18.06 Professor Strang Quiz 3 May 9, 1997

1.(a) (20) Compute uyy = A*%uq starting from

T 1
A= and wug =

3.5 0

(b) (10) For the same A, which real numbers ¢ have the property that (A — ¢l)” ug approaches

zZero as n — 00!

(c¢) (10) Find the eigenvalues and eigenvectors of A™' + A*® without computing A™" (for the same

A as above).

2.(a) (10) If you transpose S™'AS = A you learn that

The eigenvalues of AT are

The eigenvectors of AT are

(b) (10) Complete the last row so that B is a singular matrix, with real eigenvalues and

orthogonal eigenvectors:

(c) (10) C is a 3 x 3 matrix. [ add row 1 to row 2 to get K:

100
K = 1 1 0 C.

0 0 1

This probably changes the eigenvalues. What should 1 do to the columns of K (answer in

words) to get back to the original eigenvalues of C'?



3.(a) (10) For which numbers ¢ is this matrix positive definite?

1 -1 0
A= -1 c —1
0 —1 1

What function F(xq,x2,23) has A as its matrix of second derivatives?

(b) (12) What is the 2 x 2 matrix P that projects every vector onto the “f-line” containing all

multiples of a = (cos#,sin#)7 What are the eigenvalues of P?

(c) (8) That projection is a linear transformation. Suppose we choose the basis vectors
v1 = (cosf,sin 0) along the §-line and vy = (—sin @, cos §) perpendicular to the §-line. What

matrix represents P with respect to this basis?



18.06 Solutions Quiz 3 May 9, 1997

1.(a) Aisa Markov matrix. So A = 1 is an eigenvalue. Then A = .2 is the other eigenvalue because

trace = 1.2

Eigenvectors

Y A—.2[:[:3 :3]%3_[_”

lil’) _é]:S_lsothatS_luozlllé

_ 5 171 171
AQOUOZS/\QOS%:[:’) —1“ .220H3]§

o [5 1 1 1
13 -1 3z 22| 8

_ [5+3 (.220)]1
1 3-3 (2] 8

|5 1 ) N
S = l 3 1 ] has inverse s

We want

Check: Change 20th power to Oth and we get l L ] = up

(b) Ahas A= .2and 1
A—clhas A=2—-cand 1 —c¢
Need |.2 — ¢ <1 (need ¢ < 1.2) and |1 —¢| < 1 ( need ¢ > 0)
Therefore the condition for |A| < 1 and stability is 0 < ¢ < 1.2

(c) Same eigenvectors for A~ + A?® as in part (a) for A itself

1
Eigenvalues I +10 =9

5+ (.2)%

2.(a) If you transpose S7'AS = A you learn that STAT(S1)T = AT = A

The eigenvalues of AT are the same as the eigenvalues of A
The eigenvectors of AT are the columns of (S~1)7




1 2 3
B=2 3 4
3 4 5

fo/r to make B

symmetry singular

-1

1 00 1 00
(c¢) Multiply on the right by | 1 1 0 =|-110
00 1 00 1
So subtract the 2nd column of K from the first.
1 1 -
Then the result | 1 1 Cl11 is similar to ' and has the same eigenvalues
1 1

3.(a) (8pts) Check determinants

I >0 1x1

c—1 > 0 2x2

c—2 > 0 3x3
‘Need ¢ > 2 for positive definiteness

(2 pts)

Ly 2 2
F = 3 (:1;1 — 22129 + cxy — 2w023 + :1;3)
1
= —2TAz.
2
O*F . )
Then = A;; = second derivative matrix.

6:1%6:1@



(b)

T C.Osg [cos 6 sin 0] ) _
p_ aa” | sn B l cos*8 cosf sinf

aTa cos? 0 + sin? b

cos O sin 0 sin? 0

] =10

(¢) Since Pvy = v; and Pvy = 0 the projection matrix in this basis is l (1) 8 ] )



3 December 1997 Profs. S. Lee and A. Kirillov

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

Hour Exam III for Course 18.06: Linear Algebra

Recitation Instructor: Your Name: SOLUTIONS

Recitation Time: Lecturer:

Grading

1. 30

2. 22

3. 16

4. 32
TOTAL: 100

Show all your work on these pages.

No calculators or notes.

Please work carefully, and check your intermediate results.
Point values (total of 100) are marked on the left margin.



1. Let A=

41
1 4

[10]  1la. Find the eigenvalues of A.

| M =4+, h=4—1i.

Find roots of quadratic equation:
det(A— M) =(4—-N)(4—-A)—(=1) = 2 —8\+17=0.

[10]  1b. Find an eigenvector for each eigenvalue of A.

—1 1 —1 0 7 1 7 0
-1 — 1 0 -1 4 1 0
—_———— — — —— ——



[10]  1c. Compute xilz,.
(Note: 7 and x are the complex eigenvectors that you obtained in 1b.)

H. _
r1x2 = 0.




2. Let A=
00

[12] 2a. Find an invertible matrix S that makes S™'AS a diagonal matrix.

1 1/2
0 1

The diagonal entries of A are its eigenvalues.
The columns of S are the eigenvectors of A for A\ = -2, X\ =0.



[10] 2b. For the differential equation (i_? = Au, give a nonzero initial vector u(0) such

that u(t) — as t — oo.
0
1
u(0) = , or any nonzero multiple of it.
1 1/2
u(t) = creMiay + cpe?tazy = cre + o /
0 1

Choose ¢c; =0 and c¢; # 0 for initial vector to approach as t — o0.



0.5 a
[16] 3. Fill in the matrix A = | 5o that A is a positive Markov matrix with the

Q21 Q22
0.25

0.75
(Recall that the limit of A*ug is always a multiple of x;.)

steady state vector x; =

1/2 1/6
1/2 5/6

The first column of A adds to 1 when ay = 1/2.
1/2 ap || 1/4 1/4
1/2 a92 3/4 3/4

Along the first row: (1/8)+ (3/4)a;2 =1/4, which gives ajp = 1/6.
The second column of A adds to 1 for as =5/6.
Observe that the steady state vector satisfies Ax; = (1)z;.

for the second column of A.

Next, we solve A=



1

d —4
In each case, find the value of d that makes the statement true (and show your work!).

4. Each independent question refers to the matrix A =

)
[10]  4a. Give a value for d such that is an eigenvector of A.

1
d=41/25.
4 1|5 21

= = (21/5)
d —4 |1 5d — 4 1

In the second component, solve 5d —4 = (21/5) for d.

[10]  4b. Give a value for d such that 2 is one of the eigenvalues of A.

| d=-12. |

When 2 is an eigenvalue of A,

2 1
A-2] = must have linearly dependent columns.

d —6



[12]

4c. Give a value for d such that A is a nondiagonalizable matrix.
1

d —4

Recall that A =

The issue of nondiagonalizability only comes up for a matrix that has some
repeated eigenvalues.

In this case, 0 is a twice repeated eigenvalue of A when d = —16.

The eigenvalue is repeated twice, but we only find one linearly independent

eigenvector (via the special solution to (A —0)z = ).
0



18.06 Professor Edelman Quiz 3 November 20, 1998

Your name is .

Please circle your recitation:
M2 2-131 Darren Crowdy crowdy@math 2-335 3-7905
M2 2-132 Yue Lei yuelei@math  2-586 3-4102
M3 2-131 Darren Crowdy crowdy@math 2-335 3-7905
T10 2-131 Sergiu Moroianu  bebe@math 2-491 3-4091
T10 2-132 Gabrielle Stoy stoy@math 2-235 3-4984
T11 2-131 Sergiu Moroianu  bebe@math 2-491  3-4091
T11 2-132 Gabrielle Stoy stoy@math 2-235 3-4984
T12 2-132 Anda Degeratu anda@math 2-229 3-1589
T12 2-131 Edward Goldstein egold@math 2-092 3-6228

0) T1 2-131 Anda Degeratu anda@math 2-229 3-1589

1) T2 2-132 Yue Lei yuelei@math  2-586 3-4102

H = OO ~JO ULk Wk —

1. (a.) (10 pts) Find ALL the eigenvalues and ONE eigenvector of each of the matrices
below:



1. (b.) (10 pts) Find ONLY one eigenvalue of each of the matrices below: (This can be
done with no arithmetic.)

1 2 3 4
31 1
15 6 7 8 _
A=19 10 11 12 B—hi”é}
13 14 15 16



2. (20 pts) Let A have eigenvalues Ay, ..., A, (all nonzero) and corresponding eigenvectors

Z1,..., T, forming a basis for R". Let C be its cofactor matrix. (The answers to the
questions below should be in terms of the A;.)

(a) (5 pts) What is trace(A1)? det(A™1)?

(b) (15 pts) What is trace(C)? What is det(C)? (Hint: A~ = d(ejtTA)




3. (30 pts.) Suppose A is symmetric (n X n) with rank 7 = 1 and one eigenvalue equal to
7. Let the general solution to
du
dt
be written as u(t) = M (t)u(0). (Note the minus sign!)
(a) (5 pts.) Write down an expression for M (¢) in terms of A and t.
(b) (15 pts.) Is it true that for all ¢, trace(M (t)) > det(M(t))? Explain your answer
by finding all the eigenvalues of M(t).
(c) (5 pts.) Can u(t) blow up when ¢t — co? Explain.
(d) (5 pts.) Can u(t) approach 0 when ¢ — co? Explain.

—Au



4. (30pts.) (a). If B is invertible prove that AB has the same eigenvalues as BA. (Hint:
Find a matrix M such that ABM = M BA.)

(b). Find a diagonalizable matrix A # 0 that is similar to —A. Also find a nondiago-
nalizable matrix A that is similar to —A.



18.06 Professor Edelman Quiz 3 November 20, 1998

Your name is .

Please circle your recitation:
M2 2-131 Darren Crowdy crowdy@math 2-335 3-7905
M2 2-132 Yue Lei yuelei@math  2-586 3-4102
M3 2-131 Darren Crowdy crowdy@math 2-335 3-7905
T10 2-131 Sergiu Moroianu  bebe@math 2-491 3-4091
T10 2-132 Gabrielle Stoy stoy@math 2-235 3-4984
T11 2-131 Sergiu Moroianu  bebe@math 2-491  3-4091
T11 2-132 Gabrielle Stoy stoy@math 2-235 3-4984
T12 2-132 Anda Degeratu anda@math 2-229 3-1589
T12 2-131 Edward Goldstein egold@math 2-092 3-6228

0) T1 2-131 Anda Degeratu anda@math 2-229 3-1589

1) T2 2-132 Yue Lei yuelei@math  2-586 3-4102

H = OO ~JO ULk Wk —

1. (a.) (10 pts) Find ALL the eigenvalues and ONE eigenvector of each of the matrices
below:

0
[ (1] } is an eigenvector of A and B.

det(A — AI) = (5—)\)‘ 5 74 ‘ — (- A2 —3A+2)=>A=—-1,-25
B is lower triangular. The eigenvalues are on the diagonal: 1, 5, -2.




1. (b.) (10 pts) Find ONLY one eigenvalue of each of the matrices below: (This can be
done with no arithmetic.)

1 2 3 4
5 6 7 8
9 10 11 12
13 14 15 16

A=

A is singular since column 1 4 column 3 = 2 x column 2 . So A has an eigenvalue 0.

2(1)-(3)

so 5 is an eigenvalue of B.




2. (20 pts) Let A have eigenvalues Ay, ..., A, (all nonzero) and corresponding eigenvectors

Z1,..., T, forming a basis for R". Let C be its cofactor matrix. (The answers to the
questions below should be in terms of the A;.)

(a) (5 pts) What is trace(A~1)? det(A™1)?

(b) (15 pts) What is trace(C)? What is det(C)? (Hint: A~ = d(ejtTA)

-1 : 1 1
(a) A7 has eigenvalues 5-,..., 5 .

trace(A™) = & +... 4+ 5
det(A™ ') = &5 ... 5,
(b) The eigenvalues of CT are the same as that of C or det(A)x those of A™L.

Thus they are u; = /\1/\§\;..,\n

trace(C) = Mg An(- + o + 1)
det(C) = (A1 ... /\n)n_l




3. (30 pts.) Suppose A is symmetric (n X n) with rank 7 = 1 and one eigenvalue equal to
7. Let the general solution to
du
dt
be written as u(t) = M (t)u(0). (Note the minus sign!)
(a) (5 pts.) Write down an expression for M (¢) in terms of A and t.
(b) (15 pts.) Is it true that for all ¢, trace(M(t)) > det(M(t))? Explain your answer
by finding all the eigenvalues of M(t).
(c) (5 pts.) Can u(t) blow up when ¢ — co? Explain.
(d) (5 pts.) Can u(t) approach 0 when ¢ — oco? Explain.

—Au




4. (30pts.) (a). If B is invertible prove that AB has the same eigenvalues as BA. (Hint:
Find a matrix M such that ABM = MBA.)

M = B~!'so AB = MBAM ' is similar to BA.

(b). Find a diagonalizable matrix A # 0 that is similar to —A. Also find a nondiago-
nalizable matrix A that is similar to —A.

I
/~/
oo O

e}
—

SN
|
—
O |




18.06 Professor Strang Exam 3 May 6, 1998

Your name is: Grading 1

2
Please circle your recitation: Z

M2 2-132 M. Nevins 2-588 3-4110 monica@math

—_

)
2) M3 2-131 A.Voronov  2-246 3-3299 voronov@math
3) T10 2-132 A. Edelman 2-380 3-7770 edelman@math
4) T12 2-132 A. Edelman  2-380 3-7770 edelman@math
5) T12 2-131 Z. Spasojevic 2-101 3-4470 zoran@math
6) T1 2-131 Z. Spasojevic 2-101 3-4770 zoran@math

7) T2 2-132 Y. Ma 2-333 3-7826 yanyuan@math

1 Find the eigenvalues and eigenvectors of these matrices:
ala

- aa” [ 3 -I
(a) (10)  Projection P = —— with a = [
]

o]
(b) (10)  Rotation @ = [ s J

(c) (8)  Reflection R=2P — 1



2

(a) (10)

(b) (10)

() (4)

Find the eigenvalues A;, Ay, A3 (NOT the eigenvectors 1, 2, x3) of this

Markov matrix:

o

I
(ORI CRON
[NCR CREON

0
2
8

Suppose ug is the sum x; + x5 + 3 of the three eigenvectors that you didn’t

compute. What is A™ug?

As n — oo what is the limit of A™ug?



3 (a) (2 each) Suppose M is any invertible matrix. Circle all the properties of a
matrix A that remain the same for M~'AM:

same rank

same nullspace

same determinant

real eigenvalues
orthonormal eigenvectors

symmetric positive definiteness

(b) (2 each)  This is a similar question but now ) is an orthonormal matrix. Circle

the properties of A that remain the same for Q~1AQ:

same column space

AF approaches zero as k increases
orthonormal eigenvectors
symmetric positive definiteness

projection matrix



4 (a) (3 each)  Suppose the 5 by 4 matrix A has independent columns. What is the

most information you can give about

the eigenvalues of AT A:

the eigenvectors of AT A:

the determinant of AT A:

(b) (9)  Find the singular value decomposition (SVD) for this matrix:

A:[o 0 0]

[040J'

(c) (8)  When the input basis is vy, ..., v, and the output basis is wy, ..., w, and the
matrix of the linear transformation 7" using these bases is the identity matrix,

what is T'(vy + vg)?



18.06

L. (a)

Professor Strang

At

X1

FExam 3 Solutions

1

a =

)\2:0

HEREEE

(or multiples of z; and x3)

1o

6+ .

=

81 Ao = .6—.8¢

| =1

A= 2(1)—-1=1
200)—1=-1
R has the same eigenvectors as P

Az

)\1 -
)\2 -
)\3 -

1
0
.6

(for any Markov matrix)
(since A is singular)

(since the trace of A is 1.6)
(1, 2, 3 can be permuted)

lnl‘l + OnfL'Q + (6)”1‘3
= z1+ (.6)"x3

approaches .

May 6, 1998



3. (a) Suppose M is any invertible matrix. Circle all the properties of a matrix A that
remain the same for M~ AM:

same rank

same nullspace

‘ same determinant ‘

‘ real eigenvalues ‘

orthonormal eigenvectors

symmetric positive definiteness

(b) This is a similar question but now () is an orthonormal matrix. Circle the prop-
erties of A that remain the same for Q 1 AQ:

=QTAQ !

same column Space

AF approaches zero as k increases

‘ orthonormal eigenvectors ‘

‘ symmetric positive definiteness ‘

‘ projection matrix ‘

4. (a) Suppose the 5 by 4 matrix A has independent columns. What is the most infor-
mation you can give about

the eigenvalues of AT A: They are real and positive

the eigenvectors of AT’ A: _They are orthogonal

the determinant of AT A: The determinant is positive

O = O
o O =
_ o O

U Y VT

T(Ul + 7)2) == T(Ul) + T(Ug)
= Iw1+Iw2:w1+w2
(intermediate steps may be ommitted)



18.06 Professor Strang Quiz 3 May 5, 1999

Your name is: Grading 1
2
Please circle your recitation: Z
1) Mon 2-3 2-131 S. Kleiman 5) Tues 12-1 2-131 S. Kleiman
2) Mon 3-4 2-131 S.Hollander  6) Tues 1-2 2-131 S. Kleiman
3) Tues 11-12 2-132 S. Howson 7) Tues 2-3 2-132 S. Howson
4) Tues 12-1 2-132 S. Howson

4
3 .6

1 (27 pts.) Suppose A =

(a) Find the matrices A and S in the diagonalization formula S~'AS = A,

(b) Find the matrix A* (all four entries of the k™ power of A).

1
(c) Find the limit as k — oo of uy, = A*uq if uy =
1



2 (25 pts.) Suppose a 3 by 3 real symmetric matrix A has eigenvalues 4, 4, 0.

(a) Find the determinant from the eigenvalues of (24 — I)~"'.

(b) True or false or not enough information:

This matrix A has 3 independent eigenvectors and can be diagonalized.

(c) True or false or not enough information:

The function 27 Az is never negative for any vector x.

(d) True or false or not enough information:

The matrix iA is a Markov matrix.

(e) If A has orthonormal eigenvectors ¢i,qo, g3 with A = 4,40, find a

formula for A in terms of ¢y, g2, g3 using diagonalization.



3 (24 pts.) Suppose that A is an invertible 3 by 3 matrix.

(a) Show me how to prove that " AT Az is always positive if  is not the

zero vector. Why will this fail if A is not invertible?

(b) Show me how to prove that AT A is similar to AA". Does it follow

that these matrices have the same eigenvalues and eigenvectors?

(¢) If the SVD is written in the usual form A = UX VT, what is the matrix
AT A (reduced to the simplest form)?



4 (24 pts.)

0 0 —
(a) Find the eigenvalues of A = [ -| and R = ’V -| . Then find

a
the eigenvalues of A = and R = . The numbers

a and b are real.

(b) Under what condition on “a” do all solutions of du/dt = Au approach

zero as t — oo?

(c) Under what conditions on “b” do all solutions of dv/dt = Rv approach

zero as t — oo?

(d) Under what condition on “a” is the matrix A positive definite?



18.06 Quiz 3 December 3, 1999

1 (36 pts.) The differential equation is

-2 3
d_u = Au with A=
dt 2 -3

Closed Book

(a) Find the eigenvalues and eigenvectors and diagonalize to A = SAS™.

A is not invertible, hence one eigenvalue is 0.

Tr(A) = —5, so the other eigenvalue of A must be —5.

An eigenvector of A with eigenvalue 0 is (3, 2).

An eigenvector of A with eigenvalue —5 is (1, —1).

RER 0 0 1/5 1/5
2 1|0 =525 —3/5
(b) Solve for u(t) starting from the given u(0).
. 3 s | 1
General solution is  u(t) = ¢; 4+ coe”
2 —1
The condition u(0) = is satisfied when ¢; =1, ¢ = 2.

0



At using S and A.

(¢) Compute the matrix e
A= SAS7! = et = SeMS71 So

31 1 0 1/5 1/5 1| 2% +3
2 -1 |0 e | |25 —3/5 51 —2e75 42

(d) As t approaches infinity, find the limits of u(t) and e?*.

As t— o0, e =0, u(t)—){

—3e7 %+ 3

e+ 2



2 (40 pts.)

The matrix A has 3’s on the diagonal and 2’s everywhere else:

(a)

3 2 2
A=12 3 2
2 2 3

Decide if A is positive definite. What is the minimum value of 27 Az

for all vectors z in R3?

A is positive definite since:

1. A is symmetric,

2. The upper left determinants are 3,5, 7.

A is positive definite = 27 Az > 0.

When z = 0, 27 Az = 0. So 0 is the minimum.

All entries of B = A — I are 2’s. From its rank find all the eigenvalues
of B and then all the eigenvalues of A.

All three columns of B are the same

= Rank(B) =1

= N(B) has dimension 2

= B has two independent eigenvectors with eigenvalue 0
= A\ =X =0, and A3 =tr(B) = 6.

The eigenvalues of A are 1,1,7.

Write down any one specific symmetric matrix C' that is similar to A.
Write down if possible any one nonsymmetric matrix N that is similar
to A. Write down a matrix J with the same eigenvalues as A that is

not similar to A. (Give the 9 numbers in C, N, J.)

100 100 110
C=A=|010], N=|[011], J=1010
00 7 00 7 00 7



Explanation: A is symmetric(so you could have let C = A) and hence

can be diagonalized to A. Consider

1 z vy
D=|01 2z
00 7

D has eigenvalues 1, 1, 7.

If D is similar to A, then D can also be diagonalized to A and hence
must have two eigenvectors with eigenvalue 1. This is possible iff x = 0.
Our choice of C' is obtained by letting y = z = 0. Our choice of N is
obtained by letting y = 0, z = 1.

When z # 0, D is not similar to A. Our choice of J is obtained by
letting z = 1.

Note: There are choices for C';, N, and J which are not upper triangu-

lar.

For the 6 by 6 matrix Ag with 3’s on the diagonal and 2’s everywhere
else use the same method (with Ag — I) to find the six eigenvalues. If

you make a good choice of eigenvectors, in what form can you factor

A?

The matrix Bs = A¢ — I has rank 1, so it has 5 independent eigen-
vectors with eigenvalue 0. It follows that

the eigenvalues of Bg are 0,0,0,0,0,12=1¢r(B) and

the eigenvalues of Ag are 1,1,1,1,1, 13.

We already know that A = SAS ! for some S whose columns are
independent eigenvectors of A. But A is symmetric, so we can choose
its eigenvectors to be orthonormal and have A = QAQ ™!, where Q is

orthogonal.



3 (24 pts.) Suppose A =UXVT = (orthogonal 2 x 2) (diagonal) (orthogonal 3 x 3)

4 00
U:[Ul UQ] Y= V:[Ul Vo ’U3}
010

(a) What are the eigenvalues and eigenvectors of AT A?

ATA = (USVDT(USVT) = VETsYT.

40 16 0 0
. 400

2E=10 1 =0 10
010

0 0 0 00

The eigenvalues of AT A are 16,1, 0.
v, is an eigenvector of AT A with eigenvalue 16.
vy is an eigenvector of AT A with eigenvalue 1.

vy is an eigenvector of AT A with eigenvalue 0.

(b) What is the nullspace of A? (Describe the whole nullspace.)
The nullspace of A is the linear span of vs.

(c) What is the row space of A? (Describe the whole row space.)

The row space of A is the linear span of vy, vs.



18.06 Professor Strang Quiz 3 Solutions May 5, 1999

1 (a) Ay =1 (because A is a Markov matrix) and Ay = .3 (from the trace).
-1
4 1 T4 4 1 10
1A _ _
stas=[5 o] [5 6 ]s a]=[o 5]

o at=sats =3 [ 3 [a A]-3[EEEN S

1 2
(c) The limit is - [ g ] = [ g ], a multiple of the eigenvector ;.

1 1
, =, —1 so the determinant is ——.
7 49
(b) True (A is given as symmetric)

2 (a) (24 —I)7! has eigenvalues

N

(c) True (no negative eigenvalues; A is positive semidefinite)

1 1
1 1
(d) Not enough information: —A = 1 is not Markov, —A = 505
4 4
0 D D
is Markov.
(e) A=QAQT = 4

q;
¢ | =4qql +4q2q7.
o) |d ]

R

3 (a) 27 AT Az = (Az)"(Ax) is positive unless Ax = 0. (Then it is zero — so if z is in
the nullspace of A we do have 27 AT Az = 0.)

(b) A(ATA)A™! = (AAT) so the matrices in parentheses are similar.
(c) ATA = (VETUT)(USVT) = VETSVT.

4 (a) A has eigenvalues 1 and —1 (then a + 1 and a — 1).
R has eigenvalues i and —i (then b+ ¢ and b — 7).

(b) We need a + 1 < 0 for stability so the condition is a a < —1.
(c) We need the real parts of b+ and b — i to be negative, so the condition is b < 0.
(d) We need a + 1 and a — 1 to be positive, so the condition is a > 1.



18.06 Professor Strang Quiz 3 December 6, 2000

Your name is:

Please circle your recitation:

—_

M2 2-131 Holm 2-181 3-3665 tsh@math

[\

M2 2-132 Dumitriu 2-333 3-7826 dumitriu@math
M3 2-131 Holm 2-181 3-3665 +tsh@math

- W

T10 2-132 Ardila 2-333 3-7826 fardila@math
T10 2-131 Czyz 2-342 3-7578 czyz@math
T11 2-131 Bauer 2-229 3-1589 bauer@math

S Ot

T11 2-132 Ardila 2-333 3-7826 fardila@math
T12 2-132 Czyz 2-342 3-7578 czyz@math
T12 2-131 Bauer 2-229 3-1589 bauer@math

oo
N N e N e e N S N SN N N N

—_
=]

T1 2-132 Ingerman 2-372 3-4344 ingerman@math

—_
—

T1 2-131 Nave 2-251 3-4097 nave@math

—_
[\

T2 2-132 Ingerman 2-372 3-4344 ingerman@math
T2 1-150 Nave 2-251 3-4097 nave@math

—_
w



1 (30 pts.)

(a) Find the diagonalization A = SAS~! of

05 3 4
A=10 10
0 01

(b) What is the limit of A* as k — oo?

(c) Suppose B* approaches I (the 2 by 2 identity) as k — co. How do you

know that B = I? Explain using eigenvalues and Jordan forms like

J =



2 (40 pts.) (a) Suppose the diagonalization A = SAS™! is exactly the same as the
singular value decomposition A =UXV?T (so S=U =V and A = %).

What information does this give about A? Can it be singular?

(b) What are the eigenvalues of a 3 by 3 Markov projection matrix that

has trace 27 Create one matrix that has these properties.

(c) Here is a matrix with orthogonal columns. Find its SVD A =UXVT.

(d) Suppose A is similar to a 3 by 3 matrix B that has eigenvalues 1, 1, 2.
What can you say about
the eigenvalues of A

diagonalizability of A
symmetry of A

Ll

positive definiteness of A

In each of (2) (3) and (4) decide if A can’t have or might have or must

have this property.



3 (30 pts.)

(a) Find the eigenvalues of the matrix (and fill in the blanks)

0 -1 0
A=1]1 0 -1
0 1 0
These eigenvaluesareall_ because this matrix A is

(b) If the eigenvectors are z1, xo, z3 (not required to compute them) de-

scribe the general solution to the differential equation ‘;—1: = Au.

(c) At what time 7T is the solution u(7T") guaranteed to equal its initial

value u(0)?



1 (30 pts.)

Math 18.06 Quiz 3 Solutions

A=SAS! =

o O =
O = O
= O 00
O O~
O = O
= O O

Qo

—6 -8
0 | =

A* = 1
0 1

0 1
0 0
1 0

S O O
S = O
_ O

oS O
S = O
)

o O O
O = O

(c) The eigenvalues of B must both be 1. Suppose B has the Jordan
11

form J = [0 1 ], with B = MJM~!. Then B = MJ"M~! and

|1 n
(01
Form J. The only alternative is that B has Jordan form I, in which
case B= MIM=1=1

J" , which cannot converge. So B can NOT have Jordan



2 (40 pts.)

(a) S7' = ST, so A = SAST is symmetric. Singular values are always
nonnegative, so from A = ¥ the eigenvalues of A are nonnegative, so
A is symmetric positive semidefinite. It can be singular (the all zeros
matrix is an example).

(b) The eigenvalues of a projection matrix are either 0 or 1, and their sum
is 2, so they must be 1, 1, 0. For example

1 0 0
0 1/2 1/2
0 1/2 1/2
. 25 0 .
(c) ATA= 0 49 | %° the singular values are 7 and 5. So

vl

035 —4/51[7 07,
and A= | 0 4/5 3/5 05 [ }
0o ll1o

1 0 0

(d) 1. The eigenvalues of A are 1,1,2 - the same as the eigenvalues of B.
2. A might or might not be diagonalizable
3. A might or might not be symmetric
4. A definitely (!) has positive eigenvalues. However it might not be
symmetric, so A might or might not be positive definite.



3 (30 pts.)

(a) The eigenvalues are 0,+/2i, —+/2i. They are all pure imaginary (in-
cluding zero!) because A is skew symmetric

(b) The general solution is @(T) = 171 + coeV¥T T, + e V2T 7,

(c) € = cosf + isinf. This function has a period of 27, so when /2T =
2n7, we have @(T) = #(0). In particular, T can be /2.



18.06

Your name 1is:

Exam 3

May 3, 2000

Closed Book

Please circle your recitation:

1) M2
3) Tl
5) T1
7 T2

Note: Make sure your exam has 4 problems.

2-131 P. Clifford
2-132 T. de Piro
2-131 T. Bohman
2-132 T. Pietraho

Points
Problem possible
1 25
2 2
3 — 25
4 25

Total 100

0 O = N

— e N

M3
T 12
T1
T 2

2-131
2-132
2-132
2-131

P. Clifford
T. de Piro
T. Pietraho
T. Bohman



1 (25 pts) Let
34 30 0
, so ATA=1|30 34 0

0 0 O

The following are eigenvectors of AT A:

1 1 0
I -1 1, 0
0 0 1

(a) What are the eigenvalues of AT A?
(b) What are the singular values of A?

(c) Give the singular value decomposition of A.

Note: You must show your work to receive credit for this problem.



2 (25 pts) True (give a reason) or False (give a counterexample):

(a) If A is a symmetric matrix, any two eigenvectors of A are perpendicular.
(b) If Aisn x n and has n orthonormal eigenvectors, then A is symmetric.

(¢) Any eigenvector matrix S of a symmetric matrix is symmetric.

Note: You must show your work to receive credit for this problem.



3 (25 pts) Let

For what (if any) values of d does A have all positive eigenvalues? (Hint: Do

not try to compute the eigenvalues of A.)

Note: You must show your work to receive credit for this problem.



4 (25 pts) Suppose A is a 3 x 3 matrix with eigenvalues A = 1 and A\ = 2. Suppose also

that A — I has rank one.

(a) Which eigenvalue of A is repeated? Explain why.

(b) Write down a specific matrix which is similar to A and symmetric.

Explain why they are similar.

(c) Write down a specific matrix which is similar to A and not symmetric.

Explain why they are similar.

(d) Write down a specific matrix which has the same eigenvalues as A but is

not similar to A. Explain why they are not similar.



18.06 Exam 3 Solutions May 3, 2000

Problem 1 (a) Find the eigenvalues by multiplying each eigenvector by ATA: 64, 4, and 0.
(b) The singular values are the square roots of the nonzero eigenvalues of ATA: 8 and 2.
(c) The SVD is

1/v/2 -1/v/2 0

A_[1/\/§ 1/\/§][8 00
0 0 1

1/vV2 1/vV/2 0
V2120 2 0]

Problem 2 (a) False. The 2 x 2 identity matrix is symmetric, but it has plenty of non-
perpendicular eigenvectors, e.g., (1,0) and (1,1).

(b) True, because A is diagonalizable using an orthogonal matrix: A = QAQT. Such a
matrix is symmetric: (QAQT)T = QAQ".

(c) False. Same example as in part (a).

Problem 3 There is no such value of d > 0. To have positive eigenvalues means that A is
positive definite. The upper left determinants are 1, d — 4, and 12 — 4d. These are never all
positive.

Problem 4 (a) A =1 is repeated. The number of independent A = 1 eigenvectors is given
by the dimension of N(A — I), which is two. So A has two independent A = 1 eigenvectors,
so A = 1 must be repeated.

(b) A has three independent eigenvectors, so it is diagonalizable, i.e., similar to

A=

OO =
O = O
N OO

(c¢) The matrix

Sy

Il
OO =
O = O
N = O

has the same eigenvalues and number of independent eigenvalues as A, so is similar to A.
(d) The matrix

Q

I
OO =
O = =
N OO

has the same eigenvalues as A but is missing an eigenvector: the rank of C' — I is two, so C

has only one independent A = 1 eigenvector.



18.06 Strang, Edelman, Huhtanen Quiz 3 December 5, 2001

Your name is:

Please circle your recitation:

Recitations
# Time Room Instructor Office Phone Email @math
Lect. 1 MWF 12 4-270 M Huhtanen  2-335 3-7905 huhtanen
Lect. 2 MWF 1 4-370 A Edelman 2-380 3-7770 edelman
Rec. 1 M2 2-131 D. Sheppard  2-342 3-7578 sheppard
M2 2-132 M. Huhtanen 2-335 3-7905 huhtanen
M3 2-131 D. Sheppard  2-342 3-7578 sheppard
T 10 2-132 A. Lachowska 2-180 3-4350 anechka
T 10 2-131 S. Kleiman 2-278  3-4996 kleiman

T11 2-132  A. Lachowska 2-180 3-4350 anechka

T 12 2-131 M. Honsen 2-490 3-4094 honsen

T1 2-132  A. Lachowska 2-180 3-4350 anechka
10 T1 2-131 S. Kleiman 2-278 3-4996 kleiman

2
3
4
5
6 T11 2-131 M. Honsen 2-490 3-4094 honsen
7
8
9

11 T 2 2-132 F. Latour 2-090 3-6293 flatour



For full credit, carefully explain your reasoning, as always!

1 (36 pts.) Let A be the square matrix

L [2 1] |
Lo v
(a) With z = 2 and y = 1 diagonalize A. That is, compute A = SAS™1
where A is a diagonal matrix. (12p)

(b) With y = 2 pick z so that S can be orthogonal in a diagonalization of
A. Compute then one such S. (12p)

2
(c) If y = 2, can you find z > 0 such that A and {
21

} are similar?

(Hint: look at the eigenvalues.) (12p)



2 (32 pts.) (a) Choose z and y so that

1/2 =z
y 1/4

M =

is a Markov matrix. (4p)
Compute the steady state eigenvector z; of unit length. (That is,
[[1]] = 1). (8p)

(b) Is

positive definite? (4p)

Find the singular value decomposition of A. (16p)



3 (32 pts.) Let

5 4 3
A= -1 0 -3
1 -2 1
and
1 11 0 —3 —%]
X=|_-1 -1 0| sothat X7 '= |0 -t 1
-1 10 1 1 0

(a) Compute M = X tAX. (4p)
What are the eigenvalues of A7 (4p)

How many linearly independent eigenvectors does A have? (4p)

Is A diagonalizable? (4p)

(b) Let
-3 00 1
B = 0 0 1 and z=1| 0
0 0O 0

Compute e?! explicitly. (12p)

Compute lim;_, o, eBlz. (4p)



18.06 Midterm Exam 3, Spring, 2001

Name Optional Code

Recitation Instructor Email Address

Recitation Time

This midterm is closed book and closed notes. No calculators, laptops, cell phones or other elec-
tronic devices may be used during the exam.

There are 3 problems. Good luck.

1. (40pts.) Consider the matrix

4 -1 1
A= -1 4 -1
1 -1 4

(a) Given that one eigenvalue of A is A = 6, find the remaining eigenvalues.
(b) Find three linearly independent eigenvectors of A.

(c) Find an orthogonal matrix @ and a diagonal matrix A, so that 4 = QAQT.



2. (20pts.) Consider the system of first order linear ODEs

dx dy
Yo vy Y= s
dt THY g o

M )
Find two independent real-valued solutions ( 5(1) ) and ( z(z) ) of this system and hence

find the solution x(t) = ( Zg; ) which satisfies the initial condition x(0) = ( i )



3. (40pts.) Let A, be the n x n tridiagonal matrix

1 —a 0 0 0
—a 1 —a 0 0
0 —a 1 —a 0
A, = )
0 0 —a 1 —a
0 0 0 —a 1
(a) Show for n > 3 that
det(Ay,) = det(A,_1) — a® - det(A,_o). (1)

(b) Show that eq.(1) can equivalently be written as x, = B x,_1, where
_ det(A,,) (1 —a?
xn_<det(An_1) ) and B—( 1 0 )

(c) For a> = 2, find an expression for det(A4,) for any n. (Hint: One method starts by

writing B in the form B = SAS™!, where A is a diagonal matrix.)



18.06 Solutions to Midterm Exam 3, Spring, 2001

1. (40pts.) Consider the matrix

4 -1 1
A= -1 4 -1
1 -1 4

(a) Given that one eigenvalue of A is A = 6, find the remaining eigenvalues.

4—-X -1 1
det -1 4-A -1 = 0
1 -1 4-—2X

S N 4+1202 450 +54 = 0
<:>)\1:6, )\2:)\3:3

(b) Find three linearly independent eigenvectors of A.

-2 -1 1 1
e For A\; = 6, we have —1 -2 -1 |Jvy=0,andso vy = -1
1 -1 -2 1
1 -1 1
For Ao = A3 = 3, we have -1 1 =1 }v = 0, and two linearly independent
1 -1 1
1 1
solutions are vo = | 1 and vy = 0
0 -1

(c) Find an orthogonal matrix @ and a diagonal matrix A, so that A = QAQ”.

1/V3
e To obtain the first column of @, let q1 = v1/||v1|| = | —1/v/3 |. The second column
1/v3
1/v/2
of @ is given by g2 = v1/|[v2|| = | 1/v/2 |. The vector v3 is not orthogonal to g2, so
0
we need to use Gram-Schmidt to make it so:
1 1/v/2 1/2
Qs = 0 L V2 | =] —-1/2
qs = —_ —
’ -1 V2 0 —1



1/v/6
Normalising gives q3 = qs/||qs|| = | —1/v6 |. Hence,

_2/\/6

1/v/3 1/vV/2  1/V6
Q(l/\/?? 1/V2 1/\/€>, A(

1/V3 0 —2/v6

S oo

O W O

w O O



2. (20pts.) Consider the system of first order linear ODEs

dx dy
_ = — 2 _ = — .
7 T+ 2y 7 6z

M )
Find two independent real-valued solutions ( 5(1) ) and ( z(z) ) of this system and hence

find the solution x(t) = ( Zg; ) which satisfies the initial condition x(0) = ( i )

-7 2

6 0 ) x. The eigenvalues of this matrix are given

e We can write this system as %x = (

by

—7T—A 2
det( 6 _/\) =0

SA2+TA+12 = 0
<:>A1:—4, /\2:—3.

-3 2 2
The corresponding eigenvectors are: for Ay = —4, ( _2 4 >v1 =0, s0 vy = ( 3 ); and

—4 2

for Ay = -3, ( 6 3

1 . .
) vy =0, s0 vo = ( 9 ) Hence the general solution to this system

x(t) = Cre™ ( , ) b Coe? ( ; ) .

To satisfy the initial condition, we need to solve

(23)(2)-(1)

which gives C; =1 and Cy = —1.

of equations is



3. (40pts.) Let A, be the n x n tridiagonal matrix

(a) Show for n > 3 that

det(4,)

= det(A4,

—a 0
1 —a
—a 1
0
0

0 --- 0
0 --- 0
_a - .. O
—a 1 —a
0 —a 1

_1) —a? - det(A,_

2). (1)

e Let us expand the determinant of A, along the first column,

1 —a 0 0 —a 0 O 0
—a 1 —a 0 —a 1 —a 0
det(A,) = 1-det : i | +adet : .. :
0O -+ —a 1 —a 0 -+ —a 1 —a
0o --- 0 —a 1 0o --- 0 —a 1
1 —a O
—a 1 —a
= det(A,_1) — a®det ) )
0 -a 1
= det(4,_1) — a® det(A,_o).

Here, we have expanded the determinant in the second term of line 1 along the first row.

(b) Show that eq.(1) can equivalently be written as x,, = Bx,_1, where

%= (gega ) ) a5 ()
%= (aga )= (TG

=(1 ™) (o

(c) For a? = 16, find an expression for det(A,) for any n.

—a

)-(1

(Hint: One method starts by

)

1 —a?

) Xp—1-

writing B in the form B = SAS™!, where A is a diagonal matrix.)



e The answer is given by x, = B" ?x,. To determine x5, we need det(A;) = 1, and
1 —
det(Az) = det ( —a Clb > =1-a’2=1- 13—6 = %. To find B" 2, we first need to

diagonalise B. Eigenvalues are given by

1y ) L
det( 1 _)\) = 0

Noay o =
& +16 0
3 1
A1 =—, A9 = —.

< Al 47 2 4

1/4 —3/16

. . _ § . .
The eigenvector corresponding to A; = ¥ is given by < 1 —3/4

) vi = 0, so that

4 -3/1
vy = < Z ) The eigenvector corresponding to Ay = %is given by < 3/1 E{/j ) Vo =

4

=(31): 4= (%) ==t )

0, and hence vy = ( 1 ) So B = SAS™!, where

Hence,
o 1 27 (é)ﬂ—? 1 (l)n—Q
x:SA”QSle:—<4 4 g 34 o
i s\ 9" )"
and
2
det(An) = W (3n+1 1)



18.06  Professor Strang/Ingerman  Quiz 3

Your name is:

Please circle your recitation:

M2 2-131
M2 2-132
M3 2-131
T10 2-132
T10 2-131
T11 2-131
T11 2-132
T12 2-132

%
—

2-132
2-131
2-132

H
N

December 6, 2002

P.-O. Persson
I[. Pavlovsky
I. Pavlovsky
W. Luo

C. Boulet
C. Boulet
X. Wang

P. Clifford
X. Wang

P. Clifford
X. Wang

2-088
2-487
2-487
2-492
2-333
2-333
2-244
2-489
2-244
2-489
2-244

2-1194
3-4083
3-4083
3-4093
3-7826
3-7826
8-8164
3-4086
8-8164
3-4086
8-8164

persson
igorvp
igorvp
luowei
cilanne
cilanne
xwang
peter
Xwang
peter

xwang



1 (36 pts.)

(a) What are the eigenvalues of the 5 by 5 matrix A = ones(5) with all
entries a;; = 17 Please look at A, not at det(A — AI).

(b) Solve this differential equation to find w(¢):

d
d—;" — Au  starting from w(0) = (0,1,1,1,2).
First split #(0) into two eigenvectors of A.

(c) Using part (a), what are the eigenvalues and trace and determinant of

the matrix B = same as A except zeros on the diagonal.






2 (20 pts.) (a) If Aissimilar to B show that ¢ is similar to ¢B. First define “similar”

and e

(b) If A has 3 eigenvalues A = 0, 2,4, find the eigenvalues of ed

Using part (a) explain this connection with determinants:

determinant of ed = etrace of A






3 (22 pts.) Suppose the SVD A =UXV" is

cosf@ —sinf 9 0 cosa Ssinao

sin 6 cos 0 4 —sina cos«

(a) For which angles # and o (0 to ) is A a positive definite symmetric

matrix? No computing needed.

(b) What are the eigenvalues and eigenvectors of ATA? No computing!






4 (22 pts.)

Multinational companies in the US, Asia, and Europe have assets of $ 12

trillion. At the start, $ 6 trillion are in the US, $ 6 trillion in Europe. Each

1

year half the US money stays home, ; each goes to Asia and Europe. For

Asia and Europe, half stays home and half is sent to the US.

[O b5 5 US
Asia =1.25 5 0 Asia
Europe vear k + 1 25 0 .5 Europe vear k

(a) The eigenvalues and eigenvectors of this singular matrix A are

(b) The limiting distribution of the $ 12 trillion as the world ends is

US =
Asia =

Europe =






Course 18.06, Fall 2002: Quiz 3, Solutions

1 (a) One eigenvalue of A =ones(5) is \; = 5, corresponding to the eigenvector z; = (1,1,1,1,1).
Since the rank of A is 1, all the other eigenvalues Ao, ..., A5 are zero. Check: The trace
of Ais 5.

(b) The initial condition u(0) can be written as a sum of the two eigenvectors z; = (1,1,1,1,1)
and x2 = (—1,0,0,0,1), corresponding to the eigenvalues A\; = 5 and Ay = 0:

’U,(O) = (0’ 1’ 17 172) = (1) 1) 17 ]-a ]-) + (_15050507 1) =T + 2.
The solution to dd—? = Aw is then

u(t) = cremy + e’ @y = (1,1,1,1,1)™ + (=1,0,0,0,1).

(¢) The eigenvectors of B = A — I are the same as for A, and the eigenvalues are smaller by
1:
Br=(A-le=Az—xz=Xx —z=(\— 1)z,

where x, A\ are an eigenvector and an eigenvalue of A. The eigenvalues of B are then
4,—-1,—1,—-1, -1, the trace is ), A\; = 0, and the determinant is [[,; \; = 4.

2 (a) B is similar to A when B = M~'AM, with M invertible. The exponential of A is

eA:I+A+%A2+éA3+'~.

Every power BF of B is similar to the same power A* of A:
BF = MYAMM *AM --- M*AM = M~ A* M.
Then

1 1
eB:I+B+§Bz+---:M_1 <I+A—|—2A2—|—--->M:M_16AM.

It is also OK to show this using e = Se*S~1, although that assumes that the matrices
are diagonalizable.

(b) The exponential of A is

e 0 0
eA=8ers =810 ¢ 0|SL
0 0 &t

But this is an eigenvalue decomposition of e, so the eigenvalues are 1, €2, e*.

More generally, the eigenvalues of e are the exponentials of the eigenvalues of A, and

det(e?) = eMe2 ... e = At tAn — r(4)



3 (a)

For A to be symmetric, U has to be equal to V (notice V7 in the matrices):

cosf) —sinfl| |cosa —sina
sinf cos@ sina  cosa |’

Together with the restrictions on 6, this requires that § = «. A is then a positive

. . . C 9 0
definite symmetric matrix, since it is similar to [O 4} .

The eigenvalues of AT A are the square of the singular values, that is, 81 and 16. The
eigenvectors of AT A are the columns of V, that is, (cos o, sin ) and (— sin a, cos a).
This can also be shown by multiplying ATA = VX2V7T and identifying this as the
eigenvalue decomposition of AT A.

A is singular, so one eigenvalue is 0. It is also a Markov matrix, so another eigenvalue is
1 (Motivation: Each column of A sums to 1, so each column of A — I sums to 0. A —1T
then has an eigenvalue 0, and A has an eigenvalue 1). The last eigenvalue is 0.5 since

trace(4) = >, \; = 1.5.
The eigenvectors are found by solving the following systems:

-5 5 D
)\1 =1: (A — )\1])131 =1.25 =5 0 1 =0=—=x; = (2, 1, 1),

)\320: (A—)\gf):ligz 25 5 0 :B3:0:>£L'3:(2,—1,—1).
25 0

(b) Write the initial value as a linear combination of the eigenvectors:

ug = (6,0, 6) = 3()31 — 3:B2.
The distribution after k steps is then

= Afug =3\ x — 3\sxy = 32 — 3-0.552y — 32, = (6,3,3) as k — .



18.06 Exam 3 Solutions

0.3 0.5
b) It is the eigenvector for M corresponding to eigenvalue 1, (0.5,0.3).

L a)M:[m 0.5]

c) After many years, the percentage of people drinking two kinds of coffee will converge
to one that is proportional to the steady state vector. So people drinking regular coffee
will be about 5/8 = 62.5%.

2. a) Column vectors of @) are normalized eigenvectors of A, denote column vectors of @) by
v1, V2, v3. Then

(A — (—2)])’01 = 0=>0v = (O, 1,0)
(A—4l)vy = 0= vy =(—1,0,2)/V5
(A—(=D)Dvg = 0=v3=(2,0,1)/V5

0 —1/v5 2/V5 -2 0 0
o=11 0 0 |, A=]| 0 4 o0
0 2/vV5 1/V5 0 0 -1
0 —1/V5 2/\/5
b) A is the matrix for L under the basis { | 1 |, 0 , 0

0 2/v/5 1/v/5

3. First we find out the eigenvalues of AT A corresponding to w; respectively.

110 1 3
AT Awy, = 1 21 21 =1|61|=3uw
01 1|1 3
(1 1 07 [ 1 7 [ 1
AT Awy = 1 21 0 |=| 0 | =w
01 1] | -1 ] -1
(1 1 07 1 0
AT Awg = 1 21 —1|l=]0]=0
01 1] | 1 | 0
SO)\1:3,01=\/g,)\Q:l,UQ:l,andE:[\(/)g(1)8

Column vectors of V' are normalized eigenvectors, v1 = w; /|wi|, v2 = wa/|wa|, vz = ws/|ws],

1/vV6 1/vV2  1/V3
V=1|2/V6 0 —~1/V3
1/V6 —1/vV2 1/V3

. B 12 B R
Column vectors of U satisfies, u; = Avy /o1 = [ 1/v32 }, ug = Avg /oy = [ 13 |

1



Finally the answer is

SVD@@::UEVTZI:UVQ oY 0 10 0

1/vV6 2/vV6  1/v6
1/V2 UﬁHﬁOOHVﬁ 1/\&]
1/V3 —1/V/3 1/V3

o] +o|
L<H HH=

So the matrix for L with respect to the standard basis for R? is A = [

4
5
b) The change of basis is equal to the inverse of basis matrix, i.e. P = [
1 -1
0 1/2 |

c)
erar-[3 ][ 3]0 ][5 8



18.06 Professor Strang Quiz 3 December 5, 2005

Grading
Your PRINTED name is: 1

2

3

Please circle your recitation:

1) M2 2131 P. Lee 2-087 2-1193 1lee

2) M2 2132 T.Lawson 4-182  8-6895 tlawson
4) T 10 2-132 P-O. Persson 2-363A 3-4989 persson
5) T 11 2-131 P-O. Persson 2-363A 3-4989 persson
6) T 11 2-132 P. Pylyavskyy 2-333 3-7826 pasha
7) T 12 2-132 T. Lawson 4-182 8-6895 tlawson
8) T 12 2-131 P. Pylyavskyy 2-333 3-7826 pasha
9) T1 2-132 A. Chan 2-588  3-4110 alicec
10) T1 2-131 D. Chebikin 2-333 3-7826 chebikin
11) T2 2-132 A. Chan 2-588  3-4110 alicec
12) T3 2-132 T. Lawson 4-182 8-6895 tlawson



1 (30 pts.)

a) Find the eigenvalues and eigenvectors of the Markov matrix

A:

b) What is the limiting value of A*

as the power k goes to infinity ?

¢) What does it mean to say that “A is similar to B” ?

Is that 2 by 2 matrix A similar (yes or no) to its transpose B ?

B =

Give a reason for your answer.






2 (40 pts.)

This 4 by 4 matrix H is a Hadamard matrix:

1
1
1
1

1
-1
1
-1

1
1
—1
—1

1
-1
-1

1

*Key Properties*

HT=H and H? =4I

a) Figure out the eigenvalues of H. Explain your reasoning.

b) Figure out H~! and the determinant of H. Explain your reasoning.

¢) This matrix S contains three eigenvectors of H. Find a 4th eigenvector

x4 and explain your reasoning:

1

-1

d) Find the solution to du/dt = Hu given that u(0) = third column of S.



xXx



3 (30 pts.)

Suppose A is a 3 by 3 symmetric matrix with eigenvalues 2,5, 7 and corre-

sponding eigenvectors xi, To, T3.

a) Suppose z is a combination x = ¢y21 + cax2 + c3x3. Find Ax. Now find

2T Ax using the symmetry of A. Prove that T Az > 0 (unless z = 0).

b) Suppose those eigenvectors have length 1 (unit vectors). Show that
B = 22127 + 52923 + Tx32T has the same eigenvectors and eigenvalues

as A. Is B necessarily the same matrix as A (yes or no) ?

¢) For which numbers b does this matrix have 3 positive eigenvalues ?

2 b 3
A=1b 2 b
3 b 4

Note: The SVD will be on the final when you have more time to digest it.



Xxx
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11) T2 2-132 A. Chan 2-588  3-4110 alicec
12) T3 2-132 T. Lawson 4-182 8-6895 tlawson



1 (30 pts.)

a)

Find the eigenvalues and eigenvectors of the Markov matrix

A=

Solution: Any Markov matrix has eigenvalue \; = 1; since the trace
of A is 1.5, and the eigenvalues of a matrix add up to its trace, the
second eigenvalue is Ay = .5. To find the corresponding eigenvectors

v1 and vy, we look at A — A1 and A — \o1:

-1 4 4

(A-)q[)vlz(A—I)Ulz U1:0 = V] = ;
1 -4 1
4 4 1

(A_)\QI)UQZ (A—.5])U2: vy=0 = 1vy= ;
d 01 -1

3
What is the limiting value of A* as the power k goes to infinity ?

2
Solution: We have
3 4 1
= + = U1 + Vg,
2 1 -1
SO
k|3 k k k
A :AU1+AU2:U1+(.5)U2.
2
. e L 3
Since (.5)* goes to 0 as k goes to infinity, the limiting value of A*
2
) 4
1S U1 =
1
Another argument: the steady state eigenvector of A is , so the

1

limit of A% as k goes to infinity is the Markov matrix whose both

2



columns are multiples of , l.e.

1
8 2
A* = ,
8 2
3
and the limiting value of A* is
2
3 4
A =
2 1

What does it mean to say that “A is similar to B”?

Is that 2 by 2 matrix A similar (yes or no) to its transpose B?

B =

Give a reason for your answer.

Solution: Matrices A and B are similar if there exists an invertible
matrix M such that A = M~'BM. Equivalently, A and B are similar
if their Jordan form is the same.

The matrix A” has the same eigenvalues \; = 1 and A\, = .5 as A, so

both are similar to the same Jordan matrix

1
J:

Thus A is similar to A”.



2 (40 pts.)

This 4 by 4 matrix H is a Hadamard matrix:

1 1 1 1

1 -1 1 -1 *Key Properties*®
H—

1 -1 -1 H™ =H and H?=4]

1 -1 -1 1

a) Figure out the eigenvalues of H. Explain your reasoning.

Solution: Suppose Hv = \v for some non-zero vector v. Then H?v =
Av = (41)v = 4v, so A? = 4, and thus every eigenvalue of H is equal
to either 2 or —2. The trace of H is 0, hence the sum of the eigenvalues

of H is 0. We conclude that H has eigenvalues A\ = 2,2, —2, —2.

b) Figure out H~! and the determinant of H. Explain your reasoning.
Solution: From H? = 41 we obtain
H'=_H.
The determinant of a matrix is the product of its eigenvalues:
det H=2-2-(=2)-(-2) =16.

c¢) This matrix S contains three eigenvectors of H. Find a 4th eigenvector

x4 and explain your reasoning:

1 1 0
1 0 -1
S =
1 0 1
-1 1 0

Solution: The first two eigenvectors correspond to A = 2, so the missing

eigenvector corresponds to A = —2. Denote the unknown eigenvector

4



a
b
vy by . Then
c
d
3 1 1 1 a 3a+b+c+d
1 1 1 -1 b a+b+c—d
(H+2[>’U4: — :0
1 1 1 -1 c a+b+c—d
1 -1 -1 3 d a—b—c+3d

The third component of (H + 2[)v, is equal to the second, and the
fourth is the sum of the first two, hence we can choose v4 to be any
vector satisfying 3a+b+c+d=0and a+ b+ ¢ — d = 0 which is not
a multiple of the third eigenvector (0,—1,1,0). For example, we can

choose

Vyg =

Note that since H is symmetric and the three given eigenvectors are
pairwise orthogonal, any non-zero vector perpendicular to them is au-
tomatically a fourth eigenvector (and vs above is in fact such a vec-
tor). On the other hand, vs doesn’t have to be orthogonal to the three
given eigenvectors: we could have chosen any vector ¢;(0,—1,1,0) +
ca(1,—1,—1,—1) with ¢y # 0.

d) Find the solution to du/dt = Hu given that u(0) = third column of S.

Solution: Let vz be the third column of S. It is an eigenvector corresponding
to A3 = —2, s0 u = e %'y is a solution to du/dt = Hu, and in fact it gives

u(0) = w3, so it is the desired solution.



3 (30 pts.)

Suppose A is a 3 by 3 symmetric matrix with eigenvalues 2,5, 7 and corre-

sponding eigenvectors xi, To, T3.

a) Suppose z is a combination x = ¢;x1 + cax9 + c3x3. Find Ax. Now find

2" Az using the symmetry of A. Prove that ¥ Az > 0 (unless = = 0).

Solution: We write
Ax = c; Axy + ey Ay + c3Axs = 2¢121 + Deaxs + Tesxs
and
v Ar = (cial + cowd + c322) (20101 + Beawy + Teszs) =
= 2cix] wy + Bcaws xo + Tcawd a3

(opening the parentheses, we use the fact that eigenvectors of a sym-

metric matrix corresponding to different eigenvalues are orthogonal,

and hence 27 x; = 0 for ¢ # 7). Since zlz; = ||z;||* > 0 and ¢7 > 0
unless ¢; = 0, we conclude that 27 Az > 0 unless ¢; = ¢, = c3 = 0, i.e.
xz =0.

Suppose those eigenvectors have length 1 (unit vectors). Show that
B = 2$1:E1T + 5x2:E2T + 7:763:B3T has the same eigenvectors and eigenvalues

as A. Is B necessarily the same matrix as A (yes or no) ?

Solution: We have
Bz, = 2x1331T:)31 + 5:762932T:Bl + 7x3x§:):1 = 21

because x{x; = ||z1||> = 1 and zlz; = 0 for i # j. Thus z; is an
eigenvector of B with eigenvalue \; = 2. Similarly, we can show that

Bxy = 525 and Bxg = Tx3. Since both A and B have diagonalization
—1

2

Ty Ty I3 5 1 Ty T3 )



they are the same matrix.

¢) For which numbers b does this matrix have 3 positive eigenvalues ?

20 3
A=1b 2 b
3 b 4

Solution: A has 3 positive eigenvalues if and only if it is positive-
definite. To test for positive-definiteness, we check the three upper-left
determinants to see when they are positive. The 1 by 1 upper-left
determinant is 2, which is positive. The 2 by 2 upper-left determinant
is 4 — b2, which is positive whenever —2 < b < 2. Finally, we compute

the 3 by 3 upper-left determinant, or det A:

2 b b b b 2
det A = 2det — bdet + 3det =
b 4 3 4 3 b

= 2(8 — b%) — b(4b — 3b) + 3(b* — 6) = —2,

which is always negative. Since det A < 0 regardless of the value of b,

we conclude that A cannot have 3 positive eigenvalues.

Note: The SVD will be on the final when you have more time to digest it.



Xxx
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1 (37 pts.)

(a) (16 points) Find the three eigenvalues and all the real eigenvectors

of A. It is a symmetric Markov matriz with a repeated eigenvalue.

PN [ N[ )
A= RN e
N N e N

(b) (9 points) Find the limit of A* as k — oo. (You may work with

A = SAS~! without computing every entry.)
(c) (6 points) Choose any positive numbers r, s,t so that
A —rl is positive definite

A — sl is indefinite

A —tlI is negative definite

(d) (6 points) Suppose this A equals BT B. What are the singular values
of B?



2 (41 pts.)

(a) (14 points) Complete this 2 by 2 matrix A (depending on a) so that

its eigenvalues are A =1 and A = —1:

A:

(b) (9 points) How do you know that A has two independent eigenvectors ?

(¢) (9 points) Which choices of a give orthogonal eigenvectors and which

don’t ?

(d) (9 points) Explain why any two choices of a lead to matrices A that

are similar (with the same Jordan form).



3 (22 pts.)

Suppose the 3 by 3 matrix A has independent eigenvectors in Ax; = A2y,

Azy = Aoy, Axz = Agzs. (Those X’s might not be different.)

(a) (11 points) Describe the general form of every solution u(t) to the
differential equation % = Au. (The answer e*'u(0) does not use the

N's and x’s.)

(b) (11 points) Starting from any vector uy in R?, suppose uy, 1 = Auy,.
What are the conditions on the x’s and A’s to guarantee that u; — 0

(as k — 00)? Why?



Exam 3, Friday May 4th, 2005

Solutions

Question 1. (a) The characteristic polynomial of the matrix A is

3 9 1 1\?
R e e e CE il p
* 2 16 * 16 ( ) ( 4)
and thus the eigenvalues of A are 1 with multiplicity one and i with multiplicity two. Clearly
the eigenvectors with eigenvalue 1 are the non-zero multiples of the vector (1,1,1)T. The
remaining eigenvectors are all non-zero vector of the orthogonal complement of (1,1,1)7:

they are the vectors
a

b , with (a,b) # (0,0)
—a—>b

and an orthogonal basis for this vector space is

(b) For the matrix S we may choose the orthogonal matrix

D T
V3 V2 Ve
g | L =4
| V3 v2 6
L 0 =
V3 V6
and the matrix A is then the diagonal matrix with entries 1, i, and i along the diagonal.
We have
1 00
Jim A" = $ (lim AF) 57 =S| 0 0 0 |7
000
and therefore .
7 00 ! 111
. k 1 T
]}1_{1010 A= &5 0 0 |85 = 3 111
1
7= 00 111

(¢) Any r < i is such that A — rI is positive definite. Since we want r to be positive, we
may choose r = %.

Any i < s < 1is such that A — s/ is indefinite. We may choose s = %
Any 1 < t is such that A — ¢I is negative definite. We may choose t = 2.
(d) The singular values of B are 1, 1 and 3.



Question 2. The trace of A equals the sum of the eigenvalues, which is zero. We deduce
that the entry in the second row and second column is —a. Similarly, the determinant of A
equals the product of the eigenvalues, which is -1. We deduce that the entry in the second
row and first column is 1 — a?. Thus we have

a 1
A_(l—a2 —a)

(b) The matrix A has two independent eigenvectors since it has two distinct eigenvalues.
(c) The only choices of a giving orthogonal eigenvectors are the ones for which A is symmetric.
This implies a = 0. If a # 0, then A does not have orthogonal eigenvectors.

(d) For any choice of a the matrix A has exactly one eigenvalue 1 and exactly one eigenvalue
-1. Thus the Jordan canonical form of A is always

1 0
0 -1
independently of what a is.
Question 3. (a) The general solution to the differential equation % = Au is

u(t) = creMay + ce’ay + cselay

where ¢y, ¢9, c3 are arbitrary constants.

(b) Since the vectors 1, z2, T3 are independent, they form a basis for R3. Tt follows that we
may write any vector uy € R3 as a linear combination of these vectors: ugy = a1 +asTs+asxs.
Repeatedly applying the matrix A we obtain

k k k k
up = Aug = MNa1x1 + A\sa9w9 + A\3a3x3

If we want the limit as k£ goes to infinity of the vectors u, to be zero, then all the limits
lim A\¥ must be zero. It follows that we necessarily have —1 < \; < 1, for all 7’s.
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1 (34 pts.) (a) If a square matrix A has all n of its singular values equal to 1 in the

SVD, what basic classes of matrices does A belong to? (Singular,

symmetric, orthogonal, positive definite or semidefinite, diagonal)

(b) Suppose the (orthonormal) columns of H are eigenvectors of B:

1
1
1
1

1
—1
1
-1

-1
-1
1
1

—1
1
1
—1

H'=H"

The eigenvalues of B are A\ = 0,1,2,3. Write B as the product of 3

specific matrices. Write C'= (B + I)~! as the product of 3 matrices.

(c) Using the list in question (a), which basic classes of matrices do B and

C belong to? (Separate question for B and C)



This page intentionally blank.



2 (33 pts.)

(a) Find three eigenvalues of A, and an eigenvector matrix S:

-1 2 4
A=1 00 5
001

(b) Explain why A% = A. Is A% = J'? Find the three diagonal entries

of e4t.

(c) The matrix ATA (for the same A) is

1 —2 —4
ATA=1_92 4 3
4 8 42

How many eigenvalues of AT A are positive? zero? negative? (Don’t
compute them but explain your answer.) Does ATA have the same

eigenvectors as A7



This page intentionally blank.



3 (33 pts.)

Suppose the n by n matrix A has n orthonormal eigenvectors ¢, . .., g, and

n positive eigenvalues A\, ..., \,. Thus Ag; = \;q;.

(a) What are the eigenvalues and eigenvectors of A~!'? Prove that your

answer s correct.

(b) Any vector b is a combination of the eigenvectors:
b=caq+cq+- - +culn.

What is a quick formula for ¢; using orthogonality of the ¢’s?

(c) The solution to Az = b is also a combination of the eigenvectors:
AT =diq +dogy + - + dngy, -

What is a quick formula for d; 7 You can use the c’s even if you didn’t

answer part (b).



This page intentionally blank.
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1 (34 pts.) (a) If a square matrix A has all n of its singular values equal to 1 in the

SVD, what basic classes of matrices does A belong to? (Singular,

symmetric, orthogonal, positive definite or semidefinite, diagonal)

(b) Suppose the (orthonormal) columns of H are eigenvectors of B:

1
1
1
1

1
—1
1
—1

-1
-1
1
1

—1
1
1
—1

H'=H"

The eigenvalues of B are A = 0,1,2,3. Write B as the product of 3

specific matrices. Write C' = (B + I)~! as the product of 3 matrices.

(c) Using the list in question (a), which basic classes of matrices do B and

C' belong to? (Separate question for B and (')



Solution.

(a) If ¢ = I then A =UV™ = product of orthogonal matrices = orthogonal matrix.

2nd proof: All o; = 1 implies AYA = I. So A is orthogonal.

(A is never singular, and it won’t always be symmetric — take U =

0 -1
1 0

and

V = I, for example. This also shows it can’t be diagonal, or positive definite or

semidefinite.)

(b) B = HAH™! with A =

(B+I)™' = H(A+1)"'H~! with (same eigenvectors) (A+1)~" =

(c) B is singular, symmetric, positive semidefinite.

C' is symmetric positive definite.

1/2

1/3

1/4



2 (33 pts.)

(a) Find three eigenvalues of A, and an eigenvector matrix S:

-1 2 4
A=1 005
001

(b) Explain why A% = A. Is A9 = ['? Find the three diagonal entries

of eAt,

(c) The matrix ATA (for the same A) is

1 —2 —4
ATA=1_2 4 3
4 8 42

How many eigenvalues of ATA are positive? zero? negative? (Don’t
compute them but explain your answer.) Does ATA have the same

eigenvectors as A7



Solution.

(a) The eigenvalues are —1,0, 1 since A is triangular.

1 2 7
A=—lhasxz= |0 A=0hasz= |1 A=1lhasxz= |5
0 0 1

Those vectors x are the columns of S (upper triangular!).

(b) A = AAS™! and A = SAI0LG=1 Notice A1t = A, AN £ T (A is singular)
(01000 =0 7& 1)
e has e, e% = 1, €' on its diagonal. Proof using series:

> o (At)"/n! has triangular matrices so the diagonal has >~ (—t)"/n! =e™*, > 0"/n! =
1L, Y t"/n! = ¢
Proof using SAS™*:

1 x X et 1 x X
eM=8eMS =10 1 «x 1 0 1 x
00 1 el lo o0 1

(c) ATA has 2 positive eigenvalues (it has rank 2, its eigenvalues can never be negative).
One eigenvalue is zero because AT A is singular. And 3 — 2 = 1.
(Or: AT A is symmetric, so the eigenvalues have the same signs as the pivots.

Do elimination: the pivots are 1, 0, and 42 — 16 = 26.)



3 (33 pts.)

Suppose the n by n matrix A has n orthonormal eigenvectors ¢y, ..., g, and

n positive eigenvalues \q, ..., \,. Thus Ag; = \;q;.

(a) What are the eigenvalues and eigenvectors of A=1? Prove that your

answer 1s correct.

(b) Any vector b is a combination of the eigenvectors:
b=ci1q1 + 22+ -+ Cutn -

What is a quick formula for ¢; using orthogonality of the ¢’s?

(c) The solution to Az = b is also a combination of the eigenvectors:
AT =diqy +dogy + - + dngy, -

What is a quick formula for d; 7 You can use the ¢’s even if you didn’t

answer part (b).



Solution.

1
(a) A™! has eigenvalues — with the same eigenvectors
J
-1 -1 1
A=A — G=XA"¢ — A G =+4q-
j

(b) Multiply b= ¢1q1 + - - - + ¢ugn by gF.
qib
Orthogonality gives qfb = ci1qf q1 so ¢; = - = 4.

ChTCh

1
(c) Multiplying b by A~ will multiply each ¢; by X (part (a)). So ¢; becomes

T T
dy = <L (: ‘th or ql_b) .
A1 M @ A




18.06

QUIZ 3

Your PRINTED name is: SOLUTIONS

Please circle your recitation:

M 2

2-131
2-131
2-132
2-132
2-132
2-132
2-132

A. Osorno

A. Osorno

A. Pissarra Pires
K. Meszaros

K. Meszaros
Jerin Gu

Jerin Gu

May 07, 2007

Grading

Total:



Problem 1 (25 points)

0 1
(a) Compute the singular value decomposition A = UXVT for A= | -1 1
1 0
(b) Find orthonormal bases for all four fundamental subspaces of A.
Solution 1
9  _
(a) ATA = , with eigenvalues 3 and 1. Thus o, = v/3 and 7, = 1.
-1 2
. . . 1/v2
v; is a normal eigenvector corresponding to 3, so vy = .
~1/v2
. . . 1/v2
V9 is a normal eigenvector corresponding to 1, so vy, = .
1/v/2
-1/V6 1/v/2
U1:¢L§AU1: —2/6 |; uy = Avy = 0
1//6 1/v/2
~1/V/3
For u3 we find a basis for the nullspace of AT: ug = 1/\/§
1/v3
—1/v6 1/v/2 —1/v3\ [V3 0
1/vV2 —1/V2
Thus A=|-2/v/6 0 1/V/3 0 1 :
1/vV2 1/V2
1/vV6 1/vV2 1/V/3 0 0 g _
U =
1/v/2 1/V2
(b) Rowspace: vy and vy, i.e. / , / . Nullspace: 0.
—1/V2 1/v/2
—~1//6 1/v2
Columnspace: u; and us, i.e. —2/\/6 , 0 . Left nullspace: us, i.e.
1/V/6 1/v/2

~1/V3
1/v/3
1/V/3



Problem 2 (25 points)

1 2 2
(a) Find the eigenvalues of the matrix A= 12 1 -2
2 =2 1
(b) Find 3 linearly independent eigenvectors of A.
(c) Write down a diagonal matrix that is similar to A.

(d) Diagonalize the matrix A as A = QAQT with orthogonal matrix Q.

Solution 2

(a) Notice that AT = A and A% = ATA = 91. So if A is an eigenvalue of A, A\ = 9. Thus
A ==£3.

The trace of A is 3, so A\; + Aa + A3 = 3. We get then that \; = 3, Ay = 3 and \3 = —3.

2 2 9 1 1
(b) For A = 3, we need to find vectors in the nullspaceof | 2 —2 —2|: [0 | and |1
2 =2 =2 1 0
4 2 2 1
For A = —3, we find the nullspace of |2 4 —2: 1
2 =2 4 1
300
(c) |0 3 0 | since A is diagonalizable.
00 =3

(d) We need to find orthonormal eigenvectors. We can do this by Gram-Schmidt or by

inspection.

1/vV2 1/v/6 —1/vV3\ (3 0 0 1/vV2 0 1/V2
A=1 0 2/vV6 1/V3 03 0 1/vV6  2/vV6 —1/V6
1/vV2 —1/V/6  1/V3 00 =3/ \-1/vV/3 1/V3 1/V3

Q A Qr




Problem 3 (25 points)

a 2 1
Consider the matrix A= |2 o 1|, where a is a real number.
11 2

(a) For which values of the parameter a is the matrix A positive definite?
(b) For which values of the parameter a is the matrix —A positive definite?

(c) For which values of the parameter a is the matrix A singular?

Solution 3

(a) We will use the upper left determinants:
a>0

a?—4>0=a>2

2(a + 1)(a —2) > 0 which is always true if a > 2.

So the only condition we have is a > 2.

(b) Again using upper left determinants:
—a>0=a<0

@?—4>0=a< -2

—2(a+ 1)(a — 2) > 0 which is never true if a < —2.

So —A is never positive definite.

(c) det(A) =2(a+1)(a — 2), so A is singular if a = —1 or a = 2.



Problem 4 (25 points)

0.2 04 0.3
(a) Find the steady state for the Markov matrix A= | 0.4 0.2 0.3

04 04 04

0
(b) Calculate the limit of A™ [ 20 | as n — 0.

0

Solution 4

(a) The steady state is the eigenvector corresponding to the eigenvalue 1. As a convention,

we take it so that the sum of the components is 1.

-08 04 0.3
To find it, we need to look at the nullspace of the matrix A—I =1 04 —08 0.3

04 04 -06
0.3
The steady state is | 0.3
0.4

0 0
(b) The limit of A™ [ 1 | as n — oo is the steady state, so the limit of A” | 20 | as n — oo
0

0
0.3 6
1820-103|=|6
0.4 8




18.06 Professor Johnson Quiz 3 December 3, 2007

SOLUTIONS

1 (20 pts.) True or false. Explain why if false, or give an example if true.

(a) There exist matrices A # 0 that are simultaneously Hermitian (A =
A and unitary (A7 = A71).

(b) There exist matrices A # 0 that are simultaneously anti-Hermitian
(A= —AM) and unitary (A% = A71).

(c¢) There exist matrices A # 0 that are simultaneously Hermitian (A =

AH") and anti-Hermitian (A = —AH).

(d) There exist matrices A that are simultaneously Hermitian and Markov.

(a) True. For example, A = I,—I, or more generally, A = SASH where S is any unitary

matrix, and A is a diagonal matrix whose diagonal entries are +1.

b) True. For example, the 1 x 1 matrix A = i, —i, or more generally, A = SAS?, where S
( g y

is any unitary matrix, and A is a diagonal matrix whose diagonal entries are =+i.

(c) False. If A is Hermitian then all the eigenvalues are real, and if it is anti-Hermitian
then the eigenvalues are imaginary, and the eigenvalues cannot be at the same time real and
imaginary unless they are zero. The only Hermitian matrix whose eigenvalues are all 0 is

the zero matrix, but A # 0.

a a
(d) True, e.g. A= 1. All 2 x 2 examples are of the form with 0 <a < 1.
1—a a



2 (30 pts.) Suppose we form a sequence of real numbers f; defined by the recurrence
fre1 = fx — fre—1 + fr_2, starting with the initial conditions fy =2, f; =1
and fo = 0.

(a) Define a 3-component vector G, = (fx, fr_1.ft_2)" and a 3 X 3 matrix

A so that the recurrence is gyi1 = Agi.-

(b) If you constructed A correctly, the three eigenvalues should be 1 and
+i [I'm giving you these so you don’t have to solve a cubic equation],
and the latter two eigenvectors should be (—1,4i,1)7. Check that
you have these +i eigenvalues and eigenvectors, and find the A = 1

eigenvector.

(c) Give an explicit formula for f; for any k. (By “explicit,” I mean
involving elementary arithmetic and powers of complex numbers only.

Formulas involving A* are not acceptable.)

(d) Is there any choice of initial conditions that will make |fy| diverge as

k — oo? Explain.

1 -1

(a) This recurrence gives A = |1 0 That is, the first row of A gives fr,1 =
1

0
fr — fr_1 + fr_2, while the second and third rows of A just give fi = fr and fr_1 = fr_1

o O =

(copying the first and second rows of g to the second and third rows of gy 1.

(b) We need to find the nullspace of A — A, via elimination to obtain row-reduced echelon
form. In each case, it will be convenient to swap the first two rows, which will make the first

pivot 1 and will not change the nullspace. For A\ = 1:

0 -1 1 1] -1 o 1] =1 0 1] 0o -1
A-I=(1 -1 0 [—=] 0o [-1] 1+ | = o [1] =1 | = o [1] -1

0 1 -1 o 1 -1 0O 0 0 0 0 0



1

for which the nullspace vector is ¥y = 1
1
To check the provided +i eigenvectors, we just multiply them by A:

1 -1 1 1 —1Fi+1 i 1
1 0 0 +i | = —1 = -1 | =%+i| &i
0 1 0 1 +i +i 1

For your edification, if we had to solve for the +i eigenvectors we would do it by elimination
1—i -1 1 —i 0

too, of course. For Ay = i1 A —1il = 1 —i 0 — 1—7 -1 1 —

—i 0 —i 0 0 1
0 1 — 0 1| — 0 —4 | , for which the nullspace vector
0 1 —i 0 0 0 0 0 0

is ¥y = i . For A\3 = —1, the eigenvector is just the complex conjugate 3 = | —i

(c) We have to expand the initial vector in the eigenvectors (note that the initial vector is
g2, not go, here). There are several ways to do this. First, we can do this by inspection: you
might guess that you have to add 75 and Z5 to cancel the ¢ factors, and once you guess this

the other coefficients are easy:

0 1 -1 —1
. 1
@=11]1=111+= 7 + | —
2
2 1 1 1

More explicitly, we can solve the linear system S¢ = g, for the coefficients ¢, where S is the
-1 -1 0

matrix of eigenvectors. Via elimination on the augmented matrix, we obtain | 1 i —i 11—

11 1 2



-1 -1 0 -1 -1 0 -1 -1 0
0 1—¢ 1| — 0 2 2| — 0 2 2 |, where we
0 2 2 2 0 144 1—4 1 0 0 —i

have swapped rows to keep the pivots real (which simplifies the algebra somewhat). The

resulting trangular system is easily solved for ¢ = (1,1/2,1/2)T.

Common mis-step: Many students correctly wrote out the solution as A¥g, = SA¥S~1g,,
but then got stuck because they tried to directly compute S—!, which is painful. In linear
algebra, explicitly inverting a matrix is usually a mistake, if what we want at the end is a
vector! We have emphasized that you instead should solve the linear system (i.e. expand
the initial vector in the eigenvectors). (On the other hand, if you just stopped at SA*S—1,

you only lost a few points.)

Anothe common mistake: Many studends wrote A¥ = SA*S~—! but then wrote S~! = S,
This is not true unless S is unitary, i.e. it has orthonormal rows. This is not true here, and

there is no reason for it to be true since A is not Hermitian or unitary, etc.

To get Guro = A*G,, we just multiply each eigenvector by A\*, and take the third row to get

Ji:
Je=1+ % [i" + (—i)*] = 1+ cos(kr/2).

(This is just the sequence 2,1,0,1,2,1,0,1,2,1,... repeated over and over.)

(d) No, because all of the eigenvalues have |A| = 1, hence their powers don’t blow up.

(However, as one may check, the matrix is not unitary.)



3 (30 pts.) (a) Suppose A = ¢'P where B is Hermitian; what is A# A? Hence A is a

matrix.

(b) For the recurrence relation fr1 = €8y, what is || fi]|2/||fol|2? [Hint:

part (a) is useful.]

(¢) Compute ﬁ explicitly [i.e. no matrix exponentials or powers of matri-

ces] for B = and f(; = . The eigenvectors of this B are
4 3
1
= and 7y = with eigenvalues \y = 5 and Ay = —5,
2 -1
respectively.

(d) Check that your answer from (b) is true for your answer from (c).

(a) AT = eiB)" = ¢=iB" — =B Hence ATA = ¢ 1BeiP = ¢71B+iB — 0 — [ (Note that
iB and —iB obviously commute, which is why we can combine the exponentials like this.)

Hence A is unitary.

Common mistake: many students forgot to take the complex conjugate, i.e. forgetting to

replace ¢ with —i.

(b) As in class, fr = A*fo. Hence
1Fill® = fil fi = foT (AT A fo = fTATAT AT A AAfo = [ fo = 1]

[using the result from part (a) to cancel the A7 A factors in the middle], and hence || f1||2/|l fol|? =
1. Equivalently, the product of unitary matrices is unitary, so A* is unitary, so it preserves

lengths.

(c) We first have to expand the initial condition in terms of the eigenvectors. This is easy



enough to do by inspection here:

1 2
+2
- 1 2 —1
=l )= -
. 2 C1
Alternatively, we could solve the 2 x 2 system = for the coefhi-
2 —1 Co 0

cients ¢; = 1/5 and ¢ = 2/5 . Or, we could use the orthogonality to get ¢; = fo - Z; /|22
Once this is done, we use the fact that f;; = A* f_(; = !Bk ﬁ; to multiply each eigenvector by
oAk

ei5k s 2 e_i5k ez’5k + 4e—i5k:
2 —1 2¢Ok _ 915k

5 5

(d) This is simplest if we don’t combine the terms above and instead use the orthogonality

to eliminate the 7 - ¥ and 25 - Z; cross terms:
2
) 2 ,
6251@‘2 492 ‘6—1516‘2
-1 _544-5

=1=fol*

2
i} B 2
fill? = i i =

Alternatively, we can explicitly write out

|€i5k + 4€—i5k|2 + |2€i5k o 2€—i5k|2 — <€i5k + 4€—i5k)<€—i5k + 46i5k) + (26i5k . 26—i5k)(26—i5k . 2€i5k>
— (1 _|_4€7i10k +4€i10k 4 16) 4 (4 - 4672'10]6 . 4ei10k +4)

= 25,

so again || fil|2 = 25/25 = 1 = || fo||*.



4 (20 pts.) Some 3 X 3 real matrix A has eigenvalues \; = 0, Ay = 1, and \3 = 2,
with the corresponding eigenvectors #; = (1,0,0)", 7y = (0,1,2)7 | and

.’,i"g - (0, 1, 1>T

(a) Give a basis for: (i) the nullspace N(A), (ii) the column space C(A),
and (iii) the row space C(A™).

(b) Find all solutions & to AT = T — 3Zs.

(c¢) Is A (i) real-symmetric, (ii) orthogonal, (iii) Markov, or (iv) none of

the above?

(a) The nullspace is just the span of the A = 0 eigenvector #;. If we act A on any vector,
we only get multiples of the A # 0 eigenvectors, so C'(A) is the span of Zy and Z3. The row
space is the orthogonal complement of the nullspace, and here this is spanned by (e.g.) the

vectors (0,1,0)T and (0,0,1)T.

(b) The right hand side is clearly in the column space. Since we have expanded the right
hand side in the \ # 0 eigenvectors, we can get a particular solution just by dividing them
by the corresponding eigenvalues: remember, A acts just like a number on these vectors.
Hence a particular solution is Z, = Z5/1 — 3%3/2 = (0, —1/2,1/2)T. To get all the solutions

we must add the nullspace, obtaining & = (a, —1/2,1/2)T for any constant a.

Equivalently, expand & in the eigenvectors, ¥ = aZ; + brs + cZ3, and plug in to AX =

bZy + 2¢3 = ¥y — 3%3 to find a = arbitrary, b = 1, and ¢ = —3/2.

(c) (iv) None of the above. It’s clearly not Markov or orthogonal since there is a A = 2
eigenvalue. Although the eigenvalues are real, it’s not real-symmetric since the eigenvectors

are not orthogonal.



Practice 18.06 Exam 3 questions

List of potential topics:

Material from exams 1 and 2. Eigenvalues and eigenvectors, characteristic polynomials and nullspaces of
A — A\I. Similar matrices and diagonalization. Complex vs. real linear algebra, adjoints vs. transposes.
Hermitian (A = A), anti-Hermitian (A” = —A), and unitary matrices (A7 = A1), and their eigenval-
ues/eigenvectors. Markov matrices. Linear recurrences x,11 = Ax, and powers of matrices. Differential
equations ‘fl—’t‘ = Ax and matrix exponentials. Hermitian operators on functions, eigenfunctions, Fourier se-
ries, and equations written in terms of these (exponentials, inverses, etc. of operators) [see online handouts].
Positive-definite and positive-semidefinite matrices. The singular value decomposition (SVD) A = USVH
and the pseudoinverse AT = VETUH.

Definitely not on exam 3: finite-difference approximations, sparse matrices and iterative methods, non-
diagonalizable matrices, generalized eigenvectors, or Jordan forms. Also not fast Fourier transforms or the
discrete Fourier transform (which were on the original syllabus but were skipped).

Key ideas: for an eigenvector, any complicated matrix or operator acts just like a number A, and we can
do anything we want (inversion, powers, exponentials...) using that number. To act on an arbitrary vector,
we expand that vector in the eigenvectors (in the usual case where the eigenvectors form a basis), and then
treat each eigenvector individually. Finding eigenvectors and eigenvalues is complicated, though, so we try
to infer as much as we can about their properties from the structure of the matrix/operator (Hermitian,
Markov, etcetera).

The actual exam will be four or five questions, so this is about two to three (hard) exams worth of
potential questions. (Some of these questions were rejected because they were a bit too hard/long for an
exarm.)

Problem 1

Suppose A4 is a square matrix with A¥ = u2A, where u is some complex number with |u| = 1.
(a) Show that B = zA is Hermitian for some complex number z. What is 27
(b) What can you conclude about the eigenvalues and eigenvectors of A?

Solution:

(a) If B = 2A, then BY = zA" = zu?A = (2u?/2)B. Then, to make BY = B, we must have z/z = u?,
which is solvable since |z/z| = 1 = |u?|. The magnitude of z is arbitrary, so let us choose |z| = 1 in which
case Z = 1/z and thus we have 22 = u? and hence z = u. That is, B = uA works.

(b) The eigenvectors with distinct eigenvalues are orthogonal, and the eigenvectors form a basis (A is
diagonalizable since B is). The eigenvalues of B are real because it is Hermitian, so the eigenvalues of
A = B/u = 4B are real numbers multiplied by @.

Problem 2

In an ordinary eigenproblem we solve Ax = Ax to find the eigenvectors x and eigenvalues A, and if A = A#
(Hermitian) we find that A is real and eigenvectors with different eigenvalues are orthogonal.

Now, suppose that instead we are looking for solutions of Ax = ABx where we have matrices A and B
on both sides of the equation. Suppose that both A and B are Hermitian, and B is positive-definite.



(a) Show that the “eigenvalues” A in Ax = ABx are real. (Hint: take the dot product of both sides with
X.)

(b) Show that two solutions Ax; = A1 Bx; and Axs = Aoy Bxy with A; # s satisfy x; - (Bx2) = 0. (Hint:
take the dot product of both sides of one equation with x;.)

Solution

(a) x - (Ax) = MAx - (Bx) but it also = (Ax) - x = A(Bx) -x = Ax - (Bx) since A and B are Hermitian (we
can move them from one side to the other of the dot product). Therefore, Ax - (Bx) = Ax - (Bx) and hence
A = \is real [x - (Bx) > 0 since B is positive-definite].

(b) X1 - (AXQ) = A2X1 . (BXQ) = (AXl) s Xo = )\2(BX1) cXo = A2X1 . (BXQ), hence ()\2 - /\1)X1 . (BXQ) = O,
hence x; - (Bxa) = 0 since Ay # Aa.

Problem 3

True or false: any Markov matrix A is also positive-semidefinite. Explain why if true, or give a counter-
example if false.

Solution: False. All the eigenvalues of a Markov matrix have |A\| < 1 but complex A and A < 0 are also
0
1 0
entries of a Markov matrix are all non-negative, but that should not be confused with positive-semidefinite.

possible. For example, A = is a real-symmetric Markov matrix with eigenvalues A = £1. The

Problem 4

True or false: Explain why if true, or give a counter-example if false.
(a) Any diagonalizable matrix with real eigenvalues is Hermitian.
(b) The product of two Hermitian matrices is Hermitian.
(c¢) The product of two unitary matrices is unitary.
(d) The sum of two Hermitian matrices is Hermitian.
(e) The sum of two unitary matrices is unitary.

Solutions:

(a) False. Say A = SAS~! with A real and distinct A\; # X # --+ # A\u; A is not Hermitian if S is any
invertible matrix with non-orthogonal columns (non-orthogonal eigenvectors).

(b) False, since (AB)H = BHA” = BA # AB unless A and B commute. For example, A = ( (1) (1) >
1 0 . 0 2
zaundB—(0 9 give AB = 10
(c) True: (AB)H = BHAH = B~1A~! = (AB)~! if A and B are unitary.
(d) True: (A+ B)# = A + BH = A+ B if A and B are Hermitian.
(e) False, since (A + B)~™! # A=1 4+ B~! in general. For example, I is unitary but I + I = 21 is not.

, which is not Hermitian.



Problem 5

Cal Q. Luss, a Harvard student, doesn’t like the definition of Markov matrices. He suggests instead that we
use “Markoffish” matrices: real matrices A whose columns sum to 1 like for Markov matrices, but negative
entries are allowed.

(a) Show that Markoffish matrices still have a A = 1 eigenvalue (hint: consider the eigenvalues of AT).

(b) Show that the product of two Markoffish matrices is a Markoffish matrix.

(c) For Markov matrices, from (b) we concluded that |\| > 1 eigenvalues were not allowed. Is that still
true for Markoffish matrices? Explain why if true, or give a counter-example if false.

Solution

(a) As in class, the fact that the sum of each column is one is equivalent to the statement that A7x = x for
x = (1,1,1,...)7. Hence, A = 1 is still an eigenvalue, since A and AT have the same eigenvalues.

(b) We can show this by the same explicit summation argument as in class. Or we can use the fact that
A being Markoffish is equivalent to x” A = xT for the x from (a). Thus, if we have two Markoffish matrices
A and B then x7(AB) = (xT A)B = xT B = x* and hence AB is Markoffish.

(c) No, this is no longer true; before, the fact that A™ was Markov meant that it could not blow up and
hence |A| < 1, but now A™ is Markoffish and can blow up: its entries can be arbitrarily large and negative.
2

For example, take the Markoffish matrix A = ( 1

_21 ), whose eigenvalues satisfy \> — 4\ +3 = 0 and
hence A = 3 and A = 1, one of which is > 1.

Problem 6

Cousider the vector space of real functions f(z) on z € [0,1] with f(0) = f(1) = 1, and define the dot product
1
frg=Jy = f(x)g(z)d.

(a) Is the second-derivative operator d?/dx? still Hermitian under this inner product? Why or why not?

(b) Show that the operator A defined by Af = ﬁdd—:z[ﬁf(x)] is Hermitian under this inner product.

(c) What can you conclude about the eigenfunctions and eigenvalues of A?

(d) Show that —A is positive definite (f - (—Af) > 0 for all f # 0). What does this tell you about the
eigenvalues of A?

(e) What does your answer to (d) tell you about the solution to 81‘ \} Z=[Vaf(z,t)] = Af with some
initial condition f(x,0) = g(x), as t — oo? (Hint: expand g(z) in the elgenfunctlons, as in class, and write a
series solution for f(x,t). You can assume that the eigenfunctions form a basis for the space.)

Solution

(a) No. If we integrate by parts twice in [ 2 fg¢”, as in classwe get [(zf)"g # [xf"g.

(b) Plugging in, we find f-Ag = [ /zf(y/zg)". Integrating by parts twice as above, we get [(v/zf)"/zg =
(Af) - g and hence A is Hermitian.

(c) The eigenvalues must be real as usual, and eigenfunctions for distinct eigenvalues must be orthogonal.

[For this operator, you can actual solve analytically for the eigenfunctions sin(nrz)/+/2 and the eigenvalues
—(nm)?. However, this is not necessary to solve the problem.]

(d) Integrating by parts once: f - ( = [Vzf(Vzf) = [|(Vzf)'|*> > 0. It only = 0 if Vzf(z) is a
constant, but to satisfy the boundary condltlons f(0) = f(1) = 0 we must therefore have f(z) = 0. Hence,



f-(=Af) > 0for all f#0, and —A is positive-definite. Hence the eigenvalues of — A are positive, and hence
the eigenvalues of A are negative.

(e) Call the eigenfunctions f,(z) and the corresponding eigenvalues A, < 0. Then, we write g(z) =
> Cnfn(x) for some coefficients ¢, = fy, - g/ fn||. We have the equation % = Af, so formally the solution
is f(x,t) = e f(x,0) = eAg(x) as for the diffusion equation in class. The exponential of A is a bit weird,
but as usual we know that it is just a number when it acts on an eigenfunction:

f(z,t) = eMg(x) = e chfn(x) = cheAtfn(:E) = Z cn€™ fr().

But since all the A, eigenvalues are negative, every term goes exponentially to zero and hence f(z,t) — 0 as
t — o0.

Problem 7

Suppose that you have a system of differential equations B~'% = — B¥x with some initial condition x(0),
for some invertible matrix B.

(a) Find x(t) for B — < - > and x(0) = < 2 )

(b) What happens to your x(¢) from (a) as t — co?
(c) Argue that your answer from (b) is true in general, for any invertible n x n matrix B and any initial
condition x(0).

Solutions:
(a) We have 2 = —BB¥x, and hence x(t) = e_BBHtx(O). To solve this we must find the eigenvectors
of BBH and expand x(0) in terms of them. BBH = < ? 1 ), whose eigenvalues solve A2 — 6\ + 4 = 0,

and hence Ay = 3++6 by the quadratic equation. If we look for eigenvectors v of the form v = ( i ),

we find 5+« = A+ and hence u = —2 + /5. By inspection, we can then write x(0) = ( 2 ) =

—4
() (ot s ) e

_ _—-BBHt _ 1 —(3+VB)t 1 —(3£V5B)t
x(t)=e x(O)—(_2+\/g)e + 95 )¢

(b) 3++/5 > 0, so the x(t) function decays exponentially towards 0.
(¢) This is true in general since BBY = (BH)H (B™) is always positive-definite as shown in class; B has
full column rank (it is invertible) so it is not merely semidefinite. This means that the eigenvalues of BBH

—BBHt

are all real and positive, and hence the eigenvalues of —BB¥ are negative, and hence e is exponentially

decaying for all the eigenvectors.

Problem 8

Suppose A and B are Hermitian n x n matrices. What can you say about the eigenvalues and eigenvectors
of C =i(AB — BA)? (Hint: what is CH?)



Solution: CH = —j(BH A" — AHBH) = —j(BA — AB) = i(AB — BA) = C, so C is Hermitian and has
real eigenvalues, orthogonal eigenvectors for distinct eigenvalues, and is diagonalizable.

Problem 9
Suppose that A is an 6 x 4 matrix with full column rank (rank = 4), and has the SVD

01
02
o3

A=UXVE =U v,

o4

0

0
Recall the definition of the pseudo-inverse: A* = VE+TU#, where XV is the transpose of ¥ with the non-
zero entries (o) inverted (1/0). Show (by explicit multiplication etc.) that the pseudoinverse A™ equals

(AHA)=TAH | [That is, the A*b is equivalent to the least-squares solution to Ax = b, as we discussed in
class.]

Solution:

Given this A, we find

01

2

AFA=VyTYVH = v 72 2 v
3
of
and hence the inverse is given by inverting the eigenvalues o2:
o, 2
o2
(ATA) =V 2 vaY,

and hence



o4 01

(AHA) A" = v 92 L vHY 02 UH
0'3 g3
04_2 o, 0 O
01_2 01
- V 052 -2 02 UH
0'3 g3
UZQ o, 0 O
ofl
o1
=V R vt =vstuf
3
oyt 00

= AT,

Problem 10

Suppose that an m x n matrix has the SVD A = UXV#. Recall the definition of the pseudo-inverse:
At = VEtUH | where &7 is the transpose of ¥ with the non-zero entries (o) inverted (1/0). Show that
(AH)+ = (AH)H.

Solution:

The adjoint is A = VETUH | which immediately tells us the SVD of A#. Hence (A#)* =UXT)*VH, In
comparison, (AT)? = U(ZH)HVH, Clearly, the two are equal if (X7)* = (XT)7, which is obviously true
since inverting the singular values (X — X1 means ¢ — 1/0) can clearly be interchanged with transposition
(swapping rows and columns) without changing the result.

Problem 11

Counsider the vector space of twice differentiable real functions f(x) on x € [0,1] with f(0) = f(1) = 1,
and define the dot product f-g = fol f(z)g(z)dx as in class. Now, define a sequence of functions fi(x)
[k =0,1,2,...] by the recurrence relation Afy1(z) = fr(z) with A = j—;.

(a) Suppose that the initial function fo(z) in the recurrence has the Fourier sine series:

R
folz) = % sin(mx) — # sin(3mx) + ﬁ sin(5rx) — -+ = % ; ﬁ sin[(2¢ + 1)mx].

Give an explicit Fourier sine series for fi(x). |Recall from class: for this vector space and dot product,

sin(nma) is an eigenfunction of the Hermitian operator j—;, with eigenvalue —(n)?2.|
(b) Suppose we replace % with CQj—; for some real number c. For what values of ¢ (if any) does || fx(z)||?

diverge as k — 0o? How does your answer depend on the initial function fy(zx), if at all?



Solutions:

(a) The solution to this recurrence, like for matrix recurrences, is fi(z) = A= fo(z). To compute A, we
just multiply the eigenfunctions by A™* as usual. Hence

4 4 4 4(-1)F & -t
fu(x) = (—1)* g sin(mx) — By sin(3mwx) + G sin(bmz) — } = 7524_2)19 Z (25(4— ))2+2k sin[(2¢+1)mz],
=0

using the fact that the eigenvalues are —(nm)?.

(b) For f, to diverge, A~! should have an eigenvalue |A| > 1, and hence A should have eigenvalues |\| < 1.
IfA= 02%22, the eigenvalues of A are —(cnm)?. This has magnitude less than 1 for n = 1 when |¢| < 1/,
for n = 2 when |c| < 1/2m, and so forth. So, fi diverges when |c| < 1/7. However, this does depend on our
initial function fo: if the n = 1 term is not present, then |c¢| must be smaller; in general, if the first non-zero
eigenfunction in the sine series for fy is n = m, then we must have |¢| < 1/mn to make f; diverge.
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1 (30 pts.)

The complex matrix
a c+di
A=
c—di b

where a, b, ¢, and d # 0 are real numbers.

In (a) and (b) below circle the one best answer to the questions:

(a) This matrix is necessarily: symmetric? Hermitian? unitary? Markov?

(b) The two eigenvalues are necessarily: real? positive? zero?

complex conjugates?

(c) The sum of the two eigenvalues is

(d) The product of the two eigenvalues in terms of a, b, ¢, and d but not 4

is

(e) In terms of an eigenvalue A (whose value you need not derive), write

down an eigenvector of A.
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2 (32 pts.) The real matrix
x 3/5

y oz
The answers to the questions below involve alternative equations or inequal-
ities involving z,y, and z that characterize all matrices of a certain type.

Write down the relations. For (a) through (c), credit is only given for the

complete description in reasonably clear and simple form.

(a) When is A positive definite? (Write two inequalities.)
(b) When is A Markov? (Perhaps write two or more inequalities, and two equalities.)
(¢c) When is A singular? (Write one equality)

(d) Write down one such A that is orthogonal. (There are four possible A and you are

asked to write down one.)
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3 (13 pts.) The 4x4 Fourier matrix F' has eigenvalues —2, 2, 2i, —2i. Preferably without
any explicit computation ( or even knowledge of the matrix itself) what is

the matrix £'4? How do you know it has that particular Jordan form?
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4 (25 pts.) Interms of z (0 < x < 1) complete

A= ,

so that A is a 2x2 matrix that is both Markov and singular.

What is A2908?
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SOLUTIONS TO QUIZ 3

Problem 1. (6 points each)
a c+di
A=\c—ai
a) This matrix is clearly hermetian.
b) Thus, the two eigenvalues are real.
¢) The sum of the eigenvalues is tr(A) = a+b.
d) The product of the eigenvalues is det(A) = ab — (¢ +di)(c —di) = ab — (¢* +d?).
e) We need to solve <a B l. ot dl) (x1> = 0. We see that ~(c+di) is one such
c—di b—1) \x a—A
(note that this solves the top row equation, and the other by singularity of the matrix).
Problem 2. (8 points each)

Ao (x 3/5).
y z

a) A is positive definite if x > 0 and det(A) = xz—3y/5 > 0.

b) A is Markov if x >0,y >0,z>0,andx+y=1and z=2/5.

¢) A is singular if 0 = det(A) = xz — 3y/5.

d) Well, we need (3/5)% +z% = 1, so 22 = 16/25, so set z = 4/5. So set x = —4/5 and
y = 3/5. Flip the signs around to get the other possibilities.

Problem 3. (13 points)

-2 0 0 O
. . S . . 0 2 0 O 1
As F has four distinct eigenvlaues, it is diagonalizable, i.e., F = § 0 0 2 0 S
0 0 0 =2

(-2* 0 0 0 16 0 0 0 16 0

0o 2 0 0 0 16 0 0 0 1

4 _ -1 _ -1 _

Thus F2=S51 0 9 @t o |5 TS0 0 16 03 0 0
0 0 0 (=2 0 0 0 16 0 0

As this is already a Jordan matrix, this is the Jordan form of F*. The underlying reason is

-2 0 0 O
that F' is diagonalizable, hence 0 2 0. 0 is its Jordan form.
’ 0 0 2i O
0 0 0 -—2i

Problem 4. (25 points)

A= <); Z) As A is supposed to be Markov, we must have A = <l fx 1 zy) ,
and A is singular implies x(1 —y) —y(1 —x) =0, therefore 0 = x —xy—y+xy=x—y
X X
l—x 1—x
eigenvalue. As A is singular, we know that the product of the eigenvalues is 0. Therefore,

10 oy 2008 _
0 0)5 . Thus A= =

,s0y=2x. Thus A = . As A is Markov, we know that A; = 1 is an

A2 = 0 is another eigenvalue, and so A is diagonalizable; A = S (

2008
10 o of1 0\,
s(y 0) s=s(y 0)st=a

S OO

—
@)}
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1 (40 pts.) The (real) matrix A is

(a) What can you tell me about the eigenvectors of A?

What is the sum of its eigenvalues ?
(b) For which values of x is this matrix A positive definite ?
(c) For which values of z is A? positive definite? Why ?

(d) If R is any rectangular matrix, prove from z*(RTR)z that RTR is
positive semidefinite (or definite). What condition on R is the test for

RTR to be positive definite ?

(10+10-+10+10 points)

a) Since A is a symmetric matrix (no matter what x is), its eigenvectors may be chosen
orthonormal (5 points). The sum of the eigenvalues is the same as the trace of A, that is,

the sum of the diagonal entries: tr(A4) =7 + x.

b) In this case, the easiest tests for positive definiteness are the pivot test and the determinant
test. I'll use the determinant test.
A matrix A is positive definite when every one of the top-left determinants is positive (3

points for correct defn.). In this case, the three determinants are 1, z — 1, and
det(A) = 1(6x —9) — (6 — 6) + 2(3 — 2x) = 2z — 3. (1)

(6 points). All of these are positive precisely when = > 3/2 (1 point).



c¢) Perhaps the clearest way to think about this is by using the eigenvalues. Suppose A has
eigenvalues A1, Ao, A3. (They are all real because A is symmetric.) Then the eigenvalues of
A% are A2, A3, \2 (5 points). These are all positive so long as the eigenvalues are non-zero.
So, A? is positive definite except when A has an eigenvalue of 0, or equivalently, except when
A is not invertible (3 points). We found in part that det(A) = 0 only when x = 3/2. Thus,

the final answer is that A? is positive definite except when 2 = 3/2 (2 points).

One could also find A% explicitly and use the determinant or pivot test. In practice this
turned out to lead to a lot of mistakes. However, you could notice that the top left entry of
A% is 6, the 2 by 2 determinant is 6(10 + z?) — (7 + z)? = 5% — 14z + 11 > 0, and the 3 by
3 determinant is det(A?) = det(A)?. The only way that any of these could be non-positive
is if det(A) = 0.

A final approach is to follow the steps for part d) below.
d) We use the 7 Az test for positive (semi)definiteness. We have
v"R"Rx = (Rz)" Rz = Rv - Rw (2)

This is just the length of the vector Rx. This length is positive when Rz is not the zero
vector and is 0 when Rz is the 0 vector. In particular, since this number is always at least
0, RTR is definitely positive semidefinite (6 points). It is positive definite when this number
is positive for any nonzero x. That is, we need for Rz to only be the 0 vector when z is the
0 vector. This is equivalent to saying that R has trivial nullspace, or R has full column rank

(4 points).



2 (30 pts.) The cosine of a matrix is defined by copying the series for cosz (which

always converges):
1, 1 4
cosA =1 _QA +—!A —

(a) Suppose Az = Az. Show that z is an eigenvector of cos A. Find the
eigenvalue.

1 1
(b) Find the eigenvalues of A = g . The eigenvectors are (1, 1)
1 1

and (1, —1). From the eigenvalues and eigenvectors of cos A, find that

matrix cos A.
(c) The second derivative of the series for cos(At) is —A%cos(At). So
u(t) = cos(At)u(0) is a short formula for the solution of

d*u

27 = — A%y starting from «(0) with «/(0) =0.

Now construct that u(t) = cos(At)u(0) by the usual three steps when
A is diagonalizable: Az, = Az, Aws = Aoxo, Axz = A373.
1. Expand u(0) = cjx1 + cox2 + c3x3 in the eigenvectors.

2. Multiply those eigenvectors by , ,

3. Add up the solution u(t) = ¢; 1+ Cy Ty + c3 T3.

(10+10-+10 points)

a) Suppose that Az = A\z. Then

1 1
cos(A)x = Ix— 514% + ZA4$ —... (3)
1
oAy o bya
= x 2')\ :c+4!)\x (4)
_ Lo, 1y
= cos(A\)x (6)

So z is an eigenvector of cos(A) with eigenvalue cos().



b) We define

-l 11
A=Z (7)
201 1

We know that (1,1) and (1, —1) are eigenvectors of A. We can find the eigenvalues simply
by acting by A:

1 2 1
A =z s (8)
1 202 1
So A has eigenvalue \; = 7. Similarly,
1 0
A = (9)
-1 0

So A has eigenvalue Ay = 0 (4 points). Just as for any other function (A% e4, A71 .. .),
this means that cos(A) has eigenvectors (1, 1) with eigenvalue cos(m) = —1 and (1, —1) with

eigenvalue cos(0) = 1 (3 points). We can put these into the diagonalization formula to find

cos(A):
cos(A) = = ! (10)

(3 points)

¢) This problem is modeled after what happens for e After expanding u(0), step 2 involves

multiplying the eigenvectors by cos(A;t), cos(Aat), and cos(Ast). So the final answer is
u(t) = 1 cos(At)xy + o cos(Aat)xe + c3 cos(Ast)z3 (11)

(10 points) Some common mistakes were forgetting to include the ¢, using the function e

instead of cos, or putting in something entirely different for the coefficients.



3 (30 pts.) Suppose the vectors z,y give an orthonormal basis for R? and A = zy?.

(a) Compute the rank of A and the rank of A% = (zy")(zy"). Use this

information to find the eigenvalues of A.

(b) Explain why this matrix B is similar to A (and write down what

similar means):

0

(c) The eigenvalues of Q are A\; = ¢ = cosf + isinf and

Ao = e ¥ = cosh —isinb:

) ) cos)  —sinf
Rotation matrix @ =

sin 6 cos

Find the eigenvectors of (). Are they perpendicular ?

a) Any matrix given by A = zy? for two non-zero vectors z,y will have rank 1. Every row
will be a multiple of 7, and every column will be a multiple of x, meaning that it must have
rank 1. Alternatively, we note that x is in the nullspace of A, and that y is not, so that A
must have rank exactly 1. (3 points)

Note that A% = (zy”)(zy?) = z(yTx)y" is the zero matrix, since y’x = 0 (they are perpen-
dicular vectors). So A? has rank 0. (3 points)

If the eigenvalues of A are A\; and )y, then the eigenvalues of A? are A} and A\3. Since A?

only has the eigenvalue 0, both \; and Ay must be 0. (4 points)



b) Two square matrices A and B are similar if there is some invertible matrix M such that
B = MAM™! (5 points). Similarity is not the same thing as having equal eigenvalues;
this only works if both A and B are diagonalizable matrices, and in fact our A is not
diagonalizable. To be more precise, similarity implies that A and B have equal eigenvalues,
but the converse is not true.

In this case we check that A and B are similar by showing that the other factors are inverses.

xT Tz 2Ty
x Y = (12)
yt Ly YTy
1 0
= (13)
0 1

The last step is true because x and y are perpendicular, and both of unit length (5 points).

c) Given the eigenvalues of @), we find the eigenvectors using N(Q — A[). We start with
A = cosf +isinf:
) —isin 6 —sinf
Q — (cos@ +isinf)l = (14)
sinff  —isiné
and this matrix has nullspace generated by (1, —i) or equivalently (¢, 1). Similarly, for Ay =

cos@ — isin @ we find

tsinff  —sin6
Q — (cosf —isinf)I = (15)
sin 6 1sin 6
which has nullspace generated by (1,4). (8 points)

Every orthogonal matrix has perpendicular eigenvectors. We check in this specific case:

H
{ 1 l 1

1 1 1 l

(2 points) Make sure to take xix; and not 27 x,.
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1 1
Problem 1. Let A = .
0 -1

(A) Find the eigenvalues and the eigenvectors of A.

(B) Solve the differential equation

du(t)
dt

0
= Au(t) with the initial condition u(0) = ( ) .
2

(C) Find a symmetric matrix B which is similar to A.

(D) Find the singular values o; and o3 of A.

(AY - dek(\f—\' ,)\“_'[:‘) = (\—“A\(\-\ -2 Efﬁe-wnh_ms are N\, -
3\ |
;’f v 1 ' ~h D\rop'\'\JQC Eg\:r i ( 03
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Problem 2. Consider the matrix

1t 0
A=1¢t 1 11,
012

which depends on a parameter t.
(A) Find all values of the parameter ¢ when the matrix A is positive definite.
(B) Suppose that t = 0. Find a 3 X 3 matrix R such that A = RTR.

(C) Suppose that ¢ = 0. Verify directly that A satisfies the energy-based definition of a
positive definite matrix, as follows. For a vector x = (z,y, )7, write out xT Ax; show that

this can be written as a sum of squares; and deduce that x’ Ax > 0 for any non-zero x.

- . (2= = £.(2ty= (-2 >0
(AY >0, 1-t" =0 L\ =
s e d ec ~3%F < & <3
| O \ \“ Vo
(%} ?fovw ?ru\o\&w\ i ) (RN g, fLaT L i '\\ko i \ Z 7\ 7.
(_)U )‘_CL‘\L{ \
i o O |
S " \ \ >
O O -\ .

g T o NN s
F K, W= (\?\K) Rx = WRx\| = O N«

1T
ey AR = Ak K X eate)
- ~ o
\OQ Cony ¢ ?\ \\ \J’\U V’\%‘\ \-'f\%‘h("\' cal L Q\ht} - T\ Ve .
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Problem 3. let A=1{1 2 0
1 0 2

(A) Indicate which of the following statements are true and which are false:
(1) A is symmetric; (2) A is orthogonal;
(3) A is invertible; (4) } A is a Markov matrix

(B) Find the eigenvalues and the eigenvectors of A. (Hint: Part (A) might help you.)

(C) Find an orthogonal matrix @ and a diagonal matrix A such that A = QAQT.

1

D) Calculate the limit ug of uy = (2 A)*upas k — oo, forug = | 0
3

0

(A) ('7 Yes \
(@) Vo | ‘\j . ( '1 £0 and vechis grgn i Q,;L\.A[\_

(3) \\)O - Q.-'l"Dt‘,ui = owe L 4 a"mu-l)'g
(LI) \‘52%\. C‘JLV»U\S, ML\ C\Ac[! o 3

(,53 A S El\l.n,b-.&o-( 5 S0 Q WSoan -e_'mcb-;,\-\v&me
J'—‘S}\ \5 I\j\m( \CO\J =) ’\ {B -Q.) ""\Q_)f\-\’c\"Q QS{ %A ___3 % \S 'f_,-{“-‘az_,v\\,;\l\,! DS% J\

Lo (A= \42+2 = B O™ = N :2 s sMey &iﬁgum‘vc&ma-
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4
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18.06 Spring 2009 Exam 3 Practice

General comments

Exam 2 covers the first 31 lectures of 18.06, mainly focusing on lectures 19-31 (eigenproblems). The topics covered
are (very briefly summarized):

1.
2.

10.

All of the topics from exams 1 and 2, although of course these are not the focus of the exam.

Determinants: their properties, how to compute them (simple formulas for 2 x 2 and 3 x 3, usually by elimination
for matrices > 3 x 3), their relationship to linear equations (zero determinant = singular), their use for eigenvalue
problems.

. Eigenvalues and eigenvectors: their definition , their properties, the fact that for an eigenvector the

matrix (or any function of the matrix) acts just like a number. Computing A from the characteristic polynomial
det(A — AI) and X from N(A — AI); zero eigenvalues A = 0 just correspond to N(A). Understand (from the
definition) why, if A has an eigenvalue A, then A* has an eigenvalue A¥, @A has an eigenvalue @A, and A + BI
has an eigenvalue A + 3, all with the same eigenvector.

. Diagonalization A = SAS~!: where it comes from, its use in understanding properties of matrices and eigenval-

ues. The basic idea that, to solve a problem involving A, you first expand your vector in the basis of the
eigenvectors (S), then for each eigenvector you treat A as just a number A, then at the end you add up the
solutions.

. Similar matrices: A and B = MAM ™" have the same eigenvalues for any invertible matrix M, and if A¥ = AX then

By = Ay for y = MX. Similar matrices have the same trace (sum of the eigenvalues) and determinant (product of
the eigenvalues).

. Using eigenvalues/eigenvectors to solve problems involving matrix powers, such as linear recurrences (e.g.

Fibonacci). Multiplying by A many times tends towards the eigenvector for the largest |A|. Markov matrices:
what the defining properties are, and the consequences (a steady state with A = 1, all other solutions decay away,
the sum of the components of the vector is conserved, a unique steady state if all entries of the matrix are > 0).
A" =SA"SL

. Using eigenvalues/eigenvectors to solve linear systems of differential equations ‘é—’f = Au with initial conditions

i(0). Practical scheme: expand #(0) in eigenvector basis and multiply each term by ¢*. Formal solution:
¢"ii(0), and the meaning of the matrix exponential e = Se*S~! and how to compute it and manipulate it.

. If A = AT (real-symmetric), then the eigenvalues are real and the eigenvectors are orthogonal (or can be chosen

orthogonal), and A is diagonalizable as A = QAQT for an orthogonal Q. If A = BT B where B has full column
rank, then A is positive definite: all A > 0 and all pivots > 0 and ¥/ Ay > 0 for any ¥ # 0; connection to
minimization problems (like least-squares).

. Complex matrices, for which we replace ¥’ and A” by and ¥’ = X7 A = AT (and why). What to do if you get

a complex A: consequences for matrix powers (recurrence relations) and differential equations are oscillating
solutions, using e® = cosO +isin6.

Defective matrices and generalized eigenvectors: what to do if A is not diagonalizable, especially for a practical
problem like Akt or eMid. (Note that real-symmetric, real-orthogonal, Hermitian, and unitary matrices are never
defective, nor are n X n matrices with n distinct eigenvalues.)



11. Singular value decomposition A = ULV and their relationship to eigenvectors/eigenvalues of A”A and AAT .

The central concept from this part of the course is highlighted in boldface above. Once you have an eigenvector, any
operation involving the matrix just becomes that operation with the single number A. And single numbers are easy
to handle. So, we try to find the eigenvectors and then express every vector in that basis (aside from rare defective
cases), at which point problems become easy (ideally)! Also, you should be able to recognize and reason about how
and why special forms of the matrix A (symmetric, Markov, singular, etcetera) give you additional information about
the eigenvectors and eigenvalues.

Defective matrices and SVDs will see at most limited coverage on the exam, perhaps one part of a problem each,
at most.

Some practice problems

The 18.06 web site has exams from previous terms that you can download, with solutions. I've listed a few practice
exam problems that I like below, but there are plenty more to choose from. The exam will consist of 3 or 4 questions
(perhaps with several parts each), and you will have one hour. You can find the solutions to these problems on the
18.06 web site (in the section for old exams/psets).

1 1 1 1 1
1 1 1 11
1. (Fall 2002 exam 3.) (a) What are the eigenvalues of the 5 X 5 matrix A = 1 1 1 1 1 |?Pleaselook
1 1 1 11
1 1 1 11

at A, not at det(A — AI). (b) Solve ‘fi—f = Aii starting from #(0) = (0,1,1,1,2)7. (First split #(0) as the sum of
two eigenvectors of A.) (¢) Using part (a), what are the eigenvalues and trace and determinant of the matrix B
which is the same as A except that it has zeros on its diagonal?

2. (Fall 2002 exam 3.) (a) if A is similar to B show that e is similar to ¢®. (Hint: first write down the definitions of
“similar” and ¢.) (b) If A has 3 eigenvalues A = 0,2,4, find the eigenvalues of et (o) Explain this connection

with determinants: det(e?) = etface of 4,

3. (Fall 2002 exam 3.) Companies in the US, Asia, and Europe have assets of $12 trillion. At the start, $6 trillion
are in the US and $6 trillion are in Europe. Each year, half the US money stays home, 1/4 each goes to Asia
and Europe. For Asia and Europe, half stays home and half is sent to the US, hence

US S 5 5 [N
Asia =1 25 5 0 Asia
Europe year k+1 25 0 5 Europe year k+1

(a) The eigenvalues and eigenvectors of this singular matrix A are what? (b) The limiting distribution of the $12
trillion after many many years is US=?, Asia=?, Europe="?

4. (Fall 2002 exam 2.) If you know that detA = 6, what is det B for B given by:

row 1 row 3 + row 2 + row 1
A= row?2 B= row 2 + row 1
row 3 row 1
1 0 1
5. (Spring 2004 exam 3.) For the symmetric matrix A= O 1 —1 |, you are given that one of the eigen-
1 -1 0

values is A = 1 with a line of eigenvectors ¥ = (c,¢,0). (a) That line is the nullspace of what matrix constructed
from A? (b) Find (in any way) the other two eigenvalues of A and two corresponding eigenvectors. (c¢) The
diagonalization A = SAS~! has an especially nice form because A = A”. Write all entries in the nice symmetric
diagonalization of A. (d) Give a reason why e is or is not a symmetric positive-definite matrix.



07 1-c¢

For which ¢ is the matrix A not diagonalizable?' (b) What is the largest range of (real) values of ¢ so that A"
approaches a limiting matrix A as n — oo? (¢) What is that limit of A" (still depending on c)?

6. (Spring 2004 exam 3.) (a) Find the eigenvalues and eigenvectors (depending on c) of A = ( 0.3 ¢ )

7. (Spring 2005 exam 3.) (a) Find all the eigenvalues and all the eigenvectors of the following A. It is a symmetric
Markov matrix with a repeated eigenvalue.

2/4 1/4 1/4
A= 1/4 2/4 1/4
1/4 1/4 2/4

(b) Find the limit of A¥ as k — oo. (c) Choose any positive numbers r, s, and ¢ so that A — r/ is positive-definite,
A — 51 is indefinite, and A — ¢] is negative definite. (d) Suppose that this A = BT B. What are the singular values
o; in the SVD of B?

8. (Spring 2005 exam 3.) (a) Complete this 2 x 2 matrix A, depending on the real number a, so that its eigenvalues

a 1
areA=1land A =-1. A= 9 9

Which choices of a give orthogonal eigenvectors and which don’t?

. (b) How do you know that A has two independent eigenvectors? (c)

9. (Spring 2005 exam 3.) Suppose that the 3 x 3 matrix A has 3 independent eigenvectors ¥| 5 3 and corresponding
eigenvalues A1 2 3. (The A’s might not be different.) (a) Describe the general form of every solution i(#)to the
differential equation ‘;—‘Z = Aii in terms of the A’s and X’s. (The answer ¢*'#i(0) is not sufficient.) (b) Starting
from any vector iy, suppose iy | = Alir. What are the conditions on the ¥’s and A’s to guarantee that iy — 0 as

k — 00?7 Why?
10. (Fall 2005 exam 3.) This 4 x 4 matrix H is a special matrix called a “Hadamard matrix:”

1 1 1 1

1 -1 1 -1

1 1 -1 -1

1 -1 -1 1

It has two key properties: H' = H, and H> = 41. (a) Figure out the eigenvalues of H and explain your reasoning.

(b) Figure out H~! and det H. Explain your reasoning. (c¢) This matrix S contains three eigenvectors of H. Find
a 4-th eigenvector X4 and explain your reasoning.

—_o O =
—
BRI

e(d) Find the solution to dii/dt = Hii given that ii(0) is the 3rd column of S.

11. (Fall 2005 exam 3.) Suppose A is a 3 x 3 symmetric matrix with eigenvalues 2,5,7 and corresponding eigen-
vectors X1, X», and X3. (a) Suppose X is a linear combination ¥ = ¢ ¥| + c2¥» + c3¥3. Find A¥. Now find X7 A%
using the symmetry of A. Explain why ¥’ AX > 0 unless ¥ = 0.

-1 2 4
12. (Fall 2006 exam 3.) (a) Find all three eigenvalues of A, and an eigenvector matrix S. A = 0O 0 5 1].(
0 0 1
1 -2 —4
Explain why A1 = A 1s A9 = J? (¢) The matrix AA for thisAisATA=|[ -2 4 8 ) .How many
-4 8 42

I'The solutions are a little tricky. A is not a Markov matrix because ¢ may be < 0. However, its columns sum to 1, and that was enough to give
us an eigenvalue A = 1 in our analysis of Markov matrices. In the non-diagonalizable case, the solution’s formula for part (b) is incorrect. As we
know from lecture 30, for a repeated eigenvalue A = 1 that is defective, there is a term in A” that goes as 1" and another term that goes as n 1"~
Since the latter blows up, the defective case does not have a finite A* limit.



13.

14.

15.

eigenvalues of AT A are positive? zero? negative? Does AT A have the same eigenvectors as A? (Don’t compute
anything, but explain your answers.)

(Fall 2006 exam 3.) Suppose the n X n matrix A has n orthonormal eigenvectors ¢i,...,q§, and n positive
eigenvalues Ai,...,A4,. Thatis, AG; = A;g;. (a) What are the eigenvalues and eigenvectors of A~1? (b) Any
vector b can be written as a combination of the eigenvectors b= c1q41 + c2gr + - - - + cn gy for some coefficients
cj. What is a quick formula for ¢ using the orthogonality of the g’s? (c) The solution to AX = b is also a
combination of the eigenvectors A = dig1 +drgr + - - +dng,. What is a quick formula for d;. (You can
write it in terms of the ¢’s even if you didn’t answer part b.)

(Fall 2007 exam 3.) Suppose that we form a sequence of real numbers f; defined by the recurrence relation
Jx+1 = fx — fx—1 + fx—2, starting with the initial numbers fy =2, fj =1, and f> = 2. (a) Define a 3-component
vector gk = (fk, fi—1, fr—2) and a 3 X 3 matrix A so that g1 = Ag. (b) If you constructed A correctly, the three
eigenvalues should be 1 and +i , and the latter two eigenvectors should be (—1,4i,1). Check that you have
these +i eigenvalues and eigenvectors, and find the A = 1 eigenvector. (¢) Give an explicit formula for f; for
any k (formulas involving AX are not acceptable; elementary arithmetic and powers of complex numbers only).
(d) Is there any choice of initial conditions (fy, f1, and f») that will make | f;| diverge as k — oo? Explain.

(Fall 2007 exam 3.) Some 3 x 3 real matrix A has eigenvalues A; =0, A, = 1, and A3 = 2, with corresponding
eigenvectors X = (1,0,0), X, = (0,1,2), and X3 = (0, 1, 1). (a) Give a basis for the nullspace N(A), the column
space C(A), and the row space C(AT). (b) Find all solutions (the complete solution) ¥ to A¥ = ¥, — 3%3. (¢c) Is A
real-symmetic, orthogonal, Markov, or none of the above?



18.06 Quiz 3 Solution
Hold on Friday, 1 May 2009 at 11am in Walker Gym.
Total: 65 points.

Problem 1:

For each part, give as much information as possible about the eigenvalues
of the matrix A described in that part. (Each part describes a different matrix A.
A may be complex.)

(a) The recurrence ugy; = Auy has a solution where ||ug|| — 0 as & — oo for
one initial vector ug, but also has a solution with ||ug|| — 0o as k — oo for a
different choice of the initial vector uy.

(b) The equation (A% — 4I)x = b has no solution for some right-hand side b.
(¢) A =eB"B for some real matrix B with full column rank.

(d) A = BTB for a 4 x 3 real matrix B, and the matrix BB has eigenvalues
A =3,2,1,0. (Hint: think about the SVD of B.)

(20 points = 5+5+5+5)

(a) (There was a bug in this problem: in the first condition, we should have
required the initial vector uy to be nonzero.) The first condition implies that A has
an eigenvalue with absolute value |A| < 1. The second condition implies that either
A has an eigenvalue with absolute value |A| > 1, or A is defective for 2 eigenvalues
A with A = 1.

(b) The condition says that A% — 47 is singular. But we know that, if \y,..., \,
are eigenvalues of A, then the eigenvalues of A% — 4] are \? —4,..., )2 — 4. The
condition A? — 4] being singular says that one of A\? — 4 is zero, and hence \; = 2
or —2. That is to say A has an eigenvalue 2 or —2.

(c) Since B has full column rank, the eigenvalues of BT B are postive real num-
bers \;. Hence, we know A = 8" B has eigenvalues ¢*; they are real numbers bigger
than 1.

(d) Since BBT and BT B have the same set of nonzero eigenvalues. So BTB
must have eigenvalues 3,2, 1. Moreover, since B is a 4 x 3 matrix, BTBisa 3 x 3
matrix. Hence, 3,2, 1 are exactly all the eigenvalues.



Problem 2: You are given the matrix

0.5 0.2 0.2
A=10.1 05 0.5
04 03 0.3

(i) What are the eigenvalues of A? [Hint: Very little calculation required! You
should be able to see two eigenvalues by inspection of the form of A, and
the third by an easy calculation. You shouldn’t need to compute det(A — AI)
unless you really want to do it the hard way.|

(ii) The vector u(t) solves the system

du
— = Au

dt
for some initial condition u(0). If you are told that u(t) approaches some
constant vector as t — oo, give as much true information as possible regarding
the initial condition u(0).

[Note: be sure you understand that this is not the same thing as solving the
recurrence uxy; = Aug! Imagine how you would find u(t) if you knew what
u(0) was.|

(20 points = 10+10)

(i) First, the last two columns of A are the same. Hence A is singular and it
must have an eigenvalue \; = 0. Also, we observe that A is a Markov matrix. This
means that Ay = 1 is an eigenvalue of A. Finally, we know the trace of A is the sum
of its three eigenvalues. So, Tr(A) = 0.5+ 0.5+ 0.3 = 1.3 and the last eigenvalue is
A3=13—-1-0=0.3.

(ii) We can write u(0) = ¢;vy + cave + c3v3 using three eigenvectors vy, va, vs,
which correspond to Ay = 0, Ay = 1, and A3 = 0.3, respectively. We know that this
system has solution u(t) = ¢;vy + cee'vy + c3e%3vs. So, if either one of ¢y and c3
is nonzero, the system would blow up as t — oo. Therefore, the only possibility for
u(t) to approaches some constant is to have ¢y = ¢z = 0, that is to say that u(0) is
a multiple of the eigenvector v; = (0, —1,1)". In this case, u(t) = u(0) = ¢;v; is a
constant.



Problem 3:

The 3 x 3 matrix A has three independent eigenvectors vy, vo, and v3 with
corresponding eigenvalues Aj, Ay, and Az (that is, Av; = \;v; for i = 1,2,3).

If

b= C1V] + CaVa + C3V3

for some coefficients ¢, ¢z, and ¢z, then write (in terms of \;, ¢;, and v;) a formula

for the solution x of
A’x +2Ax —3Ix=Db

(you can assume that a solution exists for any b).

(10 points)

Using the eigenvalues vy, vy, v3, we have

x=(A*+24-30)""b
= (A2 + 2A — 3])_1(01V1 + Covy + 03V3>
C1 C

. 2 C3
_A$+2A1—3V1+A§+2A2—3

N+ 20— 3

Vg + 3.



Problem 4: A is a 3 x 3 real-symmetric matrix. Two of its eigenvalues are \; = 1
and X\, = —1 with eigenvectors vi = (1,1,1)T and v, = (1,—1,0)", respectively.
The third eigenvalue is A3 = 0.

(I) Give an eigenvector vj for the eigenvalue A\3. (Hint: what must be true of v,
vy, and v37?)

(IT) Using your result from (I), write the matrix e as the product of three matrices,
and explicitly give the three matrices. (You need not work out the arithmetic,
but your answer should contain no matrix inverses or matrix exponentials. If
you find yourself doing a lot of arithmetic, you are forgetting a useful property
of this matriz!)

(15 points = 7+48)

(I) For a real-symmetric matrix, its eigenvectors are orthogonal to each other.
So, by inspection, in order for vs to be perpendicular to vy, we need its first two
components same. Hence, we should take v3 to be (1,1, —2)T. To easy the second
part, we can normalize the eigenvectors

ar = vi/[vill = (1,1,1)7/v3,
a2 = Va/||[vall = (1,-1,0)T/v2,
as = vs/|vs] = (1,1,-2)7/V6.

Alternatively, we can use Gram-Schmidt to find (a multiple of) v3 as follows.
We start with v = (1,0, 0),

1 1 11
V3 = V_(V'ql)ql_(v'q2)q2 = (17070)T_§(17 17 1>T_§(17 _170)T = (67 67 __>T'

(II) We can write
A= SAS™H=QAQ"
1/vV3 1/v/2 1/V/6\ /1 0 0\ [1/V3 1/V/3 1/V3

=1/v3 —-1/v2 1/V6 1/vV2 —1/vV2 0
1/vV/3 0 —2/v/6) \0 0 0/ \1/v/6 1/vV/6 —2/V6

Hence,
A = QeAQT
1/V/3 1/vV2 1/vV6\ [fe 0 0\ [/1/V/3 1/vV/3 1/V3

=(1/V3 -1/v2 1/V6 1/vV2 —-1/vV2 0
1/v3 0 —2/v6/ \o 0 1) \1/v6 1/vV/6 —2/V6
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