Derived Weil Representation and Relative Langlands Duality

Haoshuo Fu

Abstract

The Weil representation is a particularly significant linear representation of the metaplectic
group, used in the study of theta correspondence. In this paper, I introduce a derived category
version of the Weil representation in the local field case. For the dual pair (GLy,, GL:n, ), I will give
a coherent description of this category, in the philosophy of relative Langlands duality.
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1 Introduction

1.1 Weil representations

The Weil representation is a special representation of symplectic group. The finite field case is
defined as follows: let V' be a symplectic vector space over the finite field £ = F, with odd characteristic,
and Heis(V') be the Heisenberg group defined by the symplectic form:

1—k—Heis(V) >V — 1.

For a character ¢): — C*, we can define an irreducible representation Hy,,, of Heis(V') with central
character 1. It is a subspace of functions on the set V' and its dimension is q% dimV " This can be
extend to a projective representation wy of Sp(V), called the Weil representation. In general, it can

be descent to a representation of the double cover Sp(V) of the symplectic group. The case in local
field k((t)) is defined similarly using residue.

A dual pair (G, H) is the subgroup G x H — Sp(V) such that they are the centralizer of
each other. Examples are (Sp(V1),0(V2)) where V = Vi ® Vs, and (GL(L;), GL(L2)) where V =
Hom(Lq, Ly) & Hom(Lg, Ly1). By restricting Weil representation to this subgroup, we obtain Weilg g
as a representation of G x H. Associated to it, we can define theta functions and construct theta lifts
by using it as an integral kernel.

By choosing a Lagrangian L C V, the Weil representation can be identified with L?-functions on
L or V/L. Thus it has a natural categorification D(L). In [14], the action of D(Sp(V)) is constructed
via the functor

D(Sp(V)) — End(D(L)) ~ D(L x L) ~ D(V)

giving by a sheaf in D(Sp(V) x V).

In the local field case, one geometric model of Weil representation is constructed in [19].

When studying Weil representations, we would expect more compatibilities such as the commuta-
tivity of these two actions. By mimicking the lattice model of the Weil representation, I could define
the derived Weil category with the action of Hecke categories of G x H at the same time.

Theorem 1. Let F be a local field and O its ring of integers. For a variety X, let X be its arc space
and X be its loop space.

Let Weilg, i be the category of Go x Hp-equivariant (Vo , ¢)-equivariant sheaves on Vp. Let Satg =
D¢, (Gr/Go) be the derived Satake category. Then we have the action of Satgxm =~ Satg ® Saty on
Weilg . Hence the actions of Satg and Saty commute in the strongest sense.

In [21], Lysenko constructed the functor from the heart of derived Satake category to the semisim-
plification of the heart of the Weil category

Pervg, (Grg) ~ Rep(GY) — (Weilgﬂ)ss,

and showed that this is an equivalence in the case of (GL,,, GL,,)-case and conjectured it is also true
in the (Spa,,, SO2y,)-cases. We will show this conjecture is true in section 3.
Under derived Satake equivalence [3], we can construct the functor
GY V¥ :
DG’@ (Grg) ~ QCtherf (g [2]) — Weﬂg)H.
However, this functor is not an isomorphism in general as the left hand side does not have any infor-
mation of H. Hence a natural question is to give a coherent description of Weilg i in terms of GV

and HV.
Consider the following cases:



e G=GL,,H=GL;,,n <m. Let (e, h, f) be a principal sly-triple in g[,,,_,, and further embedded
into gl,, = hY;

e G =804,,H = Spy,,,,n < m. Let (e, h, f) be a principal sly-triple in $09,,—2,41 and further
embedded into $09,,11 = hY;

e G = Spy,,, H = SO2,,,n < m. Let (e, h, f) be a principal sly-triple in $02,,—2,—1 and further
embedded into $09,, = §V.

Let S be the Slodowy slice f+ 3pv (€) corresponding to the slo-triple (e, b, f) inside " and hence inside
hV* using the canonical isomorphism h¥* ~ hv. S carries the action of GV because it acts trivially on
the sly-triple. Besides, S carries the grading defined by 2 exp(th) commuting with G'V-action. Let S/
be the dg-scheme with this cohomological grading.

Conjecture 1. We have the equivalence of categories

Weilg, g ~ QCoh% (s7),

perf

and the equivalence is compatible with the action of derived Hecke categories of G and H on both side.

Remark. The action of D¢, (Grg) ~ QCohgcvrf(gv [2]) comes from the stack map S7/GY — gV *[2]/G".

For the action of Sat g ~ QCohIIfejf(hv*p]), it is first mapped to QCohgeime (hV*[2]), which is equiva-

lent to QCoh$, & (f)v*i). This category acts on QCoh%,, (S7) via the stack map S//GY — h¥*[2]/GV.

perf perf
In this paper, the first case is proved:

Theorem 2. In the case of G = GL,,, H = GL,,,n < m, the categories are equivalent. If the functor
in section 5 of [21] is symmetric monoidal, then the above statement about Hecke action is true.

For the case G = H = GL,, the space S in the equivalence is g¥* @ std @ std” and this result is
claimed by Tsao-Hsien Chen and Jonathan Wang.

1.2 Relative Langlands duality

In [17], Gross and Prasad proposed the problem of restricting representations of SO,, to SO,,_;. For
irreducible representations m; of SO,, and m of SO,,_1, to find the multiplicity of trivial representation
in m; X 79 as a representation of SO,,_; requires to calculate the matrix coefficients fso _1<771 X

m2(g)v,vV)dg. In [18], authors proved that when v is spherical, this is equal to

L(%,ﬂ'l X ’/TQ,Std)

A
S0 (0, 1y W g, ad)

where Ago, is a constant. std is the standard representation of Langlands dual group of SO,,_1 x SO,,,
and ad is the adjoint representation.

Sakellaridis and Venkatesh [23] conjectured a generalized result regarding a group G and its spher-
ical variety X, which are SO, _; x SO,, and SO, _1 \SO,_1 x SO,, in the previous discussion. In
[22], Sakellaridis gave the description of C°(Xr)%© under this framework. The categorical version of
this conjecture, proposed by Ben-Zvi, Sakellaridis and Venkatesh in [10], is as follows: the category
D¢, (XF) is equivalent to QCthe%f
compatible grading.

This categorical equivalence for (G, X) = (GL,_1 x GL,, GL,,—1 \ GL,,_1 x GL,) is proved in [6],
and the case for (G, X) = (SO,—1 x SO,,,S0,-1\SO,_1 x SO,,) is proved in [9].

For GGP problem of Bessel case, i.e., SO, and SO,, when m — n is odd, the Jacobi group J =
SO,, x Usf?n C SO, xS0, is used. In the case G = SO, xSO,,, X = J\ G, it is expected that G% = GV

(Vx?) for some group G¥, — GV and its representation Vx with a



and Vx is the standard representation. The case for G = GL,,, x GL,,, X = GL,, x U%I;L\GLm is proved
in [24].

In the framework of [10], relative Langlands duality is between the pairs (G,M = T*X) and
(GY, MY =Vx x Ox GY). Our result verifies (G¥V, MVV) = (G, X) in the Bessel period case and general
linear group case. In fact, one can verify that T*(SOy,/Upm.n) = SO, xUmn (f + Unﬁn) =S0,, x S.

Note that the construction of dual space in [10] is not self-dual a priori. For example, it is not clear
if MV is hypersphrical for a general M.

1.3 Connection with Coulomb branches

In [8], the authors give a mathematical definition of Coulomb branch Mg, x for a group G and its
representation N and showed that it only depends on the symplectic representation TN = N & N*.

Recently, [5] gives the construction for any symplectic representation. The method is by the
geometric Weil representation. For the metaplectic group é?)(V), consider its %(V)@—equivariant Weil
representation category Weilg m and the special object ICy. Then we obtain an algebraic object as
inner Hom of ICy in the derived Satake category of §f)(V)

In the case of dual pair (GL,,GLy,) or (SOa,,Sps,,), the anomaly condition in [5] is satisfied.
The !-pullback gives a genuine object in the derived Satake category of SOg,, X Sps,,. So we can take
global section to get an algebra and the Coulomb branch of group SOs,, X Sp,,,, and its representation
std ® std.

Furthermore, the !-pullback of an inner Hom is still an inner Hom, the above construction is
exactly considering the inner End of IC, € Weilg 5. From the equivalence of categories Weilg g ~
QCohperf(Si /GY), which identifies ICy and the structure sheaf of S//GY. Then the inner Hom of
Og/cv in QCoh(g¥"*[2]/G x h¥"[2]/H) is just the pushforward of Ogy/cv .

By [3], taking equivariant cohomology as H . . g, (Pt)-module refers to the pullback along Kostant
section Sgv x Bpv — gV [2]/GY x §V"[2]/H". Hence the coulomb branch in this case is

v
S1G” gomtaye gy e X F0)

In [16], the authors showed that the Coulomb branch associated with a quiver of affine type A with

Cherkis bow varieties. If we apply this result to the following quiver:

n m

we get
((GLy, x XgL,,) X (GL,, x S) x (GLy, X BaL,)) /) (GLy x GLy,),

where // means the Hamiltonian quotient. This is exactly what is stated above in the case of (G, H) =

(GLy, GLyp).

2 Definition of the categories

2.1 Notations

Let k£ be an algebraically closed field used in the definition of geometric object. Let A = Qy or
C be the field of the coefficient of sheaves. 1: k — A* is a non-trivial character. Then we get the
Artin-Schreier sheaf £, € D(A'). In the case k = A = C, this is the exponential D-module.



F = k((t)) is the field of Laurent series, and O = k[[t]] is the ring of integers in F'. ¢ naturally

extends to a character of F via residue: ¢: F ~ k Ly A%,
When V is a symplectic vector space, use w: V x V — k to denote the symplectic pairing. It
naturally extends to a symplectic pairing on Vp:

res

VF X VF — F — k‘,
which also gives a pairing on ="V /t" V. By abuse of notation, we still use w to denote them.
For an algebraic group G, define Grg = Gr/Go be the affine Grassmannian of G and define
Satg = Dg,, (Grg) be the derived Satake category.
If needed, we assume our categories are (0o, 1)-categories. By saying derived category, we mean

stable (oo, 1)-categories. For a derived category C with certain t-structure, we use C¥ to denote the
heart of this t-structure.

2.2 Schrodinger model

In the general linear group case, the vector space V has a polarization V = T*L such that L =
Hom(V7,V53) is a representation of G x H. In this case, the Weil representation can be identified with
Go x Hp-equivariant sheaves on Lp. More concretely, it is defined as a colimit of categories of the
diagram:

<+ = Dayox i, (7 Lo/t LO) = Daypyaxyeys (t Lo/t Lo) = -+

The arrows are given by 4,p' = i,p*[dim L], where p: t"Lo /t"T' Lo — t "L /t" Lo is the projection
and i: t 7" Lo/t" ™ Lo — t " 1L /t"t1 Lo is the inclusion. The degree is chosen such that the middle
perverse t-structure is preserved.

2.3 Lattice model

When the case V is possibly not canonically split, the above construction lacks the equivariance
structure. We propose another approach through the so-called lattice model. We first explain our
construction through the finite case.

2.3.1 Finite case

Pick any Lagrangian L C V, we can think of L as a group acting on V via addition. Then we

have a relative character on L: L x V 22 AX and corresponding sheaf w*Ly. Call a sheaf F is
(L,v)-equivariant if we have an isomorphism

act* F = proj*" F @ w* Ly.
Hence we can form the category D(V/(L,)) of (L,)-equivariant sheaves on V.

2.3.2 Local case

Consider the Gp x Hp-stable Lagrangian Vo C Vp. To mimic the finite case, we want a category
D(Vr/(Vo,v)). As the colimit of finite cases, we define this category as the colimit of the following
diagram:

o D Vo Vo) (Vo Vo) 2 D WVo /I Vo) (Vo /™ Vo, 1) = -+



Even G, can act on the space t7"Vp/Vo, it cannot act on (Vo /t"Vo,1))-equivariant sheaves on
t~"Vo /t"Vo. Rather, we only have the action of Go,.. Hence the unramified Weil representation
Déoxreo(VE/(Vo, 1)) is the colimit of the following diagram:

<= Dayx i, (T Vo /t™V0) (Vo [t Vo, 1)) —
= Dy, o xHay o (Vo [T V) [ (Vo /T Vo, ) — -+ .

We will define the Hecke action in the next section.

2.4 Fourier transform

While the lattice model is defined without the assumption of V' having a polarization, we want to
show this construction is equivalent to the Schrodinger model in polarizable case.

By the colimit description of the category, it suffices to show D(¢t~"Lp/t"Lo) is equivalent to
D((t7"Vo/t"Vo)/ (Vo /t"Vo,v)). By taking Fourier transform, we know the latter is equivalent to
D((t™"Vo/t"Vo)/(t""Lo/t"Lo,)). Hence it suffices to show the following statement:

Proposition 1. If a particular splitting of the short exact sequence 0 — L — V — V/L — 0 is chosen,
we get a non-canonical equivalence of categories

D(V/(L,+)) = D(V/L).
If the splitting preserves G-action, we have Dg(V/(L,v)) = Da(V/L).

Proof. Consider the space LxV/L. It carries an L-action by LX LxV/L — LxV/L by (l1,ls,v+L)
(I + lz,v + L). From the map L x L x V/L — A (I1,l3,v + L) — w(ly,v), we can define (L,)-
equivariant sheaves on L x V/L.

Then we have the canonical equivalence D(V/L) ~ D((L x V/L)/L) ~ D((L x V/L)/(L,v)),
where the second is given by F +— F ® L. This comes from L, is (L, 1)-equivariant, as w(ly +12,v) =
w(ly,v) + w(la,v).

For a given section V/L — V', we get a non-canonical isomorphism V' = L x V/L. This isomorphism
makes the following diagram commutes:

act

Al «——— LxV —/———=V

‘ ‘ l " l

A' ¢ LxLxV/L === LxV/L

proj

This gives the equivalence D(V/(L,)) = D((L x V/L)/(L,v)).
If the G-action preserves the isomorphism V 2= L x V/L, the above equivalences preserves G-
actions. O

3 Irreducible objects

3.1 Cotangent space

Here we compute 7% (V/(L,1)). The character w induces a map A' x V — Lie(L)* ~ L* given by
V < V* — L*. The moment map of L-action T*V — L* is given by (v,v*) = (I +— (I,v*)). Tts fiber
at 1€ Al is

TV xpxv (1 x V) ={(v,0*) : w®)|r = v*[} = {(v,0*) : v —w  (v*) € L}.



Here the last equation uses the fact that L is a Lagrangian, i.e.,
0—>L—->VV"SL"—0
is an exact sequence. Hence we have
T*(V/(L,9)) = (T"V xp-xv (1 x V))/L = V.

Similarly, we should expect T*(Vp/(Vo,9)) ~ Vr. In fact, we see the singular support of sheaves in
D(Vr/(Vo,)) lies in the colimit of the sets

«o+ > {L Ct "V /t"Vo is Lagrangian} LN {L ct7" YWo/t""Vy is Lagrangian} — - - - |

which is Lagrangians in Vz that contains some tV V.
Then we consider the behavior of Gp-action on sheaves to its singular support.

Proposition 2. The moment map of the Go-action is given by Ve — g&,v — (g — w(v, gv)).

Proof. First, for the finite case, if a group G acts on the symplectic space (V,w) and fixes the Lagrangian
L, we show the moment map of G-action on V/(L,v) is by V — g*,v — (g — w(v, gv)).

The moment map of G-action on V' is by T*V — g, (v,v*) — (gv,v*). It restricts to a map from
T*V xp+xv (1 x V). The isomorphism T*V X -y (1 x V) ~ V is given by (v,v*) = 3(v+w™!(v*))
orv— {(v+1,w(v—1))}/L. Hence the image of V under the moment map is g — w(g(v+1),v—1) =
w(gv,v).

Then, for the local case, we have moment maps t~"Vo /t"Vo — g5, v — (g — w(v, gv)). It is clear
they are compatible for different . By taking colimit, we get the desired moment map Vi — g¢,. O

3.2 Singular support

The above result is compatible with the singular support calculated using Schrodinger models.

3.3 Relevant orbits

If a (Vo,®)-equivariant sheaf on Vg is Go-equivariant, its singular support must be contained in
the preimage of 0 € gp,.

Any section Vr/Vo — Vg induces a non-canonical equivalence D(Vp/(Vo, 1)) with D(Vr/Vo),
which does not preserve Gp-action. However, by singular support calculation, we can still de-
termine when a Go-orbit on Vp/Vp that could occur as the support of an irreducible object in

Do (Ve/(Vo, ).
Proposition 3. Let V = Hom(C",C™) and n < m. Consider the subset

{(v,v") 1 v*v € gl,(O0),vv" € gl,,(O)} CV(F) x V*(F)

and its image in V(F)/V(O) x V*(F)/V*(O). Under suitable GL,(O) x GL,,(O)-action, any element
in the quotient can be conjugate to

((diag(t—alé. .t 8) : (8 diag(t_bl?- N ’t—bs)>) (1)

forr+s<nia; > 2a,21,by > >0 > 1L



Proof. By row and column operators on an elements in V(F'), one can make it diagonal, i.e, of the

form
diag(t—,...,t7%)
0

for ay > -+ > ay. Let r = max{i : a, > 0}.
Write v* = (245)1<i<n,i<j<m. The condition v*v € gl,,(O) and vv* € gl,(O) is equivalent to
Zij € tmax{aia;} @ Hence v* is of the form

AT,T Ar,m—r
An—r,r An—r,nz—r
where A; ; € Mat; ;(F) and A, r, Ay m—r, An—rr has coefficients in tO.

Next, use GL;,—(O) x GL;,—(O) to do row and column operators to make A,_, ,,_, diagonal.

« » . . 0 0 .
Thus we get v* + V*(O) is conjugate to <0 diag(t~"1, .. ,tbS)) +V*(0).

. diag(t=®,...,t7%) 0 . 1 1 .
Since v € ( 0 0) +V(0O) and matrices ( GLnr> and < GLmr> fix this
M —aq —Qr
set, we know v 4+ V' (O) is conjugate to <dlag(t (’) - t7) 8) + V(0). O

Corollary 1. Let n < m. The irreducible elements in D, ,xGL,.o (T*V)r/(T*V)0) is indexed by
Xo(GL,).

Proof. Just note that the element in (1) corresponds to (a1,...,a,0...,0,=by,...,—bs) in X¢(GLy,).
O

Proposition 4. Let V = Hom(C?**,C?*™) and n < m. C?" = C" @ (C")* is equipped with standard
symmetric inner product and C?™ = C™ @ (C™)* is equipped with standard anti-symmetric inner
product. Consider the subset

{veV(F):v"v € 502,(O),vv" € 8py,,,(O)}

and its image in V(F)/V(O). Under suitable Oz, (O) x Spsy,,-action, any element in the quotient can
be conjugate to
diag(t=,...,t7%) 0 0
0 0 0
0 diag(t=b,...,t7%)

forr+s<n,a>--->a->1,b;>--->b > 1.
Proof. Write

v = (v1, v2,v3,v4) € Hom(F", F™) ® Hom(F", (F™)*) ® Hom((F™)*, F™) @ Hom((F™)*, (F™)"),
and

v* = (—uf, —v}, v, o) € Hom(F™, F™) & Hom(F™, (F")*) & Hom((F™)*, F") & Hom((F™)*, (F")*).

Then the condition of vv* € sp,,,(0) is equivalent to v1v§ 4+ v3vh, V108 + v3vl, vVav§ + Va0l € gl,, (O).
The condition of v*v € $02,(0) is equivalent to vive — vivy, vivy — vivs, vive — vhvy € gl,,(O).

Use elements in GL,,(0), GL,,(O) and permutations (Z/2Z)" x &, (Z/2Z)™ x &,,, we can make
vy diagonal and v;((v1)j5) < vi((v2)is), vi((v1)i) < ve((v3)i)-



diag(t—,...,t7%)

In particular, write v; = ( 0

)for ay > -+ > ap. Let r = max{i : a, > 0}. Write

v as follows
[ T I AR S P

—a —a
tT "1 o tTTn

where x;; € O. Then the condition vivy — vivy € gl,(O) gives z;; — xj; € t%T*% 0,1 < i,j <n.

Take y;; = yju = x5 for i < r,e < j and y;; = 0 for 4,5 > r. This gives an element Y in
Sym? O™ C Sp,,,(O). Take the action, we get xi; = wij — xj; and 2%, = 0 for i < r;i < j. Thus
(v9)ij = t7% (x5 — xj;) € 1O C O and (vh)j; = 0 for i < r;i < j. When 4,5 > r, we have
(v)ij = (v2)ij =t %xy; €% O C O. In conclusion, we have v5 € Hom(O™, (O™)*).

Similarly, write

t_al 11 - t_al Tim
t7mx, e T,
V3 = )
l'nJrl,l Tt l'nJrl,n
Tml e Tmn

where z;; € O for 1 < i,5 < n. The condition v1v§ + vsv} € gl,,(O) gives z;; + xj; € t*T% O for
1<4,5 <nandxy €t%O for i > n.

If a,, <0, from our construction of vy, we know z;; € O for i > n. Otherwise, we have a; > --- >
an > 1, then z;; € t%0O C O for i > n. Anyway, we have z;; € O for i > n.

For the remaining, use exactly the same method as before to use an element in A20O™ C SOa,(0)
to make vz € Hom((O™)*, O™).

Now w30l € gl,,(O),vive € gl,(0), we get v10] € gl,,(O),viv; € gl,(O). Using the result in
Proposition 3, we can make v4 into a diagonal matrix. O

Corollary 2. Letn <m. The irreducible elements in Do,, xsp,, (Vr/(Vo,1)) is indexed by Xo(O2,).

Proof. As r+s <mn, we can further use permutations in Weyl group to make v+ V(0) is conjugate to

: —ai —a,.
(dlag(t (,) S, tTer) 8) + V(0) for » < n. Thus it corresponds to (a,...,a,0...,0) € X¢(Oap).
O

4 Deequivariantization

4.1 Hecke action on the lattice model

For a group homomorphism G — Sp(V), we want to define the action of D(G) on D(V/(L, 1)),
we need a kernel sheaf on G x V. This is done in [15] and also [19]. Let £(V) be the space of all
Lagrangians on V, [19] constructed a sheaf ]:Z(V) on L(V) x L(V) x V with properties. By the map
G — L(V) x L(V) given by g — (gL, L), we obtain a sheaf Fg on G x V. Thus we can define the
action by

S« F = acti(prs Fg @ pras S @ pris F @ Ly),
Here act: GxV xV — V is given by (g, v1,v2) — gv1 +v2; pr are corresponding projections; Ly is the
sheaf on G x V x V given by the pullback of Artin-Schreier sheaf through G x V xV — Al, (g, vy, v2) —
w(gvy,va).



The properties of F £(v) ensures this action gives a genuine module structure.
For the unit, take S = §; € D(G). From the property A*]:Z(V) = Fa, we know Fg|1 = A and
thus the convolution product with an (L, t)-equivariant sheaf is just identity.

Proposition 5. The associativity holds. Ie., we have Sy * (Sa * F) =~ (81 * Sa) * F.

Proof. For clarity, we use (g1, gav1 + v2,v3) to denote the map G x G XV xV xV — G xV xV given
by (g1, g2, v1,v2,v3) — (g1, gav1 + v2,v3) and similarly for other maps. Then we have

S1 % (So x F) =(g1(g2v1 + v2) + v3)1((91, g2, v1)* (S1 W So X F)®
® (g2,v2)" Fa @ (g1,v3)" Fa @ w(gav1, v2) Ly @ w(g1(g2v1 + v2),v3)" Ly).

From the convolution property of F Z(vy We have the following isomorphism in E(V) X Z(V) X
LV) X V:
add, (pris Frvy @Prag Fry @ Ly) = pry Fzy-

Take the pullback by the map G x G — L(V) x L(V) x L(V), (g1, 92) — (g192L, g1L, L), we see
add!((gl, 111)*]:@ ® (_(]2, gl_lvg)*fg &® ﬁw) ~ mult* Fa.

Here, we used the fact that F %) is G-equivariant. By change of variables, we see

(91,92, v1 + g102)1((g1,v1)* Fa ® (92,v2)" Fa @ w(v1, g102)*Ly) ~ mult” Fg.
Hence we can simplify, by letting u = gyvs + v3,

S1 % (S2 x F) =(g192v1 + g1v2 + v3)1((91, g2, v1) " (S1 K So K F)®@
® (g2,v2)" Fa @ (g1,v3)" Fa @ w(g192v1, g1v2 + v3)" Ly @ w(g1v2,v3)" Ly)
=(g192v1 +u)1((91,92,v1)" (S1 WS W F) ® (9192, u)* Fa @ w(g1g2v1,u) Ly)
=(gv1 +u)i((g,v1)" ((S1 * S2) W F) ® (9, )" Fe @ w(gvi, u)*Ly).

The right hand side is exactly (S; * S2) % F. O

The image of an (L, 1)-equivariant sheaf is still an (L, ¢)-equivariant sheaf comes from the acty,-
equivariant property of F vy

If a subgroup H C G fixes (L,), we get the map G/H — L(V) x L£(V), using it, we can define
the action of D(H\G/H) on Dy (V/(L,)) similarly:

S x F = acty(pr Fo @ pri(SKF) @ Ly),

Here act: H\((G x®# V) x V) — H\V is given by (g,v1,v2) + guvy +va. Since H fixes L, Fg descends
to a sheaf F,z on G/H x V. The actg-equivariant property of F, £(v) ensures Fayu is H-equivariant
under the action of h - (¢H,v) = (hgH, hv). In conclusion, the action S * F is well-defined. The proof
of properties such as associativity is identical as above.

Proposition 6. Toke a subspace W C L and subgroup H C G that fites W. Then H acts on the
symplectic space W+ /W . We have the compatibility of both actions:

D(H) ® D((W/W)/(L/W, ) =2 D(WL/W)/(L/W,))
D(G) ® D(V/(L,%)) D(V/(L,%))
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The compatibility of F ) under taking a subquotient W= /W of a Lagrangian W C V ensures
the actions

Sata, ® Dao, (17" Vo /t"Vo)/(Vo/t"Vo,¥)) = Dae (77" Vo [t Vo) /(Vo [t Vo, 1))

are compatible. In conclusion, we have the action of Satg on Dg,, (Vr/(Vo,)).

For our cases, G x H — Sp(V) has a lift to é\f)(V), we obtain a D¢, xm,(Graxm)-action on
Deoxto(Vi/(Vo, ).

4.2 Through deequivariantized Hecke category
Let O(S) = Hom(év,év(*;O(GV)). From [3], we have the isomorphism O(gV") = Sym(g¥[-2]) =
Hom(ég,égéO(GV)) and similarly O(hV™) = Sym(pV[-2]) = Hom(éH,cSH;kIO(HV)). We define the
following maps:
Sym(g¥[-2]) = O(S) and Sym(p*/) = O(S).

From the shearing on §V, we have the map gV[—2] — Hv/. We will show the following diagram
commute:

Sym(p¥/) ——— Hom(dy, 8y % Res(O(H")))

| |

Sym(g¥[-2]) — O(S) = Hom(3v., 3y x0(GY))

The first map Hom(dq, 5Gg(9(GV)) — Hom(dy, 6V2<;(9(GV)) is just defined via the action of Satake

category on the category of Weil representation.

Lemma 1. Sym(hVi) ~ @ Hom(dg, [Cy+)®gr(W).
Welrr HY

Proof. From [3], we have Sym‘§Y ~ @  Ext®(6y,ICy-) ® W as HY representations. Thus we

Welrr HY
can apply the grading of elements in the Cartan subgroup:

Sym'gr(h¥)~ €P Ext®(0m,1Cw-) ® gr(W),

Welrr HY
hence
Sym(n"/) = Sym(ar(h")[-2)) ~ (D Hom(dy.ICw-) ® gx(W). 0
Welrr HY
The generators of this algebra is ¥/ = b Ext? (87, ICw-) @ gr(W)[—2].
Irr HYSWChHY

We have maps from the Hecke action:

Ext® (65, ICyw ) @ gr(W') — Ext? (dy, Oy = W™) @ gr(W') ~ Ext? (6, Ov ¥ gRes(W')) ® gr(W').

Let gRes(W™*)= @ W ® Mw, where My is a graded vector space associated to the multiplicity
Welrr GY
of W. Then gr(W')= @ W*® My,.
Welrr GV

Hence we get the direct summand

P Ext* (v, Sy W @ Myw) @ W* @ My, C Ext* 0y, Oy % gRes(W")) @ gr(W").
Welrr GV

11



Write My = @rezMw i [k] and My, = @keZMa/,k[*k]- Thus the first term has the direct summand

P Ext* (s, Ov £ W & My [K]) @ W™ @ My ;[ k] = P Ext* (5, Ov W & M) W™ © My [~ ).
k€EZ keZ

Taking traces of each My, we obtain a map to Ext* ™% (4, 6V2k:W) ® W*[—E].

In conclusion, we get the map

Ext? (0, ICypr ) @ gr(W') — k@ 5 SBGW Ext?* (5, Oy W) @ W*[—k] = Ext* (v, dy=0(GY)),

and hence

Sym(h/) = P PExt*(0n, ICw~) ® gr(W')[-2i] - EExt™ (v, 6véO(GV))[—2i] =0(9).

W'elrr HY i€Z 1EZL

4.3 Algebraic map

Under the assumption that gRes is monoidal, we have this map is an algebraic homomorphism.

On the other hand, we have a map §"/ < Sym(h¥/) = O(S). By showing O(S) is commutative,
we obtain another map Sym(h\// ) = O(S). But without the assumption, it is not known if this map
coincide with the map defined before.

5 Examples

5.1 The action by standard representations

Here I give an explicit calculation of (5VG* std,, in the GL,, x GL,,, case.

n

Note that Grgr, e, = P"~1 we have ICsq = Cpn-1. Thus 5VG>£ std,, is the pushforward of the

constant sheaf on VOQGrGLmel to Vp.

Since Grgr, ., parameterize lattices A such that O" C A C (t7!O)" and dimA/O"™ = 1, by
definition V@QGIGLH,@1 parameterize such a lattice A and m vectors in this lattice, and the map
V@g(}rnge1 — Vr forgets this lattice.

Hence the image lies in t~'V». For any element in Vp, its preimage is the whole P"~!. For any

element in the image and not in Vi, the preimage is just one point. Thus dy * std,, can be viewed as

n

a sheaf on t 'V /Vio = V. In this viewpoint, the support is the elements in V' whose rank is less or
equal to 1. the stalk at rank 1 is C, and the stalk at 0 is H*(P"~!)[m +n — 1].

Besides, we can calculate the intersection complex directly. A rank 1 matrix can be written as the
product of a non-zero row vector and a non-zero column vector. Thus the open part is (C™\{0} x
C™\{0})/Gn, or the C* bundle O(—1,—1) on P~ x P™~1. Then the whole space is the affine cone
of this line bundle. Now the stalk of the intersection complex at 0 is

(ICe; )o = T<—1 (H*(P" ™! x P"71) /e1(O(=1, =1))[m + n — 1)).

Here, 7 is the truncation functor related to the classical t-structure, and quotient means the taking
the cone of the map

c1(O(=1,-1)) : H*(P" ' x P~ 1) — H* (P x P 1) [-2].
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When n < m, this turns out to be isomorphic to H*(P"~1)[m+n—1] and also (T<2n_oH* (P 1))[m+
n — 1]. Thus we see 5VG4£ std,, ~ IC,,.

Similarly, 6VGE std,, supports on the same set and the stalk at 0 is H*(P™~!)[m + n — 1]. The

decomposition theorem says that this complex is a direct sum of simple objects. Besides IC,,, the
remaining support at 0 and the stalk is (752, H*(P™~1))[m 4 n —1]. Hence is Co[m —n — 1] @ Co[m —
n—3]---®Co[-m+n+1].

This calculation verifies the result in [21] that (SVGi< std,, ~ 5VG4£ gRes(std,,).

m

From this viewpoint, it is clear that the action of H?(P"~') = Ext?*(ICga,) on (6y * ICsa, )o
coincide with the action of H?(P™ 1) = Ext*(ICyyq,,) on (dy * ICsa,, )o-
In fact, we can calculate End((SVG}E std,,) directly. 6VG>£ std, = 7<_1j.C[m + n — 1] fits into an

exact triangle:
T<-15:Cim+n —1] = j.Clm +n — 1] = 7505.Clm +n —1].

Hence an exact triangle

Hom(7<_15:Clm +n —1],7<_15.Clm +n —1]) —

— Hom(7<_1j.C[m +n — 1], j.C[m +n — 1]) = Hom(7<_15.C[m + n — 1], 7>07.C[m + n — 1]).

We can calculate

Hom(7<_15.Clm +n — 1], 7<_1j.C[m + n — 1])
=Hom(7<_15.Clm +n — 1], j.C[m + n — 1])

(7*1<~1J+C[m +n —1],C[m + n — 1])

=Hom(C[m +n —1],Clm +n —1])
—H (P X P [y (O(—1,-1)),

=Hom

and
Hom(7<-1j.C[m +n — 1], 7505 Clm +n — 1])
=Hom(7<_15.Clm +n — 1], i, H*(P""!)[n — m])
=Hom(H*(P" 1) [m +n — 1], H*(P" 1) [n — m)).
When n =1, 6VG>£"stdn = C[m], it is clear the endomorphism is C of degree 0. When m > n > 2,

the minimum degree of the complex Hom(H* (P~ 1) [m+n—1], H*(P"~)[n—m]) is 2m—1—(2n—2) > 3.
Thus we have

Ext?(7<_15.C[m 4+ n — 1], 7<_15.C[m 4+ n — 1]) ~ Ext*(1<_15.C[m +n — 1], j.C[m +n — 1]).
By tracking the action, the map from H*(P"~!) = End(IC4yq, ) and H*(P™~!) = End(ICgq,, ) to

H*(P"~ !t x P™=1)/c;(O(—1, —1)) is the canonical map. Thus the images of H2(P"~!) and H2(P™~1)
are the same. Furthermore, the image to Ext2(5VG>s£ std,,, 5VG>£ std,) is the same.

5.2 The case when n =1
6 Localization

6.1 Compatibility of two actions

6.2 Pass through the Slodowy slice
Consider the case (G, H) = (GLy, GL,).

13



6.3 Linear algebra

We calculate the fiber of the map Sy — g¥"/GY x h¥" /H" up to codimension one.
Elements in Sy look like

x v
v* a1 as as Arm—n,
C1 a1 ag o Am—n—1
,x € gl,,v € stdy,,v* € std},
Cm—n—2 ai a2
Cm—n—1 a1

where ¢; are positive constants. Its image is given by characteristic polynomial of x and this whole
matrix. The later is calculated by

Xe WA — dya N e (=)™ Ty G F D10 (A — ) T 0).
Here d; are positive constants.
Proposition 7. The fiber at a generic point of g¥* )GV x bV*JH" is isomorphic to GV.

Proof. Given two polynomials f()), g(\) of degree n and m. If the discriminant of f and the resultant
of f and g are non-zero, we will show the fiber is GL,,.

Write ¢ = qf + 7 such that degr < n. Then we know q(\) = A™™" — dya A™ "1+ ... +
(=)™ "dy, —pQum—n, which shows that a; are fixed.

Since x has characteristic polynomial x.(\) = f()\), x is conjugated to a diagonal matrix by an
element in GL,,. Write z = g diag(A1, ..., An)g~ " Then v* (A —z)~'v = Y (v*g~1)i(gv)ix=5; - Hence
we have

r(Ai)

dm—n—‘rl Hj#i(Ai - /\j) .

By taking an action of a diagonal matrix, x is unchanged, and we can make (¢~ 'v); = 1. In
conclusion, z = gdiag(A1,..., )9 v = g(1,..., 1) v* = (e1,...,e,)g~ ! gives all the possible
fibers and they are different. O

(U*g)i(g_lq))i =€; =

Proposition 8. The fiber at the hyperplane given by resultant is isomorphic to (GL, x A')/G,,.
Proposition 9. The fiber at the hyperplane given by root hyperplanes of gl,, JGL,, is isomorphic to
GL,.

6.4 Localization
Proposition 10. O(S) is normal.
Proof. Choose a splitting Vg /Vo — Vp. We regard sheaves in D(Vr/(Vo, 1)) as sheaves in D(Vg/Vp).

Then we have
|
0S)= @ Hom@v,ovxW)= P iyl
Welrr GV Welrr GV

As direct sums of costalks, O(S) is a free H¢,p, (pt) ® Heyp, (pt)-module. O

We can use localization to calculate it by fixed points of torus actions.
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For the generic point in ¢ € t, X t,,, the corresponding T-action on Hom(C™, C™) has fixed point
{0}. Let ip: {0} — Vr be the embedding. Hence we have

O(S) @it /6 0 5t /&) Cltn/Sn Xt /Gym) = Hom(igdy, i (v _x O(GLn)))
= Hom(C,C ® O(GL,))) = O(GL,, /.

For the point ¢ € t,, X t,,, lies in the hyperplane given by the resultant, the corresponding T-action
on Hom(C™,C™) has fixed point Hom(C, C), where C C C" and C C C™ are the eigenspaces. Let iy
be the embedding.

To calculate i;(éVG}«i O(GL,)), one can first pull back through i;: Hom(C",C) — V. Then we

have #(3y,_# O(GLy)) = §cn)- * gRes O(GLy) = SrezlCy © O(GL, Y.
n 1
By calculation, we have Hom(i31Cy, i5ICy) = C[—|k|m], and hence

O(9): = Hom(i§6v,i§(5vG»£ O(GL,))) = @kGZO(GLn){ [—|k|m] = O(GL, x A! /Gm)/.

Corollary 3. O(S) is commutative.

In conclusion, the algebraic map O(Sg) — O(S) is isomorphism over Spec H;, (pt) ® Hgy, (pt)
up to a codimension 2 subspace. By localization theorem, these two algebras are isomorphic.
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