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SUMS OF SQUARES IN RATIONAL MONOGENIC SEMIDOMAINS

HERMIONE GRANGER, HARRY POTTER, AND RON WEASLEY

Abstract. Lagrange’s four-square theorem states that every nonnegative integer is
the sum of four squares of integers. In this paper, we investigate the same question
in rational monogenic semidomains, which are the semirings consisting of the values
that polynomials with nonnegative integer coefficients take at a fixed positive rational
number. We prove that every element of such a semiring is a sum of squares of
elements of the same semiring if and only if the fixed rational number or its reciprocal
is an integer; in this case, four squares always suffice, and four squares are sometimes
needed. In all the remaining cases, we show that there are elements that can be written
as sums of squares, but only using as many squares as we wish, which means that the
Pythagoras number of the semiring is infinite. Finally, for the rational number two
thirds, we describe the elements that are sums of squares, provide an algorithm to
decide whether a given element is a sum of squares, and bound the number of squares
needed in terms of the denominator of the element.

1. Introduction: Lagrange’s Ancient Spell

Which positive integers can be written as sums of squares of integers, and how many
squares are needed? Questions of this kind are among the oldest in number theory.
In his 1621 edition of Diophantus’ Arithmetica, Bachet conjectured that every positive
integer is a sum of four squares of integers, and Lagrange proved this conjecture in 1770.
Before that, Fermat had claimed and Euler had proved that an odd prime is a sum of
two squares exactly when it leaves remainder 1 upon division by 4, and around 1800
Legendre and Gauss characterized the positive integers that are sums of three squares.
Since 7 is not a sum of three squares, the number four in Lagrange’s theorem cannot
be improved. We refer the reader to [12, 14] for proofs of these classical results and for
some of their history, and to [3] for their history in the wizarding world.

One can ask the same questions for every commutative ring R: which elements of R
are sums of squares, and is there a positive integer n such that every sum of squares
in R is a sum of at most n squares? The smallest such n, when it exists, is called
the Pythagoras number of R. For instance, the Pythagoras number of the field of
real numbers is 1, while the Pythagoras number of the field of rational numbers is 4.
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Pythagoras numbers of fields and rings have been systematically investigated in the
literature (see [6] and the references therein, and see [20] for an arithmantic point of
view).

In this paper, we study sums of squares in a class of semirings. A semidomain is a
subset of an integral domain that contains 0 and 1 and is closed under both addition and
multiplication. For instance, the set of nonnegative integers is a semidomain, and so
is the set of nonnegative rational numbers. In a semidomain consisting of nonnegative
real numbers, every element is a candidate to be a sum of squares, and so it is natural
to ask whether every element is a sum of squares, exactly as Lagrange’s theorem does
for the nonnegative integers. Our main objects of study are the rational monogenic
semidomains : for a positive rational number q, the rational monogenic semidomain
N0[q] is the set of all the values f(q), where f ranges over all polynomials with nonneg-
ative integer coefficients. Equivalently, N0[q] is the smallest semidomain containing q.
For instance, N0[1/2] consists of the nonnegative rational numbers whose denominators
are powers of 2, while N0[2/3] is a more mysterious semidomain: it contains 2/3 and
4/9, but it does not contain 1/3. The additive and multiplicative structures of rational
monogenic semidomains (and of some of their generalizations) have been investigated
in recent years from the point of view of factorization theory [1, 5, 7, 11].

Here is the question that motivated this paper: for which positive rational numbers q
is every element of N0[q] a sum of squares of elements of N0[q], and how many squares
are needed in this case? An important subtlety is that the square roots must belong
to N0[q]: just as underage wizards are not allowed to use magic outside Hogwarts, our
square roots are not allowed to leave N0[q]. For instance, the equality

2

3
=

(2
3

)2

+
(1
3

)2

+
(1
3

)2

does not express 2/3 as a sum of squares in N0[2/3] because 1/3 /∈ N0[2/3]. In fact, we
will see that 2/3 is not a sum of squares in N0[2/3] at all. The main result of this paper
is the following theorem, which completely answers our motivating question.

Main Theorem. Let q = a/b, where a and b are relatively prime positive integers.

(1) If either a = 1 or b = 1 then every element of N0[q] is a sum of at most four
squares of elements of N0[q], and the element 7 is not a sum of fewer than four
such squares.

(2) If a > 1 and b > 1 then q is not a sum of squares of elements of N0[q]. Moreover,
for each N ∈ N, there exists an element of N0[q] that is a sum of N squares of
elements of N0[q] but is not a sum of fewer than N such squares.

In terms of Pythagoras numbers, the Main Theorem says that the Pythagoras number
of N0[q] is 4 when either a = 1 or b = 1, and it is infinite otherwise. Observe that part (2)
is much stronger than saying that not every element of N0[q] is a sum of squares: it
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says that even the elements that are sums of squares may need as many squares as we
wish.

When a > 1 and b > 1, it is natural to ask which elements of N0[q] are sums of
squares, and how many squares each of them needs. For q = 2/3, we completely answer
the first question: an element of N0[2/3] is a sum of squares if and only if it belongs
to the smaller semidomain N0[4/9], and this can be decided by a simple algorithm. We
also bound the number of squares needed in terms of the denominator of the element,
and we show that whether an element is a sum of one or two squares can be decided
by a finite computation. The second question, namely, computing the least number of
squares needed by an arbitrary element of N0[2/3], remains open.

This paper is organized as follows. In Section 2, we introduce the notation and
terminology we will use throughout this paper, and we recall the classical theorems
on sums of squares of integers that we will need. In Section 3, we prove part (1) of
the Main Theorem together with the first statement of part (2), and we illustrate with
some examples the role played by the ambient semidomain. In Section 4, we establish
a rigidity property of polynomials whose coefficients belong to {0, 1}, and we use it
to complete the proof of the Main Theorem. Finally, in Section 5, we focus on the
semidomain N0[2/3], and we conclude with some open questions.

2. Background: The Standard Book of Spells

In this section, we introduce the notation and terminology we will use throughout
this paper, and we recall the classical results on sums of squares of integers that we need
later. For background on semirings, see [9]. For the basics of witchcraft and wizardry,
see [16], and for the standard spells and their underlying theory, see [10, 21].

Following standard notation, we let Z, Q, and R denote the sets of integers, rational
numbers, and real numbers, respectively. Additionally, we let N denote the set of
positive integers, and we set N0 := {0} ∪ N. Given r ∈ R and S ⊆ R, we set S≥r :=
{s ∈ S : s ≥ r}, and we define S>r in a similar way. Form,n ∈ Z withm ≤ n, we denote
by Jm,nK the discrete interval from m to n; that is, Jm,nK := {k ∈ Z : m ≤ k ≤ n}. For
q ∈ Q>0, we let n(q) and d(q) denote the unique positive integers such that q = n(q)/d(q)
and gcd(n(q), d(q)) = 1. For b ∈ N, we let Z[1/b] denote the ring of rational numbers
that can be written as m/bk for some m ∈ Z and k ∈ N0. As usual, for m,n ∈ N, we
write m | n when m divides n, while for elements x and y of a semidomain S, we write
x |S y when y = xz for some z ∈ S. Finally, for v0, . . . , vh ∈ N0, we set

⟨v0, . . . , vh⟩ := {c0v0 + · · ·+ chvh : c0, . . . , ch ∈ N0},

which is the additive submonoid of N0 generated by v0, . . . , vh.



4 H. GRANGER, H. POTTER, AND R. WEASLEY

2.1. The Wizarding World: Semidomains and Rational Monogenic Semido-
mains. Recall that a commutative ring with identity is an integral domain provided
that it contains no nonzero zero-divisors.

Definition 2.1. Let R be an integral domain. A subset S of R is called a semidomain
if 0, 1 ∈ S and S is closed under both addition and multiplication. A semidomain S is
called positive if S ⊆ R≥0.

Here are some basic examples of semidomains.

Example 2.2. Every integral domain is a semidomain. The sets N0, Q≥0, and R≥0 are
positive semidomains. On the other hand, the set N0[X] of polynomials with nonneg-
ative integer coefficients is a semidomain of the integral domain Z[X], but it is not a
positive semidomain. ■

Semidomains have been studied from the point of view of factorization theory in [11].
In this paper we focus on the following class of positive semidomains.

Definition 2.3. For q ∈ Q>0, the rational monogenic semidomain generated by q is

Sq := N0[q] := {f(q) : f ∈ N0[X]}.

Since f(q) + g(q) = (f + g)(q) and f(q)g(q) = (fg)(q) for all f, g ∈ N0[X], the set Sq

is a positive semidomain containing q. Moreover, every semidomain of R containing q
contains f(q) for each f ∈ N0[X], and so Sq is the smallest semidomain of R containing q.
The additive monoid of Sq is the Puiseux monoid generated by the geometric sequence
(qn)n≥0, whose factorization invariants were studied in [5], while the semidomains Sq

were investigated from the point of view of atomicity in [1], where they are called
exponential Puiseux semirings.

Let us look at three examples of rational monogenic semidomains.

Example 2.4.

(1) For n ∈ N, we see that Sn = N0.

(2) For b ∈ N, we see that S1/b = {m/bk : m, k ∈ N0} = Z[1/b]≥0.

(3) The semidomain S2/3 contains 1, 2/3, 4/9, 5/3 = 1+2/3, and 13/9 = 1+(2/3)2.
As we will see in Example 2.6, the semidomain S2/3 does not contain 1/3. ■

The following lemma collects three basic properties of rational monogenic semido-
mains that we will use repeatedly throughout this paper.

Lemma 2.5. Let q = a/b, where a, b ∈ N and gcd(a, b) = 1. Then the following
statements hold.

(1) The inclusion Sq ⊆ Z[1/b] holds.
(2) If q > 1 then every element of Sq that is smaller than q belongs to N0.
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(3) If q < 1 then every element of Sq that is smaller than 1 belongs to qSq := {qx :
x ∈ Sq}.

Proof. (1) Take f =
∑d

k=0 ckX
k ∈ N0[X]. After clearing denominators, we see that

f(q) =
(∑d

k=0 cka
kbd−k

)
/bd ∈ Z[1/b].

(2) Assume that q > 1, and take f =
∑d

k=0 ckX
k ∈ N0[X] such that f(q) < q. If

ck ̸= 0 for some k ∈ J1, dK then f(q) ≥ ckq
k ≥ q because q > 1, which is not possible.

Hence f = c0, and so f(q) = c0 ∈ N0.

(3) Assume that q < 1, and take f ∈ N0[X] such that f(q) < 1. If the constant
coefficient of f were positive then f(q) ≥ 1. Hence f = Xg for some g ∈ N0[X], which
implies that f(q) = q g(q) ∈ qSq. □

The inclusion in part (1) of Lemma 2.5 is not always an equality, as the following
example illustrates.

Example 2.6. Set q = 2/3. By part (1) of Lemma 2.5, the inclusion Sq ⊆ Z[1/3] holds.
However, 1/3 /∈ Sq. To argue this, suppose, by way of contradiction, that 1/3 ∈ Sq.

Since 1/3 < 1, it follows from part (3) of Lemma 2.5 that 1/3 =
∑d

k=1 ck(2/3)
k for

some d ∈ N and c1, . . . , cd ∈ N0. After multiplying both sides of this equality by 3d, we
obtain that

3d−1 =
d∑

k=1

ck2
k3d−k,

which is not possible because the left-hand side is odd while the right-hand side is even.
On the other hand, observe that 3/2 /∈ Sq because 3/2 /∈ Z[1/3]. ■

2.2. Ancient Runes: Classical Results over the Nonnegative Integers. We
proceed to recall the classical results on sums of squares of integers that motivated this
paper (see [2] for their translation into ancient runes). Only parts (2) and (3) of the
following theorem will be used in the proofs of our results.

Theorem 2.7. For each n ∈ N, the following statements hold.

(1) Fermat–Euler [12, Chapter XX]: n is a sum of two squares of integers if and
only if every prime congruent to 3 modulo 4 appears with an even exponent in
the prime factorization of n.

(2) Legendre–Gauss [14, Chapter 1]: n is a sum of three squares of integers if
and only if n ̸= 4h(8j + 7) for all h, j ∈ N0.

(3) Lagrange [12, Chapter XX]: n is a sum of four squares of integers.

Let us take a look at an example.
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Example 2.8. Observe that 13 = 22 + 32 is a sum of two squares, which is consistent
with the fact that 13 ≡ 1 (mod 4) is a prime. Since 3 appears with exponent 1 in the
prime factorization of 21 = 3 · 7, the integer 21 is not a sum of two squares, but it is a
sum of three squares: 21 = 42+22+12. On the other hand, 7 = 22+12+12+12 is not a
sum of three squares because it has the form 40(8 ·0+7). Similarly, 28 = 52+12+12+12

is not a sum of three squares because it has the form 41(8 · 0 + 7). ■

The number 7, which Tom Riddle considered the most powerfully magical number
[17], will play a crucial role in Section 3. We conclude this subsection with two further
celebrated results, which we will not use but which illustrate how much is known about
sums of squares of integers.

Remark 2.9. For each n ∈ N, let r4(n) be the number of quadruples (x1, . . . , x4) ∈ Z4

such that x2
1 + · · · + x2

4 = n, where the order of the entries matters. Then Jacobi’s
four-square theorem (see [12, Chapter XX]) states that

r4(n) = 8
∑
d|n
4∤d

d.

On the other hand, if B(x) denotes the number of positive integers at most x that are
sums of two squares then Landau’s theorem states that B(x) ∼ Kx/

√
log x as x → ∞,

where K ≈ 0.7642 is the Landau–Ramanujan constant (see the survey [4]).

2.3. Ollivander’s Measurements: Sums of Squares in Positive Semidomains.
We are now in a position to introduce the main definitions of this paper. Just as Mr.
Ollivander carefully measures every wand before it chooses its wizard [15], we measure
each element of a positive semidomain by the number of squares it needs.

Definition 2.10. Let S be a positive semidomain. We set

ΣS2 :=

{ r∑
i=1

x2
i : r ∈ N0 and x1, . . . , xr ∈ S

}
,

where the empty sum is 0. For each s ∈ S, the square length of s is

ℓS(s) := min{r ∈ N0 : s = x2
1 + · · ·+ x2

r for some x1, . . . , xr ∈ S},

where ℓS(s) := ∞ if s /∈ ΣS2. The universal square bound and the Pythagoras number
of S are, respectively,

u(S) := sup{ℓS(s) : s ∈ S} and p(S) := sup{ℓS(s) : s ∈ ΣS2}.

For q ∈ Q>0, we write u(q) and p(q) instead of u(Sq) and p(Sq), respectively.
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Since 0 = 02, repeated and zero summands are allowed in our representations, and so
an element is a sum of at most r squares if and only if it is a sum of exactly r squares.
Since ΣS2 ⊆ S, the inequality p(S) ≤ u(S) holds. Also, if u(S) is finite then ℓS(s) < ∞
for every s ∈ S, which means that S = ΣS2.

Let us compute these invariants for three familiar positive semidomains.

Example 2.11.

(1) For S = N0, it follows from Lagrange’s theorem that ΣS2 = S and u(S) ≤ 4.
By Example 2.8, we see that ℓS(13) = 2, ℓS(21) = 3, and ℓS(7) = ℓS(28) = 4.
Hence u(N0) = p(N0) = 4.

(2) For S = Q≥0, take m ∈ N0 and n ∈ N. By Lagrange’s theorem, there exist
v1, . . . , v4 ∈ N0 such that mn = v21 + · · ·+ v24, and so

m

n
=

mn

n2
=

(v1
n

)2

+ · · ·+
(v4
n

)2

.

Hence u(Q≥0) ≤ 4. We will see in Proposition 3.1 that u(Q≥0) = p(Q≥0) = 4.

(3) For S = R≥0, every element is the square of its square root, and so u(R≥0) =
p(R≥0) = 1. ■

The set ΣS2 is not only closed under addition, but also under multiplication.

Lemma 2.12. If S is a positive semidomain then ΣS2 is a semidomain contained in
S.

Proof. Since 0 = 02 and 1 = 12, both 0 and 1 belong to ΣS2. In addition, the sum of
two sums of squares is again a sum of squares, and so ΣS2 is closed under addition.
To see that ΣS2 is also closed under multiplication, take x1, . . . , xr, y1, . . . , yn ∈ S, and
observe that ( r∑

i=1

x2
i

)( n∑
j=1

y2j

)
=

r∑
i=1

n∑
j=1

(xiyj)
2 ∈ ΣS2. □

3. The Order of the Four Squares: Universal Square Bounds

In this section, we determine the rational monogenic semidomains in which every
element is a sum of squares, which yields part (1) of the Main Theorem and the first
statement of part (2). We start by showing that the number 7 needs four squares in
every positive semidomain consisting of rational numbers.

Proposition 3.1. Let S be a semidomain contained in Q≥0. Then ℓS(7) = 4. In
particular, p(S) ≥ 4.
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Proof. Since N0 ⊆ S, the equality 7 = 22 + 12 + 12 + 12 ensures that ℓS(7) ≤ 4. To
prove the reverse inequality, it suffices to show that 7 is not a sum of three squares of
rational numbers. Suppose, by way of contradiction, that 7 = x2

1 + x2
2 + x2

3 for some
x1, x2, x3 ∈ Q. After clearing a common positive denominator w, we can write 7w2

as a sum of three squares of integers. Now write w = 2hv, where h ∈ N0 and v is
an odd positive integer. Since v2 ≡ 1 (mod 8), we see that 7v2 ≡ 7 (mod 8), and so
7w2 = 4h(7v2) has the form excluded by part (2) of Theorem 2.7. This contradiction
shows that ℓS(7) = 4. Since 7 ∈ ΣS2, we conclude that p(S) ≥ ℓS(7) = 4. □

We are now ready to prove the main result of this section.

Theorem 3.2. Let q = a/b, where a, b ∈ N and gcd(a, b) = 1. Then the following
conditions are equivalent.

(a) The universal square bound u(q) is finite.

(b) Every element of Sq is a sum of squares of elements of Sq.

(c) The generator q is a sum of squares of elements of Sq.

(d) Either a = 1 or b = 1.

Moreover, if the conditions above hold then u(q) = p(q) = 4.

Proof. (a) ⇒ (b) ⇒ (c): If u(q) is finite then ℓSq(s) < ∞ for every s ∈ Sq, which is
condition (b), and (b) implies (c) because q ∈ Sq.

(c) ⇒ (d): Suppose, by way of contradiction, that a > 1 and b > 1, and that

q = x2
1 + · · ·+ x2

r

for some r ∈ N and x1, . . . , xr ∈ Sq. Since all the summands are nonnegative, xi ≤
√
q

for every i ∈ J1, rK. Observe that q ̸= 1 because b > 1. We split the rest of the proof
into two cases.

Case 1: q > 1. In this case, xi ≤
√
q < q for every i ∈ J1, rK, and so it follows from

part (2) of Lemma 2.5 that x1, . . . , xr ∈ N0. As a consequence, q = x2
1 + · · ·+ x2

r ∈ N0,
which contradicts that b > 1.

Case 2: q < 1. In this case, xi ≤
√
q < 1 for every i ∈ J1, rK, and so it follows from

part (3) of Lemma 2.5 that, for each i ∈ J1, rK, we can write xi = qyi for some yi ∈ Sq.
Dividing both sides of q = q2

∑r
i=1 y

2
i by q2, we obtain that

b

a
=

1

q
= y21 + · · ·+ y2r ∈ Sq.

By part (1) of Lemma 2.5, we see that b/a ∈ Z[1/b], and so b/a = c/bk for some c ∈ Z
and k ∈ N0. This implies that a | bk+1, which contradicts that a > 1 and gcd(a, b) = 1.

From Case 1 and Case 2, we conclude that either a = 1 or b = 1.



ACCIO SQUARES! SUMS OF SQUARES IN RATIONAL MONOGENIC SEMIDOMAINS 9

(d) ⇒ (a): If b = 1 then Sq = N0, and so Lagrange’s theorem guarantees that
u(q) ≤ 4. Suppose now that a = 1, and so Sq = {m/bk : m, k ∈ N0}. Fix s = m/bk ∈ Sq,
and take h ∈ N0 such that 2h ≥ k. By Lagrange’s theorem, there exist v1, . . . , v4 ∈ N0

such that mb2h−k = v21 + · · ·+ v24, which implies that

s =
mb2h−k

b2h
=

(v1
bh

)2

+ · · ·+
(v4
bh

)2

.

Since vi/b
h ∈ Sq for every i ∈ J1, 4K, we obtain that u(q) ≤ 4.

Finally, assume that the equivalent conditions (a)–(d) hold. Then Sq = ΣS2
q , and so

u(q) = p(q). In addition, we have seen that u(q) ≤ 4, and it follows from Proposition 3.1
that p(q) ≥ 4. Hence u(q) = p(q) = 4. □

As an immediate consequence of Theorem 3.2, we obtain the following corollary.

Corollary 3.3. For each q ∈ Q>0,

u(q) =

{
4 if n(q) = 1 or d(q) = 1,

∞ if n(q) > 1 and d(q) > 1.

The following remark gives a second argument for one of the equivalences in Theo-
rem 3.2.

Remark 3.4. The equivalence (b) ⇔ (c) in Theorem 3.2 also follows directly from
Lemma 2.12: if the semidomain ΣS2

q contains q then it must contain every polynomial

expression in q with nonnegative integer coefficients, and so ΣS2
q = Sq.

3.1. No Magic Outside Hogwarts: The Role of the Ambient Semidomain. We
conclude this section with some examples illustrating Theorem 3.2 and the role played
by the semidomain Sq in which the square roots are required to live.

Example 3.5. Set q = 1/3. By Theorem 3.2, every element of Sq is a sum of at most
four squares of elements of Sq. For instance,

7

9
=

(2
3

)2

+
(1
3

)2

+
(1
3

)2

+
(1
3

)2

.

In addition, ℓSq(7/9) = 4: indeed, if 7/9 were a sum of three squares of elements of
Sq then after multiplying by 9, we would obtain that 7 is a sum of three squares of
elements of Q≥0, which is not possible by Proposition 3.1 applied to S = Q≥0. ■

Example 3.6. Set q = 3/2. It follows from part (2) of Lemma 2.5 that every element
of Sq that is smaller than q is an integer. Therefore every square root appearing in
a sum-of-squares representation of q in Sq must be an integer because it is at most√
q < q. As q is not an integer, q is not a sum of squares of elements of Sq. This

argument is a special case of Case 1 in the proof of Theorem 3.2. ■
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Example 3.7. Set q = 2/3, and suppose that q = x2
1+ · · ·+x2

r for some x1, . . . , xr ∈ Sq.
Since xi ≤ √

q < 1 for every i ∈ J1, rK, it follows from part (3) of Lemma 2.5 that
xi = qyi for some yi ∈ Sq, and dividing by q2 yields 3/2 = y21 + · · · + y2r ∈ Sq, which is
not the case by Example 2.6. Hence q is not a sum of squares of elements of Sq. Thus,
the equality

2

3
=

(2
3

)2

+
(1
3

)2

+
(1
3

)2

does not contradict our conclusion, as 1/3 /∈ Sq. This equality is the source of the claim
in [13] that 2/3 is a sum of three squares in Sq, a claim that overlooks the fact that
1/3 /∈ Sq. ■

These examples show that a representation of an element of Sq as a sum of squares in
Q≥0 does not automatically yield a representation as a sum of squares in Sq. Indeed, it
follows from part (2) of Example 2.11 that every element of Sq is a sum of four squares
of nonnegative rational numbers, but the corresponding square roots do not necessarily
belong to the semidomain Sq.

4. The Room of Requirement: Pythagoras Numbers

In this section, we determine the Pythagoras number of every rational monogenic
semidomain, which completes the proof of the Main Theorem. Unlike the universal
square bound, the Pythagoras number only concerns the elements that are sums of
squares. Like the Room of Requirement, which provides whatever its visitors need,
the semidomain Sq will provide elements needing as many squares as we wish whenever
n(q) > 1 and d(q) > 1, and, unlike many of the creatures described in [18], such elements
are easy to find. The key observation is that, when n(q) > 1 and d(q) > 1, a polynomial
with coefficients in {0, 1} is uniquely determined, among all the polynomials in N0[X],
by its value at q. To prove this, we need the following definition.

Definition 4.1. Let q = a/b, where a, b ∈ N and gcd(a, b) = 1. We say that a
polynomial f ∈ N0[X] is q-reduced if, for every k ∈ N, the coefficient of Xk in f belongs
to J0, b− 1K (the constant coefficient of f is unrestricted).

Let us illustrate this definition with an example.

Example 4.2. Set q = 2/3. The polynomial 1 + 2X + X2 is q-reduced, while the
polynomial g = 3X3 + 1 is not. Since 3q3 = 2q2, the polynomial g and the q-reduced
polynomial 2X2 + 1 have the same value at q, namely, 17/9. ■

As Example 4.2 suggests, the identity bqk = aqk−1 allows us to replace every polyno-
mial in N0[X] by a q-reduced polynomial with the same value at q; in the terminology
of [8, Chapter 4], each such replacement is an elementary transfiguration.
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Lemma 4.3. Let q = a/b, where a, b ∈ N and gcd(a, b) = 1. For each g ∈ N0[X], there
exists a unique q-reduced polynomial f ∈ N0[X] such that f(q) = g(q). Moreover, f can
be obtained from g by applying finitely many replacements of the form bXk 7→ aXk−1

for k ∈ N, starting at the highest degree and proceeding downward.

Proof. Since bqk = aqk−1 for every k ∈ N, the replacement bXk 7→ aXk−1 preserves the
value at q and keeps all coefficients nonnegative. Let d be the degree of g. For each k
from d down to 1, we apply the replacement bXk 7→ aXk−1 as many times as needed
to make the coefficient of Xk smaller than b; since these replacements only increase
the coefficient of Xk−1, they do not modify the coefficients of degree larger than k,
which have already been reduced. As a result, this process terminates in a q-reduced
polynomial f with f(q) = g(q).

To argue uniqueness, suppose that f1 and f2 are two distinct q-reduced polynomials
such that f1(q) = f2(q), and write f1 − f2 =

∑d
k=0 ekX

k with ed ̸= 0. If d = 0 then
f1(q) − f2(q) = e0 ̸= 0, which is not possible. Therefore d ≥ 1, and so 0 < |ed| < b

because both f1 and f2 are q-reduced. Multiplying the equality
∑d

k=0 ekq
k = 0 by bd,

we obtain that
d∑

k=0

eka
kbd−k = 0.

After reducing this equality modulo b, we see that b |Z eda
d. Since gcd(a, b) = 1, this

implies that b |Z ed, which contradicts that 0 < |ed| < b. □

We are now in a position to establish the rigidity property mentioned at the beginning
of this section.

Lemma 4.4. Let q = a/b, where a, b ∈ N≥2 and gcd(a, b) = 1. If f ∈ N0[X] has all its
coefficients in {0, 1} and g ∈ N0[X] satisfies g(q) = f(q) then g = f .

Proof. Since b ≥ 2, the polynomial f is q-reduced. Therefore it follows from Lemma 4.3
that f is obtained from g after applying finitely many replacements of the form bXk 7→
aXk−1. Suppose, by way of contradiction, that at least one replacement is applied, and
let H ∈ N0[X] be the polynomial right before the last replacement. Then

f = H − bXk + aXk−1

for some k ∈ N. If c ∈ N0 is the coefficient of Xk−1 in H then the coefficient of Xk−1

in f is c + a ≥ a ≥ 2, which contradicts that all the coefficients of f belong to {0, 1}.
Hence no replacement is applied, and so g = f . □

The hypothesis that both a and b are at least 2 cannot be dropped in Lemma 4.4.

Example 4.5. For q = 1/2, the polynomials X and 2X2 are distinct and have the same
value at q, namely, 1/2. Similarly, for q = 2, the polynomials X and 2 are distinct and
have the same value at q. ■
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We are now ready to prove the main result of this section, which says that, when
n(q) > 1 and d(q) > 1, for each N ∈ N, there are elements of Sq whose square length
is N .

Theorem 4.6. Let q = a/b, where a, b ∈ N≥2 and gcd(a, b) = 1. For each N ∈ N, the
element

sN :=
N−1∑
j=0

q2j

of Sq satisfies ℓSq(sN) = N . In fact, every representation of sN as a sum of nonzero
squares of elements of Sq has exactly N summands. As a consequence, p(q) = ∞.

Proof. Since sN is, by definition, a sum of N squares of elements of Sq, the inequality
ℓSq(sN) ≤ N holds. Now suppose that

sN =
r∑

i=1

x2
i

for some r ∈ N and x1, . . . , xr ∈ Sq \{0}. For each i ∈ J1, rK, take a nonzero polynomial

gi ∈ N0[X] such that gi(q) = xi. Since all the coefficients of
∑N−1

j=0 X2j belong to {0, 1},
it follows from Lemma 4.4 that

(4.1)
r∑

i=1

gi(X)2 =
N−1∑
j=0

X2j.

All the coefficients of the left-hand side of (4.1) are nonnegative, while all the coefficients
of its right-hand side are at most 1. If, for some i ∈ J1, rK, the polynomial gi had a
coefficient at least 2 then g2i would have a coefficient at least 4. Similarly, if gi had two
distinct nonzero terms then the corresponding cross term would yield a coefficient at
least 2 in g2i . Since both conclusions contradict (4.1), each gi must be a monomial with
coefficient 1. Thus, (4.1) expresses the N distinct monomials on its right-hand side as
a sum of r monomials with coefficient 1, which implies that r = N . Finally, since N
was arbitrarily taken, p(q) = ∞. □

We now specialize Theorem 4.6 to the generator 2/3.

Example 4.7. Set q = 2/3. In this case, Theorem 4.6 guarantees that

ℓSq

(N−1∑
j=0

(2
3

)2j
)

= N

for every N ∈ N. The first four elements of this sequence are 1, 13/9, 133/81, and
1261/729, whose square lengths are 1, 2, 3, and 4, respectively. Moreover,

sN =
9

5

(
1−

(4
9

)N
)

<
9

5
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for every N ∈ N. Thus, square lengths are unbounded even among the sums of squares
of elements of Sq in a bounded interval. Observe that this conclusion is stronger than
the fact that 2/3 is not a sum of squares of elements of Sq (see Example 3.7) because
it concerns elements that are, indeed, sums of squares. ■

Putting together Theorem 3.2 and Theorem 4.6, we obtain the following classification.

Corollary 4.8. For each q ∈ Q>0,

p(q) =

{
4 if n(q) = 1 or d(q) = 1,

∞ if n(q) > 1 and d(q) > 1.

Proof of the Main Theorem. Part (1) follows from Theorem 3.2 and Proposition 3.1.
The first statement of part (2) follows from Theorem 3.2, while the second statement
of part (2) follows from Theorem 4.6. □

Comparing Corollary 3.3 and Corollary 4.8, we see that, although the universal square
bound and the Pythagoras number have different definitions, the equality u(q) = p(q)
holds for every q ∈ Q>0.

5. The Chamber of Two Thirds: The Semidomain N0[2/3]

Throughout this section, we set

q :=
2

3
, S := Sq = N0

[2
3

]
, and t := q2 =

4

9
.

By Theorem 3.2, not every element of S is a sum of squares of elements of S. Our
purpose here is to identify the elements of S that are sums of squares, to give an
algorithm deciding whether a given element of S is a sum of squares, and to bound its
square length.

5.1. Revelio: The Semiring of Sums of Squares. Our first result identifies the
semidomain ΣS2. The crucial identity is 3q2 = 2q, which allows us to rewrite every
cross term of the form 2q2k+1 as an integer multiple of a power of t.

Proposition 5.1. The equality ΣS2 = N0[t] holds.

Proof. Every element of N0[t] is a finite sum of nonnegative integer multiples of the
elements tj = (qj)2, which implies that N0[t] ⊆ ΣS2. For the reverse inclusion, it
suffices to show that the square of every element of S belongs to N0[t] because N0[t]

is closed under addition. Write an element of S as x =
∑d

i=0 ciq
i, where d ∈ N0 and

c0, . . . , cd ∈ N0. Then

x2 =
d∑

i=0

c2i q
2i +

∑
0≤i<j≤d

2cicjq
i+j.
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The terms in the first sum and the terms in the second sum with i + j even belong to
N0[t]. For the remaining terms, observe that the identity

2q2k+1 = q2k(2q) = q2k(3q2) = 3tk+1

holds for every k ∈ N0. Therefore x2 ∈ N0[t], and so ΣS2 ⊆ N0[t]. □

Let us illustrate the proof of Proposition 5.1 with an example.

Example 5.2. For x = 1 + q = 5/3, the proof of Proposition 5.1 yields

x2 = 1 + 2q + q2 = 1 + 3t+ t = 1 + 4t,

which is consistent with the fact that 25/9 = 1+4 · (4/9). On the other hand, it follows
from Proposition 5.1 that 2/3 /∈ N0[t], since 2/3 is not a sum of squares of elements
of S (Example 3.7). ■

5.2. The Sorting Hat: Deciding Whether an Element Is a Sum of Squares.
Every element of S can be written as m/9h for some m,h ∈ N0 because, by part (1) of
Lemma 2.5, its denominator is a power of 3. The next proposition reduces the problem
of deciding whetherm/9h is a sum of squares to deciding whetherm belongs to a finitely
generated additive submonoid of N0.

Proposition 5.3. For all m,h ∈ N0,

m

9h
∈ ΣS2 ⇐⇒ m ∈ ⟨4i9h−i : i ∈ J0, hK⟩.

Proof. For the reverse implication, if m =
∑h

i=0 ei4
i9h−i for some e0, . . . , eh ∈ N0 then

m/9h =
∑h

i=0 eit
i ∈ N0[t], and so m/9h ∈ ΣS2 by Proposition 5.1.

For the direct implication, suppose that m/9h ∈ ΣS2. By Proposition 5.1, there
exists F ∈ N0[X] such that F (t) = m/9h. Since t = 4/9 and gcd(4, 9) = 1, we can
assume, by virtue of Lemma 4.3, that F is t-reduced, that is, all the coefficients of
positive degree of F belong to J0, 8K. We claim that degF ≤ h. Suppose, by way of

contradiction, that d := degF > h, and write F =
∑d

i=0 eiX
i, where ed ∈ J1, 8K. After

multiplying the equality m/9h = F (t) by 9d, we obtain that

m9d−h =
d∑

i=0

ei4
i9d−i.

Reducing this equality modulo 9, we see that 9 | ed4d. Since gcd(4, 9) = 1, this implies
that 9 | ed, which contradicts that ed ∈ J1, 8K. Hence degF ≤ h, and so we can write

m/9h =
∑h

i=0 eit
i for some e0, . . . , eh ∈ N0. Multiplying this equality by 9h, we conclude

that m =
∑h

i=0 ei4
i9h−i. □
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The finite test in Proposition 5.3 can be carried out by the following algorithm, which
uses exactly h iterations. Throughout the algorithm, the residue of an integer modulo 4
is always taken in J0, 3K, including the case when the integer is negative.

Algorithm. Input: m,h ∈ N0.

(1) Set M0 := m.

(2) For each i ∈ J0, h− 1K, let ci ∈ J0, 3K be the residue of Mi modulo 4, and set

Mi+1 :=
Mi − ci9

h−i

4
.

(3) Set ch := Mh. If ch ≥ 0 then output “sum of squares” together with the
coefficients c0, . . . , ch. Otherwise, output “not a sum of squares”.

The next proposition shows that the algorithm is correct.

Proposition 5.4. For all m,h ∈ N0, the coefficients c0, . . . , ch computed by the algo-
rithm above are integers satisfying

(5.1)
m

9h
=

h∑
i=0

cit
i and ci ∈ J0, 3K for every i ∈ J0, h− 1K,

and they are the only integers satisfying (5.1). Moreover, m/9h ∈ ΣS2 if and only if
ch ≥ 0.

Proof. Since 9h−i ≡ 1 (mod 4), we see that Mi − ci9
h−i ≡ Mi − ci ≡ 0 (mod 4), and so

Mi+1 ∈ Z for every i ∈ J0, h− 1K. Iterating the defining recurrence, we obtain that

(5.2) m =
h−1∑
i=0

ci4
i9h−i + 4hch,

and dividing by 9h yields the equality in (5.1). As for uniqueness, suppose that integers
c′0, . . . , c

′
h also satisfy (5.1). Then they also satisfy (5.2), and reducing (5.2) modulo 4,

we see that c′0 ≡ m ≡ c0 (mod 4), which implies that c′0 = c0 because c0, c
′
0 ∈ J0, 3K.

Subtracting c09
h from both sides of (5.2) and dividing by 4, we can repeat the same

argument to show that c′1 = c1, and so on, until we obtain that c′h = ch.

If ch ≥ 0 then all the coefficients c0, . . . , ch are nonnegative, and so m/9h ∈ N0[t] =
ΣS2 by Proposition 5.1. Conversely, suppose that m/9h ∈ ΣS2. By Proposition 5.3,

we can write m =
∑h

i=0 ei4
i9h−i, that is, m/9h =

∑h
i=0 eit

i, for some e0, . . . , eh ∈ N0.
Since 4ti = 9ti+1 for every i ∈ N0, we can apply the replacements 4X i 7→ 9X i+1, for
i from 0 up to h − 1, to make every coefficient of degree less than h smaller than 4.
These replacements preserve the value at t and keep all the coefficients nonnegative.
By uniqueness, the resulting coefficients are precisely c0, . . . , ch, and so ch ≥ 0. □

We now run the algorithm on some elements of S.
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s (m,h) (c0, . . . , ch) output

1/9 (1, 1) (1,−2) not a sum of squares
2/3 (6, 1) (2,−3) not a sum of squares
2/3 (54, 2) (2, 1,−9) not a sum of squares
13/9 (13, 1) (1, 1) sum of squares: 1 + t
25/9 (25, 1) (1, 4) sum of squares: 1 + 4t
37/9 (37, 1) (1, 7) sum of squares: 1 + 7t
17/3 (51, 1) (3, 6) sum of squares: 3 + 6t
133/81 (133, 2) (1, 1, 1) sum of squares: 1 + t+ t2

1261/729 (1261, 3) (1, 1, 1, 1) sum of squares: 1 + t+ t2 + t3

Table 1. The output of the algorithm on some elements of S = N0[2/3].

Example 5.5. In Table 1, we show the output of the algorithm for some elements of S.
For instance, for s = 2/3 = 6/9, the algorithm yields c0 = 2 and c1 = (6−2 ·9)/4 = −3,
and so 2/3 is not a sum of squares of elements of S, as we already know. For s = 37/9,
the algorithm yields c0 = 1 and c1 = (37− 9)/4 = 7, and so 37/9 = 1 + 7t is a sum of
squares of elements of S. Observe that the element 2/3 appears twice in the table, as
the algorithm does not require the fraction m/9h to be written in lowest terms. ■

5.3. The Unbreakable Vow: A Bound for the Square Length. The coefficients
computed by the algorithm also yield an explicit bound for the square length of each
sum of squares, which only depends on the power of 9 in its denominator.

Corollary 5.6. Let s = m/9h ∈ ΣS2 for some m,h ∈ N0, and let c0, . . . , ch be the
coefficients computed by the algorithm. Then

ℓS(s) ≤
h−1∑
i=0

ci + ℓN0(ch) ≤ 3h+ 4.

Proof. By Proposition 5.4, the coefficients c0, . . . , ch are nonnegative. For each i ∈
J0, h−1K, the term cit

i is the sum of ci copies of (q
i)2. On the other hand, by Lagrange’s

theorem, we can write ch = v21 + · · · + v2r , where v1, . . . , vr ∈ N0 and r = ℓN0(ch) ≤ 4.
Therefore

s =
h−1∑
i=0

ci∑
j=1

(qi)2 +
r∑

j=1

(vjq
h)2,

and all the square roots belong to S, which proves the first inequality. The second
inequality follows from the fact that ci ≤ 3 for every i ∈ J0, h− 1K. □

Let us compare the bound in Corollary 5.6 with the actual square lengths of two
elements of S.
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Example 5.7. For s = 133/81, Corollary 5.6 yields ℓS(s) ≤ 3, and we know from
Example 4.7 that ℓS(s) = 3. Thus, the bound in Corollary 5.6 can be attained. On the
other hand, for s = 37/9, Corollary 5.6 yields ℓS(s) ≤ 1+ ℓN0(7) = 5, but we will see in
Example 5.10 that ℓS(37/9) = 3. ■

Observe that Corollary 5.6 is compatible with the fact that p(2/3) = ∞, as the
exponent h is not bounded as s ranges over ΣS2.

5.4. The Weasley Twins: Sums of One or Two Squares. The bound in Corol-
lary 5.6 is not always attained, and so it is natural to ask whether the square length
of each element of ΣS2 can be computed. For sums of one or two squares, the answer
is yes (and, as Fred and George would say, two are always better than one [22]). We
first need a finite test to decide whether a fraction whose denominator is a power of 3
belongs to S.

Lemma 5.8. For all n, h ∈ N0,
n

3h
∈ S ⇐⇒ n ∈ ⟨2i3h−i : i ∈ J0, hK⟩.

Proof. For the reverse implication, if n =
∑h

i=0 ei2
i3h−i for some e0, . . . , eh ∈ N0 then

n/3h =
∑h

i=0 eiq
i ∈ S. For the direct implication, suppose that n/3h = f(q) for

some f ∈ N0[X]. By Lemma 4.3, we can assume that f is q-reduced, that is, all the
coefficients of positive degree of f belong to {0, 1, 2}. Now we can mimic the proof
of Proposition 5.3: if d := deg f > h then after clearing denominators and reducing
modulo 3, we obtain that 3 | ed2d, where ed ∈ {1, 2} is the leading coefficient of f ,
which is not possible. Hence deg f ≤ h, and multiplying the equality n/3h = f(q) by
3h yields the desired membership. □

With Lemma 5.8 in hand, we can decide whether an element of S is a sum of at most
two squares.

Proposition 5.9. Let m,h ∈ N0, and suppose that m/9h = x2 + y2 for some x, y ∈ S.
Then 3hx and 3hy are nonnegative integers. As a consequence, one can decide whether
ℓS(m/9h) ≤ 2 by enumerating all the pairs (n1, n2) ∈ N2

0 such that n2
1 + n2

2 = m and
checking whether n1/3

h, n2/3
h ∈ S using Lemma 5.8. The same finite search, with

n2 = 0, decides whether ℓS(m/9h) ≤ 1.

Proof. By part (1) of Lemma 2.5, we can write x = n1/3
D and y = n2/3

D for some
n1, n2 ∈ N0 and D ∈ N0 with D ≥ h. Then n2

1 + n2
2 = m9D−h. Suppose that D > h.

Then n2
1 + n2

2 ≡ 0 (mod 3). Since every square is congruent to either 0 or 1 modulo 3,
both n1 and n2 must be divisible by 3, and so we can write x = (n1/3)/3

D−1 and
y = (n2/3)/3

D−1. Repeating this argument as many times as necessary, we can assume
that D = h, which means that 3hx and 3hy are nonnegative integers. Hence the pair
(n1, n2) = (3hx, 3hy) satisfies n2

1 + n2
2 = m, and there are only finitely many such pairs.

The rest of the statement follows from Lemma 5.8. □
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We now use Proposition 5.9 to compute the square length of 37/9.

Example 5.10. We claim that ℓS(37/9) = 3. First, observe that

37

9
=

(8
9

)2

+
(10
9

)2

+
(13
9

)2

,

where 8/9 = 2q2, 10/9 = q + q2, and 13/9 = 1 + q2 all belong to S. Therefore
ℓS(37/9) ≤ 3. On the other hand, the only pairs (n1, n2) ∈ N2

0 with n2
1 + n2

2 = 37 are
(1, 6) and (6, 1). Since 1/3 /∈ S (Example 2.6), it follows from Proposition 5.9 that 37/9
is not a sum of at most two squares of elements of S. Hence ℓS(37/9) = 3.

Observe that if we require all the square roots to be fractions with denominator 3 then
37/9 needs four squares. Indeed, by Lemma 5.8, the numerators of such square roots
are at most 6 and belong to ⟨2, 3⟩, so they belong to {0, 2, 3, 4, 5, 6}. In a representation
of 37 as a sum of three squares of such numerators, reducing modulo 3 forces exactly
one of the numerators to be nondivisible by 3, and then its square must be congruent to
37 ≡ 1 modulo 9. However, the available numerators 2, 4, and 5 have squares congruent
to 4, 7, and 7 modulo 9, respectively. On the other hand, 37/9 = (5/3)2+3(2/3)2, where
5/3 = 1+ q ∈ S. Thus, a shortest representation may require larger denominators than
the ones appearing in the element we aim to represent. ■

The phenomenon illustrated in the second part of Example 5.10 can be much more
pronounced, as the following example shows.

Example 5.11. We claim that ℓS(17/3) = 3. Since 17/3 = 51/9 and 51 ≡ 0 (mod 3),
every pair (n1, n2) ∈ N2

0 satisfying n2
1 + n2

2 = 51 would consist of multiples of 3, which
would imply that 9 |N0 51. Thus, it follows from Proposition 5.9 that ℓS(17/3) ≥ 3. On
the other hand, the equality 669852 + 698652 + 1019332 = 17 · 319 shows that

17

3
=

(66985
310

)2

+
(69865

310

)2

+
(101933

310

)2

,

where the three square roots belong to S because

66985

310
= 1 + 2q7 + q10,

69865

310
= 1 + q6 + 2q8 + q10,

101933

310
= 1 + q2 + 2q7 + 2q8 + 2q9 + 2q10.

Hence ℓS(17/3) = 3. Furthermore, an exhaustive computer search (using Lemma 5.8 to
enumerate all the candidate square roots) shows that 17/3 cannot be written as a sum
of three squares of elements of S whose denominators divide 39. Thus, every shortest
representation of 17/3 requires a square root whose denominator is at least 310, even
though 17/3 only has denominator 3. ■
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5.5. Divination: Open Questions. Even without the help of [19], it is not hard to
foresee which questions arise next. For the semidomain S = N0[2/3], we have seen how
to decide whether an element is a sum of squares (Proposition 5.4), how to bound its
square length (Corollary 5.6), and how to decide whether its square length is at most 2
(Proposition 5.9). However, we have not been able to compute the square length of
every element of ΣS2. Given s ∈ ΣS2 and a bound D ∈ N0, Lemma 5.8 allows us
to find, by a finite search, the shortest representations of s whose square roots have
denominators dividing 3D. Therefore it would suffice to bound, in terms of s, the
denominators of the square roots in some shortest representation of s. Proposition 5.9
provides such a bound for one or two squares, while Example 5.11 shows that, already
for three squares, the required denominators can be much larger than the denominator
of s. Hence the following question remains open for us.

Question 5.12. Is there an algorithm that, for each s ∈ ΣS2, computes the square
length ℓS(s) in the semidomain S = N0[2/3]?

Our proof of Proposition 5.1 relies on the identity 3q2 = 2q, which is very special to
the generator q = 2/3. Thus, the following more general question remains open for us
as well.

Question 5.13. Let q ∈ Q>0 such that n(q) > 1 and d(q) > 1. Is there an algorithm
that, for each f ∈ N0[X], decides whether f(q) ∈ ΣS2

q? What can be said about the
semidomain N0[α], where α is a positive algebraic number (see [7])?
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