Solutions to Exercises

These werethe problem assignments for the 18.065 cour sein 2019.

This file contains selected solutions by Tony Tohme.

Part II, Section 2, Problems 3, 5, 9, 10, 11, 12, 22

Part II, Section 4, Problems 2, 4, 6

Part IV, Section 1, Problems 8, 9

Part IV, Section 2, Problems 1, 3, 5, 6

Part IV, Section 2, Problems 3, 6, 7

Part IV, Section 6, Problems 7, 8

Part VI, Section 4, Problem 6

Part VII, Section 1, Problems 9, 15
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Problem VII.1 - 15
Example 4 with blue and orange spirals is much more difficult ! With one hidden layer, we

explore whether the network learn this training data as N increases. We start with N =1
and we go up to N = 8. The results are summarized as follows
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Figure 2: Example 4: Blue and Orange Spirals, One Hidden Layer, N =1
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Figure 5: Example 4: Blue and Orange Spirals, One Hidden
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Blue and Orange Spirals, One Hidden Layer, N = 5

Figure 6: Example 4:
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Figure 9: Example 4: Blue and Orange Spirals, One Hidden Layer, N = 8

No, the network can't learn this training data. As N increases, we observe that the network
is not able to classify properly with error being almost the same. This is because the only
properties (features) we are feeding in are X; and Xs, and we are only using one hidden
layer. However, if we use two hidden layers and also feed in the two additional properties
X2 and X2, the network is able to learn the training data as shown

in Figure 13 in Problem VII.1 - 16.




003,014 0.03 . Relu ~ None .o . Classification

FEATURES + = 2 HIDDEN LAYERS OUTPUT

Giarhis 8o Test loss 0.485
7 + - Trang 24

REGENERATE

O sowtesteas [ Drerege vt

Figure 12: Example 4: Blue and Orange Spirals, Two Hidden Layers, 2 + 6

As we can see in the figures above, 2 + 6 is worse than 6 + 2 and it is more unusual.(@w""\ﬂa Boghex fe ‘y

We note that if we use two hidden layers and also feed in the two additional properties X? oend Ko w0
and X2, the network is able to learn the training data as shown in the figure below. et
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Figure 13: Example 4: Bluc and Orange Spirals, Two Hidden Layers, 5 + 5




Computing Question B

x = [1;1]; % Initial Guess

s = @(x)(e.9); % Learning Rate or Step Size
tol = le-10; % Precision

B = (0.7/1.3)"2;

Z_ 0 =0;

k =1;

z(:,k) = gradient_f(x) + B*z_@;

while k <= 10000 &% norm(s(k)*z(:,k)) > tol
x(:,k+1) = x(:,k) - s(k)*z(:,k);
k = k+1;
z(:,k) = gradient_f(x(:,k)) + B*z(:,k-1);
end
display('The optimal parameters are: '); display(x(:,end));

The optimal parameters are:
1.0e-09 *

-0.0000
0.3061

display('The number of iterations is: '); display(k-1);

The number of iterations is: >
71 .

function g = gradient_f(x)
8(1,1) = 2*x(1,end);
g(2,1) = 2*0.09*x(2,end);
end

Therefore, adding momentum to the same gradient descent algorithm results in a faster convergence
towards the optimal point (x*,y*) = (0,0).
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Computin Problem 1

% Construct Matrix A
temp = diag(2*ones(9,1),1) + diag(-1l*ones(18,1)) + diag(-1*ones(8,1),2);
A = temp(1:8,:)

A =
-1 2 -1 ) ) ] ) 0 ) )
) -1 2 -1 ) ) ) 0 ) )
] ) -1 2 -1 ] ) ] 0 ]
) ) ) -1 2 -1 ) ) ) )
) ) ) ) -1 2 -1 ) 0 )
] ) 0 ) 0 -1 2 -1 0 0
) 0 ) ) 0 0 -1 2 -1 0
) 0 ) 0 0 0 0 -1 2 -1
% Construct Matrix T
T =A(:,2:9)
T =
2 -1 ) @ ) @ ) )
-1 2 -1 ) ) ] ) 0
) -1 2 -1 ) ) ) )
0 ) -1 2 -1 ] ) )
) ) ) -1 2 -1 ) )
) o o e -1 2 -1 e
) ) ) ) ) -1 2 -1
) ) ) 0 ) ) -1 2

s = svd(A) % Singular Values of A

.8868
.5606
L0555
.4418
.7784
.1441
.6074
.2248

O O RPN WWW

e = sort(eig(T), 'descend') % Eigenvalues of T

.8794
.5321
. 0000
.3473
.6527
. 0000
.4679
.1206

OO RPN WWW



plot(s,'o', "linewidth',1.2);

grid on

hold on

plot(e,"'*', "linewidth',1.2);

title('Singular Values of A and Eigenvalues of T')

xlabel('i") ;
ylabel('\sigma_i, \lambda_i')

legend('Singular Values \sigma_i of A', 'Eigenvalues \lambda_i of T')

Singular Values of A and Eigenvalues of T
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T ¢  Singular Values o, of A
35F ® # Eigenvalues A of T -
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Computing Problem

A = triu(ones(1000));
Gl normrnd(0,1,1000,10); % 1000 by 18 Gaussian random matrix G1
G2 normrnd(@,1,1000,100); % 1000 by 100 Gaussian random matrix G2

% Exact or Actual SVD
[u,s,v] = svd(A);

% Randomized or Approximate SVD with G1
Y1l = A*G1;
[Q1,R1] = qr(Y1);

[U1,D1,V1] = svd(Q1l'*A); Wl = Q1*Ul; % A = (QL*U1)*D1*V1' = WI*D1*V1'
% Randomized or Approximate SVD with G2

Y2 = A*G2;

[Q2,R2] = gr(Y2);

[U2,D2,V2] = svd(Q2'*A); W2 = Q2*U2; % A = (Q2*%U2)*D2*V2' = W2*¥D2*Vv2'

sll = diag(s); display(s11(1:10)) % The 1@ Largest Singular Values From Actual SVD

636.93814767091
212.312890336131
127.387943537033
90.9916125292626
70.7714867858701
57.9041816178516
48.9960875295752
42.4635200898666
37.4680581293865

33.524299918613

D11 = diag(D1); display(D11(1:10)) % The 1@ Largest Singular Values From Approximate SVD with G1

636.938147670908
212.312890336131
127.387943537033
90.9916125292626
70.7714867858701
57.9041816178517
48.9960875295753
42 .4635200898666
37.4680581293866
33.524299918613

D22 = diag(D2); display(D22(1:10)) % The 1@ Largest Singular Values From Approximate SVD with G2

636.938147670908

212.31289033613
127.387943537033
90.9916125292626
70.7714867858701
57.9041816178516
48.9960875295752
42.4635200898666
37.4680581293866

33.524299918613



% Comparison Between Actual SVD and Randomized SVD with G1

% Plot of the Singular Values of the Actual SVD and Randomized SVD with G1
figure();

semilogy(s11, 'linewidth"',2)

hold on

semilogy(D11, '--g', "'linewidth',1.5)

grid on

title('Comparison Between Exact SVD and Approximate SVD with G1')
legend('Exact SVD', 'Approximate SVD with G1','location’, 'Northeast')
xlabel('i")

ylabel('Singular Values \sigma_i')

Comparison Between Exact SVD and Approximate SVD with G1
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As we can see, both SVD's, the actual SVD and randomized SVD with G1, result in
approximately same Singular Values.



% Comparison Between Actual SVD and Randomized SVD with G2

% Plot of the Singular Values of the Actual SVD and Randomized SVD with G2
figure();

semilogy(s11, 'linewidth',2)

hold on

semilogy(D22,'--g', 'linewidth',1.5)

grid on

title('Comparison Between Exact SVD and Approximate SVD with G2')
legend('Exact SVD', 'Approximate SVD with G2','location’, 'Northeast')
xlabel('i")

ylabel('Singular Values \sigma_i')

103Comp::nrison Between Exact SVD and Approximate SVD with G2
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As we can see, both SVD's, the actual SYD and randomized SVD with G2, result in
approximately same Singular Values.
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