - (A—\,I)equals S(A — N\ I)--- (A= N\, 1)S™L.
The factor A — A, 1 is zero in row j. The product is zero in all rows = zero matrix.

33 )\ =2,—1,0arein A and the eigenvectors are in S (below). A*¥ = SAFS—1j

2 1 0 2 1 1 L[4 2 2 N [ 1 -1 -1
[1 -1 1 A’cl 2 =2 —2] :2— 2 11 —i—ﬁ -1 1 1]
1 -1 -1 0 3 -3 2 11 -1 1 1

Check k = 4. The (2,2) entry of A*is2%/6 + (—1)%/3 = 18/6 = 3. The 4-step paths
that begin and end at node 2 are2to lto I to 1 to2,2to 1 to2to 1 to 2, and 2 to 1 to
3 to 1 to 2. Much harder to find the eleven 4-step paths that start and end at node 1.

35 Bhas A\ =i and —i,s0 B has \* = 1 and 1 and B* = I. C has A\ = (1 ++/3i)/2.
This is exp(+7i/3) so A* = —1 and —1. Then C® = —T and C1%* = —C.

37 Columns of S times rows of AS~! will give r rank-1 matrices (r = rank of A).

Problem Set 6.3, page 325

1wy = et [(1)] s — ¢! [_ﬂ If w(0) = (5, —2), then w(t) — 3¢t [(1)] et [_ﬂ

4 d(v+w)/dt = (w—v)+ (v—w) = 0, so the total v + w is constant. A = _i 1}

—1
A1 1] v(1) =20+ 10e"2  wv(oc) =20

has 21 =0 witha, = |1 @y =

B Ng=—2 WL = P2 = 0 g1 (1) =20 — 1062 w(o0) = 20
b
12 4 {

14 When A is skew-symmetric, ||[u(t)| = |le**w(0)| is ||w(0)||. So e is orthogonal.
4 1 0 4
15 up:4andu(t)zcet+4; up: |:2:| andu(t)2018t |:t:| +028t |:1:| + |:2:|.

16 Substituting u = e“‘v gives ce“v = Aev —e“bor (A —cl)v =borv = (A —
cI)~1b = particular solution. If ¢ is an eigenvalue then A — ¢I is not invertible.

has \y =5, 1 = [2], Ao =2, &y = [é] ; rabbits () = 20e5 + 10e?,

10e® +20e?t. The ratio of rabbits to wolves approaches 20/10; e3¢ dominates.
0
9

] has trace 6, det 9, A = 3 and 3 with one independent eigenvector (1, 3).

20 The solution at time ¢ + 7T is also e*(*+7)44(0). Thus e”? times e4” equals eA(¢+7),

2 o o=l B ol kb s Al =1

22 A2:AgiveseAt=I+At+§At2+---:I+(et—1)A=[

o1 o] oo]fr =3 A et L(edt —et)
24A_[0 3]_[0 2} [0 3} [0 g] Then ¢ _[O ().
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26 (a) The inverse of e is e~ (b) If Az = \x then etx = eMa and eM # 0.

27 (z,y) = (e, e~4) is a growing solution. The correct matrix for the exchanged u =

(y,x) is [_i _(2)] . It does have the same eigenvalues as the original matrix.

28 Centering produces U,,+1 = {—1At 1_A(£t)2] U,. AtAt = 1, A = ¢™/3 and

e~ /3 both have \® = 150 A® = I. Ug = AU comes exactly back to U.
First Ahas A\ = +iand A* =1 , nll=2n —2n |..

Second A has A = —1, —1 and Ar=(=1) [ 2n  2n+ 1} Linear growth.
1 1—a? 2a
1+a2| —2a 1—a?

Orthonormal columns = orthogonal matrix = ||U 41| = ||[U .||

31 (a) (cosA)x = (cosA\)x (b) AM(A) = 2w and 0 so cosA = 1,1 and cos A = T
(c) u(t) = 3(cos2mt)(1,1)+1(cos0t)(1,—1) [u’ = Au has exp, u”’ = Au has cos]

29

30 With @ = At/2 the trapezoidal step is U, 11 = } U,.

Problem Set 6.4, page 337

3 \ = 0,4, —2;unit vectors +(0,1, —1)/v/2 and +(2,1,1)/v/6 and (1, -1, —1)//3.

1 l 2 1 2] The columns of ) are unit eigenvectors of A

S@=3 % :g _; " Each unit eigenvector could be multiplied by —1

0 1
0 0
A3 = QA3QT = 0 gives A = 0. The only symmetric A is Q 0 Q™ = zero matrix.

10 If  is not real then A = ™ Ax/x T« is not always real. Can’t assume real eigenvec-

tors!
1 1
3 1| 5 T3 19 12) .64 —.48 .36 .48
B [1 3} =2 [_% 1 ] [12 16] _0[—.48 .36}—"25[.48 .64]
14 M is skew-symmetric and orthogonal; \’s must be i, ¢, —¢, —i to have trace zero.
16 (a) If Az = My and ATy = Az then Bly; —z| =[—-Az; ATy]| = -\y; —z].

So —A\ is also an eigenvalue of B. (b) ATAz = AT(\y) = A\%2z. (c) A = —1, —1,
1,1; x=(1,0,—1,0), xo = (0,1,0, 1), x5 = (1,0,1,0), 4 = (0,1,0,1).

8 If A> =0thenall \> = 0soall A\ = 0asin A = [ ] If A is symmetric then

[= D=

2 2

1 1 0 1 0 17 Perpendicular for A
19 AhasS=|1 -1 0|;BhasS = [0 1 0f. Not perpendicular for B
0 0 1 0 0 2d since BT # B

(d) False!

T _ T
21 (a) False. A — [1 2] (b) True from A" = QAQ

0 1| (c) Truefrom A=t = QA QT
22 A and AT have the same \’s but the order of the x’s can change. A = {_1 (1)
A1 =iand \y = —i with &1 = (1,4) first for A but ; = (1, —i) first for AT.

] has



26 Solutions to Selected Exercises

23 A is invertible, orthogonal, permutation, diagonalizable, Markov; B is projection, di-
agonalizable, Markov. A allows QR, SAS™!, QAQ™; B allows SAS~! and QAQ™.

24 Symmetry gives QAQT if b = 1; repeated A and no S if b = —1; singular if b = 0.
25 Orthogonal and symmetric requires |A\| = 1 and A real, so A = +1. Then A = £1 or

A=QAQT = {cos@ —sin@] [1 O} [ cosf sin@} _ [cos29 sin29}

sinf  cos@| |0 —1||—sinf cosd sin20 —cos260

27 The roots of A2 4+ b\ + ¢ = 0 differ by /b2 — 4c. For det(A + ¢tB — A) we have
b= —3—8tand c = 2+ 16t — t2. The minimum of b*> — 4cis 1/17 at t = 2/17. Then
Ay — A = 1/V17.

29 (a) A= QAQ" times AT = QATQ™ equals AT times A because ANT = ATA
(diagonal!) (b) step 2: The 1,1 entries of 7" T and TT * are |a|? and |a|? + |b|%.
This makes b = 0 and T" = A.

30 ail iS [Q11 .. qln] [/\1611 o )\nqln]T S /\max (|Q11|2 + -+ |qln|2) = )\max-

31 (a) 27 (Az) = (Az)Tx = 2TATx = —xTAz. (b) 2" Az is pure imaginary, its
real part is T Ax + yTAy = 0+0 (c) detA = A;...\, > 0 : pairs of \’s
= ib, —ib.

Problem Set 6.5, page 350

Positive definite 1 0|1 b {1 01 0 10 — LDLT
for -3 <b<3 b 1|0 9—=0b2| |b 1[|0 9-=0b2||0 1|

Positive definite 1 0]12 4 | |1 0f]2 0 1 2 — LDLT
forc > 8 2 110 ¢—=8] |2 1|0 c—=8||0 1| ’

4 f(x,y) =2 +4ay + 9% = (v + 2y)? + 5% 2% + 62y + 9y% = (v + 3y)>.

8 A— 3 6/ |1 0|[3 0|1 2| Pivots3,4 outside squares, ¢;; inside.
T |6 16| 1|0 4]0 1] zTAz =3(z + 2y)? + 4y?
2 -1 07 pas pivots 2 -1 -1 o 1 0
10 A=|-1 2 -1 9 3 4. B=|-1 2 —1|issingular; B |1| =|0].
0 -1 2 127 3° -1 -1 2 1 0

12 A is positive definite for ¢ > 1; determinants c,c® — 1, (c — 1)*(c +2) > 0. B'is
never positive definite (determinants d — 4 and —4d + 12 are never both positive).

14 The eigenvalues of A~! are positive because they are 1/A(A). And the entries of A~1
pass the determinant tests. And 2T A~ '@z = (A~ 'x)TA(A~'x) > 0 forall x # 0.

17 If a;; were smaller than all \’s, A — a;;/ would have all eigenvalues > 0 (positive
definite). But A — a;; I has a zero in the (7, j) position; impossible by Problem 16.

21 A is positive definite when s > 8; B is positive definite when ¢t > 5 by determinants.

Al

22 R= 1 1 Vi[|-1 1 :[? %];R:Q[é g]QT:E’ ;’]
V2 V2

24 The ellipse 2 + 2y + y> = 1 has axes with half-lengths 1/v/A = /2 and /2/3.
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e [9 8][4 8]_[1 0][a o][1 2 2 4
25A—CC—[3 5}’[8 25}—{2 1} [0 9} [0 1}3“‘10—[0 3}

62?2 2z

2 Hi= 15

is positive definite if z # 0; F; = (%ZZ?2 +1)? = 0 on the curve

%xQ +y=0; Hy= [6130 (1)} = {(1) (1)] is indefinite, (0, 1) is a saddle point of F5.

31 If ¢ > 9 the graph of z is a bowl, if ¢ < 9 the graph has a saddle point. When ¢ = 9 the
graph of z = (2 + 3y)? is a “trough” staying at zero on the line 2z + 3y = 0.

32 Orthogonal matrices, exponentials e', matrices with det = 1 are groups. Examples of
subgroups are orthogonal matrices with det = 1, exponentials e” for integer 7.

34 The1“1veeigenvaluesofKare2—2(:0s%7T =2-43,2-1,2,2+1,2+3:
product of eigenvalues = 6 = det K.

Problem Set 6.6, page 360

1 B=GCG '=GF 1'AFG~'so M=FG~'. C similar to A and B => A similar to B.

6 Eight families of similar matrices: six matrices have A = 0, 1 (one family); three
matrices have A = 1, 1 and three have \ = 0, 0 (two families each!); onehas A = 1, —1;
one has A = 2, 0; two have \ = %(1 + \/5) (they are in one family).

7 (@ (MT*AM)(M~'z) = M~Y(Ax) = M~'0 = 0  (b) The nullspaces of A
and of M~ AM have the same dimension. Different vectors and different bases.

Same A 101 10 2| have the same line of eigenvectors
8 Same S ButA = [O 0] and 5 = {O 0] and the same eigenvalues A = 0, 0.
2 k k—1 -1 -2
2 |c® 2c e | ¥ ke L0 1 |c —c
10 J —[0 cg]andJ _[O ok },J =TandJ _[O c‘l]'

14 (1) Choose M; = reverse diagonal matrix to get M[ljiMl- = MlT in each block
(2) My has those diagonal blocks M; to get My ' JMy = J*. (3) AT = (M~YH)TJTM™
equals (M~ Y)T M IMoM™T = (MMoM™)~ Y A(MMoM7T), and A" is similar to
A.

17 (a) False: Diagonalize a nonsymmetric A = SAS~!. Then A is symmetric and similar

01 0

(b) True: A singular matrixhas A = 0. (c) False: [_1 0} and [1 _(1)] are similar

(they have A = £1) (d) True: Adding I increases all eigenvalues by 1
18 AB = B~Y(BA)B so AB is similar to BA. If ABx = Az then BA(Bx) = \(Bz).
19 Diagonal blocks 6 by 6, 4 by 4; AB has the same eigenvalues as BA plus 6 — 4 zeros.

2 A = MJM~' A" = MJ"M~' = 0 (each J* has 1’s on the kth diagonal).
det(A — X)) = A" so J™ = 0 by the Cayley-Hamilton Theorem.
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Problem Set 6.7, page 371

L 31[v50 o] [1 2
T
1 AZUEVT=|:U1 uz] [”1 0} {vl vz} :[3_1} [ 0 02 ~1
V10 NG
21 ' 3+V5 3—v5 ButAis
4 ATA=AAT = [1 1} has eigenvalues 07 = 5 02 = " indefnite

o1 = (1 + \/5)/2 == )\1(14), 09 — (\/3— 1)/2 == _)\Q(A);U]_ = V1 but Uy = —Va.

5 A proof that eigshow finds the SVD. When V'; = (1,0), V2 = (0,1) the demo finds
AV and AV, at some angle 6. A 90° turn by the mouse to V5, — V' finds AV, and
— AV, at the angle m — 6. Somewhere between, the constantly orthogonal v, and vo
must produce Av; and Avs at angle 7 /2. Those orthogonal directions give uq and wus.

9 A=UVT since all 0; = 1, which means that > = 1.
14 The smallest change in A is to set its smallest singular value o5 to zero.
15 The singular values of A + I are not o; + 1. Need eigenvalues of (A + I)T(A + I).

17 A = USVT = [cosines including 4] diag(sqrt(2 — v/2,2,2 + 1/2)) [sine matrix] .
AV = UX says that differences of sines in V' are cosines in U times o’s.

Problem Set 7.1, page 380

T(v) = (0,1) and T'(v) = vy v9 are not linear.
@ S(T'(v))=v  (b) S(T(v1) +T(v2)) = S(T(v1)) + S(T(v2)).
Choose v = (1,1) and w = (—1,0). T(v) + T(w) = (0,1) but T'(v + w) = (0, 0).

géz fl)“(T(v)) =v (b) T(T())=v+(22) © T(T(v) =-v (d T(T(v)) =

10 Notinvertible: (a) T'(1,0)=0 (b) (0,0,1) isnotin the range (¢) T(0,1)=0.
12 Write v as a combination ¢(1,1) + d(2,0). Then T'(v) = ¢(2,2) + d(0,0). T'(v) =
(4,4); (2,2); (2,2);if v = (a,b) = b(1,1) + %52(2,0) then T'(v) = b(2,2) + (0,0).

16 No matrix A gives A (1) 8 = 8 (1)} To professors: Linear transformations on

N o b~ W

matrix space come from 4 by 4 matrices. Those in Problems 13—15 were special.

17 (a) True (b) True (c) True (d) False.

19 T(T Y (M))=MsoT 1(M)=A"*MB!.

20 (a) Horizontal lines stay horizontal, vertical lines stay vertical (b) House squashes
onto a line (c) Vertical lines stay vertical because 7'(1,0) = (a11,0).

27 Also 30 emphasizes that circles are transformed to ellipses (see figure in Section 6.7).

29 (a) ad —bc =0 (b) ad — bc > 0 (©) |ad — be| = 1. If vectors to two
corners transform to themselves then by linearity 7' = I. (Fails if one corner is (0,0).)
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Problem Set 7.2, page 395

3 (Matrix A)?> = B when (transformation 7)?> = S and output basis = input basis.

5 T(vy + va + v3) = 2w + wsy + 2ws; A times (1,1, 1) gives (2,1, 2).

6 v = c¢(v2 —v3) gives T'(v) = 0; nullspace is (0, ¢, —c); solutions (1,0, 0) + (0, ¢, —c).
8 For T?(v) we would need to know T'(w). If the w’s equal the v’s, the matrix is A?.

12 (c) is wrong because w; is not generally in the input space.

14 (a) [g ;’} (b) {_g _ﬂ = inverse of (a) (c) A {g} must be 24 B}

-1

I I K]

18 (a,b) = (cos 0, —sin ). Minus sign from Q~1 = Q™.

20 wy(z) =1— 2% ws(z) = 3(2? — 2); y = 4wy + 5wy + 6ws.

23 The matrix M with these nine entries must be invertible.

27 If T is not invertible, T'(vy),...,T(v,) is not a basis. We couldn’t choose w; =
T(’l)l)

30 S takes (x,y)to (—z,y). S(T(v))=(-1,2). S(v)=(-2,1) and T(S(v))=(1,—-2).

34 The last step writes 6, 6, 2, 2 as the overall average 4, 4, 4, 4 plus the difference 2, 2,
—2, —2. Thereforecy =4andco =2andc3 = land ¢y = 1.

35 The wavelet basisis (1,1,1,1,1,1,1, 1) and the long wavelet and two medium wavelets
(1,1,-1,-1,0,0,0,0),(0,0,0,0,1,1,—1, —1) and 4 wavelets with a single pair 1, —1.

36 If Vb = Wecthen b = V~'We. The change of basis matrix is V1.

cl dI

38 If w; = Av; and wo = Aws then a1 = ago = 1. All other entries will be zero.

37 Multiplication by [CCL Z} with this basis is represented by 4 by 4 A = [QI bI ]

Problem Set 7.3, page 406

10 20 1|1 1 2
1 ATA = {20 40} has A = 50 and 0, vl:ﬁ {2], 'UQZE {_1}; o1 = V/50.
Av i{ 5} =o1u; and Avy =0. u LF} and AATu; =50 u
1 \/g 15 1%1 2 . 1 \/IO 3 1 1-
3 A=QH = \/% H _;] ﬁ [;8 4218} H is semidefinite because A is singular.
v [1/VE0 0] a1 3] 4,2 4 L [1 03
4A_V{O OU_5026’AA_ A4 .8’AA_.3 9

T
7 [owu ULl = T osusvd. 1 I this i T touvf
1U1 O02U2 ’UT = 01U1V| T02U2V, . 1IN general thiS1s o1 U1V OrUyrV,. .

2
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9 AT is A~! because A is invertible. Pseudoinverse equals inverse when A~ exists!

21 .12 36 .48 0
11 A=[1][5 0 0]VT and A*=V | 0| =|.16|; A*A=| 48 64 0|;AA+=[1]
0 0 0 0 0

13 If det A = 0 then rank(A) < n; thus rank(A™) < n and det AT = 0.

16 x T in the row space of A is perpendicular to Z — ™ in the nullspace of ATA =
nullspace of A. The right triangle has ¢ = a? + b?.

17 AAtp=p, AATe=0, ATAz, = x,, AT Az, = 0.

19 L is determined by ¢2;. Each eigenvector in S is determined by one number. The
counts are 1 + 3 for LU, 14+ 2+ 1for LDU, 1+ 3for QR, 1+ 2+ 1 for UsvT,
2+2+0for SASL.

22 Keep only the r by 7 corner X, of ¥ (the rest is all zero). Then A = UXV T has the
required form A = UM 1ZTM2T VT with an invertible M = M; ETMéF in the middle.

23 0 Ajl|uw| | Av | |u/| The singular values of A are

AT 0| |v| T |ATu| T 7 |v | eigenvalues of this block matrix.

Problem Set 8.1, page 418

3 The rows of the free-free matrix in equation (9) add to [0 0 0] so the right side needs
fitfo+f3=0f= (—1, 0, 1) gives coug — coug = —1,c3ug —csuz = —1,0 = 0.
Then upyrticular = (—¢2 ¢3!, —c3t,0). Add any multiple of Unulispace = (1,1, 1).

d du dul’
4 /—E (c(:v)£> dr=— [c(m)a]ozo (bdry cond) so we need /f(:v) dz=0.

6 Multiply ATC1A; as columns of AT times c’s times rows of A;. The first 3 by 3
“element matrix” c;Fy =[1 0 0]T¢i[1 0 0] has ¢ in the top left corner.
8 The solution to —u” =1 with u(0) =u(1) =0is u(z) = 3(z — 2?). Atz=1,2, 3,
this gives u=2, 3, 3, 2 (discrete solution in Problem 7) times (Ax)%=1/25.
11 Forward/backward/centered for du/dx has a big effect because that term has the large
coefficient. MATLAB: E = diag(ones(6,1),1); K = 64 % (2« eye(7) — E — E’);
D = 80 x (E— eye(7)); (K + D)\ones(7,1); % forward; (K — D’)\ones(7,1);
% backward; (K + D/2 — D’/2)\ones(7,1); % centered is usually the best: more
accurate

(S

Problem Set 8.2, page 428

-1 1 0 c 1
1A=|-1 0 1] ; nullspace contains [01 ; [01 is not orthogonal to that nullspace.
0 -1 1 c 0

2 ATy =0fory = (1,—1,1); current along edge 1, edge 3, back on edge 2 (full loop).

5 Kirchhoff’s Current Law ATy = f is solvable for f = (1, —1,0) and not solvable for
f = (1,0,0); f must be orthogonal to (1,1,1) in the nullspace: f1 + f2 + f3 = 0.
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2 -1 -1 3 1 c
6 ATAxz = [—1 2 —1] T = l—?)] = f producesx = |—=1| + | c|; potentials
-1 -1 2 0 0 c

x =1,—1,0 and currents —Ax = 2, 1, —1; f sends 3 units from node 2 into node 1.

1 3 —1 -2 5/4 ¢
7 AT 2 A=|-1 3 ] l ]yieldsm_ [ 1 | + any lc ;
2 2 2 1 7/8 ¢
potentials = 2,1, Z and currents —C Az = 1,3,

1
4
9 Elimination on Ax = b always leads to y*b = 0 in the zero rows of U and R:
—b1 4+ bs — b3 = 0 and bs — by + bs = 0 (those y’s are from Problem 8 in the left
nullspace). This is Kirchhoft’s Voltage Law around the two loops.

2 —1 —1 07 diagonal entry = number of edges into the node
—1 3 —1 —1| thetraceis 2 times the number of nodes

11 ATA = —1 —1 3 —1| off-diagonal entry = —1 if nodes are connected
0 —1 —1 2] ATAis the graph Laplacian, ATC A is weighted by C
4 =2 =20 1 gives four potentials x = (12, é, é,O)
13 ATCAx = :; _g _g :g L I grounded =4 = 0 and solved for «
0 -3 -3 6 1 currentsy:—C’Acc—(5,3,0,;,;)

17 (a) 8 independent columns (b) f must be orthogonal to the nullspace so f’s add
tozero (c) Each edge goes into 2 nodes, 12 edges make diagonal entries sum to 24.

Problem Set 8.3, page 437

2a=[$ [ )L e[ B 9L

A=1land .8,  =(1,0); land —.8, = = (%, %), 1, 411’ and 1 T = %,
The steady state eigenvector for A = 1 is (0,0,1) = everyone is dead.

3
5
6 Add the components of Az = Az to find sum s = As. If A # 1 the sum must be s = 0.
7
9

4 — 4a 4+ .6a 4+ .6a>0
M? is still nonnegative; [1 --- 1]M = [1 --- 1] so multiply on the right by M
tofind[1 --- 1]M?=[1 --- 1] = columns of M? add to 1.

10 A = 1and a + d — 1 from the trace; steady state is a multiple of 1 = (b, 1 — a).

12 Bhas A = 0 and —.5 with 1 = (.3, .2) and 2 = (—1,1); Ahas A = 1so A — I has
A = 0. e~ approaches zero and the solution approaches c; ez, = c;x;.

(.5) = 0 gives A¥ — A any A — [.6+.4a .6—.6a} wih | @<1

13 « = (1,1, 1) is an eigenvector when the row sums are equal; Az = (.9,.9,.9).
15 The first two A’s have A\ < 1; p = [2} and [123] [ ] has no inverse.
16 A = 1 (Markov), O (singular), .2 (from trace). Steady state (.3,.3,.4) and (30, 30, 40).

17 No, A has an eigenvalue A = 1 and (I — A)~! does not exist.
19 A times S~'AS has the same diagonal as S™'AS times A because A is diagonal.
20 If B> A>0and Az =M\pax(A)x >0 then Bx > Aax(A)x and Apax (B) > Amax (A).
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Problem Set 8.4, page 446

Feasible set = line segment (6, 0) to (0, 3); minimum cost at (6, 0), maximum at (0, 3).
Feasible set has corners (0, 0), (6,0), (2,2), (0,6). Minimum cost 2z — y at (6,0).
Only two corners (4,0, 0) and (0,2,0); let 2; — —o0, z2 = 0, and x5 = x1 — 4.
From (0, 0,2) move to « = (0, 1, 1.5) with the constraint 1 + 29 + 2x3 = 4. The new

costis 3(1) + 8(1.5) = $15 so r = —1 is the reduced cost. The simplex method also
checks = (1,0, 1.5) with cost 5(1) + 8(1.5) = $17; » = 1 means more expensive.
5 ¢ = [3 5 7] has minimum cost 12 by the Ph.D. since = (4,0, 0) is minimizing.
The dual problem maximizes 4y subjecttoy < 3,y < 5,y < 7. Maximum = 12.
8 y'b < yTAx = (ATy)Tx < c"x. The first inequality needed y > 0 and Ax—b > 0.

B ODN =

Problem Set 8.5, page 451

2 . sin((j+k)z) | 2™ . 2 .
1 ;" cos((j + k)z) dx = [/T} = 0 and similarly [, cos((j — k)z)dz =0
0

Notice j — k # 0 in the denominator. If j = k then fo% cos? jx dx = .
4 f_ll(l)(a:3 —cz)dr = 0 and f_ll(a:2 — 2)(a® = cx) dz = 0 for all ¢ (odd functions).
Choose ¢ so that fil x(z® — ca)de = [ta° — £a3)L ) =2 — ¢2 = 0. Thenc = 2.
5 The integrals lead to the Fourier coefficients a1 = 0, by = 4/, be = 0.

6 From eqn. (3) ap = 0 and by, = 4/mk (odd k). The square wave has || f||* = 2.
Then eqn. (6) is 2r =7(16/72)(s5 + 5= + == + - - ). That infinite series equals 7 /8.

8 o]l = 1+ 243+ L 4 =250 0] = V2 o]l = 1+a>+al+-- = 1/(1—a?)
so ||v]| =1/v1 —a?; fozw(l +2sinz +sin?2) dz = 27+ 0 + 7 so || f|| = V3.
9 (a) f(z) = (1 + squarewave)/2 so the a’s are %, 0, 0,... and the b’s are 2/, 0,

—2/3m,0,2/57, ... (b) ag = fo%xd:c/%' =7, all other ap, = 0, by, = —2/k.
11 cos’z = § + § cos2z; cos(z+ %) = coszwcos T —sinwsinE = L cosz — @sinx.
1 1 in(kh/2 1
13 ag = 7 fF(:c) dr = %,ak = % — = for delta function; all by, = 0.

Problem Set 8.6, page 458

Mean m = pg and variance o* = (1 — po)*po + (0 — po)*(1 = po) = po(1 — po).
Minimize P = a?0? + (1 —a)?03 at P’ = 2a0} —2(1 —a)o3 = 0;a = 03 /(0% +03)
recovers equation (2) for the statistically correct choice with minimum variance.

Multiply LXLT = (AT A) AT 11 4ATSTA) = P = (AT 14) .
Row 3 = —row 1 and row 4 = —row 2: A has rank 2.

3 If 03 = 0 the third equation is exact.

4 0,1,2 have probabilities §, 3, 3 and 0% = (0 — 1)2§ + (1 — 1)?5 + (2 — 1)?§ = 3.
5 Mean (3, 3). Independent flips lead to ¥ = diag(1, 1). Trace = 02, = 3.

6

7

©
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Problem Set 8.7, page 464

1 (z,y, z) has homogeneous coordinates (cz, cy, ¢z, ¢) for ¢ = 1 and all ¢ # 0.
4 S =diag(c,c,c,1);rowdof ST and T'S'is 1,4,3,1 and ¢, 4¢, 3¢, 1; use vT'S!

1/8.5
55 =

1/11 ] for a 1 by 1 square, starting from an 8.5 by 11 page.
1

5 —4 -2
9n_<2 2 1>hasP I —nnT _ 1 [—4 5 =2
9 8

, . Notice ||n|| = 1.
3’3’3

-2 =2
5 -4 -2 0
. 1|-4 5 =2 0
10 We can choose (0, 0, 3) on the plane and multiply 7" PT, = 5 9 _9 8 0
6 6 3 9

11 (3,3, 3) projects to %(—1, —1,4) and (3, 3, 3, 1) projects to (%, %, g, 1). Row vectors!
13 That projection of a cube onto a plane produces a hexagon.

1 -8 —4
111 111 1
14 (3,3,3) I —2nnT) = (2,2, =) |-8 1 —4|=(-=,-= -2).

15 (3,3,3,1) — (3,3,0,1) = (-%,-Z,-3,1) —» (-I,-Z,1,1).

1
17 Space is rescaled by 1/c¢ because (z, y, z, ¢) is the same point as (x/c,y/c, z/c, 1).

Problem Set 9.1, page 472

1 Without exchange, pivots .001 and 1000; with exchange, 1 and —1. When the pivot is
1 1 1
0 1 —-1].
-1 1 1
4 Thelargest ||z|| = ||A71b||is ||A7L|| = 1/Amin since AT = A; largest error 10716/ X\ 5,,.

5 Each row of U has at most w entries. Then w multiplications to substitute components
of x (already known from below) and divide by the pivot. Total for n rows < wn.

larger than the entries below it, all |¢;;| = |entry/pivot| < 1. A =

6 The triangular L=, U~', R™! need 2 n multiplications. Q needs n? to multiply the
right side by Q' = Q7. So QRx = b takes 1.5 times longer than LUx = b.
7 UU~! =1: Back substitution needs % multiplications on column j, using the j by
j upper left block. Then (1% 422 + - + n?) ~ 3(3n%) = total to find U "
10 With 16-digit floating point arithmetic the errors || — Zcomputea|| for e = 1073, 107°,
1079, 10712, 1015 are of order 1016, 10~11, 107, 10~4, 10*3
. _ 10 14 =4; use — 0
-1 — =3 — — _1 )
11 (a)cos@-\/l—, smH—m,R—leA—m[ 0 ] (b) — (1,-3)/v/T0

13 Q;; A uses 4n multiplications (2 for each entry in rows ¢ and j). By factoring out cos 6,
the entries 1 and =+ tan # need only 2n multiplications, which leads to %n3 for QR.
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Problem Set 9.2, page 478

VA =2, [[A7Y =2 c=4 [|A] =3, [A7}=1Lc=3 A =2+V2=
Amax for positive definite A, [|A™Y| = 1/Amin, ¢ = (24 v/2)/(2 — V/2) = 5.83.

3 For the first inequality replace « by Ba in ||Az|| < || Al|||«||; the second inequality is
just[| B[ < || Bll||z||. Then | AB|| = max(||ABz||/|lz||) < [|All|| B

7 The triangle inequality gives ||Ax + Bz|| < ||Az|| + ||Bz||. Divide by ||| and take
the maximum over all nonzero vectors to find | A + B|| < ||A]| + || B]|-

8 If Az = A« then ||Az||/||x|| = |)\| for that particular vector . When we maximize
the ratio over all vectors we get || Al| > |\

13 The residual b — Ay = (1077,0) is much smaller than b — Az = (.0013,.0016). But
z is much closer to the solution than y.

14 det A = 10550 A~! = 103 { 059 ‘563] 1A > 1, [[A=2]| > 10, then ¢ > 105,

—-913 780"

16 2% + --- + 22 is not smaller than max(z?) and not larger than (|z1] + - -+ + |2,])? =

lelz-
23+ + 22 < nmax(z?) so ||z|| < \/—H:BHOO Choose y; = signz; = £1 to get
lel =2y < eyl = valz]- = (1,.... 1) has 2/l = v/ ||

Problem Set 9.3, page 489

2 If Az = Ax then (J]—A)x = (1—\)x. Real eigenvalues of B = I— A have |1-)\| < 1
provided A is between 0 and 2.

6 Jacobi has S~IT = % {(1) (1)] with |A|max = % Small problem, fast convergence.

0
0

9 Set the trace 2 — 2w + sw? equal to (w — 1) + (w — 1) to find wep = 4(2— V/3) = 1.07.
The eigenvalues w — 1 are about .07, a big improvement.

7 Gauss-Seidel has S™'7T =

Ol W

1 with [Almax = § which is (|A|max for Jacobi)?.

G+Dm
n+1 °

gr g =D
L5 —sin sin

n+1 Then A\ —2—2cosn—Jrl

1] . _ o) onfs] 1) o [1/2

2 glvesu1—3 1 ,’LL2—9 4 ,U3—27 13 Uso = 1/2 .
1 cosfsinf B ~ [cosO(1 + sin? ) —sin® 0

{0 —sin?6 } and A; = RQ = [ —sin®0 —cosfsin? 6|

20 If A—cl = QRthen Ay = RQ +cl = Q QR+ cI)Q = Q' AQ. No change in
eigenvalues because A; is similar to A.

15 In the jth component of Axi, Ay smn 7 = 2sin

Jr
The last two terms combine into —2 sin -1~ +1 Ccos ——

1
17 A~ =~
3[

— DN

18 R=QTA=

21 Multiply Agq; =bj1q;_; + a;q; + bjq,+1 by q to find qTAqJ = a; (because the
q’s are orthonormal). The matrix form (multlplymg by columns) 1s AQ = QT where
T is tridiagonal. The entries down the diagonals of 7" are the a’s and b’s.
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23 If A is symmetric then 4; = Q 'AQ = QTAQ is also symmetric. A; = RQ =
R(QR)R™! = RAR~ ! has R and R! upper triangular, so A; cannot have nonzeros
on a lower diagonal than A. If A is tridiagonal and symmetric then (by using symmetry
for the upper part of A;) the matrix A; = RAR™" is also tridiagonal.

26 If each center a;; is larger than the circle radius r; (this is diagonal dominance), then
0 is outside all circles: not an eigenvalue so A~ exists.

Problem Set 10.1, page 498

2 1In polar form these are v/5¢?, 52, \/ige*w, V5.

4 |zxwl =6, [z+w| <5, |z/w| =2, [z —w| <5.

5a+ib="L 4 1i 18 L V3 12—,

9240 2+)(1+0) =143i e ™2 =—i; e = —1; 7% = —i; (—i)'® =i,
10 z + Z is real; z — Z is pure imaginary; zZ is positive; z/Z has absolute value 1.

12 (a) When @ = b = d = 1 the square root becomes Ve, \is complex if ¢ < 0

(b) A=0and A = a+ d when ad = bc (c) the \’s can be real and different.

13 Complex \’s when (a+d)? < 4(ad — bc); write (a+d)? —4(ad — be) as (a—d)? + 4be
which is positive when be > 0.

14 det(P — A\I) = A* —1 = O has A = 1, —1, i, —i with eigenvectors (1,1, 1,1) and
(1,-1,1,—1) and (1,4, -1, —4) and (1, —i, —1, ¢) = columns of Fourier matrix.

16 The symmetric block matrix has real eigenvalues; so i is real and A is pure imaginary.

18 r = 1, angle Z — ¢; multiply by e? to get e"™/2 = i.

21 cos 30 =Re|(cos 0 +isin)*]=cos® § — 3 cos fsin” ; sin 30 =3 cos? § sin  — sin® 0.

23 ¢’ is at angle # = 1 on the unit circle; [i¢| = 1¢; Infinitely many 7¢ = ¢*(7/2+2mn)e

24 (a) Unitcircle (b) Spiralintoe~ 2™ (c) Circle continuing around to angle =272,

Problem Set 10.2, page 506

3 z = multiple of (1 + 4,1 +i,—2); Az = 0 gives 27AY = 0" 50 2 (not 2!) is
orthogonal to all columns of A" (using complex inner product z! times columns of
A,

4 The four fundamental subspaces are now C(A), N(A), C(A"), N(A%). A™ and not
AT

5 (a) (AHA)E = AMAHH — AH A q0ain (b) If A Az = 0 then (22 AM)(Az) = 0.
This is ||Az||? = 0 so Az = 0. The nullspaces of A and A" A are always the same.

Ei; Egi:g A=U= [_(1) (1)] (b) True: —i is not an eigenvalue when A = AH,

10 (1,1,1), (1,e%7/3 4mi/3) (1, e*7/3 ¢27/3) are orthogonal (complex inner product!)
because P is an orthogonal matrix—and therefore its eigenvector matrix is unitary.

6
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2 5 4
11 C = [4 2 51 = 2 + 5P + 4P? has the Fourier eigenvector matrix F.
5 4 2

The eigenvalues are 2 + 5 + 4 = 11, 2 4+ 5e27™/3 4 4e471/3 2 4 5e47i/3 4 4e87i/3

13 Determinant = product of the eigenvalues (all real). And A = AY gives det A =
det A.

15A*i I =144 (2 0] 1 1 1—1
V31t 1 0 -1} 3|-1-¢ 1 |

Voo [1HVE —1wi) [ 0]y [14VE 1
Tl o14d 143 [0 1] T [—-1-i 1+v3

Unitary means [A| = 1. V = V! gives real \. Then trace zero gives A = 1 and —1.

18 } with L2 = 6 + 2/3.

19 The v’s are columns of a unitary matrix U, so U% is U~!. Then z = UU%z =

(multiply by columns) = v (v}'2) + - - - 4+ v, (v!12): a typical orthonormal expansion.

20 Don’t multiply (e ~**)(e**). Conjugate the first, then fo% e?® dx = [e** /243" = 0.
21 R+iS=(R+iS)" = RT —iST; Rissymmetric but S is skew-symmetric.

a b—i—ic}' [ w €’z } with [w]* + |z =1
b —ic d |" |-z €w| andany angle ¢
27 IIJnitary URU = I means (AT —iB1)(A+iB) = (ATA+BTB)+i(ATB-BTA) =

ATYA + BTB = I and A™B — BT A = 0 which makes the block matrix orthogo-
nal.

30A_[

24 [1]and [—1]; any [e%]; [

1—4¢ 1—d||1 0|1 |242i —-2| 1 -
1 9 }[0 4]6{14‘1' 2}—81\8 . Notereal A = 1 and 4.

Problem Set 10.3, page 514

8¢ — (1,1,1,1,0,0,0,0) — (4,0,0,0,0,0,0,0) — (4,0,0,0,4,0,0,0) = Fze.
C —(0,0,0,0,1,1,1,1) — (0,0,0,0,4,0,0,0) — (4,0,0,0,—4,0,0,0) = F5C.
9 If w% = 1 then w? is a 32nd root of 1 and /w is a 128th root of 1: Key to FFT.
13 e; = co+c1+co+ezand es = co+c1i+cai? +c3i®; E contains the four eigenvalues
of C = FEF~! because F contains the eigenvectors.
14 Eigenvaluese; =2 —1—-1=0, e =2—i i =2, e3=2— (—1) — (—1) =4,
eq = 2 — i3 — % = 2. Just transform column 0 of C. Check trace 0 + 2 + 4 + 2 = 8.
15 Diagonal F needs n multiplications, Fourier matrix I’ and F~! need %n logy 7 multi-
plications each by the FFT. The total is much less than the ordinary n? for C' times x.



Conceptual Questions for Review

Chapter 1

1.1

1.2

1.3

Which vectors are linear combinations of v = (3,1) and w = (4, 3)?

Compare the dot productof v = (3,1) and w = (4, 3) to the product of their lengths.
Which is larger? Whose inequality?

What is the cosine of the angle between v and w in Question 1.2?7 What is the cosine
of the angle between the x-axis and v?

Chapter 2

2.1

2.2

2.3

2.4

2.5

2.6

2.7

2.8

Multiplying a matrix A times the column vector = (2, —1) gives what combination
of the columns of A? How many rows and columns in A?

If Az = b then the vector b is a linear combination of what vectors from the matrix
A? In vector space language, b lies in the space of A.

If Ais the 2 by 2 matrix [2 & ] what are its pivots?

If A is the matrix [9 }| how does elimination proceed? What permutation matrix P
is involved?

If A is the matrix [g :ﬂ find b and ¢ so that Az = b has no solution and Ax = ¢
has a solution.

What 3 by 3 matrix L adds 5 times row 2 to row 3 and then adds 2 times row 1 to
row 2, when it multiplies a matrix with three rows?

What 3 by 3 matrix F subtracts 2 times row 1 from row 2 and then subtracts 5 times
row 2 from row 3? How is F related to L in Question 2.6?

If Ais 4 by 3 and B is 3 by 7, how many row times column products go into AB?
How many column times row products go into AB? How many separate small mul-
tiplications are involved (the same for both)?

37
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2.9
2.10

2.11

2.12

2.13

2.14
2.15

Conceptual Questions for Review

Suppose A = [(I) LI]} is a matrix with 2 by 2 blocks. What is the inverse matrix?

How can you find the inverse of A by working with [A I]? If you solve the n
equations Az = columns of / then the solutions x are columns of

How does elimination decide whether a square matrix A is invertible?

Suppose elimination takes A to U (upper triangular) by row operations with the
multipliers in L (lower triangular). Why does the last row of A agree with the last
row of L times U?

What is the factorization (from elimination with possible row exchanges) of any
square invertible matrix?

What is the transpose of the inverse of AB?

How do you know that the inverse of a permutation matrix is a permutation matrix?
How is it related to the transpose?

Chapter 3

3.1

32

33
3.4

3.5

3.6
3.7

3.8
3.9
3.10
3.11
3.12

What is the column space of an invertible n by n matrix? What is the nullspace of
that matrix?

If every column of A is a multiple of the first column, what is the column space of
A?

What are the two requirements for a set of vectors in R™ to be a subspace?

If the row reduced form R of a matrix A begins with a row of ones, how do you know
that the other rows of R are zero and what is the nullspace?

Suppose the nullspace of A contains only the zero vector. What can you say about
solutions to Ax = b?

From the row reduced form R, how would you decide the rank of A?

Suppose column 4 of A is the sum of columns 1, 2, and 3. Find a vector in the
nullspace.

Describe in words the complete solution to a linear system Ax = b.

If Az = b has exactly one solution for every b, what can you say about A?
Give an example of vectors that span R? but are not a basis for R2.

What is the dimension of the space of 4 by 4 symmetric matrices?

Describe the meaning of basis and dimension of a vector space.
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3.13 Why is every row of A perpendicular to every vector in the nullspace?

3.14 How do you know that a column u times a row v (both nonzero) has rank 1?

3.15 What are the dimensions of the four fundamental subspaces, if A is 6 by 3 with rank
27

3.16 What is the row reduced form R of a 3 by 4 matrix of all 2’s?

3.17 Describe a pivot column of A.

3.18 True? The vectors in the left nullspace of A have the form ATy.

3.19 Why do the columns of every invertible matrix yield a basis?

Chapter 4

4.1 What does the word complement mean about orthogonal subspaces?

4.2 If V is a subspace of the 7-dimensional space R, the dimensions of V and its
orthogonal complement add to

4.3 The projection of b onto the line through a is the vector

4.4 The projection matrix onto the line through a is P =

4.5 The key equation to project b onto the column space of A is the normal equation

4.6 The matrix AT A is invertible when the columns of A are

4.7 The least squares solution to Az = b minimizes what error function?

4.8 What is the connection between the least squares solution of Az = b and the idea of
projection onto the column space?

4.9 If you graph the best straight line to a set of 10 data points, what shape is the matrix
A and where does the projection p appear in the graph?

4.10 If the columns of Q) are orthonormal, why is QT Q = I?

4.11 What is the projection matrix P onto the columns of Q)?

4.12 If Gram-Schmidt starts with the vectors @ = (2,0) and b = (1,1), which two
orthonormal vectors does it produce? If we keep @ = (2,0) does Gram-Schmidt
always produce the same two orthonormal vectors?

4.13 True? Every permutation matrix is an orthogonal matrix.

4.14 The inverse of the orthogonal matrix @ is





