TABLE OF CONTENTS

Preface ix

Part I Linear Algebra 1

1 Vectors and Matrices 3 1.1 Vectors 3 1.2 Lengths and Dot Products 11 1.3 Planes 20 1.4 Matrices and Linear Equations 28

2 Solving Linear Equations 39 2.1 The Idea of Elimination 39 2.2 Elimination Using Matrices 48 2.3 Rules for Matrix Operations 56 2.4 Inverse Matrices 67 2.5 Elimination = Factorization: A = LU 77 2.6 Transposes and Permutations 89

3 Vector Spaces and Subspaces 103 3.1 Spaces of Vectors 103 3.2 The Nullspace of A: Solving Ax = 0 111 3.3 The Rank of A: Solving Ax = b 124 3.4 Independence, Basis, and Dimension 136 3.5 Dimensions of the Four Subspaces 148

4 Orthogonality 159 4.1 Orthogonality of the Four Subspaces 159 4.2 Projections 167 4.3 Least Squares Approximations 176 4.4 Orthogonal Bases and Gram-Schmidt 186

5 Determinants 199 5.1 The Properties of Determinants 199 5.2 Cramer’s Rule, Inverses, and Volumes 208

6 Eigenvalues and Eigenvectors 213 6.1 Introduction to Eigenvalues 213 6.2 Diagonalizing a Matrix 223 6.3 Symmetric Matrices 235 6.4 Positive De^nite Matrices 239 6.5 Stability and Preconditioning 250

7 Linear Transformations 253 7.1 The Idea of a Linear Transformation 253 7.2 Choice of Basis: Similarity and SVD 260

Part II Geodesy 275

8 Leveling Networks 277 8.1 Heights by Least-Squares 277 8.2 Weighted Least-Squares 283 8.3 Leveling Networks and Graphs 285 8.4 Graphs and Incidence Matrices 291 8.5 One-Dimensional Distance Networks 309

9 Random Variables and Covariance Matrices 313 9.1 The Normal Distribution and χ^2 313 9.2 Mean, Variance, and Standard Deviation 322 9.3 Covariance 324 9.4 Weights 326 9.5 Estimation of Mean and Variance 330 9.6 Propagation of Means and Covariances 332 9.7 Estimating the Variance of Unit Weight 337 9.8 Con^dence Ellipses 341

10 Nonlinear Problems 349 10.1 Getting Around Nonlinearity 349 10.2 Geodetic Observation Equations 355 10.3 Three-Dimensional Model 365

11 Linear Algebra for Weighted Least Squares 373 11.1 Gram-Schmidt on A and Cholesky on A^TA 373 11.2 Cholesky’s Method in the Least-Squares Setting 378 11.3 SVD: The Canonical Form for Geodesy 381 11.4 The Condition Number 384

16th June 1997

11.5 Regularly Spaced Networks 385 11.6 Dependency on the Weights 398 11.7 Elimination of Unknowns 402 11.8 Decorrelation and Weight Normalization 408

12 Constraints for Singular Normal Equations 417 12.1 Rank De^cient Normal Equations 417 12.2 Representations of the Nullspace 418 12.3 Constraining a Rank De^cient Problem 420 12.4 Linear Transformation of Random Variables 425 12.5 Similarity Transformations 427 12.6 Covariance Transformations 433 12.7 Variances at Control Points 436

13 Problems With Explicit Solutions 445 13.1 Free Stationing as a Similarity Transformation 445 13.2 Optimum Choice of Observation Site 448 13.3 Station Adjustment 452 13.4 Fitting a Straight Line 456

Part III Global Positioning System (GPS) 459

14 Global Positioning System 461 14.1 Concepts 461 14.2 Brief Description of the System 462 14.3 Receiver Position From Code Observations 463 14.4 Combined Code and Phase Observations 467 14.5 Weight Matrix for Differenced Observations 469 14.6 Geometry of the Ellipsoid 472 14.7 The Direct and Reverse Problems 475 14.8 Geodetic Reference System 1980 476 14.9 Geoid, Ellipsoid, and Datum 477 14.10World Geodetic System 1984 480 14.11Coordinate Changes From Datum Changes 481

15 Processing of GPS Data 473 15.1 Baseline Computation and M-Files 473 15.2 Coordinate Changes and Satellite Position 474 15.3 Receiver Position from Pseudoranges 479 15.4 Separate Ambiguity and Baseline Estimation 481 15.5 Joint Ambiguity and Baseline Estimation 485 15.6 The LAMBDA Method for Ambiguities 486 15.7 Sequential Filter for Absolute Position 491

16th June 1997

16 Random Processes 507 16.1 Random Processes in Continuous Time 507 16.2 Random Processes in Discrete Time 515 16.3 Modeling 519 16.4 Correlograms and Variograms 522

17 Kalman Filters 533 17.1 Updating Least Squares 533 17.2 Static and Dynamic Updates 538 17.3 The Steady Model 543 17.4 Derivation of the Kalman Filter 549 17.5 Bayes Filter for Batch Processing 557 17.6 Smoothing 560 17.7 An Example from Practice 565

18 Collocation 573 18.1 Motivation for the Procedure 573 18.2 The Collocation Model 574 18.3 Collocation and 2-D Similarity Transformation 580 18.4 Collocation 585

A The Receiver Independent Exchange Format 589

B M-�les for Geodesy 605

Bibliography 607

16th June 1997

PREFACE

Geodesy begins with measurements from control points. Geometric geodesy measures heights and angles and distances on the earth. For the Global Positioning System (GPS), the control points are satellites and the accuracy is phenomenal. But even when the measurements are reliable, we make more than absolutely necessary. Mathematically, the positioning problem is overdetermined.

There are errors in the measurements. The data are nearly consistent, but not exactly. An algorithm must be chosenŮvery often it is least squaresŮto select the output that best satis^es all the inconsistent and overdetermined and redundant (but still accurate!) measurements. This book is about algorithms for geodesy and global positioning.

The starting point is least squares. The equations Ax = b are overdetermined. No vector x gives agreement with all measurements b, so a Şbest solutionŤ x̂ must be found. This fundamental linear problem can be understood in different ways, and all of these ways are important:

1 (Calculus) Choose x̂ to minimize ‖Ax − b‖^2.

2 (Geometry) Project b onto the Şcolumn spaceŤ containing all vectors Ax.

3 (Linear algebra) Solve the normal equations A^TAx̂ = A^Tb.

Chapter 4 develops these ideas. We emphasize especially how least squares is a projection: The residual error r = Ax̂ − b is orthogonal to the columns of A. That means A^Tr = 0, which is the same as A^TAx̂ = A^Tb. This is basic linear algebra, and we follow the exposition in the book by Gilbert Strang (1993). We hope that each reader will ^nd new insights into this fundamental problem.

Another source of information affects the best answer. The measurement errors have probability distributions. When data are more reliable (with smaller variance), they should be weighted more heavily. By using statistical information on means and variances, the output is improved. Furthermore the statistics may change with timeŮwe get new information as measurements come in.

The classical unweighted problem A^TAx̂ = A^Tb becomes more dynamic and realistic (and more subtle) in several steps:

Ű Weighted least squares (using the covariance matrix � to assign weights)

Ű Recursive least squares (for fast updating without recomputing)

Ű Dynamic least squares (using sequential ^lters).

The Kalman ^lter updates not only x̂ itself (the estimated state vector) but also its variance.

Chapter 17 develops the theory of ^ltering in detail, with examples of positioning problems for a GPS receiver. We describe the Kalman ^lter and also its variant the Bayes ^lterŮwhich computes the updates in a different (and sometimes faster) order. The formulas for ^ltering are here based directly on matrix algebra, not on the theory of conditional probabilityŮbecause more people understand matrices!

Throughout geodesy and global positioning are two other complications that cannot be ignored. This subject requires

Ű Nonlinear least squares (distance � x^2 + y^2 and angle arctan^y_x are not linear!)

Ű Integer least squares (to count wavelengths from satellite to receiver).

Nonlinearity is handled incrementally by small linearized steps. Chapter 10 shows how to compute and use the gradient vector, containing the derivatives of measurements with respect to coordinates. This gives the (small) change in position estimates due to a (small) adjustment in the measurements.

Integer least squares resolves the ŞambiguityŤ in counting wavelengthsŮbecause the receiver sees only the fractional part. This could be quite a dif^cult problem. A straightforward approach usually succeeds, and we describe (with MATLAB software) the LAMBDA method that preconditions and decorrelates harder problems.

Inevitably we must deal with numerical error, in the solution procedures as well as the data. The condition number of the least squares problem may be largeŮthe normal equations may be nearly singular. Many applications are actually rank de^cient, and we require extra constraints to produce a unique solution. The key tool from matrix analysis is the Singular Value Decomposition (SVD), which is described in Chapter 7. It is a choice of orthogonal bases in which the matrix becomes diagonal. It applies to all rectangular matrices A, by using the (orthogonal) eigenvectors of A^TA and AA^T.

The authors hope very much that this book will be useful to its readers. We all have a natural desire to know where we are! Positioning is absolutely important (and relatively simple). GPS receivers are not expensive. You could control a ~eet of trucks, or set out new lots, or preserve your own safety in the wild, by quick and accurate knowledge of position. From The Times of 11 July 1996, GPS enables aircraft to shave up to an hour off the time from Chicago to Hong Kong. This is one of the world’s longest non-stop scheduled ~ightsŮnow a little shorter.

The GPS technology is moving the old science of geodesy into new and completely unexpected applications. This is a fantastic time for everyone who deals with measurements of the Earth. We think Gauss would be pleased.

We hope that the friends who helped us will be pleased too. Our debt is gladly acknowledged, and it is a special pleasure to thank Clyde C. Goad. Discussions with him have opened up new aspects of geodesy and important techniques for GPS. He sees ideas and good algorithms, not just formulas. We must emphasize that algorithms and software are an integral part of this book.

Our algorithms are generally expressed in MATLAB. The reader can obtain all the M-^les from http://www.i4.auc.dk/borre/matlab. Those M-^les execute the techniques (and examples) that the book describes. The ^rst list of available M-^les is printed at the end of the book, and is continuously updated in our web homepages. Computation is now an essential part of this subject. (The M-�les will be available when the book is published.)

This book separates naturally into three parts. The ^rst is basic linear algebra. The second is the application to the (linear and also nonlinear) science of measurement. The third is the excitement of GPS. You will see how the theory is immediately needed and used. Measurements are all around us, today and tomorrow. The goal is to extract the maximum information from those measurements.

Gilbert Strang MIT gs@math.mit.edu http://wwwŰ math.mit.edu/ gs

Kai Borre Aalborg University borre@i4.auc.dk

Acknowledgements

One of the greatest pleasures in writing about GPS is to make friends all over the world. This is such a community of cooperation; the whole system depends on it. We mentioned ^rst the help from Clyde Goad in Columbus. For the design and layout of the book, Frank Jensen in Aalborg gave crucial support. And we thank ten others for their tremendous generosity: Rick Bennett at Harvard, Mike Bevis in Hawaii (for the cover photograph also!), Yehuda Bock at Scripps, Tom Herring and Bob King and Steven Lee at MIT, Stephen Hilla at National Geodetic Survey, Richard Langley in Fredericton, Peter Teunissen and Christian Tiberius in Delft. We remember a letter long ago from Helmut Moritz, who connected geodesy to the most basic framework of applied mathematics. And we are specially grateful to Søren Lundbye-Christensen for his advice on our presentation of random variables and covariance matrices and ^ltering.

We thank you all.