ON THE ASCENT OF ALMOST AND QUASI-ATOMICITY
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ABSTRACT. A commutative cancellative monoid is atomic if every non-invertible element factors into
irreducibles (also called atoms), while an integral domain is atomic if its multiplicative monoid is
atomic. Notions weaker than atomicity have been introduced and studied during the past decade,
including almost atomicity and quasi-atomicity, which were coined and first investigated by Boynton
and Coykendall in their study of graphs of divisibility of integral domains. The ascent of atomicity to
polynomial extensions was settled by Roitman back in 1993 while the ascent of atomicity to monoid
domains was settled by Coykendall and the second author in 2019 (in both cases the answer was
negative). The main purpose of this paper is to study the ascent of almost atomicity and quasi-
atomicity to polynomial extensions and monoid domains. Under certain reasonable conditions, we
prove the ascent of both properties to polynomial extensions (over semidomains). Then we construct
an explicit example illustrating that, with no extra condition, quasi-atomicity does not ascend to
polynomial extensions. Finally, we show that, in general, neither almost atomicity nor quasi-atomicity
ascend to monoid domains, improving upon a construction first provided by Coykendall and the second
author for the non-ascent of atomicity.

1. INTRODUCTION

It is well known that the unique factorization property (i.e., satisfying the statement of the FTA)
ascends from any integral domain to its polynomial extension, that is, if R is a UFD so is R[z]. The
first version of this result, often referred to as Gauss’s lemma, was established by Gauss [11] back in
1801, and it is fundamental in the context of commutative ring theory. As the property of having unique
factorization, the property of being Noetherian (i.e., satisfying the ACC on ideals) ascends to polynomial
extensions, and this fact is known as Hilbert’s basis theorem and was proved by Hilbert [24] back in
1890. In general, establishing the ascent of certain algebraic property to polynomial extensions allows
us to identify a new class of commutative rings satisfying the given property. This was a fundamental
part of Noether’s classical approach to commutative ring theory.

The study of factorizations goes back to the nineteenth century as the same was crucial to better
understand and approach fundamental problems in number theory, and it was essential in the devel-
opment of what we call today algebraic number theory and commutative ring theory. One of the first
relevant works on factorizations is present in Kummer’s development of the theory of ideal numbers,
which was motivated by the failure of certain cyclotomic extensions Z[(,] (here ¢, is a p-th root of
unity) to be UFDs [25,26]. Based on a Lamé’s approach (which wrongly assumes that Z[(,] is a UFD
for each prime p), Kummer was able to use his theory of ideal numbers to prove the statement of
Fermat’s Last Theorem for a significant class of primes exponents. This was an essential step in the
development of algebraic number theory. In addition, Kummer’s study of ideal numbers significantly
influenced Dedekind’s pioneering work on ideal theory, turning the notion of ideal numbers into the more
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sophisticated notion of ideals (as we know them today) and giving initial shape to the formal algebraic
machinery we know today as commutative ring theory.

However, it was not until 1990 that factorizations were studied in the more general setting of integral
domains. This study was initiated in [1], where Anderson, Anderson, and Zafrullah introduced the classes
of bounded factorization domains (BFD) and finite factorization domains (FFD). The notion of an FFD
is a natural generalization of that of a UFD, while the notion of a BFD is a natural generalization of that
of an FFD. In the same paper, the authors studied the classes of BFDs and FFDs in connection with
essential number-theoretical notions, including the IDF property (i.e., the existence of irreducible/prime
divisors) and the property of atomicity (i.e., the existential condition in the FTA) and also in connection
with some of the most fundamental ring-theoretical, including the Krull and Noetherian properties, the
Mori property (i.e., the ACC on v-ideals), and the ACCP (i.e., the ACC on principal ideals). In [1],
the authors not only proved that both the bounded and the finite factorization properties ascend to
polynomial extensions, but they emphasized on the still-unsettled ascent of atomicity [1, Question 1]
and ascent of the IDF property [1, Question 2] as (the only two) open questions in their paper.

Although we already mentioned that the property of atomicity refers to the existential statement in
the FTA, a more formal and general definition goes as follows: a cancellative and commutative monoid is
called atomic if every non-invertible element factors into finitely many atoms (i.e., irreducible elements),
while an integral domain is atomic if its multiplicative monoid is atomic. The (potential) ascent of
atomicity was first proposed by Gilmer [14, page 189] in the more general setting of monoid rings in the
form of the following question: given a pair (M, R), where M is a monoid and R is a ring, when the
condition that both M is an atomic monoid and R is an atomic domain guarantees that the monoid ring
R[M] consisting of all polynomial expressions with coefficients in R and exponents in M is also atomic?
The ascent of atomicity to polynomial rings is the especial version of this question when M is a rank-one
free commutative monoid (i.e., an isomorphic copy of Ny). The ascent of atomicity to polynomial rings,
proposed in [, Question 1], was answered by Roitman [34], who provided a technical but systematic
construction of atomic domains having certain desirable algebraic/divisibility properties, which can be
manipulated to achieve non-atomicity in their corresponding polynomial domains.

The main purpose of this paper is to study the potential ascent to both polynomial extensions
and monoid domains of almost atomicity and quasi-atomicity, two natural generalizations of atomicity
introduced by Boynton and Coykendall in 2015 in their study of graphs of divisibility of integral domains.
In a cancellative and commutative monoid M, we say that an element is atomic if it is invertible or
factors into finitely many atoms, and then the monoid M is called almost atomic (resp., quasi-atomic)
if for each b € M there exists an atomic element a € M (resp., an element ¢ € M) such that ab is
atomic in M. Following Boynton and Coykendall [3], we say that an integral domain is almost atomic
(resp., quasi-atomic) provided that its multiplicative monoid is almost atomic (resp., quasi-atomic). The
properties of almost atomicity and quasi-atomicity have been also considered by Lebowitz-Lockard [27],
where he provided various interesting constructions of non-atomic domains satisfying at least one of
such properties.

In Section 2, in an attempt to make this paper as self-contained as possible, we briefly revise the
terminology, notation, and main known results that we will use throughout the rest of the paper.

In Section 3, we study the ascent of atomicity in the general setting of monoid semirings, generalizing
the original setting that Gilmer proposed in [14] to study the ascent of atomicity. First, we provide a
sufficient condition on any pair (S, M), where S is a semiring and M is a monoid, so that whenever S
is an almost atomic semidomain (resp., quasi-atomic semidomain) and M is an almost atomic monoid
(resp., quasi-atomic monoid), the monoid semidomain S[M] is also almost atomic (resp., quasi-atomic).
The case when M is isomorphic to the monoid Ny has been recently addressed by Polo and the second
author in [20], where they proved that the existence of maximal common divisors in S for any nonempty
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finite subsets of S is a sufficient condition to ensure the ascent of both almost atomicity [20, Theorem 4.2]
and quasi-atomicity [20, Theorem 5.3]. The same condition was first proposed and proved to be sufficient
by Roitman for the ascent of atomicity to polynomial rings [34] (the non-ascent of atomicity to power
series ring was later proved by Roitman [33] in 2000).

In Section 4, our main purpose is to establish the non-ascent of quasi-atomicity to polynomial exten-
sions, which is a result parallel to the non-ascent of atomicity to polynomial extensions already provided
n [34]. In [27, Example 7], Lebowitz-Lockard discussed the subring R := Z + Zz + R[z]z? of R[z] as
an illustrative example of a quasi-atomic domain that is not almost atomic. Motivated by this exam-
ple, we first identify a larger class of quasi-atomic domains that are not almost atomic, and then we
prove the main result of Section 4: although R is a quasi-atomic domain, its polynomial domain is not
quasi-atomic, obtaining that the property of quasi-atomicity does not ascend to polynomial extensions.
We should emphasize that we were unable to answer whether the property of almost atomicity ascends
to polynomial extensions and, in this direction, we leave the corresponding open question to motivate
readers to complement the results we have obtained in this paper.

In Section 5, we proved that for any prime p neither the property of almost atomicity nor that of
quasi-atomicity ascend from a monoid to its monoid domain over the finite field F,. In the recent
paper [21], Rabinovitz and the second author constructed a rank-one torsion-free atomic monoid M
such that for any integral domain R the monoid domain R[M] is not atomic. The first result in this
direction, which established the non-ascent of atomicity to monoid domains, was given by Coykendall
and the second author in [9]: for each prime p, they constructed a finite-rank (indeed, rank at most 2)
torsion-free atomic monoid M whose monoid domain F,[M] is not atomic. We conclude this paper
improving and generalizing the same result. The extent to which we generalize this result allows us to
provide a negative answer to the ascent of almost atomicity and quasi-atomicity to monoid domains
over fields. Although we reuse crucial ideas introduced in [9, Section 5], the construction we present
here contains significant deviations from some of the arguments presented in [9].

2. BACKGROUND

2.1. General Notation. Following usual conventions, we let Z, QQ, and R denote the set of integers,
rational numbers, and real numbers, respectively. In addition, we let N and Ny denote the set of positive
and nonnegative integers, respectively. In addition, while we let P denote the set of standard primes.
For b,c € Z with b < ¢, we let [b, ¢] stand for the discrete interval from b to ¢:

[b,c] :={meZ:b<m<c}.

Also, for S CR and r € R, we set S>, :={s € S:s>r}, and we define Ss,, S<, and S, similarly.
For each ¢ € Qs, we let n(¢q) and d(q) be the unique relatively prime positive integers n and d such
that the equality ¢ = % holds. Lastly, for each p € P, we let v,: Q* — Z denote the standard p-adic
valuation map.

2.2. Commutative Monoids. Although a monoid is usually defined as a semigroup with an identity
element, in the scope of this paper, the term monoid refers to a cancellative and commutative semigroup
with an identity element. Let M be a monoid (multiplicatively written). The group consisting of all
invertible elements of M is denoted by % (M) and the elements in % (M) are called units. When % (M)
is the trivial group, we say that M is reduced. The Grothendieck group of M, denoted by ¥ (M) is
the abelian group (unique up to isomorphism) that satisfies the following property: if an abelian group
contains an isomorphic copy of M, then it must contain an isomorphic copy of ¥4 (M). The rank of a
monoid is the rank of its Grothendieck group as a Z-module. A monoid is called torsion-free provided
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that its Grothendieck group is torsion-free. Every rank-one torsion monoid that is not a group can be
realized as an additive submonoid of Q>¢ ([13, Theorem 3.12]).

A nonunit a € M\% (M) is called an atom (or an irreducible element) if, for all b,c € M, the equality
a = be implies that {b, c} intersects Z (M). We let o7 (M) denote the set consisting of all the atoms
of M. In addition, b € M is called atomic if either b € % (M) or b factors into finitely many atoms.
Following Cohn [7], we say that M is atomic if every element of M is atomic. We say that an element
b € M is almost atomic (resp., quasi-atomic) provided that we can take an atomic element (resp., an
element) a € M such that ab is atomic. Clearly, an atomic element is almost atomic, whereas an almost
atomic element is quasi-atomic. Following Boynton and Coykendall [3], we say that a monoid is almost
atomic (resp., quasi-atomic) if all its elements are almost atomic (resp., quasi-atomic). Almost atomicity
and quasi-atomicity are the most relevant algebraic notions in the scope of this paper.

A subset I of M is called an ideal if IM := {bc:b € I and c € M} is a subset of I, and we say that
an ideal [ is principal if I = bM := {bm : m € M} for some b € M. We say that an element by € M
satisfies the ascending chain condition on principal ideals (ACCP) provided that all ascending chains of
principal ideals starting at by stabilize, which means that if (b, M ),>¢ is an ascending chain consisting
of principal ideals of M, then there exists ng € N such that b, M = b,,M when n > ny. Accordingly,
we say that M satisfies the ACCP if every element of M satisfies the ACCP. If a monoid satisfies the
ACCP, then one can readily check that it is atomic. For any b,c € M, we say that b divides ¢ and write
b |n cif ¢ CbM or, equivalently, cM C bM. A submonoid N of M is called divisor-closed if the only
pairs (b,c) € M x N with b |y ¢ are those in N x N. Let S be a nonempty subset of M. A common
divisor of S is an element d € M such that d |y s for all s € S, while a common divisor d € M of S
is a mazimal common divisor (MCD) if the only common divisors of the set {% :s€S } are the units
of M. The monoid M is called an MCD monoid if each nonempty finite subset of M has an MCD.

In this last paragraph, it is convenient to assume that M is written additively. We say that M is
linearly ordered with respect to an order relation < on M provided that for all b,¢c,d € M the order
relation b < ¢ guarantees b+ d < ¢+ d. Then we say that M is linearly orderable if M is a linearly
ordered monoid with respect to some total order relation on M. It is due to Levi [28] that every
torsion-free abelian group is linearly orderable. Since monoids here are assumed to be cancellative and
commutative, this implies that a monoid is linearly orderable if and only if it is torsion-free. Another
consequence of the mentioned Levi’s result is that if M is reduced and torsion-free, then its Grothendieck
group ¢ (M) can be turn into a linearly ordered abelian group with respect to an order relation < such
that the nonnegative cone of ¥ (M) contains M, which means that M C {g € ¥(M) : 0 < ¢g}. An
additive submonoid of Q consisting of nonnegative rational is called a Puiseux monoid. The atomic
structure and arithmetic of factorizations of Puiseux monoids and their monoid domains have been
actively investigated for almost a decade (see [5,12,18] and references therein). A subclass of Puiseux
monoids plays a crucial role in the main construction of Section 5.

2.3. Commutative Semirings. A set S endowed with two binary operations ‘+’ and ‘-, called addition
and multiplication, respectively, is called a commutative semiring if (S,+) is a monoid and (S,-) is a
commutative semigroup which are compatible via the distributive law, that is, b- (c+d) = b-c+b-d for
all b,c,d € S. The additive identity element of a commutative semiring is denoted by 0, and we tacitly
assume from now on that any commutative semiring we mention here has a multiplicative identity,
which we denote by 1. Let S be a semiring. For any b,c¢ € S, we often write bc instead of b-c. A
subset S’ of a semiring S is called a subsemiring of S provided that (S’,4) is a submonoid of (S, +)
that is closed under multiplication and contains 1. For semirings S and T', a map ¢: S — T is called a
semiring homomorphism if ¢ is a monoid homomorphism from (S, +) to (T, -) such that ¢(1) = 1 and
@(be) = ¢(b)p(c) for all b, ¢ € S. Semiring isomorphisms are defined in the obvious way.
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Given that (S,+4) is cancellative and commutative, its Grothendieck group ¥4(S) is an (additive)
abelian group: S is called a semidomain if its multiplication can be extended to ¢(S) turning ¥(S)
into an integral domain. It is clear that any integral domain is a semidomain, and it is not hard to
show that S is a semidomain if and only if S is isomorphic to a subsemiring of an integral domain
[20, Lemma 2.1].

Let S be a semidomain. The subset consisting of all the nonzero elements of S is clearly a monoid
under multiplication, which is called the multiplicative monoid of S and denoted by S*. The group of
units of S, denoted by S*, is the group of units of S*. We say that an element of S is an atom (resp.,
atomic element) if it is an atom (resp., an atomic element) of S*, and we let 2/(S) denote the set of
atoms of S (of course, &7 (S) = o7 (5*)). We say that the semidomain S is atomic (resp., almost atomic,
quasi-atomic) if its multiplicative monoid S* is atomic (almost atomic, quasi-atomic). For b,c € S, if b
divides ¢ in S*, then we write b |g ¢ instead of b |g« c.

2.4. Monoid Semidomains. Let S be a semidomain, and let M be a torsion-free monoid. The monoid
semidomain of M over S, denoted by S[x; M] is defined to be the semiring consisting of all formal
polynomial expressions with exponents in M and coefficients in S (with polynomial-like addition and
multiplication). We refer to elements of S as constant (polynomial expressions). We write S[M] instead
of S[z; M] when we see no risk of ambiguity. The most relevant especial cases of monoid semidomains

are the following:
e M = Ny, in which case, S[Np] is denoted by S[z] and called the polynomial semidomain/extension

of S, and

e S is an integral domain, in which case, S[M] is a monoid domain.

Several results on the ascent of sub-atomic and arithmetic properties to polynomial semidomains were
recently investigated in [20] and [19], respectively (almost atomicity and quasi-atomicity were both part
of the sub-atomic properties considered in [20]. On the other hand, the ascent of atomic and factorization
properties to monoid domains has been the subject of a great deal of study in recent years (see, for
instance, [4,9,21,30]).

Let R denote the Grothendieck group of S, and assume that R is an integral domain containing S as
a subsemiring (we can do so because S is a semidomain). It is clear that S[M] is a subsemiring of R[M],
which is an integral domains, as it is well known that a commutative monoid ring of a torsion-free monoid
over an integral domain is an integral domain [14, Theorem 8.1]. Therefore S[M] is a semidomain. Also,
S[M] admits only trivial units as we can readily verify that S[M]* = {tz* :t € S* and u € Z (M)},
which is well known in the special case of monoid domains [14, Theorem 11.1]. Because S[M] is a
subsemiring of R[M], any nonzero polynomial expression f(z) of S[M] can be written in the following
way:

(2.1) f(x) =cio® + -+ c i,

where c¢q,...,c, € S are nonzero coefficients and q1,...,q, € M are pairwise distinct exponents. Then
the support of f(x), denoted by supp f(z), is the set of exponents {qi,...,q,}, which is uniquely
determined by f(x). We say that f(z) is a monomial if supp f(z) is a singleton.

As M is torsion-free, it must be linearly orderable. Fix an order relation < on M turning M into
a linearly ordered monoid. Then the support of f(z) is also linearly ordered, and so we can assume
that g1 < --+ < @n. As for standard polynomials, we can now define the notions of order and degree
of a nonzero polynomial expression in S[M]: we call ord f(x) := ¢1 and deg f(z) := ¢, the order and
the degree of f(x), respectively. Finally, we call ¢; (resp., c,x%) the leading coefficient (resp., leading
term) of the polynomial expression f(x), while we call ¢; (resp., c129) the order coefficient (resp., order

term) of f(x).
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3. MONOID SEMIDOMAINS

The purpose of this section is twofold. On the one hand, we providing conditions under which the
properties of almost atomicity and quasi-atomicity ascend to monoid semidomains. On the other hand,
we enlarge the classes of known almost atomic and quasi-atomic semidomains.

3.1. Ascent of Almost and Quasi-Atomicity. We start by establishing a sufficient condition for the
ascent of almost atomicity and quasi-atomicity to monoid semidomains: S[M] is almost atomic (resp.,
quasi-atomic) for any pair (S, M) consisting of an almost atomic (resp., quasi-atomic) semidomain S
and a torsion-free reduced monoid M satisfying the ACCP.

Let M be a torsion-free monoid, and let S be a semidomain. We let S*2™ denote the monoid
consisting of all the nonzero monomials of S[M], that is,

S*aM = {sx?:5€ S* and ¢ € M}.
Before proving the main theorem of this section, we need to argue the following lemma.

Lemma 3.1. Let M be a torsion-free monoid, and let S be a semidomain. Then the following statements
hold.

(1) S* is a divisor-closed submonoid of S*z™ provided that M is reduced.
(2) S*xM is a divisor-closed submonoid of S[M]*.

Proof. (1) Tt is clear that S* is a submonoid of S*2™. On the other hand, from the fact that M is a
reduced monoid, one can readily obtain that S* is a divisor-closed submonoid of S*z™. Thus, S* is a
divisor-closed submonoid of S[M]*.

(2) Observe that every divisor of a nonzero monomial in S[M] must be a nonzero monomial, which

means that the set S*z consisting of all nonzero monomials of S[M] is a divisor-closed submonoid of
S[M]*. O

It will be convenient at this point to generalize the notion of indecomposable polynomial given by
Roitman in [34]. Let R be a subring of S[M], and let f(z) be a nonzero polynomial expression in R.
Then we say that f(z) is indecomposable in R provided that it is not the product of two nonconstant
polynomial expressions. We are in a position to establish the main result of this section.

Theorem 3.2. Let M be a reduced monoid satisfying the ACCP, and let S be a semidomain such that
the set of nonzero coefficients of each indecomposable polynomial expression in S[M] has an MCD in S.
Then the following statements hold.

(1) If S is almost atomic, then S[M] is almost atomic.
(2) If S is quasi-atomic, then S[M] is quasi-atomic.

Proof. (1) Fix a nonzero polynomial expression f(z) in S[M]*. Now consider the set L consisting of all
indices ¢ € N such that we can write f(x) = g1(x) ... ge(x) for some nonconstant polynomial expressions
g1(x),...,ge(x) € S[M]. The fact that M satisfies the ACCP guarantees that the set L is bounded.
Therefore we can assume that £ is the largest index in L. The maximality of ¢ immediately implies that
the polynomial expressions gi(z),...,g¢(x) are indecomposable. As a consequence, for each i € [1,/],
we can guarantee the existence of a maximal common divisor d; € S of the set of coefficients of the
polynomial expression g;(x). Then we can write

(3.1) f(@) = day(z) - - - ae(z),
where d := dy ---dy and a;(7) = gid(iz) € S[M]* for every i € [1,{]. As the polynomial expressions
g1(x), ..., ge(x) are indecomposable in S[M], so are ai(z),...,as(x). This, along with the observation

that, for any ¢ € [1,£], the only common divisors of the set of nonzero coefficients of a;(z) in S* are
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the units of S, ensures that a;(z) is an atom in S[M]. In addition, as S* is an almost atomic monoid,
we can take an atomic element s € S* such that sd is also an atomic element of S*. In fact, both s
and sd are atomic elements in S[M]* as we have seen earlier that S* is a divisor-closed submonoid of
S[M]*. This, together with the fact that aj(x),...,ae(x) are atoms of S[M], implies that f(z) is an
almost atomic element of S[M]: indeed, sf(z) = (sd)ai(x)---ap(x). Hence S[M] is an almost atomic
semidomain.

(2) Assume that S is quasi-atomic, and fix a nonzero polynomial expression f(x) in S[M]. Using the
fact that M satisfies the ACCP, we can proceed as we did in part (a) to write f(z) = day(z) ... as(x),
where d is an element of S and a;(x),...,as(z) are atoms of S[M]. Now the fact that S is quasi-atomic
allows us to pick s € S* such that sd is an atomic element of S, which in turn implies that sd is an atomic
element of S[M] because S* is a divisor-closed submonoid of S[M]*. Since sd and a;(z),...,as(x) are
all atomic elements in S[M], the equality sf(x) = (sd)ai(x)...ae(x) ensures that f(z) is a quasi-atomic
element of S[M]. Hence we conclude that S[M] is a quasi-atomic semidomain. O

In the statement of Theorem 3.2, one of the hypotheses is that the exponent monoid M satisfies
the ACCP, which is a condition that may not seem sharp enough a priori. As we will illustrate in
the following example, such condition is the best one can hope: indeed, Section 5 is devoted to the
construction of a class {M,, : p € P} consisting of rank-one torsion-free reduced atomic monoids such
that none of the monoid domains in the set {F,[M,] : p € P} is quasi-atomic. In the following example
we provide a brief outline of the construction that motivated our work in Section 5.

273

are rank-one torsion-free monoids, and assume that the intermediate monoid M is atomic. A monoid
satisfying these conditions was explicitly constructed in [9, Proposition 5.1]. Observe that M does not
satisfy the ACCP because (2% + M)n>1 is an ascending chain of principal ideals of M that does not
stabilize. Thus, M is a reduced atomic monoid that does not satisfy the ACCP. On the other hand, as
[y is a field, it trivially follows that the set of nonzero coefficients of each indecomposable polynomial in
F3[M] has an MCD in Fy. Finally, as we shall see in the proof of Theorem 5.6, although Fy is trivially
almost atomic (and so quasi-atomic), the monoid domain Fo[M] is not even quasi-atomic.

Example 3.3. [9, Section 5] Let Z[%] soEMC Z[l 1] o be an extension of Puiseux monoids, which

3.2. Another Construction of Almost and Quasi-Atomic Domains. The sufficient condition for
the ascent of atomicity given in the previous section allows us to enlarge the class of known almost
atomic and quasi-atomic semidomains. We proceed to identify further classes of almost atomic and
quasi-atomic domains inside polynomial rings. Our new setting consists of a ring extension S C F' C K,
where S is an integral domain with quotient field F' and K is the field extension of F. Our target
integral domains are the subrings

(3.2) S[x] + F[z]z® and S[z] + K[z]2?

of the polynomial domain K[z]. Observe that S* is a divisor-closed submonoid of the multiplicative
monoids of both S[x] + F[z]z? and S[z] + K[z]2z?. Before providing sufficient conditions for the integral
domains in (3.2) to be almost atomic and quasi-atomic, respectively, it is convenient to argue the
following lemma, which describes the multiplicative submonoid consisting of all atomic elements of
S[z] + K[z]z?.

Lemma 3.4. Let K be a field, and let S be a subring of K that satisfies the ACCP. For a nonzero
f(x) € S[z] + K[z]a?, the following statements hold.

(1) f(x) is atomic if its order coefficient belongs to S.

(2) If S is not a field, then f(x) is atomic if and only if its order coefficient belongs to S.
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Proof. Set R := S[x]+ K|[z]z?. Since S* is a divisor-closed submonoid of R*, the units of R are precisely
the units of S, that is, R* = S*.

(1) Assume that the order coefficient of f(z) belongs to S, and let us show that f(z) is atomic.
Towards this, we first observe that, since the set of divisors of x in R is S* U S*x, the monomial x
must be an atom. This, along with the fact that S is atomic (because S satisfies the ACCP), ensures
that every monomial of the form sx™, where s € S* and n € Ny is an atomic element of R. Thus,
if ord f(z) > 2, then we can replace f(x) by f(x)/z~1T°"d/(@) to guarantee ord f(x) € {0,1}, which
we assume for the rest of this paragraph. It is clear that the set consisting of all £ € N such that
f(x) can be written as the product of ¢ nonconstant polynomials in R is bounded. Hence we can write
f(z) = g1(x) ... ge(x) for some nonconstant polynomials g1 (), ..., ge(x) € R, assuming that ¢ was taken
as large as it can possibly be. This immediately implies that g;(z) is indecomposable for every ¢ € [[1, £].
In addition, for each i € [1, /], the fact that ord g;(z) < ord f(x) < 1 ensures that the order coefficient
of g;(x) belongs to S, and so the fact that S satisfies the ACCP guarantees that every ascending chain
of principal ideals of S starting at the order coefficient of g;(z) must stabilize. Hence, for each i € [1,¢],
we can take d; € S* such that %f) is an atom in R. As f(x) = (dy---dp) Hle g"'d(;"’:), the fact that S is
atomic implies that f(z) is an atomic element.

(2) Now assume that S is not a field, which implies that S*\ S* is a nonempty set. We have seen in the
previous part that if the order coefficient of f(z) belongs to S, then f(z) is atomic. Conversely, assume
that f(z) is atomic. If ord f(z) € {0,1}, then the order coeflicient of f(z) belongs to S by the definition
of R. Assume therefore that ord f(z) > 2. Write f(z) = a1(x) - - - ag(x), where a; (), ..., as(z) are atoms
in R. Observe that orda;(z) € {0,1} for every i € [1,£]: indeed, if orda;(x) > 2 for some i € [1,4],
then one could take any element s € S*\ S* to non-trivially factor a;(z) in R as 5#7 contradicting
that a;(x) is an atom in R. As the order of every factor on the right-hand side of f(z) = a1(z) - - - a¢(x)
belongs to {0,1}, their order coefficients must belong to S, which implies that the order coefficient of

f(x) belongs to S. O

We proceed to characterize when the integral domain S[z] + F[z]z? and S[z] + K[z]z? are almost

atomic and quasi-atomic, respectively. We would like to emphasizing that the first prototypical example
of the form (3.2) were provided by Lebowitz-Lockard in [27].

Proposition 3.5. Let S be an integral domain that satisfies the ACCP whose quotient field is F', and
let ' C K be an extension field. Then the following statements hold.

(1) Flz] + K[z]z? satisfies the ACCP and so is atomic.
(2) S[x] + Flz]2? is almost atomic.
(3) S[x] + K[z]x? is quasi-atomic.

Proof. (1) Set R := F[z] + K|[z]z?. Clearly, R* = F* and so K[z]* "R = K*XNR = F* = R*.
This, along with the fact that K[z] satisfies the ACCP (indeed, it is a UFD), implies that R satisfies
the ACCP [23, Proposition 2.1].

(2) Set R := S[z] + F|[r]z?, and let us show that R is almost atomic. Fix a nonzero polynomial f(z)
in R, and let ¢ be the order coefficient of f(x). Since ¢ is a nonzero element of F', which is the quotient
field of S, we can take a nonzero s € S such that sq € S. Since S satisfies the ACCP, the element s is
atomic in S, and so it is also atomic in R because S* is a divisor-closed submonoid of R*. On the other
hand, sf(z) is a polynomial in R whose order coefficient belongs to S, and so sf(z) is atomic in R by
virtue of part (1) of Lemma 3.4. Hence R is almost atomic.

(3) Now set R := S[z] + K[z]z?, and let us show that R is quasi-atomic. Let f(z) be a nonzero

polynomial in R, and let k € K denote the order coefficient of f(z). Since K is a field, we know that
the monomial k122 belongs to R. Set g(x) := (k~12?)f(x). Then g(z) is a polynomial in K[z] whose
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order is at least 2, whence g(z) € R. In addition, the order coefficient of g(x) is 1. Thus, it follows from
part (1) of Lemma 3.4 that g(z) is atomic in R, and so f(x) is a quasi-atomic element in R. Hence we
conclude that R is a quasi-atomic domain. O

We can now use Proposition 3.5 to produce examples of almost atomic (resp., quasi-atomic) domains
that are not atomic (resp., almost atomic).

Example 3.6. (1) Let S be an integral domain that satisfies the ACCP but is not a field, and
let F' be the quotient field of S. In light of part (2) of Proposition 3.5, the integral domain
R := S[x] + F[z]2? is almost atomic. However, R is not atomic because no monomial of degree
2 in R is an atomic element: indeed, after fixing any ¢ € F'*, one can take a € 27(S) (such an
element ¢ must exits because S is atomic but not a field) and non-trivially factor gz? as a(%x2).
Thus, R is an almost atomic domain that is not atomic. The special case Z[z] + R[x]z? was first
discussed in [27, Section 2].

(2) Now take S to be an integral domain that satisfies the ACCP but is not a field. Let F' be the
quotient field of S, and let K be an extension field of F' such that FF C K. It follows from part (3)
of Proposition 3.5, that R := S[x] + F|x]z? is a quasi-atomic domain. Now fix x € K \ F, and
consider the monomial xx2, which is an element of R. In light of part (1) of Lemma 3.4, the
order coefficient of each atomic element of R belongs to S, whence f(z)(kz?) cannot be atomic
in R for any atomic element f(z) in R. Thus, R is a quasi-atomic domain that is not almost
atomic. The special case Z[x] + Q[z]2z? was first discussed in [27, Section 2].

4. POLYNOMIAL EXTENSIONS

As mentioned in the introduction, the property of being atomic does not ascend to polynomial
extensions, and this is due to Roitman [34]. Motivated by this result, we argue in this section a
similar result for quasi-atomicity. In order to prove that quasi-atomicity does not ascend to polynomial
extensions, we will prove, in the next theorem, that the polynomial domain of

(4.1) R:=7Z+ Zx + 2°R[z]

is not quasi-atomic (we have already seen in Example 3.6 that R is a quasi-atomic domain). It suffices
to argue that the polynomial extension of R is not quasi-atomic, and we will do so in the next theorem.

Before proving the main theorem of this section, we introduce some notation that will be helpful.
Let R be a commutative ring with identity. For a nonzero polynomial f € Rlz,y], we can write

fy(@) = 3 bi(y)a' € Rlz] (where bo(y), ..., bm(y) € Rly]) or fu(y) = 321 g ci(2)y" € Rly] (where
co(x),...,cn(z) € Rlz]): we call deg f, and deg f, the x-degree and the y-degree of f, respectively.

Theorem 4.1. Let R be the integral domain in (4.1), and let y be an (algebraically) independent variable
over R. Then the polynomial extension R[y] is not quasi-atomic.

Proof. Let a and 8 be two (distinct) positive irrational numbers such that 1, , 8 are linearly independent
over Q. Now consider the following two elements of R:

a:=az’® and b:=fz?.

We are done once we prove that the linear polynomial ay+b is not quasi-atomic in R[y]. Assume, towards
a contradiction, that ay + b is quasi-atomic. Thus, there exists a nonzero polynomial F(y) € R[y| such
that F(y)(ay + b) factors into irreducibles in R[y]. Write

(4.2) F(y)(ay +b) = H Ai(y),
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where A;(y),...,An(y) are irreducibles in R[y]. As 0 ¢ {a,b}, after simplifying powers of y on both
sides of the previous equality, we can assume that A;(y) is not associate with y for any ¢ € [1,n]. Since
R[z,y] is an atomic domain (indeed, Rz, y] is a UFD), for each i € [1,n], there exists ¢; € N such that

(4.3) F(y)(ay+b) = HHa”xy

i=175=1
for irreducible polynomials a; 1(z,y),. .., air (x,y) in Rz, y] such that A;(y) = a;1(x,y) - aie, (z,y)
for every i € [1,n]. Since (4.3) takes place in R[z,y], which is a UFD, we can write

(4.4) ay+b=r [ ai;(xy),

(i,5)€S
for some nonzero r € R and a (nonempty) subset S of [1,n] x [1, max; ¢;]. Now as ay+b has y-degree 1,
there exists exactly one irreducible factor a(x,y) := a, j,)(x,y) on the right-hand side of (4.4) having
y-degree 1 while the rest of such factors have y-degree 0, that is, belong to R[z]. Thus, we can write
ay+b = a(z,y)B(z) for some nonzero polynomial B(z) € R[z]. As a and b are both monomials in R[z],
so is B(x). Write B(z) = ~yz¢ for a nonzero coefficient v € R and an exponent e € [0,2]. Thus,

a(w,y) = “a®¢ eyt Darme,
Y Y
Because a(z,y) is an irreducible factor of A; (y) in R[x,y], we can write A; ( ) = a(x,y)t(x,y) for
some t(z,y) € Rlz,y]. Let d be the y-degree of t(z,y), and take Ty(z),...,Ty(z) € R[z] such that
t(r,y) = Z?:o T;(z)y*. Therefore
(4.5)
« /8 d B a /8
A (y —( ey z* e) Ty l: 22 Tyttt + ( 2 (2 + S yl> 4 Eg2eq
o)== Z >t (ST ST )+

Ba2=eTy(z) + 222 ¢T,_y(x). After considering

For each index ¢ € [0,d + 1], we can set p;(z) := g

T_1(z) = Ty41(z) = 0, we can write A;,(y) as follows:

2

d+1

(4.6) Aig(y) = pi(x)y
=0

Observe that ord Tj(z) < e for some j € [0,d] as otherwise 2 and Zdﬂ b ’éx) y/ would be two nonunits

in R[y] and so 4;, (y) = 2( ZdH pJ(w) y?) would be a nontrivial factorization of A;,(y) in R[y]. However,

this is not possible because A oy ) is irreducible. As a consequence, the set
D:={i€[0,d] : ord T;(x) < e}
is nonempty. The set of indexes D will play a crucial role throughout the rest of this proof.

For each i € [0,d], we let ¢; denote the order coefficient of T;(x), letting ¢; = 0 when T;(z) is the
zero polynomial. Because A;,(y) is an irreducible polynomial in R[y] that is not associate with y, its
constant coefficient, %xQ_eTo(m) is nonzero, whence Ty(x) # 0 and ¢y # 0. Let us prove the following
claim.

CLAM 1. For each i € [0, d] such that T;(x) # 0 and ord T;(z) < e, the following statements hold.

e If i =0, then COGZ

e If i € [1,d] and T;—1 # 0, then %Ci € Z when ord T;(x) < ordT;_1(z), and %ci,l € 7Z when
ord T;(x) > ord T;_1 ().

e If i =d, then %cd €.
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PROOF OF CLAIM 1. Fix i € [0, d] such that ord T;(x) < e. First suppose that ¢ = 0. The polynomial
gmz_eTo(x) € R[z] belongs to R because it is the constant coefficient of A;,(y) € R[y]. Also, from the

assumption ord Ty (x) < e, we obtain that ord gxz_eTo(x) < 2, which implies that the order coefficient of

B

ng*eTO(z) must be an integer: S¢0 € Z. The other cases are similar. Therefore Claim 1 is established.

Set s := min D, and let us verify the following two inequalities from Claim 1.

e d > 1. It suffices to note that if the equality d = 0 held, then ord Tp(x) = ord Ty(x) < e (we
have already seen that Ty(z) # 0), and so Claim 1 would imply that «, 3 € Z, which is not
possible because a and S are linearly independent over Q.

e s < d. Suppose otherwise that s = d. Therefore it follows from the minimality of s that
ordTy—1(z) > e > ord Ty(x), whence %cd € 7 by Claim 1. Another application of Claim 1
guarantees that %cd € 7Z. As aresult, o, 8 € %Z. Once again this is not possible because «
and [ are linearly independent over Q.

Let os denote the order of the polynomial Ts(x). Our next goal is to establish the following claim,
after which we will be in a position to finish our proof.

CLAIM 2. For each k € [s+1,d], there exists a nonconstant polynomial Q(z) € Q[z] such that Qy, (%)cs
is the coefficient of degree o, of Ty ().

PrOOF OF CLAIM 2. We proceed by induction on k. For the base case, assume that Kk = s + 1 and
consider the two cases.

First, assume that s = 0. This means that the inequality ord Tp(x) < e holds, and so it follows from
Claim 1 that %co € Z. Therefore we can write v as follows:

_%
(4.7) V= ZOB

for some nonzero 2o € Z (both 3 and cg are nonzero). We know that p; (z) = ng‘eTl(m)+%x2‘eTo (z) €
R. Note Ti(z) # 0 as otherwise 22> “Ty(x) = pi(z) € R and so ord S2?~“Ty(z) < 2 would imply
that %co = z; for some z; € Z; however, in this case, 2—204 = g—zﬂ by virtue of (4.7), which is not
possible because « and § are linearly independent over Q. In a similar way, we can deduce from
Claim 1 that ordTi(x) < ordTp(z). Let c¢1,, denote the coefficient of degree o9 of Ti(x). Since
pi(z) = ng*eTl(x) + %foeTo(x) € R, we know that the coefficient of degree ord %x%eTo(x) in

p1(x) must be an integer, which implies that 501,00 + %co = z; for some z; € Z. After rearranging

this last equation and substituting (4.7), we obtain ¢;,,, = i—;co — %co. Then, we are done if we take
Q1(z) = —z + Zt. Now assume that s > 1, and write

_ ﬁ 2—e S
(4.8) ps(x) = ;x Ts(x) + ;x Ts—1(x) € R.

It follows from the minimality of s that ord Ts_1(x) > e > ordTs(z), and so Claim 1 guarantees
that gcs = 2z, for some nonzero z; € Z. Since pgri(x) = ng_eTs_H(x) + %a:Q_eTs(x) € R and
ord %xQ_ETS(x) < 2, the coefficient of psy1(x) of degree ord %J;Q_QTS (z) belongs to Z, which means that

o
(4.9) “Csilo, T —Cs = Zst1
Y Y
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for some zs4y1 € Z, where co11,, is the coefficient of degree o5 of the polynomial Tsiq(x). After
substituting = = 2 in (4.9) and taking Qs41(z) = -z + 2L € Q[x], we see that

Zerl Q@ @
Cs+1,0, = ( Z - E)cs = Qs+1 (E)Csa
s

which completes our base case.

To argue our inductive step, we assume that for some k € [s + 2,d — 1] there exists a nonconstant
polynomial Qj_1(z) € Q[z] such that the Qk,l(%)cs is the coefficient of degree os of Ty_1(z). As
0s < e, the coefficient of degree 2 — e + o5 of pr(z) = ng_eTk(m) + %mz_eTk_l(x) belongs to Z, which
means that

Chyo, + %qu(%)cs = Z%

for some Z € Z. It follows now from the minimality of s that ord Ts_1(z) > e > ord Ty(z), and so it
follows from Claim 1 that gcs = 2, for some z, € Z. Therefore

Chos = ;Zscs - %Qk—l (%)Cs = Qk (%)Cs

for the nonconstant polynomial Qg (z) = % — 2Qk—1(x) € Q[z]. This completes the proof of the
inductive step, and so Claim 2 has been established.

To conclude our proof, let ¢ be the maximum index in [0,d] such that ord Ty(xz) < e, and set
0 := ordx?>~°Ty(z) < 2. First, let us consider that | < d. Then we can say that ord 2>~ ¢Ty(x) < 2
while ord 22~¢T}(z) > 2 for every j € [¢ + 1,d]. Let c¢, be the degree-o coefficient of the polynomial
%$2_6Tg($). Since ord #2~¢Tyy1 > 2 and peiq(z) = %x2_eTg(m) + ng_eTgH(x) € R, then ¢4, € Z.
Also, notice that from ord Ts_1 > e > ord T (x), we obtain that % = j—% for some z; € Z. Now we can
use Claim 2 to pick a nonconstant polynomial Q¢(z) € Q[x] such that Qg(%)cs is the degree-o coefficient
of 227¢Ty(z), which implies that

ZS%QZ(%) = zf%@z(%)cs = %Q@(%)Cs = Cp0-

Therefore Q(x) := z,2Q¢(x) — ¢cr,0 € Q[z] is a nonzero polynomial having ¢ as a root. However, this
contradicts that o and 8 were initially taken algebraically independent. The case where [ = d follows
similarly. Therefore we conclude that R[y] is not quasi-atomic. (]

We conclude this section with the following related question.

Question 4.2. Does almost atomicity ascend from any integral domain to its polynomial extension?

5. MoNoOID DOMAINS OVER FINITE FIELDS

Our primary goal in this section is to argue that almost atomicity and quasi-atomicity do not ascend
to monoid domains over fields. More specifically, we will prove that for any p € P, there exists a rank-one
torsion-free atomic monoid M such that the monoid domain F,[M] is not quasi-atomic. The strategy
we will follow is the one introduced in [9, Section 5], where a similar result was proved for atomicity for
the case of p = 2.

Theorem 5.1. For each p € P, there exists a rank-one torsion-free atomic monoid M such that the
monoid algebra Fy[M] is not even quasi-atomic.
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5.1. Construction of the Monoid of Exponents. Let us proceed to construct, for each pair (¢,r) €
P x Z>o with ged(g,r) = 1, an atomic Puiseux monoid that we will use later as exponent monoids of
certain monoid algebras.

Proposition 5.2. For every pair (q,7) € P X Z>2, there exists a Puiseur monoid M, , satisfying the
following properties:

(1) Nol3] € My C2Z[3,3], and
(2) M, is atomic.

Proof. Let (£,)n>1 be a strictly increasing sequence of positive integers such that rln=tn-1 > 9¢n+1 for
every n € N, and let L denote the underlying set of (¢, ),>1. For each n € N, set

. qrrtr —1 4 b gt +1

On 2= 2q2nr€n an o 2(]2"7"[" :
Clearly, 1 > b,, > a,, for every n € N. In addition, after replacing in the expression 5 mbzn + 2 +;'r‘l" =
both ¢** and ¢*"*2 by ¢"*! and both 7~ and rf+' by 2, we see that 2qn+11 > quirln + 2q2n+;rgn+l,

from which one obtains the following:

1 1 1 q—1 1 1 1 0
In = 9qn T og@npta . 9gntl T 271 2¢2nrbn Z 2¢"+1 + 922t L
Thus, a,, > b, for every n € N, and so the sequence by, a1, bs, as, ... is a strictly decreasing sequence
of rationals in (0,1). Now let M := M, , denote the Puiseux monoid generated by the set
A :=A{an, b, :n € N}
As i = a, + b, € M for every n € N, the inclusion Ny [1] C M, holds. On the other hand, the fact
that A is a subset of Z[f 1] ensures that M, C Z[f 1]. Hence M satisfies property (1).
Therefore we are done once we argue that M is atomic, which amounts to proving that o/ (M) = A.
Since M is reduced, we only need to check that A is a minimal generating set of M. We suppose, by

way of contradiction, that A is not a minimal generating set of M, and split the rest of the proof into
the following cases.

CASE 1: M = (A\ {a,}) for some n € N. Since a,, = min{a;,b; : i € [1,n]}, we see that b, 1ar an
and a;, b; 1ar a,, for any i € [1,n — 1]. This, along with the fact that A\ {a,} is a generating set of M,
allows us to pick an index N € N with N > n and such that

N N
(5.1) ap, = Z a;a; + Z Bibs

1=n+1 i=n+1
for some coefficients ay,11,...,any € Ng and B41,...,8n8 € Ng. We can further assume that ay # 0
or By # 0. Observe that «; # f; for some ¢ € [n+ 1, N] as otherwise

N
a, = Zazaz—i—b Zozzi7

1=n—+1 1=n—+1

which is not possible because ged(g,7) = 1 and r | d(a,,). Therefore we can set

(5.2) m :=max{i € [n+1,N] : oy # S;}.
Assume first that oy, > By,. Then we can rewrite (5.1) as follows:

qrm—l a; (¢t — 1) + Bi(g'rh + 1
. zﬁz > p e D,

1=n—+1
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After multiplying both sides of (5.3) by 2¢*>Vr’m, one can readily see that each summand involved in
the resulting equality except perhaps ¢V ~2™(ay, — Bm)(¢™r'™ — 1) is divisible by rfm=fm-1_ As a
consequence, o, — fn, must also be divisible by rfm~¢ém-1_ Therefore ay, — By > 41, and so we
can use the inequalities a,, > by4+1 > w%ﬂ to obtain that

rem_enl—l

(54) an Z A Am Z (am - ﬁm)berl 2 7jm_€m*1bm+1 > W > 17

which is a contradiction. In a completely similar manner, we can produce a contradiction after assuming
that 8, > am,.

CASE 2: M = (A\ {b,}) for some n € N. As we did with a,, in Case 1, in this case we can write
bn — aay, in the following way:

(5.5) n — QQy, = Z oa; + Z Bib,

1=n—+1 1=n—+1
for some index N € N with N > n and coefficients a;,11,...,any € Ng and 8,41, ..., 88 € Ny such that
either ay > 0 or S > 0. Since 2a,, > b, we see that a,, € {0,1}. As in the previous case, we can take
the index m as in (5.2). First, assume that o, > S, and then write

R Y A N T D et bt L)

2q2m/rzm 2(]227"@

i=m i1=n+1
Since d(b,, — anay) € {g?"rfn,2¢*"r!}, after multiplying both sides of (5.6) by 2¢?Vrm we will obtain
that v, — By, is divisible by 7= ~*m-1_and an argument similar to that in (5.4) can be used to produced
the desired contradiction. In a similar way, we can obtain a contradiction after assuming the inequality
aTﬂ < /877L'

Having obtained a contradiction in each of the analyzed cases, we can assure now that A is a minimal
generating set of M, which means that M is an atomic monoid with &/ (M) = A. O

5.2. The Ascent of Quasi-Atomicity. The main purpose of this section is to prove that the property
of being quasi-atomic does not ascend to monoid algebras over fields. Before establishing our desired
result, which is Theorem 5.6, we need some basics on irreducibility of certain polynomials over finite
fields. We start with a criterion for irreducibility of binomials over finite fields given by Blake et al
(indeed, are more general result is given in [6, Theorem 1])

Theorem 5.3. [2, Theorem 3.1] Let q be a power of a prime, and let a € 7 be an element with order e.
Then, for each t € N with t > 2, the binomial x* — a is irreducible in F,[z] if and only if t satisfies the
following conditions:

(i) ged (£, 2=2) = 1,
(ii) each prime factor of t divides e, and
(iii) if 4| t, then 4| q— 1.
From the previous theorem, we can deduce the following corollary.

Corollary 5.4. Let q be a prime such that ¢ =1 (mod 4). Ifa € FJ is a primitive root modulo q, then
the binomial 29~V" — a is irreducible in F,[x] for every n € N.
Proof. After taking a to be a primitive root modulo ¢ (i.e., a generator of the multiplicative cyclic group

[Fx), it suffices to verify the three conditions in the statement of Theorem 5.3 for ¢t = (¢ — 1)". First,
observe that the order of a in F, is e = ¢ — 1, so condition (i) holds. As the prime factors of (¢ —1)" and
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q — 1 are the same, condition (ii) also holds. Condition (iii) also holds as the congruence ¢ =1 (mod 4)
implies that ¢ is an odd prime and so 4 | ¢ — 1. Hence the binomial 2(4=1" — ¢ is irreducible in F,[z]
by virtue of Theorem 5.3. O

Let us turn our attention to another criterion for irreducibility of certain trinomials over finite fields,
given also by Blake et al.

Theorem 5.5. [2, Theorem 3.3] Let p be a prime such that p =3 (mod 4) and write p+1 = 27s for
some 7,s € N with s being odd. Then the trinomial 22° — 2az?" ' — 1 is irreducible in Fplz] (and so
irreducible over Fpm for any odd integer m), where a = a., is obtained recursively as follows:
(i) seta; =0;
1

, ptl
(i1) for j € 2,7 —1], set a; = (%’TIH) i
p+1
(iii) finally, set a, = (%11)

We are in a position to establish the primary result of this section, namely, that the property of
being quasi-atomic does not ascend to monoid algebras over fields in the class of rank-one torsion-free
monoids.

Theorem 5.6. For each q € P, there exists a rank-one torsion-free atomic monoid M such that the
monoid algebra Fy[M] is not quasi-atomic.

Proof. First, for each ¢ € P, we choose an integer d € N>, that depends on ¢, and then we construct a
pair (My, fq) of a Puiseux monoid My and a nonconstant polynomial fq € Fy[z] with degree at most 2
satisfying the following conditions:

(1) M, is atomic, and NO[ ] CMdCZ[ ], and
(2) deg f € {1,2} and f4(2%") is irreducible in Fy[z] for every n € N.

It is convenient to split the construction of the pairs (M, f,,) into the following cases, depending on the
residue class of ¢ modulo 4.

CASE 1: ¢ = 2 (mod 4). In this case, ¢ = 2, and we set d := 3. Therefore My := M, 3, and we
set fq(z) := 2> + x + 1. It is known that the polynomial fy(z®") = 223" + 23" + 1 is an irreducible
polynomial in Fa[x] for every n € N (see, for instance, [9, Lemma 5.3]).

CASE 2: ¢ =1 (mod 4). In this case, we set d := g — 1, and so we let My be the Puiseux monoid
Mq,q—1 in the statement of Proposition 5.2, which was proved to be an atomic monoid having No ] as a
submonoid. Also, set fq(x) = x—a, where a is a primitive root modulo ¢ in F,. In light of Corollary 5.4,
the binomial z(¢=Y" — g is irreducible in F,[z] for every n € N.

CASE 3: ¢ =1 (mod 4). In this case, we set d := 2. Then we let My be the Puiseux monoid M, 5 in
the statement of Proposition 5.2, which is an atomic monoid having Ny [%] as a submonoid. Also, we set
fa(x) :== 2% — 2az — a for some element a € F, produced as described in the statement of Theorem 5.5.
Thus, it follows from the same theorem that the polynomial fy (a?Q) is irreducible in F,[z] for every
n € N (this implies that a # 0).

We proceed to argue that the monoid domain F,[My] is not even quasi-atomic. Suppose, towards
a contradiction, that Fy[Mjy] is quasi-atomic. In particular, the polynomial fy(z) is a quasi-atomic
element, and so there exist a nonzero f(z) € Fy[My] and atoms aq(z),...,ae(x) € Fy[My] such that
f(x)fa(z) = a1(x) - - ae(z). In light of condition (1) above, we can take n € N sufficiently large so that
f(x(qd)n) and aq (m(qd)"), cee,Qy (x(qd)n) are standard polynomials, and so the equality

(5.7) f(x (gd)™ ) fa d” Ha (qd
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takes place inside the polynomial ring F,[z], which is a UFD. This, along with the fact that fq(z?") is
irreducible in Fy[z] (by condition (2) above), ensures the existence of an exponent ¢ € N and an index
J € [1,€] such that

(5.8) a; («19") = g(z) fa ()"

for some g(x) € Fy[z] such that g(z) |r, ) f(z19D"). Now set G(z) = g(gc)fd(xd")t_1 € F,[My].
Because G(z) is a polynomial expression in F,[My], we can write

k
(5.9) G(z) =) ba™
i=1

for some nonzero coefficients b1, ...,b, € F; and exponents si,...,s; € Mg with s; < --- < s5. In light
of (5.8) and (5.9), one obtains the equality a;(z99") = f4(2?") Zle biz®. Since deg fq € {1,2}, we
can take coefficients cg, ¢1,co € Fy with ¢; # 0 such that fy(z) = ca2? + c12 + ¢o (the irreducibility of
fa(z) implies that the coefficient ¢g is nonzero, but ¢co —0 when ¢ = 1 (mod 4)). After setting r; := T

for every i € [1, k], we can write

k k k k
(5.10) a;(z) = (czqu" + clxt%" + co) Z b;x" = co Z bixq%ﬂu; +c Z bm%ﬂ*ﬂ + ¢ Z bx".
i=1 i=1 i=1 i=1

Before proceeding, we need to argue the following claim.
CLAIM. rq,...,7Tx € My.
PROOF OF CLAIM. First, observe that 71 is the order of a;(x) in Fy[Mjy], so r1 € M. Then we are done
if k = 1. Assume, therefore, that k > 2. If r, belongs to the support of a;(x), then ro € My. On the
other hand, if o ¢ suppa;(z), then the term cyboz™ in the rightmost part of (5.10) must cancel with
either Clex%‘Hl or clblxq%+rl and, as a result, ro € {q% +rq, ﬁ + 7’1} C My. Asry,ro € My, we are
done when k£ = 2. Thus, we suppose that k£ > 3 and set

m :=max{i € [1,k] : r1,...,7 € My}.
We claim that m = k. Assume, by way of contradiction, that m < k. Then r,,,11 ¢ supp a,(x) because
of the maximality of m, and so there exists ¢ € [1,m] such that the term coby, 12"+ in the rightmost
part of (5.10) cancels with either CQbix%"Hi or clbix%"‘*'”. Thus, rmi1 € {% + 7, ﬁ + ri} C My,
contradicting once again the maximality of m. Hence the claim is established.

We can now conclude our proof. In light of the established claim, we see that the polynomial
expression B(z) := Zle biz" belongs to Fy[My]. Also, the equality B(z) = G(2(%9" ") guarantees
that B(x) is not a unit of F,[My]. Therefore the equality

k
aj(z) = (czqu" —&—cle%" —i—co) szﬂ?” = fd(x%")B(:E)
i=1
contradicts the fact that a;(x) is irreducible in F,[My]. Hence we conclude that the monoid domain
F,[M,] is not quasi-atomic. O

As an immediate consequence of Theorem 5.6, we obtain that none of the properties of almost
atomicity and quasi-atomicity ascend to monoid domains over finite fields.

Corollary 5.7. For each q € P, there exists a rank-one torsion-free almost atomic (resp., quasi-atomic)
monoid M such that the monoid domain Fy[M] is not almost atomic (resp., quasi-atomic).



ON THE ASCENT OF ALMOST AND QUASI-ATOMICITY TO MONOID SEMIDOMAINS 17

ACKNOWLEDGMENTS

This paper is the result of a collaboration carried out while the authors where part of CrowdMath,
and the authors would like to thank the CrowdMath organizers and directors for making this research
opportunity possible. While working on this paper, the second author was kindly supported by the NSF
under the award DMS-2213323.

REFERENCES

[1] D. D. Anderson, D. F. Anderson, and M. Zafrullah, Factorizations in integral domains, J. Pure Appl. Algebra 69
(1990) 1-19.
[2] 1. F. Blake, X. Gao, R. C. Mullin, S. A. Vanstone, and T. Yaghoobian, Applications of finite fields, Springer Science
+ Business Media, New York 1993.
[3] J. Boynton and J. Coykendall, On the graph divisibility of an integral domain, Canad. Math. Bull. 58 (2015) 449-458.
[4] A. Bu, F. Gotti, B. Li, and A. Zhao, One-dimensional monoid algebras and ascending chains of principal ideals.
Submitted. Preprint on arXiv: https://arxiv.org/abs/2409.00580
[5] S. T. Chapman, J. Jang, J. Mao, and S. Mao, On the set of Betti elements of a Puiseuz monoid, Bull. Aust. Math.
Soc. (to appear). DOI: https://doi.org/10.1017/S0004972724000352
[6] S. D. Cohen, On irreducible polynomials of certain types in finite fields Proc. Camb. Phil. Soc. (1969) 66 (1969)
335-344.
[7] P. M. Cohn, Bezout rings and and their subrings, Proc. Cambridge Philos. Soc. 64 (1968) 251-264.
[8] J. Coykendall and F. Gotti, Atomicity in integral domains. In: Recent Progress in Rings and Factorization Theory
(Eds. M. Bresar, A. Geroldinger, B. Olberding, and D. Smertnig), Springer Nature, Switzerland, 2024.
[9] J. Coykendall and F. Gotti, On the atomicity of monoid algebras, J. Algebra 539 (2019) 138-151.
[10] L. Fuchs, Infinite Abelian Groups I, Academic Press, 1970.
[11] C. F. Gauss, Disquisitiones Arithmeticae, Article 42, 1801.
[12] A. Geroldinger and F. Gotti, On monoid algebras having every nonempty subset of N>o as a length set. Preprint on
arXiv: https://arxiv.org/abs/2404.11494
[13] A. Geroldinger, F. Gotti, and S. Tringali, On strongly primary monoids, with a focus on Puiseux monoids, J. Algebra
567 (2021) 310-345.
[14] R. Gilmer, Commutative Semigroup Rings, The University of Chicago Press, 1984.
[15] R. Gilmer and T. Parker, Divisibility properties in semigroup rings, Michigan Math. J. 21 (1974) 65-86.
[16] F. Gotti, Puiseuz monoids and transfer homomorphisms, J. Algebra 516 (2018) 95-114.
[17] F. Gotti, Increasing positive monoids of ordered fields are FF-monoids, J. Algebra 518 (2019) 40-56.
[18] F. Gotti and B. Li, Atomic semigroup rings and the ascending chain condition on principal ideals, Proc. Amer. Math.
Soc. 151 (2023) 2291-2302.
[19] F. Gotti and H. Polo, On the arithmetic of polynomial semidomains, Forum Math. 35 (2023) 1179-1197.
[20] F. Gotti and H. Polo, On the subatomicity of polynomial semidomains. In: Algebra and Polynomials: Algebraic,
Number Theoretic, and Topological Aspects of Ring Theory (Eds. J. L. Chabert, M. Fontana, S. Frisch, S. Glaz, and
K. Johnson) pp. 197-212, Springer Nature, Switzerland, 2023.
[21] F. Gotti and H. Rabinovitz, On the ascent of atomicity to monoid algebras, J. Algebra 663 (2025) 857—881.
. Gotti and J. Vulakh, On the atomic structure of torsion-free monoids, Semigroup Forum — .
22] F. Gotti and J. Vulakh, On th ] ] ids, Semi F 107 (2023) 402-423
. Grams, Atomic rings and the ascending chain condition for principal ideals, Math. Proc. Cambridge Philos. Soc.
23] A. G A ic i d th di hai dition f incipal ideals, Math. P Cambridge Philos. S
75 (1974) 321-329.
. Hilbert, er die eorie der algebraischen Formen, Mathematische Annalen — .
24] D. Hilb Uber die Theorie d lgebraischen F Math ische Annalen 36 (1890) 473-534
. E. Kummer, Uber die Zerlegung der aus Wurzeln der Einheit gebildeten complezen Zahlen in ihre Primfactoren,
25] E. E. K Uber die Zerl d Wi In der Einheit gebild l Zahlen in ihre Primf
J. Reine Angew. Math. 35 (1847) 327-367.
. E. Kummer, Mémoire sur la théorie des nombres complexes composés de racines de l'unité et de nombres entiers,
26] E. E. K Mémoi la théorie d b l 5s d ; de Vunité et d b i
J. Math. Pures Appl. 16 (1851) 377-498.
. Lebowitz-Lockard, On domains with properties weaker than atomicity, Comm. Algebra — .
27] N. Lebowitz-Lockard, On d i ith ] ker th icity, C Algebra 47 (2019) 1862-1868
. . Levi, Arithmetische Gesetze im Gebiete diskreter Gruppen, Rend. Circ. Mat. Palermo — .
28] F. W. Levi, Arith ische G im Gebiete disk G Rend. Circ. Mat. Pal 35 (1913) 225-236
. Lin, H. Rabinovitz, an . ang e Furstenberg property on Puiseux monoids. Submitted. Preprint on arXiv:
29] A. Lin, H. Rabinovi d Q. Zh The Fi b Pui ids. Submitted. P i Xi
https://arxiv.org/pdf/2309.12372
[30] P. Malcolmson and F. Okoh, Polynomial extensions of idf-domains and of idpf-domains, Proc. Amer. Math. Soc.
137 (2009) 431-437.
. Noether, Idealtheorie in Ringbereichen, Mathematische Annalen —66.
31] E. Noether, Idealtheorie in Ringbereichen, Math ische Annalen 83 (1921) 24-66



18 V. GONZALEZ, F. GOTTI, AND I. PANPALIYA

[32] J. Okninriski, Commutative monoid rings with krull dimension. In: Semigroups Theory and Applications (Eds. H.
Jirgensen, G. Lallement, and H. J. Weinert), pp. 251-259. Lecture Notes in Mathematics, vol. 1320. Springer, Berlin,
Heidelberg, 1988.

[33] M. Roitman, On the atomic property for power series rings, J. Pure Appl. Algebra 145 (2000) 309-319.
[34] M. Roitman, Polynomial extensions of atomic domains, J. Pure Appl. Algebra 87 (1993) 187-199.

DEPARTMENT OF MATHEMATICS, MiAMI DADE COLLEGE, Miami, FL 33135
Email address: vmichelg@mdc.edu

DEPARTMENT OF MATHEMATICS, MIT, CAMBRIDGE, MA 02139
Email address: fgotti@mit.edu

DEPARTMENT OF MATHEMATICS, SEATTLE UNIVERSITY, SEATTLE, WA 98105
Email address: panpaliya.ishan@gmail.com



	1. Introduction
	2. Background
	2.1. General Notation
	2.2. Commutative Monoids
	2.3. Commutative Semirings
	2.4. Monoid Semidomains

	3. Monoid Semidomains
	3.1. Ascent of Almost and Quasi-Atomicity
	3.2. Another Construction of Almost and Quasi-Atomic Domains

	4. Polynomial Extensions
	5. Monoid Domains over Finite Fields
	5.1. Construction of the Monoid of Exponents
	5.2. The Ascent of Quasi-Atomicity

	Acknowledgments
	References

