SOLUTIONS FOR QUIZ 3

Note: Most of the problems were taken from the textbook [l]

Problem 1. Find the Maclaurin series of f(x) = 51—95'

Solution: Notice that
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Problem 2. Fvaluate fol e~ dx correct to within an error 0f 0.001. [Hint: Use Taylor
expansion, then use the Alternating Estimation Theorem.]

Solution: The Taylor series for f(x) = e is
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After applying the Alternating Estimation Theorem to estimate the error, we see that
the first term with absolute within the given value of 0.001 is the sixth term (i.e.,
n=7>5)
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is an approximation within the given error. Il
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Problem 3. Solve the differential equation Z—x = BE

Solution: We can rewrite our initial equation as

dy 2 +1 (241 1
dr x?’(y? —I—y4) - 3 yz +y4
and we obtain that

(1) /(y2 +yNdy = / 2+ L
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Integrating equation (1), we have
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Problem 4. Suppose that a population develop according to the logistic equation dP/dt =
0.06P — 0.0006 P2, where t is measured in weeks. (a) What is the carrying capacity?

(b) What is the value of k? (c) What are the equilibrium solutions. (d) If the initial
population is 50, what is the population after 10 weeks?

Solution: Rewriting the given logistic equation, we have

P
(2) dP/dt = 0.06P(1 — 0.01P) = 0.06P<1 - ﬁ)'
As a result, the carrying capacity is M = 100 (a) and & = 0.06 (b). For part (c),
we need to find the values of P for which dP/dt = 0. Looking at (2), we see that
dP/dt = 0 only when P = 0 or P = 100. Hence, the equilibrium solutions are P = 0
and P = 100. Lastly, for part (d), we need to find the solution to the logistic equation,
namely, we need to find the values of A, k, and M and substitute them in the following
equation
M
Plt)= ———.
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In previous parts, we found the values of M = 100 and k£ = 0.06. To find A, we use
the formula

M — Py, 100 — 50
A= 0 — =1
Py 50
Thus,
100
P(t) = 1+ ¢ 0.06t"
Finally, the population after 10 weeks is P(10) = 100/(1 + e~%9).
O
Problem 5. Solve the first-order linear differential equations:
(1) y —y=e"
(2) v +2zy = 1.
Solution:
(1) We have P(z) = —1, Q(x) = ¢, and I(z) = ¢/ ~'%* = ¢=*. Hence
y=(x+C)e".
(2) Multiplying by e the given equation, we obtain
ey + e 2y = e
Moreover, integrating the previous equation, we have
ey = /(e’“gy)' = /exzdx
and, therefore,
e du
Yy = f 22 "
e
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