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Preface

Physics has always been a major source of both motivation and applications
for several central fields of mathematics, such as analysis, differential equa-
tions, and probability. However, the development of quantum field theory and
string theory in the last half-century has taken interactions between these two
disciplines to an unprecedented level, incorporating into this area of physics
(often called “high-energy physics”) such traditionally “pure” areas of math-
ematics as algebraic topology, category theory, differential and algebraic ge-
ometry, representation theory, combinatorics, and even number theory. This
interaction has been highly fruitful in both directions, and has led to a neces-
sity for high-energy physicists to know the basics of modern mathematics and
for mathematicians to know the basics of modern physics. The physicists have
been quick to learn, and nowadays high-energy physicists often understand
relevant areas of mathematics as deeply as professional mathematicians. On
the other hand, many mathematicians have been dragging their feet, deterred
by lack of rigor in physical texts, and, more importantly, by a different manner
of presentation. In particular, even the basic setting of quantum field theory,
necessary for understanding its more advanced (and more mathematically ex-
citing) parts, is already largely unfamiliar to mathematicians. Nevertheless,
many of the basic ideas of quantum field theory can in fact be presented rig-
orously, and even in cases when a rigorous exposition is impractical, difficult,
or impossible, one can still attempt to explain the material in a mathematically
natural way. Doing so is the main goal of the present book.

Namely, this book is an expanded version of the lecture notes for a graduate
course on basic mathematical structures of quantum field theory that I gave at
the MIT Mathematics Department in 2002 and then again in 2023. The reader
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xvi Preface

should not hope to learn quantum field theory from this text—this is impossi-
ble, for instance, because I know less about this subject than a beginning grad-
uate student in high-energy physics. Rather, as mentioned above, its aim is to
present the basic setup of quantum field theory in a mathematically motivated
manner, highlighting its connections with various fields of mathematics. As
such, it could serve to prepare the reader for more advanced texts in this genre
(such as [QFS]) or for reading a regular QFT textbook or lecture notes (such as
[Ca,W,IZ,PS,T1,T2,T3,T4]) from a mathematician’s viewpoint. Note that a
lot of important material is contained in the exercises, which I strongly recom-
mend that the reader solve while reading the text.

We begin with a general discussion of classical and quantum mechanics
and field theory (Chapter [[). Then we proceed to prove the steepest descent
and stationary phase formulas in classical asymptotic analysis, which serve as
a finite-dimensional model for perturbative computations with path integrals
(Chapter P)). Then, in Chapter B, we develop Feynman calculus, the main com-
binatorial tool in perturbative quantum field theory. To illustrate Feynman
calculus, we give a number of its applications to enumerative combinatorics
(the matrix-tree theorem and its specializations).

In Chapter @, we extend Feynman calculus to matrix integrals, and show
that for such integrals Feynman graphs are replaced by fat graphs (surfaces),
so that the coefficients of the asymptotic expansion in 1/N (where N is the
matrix size) are sums over fat graphs of a given genus. This allows us to obtain
nontrivial counts of planar graphs.

In Chapter f, we use matrix integral techniques to prove the Harer-Zagier
theorem on the Euler characteristic of the moduli space of curves.

All this material is, however, about quantum field theory in 0 spacetime
dimensions, or, as one may jokingly say, in —1-dimensional space. To connect
to real physics, we must go up at least one dimension, i.e., consider quantum
field theory in 0 + 1 spacetime (or 0 space) dimensions, which is quantum me-
chanics (Chapter ). We begin with a review of Lagrangian formalism of classi-
cal mechanics (Lagrangians, least action principle), and then proceed to quan-
tize this formalism, developing the path integral approach to quantum me-
chanics. Namely, we describe perturbative expansion of quantum-mechanical
path integrals using Feynman diagrams and give several examples. We also
explain that quantum mechanical path integrals are related to (rigorously de-
fined) Wiener integrals in the theory of stochastic processes by the Wick rota-
tion of the time, t — it.

In Chapter [}, after reviewing Hamiltonian formalism in classical mechan-
ics, we describe its quantization using von Neumann’s theory of unbounded
self-adjoint operators, which gives a rigorous basis for nonperturbative quan-
tum mechanics. We also prove the Feynman-Kac formula which relates the
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Preface xvii

correlation functions obtained in the Lagrangian and Hamiltonian approaches.
This chapter includes some standard topics in the mathematical background
of quantum mechanics: properties of the ground state, behavior of eigenfunc-
tions of a Schrodinger operator, eigenfunctions for piecewise constant poten-
tial, WKB approximation, and the Weyl law.

In Chapters § and @, we discuss the supergeneralization of the material
of the previous chapters, i.e., describe classical and quantum mechanics for
fermions. We begin with a review of supergeometry, Lie supergroups and su-
peralgebras, and Berezin’s integration theory on supermanifolds, and then pro-
ceed to extend Feynman calculus to the supercase. Then we discuss classical
and quantum mechanics for fermions.

In Chapter [0 we finally get to the actual quantum field theory, in d space-
time dimensions with d > 2. We start with reviewing Lagrangian classical
field theory. In particular, we review the classical theory of spinors (including
mod 8 periodicity) and use it to describe the possible kinetic terms and mass
terms in fermionic Lagrangians. We then pass to quantization of free classical
field theories, in particular describing the theories of free bosons and fermions
by computing their two-point functions. Then we describe Hamiltonian for-
malism of classical field theory. We also discuss classical pure gauge theory
and its quantization in the abelian case. Finally, we pass to the Hamiltonian ap-
proach to quantum field theory and discuss Wightman axioms, representation-
theoretic description of quantum particles, their mass, spin, and helicity. We
conclude with describing the quantum theory of a free scalar boson, free fer-
mion, and pure U(1) gauge theory from this point of view, and then discuss nor-
mal ordering, composite operators, and operator product expansion in scalar
field theory.

Chapter [L1] is dedicated to symmetries and geometric aspects of field the-
ory. We begin by discussing field theories on manifolds. Then we discuss
symmetries in field theory and Noether’s theorem, and we describe the types
of symmetry that occur in relativistic field theories. We then briefly discuss
spontaneous symmetry breaking, the Higgs mechanism, and dimensional re-
duction. Then we present Witten’s solution of 2-dimensional nonabelian pure
quantum gauge theory and discuss its application to geometry of the moduli
space of nonabelian flat connections on a closed oriented surface. Finally, we
discuss the cobordism picture of QFT, axiomatics of topological QFT, classifi-
cation of 2-dimensional topological QFT, and conclude with a brief discussion
of Chern-Simons theory and quantum invariants of 3-manifolds.

In Chapter [[2 we give a brief introduction to 2-dimensional conformal field
theory. After a review of classical field theory of a massless scalar in 1+1 di-
mensions, we quantize it and construct its Hilbert space from the Fock rep-
resentation of the infinite-dimensional Heisenberg Lie algebra. We show that
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the partition function of this theory (normalized using zeta function regulariza-
tion) is modular invariant, reflecting its conformal symmetry. Then we show
that the Hilbert space of the theory carries two commuting projective actions
of the Lie algebra W of polynomial vector fields on C*, which expresses infin-
itesimal conformal symmetry. We explain that this action is truly projective,
i.e., both copies of W are replaced by its nontrivial central extension—the Vi-
rasoro algebra (conformal anomaly). Then we discuss a circle-valued version
of this theory, vertex operators, and T-duality. We also briefly discuss the quan-
tum theory of a free fermion in 1+1 dimensions and the Wess-Zumino-Witten
model. Finally, we discuss Segal’s cobordism picture of CFT (in particular, the
semigroup of annuli) and conclude with a discussion of rational CFT.

In Chapter [[3, we describe the basics of the perturbative renormalization
theory. In particular, we discuss ultraviolet divergences of Feynman ampli-
tudes and regularization of such divergences by introducing counterterms in
the Lagrangian depending on the cutoff A in the momentum space. We define
super-renormalizable, renormalizable and nonrenormalizable theories, criti-
cal dimensions for various theories and terms in the Lagrangian, and discuss
the key examples. Then we discuss dimensional regularization, renormaliza-
tion groups, asymptotic freedom, quantum anomaly of scale-invariance, and
low energy effective theories, and we conclude by discussing lattice approxi-
mations of quantum field theories.

Finally, Chapter [[4 is dedicated to supersymmetry. In this chapter we first
systematically discuss supersymmetric quantum mechanics and its geomet-
ric applications (Atiyah-Singer index theorem, Hodge theory of Riemannian
and Kéhler manifolds). Then we pass to supersymmetry in higher dimensions
(mostly at the classical level) and discuss the main types of supersymmetric
theories for various dimensions and amounts of supersymmetry and describe
the structure of the corresponding supermultiplets.

The approximate dependencies between chapters are represented in Figure

0.1

@/ )
®)

OO —O—O—®
\
@7

Figure 0.1
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Preface Xix

The mathematical background needed for reading this book varies from
chapter to chapter, but it is mostly covered by advanced undergraduate and
sometimes introductory graduate classes. The background helpful in various
chapters is as follows:

1. Generalities on analysis, differential equations, calculus of variations,
and probability.

2. Real analysis and a bit of 1-dimensional complex analysis.

3. Elementary real and complex analysis, multilinear algebra, and combi-
natorics.

4. Analysis, elementary multilinear algebra, combinatorics, and 2-dimen-
sional topology.

5. Same as item 4 plus a bit more topology and complex geometry in higher
dimensions.

6. Elementary analysis and ordinary differential equations (ODE).

7. Real analysis, differential equations, and a bit of functional analysis (op-
erators in Hilbert space).

8. Elementary analysis, multilinear and abstract algebra.
9. Same as items 7 and 8.

10. Algebra, Lie theory, a bit of functional analysis (operators in Hilbert
space, distributions).

11. Algebra, Lie theory, and differential geometry.

12. Representation theory, 1-dimensional complex analysis, and basics on
modular forms.

13. Analysis, algebra, Lie theory, and differential geometry.
14. Algebra, Lie theory, differential geometry, and differential topology.

Acknowledgments. I am very grateful to my coauthors of [QFS]; the
present book would definitely not have appeared had we not collaborated on
this project almost 30 years ago. In particular, I'd like to thank David Kazh-
dan, who prompted me to study the basics of quantum field theory; Edward
Witten, from whom I learned almost everything I know about it; Dan Freed,
without whose careful notes and explanations this would have been impossi-
ble; and Pierre Deligne, who infused and greatly facilitated our learning with
deep mathematical insights, clarity, and elegance. I am also indebted to the
participants of the MIT courses in 2002 and 2023 which gave rise to this text,
and I am extremely grateful to Mykola Semenyakin, who carefully read the
manuscript and proposed a large number of useful comments and corrections,
as well as to other anonymous referees for their comments.
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Finally, I would like to acknowledge the use of several Al platforms (Chat-
GPT and sometimes Deepseek and QwQ-32B) while preparing the final version
of this book. Specifically, I used them to find references, proofread parts of text,
propose edits, and occasionally help me choose better wording.

This work was partially supported by the NSF grants DMS-2001318 and
DMS-2502467.
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Chapter 1

Generalities
on mechanics
and field theory

1.1. Classical mechanics

In the most basic setup of classical mechanics, we study the motion of a particle
of mass m in a Euclidean space V. This motion is described by a function of
one variable, g = q(t) € V, representing the position of the particle at a time ¢.
This function must satisfy Newton’s equation of motion,

1.1 mg = —-VU(q),

where U : V — R is the potential energy. Thus the particle motion is deter-
mined by its initial position q(0) and initial velocity ¢(0).

A crucial property of Newton’s equation is the energy conservation law.
Namely, let p := mq be the momentum, and define the Hamiltonian (energy
function)

2 2
= mq _ P
Hi= =L +U(Q) = 2+ U(9),

mg>?

the sum of the potential energy U(q) and the kinetic energy —-. Then the en-
ergy conservation law states that H remains constant in time. Indeed, (1)) is
equivalent to the system

) : 6H
(1.2) q= 3’ p= ~3q

1
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2 1. Generalities on mechanics and field theory

called Hamilton’s equations, so the chain rule gives
dH _O0H . O0H __0H 6H JH OJH

at ~3q 1T ap PT3 dp dp 3q

In the 1-dimensional case V' = R, this allows us to solve Newton’s equation.
Indeed, every solution satisfies H = E for some constant E, so we have

=41/ 2(E - U(@))

where the sign indicates the direction of the particle motion. Hence

iL — dt,

2(E-U(q)

or

t:if___ﬂL__
[2
;(E - U(q)
so q = q(t) can be recovered by inverting ([I.3).

Another way to express Newton’s law of motion is to say that q(t) must
be a solution of a certain variational problem. Namely, let us introduce the
Lagrangian

.2
(@) =S - U@

(the difference of kinetic and potential energy), and the action functional
b

S(q) = f L(q)dt

(for some fixed a < b). The expression £(q)dt is called the Lagrangian density.
Newton’s law of motion can now be expressed as the least action principle: q(t)
must be a critical point of S on the space of all functions with given q(a) and
q(b); i.e., Newton’s equation is the Euler-Lagrange equation

486 _ oL
dt ¢  &q

for a solution of the variational problem defined by S. Indeed, using integration

by parts, for ¢ € C'[a, b] ® V with e(a) = &(b) = 0, we have

%|S=Ofbﬁ(q+ss)dt = fb@_g e+ g—s-é)dt
b ‘ ‘ b
= f (g—s — %g—s) cedt = —f (VU(q) + mqg) - edt,
a a
and this vanishes for all ¢ iff q satisfies Newton’s equation mg = —VU(q).
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1.1. Classical mechanics 3

Remark 1.1. The term “least action principle” comes from the fact that in
some cases (for example when the Hessian matrix of U is nonpositive definite:
Hess(U)(q) < 0), the action is not only extremized but also minimized at the
solution q(t). In general, however, this is not the case, and the trajectory of the
particle may be not a (local) minimum, but only a critical point of the action.
Therefore, Newton’s law of motion is better formulated as the “extremal (or
stationary) action principle”.

Exercise 1.2.

(i) Consider the motion of a particle of mass 1 in a Euclidean space V.
Show that if the potential is concave (Hess(U)(q) < 0), then for any a,b € V
and a < b € R there exists at most one solution of the Newton equation with
q(a) = aand q(b) = b, and it is the strict global minimum for the action with
these boundary conditions (if it exists).

(ii) Show that the conclusion of (i) holds if Hess(U)(q) — %1 <0.

Hint. Prove and use Wirtinger’s inequality: if ¢ € C![a, b], e(a) = &(b) = 0,

then
b ) b

f E'(t)zdtz(bir—a)z f e(t)2dL.

(iii) Compute the unique solution in (i) if U(q) = —%B(q, q), where Bisa
nonnegative definite symmetric bilinear form on V.

(iv) Show that the statements of (i) fail for dimV = 1, U(q) = %qz, and
b—a>m.

(v) Let dimV = 1 and U be a smooth potential on R. Suppose that
lim SUP|y o0 % < 0. Show that a solution in (i) (possibly nonunique) exists

for any a, b, a, b. Give an example of a smooth potential U for which a solution
in (i) does not always exist.!

Remark 1.3. Physicists often consider solutions of Newton’s equation on the
whole line rather than on a fixed interval [a, b]. In this case, the naive definition
of an extremal does not make sense, since the action integral S(q) = J, £(q)dt
is improper and, in general, diverges. Instead, one makes the following “cor-
rected” definition: a function q(¢) on R is an extremal of S if the expression

5} o) .
oo [ L@ rsiim [ oer - o

(where £(t) is any compactly supported perturbation), is identically zero. With
this definition, the extremals are exactly the solutions of Newton’s equation
(which, as before, is easily seen by integration by parts).

10One can show using the calculus of variations that for any dim V, if U(q) < 0for all g, then the solution
always exists.
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4 1. Generalities on mechanics and field theory

Remark 1.4. Note that this formalism also describes the motion of a system
of n particles if we combine the vectors representing their positions in a Eu-
clidean space V into a single vector in V". More generally, we may consider a
particle moving on a Riemannian manifold M. In this case q(t) is a path on M,
and the motion is still described by Newton’s equation, where ¢(¢) € Ty M
is the velocity vector of the particle at a time ¢ (a tangent vector to M at q(t)),
and ¢ means the covariant derivative Vg of g with respect to the Levi-Civita
connection.? For example, if U = 0, this is the geodesic flow, whose trajectories
are the geodesics on M. The same applies to a system of n particles on M, in
which case q(t) is a path on the configuration space M".

Finally, a similar analysis applies to more general Lagrangians which are
arbitrary smooth functions of (finitely many) derivatives of g, possibly also de-
pending explicitly on time. However, in physical applications one usually en-
counters Lagrangians depending only on g and g.

Remark 1.5. Hamilton’s equations ([.2) imply that for any smooth function
F(q, p), along the particle trajectory we have
dF

(14) 5 =P}

where

It is easy to check that (F,G) — {F, G} is a Lie bracket on the space of func-
tions of g, p, which is called the Poisson bracket. The Poisson bracket form
(L.4) of Hamilton’s equations is important for connecting classical mechanics
with symplectic geometry and for quantization.

1.2. Classical field theory

In classical field theory, the situation is similar to classical mechanics, but with
infinitely many particles. Namely, in this case we should think not of a single
particle or a finite system of particles, but rather of a “continuum of particles”
(e.g., a string, a membrane, a jet of fluid, etc.). In other words, there is a par-
ticle at every point of some region of space. So in d-dimensional classical field
theory the motion is described by a classical field—a (vector-valued) function
#(t,x) depending on both time and space coordinates (t € R, x € R%~1). Con-
sequently, for d > 2 the equations of motion are partial differential equations
(PDEs). Also, classical mechanics is then just the special case d = 1.

2More precisely, to define the covariant derivative Vg ata point qo = q(tg) € M, it is necessary first
to extend q from the curve q = q(t) to a vector field on a neighborhood of g in M. The resulting value is
independent of the choice of this extension.
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1.2. Classical field theory 5

For example, for a string or a membrane the equation of motion is the wave
equation

(1.5) C¢ =0,

with [] denoting the D’Alembertian 0? — cA, where A is the Laplacian with
respect to the space coordinates and c is the velocity of wave propagation; e.g.,
for the string c is proportional to the square root of the string tension, while for
electromagnetic waves c is the speed of light.

As in classical mechanics, in classical field theory there is a Lagrangian
L(¢) (a smooth function of finitely many partial derivatives of ¢, possibly also
explicitly depending on the space and time coordinates, but usually just on ¢
and V¢), whose integral

S(#) = f £($)dxdt
D

over a compact region D in the spacetime R? is called the action. As in me-
chanics, the expression £(¢)dxdt is called the Lagrangian density. The law of
motion can be expressed as the condition that the action must be extremized
over any such region D with fixed boundary conditions; so the equations of
motion (also called the field equations) are the Euler-Lagrange equations for
this variational problem. For example, in the case of string or membrane the
Lagrangian is

(1.6) £($) = 3(¢#7 — (V).
and the Euler-Lagrange equation is the wave equation ([..5).

Remark 1.6. As in mechanics, in field theory solutions of the equations of
motion on the whole spacetime (rather than a compact region D) are extremals
of the action in the sense that

%'s:of L(¢p + se)dxdt = 0,
Rd

where ¢ is a compactly supported perturbation.

Remark 1.7. A classical field theory is called free if its Lagrangian (hence ac-
tion) is quadratic in ¢; in this case, the equations of motion are linear. For
example, the theory defined by Lagrangian ([L.§) is free. Since Lagrangians in
actual physical theories are typically invariant under translations of spacetime,
the Euler-Lagrange equations are as well. Thus for free theories these equa-
tions have constant coefficients, as in the wave equation ([[.5). As a result, free
classical field theories are exactly solvable—all solutions can be found explic-
itly by standard methods of the theory of linear PDE with constant coefficients.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



6 1. Generalities on mechanics and field theory

The interesting classical field theories are therefore nonfree—they contain cu-
bic and higher terms in the Lagrangian (called interacting terms), which ren-
ders the equations of motion nonlinear and makes the dynamics much more
complex. However, as usual in the theory of PDE, we can learn quite a bit about
the behavior of a nonfree (i.e., nonlinear) theory by viewing it as a deformation
of a free (linear) one, i.e., approximating the action by its quadratic part near
its critical point. Such an approach is called perturbation theory.

1.3. Brownian motion

One of the main differences between classical and quantum mechanics is,
roughly speaking, that quantum particles do not have to obey the classical
equations of motion but can randomly deviate from their classical trajectories.
Therefore, given the position and velocity of the particle at a given time, we
cannot determine its position at a later time but can only determine the den-
sity of probability that at this later time the particle will be found at a given
point. In this sense quantum particles are similar to random (Brownian) par-
ticles. Brownian particles are a bit easier to understand conceptually, so let us
begin with them.

The motion of a Brownian particle in R¥ in a potential field
U:RF>R
is described by a stochastic process ¢ = q(t), ¢ = (qy,...,qx) € R¥. That
is, for each real t we have a random variable q(t) € R¥ (the position of the
particle at a time ¢), such that the dependence of ¢ is regular in some sense.
Namely, fora,b € R¥ the random dynamics of the particle conditioned to have
q(a) = a, q(b) = bis “defined” as follows® if y : [a,b] — R¥ is a continuously
differentiable function with y(a) = a, y(b) = b, then the density of probability
that q(t) = y(t) for t € [a, b] is proportional to e~50)% where

b
S() = f (132 + UGt

is the action and x > 0 is the diffusion coefficient. Thus, the likeliest q(t) is the
one that minimizes S (in particular, solves the classical equations of motion
G = VU(q)), while the likelihood of the other paths decays exponentially with
the deviation of the action of these paths from the minimal possible.

Remark 1.8.

1. This discussion thus assumes that the extremum of S at q is actually a
minimum, which we know is not always the case, but it is so when U is convex,
i.e., Hess(U)(q) > 0 for all q, by Exercise [[.7 applied to —U.

3We put the word “defined” in quotation marks because this definition is obviously heuristic and not
rigorous; see below for more explanation.
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1.3. Brownian motion 7

2. The reader must have noticed that compared to the discussion of clas-
sical mechanics (with m = 1), the sign in front of the potential U has been
changed to the opposite one. This is not a misprint! It has to do with the funda-
mental fact that statistical mechanics is related to usual (quantum) mechanics
by the Wick rotation t — it, where i = \/—_1 In particular, this means that
Brownian motion is well defined in the physically important case of convex
potential, such as the multidimensional harmonic oscillator potential %B(q, q),
where B is a positive definite bilinear form.

All the information we can hope to get about the stochastic process q(t) is
contained in the correlation functions

(q;,(t1) --- qj, (),

which by definition are the expectation values of the products of random vari-
ables gj, (t1), ..., qj,(t,), (more specifically, by Kolmogorov’s theorem the sto-
chastic process q(t) is completely determined by these functions). So such func-
tions should be regarded as the output, or answer, of the theory of the Brownian
particle.

Thus the main question is how to compute the correlation functions. Physi-
cists write down the following “answer” motivated by the above definition:
given points ¢y, ..., t, € [a,b],

_S5@
A @0, = [ a0)-q, 60D
Pa,b
where integration is carried out over the space E, , of paths
q: [aa b] - Rk’ CI(a) = a, Q(b) =b,
and Dq is a Lebesgue measure on this space such that

@
f e‘quDq =1.
P

a,b

Alternatively, when they do not want to normalize the Lebesgue measure, they

write
1 _5@
(1.8) (qj,(t1) ... qj,(tp)) = zZ), q;,(t)...q;,(tx)e” = Dq,
a,b
where

_S@
Zzzf e« Dq
P

a,b
is the partition function. Such an integral is called a path integral, since it is an
integral over the space of paths.
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8 1. Generalities on mechanics and field theory

Itis clear, however, that such definition and answer are a priori not satisfac-
tory from the mathematical viewpoint, since the infinite-dimensional integra-
tion requires justification. In the case of Brownian motion, such a justification
is actually possible within the framework of Lebesgue measure theory, and the
corresponding integration theory is called the theory of Wiener integral. (To
be more precise, one cannot define the measure Dgq, but one can define the

$(@)
measure e‘Tqu for sufficiently nice potentials U(q).)

Remark 1.9. As ¥ — 0, the nonoptimal trajectories become increasingly less
likely relative to the optimal one, so in the limit we recover the deterministic
system

(qj,(t1) .- q;,(t)) = q;,(8) ... qj, (tn),
where q(t) is the classical trajectory with g(a) = a, q(b) = b (note thatif U > 0
and convex, then this trajectory is unique by Exercise [[.2).

1.4. Quantum mechanics

Now let us turn to a quantum particle. Quantum mechanics is notoriously dif-
ficult to visualize, and the randomness of the behavior of a quantum particle
is less intuitive and more subtle than that of a Brownian particle; neverthe-
less, it was pointed out by Feynman that the behavior of a quantum particle in
a potential field U(q) is correctly described by the same model, with the real
positive parameter x replaced by the imaginary number —i#, where # > 0 is
the Planck constant, and the time ¢ is replaced by it. In other words, the dy-
namics of a quantum particle can be expressed (we will discuss later how) via
the correlation functions

(1.9) <qj1(t1)"'an(tn)>:f qjl(tl)'-‘an(tn)e@Dq,

P, a,b

where Dq is normalized so that

iS(q)
(1.10) f e i'Dg =1,
Pa,b
and S(q) is now given by the same formula as in classical mechanics (and dif-
fering by sign from Brownian motion):

b
S(q) = f £ — U@,

As before, we have to make sense of this path integral, and now the theory
of Wiener integrals does not work any more: for instance, the absolute value of
the integrand in ([[.1() does not decay as the path q(t) deviates from the classical
trajectory (in fact, it identically equals to 1!). So we will be able to make sense
of (L.9) only perturbatively, i.e., with 7 being a formal parameter.
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1.5. Quantum field theory 9

In fact, an effective mathematically rigorous approach to quantum me-
chanics is based on a different framework—Hamiltonian formalism, a quanti-
zation of the Hamiltonian formalism of classical mechanics discussed in more
detail in Chapter [4. In this approach the main object of study is the Hilbert
space H of quantum states equipped with a vacuum (ground) state Q € H
and various (in general, unbounded) self-adjoint operators on H correspond-
ing to physical observables, such as the Hamiltonian H (energy), coordinate
operators q;, momentum operators pj, etc. The evolution of these operators in
time is governed by the Schrodinger equation

dA i

dt ~ h
which quantizes Hamilton’s equations in their Poisson bracket form ([[.4), re-
placing Poisson bracket by commutator. Thus we have

[A’H]’

itH itH
Aty =e 7w A(0)e” 7 .
The correlation functions (gj,(t;)...qj, (t,)) in the Hamiltonian formulation
are given by the matrix coefficients (Q, q; (¢;) ... q;, (¢,)Q). The equality

iS(q@)
f 41,0 e @1, (0 Dg = (@ g (1) ... 45, (b)),

which connects the path integral with operator formalism, is known as the
Feynman-Kac formula.

Still, formula ([.9) is extremely helpful for motivational purposes and with
appropriate care can be used for computation.

Remark 1.10. Similarly to Brownian motion (cf. Remark [[.9), in the limit
h — 0 we are supposed to recover the classical system

(q;,(t) ---qj, (£0)) = q;,(81) ... q;, (£,)-
However, now this is achieved not because individual nonoptimal trajectories
become less likely, but rather due to cancellation in the oscillatory integral (L.9)
which corresponds to the physical phenomenon of quantum interference. We
will observe how this cancellation occurs in finite-dimensional oscillatory in-
tegrals when we discuss the stationary phase formula below.

1.5. Quantum field theory

In quantum field theory, the situation is similar to quantum mechanics, but, as
in the classical case, with infinitely many particles. Namely, a quantization of
a classical field theory with action S(¢) is obtained by considering correlation
functions

iS(¢)

Q1D (P Gy () = f 8 (). 8 (e 2D,
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10 1. Generalities on mechanics and field theory

where x; = (t;,%X,) € R? and the integration measure D¢ is normalized so
iS(9)

that fe n D¢ = 1.
Of course, from the mathematical viewpoint, this setting is a priori even
less satisfactory than the one of quantum mechanics. Indeed, it involves in-

tegration with respect to the complex-valued measure e¥D¢ on the space of
functions of > 2 variables, which is ill defined even after the Wick rotation. Yet
physicists imagine that certain integrals of this type exist, and come to sensible
and interesting conclusions (both physical and mathematical) by working with
them. Therefore, making sense of such integrals is an interesting problem for
mathematicians which will be in the center of our attention.

Specifically, we will make sense of path integral ([[.11]) as a power series in
f. To this end, write the action S(¢) as the sum of homogeneous parts
S(¢) =D, S;(4),
Jj>2
where S(¢) is homogeneous of degree j (assuming that S contains no constant
or linear terms in ¢, i.e., ¢ = 0 is a critical point of S with S(0) = 0). Then

replacing ¢ by h%¢ brings (L.11)) to the form
(1.12)

RT3y, (00) 5, (o)) = f $1,(x1) .. 85, (xp)e! T2 RS @y,

For 7 = 0 this is the Gaussian path integral

L,(xq,...,x,) = f¢J’1(x1)---¢jn(xn)ei52(¢)D¢

with quadratic action S,(¢), which defines a free quantum field theory. Such an
integral can be easily defined using Wick’s formula (Section B.1]), which gives
an explicit expression for it as a sum over matchings (fixed-point-free involu-
tions) on the set [1, n] (in particular, it vanishes if » is odd):

L,(x,...,%x,) = Z H G(xj — Xg5(j))-
oeMatchings([1,n]) je[l,n]: j<o(j)

Here G is the Green’s function (also called the propagator)—the 2-point corre-
lation function, which is just the fundamental solution of the field equations
evaluated at x; — x,. Thus, as in the classical case, a free quantum field theory
is exactly solvable. Moreover, we can now formally expand (L[.12) in powers
of 7 as a perturbation of this Gaussian integral using the power series for the
exponential and again Wick’s formula. This produces, in every order in %, a
sum of finite-dimensional integrals (Feynman amplitudes) attached to certain
graphs (Feynman diagrams); see Chapter B and Section p.3.

For d > 2, these finite-dimensional integrals are often divergent, however,
and one needs to regularize them in a coherent manner to obtain meaningful
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1.5. Quantum field theory 11

perturbation expansions of correlation functions. This is accomplished by per-
turbative renormalization theory (Chapter [[3). Namely, this theory identifies
a subclass of Lagrangians, called renormalizable, for which such a systematic
regularization is possible, and which luckily contains the Lagrangians of phys-
ical interest in our (3 + 1)-dimensional world.

The next (much more serious) obstacle, which arises already for d = 1
(quantum mechanics) and even d = 0 (finite-dimensional integrals) is that
such perturbation expansions never converge for # # 0. Indeed, one can see
this on the model example

I(h) = f Ry CD =Dl
R

nnl
n>0 2"n!

this expansion is only asymptotic and diverges for all nonzero # since the coef-
ficients grow faster than a geometric progression. However, it can be summed
using Borel summation (a method providing, for some asymptotic series, a nat-
ural choice of a function with such asymptotics, see Section P.5). Physicists
believe that the same happens in cases of interest in quantum field theory: the
appropriate Borel summation of the perturbation expansion evaluated at nu-
merical 7 should provide actual answers to physically interesting questions.
Statements pertaining to such numerical values are called nonperturbative.

As in quantum mechanics, a more mathematically robust approach to
quantum field theory is through Hamiltonian formalism, in which the main
object of study is the Hilbert space # of quantum states equipped with a vac-
uum state Q € J{ and quantum fields ¢;(x) valued in operators on J so
that the correlation functions (¢; (x;)...¢; (x,)) are the matrix coefficients
(Q, ¢, (x1)...9j, (x,)Q). Namely, in the Hamiltonian approach it is possible
to give a rigorous definition of a quantum field theory (the Wightman axioms,
Section[10.9) and even to construct some interesting examples of quantum field
theories satisfying these axioms. This is the subject of constructive field theory
([GJ]). Admittedly, many important quantum field theories are not known to
or known not to satisfy Wightman axioms. But these axioms are still useful
for motivational purposes as a rigorous model framework. Moreover, there are
quantum field theories which cannot be defined by quantizing a Lagrangian
(e.g., minimal models of conformal field theory). So the Hamiltonian approach
isnot only mathematically more robust than the Lagrangian (path integral) one
but is also more general (at least for theories on R%). However, a great advan-
tage of the path integral approach is the ability to consider arbitrary spacetime
manifolds, which are not equipped with (or even do not admit) a splitting into
space and time.

Remark 1.11. A central role in understanding both classical and quantum
field theories is played by their symmetries. For instance, note that Lagrangian
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12 1. Generalities on mechanics and field theory

(L.6) has a large symmetry group—the semidirect product SO, (1,d — 1) X
R9, where the Lorentz group SO, (1,d — 1) acts by matrices preserving the

Minkowskian metric ¢t — Zi: x? and positive direction of time, and R¢ acts
by translations. This is the Poincaré symmetry, which is, in fact, the symmetry
of special relativity. In other words, the corresponding field theory is relativis-
tic. This will be so for all classical and quantum field theories on R? that we
will consider in this book. There are also several other important types of sym-
metry—global symmetry, gauge symmetry, conformal symmetry, supersym-

metry, R-symmetry. They are discussed in Section [[1.5.

Remark 1.12. As a running example for classical and quantum field theory
we have considered the theory of a scalar field, where fields are functions ¢(x)
on the spacetime. One may also consider fields which are more general geo-
metric objects (spinors, differential forms, connections, etc.). This means that
they transform in a more complicated way under Lorentz symmetries. For in-
stance, matter particles (e.g., electrons and positrons) are modeled in quantum
field theory by spinor fields 1)(x), which are sections of the spin bundle on space-
time. They transform in the spin representation of the Lorentz group, which
is in fact only a projective representation—a representation of its double cover
Spin(1,d — 1). Moreover, such fields are odd, or fermionic, i.e., the values
¥(x) and P(p) at x,y € R? anticommute (in the classical field theory setting):
Yi(x)Y;(y) = —¥j()Pi(x). Thus in the corresponding quantum theory we
need to integrate over odd vector spaces, where some coordinates are Grass-
mann (i.e., anticommuting) variables. Such spaces are called superspaces, and
the theory of integration over them is developed in Chapter §.

Another example is pure electrodynamics (Maxwell theory) discussed in Sec-
tion [[0.7. In this theory, the basic field is a U(1)-gauge field A, representing a
photon. A U(1)-gauge field is a connection on a U(1)-bundle over R* (con-
cretely, a 1-form), and the field equations are the Maxwell equations, but fields
are considered up to gauge symmetries A — A+df, where f is a function on R*.
This theory is free as Maxwell equations are linear (photons do not interact),
but one may add a spinor field ¥(x) transforming under the tautological rep-
resentation of U(1), with a Lagrangian containing the cubic interacting term
@,Agb); this allows us to model interactions involving electrons, positrons, and
photons. One may also define a similar theory in which U(1) is replaced by a
general (not necessarily abelian) compact Lie group G (pure Yang-Mills the-
ory) which is no longer free, as well as its extensions containing matter fields
(scalars and spinors) modeling various particles. In Yang-Mills theory, the ba-
sic field is a gauge field A which is a connection on a principal G-bundle on R*
(concretely, a 1-form valued in g = Lie G) considered up to gauge transforma-
tions g : R* — G actingby A o g = g71dg + g~'Ag. Field theories, in which
fields are considered up to such symmetries, are called gauge theories, and they
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1.5. Quantum field theory 13

play a central role in physics, as they describe the main types of interactions
of elementary particles—electromagnetic, strong, and weak interactions. The
ultimate such theory is the standard model which describes all known particles
and interactions except gravity.

Remark 1.13. Physicists like to discuss quantum field theories in terms of their
behavior at various energy scales. Namely, recall that in classical mechanics we
have three basic units of measurement—distance D, time T, and mass M—and
all quantities express through these: for example, velocity is D/T, momentum
is MD/T, energy is MD?/T?, etc. In relativistic mechanics we have a natural
unit of velocity—the speed of light ¢ which provides an identification D =~ T.
Thus momentum and energy now have the same units of measurement as mass
(M). Further, in quantum mechanics we have Einstein’s formula E = #v with
Planck constant 7 connecting energy and frequency. So in relativistic quantum
field theory we get an identification M =~ 1/T. Thus we are left with just one di-
mensionful scale (either distance or time) or the reciprocal (mass, momentum,
or energy). In particular, small distances, times correspond to large masses,
momenta, energies (the ultraviolet (UV) limit), and large distances, times cor-
respond to small masses, momenta, energies (the infrared (IR) limit).

Now, renormalizable quantum field theories are defined by the condition
that all the coefficients (couplings) g; in the Lagrangian are measured in units
M%, where d; > 08 This means that under the rescaling x +~ sx in the
path integral they rescale as g; — g;s%, which preserves a neighborhood of
0 when s < 1. This creates a possibility that in the UV limit s — 0, the cou-
plings become small (weak) and the perturbation expansion with respect to g;
(closely related to the h-expansion discussed above) becomes asymptotically
valid. Namely, if d; > 0 for all i (the super-renormalizable case), then this is
automatic, while if there are dimensionless couplings g; with d; = 0, then one
needs an additional property of asymptotic freedom (Section [13.9). If so, then it
is believed that the theory is fundamentally defined in the UV limit as a defor-
mation of a free quantum field theory, meaning that its expansion in g; can be
Borel-summed to get nonperturbative correlation functions, which should con-
verge to those of a free theory at large energies. Then one may study how these
functions behave at smaller energy scales that we observe in the real world.
This is called “infrared behavior”, and its understanding is the main challenge
in studying the dynamics of quantum field theories. The passage from larger
to smaller energy scales is greatly elucidated by the theory of renormalization
group (Section [[3.8) and the notion of the low energy effective theory (Section

[3.11)).

4For instance, if £(¢) = %(Vc;b)2 + % g, then (V¢)?dx should be dimensionless, so the units for ¢ are

d-2 d—2
M~z . Since g¢3dx should also be dimensionless, the units for g are M3 = M", wherer = 3— %l. This
theory is renormalizable for d < 6 (Section [[3:2), which is exactly when r > 0.
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14 1. Generalities on mechanics and field theory

1.6. A note on rigor

A large part of the material in this book can be developed completely rigor-
ously, even though we sometimes choose not to do so, to avoid overly formal
presentation and keep the text at reasonable size. Specifically, all the material
on steepest descent and stationary phase formulas, Feynman calculus, matrix
integrals, classical mechanics, and Hamiltonian quantum mechanics includ-
ing fermions (Chapters B-9) is fully rigorous mathematics; for instance, a lot
of the mathematical background on Hamiltonian quantum mechanics can be
found in [RS]. Lagrangian quantum mechanics (path integrals) can be devel-
oped rigorously only upon Wick rotation (with integrand e~5/"). As explained
in Section [.3, this is based on the theory of stochastic processes. The Feynman-
Kac formula connecting the Lagrangian and Hamiltonian picture in this setting
(Section [7.6) is also fully rigorous.

In arbitrary spacetime dimension, classical field theory (including fer-
mions, fields defined and taking values on manifolds, and supersymmetry) is
also entirely rigorous. The same applies to perturbative quantum field the-
ory, including the theory of renormalization groups (Chapter [[3). Also all free
quantum field theories (Chapter [[0) rigorously exist beyond perturbation the-
ory, as do some super-renormalizable quantum field theories defined in the
framework of constructive field theory ([GJ]). Also many interesting quantum
conformal field theories (minimal models, Wess-Zumino-Witten models, see
Chapter [[J) are mathematically well defined. However, among (asymptot-
ically free) renormalizable quantum field theories containing dimensionless
couplings, only a few are known to exist rigorously (in two spacetime dimen-
sions), mostly thanks to recent developments in probability theory. Notably,
nonperturbative 4-dimensional quantum Yang-Mills theory (an enhanced ver-
sion of which, the Standard Model, is believed to describe our universe) still
remains very much out of reach for a mathematical study. More precisely,
one can define this theory on a lattice (see Section [3.12), but mathematicians
can say nothing about what happens when the lattice spacing goes to zero and
the lattice degenerates into continuous space, even though some impressive
numerical results and predictions can be obtained using the lattice approxi-
mation. In fact, this is the subject of one of the seven Millennium Problems
([rwiD).
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Chapter 2

The steepest descent
and stationary phase
formulas

Now, let us forget for a moment that the integrals (.7), (I.9), and (L.11)) are
infinite dimensional and hence problematic to define, and ask ourselves the
following question: why should we expect to recover the usual classical me-
chanics or field theory when the parameter x or # goes to zero? The answer
is that this expectation is based on the steepest descent (respectively, station-
ary phase) principle from classical analysis: if f(x) is a function on R¢, then

the integrals /' g(x)e_@dx, S g(x)e@dx “localize” to minima (respectively,
critical points) of the function f as k¥ — 0 (respectively, # — 0). As this clas-
sical fact is of central importance to the whole subject, let us now discuss it in
some detail.

2.1. Gaussian integrals

We start with auxiliary facts from linear algebra and analysis. Let V be a real
vector space of dimension d. Let M(V) be the set of nondegenerate complex-
valued symmetric bilinear forms on V with nonnegative definite real part. We
have an open dense subset M°(V) C M(V) of forms with positive definite real
part. If B = P +iQ € M°(V), where P, Q are the real and imaginary parts
of B,thenP~!Q : V - Visa self-adjoint operator with respect to P, which
therefore has real eigenvalues and diagonalizes in an orthonormal basis. In

this basis B(x,y) = Z?zlajxjyj, where Re(a;) = 1. Thus Bl € M°(V*). It

15
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16 2. The steepest descent and stationary phase formulas

follows that the map B — B~! is a homeomorphism M(V) =~ M(V*) which
restricts it to a homeomorphism M°(V) = M°(V*).

Now fix a translation-invariant volume form dx on V. Then for every com-
plex-valued symmetric bilinear form B on V we can define its determinant

det B. Thus we can define a continuous function (det B)_% on M(V) using the
branch of the square root which is positive on positive definite forms (it exists
and is unique because M(V) is star-like with respect to any point of M°(V),

hence simply connected). Note that if B = iQ, where Q is a real nondegener-
—mio(Q)
ate form, then (det(iQ))‘§ =e 1 ¢ | det Q|‘%, where o is the signature of Q.

Indeed, it suffices to check the statement for diagonal forms, hence for d = 1,
in which case it is straightforward.

Let 8(V) be the Schwartz space of V, i.e., the space of complex-valued
smooth functions on V all of whose derivatives are rapidly decaying at oo (faster
than any power of |x|). In other words, 8(V) is the space of smooth functions
f on V such that D(V)f c I?(V), where D(V) is the algebra of differential op-
erators on V with polynomial coefficients. The Schwartz space has a natural
Fréchet topology defined by the seminorms ||Df||;2, D € D(V). The topologi-
cal dual space 8'(V) is the space of tempered distributions on V. Note that we
have natural inclusions

S8(V) c IA(V) c 8'(V).
Recall that the Fourier transform is the operator
F :8(V) - 8(V¥)
given by

F@)(p) = (27)" f 2(x)e- 1Dy,
174

which defines an isometry I?(V) — I?(V*) such that (¥2g)(x) = g(—x). By
duality, it defines an operator

F:8W)->8"
which extends &. For any complex symmetric bilinear form B with ReB > 0

the function e~ 2BC5%) belongs to 8'(V), and moreover to S(V) if and only if
B € M°(V). Furthermore, it depends continuously on B as an element of these
spaces. We will call it the complex Gaussian distribution.

Lemma 2.1 (Gaussian integral). For any B € M(V) we have

F(e"zB00)) = (det B)~2¢357 @),

Proof. By continuity, it suffices to prove this when Re B > 0. In this case B is
diagonalizable, so the statement reduces to the case d = 1. In this case we have
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2.2. Gaussian integrals with insertions 17

to show that for every a € C with Rea > 0,
1 1.2

1 f ” —ipx—Lax? -
— e Mdx = —e
V 27T J—o \/E
Since both sides are holomorphic in a in the region Rea > 0, it is enough to
check the statement when a is real. The integral in question can be written as
e_% a-1p? o)
V 27 -0

But using Cauchy’s theorem,

_1 ia-1p)2
e sa(x+ia~'p) dx.

1 ia—1p)2 1 _1..2 1 _1 .2
AP gy = — e 2% dx = —fe 2% dx.
R

1 f“’
—— e
V2 J-wo V27 Jr+ia-1p V2
Thus the result follows from the Poisson integral
f e Xdx =7
by rescaling x. d

In the sense of Lemma @ we can say, setting p = 0, that
(2.1) Qn)% f e~ 3B gy = (det B).
124

Note that this equality is also true in the sense of absolute convergence if B €
M°(V) and of conditional convergence otherwise (check it!).

2.2. Gaussian integrals with insertions

Now let g € 8(V). Consider the integral
Iy(h) = f g(h%x)e_%B(x’x)dx, h>o0,
14

where for 7 = 0 we use (R.1), so
(2.2) 15(0) = (27) (det B)~2g(0).
Let Ag : 8(V) — 8(V) be the Laplace operator corresponding to B: Ag =

ijl 63_16; aej for a basis {e;} of V, where for v € V, 9, is the operator of deriv-
ative along v.

Thus I, € C*®[0, o). In particular, if g vanishes at the origin to order 2n + 1,
then I;(0) = --- = I{”(0) = 0.
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18 2. The steepest descent and stationary phase formulas

The rest of the section is occupied by the proof of Theorem P.2.

Lemma 2.3. I, is a continuous function.

Proof. Only continuity at # = 0 requires proof. By Plancherel’s theorem and
Lemma R.1],

1 1
Ig(h) = (g(h7x),e”2P%¥)
= h™3(det B) 3 (8(h ™3 p), e P)) = (det B) 3 (g(p), e~ 15 " 0P)),

where § is the Fourier transform of g. But e=3B7®P) 5 1in §'(V¥)ash - 0
(as the complex Gaussian distribution depends continuously on the bilinear
form). Thus

lim L,() = (det B> (§(p). 1) = (2m)* (det B)"3g(0) = L,(0),
as desired. O
Lemma2.4. If¢ € V*and f € S(V), then
Iy(h) = ks, ().
Proof. We have
Ls(h) = h2(6(0) f(h2x), e 2BOD) = h3 (f(h2x), 6(x)e™ 2BOD)

1

= —13(f(h>x), 8163 PC) = 13 (@po1, f (13 ), €7 5)
= (@1, f)(AIx), €™ IBED) = Bl | (h).
This proves the lemma. O
Now we prove Theorem R.2. If 2 > 0, then by direct differentiation we get
I(h) = 507 gg(h),

where E := Z;i:l e;aej is the Euler vector field on V. Thus by Lemma P.4 we

have
(2.3) Ié(h) =I ((),h>0.
5288

So, using Lemma .3, it suffices to show that I, € C'[0, o0) (then smoothness
will follow by repeated application of (R.3)). To this end, note that if C is a
positive definite form on V, then

- euo(P) = f em 3 BHONdx = (2m)% det(B + hC) 2,
e
|4

which is analytic, hence continuously differentiable on [0, o). So subtracting
from g a multiple of such function, it suffices to prove that I, € C'[0, ) when
g(0) = 0. In this case g is well known to be a linear combination of functions
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2.3. The steepest descent formula 19

of the form ¢f, where f € 8(V) and ¢ € V*. So it suffices to check that

I, € C'[0, ) for g = ¢f. But then by LemmaR.4I5(0) =I5, +(0) =11, ,(0),
B-le 5888

as

3858(0) = 3A5(€f)(0) = D7 €(e))3p-1,£(0) = Op-1,f (0).
J

This completes the proof.

Exercise 2.5. Let 8,,(V) € C™(V) be the subspace of functions whose deriva-
tives of order < m are rapidly decaying. Prove that the differentiation formula
of Theorem holds for g € &8,(V). Deduce that if g € 8,,(V),
then I € C"[0, c0), and that if moreover g vanishes at 0 to order 2n + 1, then

1,0) = - = I[{P(0) =

2.3. The steepest descent formula

Let a < b be real numbers and let f,g : [a,b] — R be continuous functions
which are smooth on (a, b).

Theorem 2.6 (Steepest descent formula). Assume that f attains a global min-
imum at a unique point ¢ € [a, b, such thata < ¢ < b and f"(c) > 0. Then one
has

b
(2.4) f g(x)e dx = hie_MI(h)
a
where I(h) extends to a smooth function on [0, o) such that

10 =Vor £2

Proof. Without loss of generality we may put ¢ = 0, f(c) = 0. Denote f”(c) by
M. Making a change of variable, we may reduce this to a situation where f(x) =
%x when x is in some neighborhood U of 0. Let h be a “bump” function, a
smooth function supported in U which equals 1 in a smaller neighborhood
0e U CcU. Writeg = g, + g,, where g; = hgand g, = (1 — h)g. LetI be
defined by equation (2.4), and let I, I, be defined by the same equation for g
replaced by g, g5, s0 I = I; + I,. Since f has a unique global minimum, we see

by direct differentiation that for all n, I 5”)(;"1) israpidly decaying as## — 0. Thus
for g = g, (i.e., if g = 0 near c) the result is obvious, as infy.g(x)+o f(X) > 0.
Thus we may assume without loss of generality that g = g; and g, = 0. We
extend g by zero to the whole real line.

Let us make a change of variable y := =3 x. Then we get

2.5) 1) = f g(ns e dy.

Thus the result follows from (2.2) and Theorem P.2. O
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20 2. The steepest descent and stationary phase formulas

Remark 2.7. Theorem P.6, in fact, provides an explicit formula for the Taylor

coefficients of I(#). Namely, as in the proof of Theorem P.6, assume that ¢ = 0
1 2

and f(x) = p(x)* near 0, where

p'(0) =4/ f"(0) > 0.

Ignoring limits of integration (which, as we have seen, are irrelevant for the
asymptotic expansion of I(#)), we havef

)2 s 2
O f (e 5 dx ~ f g(h3y)e 5 dy

where

5(7) = o p—1 Sy - EPTN(2)
8(z)=g(p~@)(p™ ) (2) = p'(p—1(z))’

By Theorem P.2, the first N + 1 terms of the Taylor expansion of this integral
are given by the integral

S . 5
In(h) = f an(hiy)e = dy,

(o)
n
n=o0 b,z",

where gy is the 2Nth Taylor polynomial of § at 0. Thus if §(z) ~ )]
then

[o4] o0 5
I~ > b2nh"/ y2re~ T dy.
n=0 —00
yZ

But, setting u = =-, we have

(2.6)
© y2 1 © 1 1 1 1
ye 7 dy = 2"t u' e Mdu = 2" T(n+ 3) = 2m)2(2n - 1)1,
-0 0

where 2n — 1)!!:= ngjgn(zj —1). Hence

I(h) ~ 3 byp2™*aT(n + Hyan.

n=0

2.4. Stationary phase formula

Theorem P.4 has the following imaginary analogue, called the stationary phase
formula.

oo
n=0

SRecall that for I € C®[0,¢), we write I(h) ~ Y,

Z]::_()l a,h" + O(hN)ash — 0.

a,h" if for every N > 0, we have I(h) =
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2.4. Stationary phase formula 21

Theorem 2.8 (Stationary phase formula). Let f,g : [a,b] = R be smooth
functions. Assume that f has a unique critical point ¢ € [a, b], such thata < ¢ <
b and f"(c) # 0, and g has vanishing derivatives of all orders at a and b. Then

b . .
f g(x)e$dx = h%eyl(h),

a

where I(1) extends to a smooth function on [0, 00) such that

10) = Vamers -89 _
VIfr©l

where + is the sign of f"(c).B

Remark 2.9. It is important to assume that g has vanishing derivatives of all
orders at a and b. Otherwise, we will get additional boundary contributions.

Proof. The proof is analogous to the proof of the steepest descent formula, but
slightly more subtle, as we have to keep track of cancellations. First we need
the following very simple but important lemma which allows us to do so.

Lemma 2.10 (Riemann’s lemma).

(i) Let f : [a,b] — R be a smooth function such that f'(x) > 0 for all
x € |a,b], and let g : [a,b] — R be a C"-function such that

gla) = =g"V(@) =gb) = =g"V(b)=0.
Let

b .
I(h) :=/ g(x)e#dx.
a

Then I(h) = O(AW"), h — 0.
(ii) Suppose g is smooth on [a, b] and all derivatives of g at a and b are zero.

Then I extends (by setting 1(0) := 0) to a smooth function on [0, ) all of whose
derivatives are rapidly decaying as h — 0.

Proof. (i) By making a change of variable, we may assume without loss of
generality that f(x) = x. Then the proof is by induction in n. The base case
n = 0 is obvious. For n > 0 note that
b , b ,
f g(x)el? dx = ihj g'(x)en dx
a a
(integration by parts), which justifies the induction step.

(ii) follows from (i) by repeated differentiation.
O

®This is called the stationary phase formula because the main contribution comes from the point where
f(x)

the phase = is stationary.
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22 2. The steepest descent and stationary phase formulas

Now we proceed to prove the theorem. As in the proof of the steepest de-
scent formula, we may assume thatc = 0and f = %xz near 0 for some M # 0,
and write I as the sum I; + I,. Moreover, by Lemma R.10(ii),

b )
I(h) = f (e 2 dx
a

is rapidly decaying with all derivatives, as

“ , b _
Iz(h)=f gz(x)e%dx+/ g,(x)e > dx
a c

2

for some c¢; < ¢ < ¢, and by our assumption the function f is monotonic with
f'(x) # 0on both [a,c;] and [c,, b]. So it suffices to prove the theorem for

g=8&-
Again following the proof of the steepest descent formula, we have

2.7) 1) = f g(h3y)e ™ dy,

so as before the result follows from (B.2) and Theorem P.2. d

Remark 2.11. Since computation of the asymptotic expansion of I(#) is a pure-
ly algebraic procedure, the explicit formula for this expansion in the imaginary
case is the same as in the real case (Remark P.7) but with % replaced by i%:

I(h) ~ i byn2™3T(n + )R,

n=0

2.5. Nonanalyticity of /() and Borel summation

Even though I(#) is smooth at 7 =0, its Taylor series is usually only an asymp-
totic expansion which diverges for any # # 0, so that this function is not ana-
lytic at 0. To illustrate this, consider the integral

© x24x4 1
f e~z dx =h2I(h),

where

o0 2 pyt
(2.8) I(h) = f e dy.

Since this integral is divergent for any # < 0, we cannot conclude its analyticity
at 7 = 0, and it indeed fails to be so. Namely, as in Remark P.7, the asymptotic
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2.5. Nonanalyticity of I(h) and Borel summation 23

expansion of integral (2.§) is obtained by expanding the exponential e=3"" into
a Taylor series and integrating termwise using (2.6):

I(h) ~ ). a,h",
n=0

© _y_2 4n
n= (_1)}'1/ € 2 2ynn|dy

2"+2F(2n + ) (dn—D!
=-D)r—— )™ 2r .
= ()L = (W
It is clear that this sequence has super-exponential growth, so the radius of
convergence of the series is zero.

where

Let us now discuss the question: to what extent does the asymptotic ex-
pansion of the function I(%) (which we can find using Feynman diagrams as
explained below) actually determine this function?

Suppose that
I(h) = > a,h"
n>0
is a series with a zero radius of convergence. In general, we cannot uniquely
determine a function I on [0, ¢) whose expansion is given by such a series: it
always exists (a nontrivial but enjoyable exercise!) but in general there is no
canonical choice (which is part of the reason why the exercise is nontrivial!).
However, assume that the exponential generating function of a,,

gy =7y an
n>0
is convergent in some neighborhood of 0, continues analytically to [0, o), and
has at most exponential growth as # — +o0. In this case there is a “canonical”
way to construct a smooth function I on [0, €) with (asymptotic) Taylor expan-
sion I, called the Borel summation of I. Namely, the function I is defined by the
formula

1(h) = f g(hu)e *du = h~! f g(we 7 du,
0 0

i.e., I(h) = h~1(Lg)(h~1), where L is the Laplace transform (note that since
g grows at most exponentially at infinity, this is well defined for small enough
h > 0). Note that

I(h) = f lv|g(hv?)e~Vdv = ho3 f g*(h%v)e_vzdv,
where g,.(v) = |v]|g(v?). Thus Exercise 2.3 implies that to compute the asymp-
totic expansion of I, we may replace g by its Taylor polynomials at 0. Hence the
identity f; x"e~*dx = n! implies that I has the Taylor expansion given by I.
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24 2. The steepest descent and stationary phase formulas

For example, consider the divergent series

I:=) (-1

n>0

Then
1

(h) = Y (-1 = ——.
8 %:0 1+h

Hence, the Borel summation yields

® e U -1
I(h) = du =h=1le" Ej(h7Y),
W= [ =BG
where E;(x) := fx°° %du is the exponential integral.

Physicists expect that in physically interesting situations perturbation ex-
pansions in quantum field theory are Borel summable, and the actual answers
are obtained from these expansions by Borel summation. The Borel summa-
bility of perturbation series has actually been established in a few nontrivial
examples of QFT, for example in quantum mechanics (see [Ni] and references
therein).

Exercise 2.12. Show that the function given by (2.§) equals the Borel sum of
its asymptotic expansion.

Hint. The function g(z) in this example is a special case of the hypergeometric
function ,F; which does not express in elementary functions, but it satisfies
a hypergeometric differential equation. Write down this equation and show
that the Laplace transform turns it into another second-order linear differential
equation and that the function I(%) given by (R.8) satisfies this equation.

2.6. Application of steepest descent
Let us provide an application of Theorem P.6. Consider the integral

I'(s+1)= f tse~tdt, s > 0.
0

By doing a change of variable t = sx, we get

0 )
I'(s+1) _ f =X dy = f e—s(x=10gx) .
0 0

SS+1
Thus, we can apply Theorem R.6 for 7 = % f(x) = x —logx, g(x) = 1. Of

course, the interval [a, b] is now infinite, and the function f blows up on the
boundary, but one can easily see that the theorem is still applicable, with the
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2.6. Application of steepest descent 25

same proof. The function f(x) = x—log x has a unique critical point on [0, o),
which is ¢ = 1, and we have f”(c) = 1. Then we get

(2.9) I'(s+1) ~ sSe 5y 2ms(1 + al + az + ), § > .

This is the celebrated Stirling formula.
Moreover, we can compute the coefficients a;, a,,... using Remark P.7.

Namely,
p(x)=\/2(x—10g(1+x))=x\/1—27x+x72— —x——+E+
Thus
2 3
pl@=z+5+5 4.,
hence

“y() =14+ 2 4 2
P )@=1+5+5+...,

So for instance by Remark .7 a; = b, = %

Remark 2.13. Another way to compute this asymptotic expansion is to use the
Euler product formula for the Gamma function. Differentiating the logarithm
of this formula twice, we obtain (for z > 0)

oo 00 o0 —zt
" —(z+m)t g4 — te””
(logI')"(2) = E (Z " n)2 => te dt /O T —dt.

n=0v0

Recall that the Bernoulli numbers are defined by the generating function

5 Bt" ¢
n  1l—et’

n>0

eg,By=1,B; = % B,,41 = 0for n > 1. Thus we get for z - o
(logD)"(z) ~ Y, Bz "1,
n>0
Integrating, we get

(logD)'(z) ~logz+ C; — Z —z ",

n>1
so integrating again and adding log z, we get

B,

—Z—n+1_
n(n—1)

logT'(z+1) ~zlogz—z+ Ciz + —logz+C2 + Z

n>2
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26 2. The steepest descent and stationary phase formulas

From Stirling’s formula we have C; = 0,C, = % log(27), so in the end we get

(2.10) (logT)'(z) ~ logz — Z %z‘”,

n>1

— 1 l B” —n+1
(2.11) logl'(z+1) ~zlogz—z + 2logz+ 210g(27r)+nz>:2n(n_1)z .
So 5
149 4% 4. = exp(Z _n(ni1)s_n+1)-

S 52
n>2

1
we geta, =

. . 1
In particular, since B, = o

g’
Exercise 2.14. Calculate foﬂ sin” xdx for nonnegative integers n using inte-
gration by parts. Then apply steepest descent to this integral and discover a

formula for 7 (the so-called Wallis formula).

Exercise 2.15. The Bessel function Iy(a) is defined by the formula

L [
Ip(a) = E'[ e?c0s84p,
0

It is an even entire function with Taylor expansion

A
Io(a) = Zo 2np2°
n=

Use the steepest descent/stationary phase formulas to find the asymptotic ex-
pansion of Ij(a) as a — +oo0 and a — ico. Compute the first two terms of the
expansion (cf. Remark 2.22).

2n

2.7. Multidimensional versions of steepest descent and
stationary phase

Theorems P.6 and 2.8 have multidimensional analogues. To formulate them,
let V be a real vector space of dimension d with a fixed volume element dx, and
let D C V be a compact region with smooth boundary.E

Theorem 2.16 (Multidimensional steepest descent formula). Let f, g be con-
tinuous functions D — R which are smooth in the interior of D. Assume that f
achieves global minimum on D at a unique point c, such that c is an interior point
and Hess(f)(c) > 0. Then

Fie) d _f©
(2.12) f g(x)e” n dx =hze” " I(h),
D

"The condition of smooth boundary is introduced for simplicity of exposition only and is not essen-
tial. The same results and proofs apply with trivial modifications to more general regions, e.g., those whose
boundary is only piecewise smooth in an appropriate sense.
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2.8. Morse lemma 27

where I(h) extends to a smooth function on [0, o) such that

g(c)
y/det Hess(f)(c) '

Theorem 2.17 (Multidimensional stationary phase formula). Let f,g : D —
R be smooth functions. Assume that f has a unique critical point c in D, such that
c is an interior point with det Hess(f)(c) # 0, and g has vanishing derivatives of
all orders on dD. Then

100) = (27)%

(2.13) / g(x)e@dx = hgewl(fl),
D

where I(1) extends to a smooth function on [0, o) such that
g(c)
\/| det Hess(f)(c)| ’

where o is the signature of the symmetric bilinear form Hess(f)(c).

1(0) = (27)7e®

2.8. Morse lemma

For the proof of these theorems it is convenient to use a fundamental result in
multivariable calculus called the Morse lemma. This lemma easily follows by
induction in dimension from the following theorem.

Theorem 2.18 (Separation of variables). Let f be a smooth function on an open
ball 0 € B ¢ R? which has a nondegenerate critical point at 0, and suppose
f(0) = 0. Then there is a local coordinate system near 0 (possibly defined in a
smaller ball) in which

fOx, e xq) = f(Xq, .00 Xg_1) £ X5

Proof. By making a linear change of variables, we can assume that the qua-
dratic part of f has the form Q(y) + u?, where y := (xy,...,X4_1), U = Xq.
Consider the hypersurface S defined by the equation

0uf(y,u) = 0.

The linear part of d,, f(y, u) is £2u, so by the implicit function theorem there
is a change of coordinates F near 0 (with dF(0) = 1) in which u is replaced by
L= i%du f(y,u) and y is kept unchanged; so u = g(y, v) for some function g
with (0,£)(0,0) # 0. Let

L, 0) = fy,w) = f(y, g0, v)).
Then by the chain rule

0t (0.0) = 3 fu(1: )32 = 6, f (v, u)3% = +203,8(y. ).
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28 2. The steepest descent and stationary phase formulas

Thus the hypersurface S in the new coordinates is defined by the equation v =
0. So we may assume without loss of generality that S is given by the equation
u = 0 to start with. Then (3, f)(y,0) = 0, so

fo.uw) — f(r,0) = h(y, wu?,

where h is a smooth function in B with h(0,0) = +1. By replacing u with
i :== 4/ |h(y, w)|u and keeping y unchanged, we may assume that h = +1. Then

fQu,y) = f(0.y) 2,

as claimed. O

Corollary 2.19 (Morse lemma). Let f be a smooth function on an open ball
0 € B C R which has a nondegenerate critical point at 0, and suppose f(0) = 0.
Then there is a local coordinate system (x1, ..., x4) near 0 (possibly defined in a
smaller ball) in which

2 2 2

f=xt+ X — Xy — - — X5
In other words, near a nondegenerate critical point a smooth function is equiva-
lent by a change of coordinates to its quadratic part.

Proof. As mentioned above, this follows easily from Theorem by induc-
tion in dimension. O

Exercise 2.20. Let f be a smooth function on R? which is a cubic polynomial
in x:

fG6y) = a@) + b)x + c(y)x* + d(y)x’.
Assume that a(0) = a’(0) = 0, b(0) = b'(0) = 0, a”"(0) = ¢(0) = 2. Find
explicitly local coordinates u = u(x,y),v = v(x,y) near 0 in which f(x,y) =
u? + 0%

2.9. Proof of the multidimensional steepest descent and
stationary phase formulas

The proofs of the multidimensional steepest descent and stationary phase for-
mulas are parallel to the proofs of their 1-dimensional versions, using the Morse
lemma. Namely, the Morse lemma allows us to assume without loss of gen-
erality that f is quadratic near the critical point. After this, the proof of the
steepest descent formula is identical to the 1-variable case. The same applies
to the stationary phase formula, using the following multivariable analogue of
the Riemann lemma.

Lemma 2.21. Let f,g : D — R be smooth functions such that all derivatives of
g vanish on D and df does not vanish anywhere on the support of g. Then the
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2.9. Proof of steepest descent and stationary phase formulas 29

function
I(h) :=/g(x)e#dx
D

extends to a smooth function on [0, co0) and has rapidly decaying derivatives of all
ordersas h — 0.

Proof. Since df does not vanish on supp(g), we can cover supp(g) by local
charts U; in which f(x) is the last coordinate x;. By compactness this cover
can be chosen finite. By using a partition of unity {Ah;} on supp g subordinate to
this cover and replacing g with h;g, we may assume without loss of generality
that g is supported on a single chart. Then changing variables, we may also
assume that f(x) = x4. Then integrating out the variables x;,...,x4_;, we
reduce to the 1-dimensional case covered by Lemma P.10. O

Remark 2.22. 1t is clear from the proof of the stationary phase formula that
it extends to the case when f may have several critical points but all of them
are interior and nondegenerate. In this case the asymptotic expansions coming
from different critical points are simply added together. The same applies to the
steepest descent formula if the global minimum is attained at several points, all
of which are interior and nondegenerate.
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Chapter 3

Feynman calculus

3.1. Wick’s theorem

Let V be a real vector space of dimension d with volume element dx. Let S(x)
be a smooth function on a compact region D C V with smooth boundary which
attains its minimum at a unique pointc € D in the interior of D, and let g be any
smooth function on D. In Chapter P we proved the steepest descent formula,
which implies that the function

_d 50 _5x)
I(h) =h"ze™n fg(x)e nodx
D

admits an asymptotic power series expansion in #:
3.1) I(h) ~ ag + a;h+ -~ + a,A™ + -

Our main question now will be: how do we compute the coefficients a;?

Our proof of the steepest descent formula shows that although the problem
of computing I(%) is transcendental, the problem of computing the coefficients
a; is, in fact, purely algebraic, and it involves only differentiation of the func-
tions S and g at the point c. Indeed, recalling the proof of equation (B.I), we
see that the calculation of q; is reduced to calculation of integrals of the form

_ B(x,x)
f P(x)e” "z dx,
v

where P is a polynomial and B is a positive definite bilinear form (in fact,
B(v,u) = (8,0,5)(c)). But such integrals can be exactly evaluated. Namely,
it is sufficient to consider the case when P is a product of linear functions, in
which case the answer is given by the following elementary formula, known to
physicists as Wick’s theorem.

31
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32 3. Feynman calculus

Figure 3.1. Matchings of the set {1, 2, 3,4}

For a positive integer k, consider the set {1, ..., 2k}. By a matching o on this
set, we will mean its partition into k disjoint two-element subsets (pairs). A
matching can be visualized by drawing 2k points and connecting two points
with an edge if they belong to the same pair; see Figure B.1. This will give k
edges which are not connected to each other.

Let us denote the set of matchings on a set T by II(T) and on the set

I1({1, ..., 2k}) by II;. It is clear that |II)| = % = (2k — 1)!!. For any o € II,
we can think of o as a permutation of {1, ..., 2k}, such that 0? = 1and o hasno
fixed points. Namely, c maps any element i to the second element o(i) of the

pair containing i.

Theorem 3.1 (Wick’s theorem). Let B~! denote the inverse form to Bon V*, and
let€,,...,€n € V*. Then, if N is even, we have

d
_ B(x,%) (27‘[)5
61(x)...¢n(x)e" 72 dx = Z H B_l(gi,ﬁa(i))-
./1-/ Vdet B oelly,, ifl... .NYo

If N is odd, the integral is zero.

Proof. If N is odd, the statement is obvious, because the integrand is an odd
function. So consider the even case N = 2k. Since both sides of the equation are
symmetric polylinear forms in ¢€,..., ¢y, it suffices to prove the result when
¢, = -+ = €5 = ¢. Further, it is clear that the formula in question is stable
under linear changes of variables, so we can choose a coordinate system in such
a way that B(x, x) = x} + - + x4, and €(x) = x;. Therefore, it is sufficient to
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3.2. Feynman diagrams and Feynman’s theorem 33

assume that d = 1 and €(x) = x. In this case, the theorem says that

© x2 1
/ x*ke=Tdx = 2n)2(2k - D!,

which is formula (R.6). O
Example 3.2. We have
[
f €1(x)85(x)e” B();X) dx = ﬂB‘l(&, €5),
14 detB

f L)) (e 52 dx
174

_en)t

(B_l(el’ €2)B_1(€3’ €4)
VdetB

+ B7H(€1,63)B7H(€,,€4) + B~H(€1,€4)B7(6,,¢3)).

Wick’s theorem shows that the problem of computing a; is of a combina-
torial nature. In fact, the central role in this computation is played by certain
finite graphs, which are called Feynman diagrams. They are the main subject
of the remainder of this chapter.

3.2. Feynman diagrams and Feynman’s theorem

We come back to the problem of computing the coefficients a;. Since each par-
ticular a; depends only on a finite number of derivatives of g at c, it suffices to
assume that g is a polynomial or, more specifically, a product of linear func-
tions: g = ¢, ...€y, ¢; € V*. Thus, it suffices to be able to compute the series
expansion of the integral

_d 5@ _ 5
3.2) (6...6N)=h"2en f €1(x)...€n(x)e” 7 dx.
D
Without loss of generality we may assume that ¢ = 0 and S(c) = 0 (so
dS(c) = 0). Then the (asymptotic) Taylor expansion of S at c is
B(x,x) Z Bi(x,...,x)

560 = 2 i!

b
i>3

where B; := —d'S(0). Therefore, regarding the left-hand side of (B.2) as a power
series in 7 and making a change of variable x — hix (asin Section B.1)) we get

i .
B(x,x) +ziz3 pz 1 Bl(x,_-!- .,X)

(51--~€N>=h%j€1(x)...€N(x)e_ 2 i
14

dx.

Note that this is only an identity of asymptotic expansions in #, as we ignored
the rapidly decaying error which comes from replacing the region D by the
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34 3. Feynman calculus

whole space. But it implies in particular that (¢, ...€x) = O(h[gl) ash - 0
(as the expansion contains only integer powers of #).

Theorem B.5, due to Feynman, gives the value of this integral in terms of
Feynman diagrams. This theorem is easy to prove but is central in quantum
field theory, and it will be one of our main theorems. Before formulating Feyn-
man’s theorem, let us introduce some notation.

Let G3(N) be the set of isomorphism classes of graphs with N 1-valent “ex-
ternal” vertices, labeled by 1, ..., N, and a finite number of unlabeled “internal”
vertices, of any valency > 3. Note that here and below graphs are allowed to
have multiple edges between two vertices and loops from a vertex to itself; see

Figure B.2.
For each graph I' € G»5(N), we define the Feynman amplitude of T using
the following Feynman rules.

1. Put the covector ¢; at the jth external vertex.
2. Put the tensor B; at each i-valent internal vertex.

3. Take the contraction of the tensors along the edges of I', using the bilin-
ear form B~!. This will produce a number, called the (Feynman) amplitude of
I that is denoted Fr(¢4,...,€N).

Remark 3.3. If T is not connected, then Fr is defined to be the product of the
numbers obtained from the connected components. Also, the amplitude of the
empty diagram is defined to be 1.

Example 3.4. Let
By = 3 @ bP @7, Byi= 3 bl @ b @ b @ b,
i J

where b{ ¥ € V*. Then for the graph I3 in Figure B.2 the amplitude equals
FF3 (€15 €2)
=2 BT (1, b)BT (b, )

i
. ZB—I(bP’ b]1-4)B_1(b%3, ng4)B—1(bl33’ b34)B—1(b4}4’ €2).
i,j

Theorem 3.5 (Feynman). One has

(27)7 Rb()
VdetB rec.;(N) | Aut(D)|

where b(T") is the number of edges minus the number of internal vertices of the
graphT.

(33) <€1€N>= FF(€1,,€N),
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3.2. Feynman diagrams and Feynman’s theorem 35

F0=ﬂ
N=0
o' [—07] [—oe~
1 1 UZ
N=0 N=1 N=2
M
1 N 2
N=2

Figure 3.2. Examples of elements of G,3(N).

D)

Figure 3.3. An automorphism of a graph

Here Aut(T") denotes the group of automorphisms of T, and by an automor-
phism of I' we mean a permutation of vertices and edges (possibly flipping the
self-loops) which fixes each external vertex and preserves the graph structure;
see Figure B.3. Thus there can exist nontrivial automorphisms which act triv-
ially on the set of vertices and even ones also acting trivially on the set of edges.
For example, there is an automorphism of T, that flips the upper and lower arc,
and an automorphism of T, that flips the self-loop.

Remark 3.6.

1. Note that this sum is infinite but #-adically convergent.

2. Theorem B.3is a generalization of Wick’s theorem: the latter is obtained

it S(x) = @. Indeed, in this case graphs which give nonzero amplitudes do
not have internal vertices, and thus reduce to graphs corresponding to match-
ing o.

Let us now make some comments about the terminology. In quantum
field theory, the function (¢, ... €y) is called the N-point correlation function
and graphs I' are called Feynman diagrams. The form B~! which is put on the
edges is called the propagator. The cubic and higher terms % in the expansion
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36 3. Feynman calculus

of the function S are called interaction terms, since such terms (in the action
functional) describe interaction between particles. The situation in which S is
quadratic (i.e., there is no interaction) is called a free theory; i.e., for the free
theory the correlation functions are determined by Wick’s formula.

Remark 3.7. Sometimes it is convenient to consider normalized correlation
functions

<€1 ---€N>n0rm = %,

where (#) denotes the integral without insertions. Feynman’s theorem implies
that they are given by the formula

<€1"°€N>norm = Z —Ff(gl""’gN)’
reérn 1 Aut@)]

where G%;(N) is the subset of all graphs in G5;(N) which have no components
without external vertices.

3.3. A weighted version of Feynman’s theorem

Before proving Theorem B.3, we would like to slightly modify and generalize
it. Namely, in quantum field theory it is often useful to consider an interacting
theory as a deformation of a free theory. This means that S(x) = @ + S(x),

where S(x) is a perturbation
~ Bi(x,...,x
S(x) o 2 :gl l( - )

in which g,,r > 0, are (formal) parameters. One benefit of these parameters
is that they will allow us to group the amplitudes of Feynman diagrams in the
sum (B.3) by the numbers of vertices of each valency. Namely, consider the
partition function

d S(x)
Z = h_E/e_de
1%

as a series in g;. Let n = (ny, ny, n,,...) be a sequence of nonnegative integers,
almost all zero. Let G(n) denote the set of isomorphism classes of graphs with
ny 0-valent vertices, n; 1-valent vertices, n, 2-valent vertices, etc.; thus, now we
are considering graphs without external vertices. For I' € G(n), let Fr be the
amplitude of T defined as before. Thus

Fr = Hg?i - Fr,
i

where [Fr is the Feynman amplitude computed without the factors g;.
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3.4. Proof of Feynman’s theorem 37

Theorem 3.8. One has

Vaots 2 1 &y TR
(27T)2 n; lFF
ZH@J“ DAY , TAu D)’

det B a i reG(n

where b(I') = 3. ni(% — 1) is the number of edges minus the number of vertices
of T.

Note that we may view Z as an element of the algebra

1 1
Clgoh™',g1h™2, g, j = 2][[h2]],

i.e., it can be specialized to numerical values of

1
goh ™, g1h72,85, 85,

giving an element of C[[hé]]. Also Z can be specialized to 7 = 1, giving an
element of C[[g;, j > 0]], and the theorem is, in fact, equivalent to this special-
ization. Still we choose to keep # to be able to take the classical limit 2 — 0.

We will prove Theorem B.§ in Section B.4. Meanwhile, let us show that The-
orem B.5 is in fact a special case of Theorem B.§. Indeed, because of symmetry
of the correlation functions with respect to €4, ..., €y, it is sufficient to consider
the case ¢; = --- = €5y = ¢. In this case, denote the correlation function (¢V)
(the expectation value of eM). Clearly, to compute (¢N) for all N, it is sufficient
to compute the generating function

P By (e S C I S 2]
@ =nt [ oo are 3 LD

N=0
which up to scaling and multiplication of ¢ by i is the Fourier transform of the

Feynman density e‘ydx. But this expectation value is exactly the one given
by Theorem B.§forg; =1, j > 3,80 =8, =0,8 =%,B; =¢,B; =0,B, = 0.
Thus, Theorem B.§ implies Theorem B.5 (the factor N! in the denominator is
accounted for by the fact that in Theorem B.§ we consider unlabeled, rather
than labeled, 1-valent vertices).

3.4. Proof of Feynman’s theorem

Now we will prove Theorem B.8. Let us make a change of variable y = hix.
Expanding the exponential in a Taylor series, we obtain

Z= Zn
n
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38 3. Feynman calculus

where

n; .

_BGw) 8i L. i

Zn:/[,e =11 i!nilni!(hz 'Bi(y ..., )"Mdy.
i

Writing B; as a sum of products of linear functions, and using Wick’s theorem,
we find that the value of the integral for each n can be expressed combinatori-
ally as follows.

1. Attach to each factor B; a “flower”—a vertex with i outgoing edges; see
Figure B.4.

J 0-valent flower

o 1-valent flower

% 3-valent flower

Figure 3.4

2. Consider the set T, of ends of these outgoing edges (see Figure B.3), and
for any matching o of this set, consider the corresponding contraction of the
tensors B; using the form B~1. This will produce a scalar (o).

3. The integral Z,, is given by

d n:
(2m)z 8i  m(i-
(3.4) Zn:\/d—H- i!niln‘!hn(z ) Z F(o).
etB i t o€ell(T,)

Now, recall that matchings on a set can be visualized by drawing its ele-
ments as points and connecting them with edges. If we do this with the set
T,, all ends of outgoing edges will become connected with each other in some
way, i.e., we will obtain a certain (unoriented) graph I' = Ij; see Figure B.6.
Moreover, it is easy to see that the scalar (o) is nothing but the amplitude Fr.

Itis clear that any graph I with n; i-valent vertices for each i can be obtained
in this way. However, the same graph can be obtained in many different ways,
so if we want to collect identical terms in the sum over o, and turn it into a sum
over I', we must find the number of o which yield a given T".
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3.4. Proof of Feynman’s theorem 39

Figure 3.5. The set T, forn = (0,0,0,2,1,0,0,...) (the set of white circles)

For this purpose, we will consider the group G,, of permutations of T,
which preserves “flowers” (i.e., endpoints of any two edges outgoing from the
same flower end up again in the same flower). This group involves

1) permutations of “flowers” with a given valency;

2) permutations of the i edges inside each i-valent “flower”.

Figure 3.6. A matching o of T,, and the corresponding graph I'
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40 3. Feynman calculus

More precisely, the group G,, is the semidirect product of symmetric groups

Gp = [ [(Sn, X STD.
i

Note that |G,| = ]];i!"™ n;!, which is the product of the numbers in the de-
nominator of formula (B.4).

The group G, acts on the set I1(T,) of all matchings o of T,,. Moreover,
it acts transitively on the set ITI(T,) of matchings of T,, which yield a given
graph I'. Furthermore, it is easy to see that the stabilizer of a given matching is
Aut(T). Thus, the number of matchings giving I' is

N = I1, i ny!
" TAut(D)]
Hence,

Z F(U):ZM[F

oell(T,) T |Aut(l")| g

Finally, note that the exponent of # in equation (B.4) is ni(% — 1), which is
the number of edges of I' minus the number of vertices, i.e., b(I'). Substituting
this into (B.4), we get the result.

Example 3.9. Letd = 1,V = R, g = a, B; = z' forall i > 0 (where z is a
formal variable), # = 1. Then we find the asymptotic expansion

Z2k

1 / —x%/24+ae?*
— | e dx = Z a Z —,
V27 n,k>0 reG(n,k) | Aut Fl

where G(n, k) is the set of isomorphism classes of graphs with n vertices and k
edges.B Expanding the left-hand side, we get

Zzn2
=—,
2l TS | Aut(T)| n!
and hence
1 nZk

reG(n,k) |Aut(l)|  2kk!n!’

Exercise 3.10. Check this by direct combinatorics.

8This integral converges for a < 0, z € R, but this is not important for us here, since we consider the
integral formally.
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3.6. The loop expansion 41

3.5. Sum over connected diagrams

Now we will show that the logarithm of the partition function Z is also given
by summation over diagrams, but with only connected diagrams taken into
account. This significantly simplifies the analysis of Z in the first few orders
of perturbation theory, since the number of connected diagrams with a given
number of vertices and edges is significantly smaller than the number of all

diagrams.
g
Theorem 3.11. Let Z, = \(/%. Then one has
(5]
log - = 3 [Tehi ™ ¥ I
Zo n i reG.(n) | Aut(D)|

where G,.(n) is the set of connected graphs in G(n).2

Proof. For any graphs [}, I}, let [;I; stand for the disjoint union of I and I,
and for any graph I let I'"* denote the disjoint union of n copies of I'. Then every
graph can be uniquely written as Flk L l“lkl , Where I are connected nonisomor-
phic graphs. Moreover, it is clear that Fr r, = Fr Fr,, b(IiI;) = b() + b(I),
and
|Aut(T ... 7| = [T | Aut(@)[Fik;!.
J

Thus, exponentiating the connected-diagram expansion and using the above
facts together with the Taylor series for e¥, we recover the formula of Theorem
B.8. This shows that Theorems B.§ and are equivalent; since Theorem B.§
is already proved, Theorem follows. O

3.6. The loop expansion

Note that since summation in Theorem is over connected Feynman dia-
grams, the number b(T) is the number of loops in T’ minus 1. In particular, the
lowest coefficient in # is that of 77!, and it is the sum over all trees; the next
coefficient is to #°, and it is the sum over all diagrams with one loop (cycle);
the next coefficient to 7 is the sum over 2-loop diagrams, and so on. Therefore,
physicists refer to the expansion of Theorem as the loop expansion.

Let us study the two most singular terms in this expansion (with respect to
n), i.e., the terms given by the sum over trees and 1-loop graphs.

Let x, be the critical point of the function S. It exists and is unique, since
g; are assumed to be formal parameters, so S is “infinitesimally close” to a qua-
dratic function. Let GU)(n) denote the set of classes of graphs in G,(n) with j

9We define a connected graph as a graph with exactly one connected component. So the empty graph,
which has zero connected components, is not considered connected.
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loops. Let
z n Fr
log —) = g TAutM
( Zo/ ? H l FGGZJ')(H) | Aut(D)]
so that
AR Z\ 4
log > = (log _> w
ZO j;() ZO j
Theorem 3.12.
Z
(3.5) (log Z—O) = —S(xo),
0
and
7 1 detB
(3.6) (108 Z_0>1 = 21°8 Get Hess(S)(xg)'

Proof. First note that the statement is purely combinatorial. This means, in
particular, that it is sufficient to check that the statement yields the correct
asymptotic expansion of the right-hand sides of equations (B.5) and (B.€) in the
case when S is a polynomial with real coefficients of the form

N
B(x, x B;i(x,...,x)
st = BEX 5 g i)
. il
i=0
d (x)
and 7 > 0. Todoso,let Z :== h™2 [ e_sde, where B is a ball centered at 0.
For sufficiently small g;, the function S has a unique global minimum point x,
in B, which is nondegenerate. Thus, by the steepest descent formula, we have

A SCxg)
7o e n I(h),

where I(#) ~ 4/ #ﬁw(l + a;h + a,h? + --+) (asymptotically). Thus,

zZ o, 1 detB
log Z_o =—=S(xp)h™ + 3 log detHess(S)(xg) + O(h), h — 0.

This implies the result. O

Physicists call the expression (log Z£0)0 the classical (or tree) approximation
to the quantum mechanical quantity # log ZEO, and they call the sum (log Zéo)0 +

h(log Zio)l the 1-loop approximation. Similarly one defines higher loop approx-
imations. Note that the classical approximation is obtained by finding the criti-
cal point and value of the classical action S(x), which in the classical mechanics
and field theory situation corresponds to solving classical equations of motion.
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3.7. Nonlinear equations and trees

As we have noted, Theorem does not involve integrals and is purely com-
binatorial. Therefore, there should exist a purely combinatorial proof of this
theorem. Such a proof indeed exists. Here we will give a combinatorial proof
of the first statement of Theorem (formula (B.3)).

Consider the equation dS(x) = 0, defining the critical point x,. This equa-
tion can be written as x = 3(x), where

B7!'Bi(x,...,x,—)
B(x) = ; 8i (=1 :

where B~! : V* — V is the operator corresponding to the form B!, and
Bi(x,...,x,—) € V*.

In the sense of the power series norm, § is a contracting mapping. Thus,
xo = limy_ o, BN (x), for any initial vector x, for example x = 0. In other words,
we will obtain x if we keep substituting the series §(x) into itself. This leads
to summation over trees (explain why!). More precisely, we get the following
expression for x,:

_ n; [FF
o=l 2 TRady

i reG®(n,1

where G(©(n, 1) is the set of trees with one external vertex and n; internal ver-
B(x,X) Bi(x,...,x)
— D 8 >, the expression

—S(xo) equals the sum of expressions [ ] gl |A1[1F+(r)|
( Xo,X, 0)
2

ternal vertices). Indeed, the term corresponds to gluing two trees with
external vertices (identifying the two external vertices, so that they disappear);

so it corresponds to summing over trees with a marked edge, i.e., counting each
B; (xo, - Xg)

tices of degree i. Now, since S(x) =
over all trees (without ex-

tree as many times as it has edges. On the other hand, the term g;
corresponds to gluing i trees with external vertices together at these Vertlces

(making a tree with a marked vertex). So ), &M corresponds to sum-
ming over trees with a marked vertex, i.e. counting each tree as many times as
it has vertices. But the number of vertices of a tree exceeds the number of edges
by 1. Thus, the difference —S(x,) of the above two contributions corresponds

to summing over trees, counting each exactly once. This implies formula (B.5).

3.8. Thecased =1

In the case d = 1 we can compute the tree sum —S(x,) even more explicitly.

Namely, let
x2
S(x) := =— — ah(x),
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where h(x) = X}, _,
x = ah'(x),i.e, xo_= f(a), where x = f(y) is the inverse function to y = ﬁ
(since h'(0) = c¢; # 0, this function maps 0 to 0 and is invertible near 0). So the
tree approximation takes the form —S(x,) = F(a), where

2
@ = L ¢ angra.

c,x" with ¢; # 0. Then x, is the solution of the equation

Thus
F'(a) = =f(a)f'(a) + h(f(a)) + ah’(f(a))f'(a).

But 7' (f(a)) = ﬁ , so the first and third summands cancel, and we get

F'(a) = h(f(a)),

hence

(3.7) ~S(x) = f h(f ())dx.
0

3.9. Counting trees and Cayley’s theorem

In this section we will apply Theorem to tree counting problems, in par-
ticular will prove a classical theorem due to Cayley that the number of labeled
trees with n vertices is n" 2.

We consider essentially the same situation as we considered in Example

B9:d =1,B; =1, g = a. Thus, we have S(x) = %2 — ae*. By Theorem B.17,

we have 1
2" 2 Taagmy) = S0

n>0 reT(n)
where T(n) is the set of isomorphism classes of trees with n vertices, and x, is
the root of the equation S’'(x) = 0, i.e. x = ae*.

In other words, let x = f(y) be the function inverse to the function y =
xe~* near x = 0, then x, = f(a). The function f(y) is related to (the principal
branch of) the Lambert function W(y) by the formula

fQ) =-W(-y).

—S(x0)=f ef(x)dxzf wdx
0 o *

Thus it remains to find the Taylor expansion of f. This expansion is given
by the following classical result.

By B.1)

Proposition 3.13. One has

f()—Z

n>1
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Proof. Let f(z) = Z 1 @,2". Then

_ f (Z) w
@n = 27{1 z”+1 271'1 (we— w)"+1 eyt dwe™)
_ L enwl _ wdw _ nn 1 3 nn 2 _ nn—2 .
27i wh (n=1)) Mm-=-2) (-1
Here the contour of integration in all integrals is a small loop going counter-
clockwise around 0. O
So we get
a
X n-2
—S(xp) = f Mdx = Z n—'a".
b X & on
This shows that
1 nn—Z
|Aut(T)| n!

reT(n)

But each isomorphism class of unlabeled trees with n vertices has
isomorphic labelings. Thus we obtain

n!
[Aut(r] MO0

Corollary 3.14 (Cayley’s theorem). The number of labeled trees with n vertices
equals n*=2,

3.10. Counting trees with conditions

In a similar way we can count labeled trees with conditions on vertices. For
example, let us compute the number of labeled trivalent trees with m vertices
(i.e., trees that have only 1-valent and 3-valent vertices). Clearly, m = 2k, oth-
erwise there is no such tree. The relevant action functional is

S(x) =5 —alx+ —)
Then the critical point x, is obtamed from the equation S'(x) = 0, i.e.
x=a(l+ x;).
This yields

1—-v1-2a2

Xn =
0 a

Thus, by (B.7) the tree sum equals
a
— —2x2 — —7%2)3
—S(xg) = /(; (1 1-2x2 | a \/61x32x ) )dx

P

_ gf 1- (1+x2)\/1 —ax? g Q- 2x2)2 -(1- 3x2)

3o 3x2
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46 3. Feynman calculus

1 4
2 5
3 6

Figure 3.7. A labeled oriented tree with three sources and three sinks.

Expanding this in a Taylor series, we find

[o0]

S0 = %

n=1
Hence, we get

Corollary 3.15. The number N of trivalent labeled trees with 2k vertices is
(2k — 3)11 2L
(k+1)!
For example, N; = 1 (a single edge), N, = 4 (a single tree with 4! labelings
modulo a group of order 6), N3 = 90 (a single tree with 6! labelings modulo a
group of order 8), etc.

3.11. Counting oriented trees

Feynman calculus can be used to count not only nonoriented but also oriented
graphs. For example, suppose we want to count labeled oriented trees, whose
vertices are either sources or sinks; see Figure B.7. In this case, it is easy to see
(check it!) that the relevant integration problem is in two dimensions, with the
action

S(x,y) = xy — be* — ae¥

(the quadratic form xy is not positive definite, but this is immaterial since our
computations are purely formal). So the critical point is found from the equa-
tions

xe YV =a, ye * = b.

As before, look for a solution (x, y) = (xy, o) in the form

= Ppd. y = Pha
x=a+ Z Cpga@Pbl, y = b + Z dpqaPbi.
p>1,q>1 p>1,q>1
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3.12. The matrix-tree theorem 47

A calculation with residues similar to the one we did for unoriented trees yields

1 X
Cpq = (2711')2 9595 prqua Adb

eqx+py —xy)dx Ady = —qp_lpq_l
(271'1)2 xl’qurl Y y= (p—D!q"

1
% Now, similarly to the unoriented case, we find that

—ad,S(x,y) = x, —bd,S(x,y) =y, so

“x A
=S(x,y) = b+f —du=a+b+ Z Tapbq.
o U >1 T
p.q>

Similarly, dpq =

This implies that the number of labeled trees with p sources and q sinks is
pi~lqP~ l(p +q) . In particular, if we specify which vertices are sources and
which are s1nks the number of labeled trees is p?~1qP~!.

Exercise 3.16. Do this calculation in detail.

3.12. The matrix-tree theorem

These calculations can be generalized to compute the number of colored labeled
trees. Define the Kirchhoff polynomial K,,(u) of a symmetric m-by-m matrix

u = (uy) by
Kpn(u) = det; M(u)

for any 1 < j < m, where M(u) is the (degenerate) m-by-m matrix with entries

M), = —ujp + Sjp Z Uk
K

and det; means that the determinant is computed after the jth row and column
of the matrix are removed (so M and hence K,,, does not depend on the diagonal
entries u;;). It is easy to see that this definition does not depend on j. (Check
it!) Thus

1 _ 1
K,,(u) = T AIM(n) = %/11 N N
where 44, ...,4,,_; are the eigenvalues of M(u) excluding one zero eigenvalue.
For instance,
Ky =1, K; = uyp, K3 = uppuys + ugstips + Upplins,
etc.

Nowletp = (ps, ..., pm) be an m-tuple of positive integersand r = (r;;,1 <
i < j < m) be a collection of nonnegative integers with |r| = |p| — 1, where
|t := Zisj rij» [Pl == 2J) Px- We want to compute the number N(p, r) of labeled
trees on |p| vertices (thus |r| edges) with the first p, vertices colored with color
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48 3. Feynman calculus

1, the next p, with color 2,..., the last p,, with color m, and r;; edges going
between vertices of colors i and j.

It suffices to compute the polynomial

Q@= Y Nev[]z

rifr|=[p|-1 i<j

of an m-by-m symmetric matrix z = (z;;), which is the generating function of
these numbers.

Let p be the diagonal m-by-m matrix with diagonal entries p;.
Theorem 3.17. We have
Qp(z) =(py--- pm)_1 H(Z pkzké)pl)_le(ﬁzﬁ)-
¢k

Note that for m = 1 and z = 1 this recovers Cayley’s theorem (Corollary

), while form =2and z = (0

1\, .
it recovers our count of oriented trees of

10
Section B.11.
Proof. We attach to each color i a variable x;. Then the corresponding action
is
1 m
S = — TB —_ . xi,
(x) X Bx ; a;e

where B = (b;;) is inverse to the matrix z. Then by Theorem B.12, Q,(z) is
the coefficient to [ [, ab* in —S(x) multiplied by [] , Pe!, where x is the critical
point of S (note that —S(x) € C[[a;,...,a,,]]). The equations for this critical
point are

(3.8) Z bixxi = a;e*i.
k
Let X; := )}, byXyx = a;e*i, then x; = 3, z; Xy. We have

dS(x) ox; ox; _ ,
- =— > —byx+ ), s=—a;e*i +eY.
an gk: 8aj ! Zl: an .

By (B.§) the first two summands cancel, so we obtain

05(x) _

a
J .
aa]

. x'— .
aje” —XJ.

Let S;(x) be the sum of all the monomials in S(x) which contain the variable
a;. Then we get
daj
—=S;(x) = _/Xja_j’
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3.12. The matrix-tree theorem 49

where
p
.[Haik% _ e %
i aj bj
Thus the coefficient to [ | K aik in —S(x) equals the coefficient to the same
monomial in X; divided by p;, for any 1 < j < m. So, denoting by Dr(z) the
principal minor of z corresponding to a subset T C {1, ..., m}, we get

Qp(z) P -1
P - e L s
= W 9SX]-(H(Xke_xk)‘pk—l)d(Xle_xl) Aos A d(Xpe*m)
(Zm)msﬁ Z ( 1)|T‘DT(Z)XJ~(HX€_1)(HX€_ PeyeZice PR Xe g, Ao A dX
¢T 13

pj —1+8jrc (X Przie)Pe=0T
_ -1 T B 2T ojTe k
b Tc{g;, }( ) 2 Pk Dr(a )H (pe —8er)!

>

pj—1 (X Przie)Pe™!
= pol J . —z (5 —z Lk TR
=Dpj (Zk Przi) det(Sip Ek, PxZke — ZiePe) + det;(Sip Ek PkZke Zlepe)) |€| !

where §,7 = 1if ¢ € T and 0 otherwise. The first determinant is zero, so we
get
Q@) = (p1--- pm) " [ [ Q] prezie)P = det;(8i Y PrzkePe — PizZiePe):
¢k k

as claimed. O

Theorem is a weighted version of Kirchhoff’s matrix-tree theorem,
which is a generalization of Cayley’s theorem. More precisely, take z = Arp
to be the adjacency matrix of a connected graph I', m the number of vertices of
T, and p; = 1 for all i. Then Q,(z) = Ny is the number of spanning trees of T,
and Theorem implies that

Nr =det;(Ar), Ar := Dy — Ar,

where Dr is the diagonal matrix with diagonal entries the vertex degrees of I'.
The matrix Ar is called the Laplace operator of T'. 1t is easy to check that this
matrix is positive semidefinite, with zero eigenvalue occurring with multiplic-
ity 1. Thus we get

Corollary 3.18 (Matrix-tree theorem). The number of spanning trees of I equals
1
NF = a/‘ll . -lm—l’

where A; are the nonzero (in fact, positive) eigenvalues of Ar.
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50 3. Feynman calculus

Cayley’s theorem is obtained from this result when I' is a complete graph,
in which case 4; = m for all i, so we get Np = m™~2,

3.13. 1-particle irreducible diagrams and the effective action

Let Z = Zg be the partition function corresponding to the action S. In previ-
ous sections we have seen that the “classical” (or “tree”) part (log %)0 of the

quantity 7 log % is quite elementary to compute—it is just minus the critical
0

value of the action S(x). Thus, if we could find a new “effective” action S, (a

“deformation” of S) such that

Z

7~1(log Zsoﬂ Yo = log g—j

(i.e., the classical answer for the effective action is the quantum answer for the
original one), then we can consider the quantum theory for the action S to be
solved. In other words, the problem of solving the quantum theory attached to
S (i.e., finding the corresponding integrals) essentially reduces to the problem
of computing the effective action S.-.

We will now give a recipe of computing the effective action in terms of
amplitudes of Feynman diagrams, and see that it is computationally easier than
computing the sum over connected diagrams.

Definition 3.19. An edge e of a connected graph I is said to be a bridge if
the graph '\ e is disconnected. A connected graph without bridges is called
1-particle irreducible (1PT).[8

To compute the effective action, we will need to consider graphs with ex-
ternal edges (but having at least one internal vertex). Such a graph I' (with N
external edges) will be called 1-particle irreducible if the corresponding “ampu-
tated” graph is also; i.e., the graph obtained from I by removal of the external
edges. In particular, a graph with one internal vertex is always 1-particle irre-
ducible, while a single edge graph without internal vertices is defined not to
be 1-particle irreducible. The notions of a bridge and a 1-particle irreducible
graph are illustrated in Figure B.8.

Denote by G,p;(n, N) the set of isomorphism classes of 1-particle irreduci-

ble graphs with N external edges and n; i-valent internal vertices for each i
(where isomorphisms are not allowed to move external edges).

Theorem 3.20. The effective action S is given by the formula

B(x,x) Z Bi(x,...,x)

Seff(x) = ) il

’
i>0

10This is the physical terminology. The mathematical term is “2-edge-connected”.
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/ not a bridge

a bridge

1PI graph with
< > two external edges

non1PI graph with
four external edges

Figure 3.8

where

i_ Fr(Bx,...,Bx)
By(,...,x) = N2 T(ghz"hym Y o=
n i FGGlpI(n,N) | AUt(F)l

Thus, Se = S+#S; +#2S,+.... The expressions 7/ S j are called the j-loop
corrections to the effective action.

This theorem allows physicists to worry only about 1-particle irreducible
diagrams, and is the reason why you will rarely see other diagrams in a QFT
textbook. As before, it is very useful in doing low-order computations, since
the number of 1-particle irreducible diagrams with a given number of loops is
much smaller than the number of connected diagrams with the same number
of loops.

Proof. The proof is based on Lemma from graph theory.

Lemma 3.21. Any connected graphI' can be uniquely represented as a tree whose
vertices are 1-particle irreducible subgraphs (with external edges), and whose
edges are the bridges of T.
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52 3. Feynman calculus

The lemma is obvious. Namely, let us remove all bridges from I". Then I
will turn into a disjoint union of 1-particle irreducible graphs which should be
taken to be the vertices of the said tree.

The tree corresponding to the graph T is called the skeleton of I'; see
Figure B.9.

Graph: Skeleton:

Figure 3.9. The skeleton of a graph.

It is easy to see that Lemma implies Theorem B.20. Indeed, it implies
L . Zg

that the sum over all connected graphs occurring in the expression of log Z,
can be written as a sum over skeleton trees, so that the contribution from each
tree is (proportional to) the contraction of the tensors B; placed at its vertices,
and B; is the (weighted) sum of amplitudes of all 1-particle irreducible graphs
with i external edges. ]

3.14. 1-particle irreducible diagrams and the Legendre
transform

Recall the notion of the Legendre transform. Let f be a smooth function on a
vector space Y, such that the map Y — Y* given by x — df(x) is a diffeo-
morphism. Then one can define the Legendre transform of f as follows. For
p € Y*, let x, = xo(p) be the critical point of the function (p, x) — f(x); i.e.,
the unique solution of the equation d f(x) = p. Then the Legendre transform
of f is the function on Y* defined by

L(f)(p) = (p, x0) — f(xo)
It is easy to see that the differential of L(f) is also a diffeomorphism Y* —» Y
(in fact, inverse to d f(x)), and that I*(f) = f.
Example 3.22. Let f(x) = asz, a # 0. Then px— f(x) = px— asz has a critical
point at x = g, and the critical value is %. Thus L(a—;cz) = %. More gener-
ally, if f(x) = @, where B is a nondegenerate symmetric form on Y, then

_ B'(p,p). . muv?
L(f)(p) = —7=; e.g., the Legendre transform of a Lagrangian —— — U(x) of
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3.14. 1-particle irreducible diagrams and the Legendre transform 53

a particle of mass m with respect to velocity v = X is its Hamiltonian (energy)
2
2p—m +U(x), and vice versa. This s, in fact, the case in complete generality, which

is why Legendre transform plays an important role in classical mechanics and
field theory.

Note that the stationary phase formula implies that the Legendre transform
is the classical analogue of the Fourier transform. Indeed, the leading term of

the asymptotlcs as 1 — 0 of the logarithm of the (sultably normahzed) Fourier
(= (p)+5(x)

transform 2™ fV B dx of the Feynman density e’ =2 dx (where the in-

tegral is understood in the sense of distributions) is —@.

Now let us consider Theorem in the situation of Theorem B.5. Thus,
S(x) = B(z’x) + O(x*), and we look at

Z(p) = ns f e
1%

By Theorem B.20, one has
Z(p)
g Zo

= —h™'Sesx(X0, P),

where the effective action S.(x, p) is the sum over 1-particle irreducible graphs
and x, = xy(p) is its critical point.

Now, we must have Sq(x, p) = —p - x + Seg(x), since the only 1PI graph
which contains 1-valent internal vertices (corresponding to p) is the graph with
one edge, connecting an internal vertex with an external one (so it yields the
term —p- x, and other graphs contain no p-vertices). This shows that 7 log =~ Z(p )

is the critical value of p - x — S.(x). Thus we have proved the following.
Proposition 3.23. We have
Se(x) = L(hlog Z2), hlog Z2 = L(Se(x)).

Physicists formulate this result as follows: the effective action is the Le-
gendre transform of 7 times the logarithm of the generating function for quan-
tum correlators (and vice versa).

Exercise 3.24. Compute the 1-loop contribution to log ZEO for

S(x)== —a(x+ —)

Using this, compute the number of labeled n-vertex 1-loop graphs with 1-valent
and 3-valent vertices only (be careful with double edges and self-loops!). Check
your answer by directly enumerating such graphs with small number of ver-
tices.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



54 3. Feynman calculus

Exercise 3.25. Find the exponential generating function )} a, %r: for the num-
bers a,, of labeled n-vertex trees with 1-valent and 4-valent vertices. You may
express the answer via inverse functions to polynomials.

Exercise 3.26. Find the 1-loop contribution to the effective action for S(x) =
x; — ‘%3. That is, one has Se¢ = S + AS; + O(h?), and you need to find S;.
Which Feynman diagrams need to be considered?

Exercise 3.27. Consider the heat equation u; = %A pU, where Ap is the Laplace
operator attached to B defined in Section 2.2. It is solved by the heat flow

tA
u(x,t) = e u(x,0). Show that the effective action S, for the action S(x) =

@ — S(x) can be computed as the sum of contributions of 1PI Feynman
diagrams without self-loops for the action
B(x, 8
5°00) 1= BB ey,

where 5°(x) = e S(x) is obtained by transforming S by the heat flow for time
h.
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Chapter 4

Matrix integrals

Let hy be the space of Hermitian matrices of size N. The inner product on by
is given by B(A;,A,) = Tr(A;A,). In this chapter we will consider integrals of

the form
N2 S(A)
Zy = h_T/ e~ dA,
by

where the Lebesgue measure dA is normalized by the condition

Tr(A2)
/e" > dA=1
)

N

(so we do not have to drag around the v/ 27z-factors) and

2 m
S(A) = Tr(zA ) Z ngr(A )

m>1 m

is the action functional @ We will be interested in the behavior of the coeffi-
cients of the expansion of Zy in g; for large N. The study of this behavior will
lead us to considering not simply Feynman graphs, but actually fat (or ribbon)
graphs, which are in fact 2-dimensional surfaces. Thus, before we proceed fur-
ther, we need to do some 2-dimensional combinatorial topology.

4.1. Fat graphs

Recall from the proof of Feynman’s theorem that given a finite collection of
flowers and a matching o on the set T of endpoints of their edges, we can obtain
a graph I;; by connecting (or gluing) the points which fall into the same pair.

INote that we divide by m and not by m!. We will see below why such normalization will be more
convenient.

55
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56 4. Matrix integrals

Now, given an i-flower, let us inscribe it in a closed disk D (so that the ends
of the edges are on the boundary). Then take its small tubular neighborhood in
D. This produces a region with piecewise smooth boundary. We will equip this
region and its boundary with the standard orientation and call it a fat i-valent
flower. The boundary of a fat i-valent flower has the form P,Q;P,Q, ... P,Q;P;,
where P;, Q; are the angle points, the intervals P;Q; are arcs on dD, and Q;P; 4
are (smooth) arcs lying inside D; see Figure {.1l.

3-valent flower fat 3-valent flower
P
Qy
Qs
P
Py
Q2
Figure 4.1

Now, given a collection of usual flowers and a matching o as above, we can
consider the corresponding fat flowers, and glue them, respecting the orienta-
tion, along intervals P;Q; according to ¢. This will produce a compact oriented
surface with boundary (the boundary is glued from intervals Q;P;, ). We will
denote this surface by I, and call it the fattening of T with respect to . A
fattening of a graph will be called a fat (or ribbon) graph.

Thus, a fat graph is not just an oriented surface with boundary, but such a
surface together with a partition of this surface into fat flowers.

Note that the same graph I' can have many fattenings which are nonhomeo-
morphic (albeit homotopy equivalent) surfaces, and in particular the genus g
of the fattening is not determined by T’; see Figure §.2.

4.2. Matrix integrals in large N limit, planar graphs, and the
genus expansion

Let us now return to the study of the integral Z5,. We have
B, (A,...,A) = (m—1)! Tr(A™).

Thus by Feynman’s theorem,

27!
logZ = ZH(gi.m R C!

o€ell (T,)
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4.2. Matrix integrals in large N limit, planar graphs, genus expansion 57

F3 g=].

Figure 4.2. Gluing a fat graph from fat flowers

where the summation is taken over the set IT.(7,) of all matchings of T = T,
that produce a connected graph I, and F(o) denotes the contraction of the
tensors (m — 1)! Tr(A™) using o. So let us compute F(o).

Let {e;} be the standard basis of CN, and let {e}} be the dual basis of the dual
space. Then the tensor Tr(A™) can be written as

N
Tr(Am) = Z (eil ® ez ® eiz ® ez ® ® eim ® e?l,A®m),
il"' .,imzl
Thus
N
Bm = Z Z S(ei1 ® e;'kz ® eiz ® e>ik3 ® ® eim ® e>ikl)’
sesm_l il,...,imzl

where s permutes the elementary matrices e¢; ® e and the sum is over all
possible cyclic orderings of edges of an m-valent flower, which bijectively cor-
respond to elements of S,,,_; (elements s of S,,, mapping m to m). Hence

Fo)= Y F(so),
sel]; Sin—il
where F(o) is obtained by contracting the tensors

N
(4.1) Z € ® eZ ® e, [0%) e’{S R ® e ® ez’

i1y im=1
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according to the fat graph I,. It follows that
lhn (—— )

logZy = ZH ]

gl lhnl(——l)

- ZH i"in;! Z[F(G)

(the product [, i!"™ in the denominator got replaced by [ [, i" since in the sum
Yo F(so) every term F(o) occurs | T, S| = TT,(i — DI™ times).

For a surface ¥ with boundary, let »(Z£) denote the number of connected
components of the boundary.

> >, F(so)

o€ll(T,) se]], s,

Proposition 4.1. F(o) = NVYTo),

Proof. One can visualize each summand in the sum (%.1)) as a labeling of the
angle points Py, Qq, ..., P, Q,, on the boundary of a fat m-valent flower by iy, i,,
iy, i3,...,imy,i;. NOW, the contraction using o of some set of such monomials is
nonzero iff the subscript is constant along each boundary component of I;; see
Figure {.3. This implies the result. O

Contraption nonzero iff
l=n,Jj=p,J=m
k=nk=p,i=m
that is
i=n=k=p=j=m

Figure 4.3. Contraction defined by a fat graph.

Let G.(n) be the set of isomorphism classes of connected fat graphs with
n; i-valent vertices for i > 1. For I' € G,(n), let b(T') be the number of edges
minus the number of vertices of the underlying usual graph T.

Corollary 4.2.

_ . i i NV(f)
logZN—Zn]H(glhz LD TAutDl

r'eG.(n)
=211 2

NYDb@)
i FEG ( ) |AUt(F)|

Proof. Let Gy := [],(S,, X (Z/iZ)™). This group acts on T, so that T, = T,
for any g € Gy . Moreover, the group acts transitively on the set of o giving a
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4.2. Matrix integrals in large N limit, planar graphs, genus expansion 59

fixed fat graph I}, and the stabilizer of any o is Aut(T};). This implies the result,
as |G | = [, i"in;! which cancels the denominators. O

Now for any compact connected surface ~ with boundary, let g(X) be the
genus of Z. Then for a connected fat graph T,
b(T) = 2g(T") — 2 + »(T)

(minus the Euler characteristic). Thus, defining

Zn(h) = Zn (),
we obtain
Theorem 4.3.
N2-28D)
| Aut(D)|

log Zy = Z H(gih%_l)n" Z
n i

r'eG.(n)

This implies the following important result, due to ’t Hooft.

Theorem 4.4.
(1) There exists a limit W, := limy_, o, 101%]?” . This limit is given by the for-
mula ' 1
Wo =2 [T 3 ———
n redumpo) | AUl

where G,(n)[0] denotes the set of planar connected fat graphs, i.e., those which
have genus zero.

(2) Moreover, there exists an expansion
log 2N _
= 2, agN7%,

N2
8€Z50

— . %—1 n; ;
SV CL A Y eyt

feé-c (n)[g]

where

and G.(n)[g] denotes the set of connected fat graphs of genus g.

Remark 4.5. Genus zero fat graphs are said to be planar because the underly-
ing usual graphs can be put on the 2-sphere (and hence on the plane) without
self-intersections.

Remark 4.6. 't Hooft’s theorem may be interpreted in terms of the usual Feyn-
man diagram expansion. Namely, it implies that for large N, the leading contri-
bution to log Z N(%) comes from the terms in the Feynman diagram expansion
corresponding to planar graphs (i.e., those that admit an embedding into the
2-sphere).
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4.3. Integration over real symmetric matrices

One may also consider the matrix integral over the space 8, of real symmetric
matrices of size N. Namely, one puts

N(N+1) S(A)
Iy=h T f e~ i dA,
SN
where S and dA are as above. Let us generalize Theorem [.4 to this case.

As before, consideration of the large N limit leads to consideration of fat
flowers and gluing of them. However, the exact nature of gluing is now some-
what different. Namely, in the Hermitian case we had

(e; ®ej,ex ®e€)) = 6;bj,
which forced us to glue fat flowers preserving orientation. On the other hand,
in the real symmetric case e; = e;, and the inner product of the functionals
e; ® e; on the space of symmetric matrices (defined by (ex ® ¢;)(A4) := ay) is
given by
1
(i ®ejex ®er) = 5(0udji + Sudji)-

This means that besides the usual (orientation preserving) gluing of fat flowers,
we now must allow gluing with a twist of the ribbon by 180°. Fat graphs thus
obtained will be called twisted fat graphs. That means, a twisted fat graph is a
surface with boundary (possibly not orientable), together with a partition into
fat flowers, and orientations on each of them (which may or may not match at
the cuts; see Figure .4).

Figure 4.4. Twisted fat graph

Now one can show analogously to the Hermitian case that the % expansion
oflog Zy (where Zy = Z N(%)) is given by the same formula as before, but with
summation over the set G&(n) of twisted fat graphs:

Theorem 4.7.
N2-28D)
| Aut(D)]

log Zy = Z H(gih%_l)”i Z
n i

F'eGy(n)
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4.4. Ways to glue a surface and the Wigner semicircle law 61

Here the genus g of a (possibly nonorientable) surface is defined for closed
surfaces by g := 1 — % where y is the Euler characteristic. Thus the genus of

RP? is %, the genus of the Klein bottle is 1, and so on.
In particular, we have the following version of ’t Hooft’s theorem.

Theorem 4.8.
(1) There exists a limit W, := limy_, o, 101%]4. This limit is given by the for-
mula
i 1
W= Ilenr Y ——
n i feétcw(n)[ol |AUt(r)|

where G¥(n)[0] denotes the set of planar connected twisted fat graphs, i.e., those
which have genus zero.

(2) Moreover, there exists an expansion

logZ
OJszNz Y aGN7E

1
g8€372x0

where

— , %—1 n; ;
=yl 2 Sy

FeG(n)lgl

and G¥(n)|g] denotes the set of connected twisted fat graphs which have genus
g

Exercise 4.9. Consider the matrix integral over the space qy of quaternionic
Hermitian matrices of size N. Show that in this case the results are the same
as in the real case, except that each twisted fat graph counts with a sign equal
to (—1)”, where v is the number of boundary components. In other words,
log Zy'™' (1) equals log Z3(#) with N replaced by —N.

Hint. Use that the quaternionic unitary group U(N, H) is a real form of Sp(2N),
and qy is a real form of the representation of A2V, where V is the standard (vec-
tor) representation of Sp(2N). Compare to the case of real symmetric matrices,
where the relevant representation is SV for O(N), and the case of complex
Hermitian matrices, where itis V ® V* for GL(N).

4.4. The number of ways to glue a surface from a polygon and
the Wigner semicircle law

Matrix integrals are so rich that even the simplest possible example reduces to

a nontrivial counting problem. Namely, consider the matrix integral Z5 over

Tr(4%) Tr(4*™)
2 § 2m

complex Hermitian matrices with # = 1 in the case S(A) =
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62 4. Matrix integrals

where s> = 0 (i.e., we work over the ring C[s]/(s?)). Then from Theorem f.4
we get

Tr(A2)
f Tr(A2™)e~ 2 dA = P,(N),
Y
where P,,(N) is a polynomial given by the formula

Pu(N) = Z Eg(m)Nm+1_2g’

g0

and eg(m) is the number of ways to glue a surface of genus g from a 2m-gon
with labeled sides, i.e., to match the sides and then glue the matching ones to
each other in an orientation-preserving manner. Indeed, in this case we have
only one fat flower of valency 2m, which has to be glued with itself; so a direct
application of our Feynman rules leads to counting ways to glue a surface of a
given genus from a polygon.

The value of this integral is given by the following nontrivial theorem.

Theorem 4.10 (Harer-Zagier [HZ]).

2m)! — (m)sz(N—l)...(N—p)

2mm! so\P (p+1)

Pm(N) =

The theorem is proved in the next sections.

Looking at the leading coefficient of P,,, we get

Corollary 4.11. The number of ways to glue a sphere from a 2m-gon is the Cata-
lan number C,, = —2m_ _ _1 (™.

mi(m+1)! — m+1\m

Corollary actually has another (elementary combinatorial) proof,
which is as follows. For each matching o on the set of sides of the 2m-gon,
let us connect the midpoints of the matched sides by straight lines; see Fig-
ure f.5. It is geometrically evident that if these lines do not intersect, then the
gluing will give a sphere. We claim that the converse is true as well. Indeed,
assume the contrary, i.e., that for cyclically ordered edges a, b, ¢, d, the edge a
connects to ¢ and the edge b connects to d. Then it is easy to see that gluing
these two pairs of edges gives a torus with a hole (or without if m = 2). But

Figure 4.5. Matching of sides of a 6-gon.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



4.4. Ways to glue a surface and the Wigner semicircle law 63

an (open) torus with a hole can’t be embedded into a sphere (e.g., unlike the
sphere, it contains a non-self-intersecting copy of Ks), a contradiction.

Now it remains to count the number of ways to connect midpoints of sides
with lines without intersections. Suppose we draw one such line, such that the
number of sides on the left is 2k and on the right is 2/ (so that k + [ = m — 1).
Then we face the problem of connecting the two sets of 2k and 2! sides without
intersections. This shows that the number of gluings D,,, satisfies the recursion

Dn= ), DiD;, Dy=1.
k+l=m-1

In other words, the generating function

h(x) = ZDmxm =14+x+--
m
satisfies the equation h(x) — 1 = xh(x)?. This implies that

1-1/1—4x
h’(x) - 2x ’
which yields that D,,, = C,,,. We are done.

Corollary can be used to derive the following fundamental result from
the theory of random matrices, discovered by Wigner in 1955.

Theorem 4.12 (Wigner’s semicircle law). Let f be a continuous function on R
of at most polynomial growth at infinity. Then

2
. l A _Tr(A?) _ i —
J\III—I&N_/[)NTrf(\/W)e 2= f_zf(x)\/4 x2dx.

This theorem is called the semicircle law because it says that the graph
of the density of eigenvalues of a large random Hermitian matrix distributed

Tr(A2)
according to the “Gaussian unitary ensemble” (i.e., with density e™ 2z  dA) is
a semicircle. In particular, we see that for large N almost all eigenvalues of A

belong to the interval [—2\/N , 2\/]TI ], so the limit does not depend on the values
of f outside [—2,2].

Proof. By Weierstrass’ theorem on uniform approximation of a continuous
function on an interval by polynomials, we may assume that f is a polynomial.
(Exercise: Justify this step.) Thus, it suffices to check the result if f(x) = x*™.
In this case, by Corollary @.17, the left-hand side is C,,,. On the other hand, an
elementary computation yields

2
%f x4 — x2dx = C,,,,
-2

which implies the theorem. U
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64 4. Matrix integrals

4.5. Hermite polynomials

The proof2 of Theorem given below uses Hermite polynomials. So let us
recall their properties.

Hermite polynomials are defined by the formula
d

_xz

Hp(x) = (=1)" "2

So the leading term of H,,(x) is (2x)".
We collect the standard properties of H,(x) in the following theorem.

Theorem 4.13.

(i) The exponential generating function of H,(x) is

0= Y )l = e

n>0
(ii) Hy(x) satisfy the differential equation f" — 2xf' + 2nf = 0. In other
words, H,(x)e™**2 are eigenfunctions of the operator L = —%62 + %xz (the

Hamiltonian of the quantum harmonic oscillator) with eigenvalues n + %

(iii) H,(x) are orthogonal:
\/L_f e " H,,(X)H,(x)dx = 2"n! 8 ,y,.
TJ-wo

X2
Moreover, the functions H,(x)e™ = form an orthogonal basis of I*(R).
(iv) One has

® !
VL_ f ey () = g
T J-—x - :

(if k > m, the answer is zero).
(v) One has

r

r!
- Hy(x).
,{Z::Ozkkﬁ(r—k)! (%)

HZ(x)
2"r!

Sketch of the proof (i) This follows immediately from the fact that the
operator ), >0( 1)” p dxn maps a function g(x) to g(x — 1).

(ii) This follows from (i) and the fact that the function f(x, t) satisfies the
PDE

fex = 2xf, +2tf; = 0.

121 adopted this proof from D. Jackson’s notes.
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4.6. Proof of Theorem 65

(iii) The orthogonality follows from (i) by direct integration:

i/f(x, t)f(x,u)e‘xzdx= Lerut—(x—u—t)zdx:eZut.
V7 Ji V7 Ji

x2
Thus the functions H,(x)e~ 2 form an orthogonal system in I?(R).
To show that these functions are complete, denote by E C I?(R) the clo-

x2 .
sure of their span C[x]e™ 2. By approximating the function e'?* by its Taylor

. x2
polynomials, it is easy to see that e’”*~Z € E for any p € R. Thus for any

compactly supported smooth ¢ € C5°(R), we have

x2

()5 = f (p)er—5dp € E,
R

where $ is the (suitably normalized) Fourier transform of ¢. In other words,
CE(R) is dense in E. But CP(R) is clearly dense in I2(R), so E = I*(R), as
claimed.

(iv) By (i), one should calculate [ x2Me2xt=t*6=xqy This integral equals

2 2 - !
fXZme—(x—t) dx = f(y + t)Zme—y dy — \/EZ (2m> (2m 2p) £2P.
R R p

2p ) 22(m=p)(m — p)!

The result is now obtained by extracting individual coefficients.
(v) By (iii), it suffices to show that

L 2 —x2 — M
ﬁAHy(x)sz(x)e dx = k2(r—k)! -

To prove this identity, let us integrate the product of three generating functions.
By (i), we have

\/LE /R; £ 0f G 1) (x, )= dx

_ \/L_ f Q2(UtHUHV)~(x—u—t—0) gy — p2(ut+10+UD)
T Jr

Extracting the coefficient of t"u"v?*, we get the result.

4.6. Proof of Theorem

We need to compute the integral

Tr(A2)
fTr(Azm)e‘ 2 dA.
N
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66 4. Matrix integrals

To do this, we note that the integrand is invariant with respect to conjugation
by unitary matrices. Therefore, the integral can be reduced to an integral over
the eigenvalues 44, ..., A5 of A.

More precisely, consider the spectrum map o : hy — RN/Sy. It is well
known (due to H. Weyl) that the direct image o,dA is given by the formula
0.dA = C ], < (A=A )del where C > 0 is a normalization constant that will
not be relevant to us. Thus we have

P(N) = g / (% ZAZm)e kS T — 4p)%da.
i<j

To calculate J,,, we will use Hermite polynomials. Observe that since H,(x)
are polynomials of degree n with highest coefficient 2", we have

[[a-2)=

i<j

where k runs through the set0,1,...,N —1 and ¢ runs through 1, ..., N. Thus,
we find
(4.2)

Jn=2"T f Bme= Tk Ty — 4))%dA

i<j
= [ e S den(ry P
R

_N(N 2)

_om S (C1e(-y f 22me= T TT Hogoy(A) e (A)dA
RN i

o,TESN
(Here (—1)° denotes the sign of 0.)

Since Hermite polynomials are orthogonal, the only terms in this sum that
are nonzero are the terms with o(i) = 7(i) fori = 2, ..., N. That is, the nonzero
terms have o = 7. Thus, we have

(N-2)
Ip=2m0 S f 23me= T2t T Hiygry(A1)2dA
cesy JRN i

[oe]

—Dly...7n1 Z ZmHj(x)ze_xzdx:
j=07i

(4.3)

where y; := f_°°oo H;(x)%~**dx are the squared norms of the Hermite polyno-
mials. Applying this for m = 0 and dividing NJ,, by J,, we find

N-1 <)
P,(N)=2m Z xzmHj(x)ze‘xzdx.

J—oo
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Using Theorem F.13(iii) and (v), we find that y; = 2!i!4/7, and hence

e ———

\/— o S i 2Kk (j—)!
Now, using Theorem f.13(iv), we get

(Zm)' / 21

J omy2m
(N) Z 2 X2 sz(X) _xzd

Jj= ok.o
-5 2 2 (06

The sum over k can be represented as the constant term of a polynomial:

sz( )() C.T.((1+2)™(1 +2z71)).

Therefore, summation over j (using the formula for the sum of the geometric
progression) yields

B = 2

T.<(1+z)m
_(2m)! - 2p<m>( N )
_2rnm!p:0 p/\p+1)°

Exercise 4.14. Find the number of ways to glue an orientable surface of genus
g > 1 from a 4g-gon (the gluing must preserve orientation), and justify your
answer.

AQ+2z7H)N -1
2z-1

We are done.

(4g—1)!
2g+1

Answer:

Exercise 4.15. Consider a random Hermitian matrix A € by, distributed with
Gaussian density e~ ") dA. Show that the most likely eigenvalues of A are
the roots of the Nth Hermite polynomial Hy.

Hint.
(a) Write down the system of algebraic equations for the maximum of the
density on eigenvalues, by equating its logarithmic partial derivatives to zero.

(b) Introduce the polynomial P(z) = J],(z — 4;), where 4; are the most
likely eigenvalues. Let f = P’/P. Compute f’ + f2 (look at the poles).

(c) Reduce the obtained Riccati equation for f to a second-order linear dif-
ferential equation for P. Show that this equation is Hermite’s equation, and
deduce that P = %
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68 4. Matrix integrals

4.7. Matrix integrals and counting planar diagrams

Now let us apply the matrix integral techniques to counting planar graphs. Let
x? x/
U(x) := 57 Zng

S|

(with g; being formal parameters), and consider the matrix integral

Zn(h) = h‘Nz/Z/ exp(—%w) dA.
bn
Let 2N(h) = Zn(h/N). We have seen that

logZ\N

lim 2

N-oco

= W,

where W, is given by summation over planar fat graphs:

[N 1
Woo = ZH(glhz 1) ' Z | |Aut(f)|

r'eG.(n)[0

In particular, the coefficient of [ [ i(gl-h%_l)”i is the number of (orientation-
preserving) gluings of a fat graph of genus zero out of a collection of fat flowers
containing n; i-valent flowers for each i, divided by [ ], i"in;!.

On the other hand, one can compute W, explicitly as a function of g; by
reducing the matrix integral to an integral over eigenvalues, and then using
a fundamental fact from the theory of random matrices: the existence of an
asymptotic distribution of eigenvalues in the limit N — oo. This approach al-
lows one to obtain simple closed formulas for the numbers of planar gluings,
which are quite nontrivial and for which direct combinatorial proofs were dis-
covered much later.

To illustrate this method, we will restrict ourselves to the case of the poten-

tial U(x) = x?z + gx* (so g, = —4g and other g; = 0), and set ## = 1. Then
(=D"g"
Woo = 2, e
n>1

where c,, is a number of connected planar gluings of a set of n 4-valent flowers.
In other words, ¢, is the number of ways (up to isotopy) to connect n “crosses”
in the 2-sphere so that all crosses are connected with each other, all the arms
are used, and the connecting lines do not intersect.
Exercise 4.16. Check by drawing pictures that ¢; = 2, c, = 36.
Theorem 4.17 (Brézin, Itzykson, Parisi, and Zuber in 1978 [BIPZ]). One has
2n—-1)!
(n+2)°

The proof of this theorem (with some omissions) is given in Section £.8.

¢, = (12)"
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4.8. Proof of Theorem 69

4.8. Proof of Theorem

We follow the paper [BIPZ]. We will assume that g is a positive real number
and compute the function W, (g) explicitly. The relevant matrix integral has
the form

by
Passing to eigenvalues, we get

= =JN(g)
N7 In(0)
where
(4.4) In(g) = / e NG LA+ LD T (4, — 4;)2dA.
RN i<j

Thus, W,,(g) = E(g) — E(0), where E(g) = limpy_,., N~2logJn(g).

Proposition 4.18 (Steepest descent principle). E(g) equals the leading coeffi-
cient of the asymptotics as N — oo of the maximal value of the logarithm of the

integrand in (4.4).

Proposition says, essentially, that the integrand has a sufficiently sharp
maximum, so that the leading behavior of the integral can be computed by the
steepest descent formula. We note that we cannot apply the steepest descent
formula without explanation, since the integral is over a space whose dimen-
sion grows as the perturbation parameter 1/N goes to 0. In other words, it is
necessary to do some estimates, which we will omit. We will just mention that
for g = 0, this result can be derived from the explicit evaluation of the integral
using Hermite polynomials; see Section f.6. For the general case, we refer the
reader to the book [De].

The logarithm of the integrand

K@y Ay) = =NG Y. 22 +g > A +2 ) log |4; — 4]
i i

i<j

has a unique critical point (the global maximum), because it is concave (check
it!). This critical point is found by equating the partial derivatives to zero. This
yields

1

AT
Let ; < 4, < -+ < Ay be the unique (up to permutations) solution of this
system of equations.
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70 4. Matrix integrals

Proposition 4.19. The normalized counting measures % 2.; 6(x — 4;) converge
weakly to a measure u(x) = f(x, g)dx, where f(x,g) is a continuous function
supported on a finite interval [—2a, 2a] and is differentiable on the interior of this
interval.

For the proof we again refer the reader to [Dé, p. 132 and later]. We note
that for g = 0, by Wigner’s semicircle law, a = 1 and f(x,0) = %\/4 — x2; 50
fx.g) = 52V 4 =2 + 0(g).

Now our job will be to find the function f(x,g). Passing to the limit in
equation (#.3) (which requires justification that we will omit), we get

2a

1 1
f yTxf (x, g)dx = 5y + 2gy%, Iyl < 2a,
—2a

where the integral is understood in the sense of principal value.

This is a linear integral equation on f(x, g), which can be solved in a stan-
dard way. Namely, one considers the analytic function

2a

Fo)= [ s

for y in the complex plane but outside of the interval [—2a,2a]. Fory €
[—2a,2al], let F.(y), F_(y) denote the limits of F(y) from above and below.
Then by the Plemelj formula, the integral equation implies

S(FL0) + FL(0) = 33 + 287",

On the other hand, F_(y) = F,(y). Hence,
1
ReF,(y) = ReF_(y) = 3y + 2gy°.

Now set y := a(z + z™1). Then, as y runs through the exterior of [—2a, 2a],
z runs through the exterior of the unit circle. So the function G(z) := F(y) is
analytic on the outside of the unit circle, with decay at infinity, and

ReG(z) = %a(z +z7) +2ga3(z +z71)?

when |z| = 1. This implies that G(z) is twice the sum of all negative degree
terms of this Laurent polynomial. In other words, we have

G(z) = 4ga’z=3 + (a + 12ga®)z~ L.
This yields

1 1
Fy)=3y+ 2gy° — (5 +4ga® + 2gy2) Vy? —4a2.
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Now f(y, g) is found as the jurnp of F:
fo.8) = ( +4ga’ +2gy )v4a2 -y

It remains to find a in terms of g. We have yF(y) - 1,y — oo (as
J f(x,g)dx = 1), hence zG(z) —» 1/a, z — oo. This yields
1_ 3
i a+12ga
or
12ga*+a*-1=0.
This allows one to determine a uniquely:

3 ((1 +48g)Y? — 1)
B 24g

1/2

Now let us calculate E(g). It follows from the above that
2a

2a 2a
E(g) = f / log |x — 1 (x. ) (v g)dxdy — f (A + ge¥)f(x, g)dx.
—2a J-2a 2a

On the other hand, let us integrate the integral equation defining f(x, g) with
respect to y (from 0 to u). Then we get
2a
2 [ (og|x —u| —log|x)f(x,g)dx = %uz + gu*.
—-2a
Substituting this into the expression for E(g), we get

2a
E(g) = f (log lu] - 2u? — Lgu*)f(u, gdu.
-2a

Since f(u, g) is known, this integral can be computed. In fact, it can be ex-
pressed via elementary functions, and after calculations we get

E(g) — E0) = loga — %(a2 1) - ).

Substituting here the expression for a, after a calculation one finally gets

(2k - 1)!
E(g) - B(0) = Z( 28 T

This implies the required formula for c,,.
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Chapter 5

The Euler characteristic
of the moduli space
of curves

Matrix integrals (in particular, the computation of the polynomial B, (x)) can
be used to calculate the orbifold Euler characteristic of the moduli space of
curves. This was done by Harer and Zagier in 1986. Here we will give a review
of this result (with some omissions).

5.1. Euler characteristics of groups

We start with recalling some basic notions from algebraic topology.

Let T be a discrete group, and let Y be a contractible finite-dimensional
CW complex, on which T acts cellularly. This means that I" acts by homeo-
morphisms of Y that map each cell homeomorphically to another cell. We will
assume that the stabilizer of each cell is a finite group (i.e., Y is a proper I-
complex).

Suppose first that the action of I' is free (i.e., the stabilizers of cells are triv-
ial). This is equivalent to saying that I is torsion free (i.e., has no nontrivial
finite subgroups), since a finite group cannot act without fixed points on a con-
tractible finite-dimensional cell complex (as it has infinite cohomological di-
mension).

In this case we can define a cell complex Y/T (a classifying space for I'), and
we have H{(Y/T', A) = H\(T, A) for any coefficient group A. In particular, if Y/T

73
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74 5. The Euler characteristic of the moduli space of curves

is finite, then I" has finite cohomological dimension, and the Euler character-
istic y(I) := Y;,(—1)"dim H (T, @) is equal to ), .(—1)'n;(Y/T), where n;(Y/T)
denotes the number of cells in Y/I" of dimension i.

This setting, however, is very restrictive, since it allows only groups of fi-
nite cohomological dimension and, in particular, excludes all nontrivial finite
groups. So let us consider a more general setting: assume that some finite in-
dex subgroup I'" C T, rather than T itself, satisfies the above conditions. In this
case, one may define the Euler characteristic of I" in the sense of Wall, which
is the rational number [T" : "]~y (I").

It is easy to check that the Euler characteristic in the sense of Wall can be
computed using the following Quillen’s formula

_1\dimo
x(T) = Z L

oecells(Y)/T | Stab G|

In particular, this number is independent of I (which is also easy to check
directly).

Example 5.1. If G is a finite group, then y(G) = |G|™! (one takes the trivial
group as the subgroup of finite index).

Example 5.2. G = SL,(Z). This group contains a subgroup F of index 12,
which is free in two generators (check it!). The group F has Euler characteristic
—1, since its classifying space Y/F is 0 (i.e., Yis the universal cover of 0 ).
Thus, the Euler characteristic of SL,(Z) is —1—12.

The Euler characteristic in the sense of Wall has a geometric interpreta-
tion in terms of orbifolds. Namely, suppose that T is as above (i.e. () is a
well-defined rational number) and M is a contractible manifold on which T’
acts properly discontinuously. In this case, stabilizers of points are finite, thus
M/T is an orbifold. This means, in particular, that to every point x € M/T is
attached a finite group Aut(x), of size < [T : I'"']. Let X,,, be the subset of M/T,
consisting of points x such that Aut(x) has order m. It often happens that X,
has the homotopy type of a finite cell complex. In this case, the orbifold Euler
characteristic of M/T is defined to be

Xor(M/T) = Z X(A:ZM)

Now, we claim that y,,(M/T') = x(I'). Indeed, looking at the projection

M/T" — M/T, it is easy to see that y,,(M/T) = ﬁ)((M/F’). But M/T" is a

classifying space for I'", so y(M/T"") = y(I'"), which implies the claim.

Example 5.3. Consider the group I' = SL,(Z) acting on the upper half-plane
H. Then H/T is the moduli space of elliptic curves. So as a topological space it
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5.3. The Harer-Zagier theorem 75

is C, where all points have automorphism group Z/2, except the point i having

—14i3

automorphism group Z/4, and p = ———, which has automorphism group
Z/6. Thus, the orbifold Euler characteristic of H/T is (—1)% + % + % = —%. This
is not surprising since we proved that y.,(H/T') = y(T'), which was computed

1
to be —5-

5.2. The mapping class group

Now let g > 1 be an integer, and let Z be a closed oriented surface of genus g.
Let p € Z, and let Fgl be the group of isotopy classes of diffeomorphisms of
which preserve p. We will recall without proof some standard facts about this
group, following the paper of Harer and Zagier, [HZ)].

The group Fgl is not torsion free, but it has a torsion free subgroup of finite
index. Namely, consider the homomorphism Fgl — Sp(2g, Z/nZ) given by the
action of Fgl on H,(Z, Z/nZ). Then for large enough n (in fact, n > 3), the kernel
K,, of this map is torsion free.

It turns out that there exists a contractible finite-dimensional cell complex
Y, to be constructed below, on which I‘g1 acts cellularly with finitely many cell
orbits. Thus, the Euler characteristic of Fgl in the sense of Wall is well defined.

5.3. The Harer-Zagier theorem

The Euler characteristic of Fgl is given by the following theorem.

Theorem 5.4 (Harer-Zagier [HZ]). One has

where B,, are the Bernoulli numbers.

Remark 5.5. The group l“g1 acts on the Teichmiiller space 7!, which is, by defi-
nition, the space of pairs ((C, z), f), where (C, z) is a compact Riemann surface
of genus g with a marked point z, and f is an isotopy class of diffeomorphisms
C — X that map z to p. One may show that ﬂjgl is a contractible manifold
of dimension 6g — 4, and that the action of I‘g1 on jél is properly discontin-
uous. In particular, we may define an orbifold Mé = Tgl /Fgl. This orbifold
parametrizes pairs (C, z) as above; therefore, it is called the moduli space of
Riemann surfaces (=smooth complex projective algebraic curves) of genus g
with one marked point. Thus, Theorem p.4 gives the orbifold Euler character-
istic of the moduli space of curves of genus g with one marked point.

Remark 5.6. If g > 1, one may define the analogues of the above objects with-
out marked points, namely the mapping class group I, the Teichmiiller space
Tg, and the moduli space of curves Mg = Tg/ L. (Onecandoitforg = 1aswell,
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76 5. The Euler characteristic of the moduli space of curves

but in this case there is no difference with the case of one marked point, since
the translation group allows one to identify any two points on X.) It is easy to
see that for g > 1, we have an exact sequence 1 — 7,(X) - Fgl — [ — 1, which

implies that y(I;) = )((I‘gl)/ x(Z). Thus, the Harer-Zagier theorem implies that
B
X(Fg) = Xorb(Mg) = Wzil)

5.4. Construction of the complex Y,

We begin the proof of Theorem [.4 with the construction of the complex Y,
following [HZ)]. We will first construct a simplicial complex with a Fgl action
and then use it to construct Y.

Let (ay,...,a,) be a collection of closed simple unoriented curves on X,
which begin and end at p, and which do not intersect other than at p. Such a
collection is called an arc system if two conditions are satisfied:

(A) none of the curves is contractible to a point;

(B) none of the curves is contractible to another.

Define a simplicial complex A, whose n — 1-simplices are isotopy classes
of arc systems consisting of n > 1 arcs, and the boundary of a simplex cor-
responding to (a4, ..., a,) is the union of simplices corresponding to the arc
system (ay, ..., qj, ..., a,) (a; is omitted).

It is clear that the group Fgl acts simplicially on A.

Example 5.7. Letg = 1,ie, X = S x S*. Then I = SL,(Z). Up to its action,
there are only three arc systems (Figure 5.1). Namely, viewing S! as the unit
circle in the complex plane and representing arcs parametrically, we may write
these three systems as follows:

By = {(L ei@)}; B, = {(eie’ 1)’ (L ei@)}; B, = {(eie’ 1)’ (1’ ei@)’ (eie’ ei@)}.

From this it is easy to find the simplicial complex A. Namely, let T be the tree
with root ¢, connected to three vertices t;, t,, t3, with each ¢t; connected to two
vertices t;1, tj, €ach t;; connected to ;;, t;j,, etc.; see Figure B.2. Put at every
vertex of T a triangle, with sides transversal to the three edges going out of
this vertex, and glue the triangles along the sides. This yields the complex A
depicted at Figure B.3 (check it!). The action of SL,(Z) (or rather PSL,(Z)) on
this complex is easy to describe. Namely, recall that PSL,(Z) is generated by
S, U with defining relations S> = U* = 1. The action of S, U on T is defined
as follows: S is the reflection with flip with respect to a side of the triangle
A, centered at t, (Figure 5.4), and U is the counterclockwise rotation by 27/3
around .
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5.4. Construction of the complex Y, 77

By B, B,

Figure 5.1. Three arc systems.

Figure 5.2. The tree T

This example shows that the action of Fg1 on A is not properly discontin-
uous, as some simplices have infinite stabilizers (in the example, it is the 0-
dimensional simplices). Thus, we would like to throw away the “bad” sim-
plices. To do so, let us say that an arc system (ay,...,a,) fillsup Z if it cuts
into a union of regions diffeomorphic to the open disk. Let A, be the union

Y .Y

Figure 5.3. The complex A
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78 5. The Euler characteristic of the moduli space of curves

Figure 5.4. Reflection with a flip.

of the simplices in A corresponding to arc systems that do not fill up X. This is
a closed subset, since the property of not filling up X is obviously stable under
taking an arc subsystem. Thus, A \ A is an open subset of A. In the example
above, it is the complex A with 0-dimensional simplices removed.

The following theorem shows that A \ A, is in fact a combinatorial model
for the Teichmiiller space 7', with the action of Ij.

Theorem 5.8 (Mumford).
(a) The action of Fgl on A \ Ay, is properly discontinuous.

(b) A\ A, is topologically a manifold, which is Iy -equivariantly homeomor-
phic to the Teichmiiller space Tgl; in particular, it is contractible.

Remark 5.9. Theorem B.§ exhibits the significance of conditions (A) and (B).
Indeed, if either of these conditions were dropped, then one could consider arc
systems (¢, . .., o, ) with arbitrarily large n, while with conditions (A) and (B),
as seen from Theorem p.§, the largest value of n is 6g — 3.

Remark 5.10. If g = 1, Theorem [.§ is clear from the explicit description of A
(convince yourself of this!).

Theorem B.§ is rather deep, and we will not give its proof, which is beyond
the scope of this text. Rather, we will use it to define the “Poincaré dual” CW
complex Y, of A \ A,. Namely, to each filling arc system (ay, ..., a,) we will
assign a 6g — 3 — n-dimensional cell, and the boundary relation is opposite to
the one before. The existence of this CW complex follows from the fact that
A\ A, is amanifold. For instance, in the case g = 1, the complex Y, is the tree
T.

Now, the complex Y is contractible (since so is A\A,,) and admits a cellular
action of l“g1 with finitely many cell orbits and finite stabilizers. This means that
the Euler characteristic of I‘gl is given by Quillen’s formula

M@= Y (ime

oecells(Y,)/T | Stab Ul
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5.5. Enumeration of cells in Yg/l“g1 79

Example 5.11. In the g = 1 case, T has one orbit of 0-cells and one orbit of
1-cells. The stabilizer of a 0-cell in SL,(Z) is Z/6, and of a 1-cell is Z/4. Hence,
x(SL,(2)) = % N —11—2, which was already computed before by other meth-

4
ods.

5.5. Enumeration of cells in Y,/ l“g1

Now it remains to count the cells in Yg/ I}, i.e., to enumerate arc systems which
fill Z (taking into account signs and stabilizers). To do this, we note that by the
definition of “filling”, any filling arc system S defines a cellular decomposition
of Z. Thus, let S* be the Poincare dual of this cellular decomposition. Since S
has a unique zero cell, S* has a unique 2-cell. Let n be the number of 1-cells
in S (or S$*). Then (Z, S*) is obtained by gluing a 2n-gon (=the unique 2-cell)
according to a matching of its sides, preserving orientation. (Note that S can
be reconstructed as (S*)*.)

This allows us to link the problem of enumerating filling arc systems with
the problem of counting such gluings, which was solved using matrix integrals.
Namely, the problem of enumerating filling arc systems is essentially solved
modulo one complication: because of conditions (A) and (B) on an arc system,
the gluings we will get are subject to some constraints. Namely, we have

Lemma 5.12. Let (ay,...,a,) be a system of curves, satisfying the axioms of a
filling arc system except maybe conditions (A) and (B). Then

() (ay,...,a,) satisfies condition (A) iff no edge in the corresponding gluing
is glued to a neighboring edge.

(i) (ay,...,a,) satisfies condition (B) iff no two consecutive edges are glued
to another pair of consecutive edges in the opposite order.

kw

loop homo-
topic to 0

Figure 5.5
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80 5. The Euler characteristic of the moduli space of curves

kw

loops homotopic
to each other
Figure 5.6

The lemma is geometrically evident, and its proof is obtained by drawing a
picture; see Figure .3 for (i), and Figure .6 for (ii). Motivated by the lemma,
we will refer to the conditions on a gluing in (i) and (ii) also as conditions (A)
and (B).

Denote by e4(n), 1g(n), A(n) the numbers of gluings of a (labeled) 2n-gon
into a surface of genus g, with no conditions, condition (A), and conditions
(A),(B), respectively (so g4(n) is the quantity we already studied).

Proposition 5.13. One has™
Ay(n)
2@ = D=1 =2 =
n

Proof. Each filling arc system o arises from 2n/|Stab(o)| gluings (since the
labeling of the polygon does not matter for the resulting surface with an arc
system). Thus, the result follows from Quillen’s formula. O

)

: n—1
5.6. Computation of ) (—1)""'=-

Now it remains to compute the sum on the right-hand side. To do this, we
will need to link A4(n) with e5(n), which has already been computed. This is
accomplished by the following lemma.

Lemma 5.14.

(i) One has

SO (4 PACED!

1

(ii) One has
1o =33 (1) 2en =

13Note that Ag(n) = 0 for almost all n, so this sum is finite.
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5.6. Computation of 3, (—1)"~

Proof.

(i) Let o be a matching of the sides of a 2n-gon A with labeled vertices. If
there is a pair of consecutive edges that are matched, we can glue them to each
other to obtain a 2n — 2-gon. Proceeding like this as long as we can, we will
arrive at a 2n — 2i-gon A, with a matching ¢’ of its sides which satisfies condi-
tion (A). Note that A, and ¢’ do not depend on the order in which neighboring
edges were glued to each other, and A, has a canonical labeling by 1, ..., 2n—2i,
in the increasing order of the “old” labels. Now, we claim that each (A, c’) is

2
obtained in exactly ( ln) ways; this implies the required statement.

Indeed, let us consider the vertices of A that ended up in the interior of
A,. They have mapped to i points in the interior (each gluing of a pair of edges
produces a new point). Let us call these points w;,...,w;, and let v; be the
smallest label of a vertex of A that goes to w; (where we label the vertices so
that the kth edge connects vertex k with vertex k+1). Then vy,...,v; is a subset
of {1,...,2n}. This subset completely determines the matching o if (A, ") are
given: namely, we should choose a v; such that v; + 1 # v, for any k, and
glue the two edges adjacent to v;; then relabel by 1,...,2n — 2 the remaining
vertices (in increasing order of “old” labels), and continue the step again, and
so on. From this it is also seen that any set of v; may arise. This proves (i).

(ii) Let o be a matching of A (with labeled edges) which satisfies condition
(A) but not necessarily (B). If a;, a, are consecutive edges that are glued to con-
secutive edges b,, b; in the opposite order, then we may unite a,, a, into a single
edge a, and b,, b, into b, and obtain a 2n — 2-gon with a matching. Continuing
so as long as we can, we will arrive at a 2n — 2i-gon A, with a new matching
o', which satisfies conditions (A) and (B). In A, each (jth) pair of edges is ob-
tained for m; + 1 pairs of edges in A. Thus, Zjn;ll m; = i. Furthermore, for
any (A, 0’) the collection of numbers my, ..., m,_; defines (A, o) uniquely, up
to deciding which of the m; + 1 edges constituting the first edge of A, should
be labeled by 1. Thus, each (A, ¢’) arises in the number of ways given by the

formula

my,...,My_; Z;:; m;=i
It is easy to show (check this!) that this number is equal to (7) This proves
(ii).

O

The completion of the proof of Theorem p.4 depends now on the following
computational lemma.
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82 5. The Euler characteristic of the moduli space of curves

Lemma 5.15. Let e(n), u(n), A(n), n > 0, be sequences satisfying the equations

et = % (% ) utn -

i
um =3 (T -0
\d ‘
Assume also that e(n) = (2:) f(n), where f is a polynomial such that f(0) = 0.
Then A(0) = 0, A(n) has finitely many nonzero values, and

S (112 ),

n>1 2n

Proof. Let us first consider any sequences £(n), u(n), and A(n) linked by the
equations of the lemma. Let E(z), M(z), and L(z) be their generating functions
(i.e., E(z) = Enzo g(n)z" etc.). We claim that

B 1+\/EL(1—\/E)_

E(z) =
2(1 - 4Z) 24/1 — 4z
To see this, it suffices to consider the case A; = §y; for some k. In this case,

o352 27

i,n p,q>0

F.(z):= Z <2pp+ r) zP

p>0

But the function

equals

Fr(z) =

1 (1 —4/1 —4z)r
V1-4z 2z ’

as may be easily seen by induction from the recursion
F, = Z_I(Fr—l - r—z)’

where r > 2. Substituting this into the formula for E(z), one gets (after trivial

simplifications)
k
Bz = L +y1—4z (1 -1 —42)
20-42) \ 2\/1—4z )~
as desired.

Now assume that e(n) satisfies the polynomiality condition. This means
that E(z) = P(z0)| Zzoﬁ, where P is a polynomial with vanishing constant

term. To prove our claim, it suffices to consider the case P(z) = (1 + a)? — 1,
where a is a formal parameter (so P'(0) = log(1+a)); indeed, the coefficients of
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5.7. End of proof of Theorem 5.4 83

this formal series are (j) Jj = 1, which form a basis in the space of polynomials
of z with vanishing constant term. In this case we get
1 1

E(z) = - .
Vi—-4(1+a)z +1-4z
Hence,
1 1
L(u) = ( — 1).
L+ u\\1-4au( +u)
Therefore,
0 1
/| du 1 2p _ _ _
(—Dk1ZE = —f Lu)— = = ( >(—1)p lapf xP~1(1 — x)P~ldx.
zk: 2k 2 )| u 2 ; p A

But fol xP~1(1 — x)P~!dx is an Euler Beta integral, and it equals gp__li'; Thus,

/1k ab
(=D = (1P — =log(1 + a),
; 2k l; p

as desired. O

5.7. End of proof of Theorem 5.4

Now we finish the proof of the Harer-Zagier theorem. Recall that using matrix
integrals we have proved the formula

2n)!

Let us set q := n — p. Then expression (B.1)) takes the form

(5.2) B,(x) = <2:> Z 24 (n) %x(x —1)...(x—n+q).

q>0 q

Py(x) .

We claim now that the coefficient of x=28 (g > 1) in the polynomial prrealE

of the form (2:) fz(n), where f; is a polynomial. Indeed, contributions to the co-
efficient of x =28 come from terms with q < 2g only, so it suffices to check that
each of these contributions is as stated. This reduces our task to checking that
the coefficients of the Laurent polynomial Q(x,n) = (1— %) (1= %) are poly-
nomials in n, which vanish at —1 (except, of course, the leading coefficient).
To see this, let Q(x, @) = —— &

T'(x—a)xa
tion has an asymptotic Taylor expansion in % as x — +oo which is obtained
from the Stirling asymptotic expansion of I'(x) given by (2.9), and it is easy to
show that the coefficients are polynomials in a. Moreover, Q(x, —1) = 1, which
implies the required statement.

(this equals to Q(x, n) if a = n). This func-
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84 5. The Euler characteristic of the moduli space of curves

Furthermore, we claim that f,(0) = 0: again, this follows from the fact that
the nonleading coefficients of the expansion of Q(x, a) vanish at a = 0. But this
is clear, since Q(x,0) = 1.

Thus, we are in a situation where Lemma can be applied. So it remains
to compute ), g5l fg’(O)x_zg. To do this, observe that the terms with g > 1 do
not contribute to fy(0), as they are given by polynomials of n that are divisible
by n?. So we only need to consider g = 0 and q = 1. For q = 1, the contribution
is the value of

1 1 n
Zd=%).(1=3)
atn = 0, ie, itis % For g = 0, the contribution is the derivative at 0 with

1 1 ny . o s
—Q=2)...(1—7) le,itis

respect to n of —

d Q(x, d
Ela:o éf_f) =-1+ Ela:OQ(x’ a)‘

Thus, we have (asymptotically)

' - 1 d 1 I’
Z:lfg(o)x % = > T @|a=oQ(X, a) = > T % —log x.
g>

Now, the asymptotic expansion for I''/T given by (R.10) implies that f3(0) =

Byg .
T This completes the proof.

Exercise 5.16. Prove Theorem .8 for g = 1.

Exercise 5.17. Let I'(N) be the congruence subgroup of SL,(Z) which consists
of matrices equal to 1 modulo N.

(a) Show that I'(N) is free for N > 3. (Hint. Consider the action of I'(\N)
on the upper half-plane.) Show that I'(2) is the direct product of a free group
I', (2) on two generators with Z/27.

(b) Find the number of generators of '(N), N > 3, which generate it with-
out relations. (Hint. Compute y(T'(N))).

Exercise 5.18. Let I" be the group defined by the generators a, b, c with defining
relation ab = ba. Find the Euler characteristic of T

Exercise 5.19. Consider a triangle A in the hyperbolic plane H = C_ with
anglesa = 2,8 = £,y = Z, and let T be the subgroup of PSL,(R) generated
by rotations a, b, c around the vertices of A by angles 2, 23, 2y, respectively.

(i) Show that H/T is naturally homeomorphic to a sphere glued out of two
copies of A, which can be viewed as an orbifold with three points with nontriv-
ial stabilizers (orders 2,3,7).

(ii) Show that the Euler characteristic y(T) is —%.
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(iii) Show that the defining relations for I are
a?=1,b3=1,c"=1,abc=1
(use an orbifold version of van Kampen’s theorem).
(iv) Construct a surjective homomorphism ¢ : T' — PSL,(F;).

(v) Show that Ker ¢ is torsion free and H/ Ker ¢ is a compact Riemann sur-
face X of genus 3 with an action of PSL,([F). Identify X with the Klein quartic
X3y +y3z+z3x = 0in CP2.
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Chapter 6

Quantum mechanics

So far we have considered quantum field theory with 0-dimensional spacetime
(to make a joke, one may say that the dimension of the space is —1). In this
chapter, we will move closer to actual physics: we will consider 1-dimensional
spacetime, i.e., the dimension of the space is 0. This does not mean that we
will study motion in a 0-dimensional space (which would be really a pity), but
it just means that we will consider only point-like quantum objects (particles)
and not extended quantum objects (fields). In other words, we will be in the
realm of quantum mechanics.

6.1. The path integral in quantum mechanics

Let U(q) be a smooth function on the real line (the potential). We will assume
that U(0) = 0, U’(0) = 0, and U”(0) = m?, where m > 0.

Remark 6.1. In quantum field theory the parameter m in the potential is called
the mass parameter. To be more precise, in classical mechanics it has the
meaning of frequency w of oscillations. However, in quantum theory, thanks
to Planck and Einstein, frequency is identified with energy (E = hw), while
in relativistic theory energy is identified with mass (again thanks to Einstein,
E = mc?).

We want to construct the theory of a quantum particle moving in the po-
tential field U(q). According to what we discussed before, this means that we
want to give sense to and evaluate the normalized correlation functions

iS(q@)
(@) qley)) = L) 00wl T DG

JSe ™ Dq
where S(q) = f £(q)dt, and £(q) = %2 —U(q).
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88 6. Quantum mechanics

As we discussed, such integrals cannot be handled rigorously by means of
measure theory if 7 is a positive number; so we will only define these path
integrals “in perturbation theory”, i.e. as formal series in 7.

Before giving this (fully rigorous) definition, we will explain the motivation
behind it. We warn the reader that this explanation is heuristic and involves
steps which are mathematically nonrigorous (or “formal” in the language of
physicists).

6.2. Wick rotation

In Chapter [l we discussed path integrals with imaginary exponential (quantum
mechanics), as well as real exponential (Brownian motion). If 7 is a number,
then the integrals with imaginary exponential cannot be defined measure the-
oretically. Therefore, people study integrals with real exponential (which can
be rigorously defined), and then perform a special analytic continuation pro-
cedure called the Wick rotation.

In our formal setting (7 is a formal parameter), one can actually define the
integrals in both the real and the imaginary case. Still, the real case is a bit
easier, and thus the Wick rotation is still useful. Besides, the Wick rotation is
very important conceptually. Therefore, while it is not technically necessary,
we start with introducing the Wick rotation here.

Namely, let us denote {(q(t;) ... q(t,)) by M (t,,...,t,), and “formally” make
a change of variable t = it in the formula for G¥(¢,...,t,). Let q(t) = q.(7).

Then, taking into account that dz = idt, Z—‘z = i'zq*,
T

we get

«(T1) ... q.(T e_%f(%(ddq:)z"'u(q*))dTD .
q 1 q n q

GM(t),...,t,) =
n ( 1 n) fe_%f(%(ddq; )2+U(q*))d‘qu*
This shows that
GM(t),... ty) = GE(ity, ..., ity),
where
_SE@
GE(t t) = Sq(ty)...q(ty)e” " Dq
mebml _Sp@ .
Je "n Dq

with Sg(q) = S/ £Lg(q)dt, and L(q) = %2 + U(q) (i.e., £ is obtained from £
by replacing U with —U).

This manipulation certainly does not make rigorous sense, but it motivates
the following definition.

Definition 6.2. The function G¥(t;,...,t,) (t; € R) is the analytic cont-
inuation of the function §Z(ty,...,t,) from the point (t,...,t,) to the point
(ity,...,it,) along the path 8 — €¥(t;,...,t,),0 < 8 < 7/2.
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6.3. Definition of Euclidean correlation functions 89

Of course, this definition will only make sense if we define the function
GE(t,,...,t,) and show that it admits the required analytic continuation. This
will be done below.

Remark 6.3 (On the terminology). The function GM(t,,...,t,) is called
the Minkowskian (time ordered) correlation function, while the function
GE(t,,...,t,)is called the Euclidean correlation function (hence the notation).
This terminology will be explained later, when we consider relativistic field
theory.

From now on, we will mostly deal with Euclidean correlation functions,
and therefore will omit the superscript E when there is no danger of confusion.

6.3. Definition of Euclidean correlation functions

Now our job is to define the Euclidean correlation functions G,(t,...,t,) (we
drop the superscript E to lighten the notation). Our strategy (which will also be
used in field theory) is as follows. Recall that if our integrals were finite dimen-
sional, then by Feynman’s theorem the expansion of the correlation functions
in 7 would be given by a sum of amplitudes of Feynman diagrams. So, in the
infinite-dimensional case, we will use the sum over Feynman diagrams as a
definition of correlation functions.

More specifically, because of the conditions on U we have an action func-
tional without constant and linear terms in g, so that the correlation function
Gu(ty,...,t,) should be given by the sum

hb(l")

——Fr(€q,...,€,),
|Aut(F)| r( 1 n)

(6.1) Gultisonty) = Y.

reGiz;(n)

where G%;(n) is defined in Remark B.7. Thus, we should make sense of (=de-
fine) the amplitudes Fr in our situation. For this purpose, we need to define
the following objects.

1. The space V.

2. The form B on V which defines B~! on V*.

3. The tensors corresponding to nonquadratic terms in the action.

4. The covectors ¢;.

It is clear how to define these objects naturally. Namely, V' should be a
space of functions on R with some decay conditions. There are many choices
for V, which do not affect the final result. For instance, a good choice (which
we will make) is the space C;°(R) of compactly supported smooth functions on
R. Thus V* is the space of generalized functions on R. Note that V' is equipped
with the inner product (f, g) = J, f(H)g(t)dt.
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90 6. Quantum mechanics

The form B, by analogy with the finite-dimensional case, should be twice
the quadratic part of the action. In other words,

M%@fﬂ¥+WfW=M%%

where A is the operator
2
__4 2
A= a2 + m-.
This means that B~I(f, f) = (A~Lf, f).

The operator A~! is an integral operator, with kernel
K(s,t) = G(t —s),

where G(t) is the Green’s function of A, i.e. the fundamental (decaying at in-
finity) solution of the differential equation

(AG)(t) = &(¢).
It is straightforward to find that

e_mltl
2m

(6.2) G(t) =

(thus B~ is actually defined not on the whole V* but on a dense subspace of
V).

Remark 6.4. Here we already see the usefulness of the Wick rotation. Namely,
the spectrum of A (interpreted as usual as a self-adjoint unbounded operator on
I*(R))is [m?, +00), soitis invertible and the inverse is bounded. However, if we

2
did not make a Wick rotation, we would deal with the operator A’ = —% -m?,
whose spectrum is [-m?, +0), i.e., contains 0, so this operator does not have

a bounded inverse.

To make sense of the cubic and higher terms in the action as tensors, con-
sider the decomposition of U in the (asymptotic) Taylor series at g = 0:
m*¢ < &q"

U(q) = o

n>3

This shows that cubic and higher terms in the action have the form

B.(q,q,....q) = fqr(t)dt.

Thus B,(q;,-..,q,) is an element of (S"V)* given by the generalized function
Ot,=...=¢, (the delta function of the diagonal).

Finally, the functionals ¢; are given by €;(q) = q(t;), so €¢; = 6(t — t;).
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This leads to the following Feynman rules of defining the amplitude of a
diagram T

1. To the ith external vertex of I, assign the number ¢;.

2. To each internal vertex j of T', assign a variable s;.

3. On each internal edge that connects vertices j and j', write the Green’s
function G(s; — sj/).

4. On each external edge that connects i and j, write G(¢; — s;).

5. On each external edge that connects i and i’, write G(t; — t;/).

6. Let Gr(t, s) be the product of all these functions.

7. Let Fr(é4,...,¢,) = Hj gu(j) J Gr(t, s)ds, where v(j) is the valency
of j.

We are finally able to give the following definition.
Definition 6.5. The function G,(t;,...,t,) is defined by formula (p.I).

Remark 6.6. Note that the integrals defining Fr- are convergent since the in-
tegrand always decays exponentially at infinity. It is, however, crucial that we
consider only graphs without components having no external vertices. For ex-
ample, if I' has a single 4-valent vertex connected to itself by two loops (Figure
6.1), then the amplitude integral involves f;, G(0)*ds, which is obviously diver-
gent.

With this definition, the function G, (t,...,t,) is a Laurent series in #
whose coefficients are symmetric functions of ¢4, ..., t,, given by linear combi-
nations of explicit (and convergent) finite-dimensional integrals. Furthermore,
it is easy to see that these integrals are in fact computable in elementary func-
tions, i.e., they are (in the region ¢; > ... > t,,) linear combinations of products
of functions of the form t/e%i. This implies the existence of the analytic con-
tinuation required in the Wick rotation procedure.

Figure 6.1

Remark 6.7. Asin the finite-dimensional case, an alternative setting for mak-
ing this definition is to assume that g; are formal parameters. In this case, 7
can be given a numerical value (e.g., # = 1) and the function G,, will be a well-
defined power series in g3, g4, ... -
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92 6. Quantum mechanics

As an example consider a free massive theory, i.e., a harmonic oscillator:
m2q? . . .
U(q) = Tq. In this case, there are no internal vertices, hence we get

Proposition 6.8 (Wick’s theorem in quantum mechanics). One has

gn(tl, ooy tn) =0
ifnisodd, and

Gorltr, sty =0% Y [ Gt = toy)-

oelly i€fl,.. .,2k}/o

In particular, G,(t,,t,) = AG(t; — t,). In other words, G,(t,,t,) is (propor-
tional to) the Green’s function. Motivated by this, physicists often refer to all
correlation functions of a quantum field theory as Green’s functions.

Figure 6.2

242 4
T _ 8 andseth = 1. In

Example 6.9. Consider the potential U(q) = = TR

this case, let us calculate the 2-point correlation function modulo g2. In other
words, we have to compute the coefficient of g in this function. Thus we have to
consider Feynman diagrams with two external edges and one internal vertex.
Such a diagram I is unique: it consists of one edge with a loop attached in
the middle; see Figure .. This diagram has automorphism group Z/2. The

amplitude of this diagram is

Foeg f G(s,11)G(s, 12)G(s, S)ds = 5= / e~ms=t1+15=t:D s,
R 8m R

Because of symmetry in ¢; and t,, we may assume that t; > ¢,. Splitting the in-
tegral in a sum of three integrals, over (—o0, t, ], [£,, 1], and [¢;, oo) respectively,

we get:
_ & ” —m@2s+|t—L,|) —mt;—t
FF—W(Z‘/O‘ e Itx 2‘ds+|t1—t2|e mit;—|
_ 8 —mjt—t
= We mity 2|(1 + m|t1 — tzl)
Thus

Go(t1, 1) = G(t; — 1),
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6.4. Connected correlation functions 93

where
~ 1 _ _
G(t) = el 4 —E_e=mIlI(1 + mlt]) + O(g?).

2m
This expression is called the 1-loop approximation to the 2-point function, be-
cause it comes from 0-loop and 1-loop Feynman diagrams.

Remark 6.10. Here we are considering quantum mechanics of a single
1-dimensional particle. However, everything generalizes without difficulty to
the case of an n-dimensional particle or system of particles (i.e., to path inte-
grals over the space of vector-valued, rather than scalar-valued, functions of one
variable). Indeed, if q takes values in a Euclidean space V, then the quadratic
part of the Lagrangian is of the form %(q2 —M(q)), where M is a positive-definite
quadratic form on V. Diagonalizing M, we may assume that the quadratic part
of the Lagrangian looks like % Zi(q'i2 — m?q?), which corresponds to a system
of independent harmonic oscillators. Thus in quantum theory the propagator

m;|t—s| i
> and the correlation

functions can be defined by the usual Feynman diagrarln procedure.

will be the diagonal matrix with diagonal entries <

6.4. Connected correlation functions

Let Gy (t;,...,t,) be the connected correlation (or Green) functions, defined by

the sum of the same amplitudes as G, (¢, ..., t,) but taken over connected Feyn-

man diagrams only. It is clear that

Gplts, ... ty) = > T165,(t5: € Sp.
{1,...,n}=S.u---uS, i

For example, G,(t;,t,) = G5(t1, 1) + G5(t1)F5(¢,), etc. Thus, to know the corre-

lation functions, it is sufficient to know the connected correlation functions.
242

Example 6.11. In a free theory (U = %, the harmonic oscillator), all con-

nected Green’s functions except G, vanish.

1)

Iy
Figure 6.3
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94 6. Quantum mechanics

Example 6.12. Let us compute the connected 4-point function in the theory
associated to the quartic potential U = # — gqu as above, modulo g2. This
means, we should compute the contribution of connected Feynman diagrams
with one internal vertex and four external edges. Such a diagram I is unique—
it is the cross (with one internal vertex); see Figure p.3. This diagram has no

nontrivial automorphisms. Thus,

G4t by b3, ts) = 8 f G(t; — s)G(t, — 5)G(t; — 5)G(t4 — s)ds + O(g?).
R

It is elementary to compute this integral; we leave it as an exercise.

6.5. The clustering property

Note that the Green’s function G(t) goes to zero at infinity. This implies the
following clustering property of the correlation functions of the free theory:

Zh_g.lo 9n(t1, ceey tr, tr+1 + Zyueuy tn + Z) = gr(tl, ceey tr)gn_r(tr+1 e tn).

Moreover, it is easy to show that the same is true in the interacting theory (i.e.,
with potential) in each degree with respect to 72 (check it!). The clustering prop-
erty can be more simply expressed by the equation

lim G5(t, ... tpstpyr + 2oty +2) = 0.
Z—>0

This property has a physical interpretation: processes distant from each other
are almost statistically independent. Thus it can be viewed as a necessary con-
dition of a quantum field theory to be “physically meaningful”.

Remark 6.13. Nevertheless, there exist theories (e.g., so-called topological
quantum field theories) which do not satisfy the clustering property but are in-
teresting both form a physical and mathematical point of view; see Section P.2.

6.6. The partition function

Let J(t)dt be a compactly supported measure on the real line. Consider the
“partition function with external current J”, which is the formal expression

-SE@+0,)
Z(J)=fe _— qu.

Then we have a formal equality

% _ Enl hr:!n fRn Gty ..., t)I(ty) ... J(t,)dt ... dt,

ZW) (here we treat J as a for-

Z(0)
mal variable dependent of ¢). So the knowledge of % is equivalent to the

which, as before, we will use as the definition of
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6.6. The partition function 95

knowledge of all the Green’s functions (in other words, 22 Z(O) is their generating
function). Furthermore, as in the finite-dimensional case, we have
Proposition 6.14.

zZJ) _

W(J) = IOg m

Z’%f95,(t1,...,rn)J(tl)...J(tn)dtl...dtn

(i.e., W is the generating function of connected Green’s functions).

The proof of this proposition is the same as in the finite-dimensional case.

Remark 6.15. The statement of Proposition is equivalent to the relation
between usual and connected Green’s functions given in Section p.3.

Remark 6.16. The fact that we can only define amplitudes of graphs all of
whose components have at least one 1-valent vertex (see above) means that we

actually cannot define either Z(0) or Z(J) but can only define their ratio ;8

As in the finite-dimensional case, we have an expansion
W) = 7wt Wo(J) + W (J) + aWL(T) + ...,

where W ; are the j-loop contributions (in particular, W, is given by a sum over
trees). Furthermore, we have explicit formulas for W, and W;, analogous to the
finite-dimensional case.

Proposition 6.17. One has

Wo(I) = =Se(qr) + (g5, ),
where q; is the extremal of the functional S(q) := Sg(q) — (q,J) which decays at
infinity. Furthermore,
W) = —% logdet Ly,
where Ly is the linear operator on V such that

sz{a(QJ)(fl,fz) = dzs%(o)(l‘]fl’fz)-

The proof of this proposition, in particular, involves showing that q; is
well defined and making sense of det L; (as Ly is an operator on an infinite-
dimensional space). It is analogous to the proof of the same result in the finite-
dimensional case which is given in Section B.7. To be precise, we gave a proof
only in the 0-loop case; but in the 1-loop case, the proof is similar. Therefore we
will not give this proof; rather, we will illustrate the statement by an example.

242 4
Example 6.18. Let U be the above quartic potential =% + £L (in which for
convenience we change the sign and normalization of the quartic term) and
J(t) = ad(t). In this case,

sh(q) = / (€ + U@)dt - aq0).
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96 6. Quantum mechanics

The Euler-Lagrange equation has the form
G = m*q +2gq> — ad(v).
Thus, the function g is continuously glued from two solutions q.., q_ of the
nonlinear differential equation
G =m’q+2gq
on (—o0,0] and [0, o0), with jump of derivative at 0 equal to —a.

The solutions g, q_ decay at infinity together with their first derivatives,
so they must be solutions of zero energy:
. 2
L _ v =o.
Indeed, E must go to zero at infinity and by energy conservation (as in Sec-
tion [L.1, but with U replaced by —U) is independent of ¢. Thus, by (L.3), g, are

E =

defined by the equality
® dx ® dx 1 1+ ,%2 +1
t=i/ —=i/ ———=t—log—=—.
g V2U(X) q mx\/1+gm—xz2 2m 1+%—1
After a calculation one gets
2mg_%

() = C—1emitl — Co—mitl’
where C is the solution of the equation
C(1+C? ag%
(1—C22  4m?
which is given by a power series in a with zero constant term. From this it is
elementary (but somewhat lengthy) to compute Wy, = —S%(q)).

Now, the operator L; is given by the formula

Ly =1+6gA o q;(t)?

2
—% + m?. Thus det L; makes sense. Indeed, the operator A~! o

q;(t)? is an integral operator given by the kernel
e ~lg, (1)?
2m ’

which decays exponentially at infinity; hence the determinant of the operator
1+ 6g A~ o q;(t)? is well defined.

where A =

K](S’ t) =

Remark 6.19. In these computations, g, a were formal variables, but the above
computations in fact make sense for real numerical values of these variables as
long as ga® + m? > 0.
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6.8. Momentum space integration 97

6.7. 1-particle irreducible Green’s functions

Let GiPI(t,,...,t,) denote 1-particle irreducible Green’s functions, i.e. those de-
fined by the sum of the same amplitudes as the usual Green’s functions, but
taken only over 1-particle irreducible Feynman graphs. Define also the ampu-
tated 1-particle irreducible Green’s function: G;P1¢ := A®"GLPI 1t is defined
by the same sum of amplitudes, except that instead of G(¢; — s;) for external
edges, we write 5(¢; — s;).

1Pla j e, the formal sum

Let Setr(q) be the generating function of G
" PI
Sett(q) = Squaa(@) — D, - / GlPIacp - tq(ty)...q(t,)dty ... dt,,
~ nl

where Sg,,4(q) is the quadratic part of the action.

Proposition 6.20. The function W(J) = log(%) is the Legendre transform of

Seii(q), i.e., it equals —S (G )+ (J, Gr), where Gy is the extremal of —S.(q)+(J, Q)
decaying at infinity.

The proof of this proposition is the same as in the finite-dimensional case.
The proposition shows that in order to know all Green’s functions, it “suffices”
to know the amputated 1-particle irreducible Green’s functions (namely, the
generating function of usual Green’s functions can be reconstructed from that
for 1PI Green’s functions by taking the Legendre transform and exponentia-
tion). Which, as before, is good news, since there are a lot fewer 1PI diagrams
than general connected diagrams.

6.8. Momentum space integration

We saw that the amplitude of a Feynman diagram is given by an integral over
the space of dimension equal to the number of internal vertices. This is some-
times inconvenient, since even for tree diagrams such integrals can be rather
complicated. However, it turns out that if one passes to Fourier transforms,
then Feynman integrals simplify and in particular the number of integrations
for a connected diagram becomes equal to the number of loops (so for tree di-
agrams we have no integrations at all).

We will proceed as follows. Instead of the time variable ¢t we will consider
the dual energy variable E. A function q(t) with compact support will be re-
placed by its Fourier transform

4(E) = f e~ Flq(n)dt,
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98 6. Quantum mechanics

where we drop the pre-factor (277)~V/2. Then, by Plancherel’s theorem, for real
functions q;, q,, we have

@) = [ aa0d = 5 [ aEREE = 1 [ GEn-DdE
R R

e-mll

Since the Fourier transform of G(x) = —_- is EZ 3

propagator is given by

BYf,f) = G(t — t dtd——
(F.f) fR (t = )F(OF(s)dtds f

this implies that the

s EF-E)E.

The vertex tensors standing at k-valent vertices were & —...g,,
replaced by 2726y, ...+ g, =0, Where Q; are dual variables to s;.

so they will be

Remark 6.21 (On terminology). Physicists refer to the time variables ¢;, s; as
position variables, and to energy variables E;, Q, as momentum variables, since
in relativistic mechanics (which is the setting we will deal with when we study
field theory) there is no distinction between time and position and between
energy and momentum (due to the action of the Lorentz group).

This shows that the Feynman rules “in momentum space” for a given con-
nected Feynman diagram I" with n external vertices are as follows.

1. Orient the diagram I' so that all external edges are oriented inwards.

2. Assign variables E; to external edges, and variables Q; to internal ones.
These variables are subject to the linear equations of “the first Kirchhoff law”:
atevery internal vertex, the sum of the variables corresponding to the incoming
edges equals the sum of those corresponding to the outgoing edges. Let Y(E)
be the space of solutions Q of these equations (it depends on T, but we will not
write the dependence explicitly). It is easy to show that this space is nonempty
only if ). E; = 0, and in that case dim Y(E) equals the number of loops of T
(show this!).

3. On each external edge write and on each internal edge write

E2+ 29
Q2+ >. Let ¢r(E, Q) be the product of all these functions.

4. Define the momentum space amplitude of T to be the distribution F-(E) :
Fr(By, ..., Ep) = Qo) m4mY® T g, ) f ¢r(E,Q)dQ - &(E; + - + E,)dE,
J Y(E)
supported on the hyperplane EiEi = 0. It is clear that this distribution is

independent of the orientation of T.

Remark 6.22. Here we must specify the normalization of the (translation-
invariant) Lebesgue measure dQ on the space Y(E). It is defined in such a way
that the volume of Y(E)/Y(0) is 1, where Y(0) is the set of integer elements
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6.8. Momentum space integration 99

in Y(0). So if T C T is a spanning tree, then in the coordinates {Q,,e & T} on
Y(E), we have dQ = HeeT dQ,.

Now we have

Proposition 6.23. The Fourier transform of the function Fr(6y,,...,8;,) is

Fr(Ey,...,Ey,). Hence, the Fourier transform of the connected Green’s function
is
(6.3) G(Ey, ..., Ey,) > RO Fr(Ey,...,Ep)
. n 15--+5Lp) = r 1o---5tn
reGiz;(n) |Aut(I‘)|

The proof of the proposition is straightforward.
To illustrate the proposition, consider two examples (assuming # = 1).

Example 6.24. The connected 4-point function for the quartic potential mod-
ulo g? in momentum space looks like

G4(Ey, By, Es, Ey) = 278 H 5(2 E)dE +0(g?).

Example 6.25. Let us compute the 1PI 4-point function in the same problem,
but now modulo g3. Thus, in addition to the above, we need to compute the g2
coefficient, which comes from 1-loop diagrams. There are three such diagrams,
differing by permutation of external edges. One of these diagrams is as follows:
it has external vertices 1, 2, 3, 4 and internal ones 5, 6 such that vertices 1, 2 are
connected to vertex 5, vertices 3, 4 to vertex 6, and vertices 5 and 6 are connected
by two edges; see Figure p.4. This diagram has the symmetry group Z/2, so its
contribution is
4

g (f dQ )H L 5> E)dE
2 \Jp Q@ +m2)(E, +E,— QP2 +m2) ) LI B2y m2 &7V

The integral inside is easy to compute, for example, by residues. This yields
G (Ey. By, E3, E,)

4
R 1 ) 3
= ZﬂgH 7y m2 (1 + 5 ;2 G TErT 4m2) 5(Zi:El)dE +0(g*)

Ei+E,-Q

Figure 6.4
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(this is symmetric in E;, E,, E3, E, since when ). E; = 0 then for distinct
i, j,k,¢ one has (E; + E;)* = (Ex + E,)?).

Exercise 6.26. Calculate the 1-particle irreducible 2-point function for a quan-

tum particle with potential U(q) := # — %4 modulo g* in momentum space,
for 4 = 1. (We have done this modulo g2 in position space in Example B.9).
Exercise 6.27. Let U(q) = # — g3—q,3.

(i) Calculate the leading term of the 1-point function G,(t) (with respect
to g).
(ii) Calculate the connected 2-point function modulo g3.

. 2
Exercise 6.28. Consider the potential U(x) := m>sinh’(@%) pind a formula for

2g2
W,y (J) (the tree part of log(%) as explicitly as you can, when J(t) = ad(t).

6.9. The Wick rotation in momentum space

To obtain the correlation functions of quantum mechanics, we should, after
computing them in the Euclidean setting, Wick rotate them back to the Min-
kowski setting. Let us do it at the level of Feynman integrals in momentum
space. (We could do it in position space as well, but it is instructive for the
future to do it in momentum space, since in higher-dimensional field theory,
which we will discuss later, the momentum space representation is more con-
venient.)

Consider the Euclidean propagator
1 _ f G(t)e iEtdt,
R

E?2 + m?
where G is the Green’s function (b.2). When we do analytic continuation back
to the Minkowski setting, we must replace in the correlation functions the time
variable t with ¢!t, where 6 varies from 0 to % In particular, the Green’s func-

tion G(t) must be replaced by G(e®t). So we must consider

/G(eiet)eiEtdt = e‘iefG(t)eie_ieEtdt = ¢
R

—i6

AsbO — % this function tends (as a distribution) to the function

i
lim ————.
e~0+ E2 —m? + ie
For brevity the limit sign is usually dropped and this distribution is written as
i

E2—m2+ie”
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6.10. Quantum mechanics on the circle 101

We see that in order to compute the correlation functions in momentum
space in the Minkowski setting, we should use the same Feynman rules as in
the Euclidean setting except that the propagator put on the edges should be

i
E2—m? +ie’
For instance, the contribution of the diagram in Figure p.4 is

g dQ 2 1
Tan (fR @ —m ¥+ B —QF P + is)) I o Bde.

j=1

6.10. Quantum mechanics on the circle

It is reasonable (at least mathematically) to consider Euclidean quantum me-
chanical path integrals in the case when the time axis has been replaced with
a circle of length L, i.e., t € R/LZ (this corresponds upon Wick rotation to
a Brownian particle in a potential field conditioned to return to the original
position in a certain time L). This means that we take the path integral over L-
periodic functions q(t), i.e., q(t + L) = q(t). In this case, the theory is the same,
except the Green’s function G(¢) is replaced by the periodic solution G (t) of

the equation (—d—2 + m?)f = 8(t) on the circle. This solution has the form

dt2
-m(t-L%) | —-mE-p
64) G=YGe-ky=—""7T°¢ " " o<i<L
kez 2m(e2 —e”"2)

We note that in the case of a circle, there is no problem with graphs without
external edges (as integral over the circle of a constant function is convergent),

and hence one may define not only correlation functions (i.e., %), but also
Z(0) itself. Namely, let

2.2 n
_mq 8nd
n>3
and let m*> = m3 + g, (where g; are formal parameters). Then we can make
sense of the ratio % (where Z(m, g, L, 0) denotes the partition function

for the specified values of parameters; from now on the argument 0 will be
dropped). Indeed, this ratio is defined by the formula

Z(mo.g,L) _ nb@) Fe
Z(mo, 01 L) FEGZZ(O) | Aut(r)l

(where G,(0) is the set of Feynman graphs without external vertices and all
vertices of valency > 2), which is a well-defined expression.
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It is instructive to compute this expression in the case

§=0a,8=8=--=0.
In this case, we have only 2-valent vertices, so the only connected Feynman
diagrams are N-gons, which are 1-loop. Hence,

Z(my,g,L)

o8 Z om0, 0.0) ~

1
W, = -3 logdet D,
where
2
D=1+ a(—% +m3)~L.

This determinant may be computed by looking at the eigenvalues. Namely, the

2 2mint
eigenfunctions of —% +m} in the space C*(R/LZ) aree™ T , with eigenvalues
47%n? 2
-~ T Mg So,

a

nez Iz TMy
Hence, using the Euler product formula
. z?
sinh(z) = 2;1[[1 (1 + m) ,

we get

Z(my,g L) _ Sinh("35)

Z(my,0,L) sinh(mTL '

(Double-check this using summation over Feynman diagrams!)

Remark 6.29. More informally speaking, we see that the partition function
242

Z(m,L) = Z(m,0,L) for the theory with U = 5L has the form Z(m,L) =

where C is a constant of our choice. This choice from now on will be

sinh(mTL)’
1 .
C = 2 1.€.,
1
(6.5) Z(m, L) = ———
e2 —e 2

we will see later (in Example [7.27) why such a choice is preferable.

Note that the function (f.5) has a pole when m = 0 (the massless case).
This has to do with the fact that the theory of a massless particle is somewhat
ill defined, as explained in Section p.13.

More generally, we may consider a quantum particle moving in a Euclidean
space V with potential %(q,M q), where M : V — V is a positive symmetric
operator. By diagonalizing M in an orthonormal basis, we may assume that
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V = R%and M = diag(m?, ..., m2). In this basis, the coordinates are decoupled
from each other, so for the partition function we get

d
1 1
(6.6) Z(M,L) = | | i T = i TR
j=le=2 —e 72 det(ez —e "2 )

Still more generally, given an orthogonal automorphism g : V — V commut-
ing with M, we may consider the corresponding twisted partition and correla-
tion functions, obtained by taking the path integral over functions q(t) that are
quasiperiodic with holonomy g, rather than periodic: q(t + L) = gq(t). For ex-
ample, suppose V = C = R? and M = m?,i.e., U(q) = %m2|q|2, and let g = e®
for 6 € [0, 27). Then it is easy to compute that the twisted partition function is
1
- mTL +i6 |2 '

th(Ma L, g) =

mL

ez —e
On the other hand, if V = R, M = m?, and g = —1, then

1
ZwM,L,8) = —— oz~
ez +e 7z
The general twisted case is a direct product of such cases and the untwisted
case, so in generality we get

1
VML VML
det(e’2 —ge "z )

Note that if g does not have eigenvalue 1 (for example, g = —1), this function
is meaningful even in the massless case M = 0.

(6.7) Ziw(M,L,g) =

6.11. The massless case

Consider now the massless case, m = 0. In this case the propagator should be
obtained by inverting the operator —;—;, i.e., it should be the integral operator
with kernel G(t — s), where G(¢) is an even function satisfying the differential
equation

—-G"(t) = 8(¢).

There is a 1-parameter family of such solutions,
1

Using this function (for any choice of C), one may define the correlation
functions of the free theory by the Wick formula.

Note that the function G does not decay at infinity. Therefore, this theory
will not satisfy the clustering property (i.e., is not “physically meaningful”).
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We will also have difficulties in defining the corresponding interacting the-
ory (i.e., one with a nonquadratic potential), as the integrals defining the ampli-
tudes of Feynman diagrams will diverge. Such divergences are called infrared
divergences, since they are caused by the failure of the integrand to decay at
large times (or, in momentum space, its failure to be regular at low frequen-
cies).

6.12. Circle-valued quantum mechanics

Consider now the theory with the same Lagrangian in which q(t) takes values
in the circle of radius r, R/27rZ (the “sigma-model”). We can do this at least

2
classically, since the Lagrangian q? makes sense in this case.

Let us define the corresponding quantum theory. The main difference from
the line-valued case is that since q(t) is circle valued, we should consider not
the usual correlators (q(t;) ... q(t,)) (which do not make sense since q(¢) is not

a number but a point on the circle), but rather correlation functions of expo-
ip19(t1) iPna(tn)

nentials ¢ 7~ ...e""7 "), where p; are integers. They should be defined by
the path integral
(6.8) /ew ...ewe_qu,

where S(q) := % S ¢*dtand [ e‘qu is agreed to be 1. Note that it suffices to
consider only the case )] iPji= 0, otherwise the group of translations along the
circle acts nontrivially on the integrand, hence under any reasonable definition
the integral should be zero.

Now let us define the integral (6.§). Since the integral is invariant under
shifts along the target circle, we may as well imagine that we are integrating
over q : R — R with q(0) = 0. Now let us use the finite-dimensional analogy.
Following this analogy, by completing the square, we would get

few QB SO s B, i) Py
= o~ 37 Zie PePiC(te=t)) _ o373 By Pebjlte=t;]

where B(q,q) = [ ¢?dt. Thus, it is natural to define the correlators by the
formula

ip1q(ty) ipnq(ty)
r r

h
<e > — em2g<jpepj|te—tj|_

We note that this theory, unlike the line-valued one, does satisfy the clustering
property. Indeed, if )} p; = 0 (as we assumed), then (assuming t; > t, > ... >

..e
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t,), we have

n—1
Z pepjty —tj) = Z(tj —tj41)(Pje1 + -+ pp)(p1+ -+ pj)
€<j Jj=1

= =2 (t; =t )Py + - + D)),
J
so the clustering property follows from the fact that (p; + --- + p j)z > 0.

6.13. Massless quantum mechanics on the circle

52
Consider now the theory with Lagrangian %, where q is a function on the

circle of length L. In this case, according to the Feynman yoga, we must in-
2

vert the operator — & on the circle R/LZ, or equivalently solve the differential

e
equation —G"(t) = 6(t). And here we run into trouble: the operator —g—; is
not invertible, since it has an eigenfunction 1 with eigenvalue 0; correspond-
ingly, the differential equation in question has no solutions, as J/'G”dt must
be zero, so —G"(t) cannot equal §(¢) (one may say that the quadratic form in
the exponential is degenerate, and therefore the Gaussian integral turns out to
be meaningless). This problem can be resolved by the following technique of
2

“killing the zero mode”. Namely, let us invert the operator —% on the space
CP(R/LZ) :={q € C*(R/LZ) : [ qdt = 0} (this may be interpreted as integra-
tion over this codimension-1 subspace, on which the quadratic form is nonde-
generate). This means that we must find the solution of the differential equa-
tion 1

~G"0 =80 -1
such that /' Gdt = 0 (the constant % is forced by the condition that the integral

of the right-hand side over the circle must vanish); indeed, in this case for f €
C*(R/LZ), we have

2

L ) d L
—/O G(t—9)f"(s)ds = _Wfo G(t —s)f(s)ds

L L
1 1
- [6t-9- pas=s0-1 [ s5xs = 50
0 0
as needed. Such a solution is indeed unique, and it equals
L
(t—3P L

2L 24
t € [0,L]. Thus, for example, (q(0)?) = 1L—2

Higher correlation functions are defined in the usual way. Moreover, by
taking a direct product of several copies of this theory, one can define the theory

(6.9) G(t) =
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106 6. Quantum mechanics

of a massless quantum particle moving L-periodically in a Euclidean space of
any dimension.

In the twisted case, this theory can be better behaved. Namely, consider
the theory of a free massless particle in a Euclidean space V twisted by the
automorphism g € O(V) having no eigenvalue 1 (for example, g = —1). Then

the path integral is taken over the space of functions ¢ : R — V such that
2

q(t + L) = gq(t), so the propagator is obtained by inverting the operator — ;:2
on the space Lg(IR/LZ) of square integrable functions satisfying this condition.
This operator has eigenvalues (1) + n)?, where 274« are the eigenvalues of g.
So if g has no eigenvalue 1 (i.e., 1, & Z), then these numbers are nonzero, so

2
the operator —;— is invertible (there is no zero mode), and we obtain a well-
defined theory. It is easy to see that the twisted part1t10n function of this theory

is exactly the function (6.7) for M = 0, i.e., Z,,, m

6.14. Circle-valued quantum mechanics on the circle

Finally, let us consider the circle-valued version of the same theory. Thus, our
integration variableisamap q : R/LZ — R/2zrZ. So we have a new feature—
there are different homotopy classes of maps labeled by degree. Let us first
consider integration over degree 0 maps. Then we should argue in the same
way as in the case t € R, and make the definition

r

ip1q(t1) ipnq(tn) _h . —t:
<e 1r ! ...e e >0 =e zrzzf,]'pngG(t€ tJ)’

where )’ jbji= 0. (Here subscript 0 stands for degree 0 maps). Assuming that
0<t,...,t, <L, we find after a short calculation using (.9) that

(ijjtj)z
—=)

. | \
(B i)y (S, pepylte=tylt

(the second summand disappears as L — oo, and we recover the answer on the
line).

It is, however, more natural (as we will see later) to integrate over all maps
q, not only degree 0. Namely, let N be an integer. Then all maps of degree N
have the form q(t) + £~ szt , where q is a map of degree 0. Thus, if we want to
integrate over maps of degree N, we should compute the same integral as in
degree 0, but with shift g » g+ mNt . But it is easy to see that this shift results

27iN 27t2 r2N2

simply in rescaling of the 1ntegrand by the factore T~ 2jPiti="5r—  Thus, the
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6.14. Circle-valued quantum mechanics on the circle 107

integral over all maps should be defined by the formula

ip1q(ty) ipnq(tn)

(e 7 ...e T )

2miN Z .t__27rzr2N2
jEI"I

B ij J) e L "L

(6.10) = le2 (Zk] Pepjlte=tjl+—1— )ZNEZZ _ 272r2N2

e AL

Nez
Introduce the elliptic theta-function
(6.11) S(u,T) = Y emiuN-7TN?,
Nez
Then for L > t; > ... > t,, > 0 formula (.1() can be rewritten in the form
(6.12)
X p}tj 27r?
(Bt () S ST )
= 9(0 @)
> ThL
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Chapter 7

Operator approach
to quantum mechanics

In mechanics and field theory (both classical and quantum), there are two
main languages—Lagrangian and Hamiltonian. In the classical setting, the
Lagrangian language is the language of variational calculus (i.e., one studies
extremals of the action functional), while the Hamiltonian language is that of
symplectic geometry and Hamilton equations. Correspondingly, in the quan-
tum setting, the Lagrangian language is the language of path integrals, while
the Hamiltonian language is the language of operators and Schrodinger equa-
tions. We have now studied the first one (at least in perturbation expansion)
and are passing to the second one.

7.1. Hamilton’s equations in classical mechanics

We start with recalling the Hamiltonian formalism of classical mechanics. For
more details, we refer the reader to the excellent book [Al].

Recall first the Lagrangian description of the motion of a classical particle
or system of particles (Section [[.1). The position of a particle is described by
a point q of the configuration space X, which we will assume to be a man-
ifold. The Lagrangian of the system is a (smooth) function £ : TX — R
on the total space of the tangent bundle of X. Then the action functional is
S(q) = [ £(q, g)dt. The trajectories of the particle are the extremals of S. The
condition for q(¢) to be an extremal of S is equivalent to the Euler-Lagrange
equation (=the equation of motion), which in local coordinates has the form

doc_oc
dt aql - 6ql
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110 7. Operator approach to quantum mechanics

For example, if X is a Riemannian manifold and £(q,v) = %2 — U(q), where
U : X — Ris a potential function, then the Euler-Lagrange equation is the
Newton equation

§=-VU(a),
where § = V44 is the covariant derivative with respect to the Levi-Civita con-
nection.

Consider now a system with Lagrangian £(q,v), whose differential with
respect to v (for fixed q) is a diffeomorphism T,X — T5X. This is definitely
true in the above special case of Riemannian X.

Definition 7.1. The Hamiltonian (or energy function) of the system with La-
grangian £ is the function H : T*X — R, which is the Legendre transform
of £ along fibers; that is, H(q, p) = pvy — £(q,v,), where v, is the (unique)
critical point of pv — £(q,v). The manifold T*X is called the phase space (or
space of states). The variable p is called the momentum variable.

For example, if £ = %2 — U(q), then H(q, p) = %2 + U(q).

Remark 7.2. Since the Legendre transform is involutive, we also have that the
Lagrangian is the fiberwise Legendre transform of the Hamiltonian.

Let q; be local coordinates on X. This coordinate system defines a coordi-
nate system (q;, p;) on T*X. We obtain

Proposition 7.3. The equations of motion are equivalent to Hamilton’s equa-

tions
; - OH , _ _OH
ql_api’ pl_ aqla
in the sense that they are obtained from Hamilton’s equations by elimination of

pi.
For example, if H = %2 + U(q), then Hamilton’s equations take the form

q =D, p = —VU(Q)’

or in coordinates
L)
qi = Pi» Pi = 3

which leads to Newton’s equations g; = —g—g. Thus H = %2 + U(q), the energy

function defined in Section [L.1. Note that ¢ € T, X while p € T X, but the
equation ¢ = p makes sense since X is a Riemannian manifold, and we have a
natural identification T, X = T;X using the Riemannian metric.

It is useful to write Hamilton’s equations in terms of Poisson brackets. Re-
call that the manifold T*X has a canonical symplectic structure

w =da,
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7.1. Hamilton’s equations in classical mechanics 111

where «a is the canonical 1-form on T*M (called the Liouville form) constructed
as follows: for any z € T (g ) (T*X),

a(z) = (p,dn(q, p)2),

where 7 : T*X — X is the projection and (, ) is the pairing between the tangent
and cotangent space. In local coordinates, we have

a =), pidg;, =), dp; Adg;.
i i

Now let (M, w) be a symplectic manifold (in our case M = T*X). Since w
is nondegenerate, one can define the Poisson bivector w™!, which is a section
of the bundle A2TM. Now, given any two smooth functions f,g on M, one can
define a third function—their Poisson bracket

(7.1) {f.gf=@@f®dg ™).
This operation is skew-symmetric and satisfies the Jacobi identity, i.e., it is a
Lie bracket on C*(M) (this follows from the fact that w is closed).

Recall that a commutative algebra A is said to be a Poisson algebra if it is
equipped with a Lie bracket {, } such that

{a, bc} = {a, b}c + bfa,c},

for a,b,c € A. Thus the operation {, } defined by (7.1) endows C*®(M) with a
structure of a Poisson algebra.

For M = T*X, in local coordinates we have

_ dof og df og
{f’g}-Z(a—qia—m‘a—ma—qi)-

This shows that Hamilton’s equations can be written in the following man-
ner in terms of Poisson brackets:

4; = {qi,H}, p; =1{p;»H}.

Equivalently,
d
(7.2) al (q(0), p(1)) = {f, H}(q(®), p(1))
for any smooth function (“classical observable”) f € C®(T*X), or, for short-
hand
af
E - {f’H}'

In other words, Hamilton’s equations say that the rate of change of the observed
value of f equals the observed value of {f, H}.
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112 7. Operator approach to quantum mechanics

7.2. Unbounded self-adjoint operators

The rigorous mathematical treatment of quantum mechanics in the Hamil-
tonian setting is based on von Neumann’s theory of unbounded self-adjoint
operators in Hilbert space. Let us recall the basics of this theory.

7.2.1. Spectral theorem for bounded self-adjoint operators. Let J be a
separable complex Hilbert space with inner product (, ) (antilinear in the first
argument, as is traditional in quantum physics). We first recall the spectral
theorem for bounded self-adjoint operators A : J — J, which generalizes
the diagonalization theorem for a Hermitian matrix.

Theorem 7.4 (von Neumann). Let A be a bounded self-adjoint operator. There
exists a measure space (X, u), an essentially bounded measurable function h :

X — R, and an isometry 5 — I*(X, u) under which A maps to the operator of
multiplication by h. Moreover, the spectrum o(A) is the set of 1 € R for which
h=YA — ¢, A + ¢) is positive for each € > 0, and the eigenvalues of A (if they exist)
are 1 € R such that u(h=1(1)) > 0, with eigenspace [?(h~1(1), u) C I*(X, w).

7.2.2. Closable and closed operators. Now we pass to not necessarily
bounded operators. Let ' be another separable Hilbert space. A densely de-
fined linear operator on ¥ is a pair (A, V), where V C X is a dense subspace
and A is a (possibly unbounded) linear operator V' — H'. The space V is called
the domain of A; in the notation, we will often suppress it and denote the op-
erator just by A. Such an operator A has a graph Ty C VX H' C H X H'.
Let T4 be the closure of I in # X #'. The operator A is said to be closable if
(0,u) € T4 for u € ' implies u = 0, i.e., if the first projection p; : Ty — H
is injective. In this case, setting V' := p;(T4) C J, we have V C V' and ob-
tain an extension of the operator A : V — Z' to a densely defined operator
A 1 V' — J¢' which is called the closure of A. If A is closable and A = A,
we will say that A is closed; in other words, A is closed iff it has closed graph
in # x H'. Obviously, the closure A is closed for any closable A. Also, if A is
bounded, then it is closable, V' = 7, and A : # — H{’ is just the continuous
(=bounded) extension of A.

In general, however, a densely defined operator need not be closable. For
example, if (' is finite dimensional and A : V' — ' is unbounded, then there
exists a sequence v, € V such that v, — 0 but ||JAv,|| > 1. Then the sequence
wy, = ”:gn” goes to 0, while [|[Aw,|| = 1, so, as the unit sphere in " is compact,
passing to a subsequence if needed, we may assume that Aw,, — u for some
u € ' with ||u|| = 1. Then (0,u) € T4 and A is not closable. So we see that A
is closable iff it is bounded.

On the other hand, if K’ is infinite dimensional, then there are important
classes of unbounded closable operators. For example, consider the case =
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7.2. Unbounded self-adjoint operators 113

J'. Let us say that an operator A : V — K is symmetric if (v, Aw) = (Av,w)
for all v,w € V. We claim that every symmetric operator is closable and its
closure is symmetric. Indeed, suppose (v,,Av,) — (0,u) foru € F. Fixa
sequence u; € V such that u; — u. Then

(Auy, v, ) = (ug,Av, ) = (ug,u), n - .

But the left-most expression goes to zero, so { uy, u ) = 0 for all k, hence ||u||> =
0 which gives u = 0, i.e., A is closable. Moreover, for v,w € V', there exist
sequences v, — U, w, — w in V such that Av,, - Av, Aw,, - Aw, thus

(v,Aw) = lim(v,,Aw, ) = lim (Av,, w, ) = (Av,w),
n—oo n—-oo
S0 A is symmetric.

7.2.3. Adjoint operator. Closed symmetric operators by themselves are
not sufficient for quantum mechanics, however, since such operators can-
not, in general, be diagonalized. Instead we need (not necessarily bounded)
self-adjoint operators, which are closed symmetric operators satisfying an im-
portant additional property. To formulate this property, we first need to define
the notion of an adjoint operator.

Let (A, V) be aclosed symmetric operator. Denote by V'V the space ofu € H
such that the linear functional v — (u, Av) is bounded on V. In this case by
the Riesz representation theorem there exists a unique vector w € J such that
(u,Av) = (w,v), which depends linearly on u. Thus we obtain an operator
AT : VYV — J( such that A'u = w. Note that V¥V D V and AT is an extension
of A to VY, so (A", VV) is a densely defined operator called the adjoint operator
of (A, V). Furthermore, this operator is closed: if (u,,, A'u,) — (u, w), then for
vevV,

(A'u,,v) ={(u,,Av) - (u,Av), n - oo,
and at the same time (Au,,,v) = (w,v), so (u,Av) = (w,v), henceu € V¥
and w = A'u.

However, we will see that the operator A" fails to be symmetric, in general.

So we may consider the skew-Hermitian form

B(v,w) := (ATv,w) — (v,ATw)

on V" that measures its failure to be symmetric, called the boundary form (it is
called this because in examples it corresponds to boundary terms arising from
integration by parts). By definition, V' C KerB (in fact, one can show that
V = Ker B, but we do not need this fact). It is easy to see that closed symmet-
ric extensions of A correspond to isotropic closed subspaces V C L C V¥ with
respect to the form B; namely, the extension of A to L is defined to be the re-
striction of A |- Moreover, the adjoint operator to such an extension (A%, L) is
(AT, I}), where L* is the orthogonal complement of L in V¥ with respect to B.
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7.2.4. Self-adjoint operators. Let us say that a closed symmetric operator
(A, V)isself-adjointif V¥ = V,i.e.,, A" = A. We see that self-adjoint extensions of
A correspond to Lagrangian subspaces L, i.e., those for which L = I*. Note that
such extensions/subspaces may or may not exist: the necessary and sufficient
condition for existence of self-adjoint extensions (or Lagrangian subspaces) is
that the signature (n,., n_) of the Hermitian form iB satisfies the equationn, =
n_ (i.e., the so-called deficiency indices n.. € ZyU oo of A are equal). However,
in quantum mechanical models they usually exist and correspond to various
spatial boundary conditions.

We say that a symmetric operator (A, V) is essentially self-adjoint if the
closure (A4, V') is self-adjoint. Thus an essentially self-adjoint operator has a
unique self-adjoint extension, so having such an operator is basically as good
as having a self-adjoint one. This notion is convenient, for instance, when we
do not want to describe explicitly the space V' (which could be rather ugly).

The importance of unbounded self-adjoint operators consists in the fact
that von Neumann’s spectral theorem extends naturally to them. Namely, de-
fine the spectrum o(A, V) of a self-adjoint operator (A, V) to be the subset of
A € C for which the operator A — Al : V — X fails to be surjective. Then we
have

Theorem 7.5. Theorem|[7.4holds for not necessarily bounded self-adjoint opera-
tors, except for the statement that h is essentially bounded. Moreover, the domain
V of A in its spectral theorem realization is the space of functions g € I*(X, i)
such that hg € I*(X, w).

If the measure u is concentrated on a countable set (i.e., we may take X = N
with u(j) = 1 for j € N), then J has a basis consisting of eigenfunctions,
and vice versa; in this case one says that A has purely point spectrum. This
happens, for example, when A is compact (the Hilbert-Schmidt theorem). The
other extreme is purely continuous spectrum, when there are no eigenvalues
(i.e., in the spectral theorem realization, all points of X have zero measure).
The spectral theorem implies that any self-adjoint operator can be uniquely
written as an orthogonal direct sum of two self-adjoint operators with purely
point and purely continuous spectrum, respectively.

The spectral theorem also implies the following corollary.

Corollary 7.6. Let (A, V) be a self-adjoint operator. Then there exists a unique
1-parameter group of unitary operators U(t) = €At : J — F( strongly contin-
uous in t which preserves V and commutes with A, such that for allv € V the
function t — U(t)v is differentiable and

%(U(t)v) =iAU(t)v.
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Proof. Using the spectral theorem realization, where A is the operator of mul-
tiplication by h : X — R, we may define U(¢) as the operator of multiplication
by el O

In fact, the converse also holds: every strongly continuous 1-parameter
group U(¢) (i.e., a unitary representation of the Lie group R on ) arises in
this way from a unique self-adjoint operator.

Remark 7.7. The spectral theorem implies that if (4, V) is a self-adjoint oper-
ator and Av = Av for some nonzero v € V, then 1 € R. On the contrary, if
(A, V) is only symmetric and not self-adjoint, von Neumann showed that the
set of eigenvalues of A” on its domain is either the (open) upper half-plane C,
(ifn, > 0,n_ = 0), or the lower half-plane C_, (if n_ > 0, n, = 0), or contains
both (if n,,n_ > 0).

7.2.5. Examples.

Example 7.8. Consider the symmetric operator P := —i% on I = I*(S),
where S := R/27Z (the momentum operator on the circle). This operator is
symmetric on the space V := C*®(S), and one can show that it is moreover es-
sentially self-adjoint on this space (check it!). The corresponding space V' is
the Sobolev space H'(S) of functions f € I*(S) with f’ € I2(S) in the sense of
distributions (note that such functions are continuous). The spectrum of the
corresponding self-adjoint operator is purely point and equals Z, with eigen-
functions e"*, i.e., Pe!™* = ne!"*, Thus the spectral realization of A is on £,(Z)
with counting measure on which P acts by multiplication by the function n

(i.e., this realization reduces simply to the Fourier expansion of functions on
2

S). Similarly, the energy operator P? = —% is essentially self-adjoint on the
same space but with smaller domain of the closure—the Sobolev space H*(S)
of functions f € I2(S) such that f” € I*(S). Its spectrum is in (n? | n € Z)

with the same eigenfunctions: P2e!™* = n2ei"x,

Example 7.9. The next example is more interesting and prototypical for the
theory of self-adjoint extensions. Namely consider the same momentum oper-

ator P := —i;—x, but now acting on the dense subspace V C I*[0, 27] of smooth
functions with vanishing derivatives of all orders on both ends of the interval.
In this case, P is not essentially self-adjoint: the space V' is the space of func-
tions f € H'[0,27] with f(0) = f(27) = 0, while VV = H'[0, 27] with
B(f,g) = i(f(2m)g(2m) — £(0)g(0)).
So on the quotient VV/V’ = C? we have
B((a,b), (a,b)) = i(|b* — |al*),

where a = f(0), b = f(27). Thus a Lagrangian subspace of V" is given by
points b € C with |b| = 1; namely, it is the space L;, of functions f € H'[0, 27]
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with f(27) = bf(0). The spectrum of the corresponding self-adjoint operator
is again purely point, so we should look for eigenfunctions in the space Lj,.
Thus we get eigenfunctions e!**$)* where b = e¥™'S. So the set of eigenvalues
is Z + s, and we see that the spectrum depends on the choice of the self-adjoint
extension.

Observe also that any complex number A is the eigenvalue of the (non-self-
adjoint!) operator P on V¥, with eigenvector el**,

Example 7.10. Now consider the same momentum operator P := —i;—x but
acting on the space V = C§°(R) of compactly supported smooth functions, a
subspace of /£ = I?(R). In this case P is essentially self-adjoint, with V' = V'V
being the Sobolev space H!(R) = {f € I*(R) : f' € I?(R)}. The spectral
theorem realization of P is on I?(R) as the operator of multiplication by x,
which is given by the Fourier transform. Thus the spectrum of this operator
is purely continuous and constitutes the whole real line R. Similarly, the op-

erator P? = —dd—jz is also essentially self-adjoint on V, with domain the Sobolev
space H*(R) = {f € I*(R) : f” € I?(R)}, and its self-adjoint extension has
purely continuous spectrum R

Example 7.11. And yet again, take P := —idd—x, but now on the subspace V of
H = I?(Rs() of compactly supported smooth functions with vanishing deriva-
tives at 0. This operator is not essentially self-adjoint: the space V' is the space
of f € HY(R() with f(0) = 0, while V¥ is the whole H!(Rs,). Thus the
space VV/V' is 1-dimensional with form B given by B(f, g) = —if(0)g(0), and
so there are no self-adjoint extensions (the deficiency indices are not equal:
n,=1n_=0).

Let us find the eigenvalues of PT on V. The eigenvector with eigenvalue 1
is /¥, and it belongs to V¥ iff 1 € C,.. Thus the set of eigenvalues of PT on V"
is the upper half-plane C,_.

Example 7.12. Let A = —%% + x? with V = CP(R) (quantum harmonic

oscﬂlator) Then A is essentially self adjomt and A has pure point spectrum

n+ s 5> 1 € N, with eigenvectors Hy(x)e™ T , where H,, are Hermite polynomials

(Theorem H.13).

Remark 7.13. More generally, it is known that if U(x) is a piecewise con-

tinuous potential on R which tends to +o0 at +oo, then the operator A :=

; ddx2 + U(x) is essentially self-adjoint on V' = Cg°(R) and has pure point

spectrum, with eigenvalues E, < E; < E, < ... (itis shown in Proposition
below that E is always a simple eigenvalue and the corresponding eigenvector
is a positive function).
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Example 7.14. Let M be a compact Riemannian manifold with boundary dM,
JC = [*(M), and let A = A be the Laplace operator on M acting on the space V
of smooth functions on M vanishing with all derivatives on the boundary. In
this case V' is the Sobolev space H2(M) (functions f € I?(M) such that Af €
I?(M)) which vanish with the first normal derivative on M, and VV = H?(M).
By Stokes’ formula

f (uAv — vAu)dx = f (uod,v — véu)dao,
M M
where n denotes the normal derivative to M, so we have
B(f.9) =1 / (Féug — g8a)do.
oM

So if M = 0, the operator A is essentially self-adjoint and has a unique self-
adjoint extension, while if M # 0, it is not and there are many self-adjoint ex-
tensions corresponding to various boundary conditions on M. The most com-
mon ones are the Dirichlet boundary condition f = 0 and Neumann boundary
condition d, f = 0. Of course, the spectra associated to these conditions (which
are always purely point) are completely different.

The simplest example with nontrivial boundary is M = [0, 7], in which
case we have dim VV/V' = 4 and

B(f.8) = i(fg' - f'8)5.
For the Dirichlet boundary conditions f(0) = f(7) = 0 we get eigenbasis sin nx
with eigenvalues —n?, n € Z,, while for the Neumann boundary conditions

f'(0) = f'(;r) = 0 we get eigenbasis cos nx also with eigenvalues —n? but now
forn € Z.

Let us consider the mixed boundary condition,
f0) =0, f'(m) —af(x) =0
for some real number a. Then the eigenfunctions are sin Ax, where
AcosmA = asin A
Thus the eigenvalues are —A2, where A runs over solutions of the equation
A cotan 7l = a.

For example, in the limit a — oo we recover the answer for the Dirichlet bound-
ary condition.

2
Exercise 7.15. Let H = —% % + axj_1,11(x), where y is the indicator function

and a € R, and let it be defined on V = CF(R) C J = I*(R). Show that H is
essentially self-adjoint and find the spectrum and eigenvalues of its self-adjoint
extension (consider separately the cases a > 0 and a < 0).
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Hint. As explained above, the spectrum consists of E € R for which the opera-
tor H—E : V' — J( is not surjective. So try to solve the equation

H-Eu=f
for f € J as
w6 = [ 602y,
where G(x, y) is the fundamental solution of the equation
(H—-E)u=48(x—y).

You should get that there are no eigenfunctions for a > 0 (purely continuous
spectrum), while for a < 0 the spectrum is mixed: there is continuous spectrum
and also some eigenfunctions with negative eigenvalues; they are called bound
states.

7.3. Hamiltonians in quantum mechanics

The “yoga” of quantization says that to quantize classical mechanics on a man-
ifold X, we need to replace the classical space of states T*X by the quantum
space of states—the Hilbert space 7 = I*(X) on square integrable complex
half-densities on X (or, more precisely, the corresponding projective space).
Further, we need to replace classical observables, i.e., (sufficiently nice) real
functions f € C*(T*X), by quantum observables f, which are (unbounded,
densely defined) operators on J, not commuting with each other in general.
Then the (expected) value of an observable A in a state i € H of unit norm is,
by definition, (%, A ) (provided that it is well defined).

The operators fshould linearly depend on f. Moreover, they should de-
pend on a positive real parameter # called the Planck constant, and satisfy the
relation

(7.3) [f, 8] = ih{f.g} + O(h?), h — 0.

Since the role of Poisson brackets of functions is played in quantum mechanics
by commutators of operators, this relation expresses the condition that classical
mechanics should be the limit of quantum mechanics as # — 0.4

We must immediately disappoint the reader by confessing that there is no
canonical choice of the quantization map f f Nevertheless, there are some
standard choices of f for particular f, which we will now discuss.

4Note that the assignment f fcannot possibly satisfy the identity ]/"g = f g since the product of
functions is commutative but the product of operators is not.
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7.3. Hamiltonians in quantum mechanics 119

Let us restrict ourselves to the situation X = R, so on the phase space we
have coordinates q (position) and p (momentum). In this case we can natu-
rally think of half-densities as functions, and there are the following standard
conventions.

1. f = f(q) (multiplication operator by f(q)) when f is independent of the
momentum p.

2. P > (—ihj—q)m.
(Note that these conventions satisfy ([L.9) since [§, p] = ik, while {q, p} = 1.)

Example 7.16. For the classical Hamiltonian H = %2 + U(q) the quantization
is the Schrodinger operator

n? d?

Remark 7.17. The extension of these conventions to other functions is not
unique. However, such an extension will not be used, so we will not specify it.

Now let us see what the quantum analogue of Hamilton’s equations should
be. In accordance with the outlined quantization yoga, Poisson brackets should
be replaced in quantum theory by commutators (with coefficient —iz~1). Thus,
Hamilton’s equations should be replaced by the equation

d i ~
0, AY(0) = — 5 B0, 1A, HI(0),

where (, ) is the Hermitian form on # and H is some quantization of the clas-
sical Hamiltonian H. Since this equation must hold for any A, it is equivalent
to the Schrodinger equation

. i~
Y=—5HY
up to changing i by a time-dependent phase factor (check it!). Thus, the quan-
tum analogue of the Hamilton equations is the Schrodinger equation.

Remark 7.18. This “derivation” of the Schrodinger equation is definitely not
a mathematical argument. It is merely a reasoning aimed to motivate a defini-
tion.

To solve the initial value problem for the Schrodinger equation, we need
to make sense of the Hamiltonian H as an unbounded self-adjoint operator on
X in the sense of von Neumann, which in practice boils down to giving spatial
boundary conditions for 3, in addition to the initial value. The general solution
of the Schrodinger equation then has the form

P$(0) = e~ 7 P(0),
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itH
where e” % is the 1-parameter group of unitary operators attached to the self-
adjoint operator H, which exists thanks to von Neumann’s spectral theorem.
Therefore, for any quantum observable A it is reasonable to define a new ob-
servable
itH itH

A(t):==en A(0)e”™ &
(such that to observe A(t) is the same as to evolve for time ¢ and then observe
A = A(0)). The observable A(t) satisfies the equation

A1) = 1A, A]

called the operator Schrodinger equation, and we have

(7.4) (W(6), A(1)) = ($(0), A()(0))-

The two sides of this equation represent two pictures of quantum mechanics:
Schrodinger’s (states change in time, observables do not) and Heisenberg’s (ob-
servables change in time, states do not). Equation ([7.4) expresses the equiva-
lence of the two pictures.

7.4. Decay of eigenfunctions of a Schrodinger operator with
potential growing at infinity

Consider a 1-dimensional particle with potential U € C(R). Assume that

U(q) — +o0 as |q| = oo. In this case, it is known from basic analysis (t}21e tzhe-
U(q) is essentially self-adjoint on the space C§°(R) of compactly supported
smooth functions and its spectrum is purely point—a sequence of real eigen-
values (with multiplicities 1 or 2) going to +o0. Note also that every eigenspace

of H clearly has a basis consisting of real-valued functions.

ory of Sturm-Liouville operators) that the Schrodinger operator H=-

Suppose ¥ € I?(R) is a real-valued eigenfunction of H,so HY = E¥ (thus
¥ € C%(R)).

Proposition 7.19. Let q, > 0 be such that U(q) — E > 0 for |q| > qo. Then:

(i) W does not change sign on [qq, +o0) and (—o0, —qo |-
(ii) Forq > q, we have

q
¥(q)| < I‘P(qo)leXp<—% f [ﬁg)\/z(U—E)dx),
qo
—do
[P(—q)| < I‘P(—qo)IeXp<—% f min]\/Z(U—E)dx).

q (—OO,X
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(iii) If¥ > 0 on [qg, +o0) or (—o0, —qq], then it is strictly convex and ¥, ¥’
monotonically approach 0 on this interval as |q| — oo. Also for q > q, we have

[¥"(q)| < |q(q0)| p( % [min)\/Z(U—E)dx>,
o X,+ 0o

¥’ (- q)|<| - qO)' p( %f_ (min]\/Z(U—E)dx)
—qo ‘T

forany q > r > qo.

Proof.

(i) Suppose ¥(x) = 0 for some x > q,. Then ¥'(x) # 0, so replacing ¥ by
—W¥ if needed, we may assume that ¥'(x) > 0. Thus for a > x sufficiently close
tox, ¥(a) > 0and ¥'(a) > 0. Since ¥ € I*(R), we have liminf,_, , ., [¥(q)| = 0,
so there exists b > a such that ¥(b) < ¥(a). Let c be a global maximum point
of ¥ on [a, b]. Then ¥(c) > ¥(a), ¥(b), so ¢ # a, b, thus ¥'(c) = 0, ¥"(c) < 0.
But this is a contradiction, as

W(e) = 75 (U(e) — EY¥(C)

and U(c) — E > 0, ¥(c) > 0. Thus ¥ cannot change sign on [qg, +o0). The
proof that ¥ cannot change sign on [—o0, —q] is similar.

(ii) Letq, > q¢ and C := %min[q”m) 1/ 2(U — E). By (i) we may assume
that ¥(q) > 0 for q > q, (replacing ¥ by —¥ if needed). Consider the function
d(q) = ¥(q) — ¥(q,)e @9, Then &(q,) = 0 and lim inf,_ ;o [®(q)] = 0.
Suppose that ®(y) > 0 for some y € (q,,+o0). Pick b > y with ®(b) < ®(y),
and let a be a global maximum point of ® on [q,, b]. Then ®(a) > ®(y), hence
®(a) > max(0, ®(b)). So ®'(a) = 0, ®"(a) < 0. But

"(a) = %(U(a) — E)¥(a) — C?¥(q,)e~C(@-a.)
= (%(U(a) —E)- C2> ¥(a) + C2@(a) > 0,

which is a contradiction. Thus ®(q) < 0 on [g,,+o0). This implies that for
q > q, we have

log¥(q) — log¥(q..) 1.
~ < —C=-= min 2(U - E).
q-—q. 7 [q.,+c) ( )

Taking the limit g — q,, we get

¥'(q.) < —l min 4/2(U — E).
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Integrating this with respect to g, from g, to q, we obtain

¥ _ 1 (1
log < —= min +/2(U — E)dq.,
¥(qo) = P g, la.+e)

which after exponentiation yields the first inequality of (ii). The proof of the
second inequality is similar.

(iii) Suppose ¥ > 0 on [q(, +o0). Then ¥"(q) = %(U(q) —E)¥(q) > 0on
this interval, so W is strictly convex. Hence W' is strictly increasing and thus has
alimit L € RU{4+o00}as q — +o0. Also by (ii) ¥(q) - 0asq — o0,s0L = 0,
thus ¥'(q) < 0 for q € [qg, +o0). Thus ¥ is strictly decreasing on [qg, +0).

Finally, by monotonicity of ¥’, for q > r > qq,

q q
P @lg-r) < f ¥ (x)]dx = — / W (x)dx = W(r) —B(q) < ¥(r),

’ Y(r) . N .
so |[¥'(q)| < " Applying (ii) with q replaced by r to estimate ¥(r), we get the
first bound of (iii). This proves (iii) for the interval [q,, +0). The proof for the
other interval is the same. O

Proposition items (ii) and (iii) imply that eigenfunctions 3 of H and
their first derivatives ¥’ decay very rapidly at infinity.l3 The physical meaning
of Proposition [7.19(ii) is that since U(q) — +oo when |q| — oo, the particle is
trapped in the low energy region and is extremely unlikely to travel far in either
direction. Note that classically this is not just unlikely but plainly impossible
by the energy conservation law, while quantum mechanically it is possible (an
effect called tunneling), even though very unlikely.

Remark 7.20. Proposition with the same proof holds more generally when
U is bounded below, for E < E, := liminfjg U(q);58 in particular, we get

[¥(q)|, |¥'(q)| = o(e"Xldl) as |q] — oo forany 0 < K < —“Z(E;’_E) Moreover,
eigenfunctions for a quantum particle in R and more generally on a connected
Riemannian manifold with potential bounded below have similar decay prop-
erties.

15Tn contrast, ¥ may be quite irregular if the potential U has irregular behavior. This can be seen by

2 ~
considering a singular potential, say U(x) = x? + ez 8(x — n). Eigenfunctions of H with this potential
make sense and have ¥"(n) = oo for n € Z, |n| > 0. So approximating U(x) by continuous potentials,
2 _(x-n)?
e.g., x7 + ez %e fn, and tuning the parameters t,, > 0, we can get examples where |¥” (n)| grows
n
faster than any function of n.
16Eigenvalues E > E,, can also exist, but the corresponding eigenfunctions may decay at a slower rate.

2
5> % satisfies %‘P” = U(q)¥, where U(q) = 3&*+De’ =D 1

For example, the I?-function W(q) = )7

1
(1+q?)s’
this case E = E,, = 0, and ¥ has only power decay.
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7.5. The ground state

As before, assume that U(q) — +o0 as ¢ — =*o0, and let E; be the smallest
eigenvalue of .

Proposition 7.21. E, is a simple eigenvalue, and the corresponding eigenfunc-
tion Q is positive (after suitable normalization).

Proof. By shifting U, we may assume that U > 0. For a piecewise C! function
¢ : R — R (with ¢’ having finitely many discontinuities with continuous one-
sided derivatives) define the energy of ¢ by

E(¢) = f 1@ + U@I@)dg € Rog U {+oo).
R

For instance, if ¥ € I*(R) is an eigenfunction of H with eigenvalue E, then by
Proposition [7.19(ii),(iii), ¥, ¥’ decay rapidly at oo, so using integration by parts,
we have E(¥) = (¥, HY) = E||¥|=.

If ¢ € C°(R), then by assumption

E($) = (¢, 11¢) > Eoli$1.
Thus by taking limits we have

E(¢) > EolI¢II?

for piecewise C! functions ¢ (even though E(¢) may now be infinite). Hence if
¢ is such a function of unit norm and E(¢) = E,, then ¢ is a global minimum of
E under the constraint ||¢||> = 1. So by Lagrange multipliers and integration by
parts, (H — E)¢ = 0 for some E € R, and moreover E = (¢, f—fgb) = E(¢) = E,.
So

(7.5) (H-Ey)$=0
as distributions.

Now let Q be a real-valued eigenfunction of H of unit norm with eigenvalue
Ey, so E(Q) = E,. Suppose that Q(a) = 0 for some a € R. Then (7.5) for ¢ = Q
implies that Q'(a) # 0. So (H —E,)|Q| is a nonzero distribution (singular at a).
Yet E(|Q]) = E(Q) = E,, a contradiction with (7.3) for ¢ = |Q|.

Thus by replacing Q by —Q if needed, we can arrange that Q > 0. This also
implies that E, is a simple eigenvalue (if Q;, Q, are two linearly independent
real eigenfunctions of A with eigenvalue E, and Q;(a) # 0 for some a € R,

then the eigenfunction Q = Q, — STEZ;

Q; vanishes at a). O

Remark 7.22. Proposition extends with a similar proofto the case of quan-
tum particles on R and more generally on a connected Riemannian manifold
with potential growing at infinity.
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The function Q, scaled to be positive and have unit norm, is called the
ground state, vacuum state, or vacuum vector, since it has lowest energy. Physi-
cists often shift the Hamiltonian by a constant so that the energy of this state
is zero (i.e., “there is no matter”).

7.6. Feynman-Kac formula

The correlation functions in the Hamiltonian setting are defined by the formula

Gn (b, 1) = (Q, q(1) - q(6)),

where q(t) is the operator quantizing the observable “coordinate of the particle
at the time ¢”.

Remark 7.23. Physicists usually write the inner product (v, Aw) as (v|A|w). In
particular, Q is written as (0| or |0) (the so-called Dirac bra-ket notation).

Theorem 7.24 (Feynman-Kac formula). If t; > ... > t,, then the function
gHam gdmits an asymptotic expansion in h (near i = 0), which coincides with
the path integral correlation function GM constructed above. Equivalently, the

Wick rotated function GH*™(—it,, ..., —it,) equals GE(t1, ..., t,).

This theorem plays a central role in quantum mechanics, and we will prove
it below. Before we do so, let us formulate an analogue of this theorem for
“quantum mechanics on the circle”.

Let G, (t1,...,t,) denote the correlation function on the circle of length L
(for0 <t, <...<t; <L), and let Z; be the partition function on the circle of
length L, defined from (Euclidean) path integrals. Also, let

ZHam(L) =Tr (e_ % )

be the Hamiltonian partition function, and let
. ., _LH
Tr(q(=ity) ... q(=ity)e” )

LH

Tr(e” )

Grg(—ity, ..., —ity) =

be Hamiltonian correlation functions.

Theorem 7.25 (Feynman-Kac formula on the circle). The functions Zy,,(L),
95"? admit asymptotic expansions in i, which coincide with the functions Z(L) =
Zyag(L)and Gy, 1 = ng‘f’r computed in the Lagrangian setting from path integrals

(Section b.10).

Note that Theorem is obtained from Theorem by sending L to
infinity. Thus, it is sufficient to prove Theorem [7.23.
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Remark 7.26. As we mentioned before, the function 95 can be defined by
means of the Wiener integral, and the equality

fam(_jp .., —it,) = GE(ty,...,t,)

actually holds for numerical values of #, and not just in the sense of power
series expansions. The same holds for the equalities Zyy,,(L) = Z(L), 95"}4‘“ =
Gn,1.- However, these results are technically more complicated (as they require
nontrivial analytic input), and thus are beyond the scope of this book.

Example 7.27. Consider the case of the quadratic potential. By renormalizing

2
variables, we can assume thatZa =m=1,s0U = q?. In this case we know that

Zyagr(L) = ! — (formula (b.5)). On the other hand, H is the Hamiltonian of

e2 —e 2
the quantum harmonic oscillator,

~ 1 d2 qZ
A=--—+2%1.

2dqg? * 2

x2
The eigenvectors of this operator are H,(x)e™ 2, where H,, are the Hermite
polynomials (n > 0), and the eigenvalues are n + % (see Theorem @.13). Hence,
L _3L 1
24e" 7+ = = Zpg (D),
ez —e 2

ZHam(L) =e

as expected from the Feynman-Kac formula. This shows the benefit of the

choice C = % in the normalization of Z;,,(L), as in Remark .29: a differ-

ent choice would necessitate adding a constant to H to preserve the validity of
the Feynman-Kac formula.

More generally, as in Section p.10, we may also consider a quantum particle
in a Euclidean space V with potential %(q, Mq), where M : V — V isa positive
self-adjoint operator. Then, splitting V' into eigenspaces of M, we get

1

VML vMmL

det(e 2 —e "2 )
which is again equal to Z; ., (L) (formula (6.6)).

ZHam(L) =

Furthermore, again as in Section b.10, we can twist the theory by an or-
thogonal automorphism g : V — V commuting with M. In this case, g also
acts on J(, and the Hamiltonian partition function by definition is

(7.6) Zitam(L) = Tr(ge L),

Computing this trace, we get

1
(7'7) ZHam(L) = VML VML

det(e’z —ge™ "2 )
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which once again coincides with Zy,,,(L) (formula (.7)), showing that the
Feynman-Kac formula (with definition ([7.7)) still holds in the twisted case.

7.7. Proof of the Feynman-Kac formula in the free case
(harmonic oscillator)

P 2 2
Consider again the quadratic Hamiltonian H = —%;—qz + q? of the quantum

Harmonic oscillator. Note that it can be written in the form

H=da+ %,

- L4 = L4 i ;
where a = \/5( ot qQ,a" = \/E( gt q). The operators a,a’ define a rep
resentation of the Heisenberg Lie algebra on (a dense subspace of) the Hilbert
space ¥,

[a,a'] = 1.

2
Thus the eigenvectors of H are (a")"Q, where Q = e~ is the lowest eigenvec-

tor and the corresponding eigenvalues are n + % n € Z, (as we already saw
before in Theorem f.13).

Remark 7.28. The operators a and a' are called the annihilation and creation
operators, since aQ2 = 0, while all eigenvectors of H can be “created” from Q
by action of powers of a.

Now, we have

q(0) = q = %(a +a".

Since [a'a,a] = —a, [a'a,a’] = af, we have
1 itata \,—ita’a 1 —it it of
q(t) = —e'"%a+a")e = —(e "a+eéa").
2 2
This shows that
. Tr(H’?_l(eti a’ +eli a)e"L(aTaJ“%))
GHam(—ity, ..., —it,) =272 =

Tr (e—L(a?a+ %))

Now we can easily prove Theorem [7.23. Indeed, let us move the terms ef1a’
and e~'1a around the trace (using the cyclic property of the trace). This will
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yield, after a short calculation, using (6.4) :

Gri(—ity, ..., —ity)
t—t; ti—t
_ 1 Ham . . . e J e’
= g 5 (= ltz,...,—ltj_l,—ltj_,_l,...,—ltn)<eL e e —
n
= Z G (—ity,..., —itj_y, —itjp1, ..., —it)Gr(ty — t)).

This implies the theorem by induction in n.

Remark 7.29.

1. In the quadratic case the Feynman-Kac formula holds as an equality not
just between formal expansions, but also between usual functions.

eS

2. Note that the equality :Lt—jl ——7 = GL(t — s) used above holds only if
t > s. In fact, the matrix coefficient (Q, q(t,) ... q(t,)Q) is not symmetric in ¢;,
as the operators q(¢;) do not commute. Thus the Feynman-Kac formula only
holdsift; > ... > t,. For this reason the correlation function GM is called time-
ordered—it corresponds to the matrix coefficient where the operators q(¢;) are
ordered chronologically.

7.8. Proof of the Feynman-Kac formula (general case)

Now we consider an arbitrary potential U(q) := — V(q), where
k
_ 8k4d
V(g = T
k>3

For simplicity we will assume that the coefficients g; are formal parameters
and 7 = 1 (the latter condition does not cause a loss of generality, as this situ-
ation can be achieved by rescaling). Let us first consider the case of partition
function. We have

Zitam(L) = Tr(e7H) = Tr(emHHo=1)),
A 2
where Hy = —3 :qZ + m ¢* is the free (=quadratic) part of the Hamiltonian.
Since g; are formal parameters, we have a series expansion

(7.8) e LV = o~LHo 4

N>1YL>s1>...>255>0

X e—(L—Sl)ﬁo Ve—(sl—sz)ﬁo V... e_(sn—l_sn)ﬁo Ve_SnI:\IO ds
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This follows from the general fact that in the (completed) free algebra with
generators A, B, one has
(7.9)

eAtB = oA 4 Z e1=5)ABe(1-52)AR  o(Sn-1=5N)A BesnA g

N>1J12s5;>...25y>0
(check this identity!).
Equation ([7.8) shows that

o &8y
Zyam(L) = —/
o 1\%0 jl,..Zszs Jlee N 1>51>...>5y>0

X Tr(qo(—is;)1 ... qo(—isy )N e~LHo)ds,

where q,(t) is the operator g(t) in the free theory associated to the potential
m2q2
2
Since the Feynman-Kac formula for free theory has already been proved,

we know that the trace on the right-hand side can be evaluated as a sum over
matchings. To see what exactly is obtained, let us collect the terms correspond-
ing to all permutations of ji,..., jy together. This means that the summa-
tion variables will be the numbers i3, i4,... of occurrences of 3,4,... among
ji»--.» jN- Further, to every factor qo(—is)/ there will be assigned a j-valent
vertex, with a variable s attached to it, and it is easy to see that Zy,,(L) equals
the sum over all ways of connecting the vertices (i.e., Feynman diagrams I') of

integrals
f H Gr(sy, — sy)ds
OSSI,.

.oSNSL v—w
II, gjck Thus. Z (L) _ Z(L) desired
|AutT|" » ©#Ham = , as desired.

Now let us consider correlation functions. Thus we have to compute

multiplied by the coefficients

Tr(e‘(L‘tl)ﬁqe‘(tl‘tZ)ﬁq ... qe‘t"ﬁ).

Expanding each exponential inside the trace as above, we will clearly get the
same Feynman diagram sum, except that the Feynman diagrams will contain n
external vertices marked by variables ¢4, ..., t,. This implies that 92}“‘ = Gn.L
and we are done.

7.9. The massless case

Consider now the massless case, m = 0, in the Hamiltonian setting. For maps
A 2 2
q : R - R, we have 7 = I*(R), and H = _h?:_qr This operator has con-

tinuous spectrum, and there is no lowest eigenvector Q (in fact, there are no
eigenvectors in I? at all), which means that we cannot define the correlation
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functions in the usual way, i.e., as (Q, q(t;) ... q(t,)Q). (This is a reflection, in
the Hamiltonian setting, of the difficulties related to the growth of the Green’s
function at infinity, i.e., infrared divergences, which we encountered in the La-
grangian setting, cf. Section p.11)).

Consider now the case ¢ : R — S! = R/27rZ. In this case, we have the
same Hamiltonian but acting in the space J( == I?(S1). The eigenvectors of this
operator are e , with eigenvalues hz . In particular, the lowest eigenvector
is Q = 1. Thus the Hamiltonian correla‘uon functions (in the Euclidean setting,
fort; > ... >t,)are

uH ipjg (t— tl)H ipng _ tnH
(Q,eiere n ...erenQ)

=e 2,2 Z (t'_t1+l)(pl+ +p,)2

which is equal to the correlation function in the Lagrangian setting (cf. Section
b.12), in full agreement with the Feynman-Kac formula.

Now we pass to the case of circle-valued quantum mechanics on the circle
(Section p.14). In this case, we have

N2aL
Tr(e™ h)— Ze Ec
Nez
and
tH ty—t)H L—tp)H
Tr(elT qu(zhl) _._elpfq ( tn) )= Z e 2r2 ZJ o(tj—tjr1)(N— Pl—"'—PJ)Z
Nez

where ty := L, t,,1 := 0. Simplifying this expression, we obtain
nH ip1q (p-tDH ipng L-tW)H
Tr(ewere #» ...ere &

= o372 St +p)? NV =5 (LN?=2N 3 pjt))

Nez

hL
Zmr2 Z p] J> 27r2 )

— e_% Zj(t ]+1)(P1+ +p]

Comparing with (b.17), we see that the Feynman-Kac formula reduces to the
modular invariance of the theta-function:

u 1 7[142
(7.10) 8(%, 1) =VTe T 9w, T)
. 27r?
with T = ==
the Gaussian).

(which follows from the Poisson summation formula applied to

Note that the Feynman-Kac formula in this example would have been false
had we ignored the topologically nontrivial maps in the Lagrangian setting
(Section p.14). Thus we may say that the Feynman-Kac formula “sees topol-
ogy”. This ability of the Feynman-Kac formula to “see topology” (in much more
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complex situations) lies at the foundation of many interrelations between ge-
ometry and quantum field theory.

Remark 7.30. It should be noted that the contributions of topologically non-
trivial maps from the source circle to the target circle are, strictly speaking,
beyond our usual setting of perturbation theory, since they are exponentially
small in 7. To be specific, the contribution from maps of degree N mostly

comes from those maps which are close to the minimal action map qn(t) =

272N2r2
21NT S0 itis of the order e™~ Tn —. The maps qn(t) are the simplest examples

of “instantons”—nonconstant solutions of the classical equations of motion,
which have finite action (and are nontrivial in the topological sense). Expo-
nentially small contributions to the path integral coming from integration over
neighborhoods of instantons are called “instanton corrections to the perturba-
tion series”.

Remark 7.31. This calculation allows us to give sense to the partition func-
tion Z(L) of the line-valued massless quantum mechanics on the circle (Sec-
tion 6.13). To this end, we just need to look at the asymptotics r — oo of the
partition function,
2
Z(r,L) = 9(0, 5o) = ry/ 229(0, Z2-).

> 27r2 > hL

Since 8(0,T) — 1 as T — oo, for the leading coefficient of the asymptotics we
have (up to numerical scaling, which we are free to choose):

1
Z(L) ~ ——.
W~ 7=

LH
Note however that in this case we cannot write Z(L) = Tr(e™ = ) since this
operator is not trace class. Also the vector QO = 1 is not normalizable. Thus this
theory is somewhat ill defined, as already mentioned in Section p.13.

7.10. Spectrum of the Schrodinger operator for a piecewise
constant periodic potential

In this section we demonstrate the behavior of the spectrum of a 1-dimensional
Schrédinger operator on the example of a piecewise constant periodic poten-
tial, when the eigenvalues and eigenfunctions can be computed fairly explic-
itly.

We consider the Schrodinger operator on the circle R/27Z given by H :=
—%252+U(x), where U is a piecewise continuous 27-periodic potential. Clearly,

without loss of generality we may assume that fozn U(x)dx = 0; otherwise we
can shift U(x) by a constant. As discussed in Sections[7.4 and 7.3, by the theory
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7.10. Spectrum of the Schridinger operator 131

of Sturm-Liouville operators, the operator H has discrete spectrum, i.e., eigen-
values E; < E; < E, < ... going to +oo with the corresponding eigenfunctions
Yy, ¥,,¥,,.... For example, if U = 0, then E; = 0 and E,;,,_; = E;,;, = @
for m > 0, with eigenfunctions ¥, = 1, ¥,,,_; = sinmx, ¥,,, = cos mx.
Consider now the simplest nontrivial example—the piecewise constant po-
tential
Mb, 0 < x <a,

7.11 Ux) =
( ) ) —Ma,a < x < 2m,

where a,b,M > 0,a+ b = 27.

Eigenfunctions of H with eigenvalue E are nonzero periodic solutions of
the differential equation HY = EW. Thus eigenvalues are the numbers E for
which the monodromy matrix of this equation has eigenvalue 1. To find such
E, for every p € R introduce the basis f,, g, of the space of solutions of the
equation H¥ = EW such that f,(p) = g,(p) = 1,g,(p) = fy(p) = 0. For
example,

sin 3x

Jo(x) = cos Bx, go(x) = 5

for0 < x < aand
sina(x — a)

) = cosalx — a), ga(x) = TF

fora < x < 27, where a = 1/%(E+Ma), B = \/%(E—Mb). Thus the

monodromy matrices along the intervals [0, a], [a, 277] in these bases are

e ( cosBa P! sinﬁa) ,

—Bsinfa  cosfa
cosab o lsinab
B := .
—asinab cosab

Thus the condition for a periodic solution is that the matrix AB (monodromy
around the circle) has an eigenvalue 1. Since detA = detB = 1, in this case
the second eigenvalue of AB is also 1 (generically this matrix is conjugate to a
unipotent Jordan block), so the condition is Tr(AB) = 2, which gives

(7.12) cos Bacosab — %(% + g)sinﬁa sinab = 1.

Thus the eigenvalues of H are the solutions E of (7.12).

Ifa < E < b, then 8 = if3, is imaginary, so (7.12) can be written in terms of
real parameters as

(7.13) cosh B,acosab — %(/33 - %)sinﬁ*a sinab = 1.
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As mentioned above, if M = 0, then for each n > 1 the operator H has

double eigenvalue %hz n%. We would like to see what happens to this eigenvalue
for large n as we turn on M and keep the product #n in a bounded interval
[C~1,C] (so h — 0).

Let us rewrite (7.12) in the form
(7.14) 1—cos(Ba+ ab) = (1 - %(% + g)) sin Sasin ab
and look for solutions

E= %(ﬁzn2 +¢),

where |e| < % We have

_ e—2Mb _ e—2Mb  (e—2Mb)?
B=ynm+——= n(l t Sz T shens )
_ 5, E+2Ma _ e+2Ma  (¢+2Ma)®
a= ns+ h2 =n{l+ 2h2n2 8h4n4 ’

SO

€ M?Z?ab
/3a+ocb=27m(1+m—m )

Thus the left-hand side of (7.14) has the form

(¢ Mab\’
1- =" (= -=—=
cos(Ba + ab) > (hzn 2h4n3>
We also have
2712
l,a  By_ T M
1- 5(3 +3)= g T
So using that b = 27 — a and hence sin nb = —sin na, we get
L B e
(1 - E(E + a))sinﬁasinocb = Wsin2 na+....
Thus we obtain
& M?a@m—a) _  M]sinnag]
h2n 2r4n3 T h2n2
which yields
_ M?a(2m —a) . M|sinna]
T 2r2n2 T n
h2n?

We see that the double eigenvalue A, = ,n > 0for M = 0 bifurcates into
two eigenvalues

(7.15)
AE(M) = A, +

2

M?a(2m — a) . Msin na|

12
SA, + o +o((M+n) ), M - 0,n — oo.
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7.11. WKB approximation and the Weyl law

The goal of this section is to explain how to compute semiclassical asymptotics
of eigenvalues and eigenfunctions of quantum Hamiltonians. This method is
called the Wentzel-Kramers-Brillouin (WKB) approximation, named after the
authors of three separate papers which introduced it independently in 1926.

We start with a general discussion of WKB approximation for linear ODE.

Suppose we have an equation
dF

(7.16) ha =AF
for a vector-function of one variable F(x) € C", where A(x) € Mat,(C) is
a matrix-valued function (smooth on a certain interval I C R). We would
like to understand the asymptotic behavior of solutions of this equation as
h — 0. To this end, assume for simplicity that A(x) has simple spectrum for
generic x, and let v,(x), ..., v,(x) be its column eigenvectors with eigenvalues
21(%), ..., A,(x), and let v}(x),..., V5 (x) be the dual basis of row eigenvectors
(i.e., (v}?, v;) = 1). Let us now look for solutions of (7.16) in the form

F(x) = "% (o (x) + Iy (x) + 29 (x) ... ),

where 1(x) # 0 and the series in parentheses is formal (here ¢ takes values in
C and ; in C"). Substituting, we get

(hd, + ¢'1— AP + Ay + A%, +...) =0,
which in degree 0 with respect to # yields the equation
Apy = ¢'tho.

Thus ¢’ = 4; is an eigenvalue of A, so

$(x) = f 2,00, Yo(x) = FG0;(x),

where f is a scalar function.
Further, in degree 1 in 7 we obtain the equation

Yo = (A —ADYy,
i.e.,
f'uj+ fuj = (A—ADP,.
For this to have a solution 3, we need (v}‘, f’vj + fv}) =0,i.e.,

fr=-@j,v)f.
Thus
f(x) =exp (— /(v}‘, v}-)dx).
Now we can recursively solve for ¥y, 9,, .... This leads to the following result.
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Theorem 7.32. Thereisa unique, up to scaling, basis of formal solutions of equa-
tion ([7.1€) of the form
J Aj(x)dx . )
Fi(x) = eXp<T> (exo(- / (U300} () + OCh) )

Let us now apply this theorem to the stationary Schrodinger equation

(7.17) (-Z82 + U(x)¥ = EW.
Set p(x) :=4/2(E — U(x)), then ([7.17) takes the form
n202¥ = —p?w.

This can be written as the system of equations

) )

Thus we have equation (7.16) with A = (_(1)92 (1)> So we have

Ay =ip, 4, = —ip,

and we may take

so that 1 )
v = 5(1,—1'19_1)’ vy = E(l,ip‘l).
Thus we obtain the following formal solutions of (7.17):

v, = exp(iifgdx) (exp(—% f p‘lp’dx> + O(h))

= pi exp<iif£dx)(1 + O(h)).

We get
Theorem 7.33 (Local WKB approximation). Equation (7.17) has a basis of for-

mal solutions
i [\J2(E ; U(x))dx) (1 + O(h)).

W, (x) = 2(E — U(x))"7 exp (i

With some analytic work, one can prove that these formal solutions are, in
fact, asymptotic expansions of actual solutions when # — 0.

The WKB approximation can also be used to find asymptotic distribution
of eigenvalues of a Schrodinger operator when it has discrete spectrum. Let us
explain, somewhat informally, how this works.
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As an example, consider the stationary Schrodinger equation (7.17) on the
circle R/27Z with piecewise continuous 27-periodic potential U(x). We would
like to write an asymptotic formula for the nth eigenvalue E, (%) of the operator
H = —%hzdz + U(x) when n ~ % for a given constant A. This is equivalent
to determining the number v(E) of eigenvalues of H satisfying the inequality
A < E for a given constant E.

To this end, we will use Theorem [7.33. Assume first that
E > sup U(x).

The periodicity condition for the solutions ¥, in Theorem (called the
quantization condition in quantum mechanics) in the zeroth approximation
is that

2
(7.18) f V2(E — U(x))dx = 2mtnh, n € Zy,.
0

It follows that if (7.18) holds, then the number of eigenvalues of H which are
< E is about 2n. So we get

Proposition 7.34.

27
W(E) ~ ’@, h = 0, where A(E) = % / V2(E = U0)dx.
0

Thus for sufficiently large A, we have
E[%](h) ~ E(A),

where E(A) is the solution of the equation
1 2
A== f \V2(E — U(x))dx.
T Jo

Note that A(E) is the area of the region in the classical phase space T*S! =
S! x R defined by the inequality

Hcl < E’

where H := %pz +U(x) is the corresponding classical Hamiltonian. Moreover,
one can show that with this definition of A(E), the formula

A(E)

h

in fact holds in a much larger generality, whenever H has discrete spectrum
(namely, for the operator — % #2A+U(x) on any compact Riemannian manifold,
or even on a noncompact one when one has U(x) — +o0 as x — o). This
formula is known as the Weyl law.

Y(E) ~

Exercise 7.35. Prove the Weyl law on the circle for E < sup U(x).
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136 7. Operator approach to quantum mechanics

Finally, let U(x) := MU,(x), where Uj, is a fixed potential, and consider the
asymptotics of eigenvalues for small M, assuming that # < M (i.e., % < M).
In this case we can write equation (7.18) as

(7.19) \/ﬁ/ (1 — MUO(X) Mngng)z + O(MZ)) dx = 2mnh.

As before, we assume without loss of generality that fOZ” Up(x)dx = 0. Let
= zi fozn Uy(x)?dx. Then we obtain
T

(7.20) \V2E = nh + =+ o(M?) = nh(1 + 2n4h4 +...).
2(2E)3
It follows that
1 M?I
E= 2h2(1+ 4h4 ..)=An+m+....

This gives the first correction of the eigenvalue A,, = %nzhz as we turn on M.

For example, if U(x) is given by (7.11)), then I = a(27 — a), and we recover

the asymptotics (7.13) without the last (bifurcation) term (which is negligible
M?a(2r—a)

. 1
sh, 0 the range .- < M).

compared to
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Chapter 8

Fermionic integrals

8.1. Bosons and fermions

In physics there exist two kinds of particles—bosons and fermions. So far
we have dealt with bosons only, but many important particles are fermions,
e.g., electron, proton, etc. Thus it is important to adapt our techniques to the
fermionic case.

In quantum theory, the difference between bosons and fermions is as fol-
lows: if the space of states of a single particle is J, then the space of states
of the system of k such (indistinguishable) particles is the symmetric power
Sk for bosons and the exterior power AKF for fermions. In particular, in the
fermionic case, if dim ' = n, then the space of states of > n + 1 identical parti-
cles is zero—the Pauli exclusion principle (leading, for instance, to the fact that
the number of electrons in an atom at the mth energy level is bounded above
by 2m?). In classical theory, this means that the space of states of a bosonic
particle is a usual real vector space (or, more generally, a manifold), while for
a fermionic particle it is an odd vector space. Mathematically “odd” means that
the algebra of smooth functions on this space (i.e., the algebra of classical ob-
servables) is an exterior algebra (unlike the case of a usual, even space, for which
the algebra of polynomial functions is a symmetric algebra).

More generally, one may consider systems of classical particles or fields,
some of which are bosonic and some fermionic. In this case, the space of states
will be a supervector space, i.e., the direct sum of an even and an odd space (or,
more generally, a supermanifold—a notion we will define below).

When such a theory is quantized using the path integral approach, one has
to integrate functions over supermanifolds. Thus, we should learn to integrate

137
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138 8. Fermionic integrals

over supermanifolds and then generalize to this case our Feynman diagram
techniques. This is what we do in this chapter.

8.2. Supervector spaces

2 Let k be a field of characteristic zero.d A supervector space (or briefly, super-
space) over k is just a Z/2-graded vector space: V =V, @ V;. If V; = k™ and
V; = k™, then V is denoted by k™™, The notions of an (even) linear map (=op-
erator), direct sum, tensor product, and dual space for supervector spaces are
defined in the same way as for Z/2-graded vector spaces. In other words, the
tensor category of supervector spaces is the same as that of Z/2-graded vector
spaces.

However, the notions of a supervector space and a Z/2-graded vector space
are not the same. The difference is as follows. The category of vector (and
hence Z/2-graded vector) spaces has a symmetric structure, which is the stan-
dard isomorphism V@ W — W ® V (given by v ® w — w ® v). This iso-
morphism allows one to define symmetric powers S'V, exterior powers AV,
etc. For supervector spaces, there is also a symmetry V@ W — W ® V, but
it is defined differently. Namely, v ® w goes to (-1)Vw @ v, v € V,,w € V;
(i, j € {0,1}). In other words, it is the same as usual except that if v, w are both
odd, then v ® w —» —w ® v. As a result, we can define the superspaces S'V
and A'V for a superspace V, but they are not the same as the symmetric and
exterior powers in the usual sense. For example, if V' is purely odd (V' = V),
then S'V is the ith exterior power of the usual space V, and A'V is the ith sym-
metric power of the usual space V (purely even for even i and purely odd for
odd i). Thus in general for V' = V,; @ V;, we have the following expressions for
the symmetric algebra SV := @;5,S'V and exterior algebra AV := @;5oA'V:

SV = SVy, ® AV;, AV = AV, @ SV;.

For a superspace V, let IIV be the same space with opposite parity, i.e.,
(IV); = Vi_j, j = 0,1. An odd linear map of superspaces V' — W is a usual
(even, i.e., degree-preserving) linear map V — IIW (or [IV — W). We have

SV = IIH(AIIV), AlV = IT{(S'TIV).

Let V = V, @ V] be a finite-dimensional superspace. Define the algebra
of polynomial functions on V, O(V), to be the algebra SV* (where symmetric
powers are taken in the supersense). Thus, O(V) = SV§ ® AV, where V
and V] are regarded as usual spaces. More explicitly, if x;,...,x,, are linear
coordinates on V), and &, ..., &, are linear coordinates on V;, then O(V) =

171n the physical context, k = R or C, so we restrict ourselves to fields of characteristic zero. However,
the theory extends mutatis mutandis to fields of any characteristic # 2.
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8.3. Supermanifolds 139

klxy,..., %, &, ..., &y, with defining relations

XiXj = XjXi, xi& = &xi, §:8 = —&&,
(in particular, £ = 0). Note that this algebra is itself a (generally, infinite-
dimensional) supervector space, and it is commutative in the supersense. Also,

if V, W are two superspaces, then (VW) = O(V)® O(W), where the tensor
product of algebras is understood in the supersense, i.e.

(@® b)(c ®d) = (-1 (ac @ b),
where p(x) is the parity of x.

8.3. Supermanifolds

Now assume that k = R. Then by analogy with the above for any supervector
space V we can define the algebra of smooth functions, C®(V) := C*(V}) ®
AV}, In fact, this is a special case of the following more general setting.

Definition 8.1. A supermanifold M is a usual manifold M, with a sheaf Cj; of
Z/27Z graded algebras (called the structure sheaf’), which is locally isomorphic
to Cyy, Q®A(&y, ..., &y). The algebra of global sections of the sheaf Cgy is denoted
by C*(M) and is called the algebra of smooth functions on M.

The manifold M, is called the reduced manifold of M. The dimension of M
is the pair of integers n|m, where n = dim M,.

For example, a supervector space V is a supermanifold of dimension
dim V| dim V;. Another (more general) example of a supermanifold is a super-
domain U := UyXV, i.e.,adomain U C V; together with the sheaf Cfj @ AVY'.
Moreover, the definition of a supermanifold implies that any supermanifold is
“locally isomorphic” to a superdomain.

Let M be a supermanifold. An open set U in M is the supermanifold (U,,
Chlu, ), where Uy is an open set in M.

By the definition, supermanifolds form a category 8. Let us describe explic-
itly morphisms in this category, i.e., maps F : M — N between supermanifolds
M and N. By the definition, it suffices to assume that M, N are superdomains,
with global coordinates X, ..., X, &1,..., §ms and yy,..., Yp, M1, ..., g, TESPEC-
tively (here x;, y; are even variables, and &;, »; are odd variables). Then the map
F is defined by the formulas

JiJ
Vi = fO,i(xl’---’xn) + fz,li 2(xla--"xn)§j1§j2 +...

— J1J2Js
ni = ay (X1, X085 + a3 (g, 0065, 65,85, + -
where fq ;, 21 lij ., a{ s aélij 2J3 . are usual smooth functions, and we assume
summation over repeated indices. These formulas determine F completely

since for any g € C®(N) one can find g o F € C*(M) by Taylor’s formula.
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For example, if M = N = R2, F(x, £, &) = (x + £,&,,6,,&), and g = g(x),
then
goF(x,£,8) = glx +§5) = g(x) + g ()61

Finally, we have a notion of a Cartesian product of supermanifolds, which
is completely analogous to the notion of a Cartesian product of manifolds, so
we omit the definition.

8.4. Supermanifolds and vector bundles

Let M, be a manifold, and let E be a real vector bundle on M,. Then we can
define the supermanifold M := Tot(I1E), the total space of E with changed
parity. Namely, the reduced manifold of M is My, and the structure sheaf Cy;
is the sheaf of sections of AE*, where E* is the dual vector bundle to E. This
gives rise to a functor S : B — 8, from the category of manifolds with vector
bundles to the category of supermanifolds. We also have a functor S, in the
opposite direction; namely, S, (M) is the manifold M, with the vector bundle
corresponding to the C -module dual to I/I 2, where I is the nilpotent radical
of Cyy.

Proposition B.2 (whose proof we leave as an exercise) gives a classification
of supermanifolds, showing that they are all obtained from vector bundles on
ordinary manifolds.

Proposition 8.2.
(i) S,oS =1d;

(ii) S o S, = Id on isomorphism classes of objects.

The usefulness of this proposition is limited by the fact that, as one can see
from the above description of maps between supermanifolds, S o S, is not the
identity on morphisms (e.g., it maps the automorphism x — x + &£, of R112
to Id), and it could not possibly have been so since S, S, are not equivalences
of categories (namely, S is not full and S, is not faithful). In fact, the category
of supermanifolds is not equivalent to the category of manifolds with vector
bundles (namely, the category of supermanifolds “has more morphisms”).

Remark 8.3.

1. The relationship between these two categories is quite similar to the re-
lationship between the categories of (finite-dimensional) filtered and graded
vector spaces, respectively. For them we also have functors S, S, with the same
properties; namely S is the functor of viewing a graded space as a filtered space,
and S, is the functor of associated graded (check it!). Therefore in superge-
ometry, it is better to avoid using realizations of supermanifolds as S(M,, E),
similarly to how in linear algebra it is better to avoid choosing a splitting of a
filtered vector space.
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2. In the definition of a supermanifold one can replace the real exterior al-
gebra A(y,..., &) with the complexified exterior algebra Ac(&;, ..., &,,). This
gives a notion of a C-supermanifold, which generalizes the notion of an ordi-
nary smooth manifold with the sheaf of complex-valued (as opposed to real-
valued) smooth functions. Similarly to Proposition B.2, isomorphism classes
of C-supermanifolds with reduced submanifolds M, are in bijection with iso-
morphism classes of complex vector bundles on M, so they are more general
(as not every complex vector bundle is the complexification of a real one). Oth-
erwise, the theory of C-supermanifolds (which does actually arise in quantum
field theory, see Remark [[0.4) is completely parallel to the theory of usual su-
permanifolds.

One may also similarly define complex analytic and algebraic supermani-
folds.

8.5. Supertrace and superdeterminant (Berezinian)

Before proceeding further, we need to generalize to the supercase the basic no-
tions of linear algebra, such as trace and determinant of a matrix.

Let R :== Ry @ R, be a supercommutative C-algebra. Fix two nonnegative

integers m, n. Let Mat,,,,,(R) be the algebra of n + m by n + m matrices over R
which have the block decomposition

Ago Aol
4 (Alo A11>

so that Ay, is n by n, A;; is m by m, and Ayy,A;; have even entries (i.e., in
Ry), while Ay;, A, have odd entries (i.e., in R;). We would like to define the
supertrace of A as a linear function

n+m

STI'(A) = Z lijaij, /‘ll‘] (S Z,
i,j=1

00
Thus we must have sTr(A) = Tr(Agg) + € Tr(A;;) for some € € Z, and taking
all blocks of A, B except Ay;, By to be zero, we get e = —1. So the supertrace of
A has to be defined by the formulal®

STr(A) = Tr(Agg) — Tr(Aq).

so thatsTr (1 0) = nandsTr(AB) = sTr(BA) forany Rand A, B € Mat,,,,(R).

Now let us generalize to the supercase the definition of determinant. For a
finite-dimensional algebra R and C € Mat,,,,,(R), we would like to have

(8.1) sdet(e€) = eSTrC = Tr(Coo)=Tr(Cu),

18physicists write the supertrace of A as Tr((—1)F A), where F denotes the parity operator.
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which generalizes the usual property of trace and determinant. So in the case
of a block-diagonal matrix C = Cyoy @ C;; we get

det(eCoo)
det(e€) = ———=.
sdet(e”) det(eCu)
Thus if A = Agy @ Ay, is block-diagonal, we must have
_ detAy
sdetA = m

This shows that we cannot hope that the superdeterminant will be a poly-
nomial in the entries of A—it has to be a rational function defined only on
some open subset. In fact, if we want to have the usual property sdet(AB) =
sdet(A) sdet(B), then there is just one possibility. Indeed, suppose that

Azlb a, O 10:a++ba_c ba_
0 1/\0 a_/\c 1 a_c a_ |’

By (B.1)), we must have
1 b 1 0
sdet (0 1) = sdet (C 1) =1,

deta,
deta_"
In other words, the superdeterminant has to be defined by the formula
det(Ago — An1A1i'A10)
det(A;;) ’
provided that A;; is invertible; otherwise the superdeterminant is not defined.

hence
sdet(A) =

sdet(A) =

This function is also called the Berezinian of A and denoted Ber(A). So for
m = 0 one has Ber(A) = det(A), and for n = 0 one has Ber(A) = (detA)™L.

Remark 8.4. Recall for comparison that if A is a purely even block matrix,
then
det(A) = det(AOO - AOlAl_llAlo) det(Au).

Proposition 8.5.
(i) Forany A,B € Mat,,,(R) with Ay, By; invertible, we have
Ber(AB) = Ber(A) Ber(B).

(ii) If R is finite dimensional and A(t) € Mat,,,(R) is a Cl-function near 0
with A(0) invertible, then

d ’ -
77 11=0 Ber(A(¢)) = sTr(4'(0)A(0) 1Y Ber(A(0)).
(iii) If R is finite dimensional, then for any C € Mat,,,,(R) we have

Ber(e®) = eSTrC,
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Proof. (i) From the triangular factorization, it is clear that it suffices to

consider the case
1 O 1Y
a=(x 1)5=(o V)

where X, Y are matrices with odd elements, so that

AB = ()1( 1 +YXY)'
Then the required identity is
det(1—Y(1 +XY)"1X) = det(1 + XY).
To prove this identity, recall that X : V; - V@ RandY : V; - V;, @ R. We

have
det(1-Y(1 +XY)"1X) = Z(—l)k Tr(Y(1 + XY) ™' X|pxp,)

k>0

= Y (=DFSTr(Y(1 + XY) 7| akp, © X|akr,)
k>0

= Y (-DFSTr(XY (1 + XY) ™Y pxp)
k>0

= > Tr(XY(1 +XY) Yskrry,)
k>0

=det(1-XY(1 +XY) )™l =det(1+XY).

(ii) By (i) we may replace A(t) by A(t)A(0)~}, so it suffices to consider the
case A(0) = 1, where the statement easily follows from the definition.

(iii) Consider the function f(t) := Ber(e®?). By (ii) it satisfies the differen-
tial equation f'(t) = sTr(C)f(t) with f(0) = 1. Thus f(t) = eST*(©) and the
statement follows by setting ¢ = 1. g

8.6. Lie supergroups and superalgebras

Recall that symmetries of manifolds are described by Lie groups and the corre-
sponding infinitesimal symmetries by their Lie algebras. Thus to understand
symmetries of supermanifolds, we must generalize these notions to the super-
case, which we do in this section.

The notion of a Lie supergroup and of its action on a supermanifold is de-
fined completely analogously to that in usual geometry.

Definition 8.6. A (real or complex) Lie supergroup is a group object in the cat-
egory of (real or complex) supermanifolds, i.e., a supermanifold equipped with
a group structure such that the multiplication m : G X G — G and inversion
i : G — G are regular maps of supermanifolds.
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An action of a Lie supergroup G on a supermanifold M is a smooth map
a: GXM — M such that

ao(idgxa)=ao(mxidy) : GXGXM — M.

Likewise, the definition of a Lie superalgebra is analogous to that of a Lie
algebra.

Definition 8.7. A Lie superalgebra over a field k of characteristic zero is a su-
pervector space g = g, @ g; equipped with a bilinear operation [-, -] called the
super Lie bracket such that [g;, ;] C gi1+j mod 2» Satisfying the following two
properties:

1. Super skew-symmetry: for homogeneous elements X, Y € g,

[X,Y] = —(=1)PXPM[y, X];

2. Super Jacobi identity: for homogeneous elements X, Y, Z € g,

(_1)p(X)p(Z)[X, [Y,Z]] + (_1)p(Y)p(X)[y, [Z,X]] + (_1)p(Z)p(Y)[Z, [X,Y]] =o.

In particular, we see that if g is a Lie superalgebra, then the even part g, is
a Lie algebra in the classical sense, while the odd part g; forms a module over
8o-

Similar to usual Lie algebras, natural examples of Lie superalgebras arise
from Z,-graded algebras and their derivations. Namely, letA = Ay@A,; be such
an algebra. Then, first of all, A has a natural structure of a Lie superalgebra
defined by [a, b] = ab — (=1)P@P)pq for homogeneous a,b € A (the super-
commutator). In particular, if V' is a supervector space, then we have the Lie
superalgebra gl(V) = End (V) (with the grading induced by the grading on V).

Next, define an even derivation of A to be an ordinary degree-preserving
derivation, i.e., an even linear map Q : A — A such that one has Q(ab) =
Q(a)b + aQ(b). On the other hand, define an odd derivation of A to be an
odd linear map Q : A — A such that for homogeneous a, b one has Q(ab) =
Q(a)b + (=1)P@DaQ(b) (for example, the de Rham differential on an ordinary
manifold is an odd derivation of its algebra of differential forms, graded by de-
gree modulo 2). Let gg, g; be the spaces of even and odd derivations of A, re-
spectively. Then g = go @ g; C End(A) is closed under the super-commutator,
i.e., it is a Lie superalgebra with

[X,Y]:= XY — (=1)PXPrMyx

for homogeneous X, Y (check it!). The Lie superalgebra g is called the Lie al-
gebra of super-derivations of A, denoted sDer(A).

For example, if A = C*(M) for a supermanifold M then a super-derivation
of A is called a vector field on M, and such vector fields form a Lie superalgebra
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Vect(M). As in usual geometry, in local coordinates vector fields are written as

v= Zfiaxi + Zgja%'j’
i J
where f;,g; € C®(M).
By analogy with the theory of usual Lie groups, one can define the Lie al-
gebra of a Lie supergroup.

Definition 8.8. The Lie algebra Lie(G) of a Lie supergroup G is the Lie super-
algebra sDer(C®(G))Cet of left-invariant superderivations of C®(G).2

As in classical theory, if m C C*(G) is the maximal ideal of 1 € G, then
an element X € g := Lie(G) defines a linear functional on m/ m2, i.e., it can be
viewed an element of the tangent space T; G, which defines an isomorphism of
supervector spaces g = T;G. Also, as in the even case, we have the exponential
map exp : g — G invertible near 0 € g, and the inverse is the logarithm map
log : U — g where U is a neighborhood of 1 in G.

The three fundamental theorems of Lie theory generalize mutatis mutandis
to Lie supergroups, resulting in an equivalence between categories of simply
connected Lie supergroups (i.e., ones with simply connected reduced part) and
finite-dimensional Lie superalgebras (both in the real and the complex case).
Namely, they follow in a fairly straightforward way from the corresponding
classical theorems.

Here are some examples of Lie supergroups and superalgebras.

Example 8.9.

1. A finite-dimensional supervector space V is an abelian Lie supergroup,
with Lie superalgebra being the same space V with zero bracket.

2. The general linear supergroup GL(m|n)(R), where m,n € Z,,. To con-
struct it, consider the algebra A := End(R™") of (not necessarily homoge-
neous) endomorphisms of the supervector space R™". This is just the ma-
trix algebra Mat,,,,(R), but it carries a Z,-grading in which deg(E;;) = 0
ifi,j < mori,j > manddeg(E;) = 1ifi < m < jorj <m <
Thus A is a supermanifold (of superdimension (m? + n?|2mn), with reduced
part A, = Mat,,(R) x Mat,(R)) equipped with an associative unital product
A XA — A. The inversion map i, however, is only defined on the open sub-
set A* C A whose reduced part is the open subset Aj = GL(m, R) X GL(n, R)
(and maps this subset to itself). Luckily, the multiplication map A X A — A
restricts to a map A* X A* — A%, which implies that A* is a real Lie supergroup,
denoted GL(m|n)(R). The Lie algebra Lie GL(m|n)(R) = gl(m|n)(R) is simply

9Here if G is a real Lie group, then C*(G) stands for the algebra of real-valued smooth functions, while
if G is a complex Lie group, then it denotes the sheaf of holomorphic functions on G.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



146 8. Fermionic integrals

the algebra A equipped with the super-commutator. The complex supergroup
GL(m|n)(C) and its Lie algebra gl(m|n)(C) are defined similarly.
3. The supersymmetry group Q in dimension 1. This supergroup is the
supermanifold R with the operation given in coordinates by
(t1,01)(82,0;) = (t1 + £, + 6,6,,6, + 65)

(it is easy to check that this operation is associative, although noncommuta-
tive). The Lie algebra Lie Q is then R!' with basis H = (1,0) (even) and
Q = (0,1) (odd) with [Q,H] = 0, [Q,Q] = 2H. The right translation action
of Q on functions is given by

((x,8) 0 [)(t,0) = f((t,6)(x, ) = f(t + x + 68,6 + §),

which means that the corresponding action of the Lie algebra is given by

o] le] le]
HHa,Ql—)%'i'ea

Similarly, the left translation action is
(6, §) = ), 0) = f((x, )7'(t,0)) = f(t —x + 05,0 = &),

so infinitesimally
Hi =5, Q0 5

Clearly, these two actions commute.
Again, the complex versions are defined similarly.

9

+065;.

8.7. Integration on superdomains

We would now like to develop integration theory on supermanifolds. Before
doing so, let us recall how it is done for usual manifolds. In this case, one
proceeds as follows.

1. Define integration of compactly supported (say, smooth) functions on a
domain in R".

2. Find the transformation formula for the integral under change of coor-
dinates (i.e., discover the factor |J|, where J is the Jacobian).

3. Define a density on a manifold to be a quantity which is locally the same
as a function, but that multiplies by |J| under coordinate change (unlike true
functions, which do not multiply by anything). Then define the integral of
compactly supported densities on the manifold using partitions of unity. The
independence of the integral on the choices is guaranteed by the change of
variable formula and the definition of a density.

We will now realize this program for supermanifolds. We start with defin-
ing integration over superdomains.

Let V = V, @ V] be a supervector space. The Berezinian of V is the line
APPVE @ APV, (where V), V) are treated as usual spaces). Suppose that V' is
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8.8. Berezin’s change of variable formula 147

equipped with a nonzero element dv of its Berezinian (called a supervolume
element).

Let U, be an open set in V,;, and let f € C*(U,) ® AV; be a compactly
supported smooth function on the superdomain U := U, X V, i.e.

f=2fi®w;, fi € C¥(Up), w; € AVY,

and f; are compactly supported. Let dv, dv, be volume forms on V;, V; such
that dv = dvy/dv;.

Definition 8.10. The integral /;; f(v)dv is fUO(f(v),(dvl)_l)dvo.

It is clear that this quantity depends only on dv and not on dv, and dv,
separately.

Thus, f;; f(v)dvis defined as the integral of the suitably normalized top co-
efficient of f (expanded with respect to some homogeneous basis of AV}"). To
write it in coordinates, let x1, ..., X, &1, . .., &, be alinear system of coordinates

on V such that dv = % (such coordlnate systems will be called unimod-
ular with respect to dv). Then f;; f(v)dv equals fU Frop(X15 -+ Xp)dxy ... dXy,
where f,, is the coefficient of &; ... §,, in the expansion of f.
In coordinates this reduces to the convention
(8.2) §@dH~ =1,
ROIL
and more generally

(8.3) §1.0-Em(déy ... dEp) 7! = 1. §n(dEp) ™. (dE) T =1

ROIm ROIm

(applying (B-2) repeatedly).2

8.8. Berezin’s change of variable formula

Let V be a vector space, and let f € AV* and v € V. Denote by %

of contraction of f with v.

the result

Let U,U’ be superdomains, and let F : U — U’ be a morphism. As
explained above, given linear coordinates x,...,x,,&;,...,&, on U and
Y1s-+-3YpsM1» -+ Mg 0N U’, we can describe F by expressing y; and 7); as func-
tions of x; and §;. Define the Berezin matrix of F, A := DF(x, §) by the formulas,

Oyi dyi o]
Ao=(%)’A01=(a_§€)’A10=( L), An = (3 7)J)

201n the notation of [QFS], as is conventional in physics literature, integral () would be written as
S €dé&; see [QFS, v. 1, p. 363]. However, it seems that the notation involving the inverse of d& (not used in
physics literature) is more suggestive: it reminds us that d& scales reciprocally to £, and explains why (B-3)
does not violate the sign rule for odd variables (inversion reverses the order of factors).
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Clearly, this is a super-analogue of the Jacobi matrix.
The main theorem of supercalculus is the following theorem.
Theorem 8.11 (Berezin’s change of variable formula). Let g be a smooth func-

tion with compact support on U', and let F : U — U’ be an isomorphism. Let
dv, dv’ be supervolume elements on U, U’. Then

f gv")dv' = / g(F(v))| Ber(DF(v))|dv,
' U
where the Berezinian is computed with respect to unimodular coordinate systems.

Here if f(§) = a+terms containing §;, a € R, a # 0, then by definition

If (O] = f(§)ifa>0and |f(§)] = —f(§)ifa <O.

Proof. The chain rule of the usual calculus extends verbatim to supercalculus.
Thus, by Proposition B.5(i), if we know the statement for two isomorphisms
F, : U, » U; and F, : U; — U,, then we know it for the composition F; o F,.

Let F(xqp,-ees Xy Eqseens E) = (X155 X1y €15 - -5 €1y). We see that it suffices
to consider the following cases.

1. x; depend only on x, k = 1,...,n,and §; = §;.

2. xj = X; + z;, where z; lie in the ideal generated by §;, and §; = §;.

3. x; = Xx;.

Indeed, it is clear that any isomorphism F is a composition of isomorphisms
of types 1, 2, 3.

In case 1, the statement of the theorem follows from the usual change of
variable formula. Thus it suffices to consider cases 2 and 3.

In case 2, it is sufficient to consider the case when only one coordinate is
changed by F, i.e. x; = x; + z, and x; = x; for i > 2. In this case we have to
show that the integral of

g(x; + 2, x5, ..., X, ) + ;—le) —8(x1, X35 005 X5 &)

is zero. But this follows easily upon expansion in powers of z, since all the
terms are manifestly total derivatives with respect to x;.

In case 3, we can also assume & J’ = £j, j > 2, and a similar (actually, even
simpler) argument proves the result. g

8.9. Integration on supermanifolds

Now we will define densities on supermanifolds. Let M be a supermanifold,
and let {U,} be an open cover of M together with isomorphisms f, : U, — U,
where U} is a superdomain in R™™, Let 8 Uz nUg) = fo(Uyn
Up) be the transition map f, fﬁ‘ 1. Then a density s on M is a choice of an
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element s, € Cpp(U,) for each @, such that on U, N Ug one has sg(z) =

Sa(2)| Ber (gap)(f 5(2)).

Remark 8.12. It is clear that a density on M is a global section of a certain
sheaf on M, called the sheaf of densities.

Now, for any (compactly supported) density w on M, the integral f,, w is
well defined. Namely, it is defined as in usual calculus: one uses a partition
of unity ¢, such that Supp ¢, C (U,), are compact subsets, and sets f,, @ :=
Yoo Ju a0 (Where the summands can be defined using f,). Then Berezin’s
theorem guarantees that the final answer will be independent of the choices
made.

This also suggests how diffeomorphisms and vector fields on M should act
on densities. Namely, for a diffeomorphism g of M we should set

(8.4) (g o s(2)dz) = s(g(2))| Ber (g)(2)|dz.

Indeed, this formula is forced by the requirement that for a compactly sup-
ported density w on M, we have

[ o= gow
M M

Differentiating (8.4) then yields a formula for the action on densities of the Lie
superalgebra Vect(M), such that for v € Vect(M) and compactly supported
density w on M we have
/ Vow =0.
M

Exercise 8.13. Compute this action of Vect(M) on densities in local coordi-
nates.

Exercise 8.14. Let X be an n-dimensional manifold, and let TITX be the super-
manifold of superdimension (n, n) obtained by changing parity of fibers of the
tangent bundle TX. Show that there is a canonical isomorphism C*(IITX) =
Q*(X), where Q*(X) = j'?zoﬂj (X) is the space of mixed degree differential
forms on X (here Q/(X) is the space of differential forms of degree j which has
parity j mod 2). Deduce that IITX carries a canonical odd vector field d given
by the de Rham differential. Also show that if X is oriented, then IITX carries
a canonical density dv such that for compactly supported F € C*(IITX),

f de:an,
TITX X

where F, is the degree n component of F as a mixed differential form.
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8.10. Gaussian integrals in an odd space

Now let us generalize to the odd case the theory of Gaussian integrals, which
was, in the even case, the basis for the path integral approach to quantum me-
chanics and field theory.

Recall first the notion of Pfaffian. Let A be a skew-symmetric matrix of even
size. Then the determinant of A is the square of a polynomial in the entries of
A. This polynomial is determined by this condition up to sign. The sign is
usually fixed by requiring that the polynomial should be 1 for the direct sum of

matrices (_01 (1)> With this convention, this polynomial is called the Pfaffian

of A and denoted PfA. The Pfaffian obviously has the property Pf(XTAX) =
Pf(A) det(X) for any matrix X.

Now let V' be a 2m-dimensional vector space with a volume element dv,
and let B be a skew-symmetric bilinear form on V. We define the Pfaffian Pf B
of B to be the Pfaffian of the matrix of B in any unimodular basis (by the above
transformation formula, it does not depend on the choice of the basis). It is
easy to see (by reducing B to the canonical form) that

AN"B

In terms of matrices, this translates into the following (well-known) formula
for the Pfaffian of a skew-symmetric matrix of size 2m:

Pf(A) = Z & H QAig(i)

oell,, i€{l,...,.2mli<o(i)

where I1,, is the set of matchings of {1,...,2m}, and ¢, is the sign of the per-
mutation sending 1, ...,2m to iy, 0(iy), ..., iy, 0(i,,) (Where i, < o(i,) for all r).
For example, for m = 2 (i.e., a 4-by-4 matrix),

Pf(A) = a15a34 + A14023 — A13054.

Now consider an odd vector space V' of dimension 2m with a volume el-
ement d§. Let B be a symmetric bilinear form on V (i.e. a skew-symmetric
form on ITV). Let &1,..., &,,, be unimodular linear coordinates on V (i.e. d§ =
d§1 A+ AdEoy). S0if € = (&1, ..., &m), then B(E, §) = Zi,j b;;§;§;, where (b;;)
is a skew-symmetric matrix.

Proposition 8.15.
f e:BED ()1 = PE(B).
V

1 A™B

Proof. The integral equals -

which is precisely Pf(B). O
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This formula has the following important special case. Let Y be a finite-
dimensional odd vector space, and let V' = Y@ Y*. The space V has a canonical
volume element dv = dydy*, defined as follows: ife,, ..., e,, isabasis of Y and
e, ..., ey, is the dual basis of Y*, then

dydy* =e  AejA---AeyAe=e A Aey Aem A Aej.

Let A : Y — Y be a linear operator. Then we can define an even smooth
function S on the odd space V =Y @ Y* as follows: S(y,y*) = (Ay,y*). More
explicitly, if &; are coordinates on Y corresponding to the basis e;, and »; the
dual system of coordinates on Y*, then

S & M55 m) = Zaijgjni’
i,j

where (q;;) is the matrix of A in the basis e;.

Proposition 8.16.
f eS(dv)~! = detA.
v

Proof. We have S(y,y,) = %B((y, ¥.)s (¥, ¥.)), where B is the symmetric form
on V given by the formula

B((y,y"), (w,w")) = (Ay,w*) + (Aw, y*).

m(m-1)

It is easy to see that Pf(B) = (—1)~ 2z det(A). On the other hand,

m(m-1)

d%‘ldnl e dgmdnm = (—1) 2 dé‘l e dgmdnl e d?’)m.

Hence Proposition follows from Proposition B.13.

Another proof can be obtained by direct evaluation of the top coefficient.
O

8.11. The Wick formula in the odd case

Let V be a 2m-dimensional odd space with a volume form d£, and let B € S?V*
be a nondegenerate form (symmetric in the supersense and antisymmetric in
the usual sense). Let 4;,...,4, be linear functions on V. Then 4,,...,4, can
be regarded as odd smooth functions on the superspace V.

Theorem 8.17.

1

f 21(8)... An(£)e”2PED(AE ™ = PH(=B) PEB™ (A4 47))-
14
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(By definition, this is zero if n is odd.) In other words, we have
1

/ () .. (e
14

=Pf(-B) ) & 11 B~ (A, Ao(iy)-

oell, i€{l,...2mhLi<o(i)

B(E,i)(dg)—l

Proof. We prove the second formula. Choose a basis e; of V with respect to
which the form B is standard: B(e;,e;) = 1if j = 2i—1,1 = 2i, and B(ej,el) =0
for other pairs j < I. Since both sides of the formula are polylinear with respect
to A4,...,4,, it suffices to check it if 4; = e*{l,. e Ay = e;fn. This is easily done
by direct computation (in the sum on the right-hand side, only one term may

be nonzero). O
. Al | mOm) .
Exercise 8.18. LetY = R™ 2 2 be the real superspace of matrices
Aogo A01>
A=
(AIO An

(where Ay is n by n and A;; is m by m) which are symmetric in the supersense,
i.e., Ay is symmetric, A,; is skew-symmetric, and A}, = A;,. Let Y, C Y be
the superdomain of those matrices for which A,y > 0. Let dA be a supervolume
element on Y. Let f be a compactly supported smooth function on Y,. Show
that

f f(A)e—xTAOOX—ZxTAm§—§TA11§dAdx(d§)—l
Y, xRnlm

.
=C | f(A)Ber(A)~Y2dA
Y,
(C is a constant). What is C?

Exercise 8.19. Prove the Amitsur-Levitzki identity: if X;,...,X,,, are n-by-n
matrices over a commutative ring, then

Z (—I)GXO-(I) . 'XCI(Zn) =0.

oeS,,
Hint.

(a) Show that for any n-by-n matrix X with anticommuting entries, X*" =
0 (namely, show that traces of X2 vanish for all positive k, then use the Cayley-
Hamilton theorem for X?).

(b) Apply thisto X = 212:1 X;&;, where &; are anticommuting variables.
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Chapter 9

Quantum mechanics
for fermions

9.1. Feynman calculus in the supercase

Wick’s theorem allows us to extend Feynman calculus to the supercase.
Namely, let

V=18V

be a finite-dimensional real superspace with a supervolume element dv =
dvy(dv,)~! equipped with a symmetric nondegenerate form B = B, & B,
(By > 0). Let

(v v,.

S(v) = —B(v V) — Z

r>3

be an even function on V (the action). Note that B,, r > 3, can contain mixed

terms involving both odd and even variables, e.g., x&; &, (the so-called “Yukawa
term”). We will consider the integral

I(h) = f €1(v0)...en(uo)/ll(ul)...Ap(ul)e-ydv,
|4

where v, vy are the even and odd components of v. Then this integral has an
expansion in # written in terms of Feynman diagrams. Since v has both odd
and even part, these diagrams will contain “odd” and “even” edges (which are
usually depicted by straight and wiggly lines, respectively). More precisely, let
us write

,
r
B,(v,v,...,0) = Z (S>Bs’r_s(vl,...,vl,vo,...,vo),
s=0

153
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154 9. Quantum mechanics for fermions

where By ,_¢ has homogeneity degree s with respect to v; and r —s with respect
to vy (i.e., it will be nonzero only for even s). Then to each term B; . _; we assign
an (s,r — s)-valent flower, i.e., a flower with s odd and r — s even outgoing
edges, and for the set of odd outgoing edges, specify which orderings are even.
Then, given an arrangement of flowers, for every matching o of outgoing edges,
we can define an amplitude F(o) by contracting the tensors B ,_g (and being
careful with the signs). It is easy to check that all matchings giving the same
graph will contribute to I(%) with the same sign, and thus we have almost the
same formula as in the bosonic case:

B dimvo dimvo-dimv; Pf(—B;) Ab(@M
= =h Vaeis, & A

where the summation is taken over graphs with n even and p odd outgoing
edges.

Fr(f1y ey s Arseees Ap)s

Remark 9.1. More precisely, we can define the sign ¢, of a matching o as fol-
lows: label outgoing edges by 1, 2,..., starting from the first flower, then the
second, etc., so that the labeling is even on each flower. Then write the labels
in a sequence, enumerating (in any order) the pairs defined by o (the element
with the smaller of the two labels goes first). The sign €, is by definition the sign
of this ordering (as a permutation of 1, 2,....). Then Fy is F(c) for any matching
o yielding I" which is positive, i.e., such that ¢, = 1. For a negative matching,
Fr = —F(o0).

In most (but not all) situations considered in physics, the action is quadratic
in the fermionic variables, i.e.

S(v) = Sp(Vg) = 35 ;(Ve)(V1, V1),

where S;(vy) is a skew-symmetric bilinear form on ITV;. In this case, using
fermionic Wick’s theorem, we can perform exact integration with respect to
U1, and reduce I(#) to a purely bosonic integral. For example, if we have only
¢; and no 4;, then

_dimVy _ Sp(vo)
I(h) = h 2 €1(U0) e €n(vo)e d Pf(Sf(Uo))dUO
V

0

In this situation, all vertices which have odd outgoing edges, will have only two
of them, and therefore in any Feynman diagram with even outgoing edges, odd
lines form nonintersecting simple curves, called fermionic loops. (In fact, the
last formula is nothing but the result of regarding these loops as a new kind
of vertices—convince yourself of this!) In this case, there is the following sim-
ple way of assigning signs to Feynman diagrams. For each vertex with two
odd outgoing edges, we orient the first edge inward and the second one out-
ward. We allow only connections (matchings) that preserve orientations (so
the fermionic loops become oriented). Then the sign is (—1)", where r is the

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.
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number of fermionic loops (i.e., each fermionic loop contributes a minus sign).
This follows from the fact that an even cycle is an odd permutation.

9.2. Fermionic quantum mechanics

Let us now pass from finite-dimensional fermionic integrals to quantum me-
chanics, i.e. integrals over fermionic functions of one (even) real variable ¢.

Let us first discuss fermionic classical mechanics in the Lagrangian set-
ting. Its difference with the bosonic case is that the “trajectory” of the particle
is described by an odd-valued function of one variable, i.e. 3 : R — IIV,
where V is a vector space. Mathematically, this means that the space of fields
(=trajectories) is an odd vector space IIC*(R, V). A Lagrangian £(3) is a lo-
cal expression in such a field (i.e., a polynomial in %,%,...), and an action is
the integral S = [, £dt. This means that the action is an element of the space
ACP (R, V)¥).

Consider for example the theory of a single real-valued free fermion (t).
By definition, the Lagrangian for such a theory is

1 .
L=§¢¢,

1 .
S=§f¢¢dt

. o . c G
This Lagrangian is the odd analogue of the Lagrangian of a free particle, =-.

i.e., the action is

Remark 9.2. Note that ¢¢) # %(%2) = 0, since Y1) = —3y), so this Lagrangian
is “reasonable”. On the other hand, the same Lagrangian would be unreason-
able in the bosonic case, as it would be a total derivative, and hence the ac-
tion for 3 decaying at infinity would be zero. Finally, note that it would be
equally unreasonable to use in the fermionic case the usual bosonic Lagrangian
%(q2 — m?q?); it would identically vanish if g were odd valued.

The Lagrangian £ is invariant under the group of reparametrizations
Diff, (R), and the Euler-Lagrange equation for this Lagrangian is

$=0
(i.e., no dynamics). Theories with such properties are called topological quan-
tum field theories.
Let us now turn to quantum theory in the Lagrangian setting, i.e., the the-

ory given by the Feynman integral /" 1(t;)... gb(tn)e%Dl,b. In the bosonic case,
we “integrated” such expressions over the space C°(R). This integration did
not make immediate sense because of difficulties with measure theory in in-
finite dimensions. So we had to make sense of this integration in terms of
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h-expansion, using Wick’s formula and Feynman diagrams. In the fermionic
case, the situation is analogous. Namely, now we must integrate functions over
IIC(R), which are elements of AD(R), where D(R) is the space of distribu-
tions on R. Although in the fermionic case we do not need measure theory (as
integration is completely algebraic), we still have trouble defining the integral:
recall that by definition the integral should be the top coefficient of the inte-
grand as the element of AD(R), which makes no sense since in the exterior
algebra of an infinite-dimensional space there is no top component. Thus we
have to use the same strategy as in the bosonic case, i.e. Feynman diagrams.

Let us, for instance, define the quantum theory for a free real-valued fer-
mion, i.e., one described by the Lagrangian £ = %z/)z,b According to the yoga
we used in the bosonic case, the two-point function of this theory ((¢;)¥(t,))
should be the function G(t; — t,), where G is the solution of the differential

equation

dG

— =io(t

a0 ()
(the factor i comes from the exponent in the Feynman integral; note that in the
fermionic case it does not go away under Wick rotation, since the Lagrangian

density £dt is invariant under reparametrizations of ¢, including t ~ it).
The general solution of this equation has the form

G(t) = %sign(t) +cC.

Because of the fermionic nature of the field 1(t), it is natural to impose the
requirement that G(—t) = —G(¢), i.e., that the correlation functions are an-
tisymmetric; this singles out the solution G(t) = % sign(t) (we also see from
this condition that we should set G(0) = 0). As usual, the 2n-point correlation
functions are defined by the Wick formula. That is, for distinct ¢ s

WPty ... P(60)) = (=1)°2n — DI ()",

where o is the permutation that orders ¢; in the decreasing order. If at least two
points coincide, the correlation function is zero.

Thus we see that the correlation functions are invariant under Diff, (R). In
other words, we have a topological quantum field theory.

Note that the correlation functions in the Euclidean setting for this model
are the same as in the Minkowski setting, since they are (piecewise) constant
in t;. In particular, they do not decay at infinity, and hence our theory does not
have the clustering property.

We have considered the theory of a massless fermionic field. Consider now
the massive case. This means, we want to add to the Lagrangian a quadratic
term in 1 which does not contain derivatives. If we have only one field 7, the
only choice for such term is 1?2, which is zero. So in the massive case we must
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have at least two fields. Let us therefore consider the theory of two fermionic
fields ¥, ¢, with (Euclidean) Lagrangian

L= %(lpﬂbl + Po1,) — my s,

where m > 0 is a mass parameter. Using integration by parts, this can also be
written in terms of a complex-valued fermion ¢ = ¥, + ip),,

£ = 3@+ imyTy)

where ¢' := 9; — i1),. The Green’s function for this model satisfies the differ-

ential equation

dG .
E — MG = l5(t),

where M = (_0 r(;z) and G is a 2-by-2 matrix-valued function. The general
solution of this equation is
eMtQ_, t <0,
GO =14
e"tQ,, t>0,

where Q, — Q_ = i. Now, we want the Wick rotated Green’s function G(—it)
to have the clustering property. Thus we want
lim e~™!Q, =0, lim e"™M!Q_ =0.
t—>+o t—>—o0
This implies that Q, = iP,, Q_ = —iP_, where P, are the orthogonal projectors
to the eigenspaces of iM with eigenvalues +m (and G(0) = 0).

Remark 9.3. It is easy to generalize this analysis to the situation when ) takes
values in a positive-definite inner product space V,and M : V — V is a skew-
symmetric operator, since such a theory is a direct product of several theories
of the above two types (massless and massive).

In the case when M is nondegenerate (the fully massive case), one can de-
fine the corresponding theory with interactions, i.e. with higher than quadratic
terms in ¢. Namely, one defines the correlators as sums of amplitudes of appro-
priate Feynman diagrams. We leave it to the reader to work out this definition,
by analogy with the finite-dimensional case, which we have discussed above.

9.3. Super Hilbert spaces

The space of states of a quantum system is a Hilbert space. As we plan to
do Hamiltonian quantum mechanics for fermions, we must define a super-
analogue of this notion.

Suppose H = H @ H; is a Z/2-graded complex vector space.
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Definition 9.4.

(1) A Hermitian form on  is an even sesquilinear form (, ), such that

(x,y)={(y,x)foreven x,y,and (x,y) = —(y, x ) for odd x, y.

(2) A Hermitian form is positive definite if ( x, x ) > 0 for even x # 0, and
—i{x,x) > 0 for odd x # 0. A super Hilbert space is a superspace with a
positive definite Hermitian form (, ), which is complete in the corresponding
norm.

(3) Let H,H' be super Hilbert spaces, and let T : H — ' be a homoge-
neous (i.e., either purely odd or purely even) linear operator. The Hermitian
adjoint operator T : (' — J{ is defined by the equation

(x,TTy) = (=1)PCPI(Tx, y),
where p denotes the parity.2!

9.4. The Hamiltonian setting for fermionic quantum mechanics

Let us now discuss what should be the Hamiltonian picture for the theory of
a free fermion. Let V be a finite-dimensional real vector space with a positive
definite inner product (,) which we identify with V* using (,), and consider
the Lagrangian

£ = 5.9 - B Mp))

wherey : R - IIV,and M : V — V is a skew-symmetric operator.

To understand what the Hamiltonian picture should be, let us compare
with the bosonic case. Namely, consider the Lagrangian

1

Ly = E(qz - wzqz)s

where q : R — V. In this case, the classical space of states is
Y:=T'V=VeV'zVeV.
The equations of motion are Newton’s equations
i =—w’q,
which can be reduced to Hamilton’s equations
4=p, p=-wq.

The algebra of classical observables is C*(Y), with Poisson bracket defined by

{a,b} = 7m(a,b), a,b € Y*, where 7 is the form on Y* inverse to the natural
symplectic form on Y (the Poisson bivector). The Hamiltonian H is determined

ZNote that if T, : H' — H",T, : H — H' are two homogeneous operators, then (I, ;)" =
(_1)P(T1)P(T2)T; TlT-
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(up to adding a constant) by the condition that the equations of motion are
f ={f,H}; in this case it is H = %(p2 + ?q?).

The situation in the fermionic case is analogous, with some important dif-
ferences which we will explain below. Namely, it is easy to compute that the
equation of motion (i.e., the Euler-Lagrange equation) is

P = M.

The main difference with the bosonic case is that this equation is of first and
not of second order, so the space of classical states is just IIV (no momentum or
velocity variables are introduced). Hence, the algebra of classical observables
is C®(ITV) = AV* = AV. To define a Poisson bracket on this algebra, recall
that ITV has a natural “symplectic structure”, defined by the symmetric form
(,) on V. Thus we can define a Poisson bracket on AV by the same formula
as above: {a,b} = (a,b) when a,b € V. More precisely, {, } is a unique skew-
symmetric (in the supersense) bilinear operation on AV which restricts to (a, b)
for a,b € V, and it is a derivation with respect to each variable:

{a, bc} = {a, b}c + (=1)P@PB)p{q, c},

where p(a) denotes the parity of a.

Now it is easy to see what should play the role of the Hamiltonian. More
precisely, the definition with Legendre transform is not valid in our situation,
since the Legendre transform was done with respect to the velocity variables,
which we do not have in the fermionic case. On the other hand, as we discussed
in Chapter [, in the bosonic case the equation of motion

f=1{f.Hj}

determines H uniquely, up to a constant. The situation is the same in the
fermionic case. Namely, by looking at the equation of motion 3 = M3, it is
easy to see that the Hamiltonian equals

1
H= §(¢, Myp).
In particular, if M = 0, then the Hamiltonian is zero (a characteristic property
of topological field theories).

Now let us turn to quantum theory. In the bosonic case the algebra of quan-
tum observables is a noncommutative deformation of the algebra C*(Y) in
which the relation {a, b} = (a, b) is replaced with its quantum analogue

ab —ba =i(a,b)

(up to the Planck constant factor, which here we will set to 1). In particular,
the subalgebra of polynomial observables is the Weyl algebra W(Y), generated
by Y* with this defining relation. By analogy with this, we should define the

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



160 9. Quantum mechanics for fermions

algebra of quantum observables in the fermionic case to be generated by V with
the relation

ab + ba = i(a, b)
(it deforms the relation ab + ba = 0 which defines AV). So we recall the fol-
lowing definition.

Definition 9.5. Let V be a vector space over a field k with a symmetric bilinear
form Q. The Clifford algebra C1(V, Q) is generated by V with defining relations
ab + ba = Q(a,b),a,b e V.

We see that the algebra of quantum observables should be CI1(V, i(, )). Note
that as in the classical case, this algebra is naturally Z/2 graded, so that we have
even and odd quantum observables.

Now let us see what should be the Hilbert space of quantum states. In the
bosonic case it was I?(V), which is, by the well-known Stone-von Neumann
theorem, the unique irreducible unitary representation of W(Y’). By analogy,
in the fermionic case the Hilbert space of states should be an irreducible unitary
representation of C1(V;) on a supervector space J(.

For simplicity, let us restrict ourselves to the case when dim V' = 2r is even.
In this case, it is well known that the algebra C1(V.) is simple (i.e., isomorphic
to a matrix algebra) and has a unique irreducible representation #, of dimen-
sion 2". This representation is constructed as follows: Choose a decomposition
Ve =V, @®V_,where V., V_ are Lagrangian subspaces under (, ) (naturally dual
to each other). Then H = AV,, where V, C V = V acts by multiplication
and V_ by differentiation multiplied by i. The structure of the superspace on
H is the standard one on the exterior algebra.

It is easy to show that the space J( carries a unique up-to-scaling Hermitian
form, such that V' C V4 acts by self-adjoint operators. This form is positive
definite. So the situation is similar to the bosonic case.22

Let us now see which operator on J should play the role of the Hamilton-
ian of the system. The most natural choice is to define the quantum Hamilton-
ian to be the obvious quantization of the classical Hamiltonian H = %(z,b, My).
Namely, if ¢; is an orthonormal basis of V' (so 2&:12 = 1, gje, = —ekg;) and (ay;)
is the (skew-symmetric) matrix of M in this basis, then one sets

~ 1
0 =32, akjeie) = 2 Gkjés,
k,j k<j

22For example, let dim V = 2 with basis vectors u, v of V such that (u, u) = (v,v) = 2, (u,v) = 0. Then
V¢ has a basis £ = %(u —iv),n = %(u + iv) such that (§,&) = (n,n) = 0and (§,7) = 1, sou = £ + nand
v = i(£—n). The space J has a basis 1, £ (with 1 even and £ odd), and ¢ acts by multiplication (where £2 = 0)
while 7 acts by id;. The inner product on J is defined by (1,1) = 1, (£, §) = i, so it is positive definite. The
action of u,vis givenby u — & + i@g, v i€+ 6§, so that u? = v? = i, as required by the relations of the
Clifford algebra. Note that (§, §) = (1,i0¢§), so &= i0¢. Thus V indeed acts on J¢ by self-adjoint operators.
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9.4. The Hamiltonian setting for fermionic quantum mechanics 161

where ¢; are now viewed as elements of the Clifford algebra (or, more precisely,
as the corresponding self-adjoint operators on J(). Note that this operator is
self-adjoint since p(g;) = 1, so (sjsk)% = —Ei&; = —gkej = gjgy for j # k. To
compute this operator more explicitly, we will assume (without loss of gener-
ality) that the decomposition of V¢ that we chose is stable under M. Let ; be
an eigenbasis of M in V, with eigenvalues im; where m; > 0, and let d; be

differentiations along the vectors of this basis. Then
~ 1 1
H= 25 mi(§0;—9;§)=2m (5151 - 5) :
J J

This shows that the partition function on the circle of length L for our the-
ory is

m;L iML
2

(9.1) Z = sTr(e 1) = H(e_ — e_mTjL) = \/det(e_iMTL —e2).

J

Also, similar to the bosonic case (see Section and Example [7.27), we
may consider the same theory twisted by an orthogonal automorphism g :
V — V which commutes with M. In this case we have

iML

iy iML
Zy = sTr(ge ) = \/det(e_T —ge ).
Note that this can be nonzero even in the massless case M = 0 (namely, if g has
no eigenvalue 1).

Now we would like to consider the fermionic analogue of the Feynman-
Kac formula. For simplicity, consider the fully massive case, when dim V' is
even and m; # 0 (i.e., M is nondegenerate). In this case, we have a unique

up-to-scaling lowest eigenvector of H, namely Q = 1.

Let 1(0) € V ® End(H) be the element corresponding to the action map
V* — End(%) (the Clifford multiplication), and let (¢) = eiHyp(0)e~*H . Also,
denote by ((t;)...9(t,)), t; > ... > t,, the correlation function for the free

theory in the Lagrangian setting, taking values in V®" (so in this expression
¥(t;) is a formal symbol and not an operator).

Theorem 9.6 (Feynman-Kac formula).
(1) For the free theory on the line we have
(1) ... P(t)) = (Q, P(t1) ... P(£,)Q2).
(2) For the free theory on the circle of length L we have
STr(1) .. Ylta)e ™)

sTr(e-LH)

W(tr) ... d(tn)) =
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162 9. Quantum mechanics for fermions

Exercise 9.7. Prove this theorem. (The proof is analogous to Theorem in
the free case).

It should now be straightforward for the reader to formulate and prove the
Feynman-Kac formula for an interacting (i.e., not necessarily free) quantum-
mechanical model which includes both bosonic and fermionic massive fields.
We leave this as an instructive exercise.

Exercise 9.8.

(i) Consider quantum mechanics with Yukawa coupling. That is, we have
ascalar boson ¢(t) and two fermions 1,(t), ,(t), and the Euclidean Lagrangian
is

1. . . .

L= §(¢2 + P + by + Prths) — uP1P, + ghh1 s,
Compute the 2-point function (¢(#)¢(0)) modulo g* (in the Euclidean setting).
Hint. The correction to the free theory answer is given by one Feynman dia-

gram. Remember about automorphism groups and the minus sign correspond-
ing to fermionic loops.

(ii) In the same theory, compute the 2-point function (1 (¢)%;(0)) modulo
g% (in the Euclidean setting). Does the corresponding diagram have nontrivial
automorphisms?
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Chapter 10

Field theories
in higher dimensions

10.1. Minkowski and Euclidean space

Now we pass from quantum mechanics to quantum field theory in dimensions
d > 1. As we have already mentioned, we have two main settings.

1. Minkowski space. In the Minkowski setting fields are functions on a
spacetime V = V,, which is a real-inner product space of signature (1,d — 1).
This is where physical processes actually “take place”.

Recall some standard facts and definitions. The light cone in V is the cone
described by the equation |v|?> = 0, where |[v|?> := (v,V). Vectors belonging
to the light cone are called lightlike. The light cone divides the space V into
spacelike vectors |v|* < 0 (outside the cone), and timelike vectors |v|* > 0 (inside
the cone). We will choose one of the two components of the interior of the cone
and call it positive; it will be denoted by V/, . The opposite (negative) component
is denoted by V_.

The symmetry group of V is the pseudo-orthogonal group O(V) =
O(1,d — 1). Often (e.g., when doing Hamiltonian field theory) it is necessary
to split V' in an orthogonal direct sum V' = R @ V; of space and time. In this
decomposition, the space V; is required to be spacelike (i.e., negative definite),
which implies that the time axis R has to be timelike (positive definite). Note
that such a splitting is not unique, and that fixing it breaks the symmetry group
O(1,d — 1) down to O(d — 1) X Z/2, where Z/2 is generated by the time reversal
symmetry T sending (¢,x) € R? to (—t, x).

163
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164 10. Field theories in higher dimensions

To do explicit calculations, one further chooses Cartesian coordinates®
x!,...,x%1 on V; and t on the time axis R, so that v = (¢,x!,...,x¢1). In

these coordinates the inner product takes the form
d-1
VP = 22— 3 (),
j=1

where c is the speed of light. This explains the origin of the term “light cone”—
it consists of worldlines of free photons (particles of light) traveling in space in
some direction at speed c. To simplify notation, we will choose units of mea-
surement so that c = 1.

The component group of O(1,d — 1) is Z/2X Z/2, whose generators are rep-
resented by the time reversal symmetry T and the parity symmetry P, sending
(t,x', x2,..., x4 ) e R4 to (¢, —x1, x%,..., x4~ 1). The subgroup SO(1,d — 1) of
orientation-preserving orthogonal transformations is called the Lorentz group;
it is the group of transformations of spacetime in special relativity. Therefore,
field theories in Minkowski space, which are in an appropriate sense “compati-
ble” with the action of SO(1,d — 1), are called relativistic. Note that the Lorentz
group has two connected components—its component group Z/2 is generated
by PT and its identity component is SO, (1,d —1) € SO(1,d — 1), the subgroup
of elements that preserve each of the two components V.. of the light cone.

2. Euclidean space. Fields are functions on a spacetime Vg, which is
a positive-definite inner-product space. It plays an auxiliary role and has no
direct physical meaning, although path integrals computed in this space are
similar to expectation values in statistical mechanics. In this case the symmetry
group is O(d) and its identity component is SO (d), the Euclidean version of the
Lorentz group.

The two settings are related by the “Wick rotation”. Namely, the Euclidean
space Vg corresponding to the Minkowski space Vj, is the real subspace in
(Var)c consisting of vectors (it, x%, ..., x9-1), where t and xJ are real. In other
words, to pass to the Euclidean space, one needs to make a change of variable
t — it. Note that under this change, the standard metric on the Minkowski
space, dt*> — 3 j(dxj )? goes into a negative definite metric —dt? — . j(dxj )2.
However, the minus sign is traditionally dropped, and one considers instead
the positive metric dt? + )] j(dxj )2 on V.

23In accordance with traditional notation in field theory, for coordinates on spacetime we will use upper
indices.
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10.2. Free scalar boson

Consider the theory of a free real-valued scalar bosonic field ¢ of mass m.22 The
procedure of quantization of this theory in the Lagrangian setting is a straight-
forward generalization from the case of quantum mechanics. Namely, the La-
grangian for this theory in Minkowski space is

£ = (V4P - m),

where V¢ is the gradient of ¢, and the Euler-Lagrange equation is the Klein-
Gordon equation

O+ m*)¢ =0,

where [] is the d’Alembertian (wave operator),
5 o
O:=(35) - Z(m)z-
j=1

Thus to define the corresponding quantum theory, we should invert the oper-
ator [] + m?. This operator is essentially self-adjoint on compactly supported
smooth functions and thus defines a self-adjoint operator, but as in the quan-
tum mechanics case, it is not invertible—its spectrum is the whole R, as can be
easily seen by taking the Fourier transform. So as before, it is best to proceed
using the Wick rotation.

After the Wick rotation (i.e., the transformation ¢ — it), we arrive at the
Euclidean Lagrangian

1
Cp = 5912 +m?¢?),
and the Euler-Lagrange equation is the Poisson equation
(—A+m?)¢p=0

(the Euclidean counterpart of the Klein-Gordon equation). So to define the
quantum theory, i.e., the path integral

f $0x1) ... $(e)e=SODg,

where S = 4 £dx, we now need to invert the self-adjoint operator A =
—A + m? (initially defined as an essentially self-adjoint operator on smooth
compactly supported functions), whose spectrum is [m?, c0), so it is invertible
when m > 0. (Here we set # = 1, which in a free quantum theory can always be
achieved by renormalizing the fields.) The operator A~ is an integral operator

24Here the word “scalar” means not that the field takes values in scalars, but rather that it transforms
under changes of coordinates as a function and not a more complicated tensor field. In particular, a scalar
field can be complex valued, or more generally valued in a Euclidean space of any dimension.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.
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whose Schwartz kernel is G(x — y), where G(x) is the Green’s function, i.e., the
fundamental solution of the Poisson equation:

—AG +m?G = 6.

To solve this equation, note that the solution is rotationally invariant.
Therefore, outside of the origin,

G(x) = g(|x)),
where g is a function on (0, co0) such that
-1
-g" - dTg’ +m?’g=0
(where the left-hand side is the radial part of the operator A). This is a version of

2—d
the Bessel equation. If m > 0, the two basic solutions are r "z J_>-a (imr), where

J is the Bessel function. (Actually, these functions are elementélry for odd d.)
Since we want G to decay at infinity (clustering property), we should pick the
unique up-to-scaling linear combination which decays at infinity, namely,

(10.1) g(r) = Cr¥(lﬁ (imr) + i o-a(imr)), d # 2.

For d = 2, this expression is zero, and one should instead take the limit of the
right-hand side divided by d — 2 as d — 2. The normalizing constant can be
found from the condition that AG = &.

Remark 10.1. Itiseasy to check that for d = 1 this function equals the familiar

—mr

. . e
Green’s function for quantum mechanics, ——.

If m = 0(the massless case), the basis of solutionsis{1, 7} ford = 1,{1,logr}
for d = 2, and {1,r*7¢} for d > 2. Thus, if d < 2, we do not have a decaying
solution, and thus the corresponding quantum theory will be deficient: it will
not satisfy the clustering property.2d On the other hand, for d > 2 we have a
unique up-to-scaling decaying solution g = Cr?>~¢. The normalizing constant
is found as in the massive case.

Exercise 10.2. Compute g(r) completely (including normalization) for all d >
2and m > 0.

The higher correlation functions are found from the 2-point function via
the Wick formula, as usual.

We should now note a fundamental difference between quantum mechan-
ics and quantum field theory in d > 1 dimensions. This difference comes from
the fact that while for d = 1, the Green’s function G(x) is continuous at x = 0,
for d > 1 it is singular at x = 0. Namely, G(x) behaves like |x|>~¢ as x — 0 for

25Nevertheless, for d = 2 such theories are very important; see Chapter [[2.
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d > 2, and as log |x| for d = 2. Thus for d > 1, unlike the case d = 1, the path
integral

f $01) ... p0n)e 5D D

(as defined above) makes sense only if x; # x;. In other words, this path inte-
gral should be regarded not as a function but rather as a distribution. Luckily,
there is a canonical way to do it, since the Green’s function G(x) is locally L.

Now we can Wick-rotate this theory back into the Minkowski space. It is
clear that the Green’s function will then turn into

G (x) = glilx]), where |x] = V/(x.x) =

which involves Bessel functions of both real and imaginary argument (depend-
ing on whether x is timelike or spacelike) and has a singularity on the light cone
|x|> = 0. In particular, it is easy to check that Gp;(x) is real-valued for spacelike
x, while for timelike x it is not. The function G,(x) satisfies the equation

O+ m?»G,y = i6.

The higher correlation functions, as before, are determined from this by the
Wick formula.

Actually, it is more convenient to describe this theory “in momentum
space”, where the Green’s function can be written more explicitly. Namely, the
Fourier transform G(p) of the distribution G(x) is a solution of the equation

p*G + m?*G =1,

obtained by Fourier transforming the differential equation for G. Thus,
A~ 1
G(p) =

p? + m?’
as in the quantum mechanics case. Therefore, as in quantum mechanics, the
Wick rotation produces the distribution

~ i
Gu(p) = P_mitie
which is the Fourier transform of Gz(x).

10.3. Spinors

To consider field theory for fermions, we must generalize to the case of d >
1 the basic fermionic Lagrangian %z,b%. To do this, we must replace % by
some differential operator on V. This operator should be of first order, since in
fermionic quantum mechanics it was important that the equations of motion
are first-order equations. Also the action should be relativistically invariant,
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i.e., stable under the Poincaré group P := SO, (V) X V. Clearly, it is impossible
to define such an operator if 9 is a scalar-valued (odd) function on V. Thus, a
fermionic field in field theory of dimension d > 1 cannot be scalar valued, but
rather must take values in a real representation S of SO (V), such that there
exists a nonzero intertwining operator V. — Sym2 S*. The simplest represen-
tations for which this property is satisfied are the spin representations (except
that they aren’t quite representations of SO (V') but rather are representations
of its double cover). They are indeed basic in fermionic field theory, and we will
now briefly discuss them (for more detail see “Notes on spinors” by P. Deligne,
in [QFS, vol. 1, p. 99]).

First consider the complex case. Let V be a complex inner-product space of
dimension d > 1. Let C1(V) be the Clifford algebra of V', defined by the relation
E&n+n& =2(&,n), E,n € V. As we discussed, for even d it is simple and has a

d
unique irreducible representation S of dimension 22, while for odd d it has two

such representations S’, S” of dimension 2% Itis easy to show that the space
Cl,(V) of quadratic elements of C1(V) (i.e., the subspace spanned by elements
of the form &n — né, &€, € V) is closed under bracket and constitutes the Lie
algebra o(V). Thus o(V) acts on S (respectively, S’, S”). This action does not
integrate to an action of SO(V), but integrates to an action of its double cover
Spin (V).

If d is even, the representation S of Spin (V') is not irreducible (even though
it is irreducible over CI1(V)). Namely, recall that S is the exterior algebra of a
Lagrangian subspace of V. Thus it splits in a direct sum S = S, & S_ (odd and
even elements). The subspaces S, S_ are subrepresentations of S, which are
irreducible. They are called the half-spin representations. The half-spin repre-
sentations are interchanged by the adjoint action of O(V') on Spin(V) (SO(V)
clearly acts trivially, so this is, in fact, an action of O(V)/ SO(V) = Z/2 on the
set of irreducible representations of SO(V)). Note that in contrast, for odd d
we have O(V) = SO(V) X Z/2, so the Z/2 acts on representations of Spin(V)
trivially.

If d is odd, the representations S’ and S” of Spin (V) are irreducible and iso-
morphic. Any of them will be denoted by S and called the spin representation.
Thus, we have the spin representation S for both odd and even d, but for even
d it is reducible.

An important structure attached to the spin representation S is the inter-
twining operator I' : V — End S called Clifford multiplication, given by the
action of V' C CI(V) in S, which we already encountered above. This inter-
twiner allows us to define the Dirac operator

B
— 1
(10.2) D= Ei;r Pt
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where x! are coordinates on V associated to an orthonormal basis e;, and T =
I'(e;). This operator acts on functions from V to S, and D> = —A,soDisa
square root of minus the Laplacian. The matrices I are called I'-matrices.

Note that for even d, one has I'(v) : S, — S, so D acts from functions
with values in S.. to functions with values in S.

By a polyspin representation of Spin (V) we will mean any linear combina-
tion of S, S_ for even d, and any multiple of S for odd d. For even d and a
polyspin representation

Y=Y, S5, ®Y.QS_
(ie., Y. = Hom(S,,Y)), where Y, , Y_ are vector spaces, set
Y=Y, ®S_.®Y. ®S,,

while for odd d and
Y=Y,®S,

where Y, is a vector space, weset Y’ := Y; thus Y — Y’ isan endofunctor on the
category of polyspin representations. Then for every polyspin representation
Y and v € V, we have the Clifford multiplication operator I'(v) : Y — Y'.

Now assume that V is a real inner-product space with Minkowski metric.
In this case we can define the group Spin (V) to be the preimage of SO, (V)
under the map Spin(V;) — SO(V¢). It is a double cover of SO, (V) (ifd = 2,
this double cover is disconnected and actually a direct product by Z/2).

By a real polyspin representation of Spin _ (V) we will mean a real represen-
tation Y of this group such that Y is a polyspin representation of Spin (V).

Remark 10.3. Recall that in quantum mechanics of an electron in the hydro-
gen atom, the rotational symmetry of R* induces an action of the Lie algebra
0(3) on the space of states /. Thus J falls into a direct sum of irreducible rep-
resentations V, of 0(3) with highest weight £ = 0,1, 2,... (of dimension ¢ + 1).
In physics language V,, is called the representation of spin (i.e., angular momen-

tum) . Namely, the generator M, of the subalgebra 0(2) C 0(3) correspondlng

-1
to rotation around the z-axis which acts in V, with elgenvalues 3 e —5

is the angular momentum operator (for the z-axis), and if ) € J is a state
with M,y = myp, m € %Z, then one says that 1 has spin m. So the spin of an
irreducible o(3)-subrepresentation V' C X is the largest spin of a state p € V'
(i.e., the largest eigenvalue of M, on V). Note that representations V, of half-
integer spin (i.e., ¢ € 1 4+ 2Z,,) do not integrate to the group SO(3)—only to

its universal (double) cover SO(3) = Spin(3) = SU(2).
By analogy, there is also a notion of spin of a field in field theory. Namely,

in Euclidean classical or quantum field theory in R¢, types of fields correspond
to irreducible finite-dimensional unitary representations R of the compact Lie
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algebra o(d) = Lie SO(d) (or, equivalently, unitary representations of the uni-
versal cover m of the compact Lie group SO(d)). For example, one can
have tensor fields corresponding to representations of SO(d), or spinor fields
corresponding to the spin representations S or S,. In general, to any R one can
attach a real number s(R) called the spin of R. Namely, consider the embedding
p : SO(2) & SO(d) using the first two coordinates, let p, be the correspond-
(i) :)l> € o(d). Then
S(R) is the largest eigenvalue of M on R. In dimensions d > 3, the universal
cover of SO(d) is its double cover Spin(d), which means that spins of all fields
belong to %Zzo- For example, for a scalar the spin is 0, for a spinor it is %, for
a vector it is 1, for a metric it is 2, for a j-form it is j, etc. On the other hand,
the universal cover of SO(2) is not Spin(2), but rather R. This creates in two
dimensions a possibility of fields whose spin is any nonnegative real number.
Such fields are called anyons (fields of any spin), and we will see how they ap-
pear in 2-dimensional conformal field theory in Section [2.9.

ing map of complexified Lie algebras, and let M = p, <

10.4. Fermionic Lagrangians

Now let us consider Lagrangians for a spinor field, i.e., afieldp : R¢ - Y
with values in a polyspin representation Y. Note that in even dimensions such
fields are split into fields valued in S, and S_, respectively. Such spinors are
called chiral, or Weyl spinors. A Dirac spinor is a combination of a chiral and
anti-chiral Weyl spinor (i.e., Y =S, @ S_).

As the Lagrangian is supposed to be real in the Minkowski setting, we will
require in that case that Y be real: Y = Yz ®p C. Thus Yy is a direct sum of
irreducible real representations of Spin(1,d — 1). If such a representation W
remains irreducible after tensoring with C (i.e., Endy W = R), one says that the
corresponding component of ¥ is a Majorana spinor. If d is even, then in this
case W is chiral (S, or S_), so we say that 1 is a Majorana-Weyl spinor. Also,
if W is a sum of two copies of an irreducible representation (so Endg W = H),
then 1 is said to be a symplectic Majorana spinor. If d is even, then in this
case W is chiral (25, or 2S_), so we say that ¥ is a symplectic Majorana-Weyl
spinor. The table in [QFS, p. 129] shows that Majorana spinors exist in dimen-
sions d = 1,2,3 modulo 8, so Majorana-Weyl spinors for d = 2 mod 8, and
symplectic Majorana spinors exist in dimensions d = 5, 6, 7 modulo 8, so sym-
plectic Majorana-Weyl spinors in dimensions d = 6 modulo 8. There are no
Majorana spinors in dimensions d = 0,4 modulo 8 (as Endg(W) = C).

Now let us see what we need in order to write the “kinetic term” (3, D).
Clearly, to define such a term (so that the corresponding term in the action
does not reduce to zero via integration by parts), we need an invariant nonde-
generate pairing (, ) between Y and Y’ (i.e., an isomorphism of representations
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Y’ = Y*) such that for any v € V, the bilinear form (x, T'(v)y) on Y is symmet-
ric.

Let us find for which Y this is possible. The behavior of Spin groups de-
pends on d modulo 8 (real Bott periodicity). Thus we will list the answers label-
ing them by d mod 8 (they are easily extracted from the tables given in Deligne’s
text in [QFS, vol. 1, p. 99]). First we summarize properties of spin representa-
tions.

S, orthogonal.

S orthogonal, S ® S — V symmetric.

Sh =5S_,5. ®S,. — V symmetric.

S symplectic, S ® S — V symmetric.

S, symplectic.

S symplectic, S ® S — V antisymmetric.
S, =858, ®S, — Vantisymmetric.

A G I N i o

S orthogonal, S ® S — V antisymmetric.
Thus the possibilities for the kinetic term are as follows:

0. Y =n(S, & S_);(,) gives a perfect pairing between Y, and Y_.

1. Y = nS; (,) gives a symmetric inner product on Yj,.

Y =nS, @ kS_; (,) gives symmetric inner products on Y.

Y = nS; (,) gives a symmetric inner product on Yy,

Y =n(S, & S_); (,) gives a perfect pairing between Y, and Y_.

Y = 2nS; (,) gives a skew-symmetric inner product on Yy,

Y =2nS, @ 2kS_; (,) gives skew-symmetric inner products on Y;.

N oy ok~ W

Y = 2nS; (,) gives a skew-symmetric inner product on Y.

Let us now find when we can also add a mass term. Recall that the mass
term has the form (¢, M%), so it corresponds to an invariant real skew-symme-
tric operator M : Y — Y* = Y’ (note that by definition, I'" commute with M).
Let us list those Y from the above list for which such a nondegenerate operator
exists.

0. Y=2n(S,; &S_); M, : Y, - Y. are skew-symmetric under (, ).

1. Y=2nS;M : Y, — Y, is skew-symmetric under (, ).

2.Y=n(S; ®S_); M, : Y, =Y, satisfy M} = —M_ under (,).

3. Y=nS;M : Y, - Y, is symmetric under (, ).

4. Y=n(S; ®S_); M, : Y, - Y, are symmetric under (, ).

5. Y =2nS;M : Yy — Y, is symmetric under (, ).
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6. Y=2n(S, &S_); M, : Y, @Y, satisfy M} = —M_ under (,).
7. Y =2nS; M : Yy — Y, is skew-symmetric under (, ).

We note that upon Wick rotation from Minkowski to Euclidean space, it
may turn out that a real spin representation Y will turn into a complex re-
presentation which has no real structure. Namely, this happens for massless
spinors that take valuesin S, if d = 2 mod 8. These representations have a real
structure for Minkowskian V (i.e., for Spin_ (1, d — 1)), but no real structure for
Euclidean V (i.e., for Spin(d)). This is quite obvious, for example, when d = 2
(check it!).

Remark 10.4. One may think that this causes a problem in the path integral
approach to quantum field theory, where we would be unsure whether to in-
tegrate over real or complex odd space. However, this problem does not actu-
ally arise, since odd integration is purely algebraic and does not distinguish be-
tween real and complex spaces. This shows that in the presence of such fields to
correctly count fermionic degrees of freedom, one should do it in Minkowskian
signature.

10.5. Free fermions

Let us now consider a free theory for a spinor field 3 : V — I1Y, where V =~ R¢
is the Minkowski space and Y is a real polyspin representation, defined by a
Lagrangian

£ = 2(4,(D - M)y),

where M is allowed to be degenerate (we assume that Y is such that this ex-
pression makes sense). The equation of motion is

Dy = My.

Thus, to define the corresponding quantum theory, we need to invert the op-
erator D — M. As usual, this cannot be done because of a singularity, and it is
best to use the Wick rotation.

The Wick rotation produces the Euclidean Lagrangian

£ = 3, (Dg + M)

(note that the i in the kinetic term is hidden in the definition of the Euclidean
Dirac operator). We invert D + M to obtain the Euclidean Green’s func-
tion. To do this, it is convenient to go to momentum space, i.e., perform a
Fourier transform. Namely, after Fourier transform Dg turns into the opera-
tor ip, where p = ), i p;I'/ and p; are the operators of multiplication by the
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momentum coordinates p;. Thus, the Green’s function (i.e., the 2-point func-
tion) G(x) € Hom(Y*, Y) is the inverse Fourier transform of the matrix-valued

. 1
function DAL

In the Euclidean case the group Spin(V) is compact and the spin repre-
sentations carry natural positive invariant Hermitian forms. So in this case
without loss of generality we may consider polyspin representations equipped
with such positive forms, and on every polyspin representation such a form is
unique up to isomorphism. Let

M Y >5Y

be the Hermitian adjoint operator to M. Then the reality condition is that M is
Hermitian: M" = M. Thus

(—ip + M)(ip + M) = p? + M?
with M? > 0, so that
G(p) = (p* + M)~ (~ip + M).

This shows that G(x) is expressed through the Green’s function in the bosonic
case by differentiations (Exercise: how?). After Wick rotation back to the Min-
kowski space, we get

Gu(p) = (p* — M? +ie)"\(p + iM).

Finally, the higher correlation functions, as usual, are found from the Wick
formula.

10.6. Hamiltonian formalism of classical field theory

Let us now develop the Hamiltonian approach to QFT, extending the Hamil-
tonian formalism of quantum mechanics. We start with classical field theory,
extending the Hamiltonian formalism of classical mechanics. As in the La-
grangian setting, this can be done by formalizing the idea that field theory is
mechanics of a continuum of particles occupying each point of the space R4,

Namely, consider a free scalar bosonic field ¢(x) on a Minkowski space R<.
As we have discussed, its Lagrangian is £ = %(|V¢|2 — m?¢?) and the equation
of motion is the Klein-Gordon equation

bir — Asp + m*¢p =0,

where A is the spatial Laplacian. This is a second-order equation with respect
to t, so the initial value problem for this equation has the form

$(0,x) = q(x), $:(0,%) = q.(x)
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(there is a standard explicit formula for the solution of this problem, express-
ing it via the fundamental solution of the Klein-Gordon equation). Thus it is
natural to introduce the phase space

Y= TCPRY) = CPRT) & CE R

of pairs (g, q,.) of smooth functions with compact support, on which the dynam-
ics of the Klein-Gordon equation takes place (note that the space C&(R9~1) is
invariant under this dynamics since the speed of wave propagation is finite,
namely equals 1). Note that the phase space is an infinite-dimensional sym-
plectic space with constant symplectic form

(@1, dun). (@2. 402)) = f (@980 — e ()@ ())dx.
Rd—l

Also for any pointx € R2-1 we have the local linear functionals (distributions)

@.q.) ~ q), (q,q.) = q.(X)

which we will denote by ¢(x) and ¢,(x), respectively. From these functionals
we can make other linear functionals: for example, given p € Cg"(le_l), we
can define the functionals

$(P)(q.q.) = f

Rd-1

aWpOx, (P00 = [ a.p00dx

Rd-1
The Poisson bracket between such functionals can be computed by the formu-
las

801, $(02)} = 0, {$u(o1). u(p2)} = O,
(B(o0): d1(o2)} = f

Rd-

p1(X)p2(X)dx.

This can be written as a field-theoretic Poisson bracket:

(10.3) {¢(x), ()} = 0, {$:(x), ¢, (1)} = 0, {¢(x), $,(y)} = 6(x —y);

then the previous formulas can be recovered by integrating both sides against
P1(X)P2(Y)-

Similarly, one may consider nonlinear polynomial local functionals, given
by differential polynomials P(¢,¢,) evaluated at a point x, such as ¢", ¢?,
(Vsd)?, *(Vy)? (where V; is the spatial gradient), etc., and even nonpolyno-
mial ones depending on finitely many derivatives of ¢, such as e?(V,¢)?, cos ¢,
and so on. They are called local because they depend only on the derivatives
of ¢ at a single point x. Note that such local functionals are also allowed to
explicitly depend on x; e.g., f(X)¢(x), where f is a smooth function.
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Poisson brackets of local functionals are computed using the chain rule,
the Leibniz rule, and the fact that taking Poisson brackets commutes with dif-
ferentiation by x. So given two local functionals P and Q, we obtain

{P@)X), QD)) = D (P, Qla($)(X)3ZS(x — y)

[o4

for some local functionals {P, Q},, where 6% are monomials in the derivatives.
For example, for d = 2 with coordinates ¢, x we have

{$1)¢: (%), 36*(¥)}
— (PP + 20, ()¢ ()P())3(x — y) — $(X)P(x)28" (x — ).

This Poisson bracket can of course be extended to products of local functionals
at different points using the Leibniz rule.

The Hamiltonian of the theory is then given by integrating a local func-
tional against the constant density,

H(¢) = %f (% + (Vs¢)? + m?2¢?)dx.
Rd-1

Namely, it is determined (up to a constant) by the condition that the Hamilton
equation

Ft = {F’ H}
for local functionals ¢, ¢, is equivalent to the Klein-Gordon equation.

Thus, the Hamiltonian dynamics allows us to define the local function-
als not just at a point x € R?"! but actually at any point (t,x) € R<, so
that ¢(0,x) = ¢(x) and similarly for ¢,. When we do, by definition we get

¢:(t,x) = %qﬁ(t,x) and the local functional ¢(t, x) becomes a solution of the
Klein-Gordon equation,

bi — A + m*¢p = 0.
This can be used to compute the Poisson brackets: for example, we see that
(10.4) {$(t1.x1), P62, X2)} = Gty — 11, X5 — Xy),
where G(t, x) solves the Klein-Gordon equation with initial conditions
G(0,x) = 0, G4(0,x) = 6(x).

To find it, take the Fourier transform. Then we get a distribution G supported
on the two-sheeted hyperboloid X,,, given by the equation

E? = p? + m?,

of the form
G(E,p) = f,(p)3xz, + f-(P)dx:.,
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where X;. are the sheets of X,,. Moreover, the initial conditions give (up to
appropriate normalization)

f G(E,p)dE =0, / G(E,p)EdE =1,
R

R
which yields
f+@ + f2(p) = 0, Vp? + m2(fy(p) — f-(P)) = 1.
Thus f, = —f_ = ZW, and we have
A~ 1
G(E,p) = —————=(0x: — Ox:)-
(E,p) ZW( X3 — Oxz)

Now G can be found by taking the inverse Fourier transform (it expresses via
Bessel functions).

Note that since the speed of light is 1 and nothing can travel faster than
that, this distribution G is supported on the solid light cone |t| > |x|, so we have
{d(t1,%1), P(t5,X5)} = 0 if the points (¢;,x;) and (¢,, X,) are spacelike separated,
i.e., the vector (t; —t,,X; —X,) is spacelike. This property is called space locality,
a mathematical expression of causality in special relativity.

Now, differentiating (0.4) and applying the Leibniz rule, we can compute
the Poisson bracket of any two local functionals given by differential polynomi-
als in ¢. Moreover, since G satisfies the Klein-Gordon equation, this formula
descends to the quotient of the algebra of such differential polynomials by the
differential ideal given by the equation of motion.

Remark 10.5.

1. A part of this analysis extends straightforwardly to the case of nonfree
theories, for example the ¢*-theory, having the Lagrangian

_1 2_ 242\ _ 844
£ = S(IV4P — m2¢?) — 29,
In this case the Klein-Gordon equation is replaced by its nonlinear deformation

bir — A + m*P + g =0,

so there is a nontrivial issue of existence of solutions of the initial value problem
for this nonlinear PDE. However, this issue is irrelevant if we just want to con-
sider Poisson brackets of local functionals on R4~ or its formal neighborhood,
since then the computations are purely formal (algebraic).

2. Suppose the Lagrangian £(¢, ¢;) is not necessarily of the form

105) 580 = 381 + Lo®)
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but is a more general (convex) function of ¢,. In this case, as in classical me-
chanics, one passes from Lagrangian to Hamiltonian picture by Legendre trans-
form. In particular, ¢, is replaced by the momentum field ¢, := L4 , which is
dual to ¢, i.e.,

Of course, if £ is given by (10.5) then ¢, = ¢; as above.

Animportant fact is that this structure is invariant under the Poincaré group
P := SO, (V) X V generated by Minkowski rotations and translations, where
V = R4 is the spacetime (the semidirect product of the Lorentz group SO (V)
and the group of translations V).28 This follows from the fact that the action
of the theory is relativistically invariant. Namely, the action of P on the phase
space Y can be described as follows. For (q,q,) € Y, denote by ¢%%(¢t,x) the
solution of the Klein-Gordon equation with initial conditions

$2%(0,x) = q(x), 770, %) = q.(%).
Then for g € P given by
g(t,x) =(at+b-x+cat+px+7y), b,a,y e R, a,c,f €R,
we have
8(q,q.) = (4, 4.,
where
qx) = ¢%(b-x+c,fx +7),
4.(x) = @ap®U)(b - x + ¢, fx+ ) + ap{ (b - x + ¢, fx +7),
with d, being the spatial derivative along a.

In particular, note that the spatial Euclidean group SO (R4~1)x R4~1 acts by
manifest geometric symmetries, while time translations act by the Hamiltonian
flow.

Finally, note that this discussion extends in a straightforward way to theo-
ries including fermions. In this case, as in fermionic classical mechanics, we
get a field theoretic super-Poisson bracket on classical fields, which is symmet-
ric rather than skew symmetric if both fields are odd. Also, since odd fields
take values in polyspin representations, the Poincaré group should be replaced
by its double cover P := Spin, (V) X V.

For example, consider the theory of a free Dirac spinor ¢ on the Minkowski
space RY with values in the spin representation S of Spin +(1,d = 1), so the
Minkowskian Lagrangian is

1
L= z(z;bv D71b)

26This group depends on d, but for brevity we will not indicate this dependence in the notation.
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and the equation of motion is the Dirac equation Dy = 0. The space of so-
lutions of this equation may be identified with the space of initial conditions
(0, x), and the Hamiltonian is

H=-1 f (4. D,)dx,
2 Rd-1

where Dy is the spatial Dirac operator. We leave the details to the reader.

10.7. Classical gauge theory

Classical abelian gauge theory is a classical field theory which describes elec-
tromagnetic waves. Namely, recall that electromagnetism in the Minkowski
space R* is described by Maxwell’s equations. The unknowns in these equa-
tions are the electric field E and the magnetic field B which are vector fields on
the space R3 with coordinates x!, x2, x> depending on time ¢t = x°. In natural
units Maxwell’s equations in vacuum have the following form.

» The Gauss law for electric field: V - E = 0;

» The Gauss law for magnetic field: V - B = 0;
OB,
E,

« The Ampere-Maxwell law: VX B = 2_1;:.
It is convenient to rewrite these equations using differential forms on the

Minkowski space R*. To this end, using the standard volume element on R3,
we can view B as a differential 2-form Fg on R3 given by

» The Faraday law: V X E = —

Fg = Bydx* Adx? + B,dx3 A dx! + Bydx! A dx2.
Likewise, using the metric on R3, we can view E as a 1-form on R3 given by
wg = E;dx! + E,dx? + E;dx>.
Define the 2-form F on R* by
F := wg Adt + Fg.

Then

dF:dcuE/\dt+dFB:dscuE/\dt+%itB/\dt+dsFB,

where d; is the spatial differential. Then the second and third Maxwell equa-
tions can be written as

dF = 0.

To write the remaining equations in terms of F, consider the Hodge *-operator
on the space of exterior i-forms on V = R arising from the identification AlV
A4—iy* > A9-1Y using the Minkowski metric on V and the standard volume
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element. This operator is linear over functions, and for d = 4,i = 2 is defined
on the standard basis of 2-forms by

w(dxt A dt) = dxd A dxK, «(dx) A dx*) = —dx! A dt,
where (ijk) = (123) € S;; in particular, > = —1. Thus we get
*F = Fg — dt A wyg.
Hence the first and fourth Maxwell equations can be written as
d+«F =0.
This way of writing Maxwell’s equations makes it manifest that they are invari-

ant under the Poincaré group P := SO (V) X V.

In the presence of electric charges, Maxwell’s equations become inhomo-
geneous. Namely, the first equation (the Gauss law for the electric field) in
suitable units of measurement takes the form

V-E=p,

where p is the charge density, while the fourth equation (the Ampére-Maxwell
law) takes the form

VXB= o +17,
ot
where J = J(t,x) = (J;,J5,J3) is the electric current (flux of charge)—a time-
dependent vector field on R3. The other two Maxwell equations remain un-
changed. Thus in the differential form formulation, the first equation dF = 0

remains unchanged, while the second equation d * F = 0 is replaced by
d+F=J,

where

(10.7) J = pdx' Adx? Adx3 =T dx*>Adx3 Adt—T,dx3 Adx! Adt—T;dx! Adx? Adt

is the 4-dimensional electric current, an external field that we consider fixed
(imposed on the system). Clearly, this equation can only have a solution if

dJ =0,

i.e.,
%, v.5=0
ot

(charge conservation).

Example 10.6 (Electrostatics). Suppose we have a solution of the Maxwell
equations with B = 0 on R X U, where U is a charge-free open subset of R3
(say, simply connected). Then E is t-independent and satisfies the equations

V-E=0, VXE=0.
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The second equation implies that the form wyg is closed (hence exact) on U,
i.e., E is a potential field:
E=-VU,
where U is a potential function on U defined uniquely up to adding a constant.
The first equation then yields
AU =0,
where A is the Laplace operator, i.e., U is harmonic.

For instance, the potential U created by a positive unit charge at the origin

isU(x) = L xeR3soif p(x) is the charge density, then

47|x|’
Ux) = 1 ZCY du.
4 Jos |x — |

In this case, on the whole R3 the potential U satisfies the equation
AU = —p.

For example, for a positive unit charge at the origin p(x) = §(x), so we have
AU = -4, satisfied by the function U(x) =

47|x|*

We would now like to place Maxwell’s equations into the realm of Lagran-
gian field theory, by interpreting them as Euler-Lagrange equations for a suit-
able Lagrangian. For instance, in Example the corresponding action func-
tional (in the charge-free region) is written in terms of the potential U(x):

S= %f VU 2dx.
R3

So in the general case we should try to generalize the potential U to include
the magnetic field while preserving Poincaré invariance. There is an obvious
natural way to do so. The equation dF = 0 means that

F=dA

is the differential of a 1-form A on R* called the gauge field; e.g., in Example
we may take A = —U(x)dt. Then the Lagrangian density whose Euler-
Lagrange equations are Maxwell’s equations can be written in terms of A:

1 1 1
(10.8) L= 5|dA|2dx = EdA A *dA = 5F/\ *F.

More precisely, now the first equation dF = 0 is satisfied tautologically since
F = dA (Bianchi identity), so the actual Euler-Lagrange equation is the second
equationd x F = 0, or

d+dA =0.

However, we now have an essentially new feature: A is only unique up to
gauge transformations A — A + df, where f is a smooth function. In other
words, the gauge field A is not a physical observable—only its differential F
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(called the field strength) is. Of course, in some sense this was already present
in Example [[0.6, but only in a mild way: the individual potential value U(x) is
not observable, but the difference U(x) — U(y) is, since U is uniquely defined
up to adding a constant. On the other hand, A is nonunique in a much more
substantial way.

We can think about this in a more geometric way, as follows. It is natu-
ral to interpret the gauge field A as a connection V4 = d + A on the trivial
U(1)-bundle over R*. In this case, F = dA is the curvature of this connec-
tion. The group of gauge transformations is the group of automorphisms of the
trivial U(1)-bundle, G = C*(R*, U(1)). This group acts on the space Conn of
connections on the right by

(d+A)og=g'(d+A)g=d+A+gldg.
Soif f : R* > Rand g = €'/, then
(d+A)og=d+A+df
(the factor i drops out because of the identification Lie U(1) = iR = R). Thus
the space of fields in this theory (before imposing equations of motion) is the

quotient Conn/G. It follows that the phase space is Conny;/G, where Conny; C
Conn is the space of connections satisfying Maxwell’s equation d * F = 0.

A similar analysis applies in presence of boundary conditions for A and g
on some region in R*, or asymptotic conditions at infinity.

Note that Lagrangian ([[0.§) makes sense in any dimension d > 2 (the case
d = 1is trivial). The theory defined by this Lagrangian is called the pure U(1)
gauge theory.

Remark 10.7. As noted above, in presence of charges the Maxwell equation
d % dA = 0 is replaced by
dxdA=J.
To produce this as the Euler-Lagrange equation, the Lagrangian density £(A)
should be replaced by
L(A,J)=LA)+IAA.
Note that while this density is not gauge invariant, the corresponding action

S(A,JJ)=/ L(A,JJ)=S(A)+f JAA
R4 R4

is: if we replace A by A + df, where f is compactly supported, then S(A, J) is
changed by /.. J A df, which vanishes by Stokes’ formula since dJ = 0.

Note also that this theory has a natural generalization to the case when
the group U(1) is replaced by any compact Lie group G (possibly noncommu-
tative). In this case, the field is a connection on the trivial G-bundle on R%
(the nonabelian gauge field), which concretely is a 1-form A = Zl.A,-dxi on
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R9 with values in the Lie algebra g = Lie(G); the corresponding connection is
V4 = d + A. The curvature of this connection is the 2-form on R? with values
in g given by the formula

F= dA+1[AA]

where for P,Q : R¢ — g and 1-forms «, 8 on R?

[Pa, QB] =[P, Qla A B.

Thus in coordinates
F = Fjdx' Adx/,
i<j
where
0A LY

U™ 3xT T axl
To write the action, we need to fix a positive-definite invariant inner product
(,) on g. Then the action is

S = ;/ |F|?dx = f (F, *F),

which is often written as % Jra F A *F, with implied application of the inner
product (, ) to the two F-factors.

+[Ap Aj].

The curvature F satisfies the Bianchi identity
dAF = 0,
where d4 is the covariant exterior differential, and the Euler-Lagrange equa-
tion is
dA * F =0.
These are the Yang-Mills equations, and the corresponding classical field theory
is called pure gauge theory (or Yang-Mills theory) on R? with gauge group G.

We note that if G is nonabelian, then this theory is not free (the Lagrangian
contains cubic and quartic terms with respect to A).

The gauge symmetry aspect of abelian gauge theory is also present in the
nonabelian case: we have the group of gauge transformations ¢ = C®(R%, G)
which acts on the space Conn of connections by

(10.9) (d+A)og=g W (d+Ag=d+g 'Ag+ g~ ldg,

i.e.,
A g lAg+gldg,

where g~!Ag stands for the (right) adjoint action of g on A. So the space of
fields before imposing equations of motion is Conn/g, while the phase space is
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Connyy,/G, where Conny,, C Conn is the space of solutions of the Yang-Mills
equation® d, * F = 0.

So, as in the abelian case, A is not a physical observable; and even the cur-
vature F of A is not any more, because it transforms by F — g 'Fgunder gauge
transformations. A way to construct a local observable is to fix a G-invariant
polynomial p on g and consider p(F(v, w)), where v, w are vector fields on the
spacetime. For example, if R is a finite-dimensional representation of G, then
Trr(F(v, w)") is a local observable.

Another kind of physical observable that is often considered in gauge the-
ory is the Wilson line functional: given a closed curve (path) y on R? and a
finite-dimensional representation R of G, the corresponding Wilson line func-
tional is the functional

A — Tr(Hol,(A),R),
where Hol,(A) is the holonomy of A along the path y. This is clearly gauge-
invariant, so it defines a function on Conny,/G, i.e., an observable.

Let us now discuss the Hamiltonian formulation of classical U(1)-gauge
theory. To this end, it is convenient to apply the gauge transformation

t
g(t,x) = HOI[O,t]xx(A) = eXp<_/ Ao(u, X)du) )
0

which brings the connection into a form in which Ay = 0, i.e.,

d-1
A= Z Ajde.
j=1

This is called temporal gauge. In temporal gauge, we have

— —) dxt A dx/,

d-1
0A;
= _J j
F ,Z=1 5 dt Adx) + T 3n

1<i<j<d-1 (

so the action is S = f4 £dx, where the Lagrangian £ is given by

d-1 2 2
I T | 0A; 0A;  9A;
£ =5IFl ‘5(2(7 - 2 |\ aw

j=1 1<i<j<d-1
1(18A1
= 5 ( E - |dSA|2) .

27Usually gauge transformations are required to tend to the identity and connections to become flat at
infinity.
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It follows that the Hamiltonian is

d-1 2
. 0A; oA
H:lf YA+ Y (—j—a—A%) dx
2 Rd-1 \ j=1 1<i<j<d-1 0x Ox/
1 .
=5 | wdr+igapx
Rd-1

where A is now a connection on R?~! and A; are conjugate variables to A;.

This looks somewhat similar to a free scalar field theory with d — 1 scalars
A;,1 <i < d—1(except that A, A transform as vectors and not scalars under the
Lorentz group). We would like to use this analogy to define the phase space of
U(1) gauge theory equipped with a symplectic structure. Recall that in scalar
field theory the phase space was the cotangent bundle to the space of fields, i.e.,
the space of all pairs (¢, ¢;), with its natural symplectic form. However, there
is an important distinction: the equation d = F = 0 together with the temporal
gauge condition leads to a constraint® on A;, namely,

(10.10) Z_j ai =

Thus in U(1) gauge theory, unlike scalar field theory, the relevant space € of
pairs (A, A) is not the full cotangent bundle T*Conn’® of the space Conn® of
U(1)-connections on R, but rather its subspace cut out by ([0.10). The only
sensible thing to do in order to give € a symplectic structure would be to con-
sider the restriction w of the natural symplectic form of the cotangent bundle
T*Conn’ to €. But this restriction is degenerate, with radical C* defined by
the equations
A=0,dA=0,

which are equivalent to the condition that A = d f for a smooth function f on
R3. Hence w does not define a symplectic (not even a Poisson) structure on C,
and so € cannot be the correct phase space.

The reason this happens is that by passing to the temporal gauge, we ac-
tually have not eliminated all the gauge symmetry: there is still a remaining
residual group of gauge transformations

G =C*(R¥-L,U1)CG
of time-independent gauge transformations, which acts by

(dy+A)oel =d,+A+df.

28While this equation follows from the equations of motion, we call it a constraint because it constrains
the values of the fields 4, A at t = 0.
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So to get to the actual phase space of the theory, we must take the quotient by
g°:
M = e/G° = ¢/e+ = T*(Conn®/G°).

Then, since the form w is G°-invariant, it descends to a symplectic form on M,
which is actually the canonical symplectic structure on the cotangent bundle
T*(Conn®/GY), defining the corresponding Poisson bracket. Likewise, since H
is G%-invariant, it defines a function on M, which is the actual Hamiltonian of
the theory.

Remark 10.8.

1. Other gauges commonly used for gauge fixing are the Lorentz gauge d *
A = 0(agauge invariant under the Lorentz group), the Coulomb gauge d;xA =
0, where A is the spatial part of A, and light cone gauge v-A = 0, where v € R¢
is a nonzero vector in the light cone, i.e., |V|2 = 0; for example, Ay +A4_; = 0.

2. Note that a point on the space Conn’/g0 is specified by d — 2 functions
on R4~ (or, as physicists say, d —2 physical degrees of freedom). Namely, while
a connection on R4~ has d — 1 degrees of freedom A, ..., A4_;, modding out
by the gauge group G° eliminates one of them. For instance, for d = 4, using
the light cone gauge A, +A; = 0, we have a residual action of SO(2) preserving
this gauge, and the two remaining degrees of freedom A,, A, transform in its
tautological representation R2. Thus upon complexification the two degrees of
freedom can be chosen to be the eigenlines of the SO(2) action (corresponding
to two polarizations of light in classical electrodynamics), i.e., A; £iA,. A sim-
ilar situation occurs in quantum theory, as discussed below in Section [[0.12.

This discussion extends mutatis mutandis to the case of general (possibly
nonabelian) gauge group G. We just need to replace the exponential in the
formula for g(¢,x) by ordered exponential, the expression d;A for the spatial
curvature by d;A + %[A,A], and include the term g~!Ag in the formula for the
gauge action. Also in the equation cutting out €, we need to replace derivatives
by covariant derivatives, so it takes the form

d-1 :
0A4; .
Z <$ +[ i’Ai]) =0;
i=1

thus it is now nonlinear and € is a submanifold (no longer a linear subspace)

of T*Conn’. In the end, we get the phase space M = €/G° = T*(Conn®/g°)
with Hamiltonian

1 .
H=- (AP + |d,A + 2[A, A]P)dx.
2 Rd—l 2

Finally, note that we have considered gauge theories in which the gauge
field is the only field. As noted above, such gauge theories are called pure.
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However, to describe interactions of elementary particles, one must consider
more general gauge theories where besides the gauge field A there are matter
fields—scalars and spinors, modeling various types of particles. We will see
many examples of such theories below.

10.8. Free quantum electrodynamics (pure U(1) gauge theory)

Free quantum electrodynamics is the pure quantum U(1) gauge theory in
which the basic field is the gauge field A (the photon), a massless vector on
spacetime. However, as noted in the previous section, it is not an observable
quantity due to gauge symmetry; instead, the observable quantity is the field
strength F = dA with components F;; = 9;A; — d;A;. For simplicity, consider
this theory in the Euclidean space R%. Then, the two-point function for the
field strength is the Green’s function of the Maxwell equations. So in momen-
tum space the Green’s function is

Py 2N 1
(10.11)  (F;j(p)Fk.(—p)) = 7 (8j¢piPx — 8jkPiPe — SirDjPk + SikPjPe) -

and in position space the corresponding Fourier transformed expression is
given by the formula

—2(8118 0 — 8108 ji)|X12+d(8 1, XK — 8 e X1 x? — 81,260 XK + 8y xT x7)
Qg |x|d+2 ’

(10.12) (Fj(0)Fke(0) =
22,
t@ 18 the volume of the (d — 1)-sphere.

Since the theory is free, this determines all the correlation functions using
Wick’s formula.

where Q4_; =

Exercise 10.9. Derive formulas ([0.11]) and (L0.12).

10.9. Hamiltonian formalism of QFT: the Wightman axioms

To quantize the picture of Section [[0.6, we need to define a Hilbert space F
and lift classical observables (local functionals and their integrals) to (densely
defined) operators on J, notably lift the classical Hamiltonian H to a quan-
tum Hamiltonian A depending on the Planck constant # which should be a
self-adjoint (in general, unbounded) operator on H. Moreover, this should be
done in such a way that commutators vanish at # = 0 and in first order in
h recover the Poisson bracket. We should also have a unitary representation
7 of the double cover P of the Poincaré group on the space /A such that the
1-parameter subgroup of time translations acts by the quantum dynamics 1-
parameter group e~itH This generalization of Hamiltonian quantum mechan-
ics can be accomplished by means of so-called Wightman axioms, which we
now describe.
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First of all, for the quantum theory to have good properties, we want the en-
ergy to be bounded below. Thus we introduce the following definition. Let us
fix an orthogonal decomposition V' = R @ V; into space and time and consider
the self-adjoint operator

~ .d
Hp =i |=o7(t,0),
where (¢,0) € V c P.

Definition 10.10. A unitary representation 77 : P — Aut J is said to be posi-
tive energy if the spectrum of H, is bounded below.

Note that every unitary representation 7z of V has a spectrum o(7r), which is
a closed subset of V* = V; namely, o(7) is the set of characters of V that occur
(discretely or continuously) in 7 (i.e., the smallest set containing the support of
the Fourier transform of the distribution ( w,, 7(v)w, ), v € V, forany w,, w, €
F0).

Lemma 10.11. Suppose dim V' > 2. Then 7 is positive energy if and only if o(r)
is contained in the positive part of the solid light cone, V .

Proof. By definition, 7 is of positive energy iff the orthogonal projection of
o(7) onto the dual of the time axis is bounded below. Since o(7) is invariant
under SO, (V), this implies the statement (an SO_ (V)-orbit on V has bounded

below projection iff it is contained in V). O

Note that this is false for d = 1 (quantum mechanics), where the Hamilton-
ian can be shifted by a constant without any effect on the theory. But the latter
is no longer so in a relativistic quantum field theory on a Minkowski space of
dimension > 1.

We are now ready to give Wightman’s definition of a QFT. Let S = S(V') be
the Schwartz space of V.

Definition 10.12. A Wightman QFT on a Minkowski space V entails the fol-
lowing data:

1. A finite-dimensional real algebraic super-representation R = Ry @ R; of
Spin (V) (the field space).

2. A super HilberA‘E space H = Hy @ J(; carrying a positive energy unitary
representation 7 : P — AutJ( of the double cover of the Poincaré group,
P = Spin_ (V) X V.

3. A dense P-stable subspace D C A.

4. A P-invariant unit vector Q € D called the vacuum vector.

5. A P-invariant even linear map ¢ : S ® R* — End D called the field map
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This data is subject to the following axioms.
Al. If f isreal, then ¢(f) is Hermitian symmetric (in the supersense).

A2. ¢ is weakly continuous, i.e., for every w;, w, € D, the functional § ®
R* — C defined by f — (w;, ¢(f)w, ) is continuous.

A3. D is spanned (algebraically) by vectors ¢(f7) ... ¢(f,,)Q.

Ad. Space locality: If fi, f, have spacelike separated supports, i.e., for any
U1 € supp fi, U, € supp f», we have |v; — v,]2 < 0, then

[¢(f1)a ¢(f2)] =0

(with commutator understood in the supersense).

In addition, if #® = CQ, one says that we have a Wightman QFT with a
unique vacuum.

We will also always assume that our QFT is nondegenerate, i.e., for every
irreducible subrepresentation E C Rj, j = 0,1, one has ¢|sgr # 0; otherwise,
we can simply remove this subrepresentation without any effect on the theory.

A fundamental fact about Wightman QFT is the following theorem, which
we will not prove here (for the proof see [QFS, v. 1, p. 382]). Let ¢ be the gen-
erator of the kernel of the map Spin (V) — SO, (V),s0 ¢ 2=1.

Theorem 10.13. (The spin-statistics theorem) IfE C Rj is a subrepresentation,
then ¢|g = (=1)/.

In other words, there is a relationship between the spin (mod integers) of a
quantum field (essentially, the eigenvalue of {) and its statistics, i.e., whether it
is bosonic (even) or fermionic (odd). Namely, the theorem says that all bosonic
fields must have { = 1 (integer spin) and all fermionic fields must have { = —1
(half-integer spin).

Remark 10.14. We will see that the theory of free bosons and fermions can be
naturally formulated as a Wightman QFT. Moreover, this is also the case for a
number of nonfree theories, which is the subject of a difficult area of mathe-
matical physics called constructive field theory. Still, most theories that physi-
cists really care about are either not known to be Wightman QFT or simply
fail to be ones for various reasons (perturbative theories, low energy effective
theories, nonunitary theories, Euclidean theories, theories living on compact
manifolds, etc.) Thus we will view Wightman axioms just as one (somewhat
limited) rigorous model for our mathematical understanding of QFT.

Remark 10.15. Note that our formulation of the spin-statistics theorem holds
in particular for d = 2. This is a somewhat subtle case. Namely, for d = 2, we
have SO, (V) = R,, and the group Spin_ (V) = SO, (V)x{#£1}is disconnected,
with the element ¢ generating the {+1}. In particular, we have a 1-dimensional
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character § of Spin_ (V) which kills SO, (V) and sends ¢ to —1. At first sight,
twisting a field by this character would lead to a violation of Theorem [10.13.
However, this twisting is not allowed by our version of Wightman axioms, since
¢ is not an algebraic representation. Indeed, in a Euclidean signature, unlike a
Minkowskian one, the short exact sequence

1 - {1} — Spin(V) - SO(V) —» 1

does not split (it is a connected double cover of the circle), so the analogue of
¢ does not exist. In other words, the twist by & would be inconsistent with a
possibility of Wick rotation.

10.10. Wightman functions

Proposition 10.16. In a Wightman QFT on a Minkowski space V, for every n >
1 there exists a unique tempered distribution W, on V" valued in R*®" such that

Wa(i - B f) = (. @(f1) - $(f)Q).

We leave the proof of this proposition as an exercise.

We will therefore think of W, as a (generalized) function on V" valued in
R*®"_ denoted W,(x4,...,X,), so that

Wolfi - 5 ) = f Wt X (1) oo fo (i)l . e,
yn

where the product on the right-hand side involves contraction of correspond-
ing copies of R and R*. Thus, given u,...,u, € R, we have the scalar-valued
distribution

Uy, .

n "un(xl’ ’xn) = (W/n(xlﬁ ’xn)’ [Z51 ® & un)'

In other words, we may define an operator-valued distribution ¢(x) such
that

o) = f (0 (X)dx;
14

then

Wa(xy, ooy xp) = (Q, (x1) ... P(x,)Q ).
Definition 10.17. The generalized functions W,(x,...,x,) are called the
Wightman (correlation) functions of the Wightman QFT.

Note that Wightman functions completely determine the Wightman QFT
as follows. Let D := T(S ® R) (the tensor algebra), so it is spar~1ned by elements
i®L® R fu, fi €S ®R. Define the inner product on D by

(O ®f:81 @ ®&m)
— (_1)Zi<jp(fi)p(fj)%+m(Fn K- [Efl Keg K- X gm)-
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It is easy to see that this inner product is well defined, and

(i® - ®f1,81Q - ®&m)=(P(f1).- - ¢(f)Q, $(81) - $(8n)Q2)

(where f; are purely odd or purely even). Thus the inner product (, ) on D is
nonnegative definite, the Hilbert space #( can be recovered as the completion
of D with respect to (, ), and D is the image of D in #. (Note that the map
D — I need not be injective.) Moreover, the vector Q is the image of 1 € D
in D, and the representation 7 is obtained by extending the action of P on D
(which descends from D) by continuity.

So we can ask: what conditions should Wightman functions satisfy to de-
fine a Wightman QFT? Let us list some necessary conditions, which follow
from the above discussion. To this end, denote by

W:T(S®R)— C
the natural linear map and by % : T(S ® R) — T(S8 ® R) the antilinear map
givenby (f; ® - @ f)* = (~D)ZPI P @ @ f.

Proposition 10.18. The Wightman functions W, of a Wightman QFT satisfy the
following properties.

(1) W, are P-invariant.

(2) Positive energy: the Fourier transform of W, is supported on the set of
(P1s---» Pn) € V" suchthat pjy +--+p, €Vyforj=1,...,n—1

(3) Wa(f™) = Wa(f).
(4) Space locality:

Upse e Ui U415 Uy
Wa I (X ey Xy Xy 1o e 5 Xpp)
_ Utse o s Ujp15UG5e - U
=Wy WD (X1 e ey Xig1s Xis o v Xpp)

if |x; — xia|* < 0.

(5) Positivity: W(f* ® f) > 0forany f € T(S Q R).
Proof. (1) follows from the invariance of the vacuum vector and the field map.
(3) follows from the fact that for real f, ¢(f) is Hermitian symmetric. (4) fol-
lows from the space locality axiom. (5) follows from positivity of the inner

product on J. So it remains to prove (2). Let us do so for n = 2, the general
proof is similar (see [QFS, pp. 381-382]).

By translation invariance we have
W,(01,0,) = W(v),

where v = v, — v;. Thus, our job is to show that the Fourier transform of W is
supported on V. We have

W(v) = (Q, $(0)¢(v)Q)
= (Q,¢(0)7(L)P(0)7(—)Q) = (P(0)Q, T(L)$(0)2).
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So the statement follows from the fact that every character of V which occurs
in J belongsto V. ]

In fact, it turns out that these necessary conditions are also sufficient, and
we have the following theorem, which can be proved by following the above
reconstruction procedure (but we will not give a proof):

Theorem 10.19. If a collection of distributions W, satisfies conditions (1)-(5) of
Proposition then they define a Wightman QFT.

Remark 10.20. The 1-point Wightman function W;(x) = (Q, $(x)Q ) is a con-
stant ¢ by translation invariance, i.e., it is an element of R*, and by invariance
under rotations it is in (R*)SPI%+(") Thus we may (and will) assume without
loss of generality that ¢ = 0 (otherwise, we can replace ¢(x) by $(x) —c). So we
may assume without loss of generality that W; = 0.

Remark 10.21. The positivity property for the 2-point function can be written
as
W(xy = x1) f(x1)f (xz)dx1dx; > 0,
V2
where W(x) = W5(0, x). Thus, taking Fourier transforms, we have

f W) ) fp)dp = 0.
174

This shows that W(p)dp is a measure concentrated on {_/+ and valued in non-
negative Hermitian forms on Rc.

Remark 10.22. One can formulate an analogue of Wightman axioms in
Euclidean signature, using analytic continuations of Wightman functions to
imaginary time called Schwinger functions. These are the Osterwalder-Schrader
axioms, which are discussed in [QFS, pp. 387-394].

10.11. The CPT symmetry

All quantum field theories have an important symmetry called the CPT sym-
metry, which follows from the Wightman axioms ([QFS, p. 392], [T3, Section
2.3]). This symmetry is a composition of three commuting transformations:
conjugating the charges (C), changing the orientation of space by an element
of O(d—1) with determinant —1 (P), and changing the direction of time (T) (see
Section for a discussion of P and T). Note that individually these transfor-
mations need not be symmetries of the theory, only their composition must.
The CPT symmetry must act on the Hilbert space J of the theory by an invo-
lutive anti-unitary operator, i.e., an anti-linear operator preserving the norm.22

29Namely, T acts by an anti-unitary operator and C, P by unitary operators.
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In other words, this means that the unitary action of the Lorentz group
Spin  (1,d — 1) on J{ extends to an action of Spin(1,d — 1), so that the non-
identity component of this Lie group acts anti-unitarily (in particular, it does
not matter which orientation reversing element in O(d — 1) we choose for P, as
the composition of any two such elements belongs to SO(d — 1), hence to the
Lorentz group).

In particular, charge conjugation means that fields or particles living in
complex representations of some symmetry group (subgroup of the Poincaré
group, gauge group, etc.) are mapped to their anti-partners living in complex
conjugate representations (for compact groups, this is the same as dual repre-
sentations). So one consequence of the CPT symmetry is that the field repre-
sentation of Spin_ (1,d — 1) is real in Minkowski signature (which is a part of
Wightman axioms).

For example, the CPT symmetry sends chiral (Weyl) spinors to anti-chiral
ones in spacetime dimensions 4k (but not so for Majorana-Weyl spinors in di-
mensions 4k + 2), since the chiral spin representations S, of Spin(1, 4k — 1),
unlike those of Spin  (1,4k + 1), have no real structure (see [QFS, p. 129]).
Thus, in a QFT in dimensions 4k the number of chiral and anti-chiral spinors
should be the same, while in a QFT in dimensions 4k + 2 the CPT symmetry
does not prohibit chiral spinors without anti-chiral partners.

10.12. The mass spectrum and particle content of a quantum
field theory

Let 7 ¢ 7 be the closure of the span of vectors ¢(x)Q, x € V. Itis called the
space of 1-particle states, and it is clearly a P-subrepresentation of (. The mass
spectrum of the theory is determined by the structure of this representation. So
we need to discuss the representation theory of P.

Since P is a semidirect product, its irreducible unitary representations are
unitarily induced. Namely, let O be an orbit of Spin (V) on V. The stabilizer
P, of a point v, € O is called the little group. Let p be an irreducible unitary
representation of Py. Then p defines an equivariant unitary bundle on O with
total space (P x 0)/P, where P, acts diagonally. Thus we can consider the space
H,p of square integrable half-densities on O with values in this bundle. This
space carries a unitary representation of P. A theorem of Mackey then says that
this unitary representation is irreducible, and all irreducible representations of
P arise uniquely in this way. For example, if © = {0}, then 0,p IS just a unitary
irreducible representation of Spin_ (V).

Taking Fourier transforms (see Remark [10.21), we see that by the Wight-
man axioms, if #( , occurs in F (M, then p needs to be finite dimensional (as
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HW is generated by a quotient of § @ R, and R is finite dimensional). For ex-
ample, ford > 3 and O = (0) the only choice is the trivial representation, as the
group Spin _ (V) is a connected semisimple noncompact Lie group. Moreover,
if the theory has a unique vacuum, then the trivial representation occurs in H
discretely with multiplicity 1 as the span of the vacuum vector Q. As H® is
orthogonal to Q (since W; = 0), we see that the trivial representation cannot
occur in HD,

The irreducible constituents of #(!) are referred to as particles, and their
collection is called the particle content of the theory. Assume that the theory
has finitely many particle types, i.e., the space HD is a direct sum of finitely
many irreducible representations (this holds in physically relevant examples).
For every particle, the dimension of p is called the number of physical degrees
of freedom of this particle. Physical degrees of freedom can be bosonic or fer-
mionic, depending on whether the particle is a boson or a fermion.

Now we are ready to discuss the precise structure of the representation
F M. By the positive energy condition, the only orbits that can occur are X,

defined by E = 4/ p§ + m2, E > 0, where p = (E, p,) with E denoting the en-
ergy and py the spatial part of the momentum (here for d = 2 the set X falls
into two orbits X * and X~ defined by E = %p, > 0). For m > 0 this is the
upper sheet of a 2-sheeted hyperboloid and for m = 0 it is the upper part of the
light cone (which is a union of two orbits for d = 2, otherwise a single orbit).

If m > 0, we may take vo = (m,0,...,0), then P, = Spin(d — 1), so p is
a (necessarily finite-dimensional) unitary representation of this compact Lie
group. Physicists say that the representation (¢ , corresponds to a massive
particle of mass m and type p. Particles arising in physically relevant quantum
field theories are usually scalars (p = C), spinors (p is a spin representation of
Spin(d — 1)) and vectors (o = C94~! is the vector representation Spin(d — 1)).
Note that by the spin-statistics theorem, for d > 3 scalars and vectors are bosons
and spinors are fermions. Note also that for d = 2, we have P, = 1, so there
is no notion of spin for quantum particles (even though there is one for the
original fields, i.e., representations of the Lorentz group Spin (1,1) = R,
which occur in R), and we just have bosons and fermions (both having p = C).

If m = 0,d > 3, then we can take v, = (1,1,0,...,0). Then the little
group is the nonreductive Lie group P, = Spin(d — 2) X R%~2. (Note that this
R9-2 is not a part of the translation group V, but a subgroup of the Lorentz
group Spin*(1,d — 1)!) Since p is contained in the restriction of R to the lit-
tle group, the subgroup R%~2 has to act trivially on p, so p is an irreducible
representation of the compact Lie group Spin(d — 2) (in fact, if d > 4, any
finite-dimensional unitary representation of the little group automatically has
this property). Physicists say that the representation #(, , corresponds to a
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massless particle of type p. The classification of massless particles is the same
as for massive ones, and the most common particles are again scalars (o = C),
spinors (o is a spin representation of Spin(d — 2)), and vectors (o = C42 is
the vector representation Spin(d — 2)). However, note that since for massless
particles p is a representation of Spin(d — 2) rather than Spin(d — 1), they in
general have fewer physical degrees of freedom than massive ones. For exam-
ple, a massive vector has one more physical degree of freedom than a massless
one, and for even d > 4 a massive spinor has twice as many physical degrees
of freedom than a massless one.

Note also that if d = 3, then Spin(d — 2) = 1, so as in the d = 2 case
there is no notion of spin of quantum particles (even though there is one for
the original fields), and we just have bosons and fermions (both having p = C);
thus for d = 3 there is no distinction between scalar and vector particles.

Finally, if m = 0,d = 2, then there are two choices for v,: (1,1) and (1, —1).
They have trivial stabilizer, so the little group is trivial and p = C. Thus we
have two types of massless particles of each kind (bosons and fermions): right-
moving and left-moving, corresponding to the two choices of v,. These particles
are called this way since the corresponding operators ¢(x) satisfy the conditions
d(t,x) = $(0,x — t), p(t,x) = $(0,x + t), respectively, which classically would
be right-moving and left-moving waves.

Let us now say a few words about vector particles, which we have not yet
seen. In physically relevant theories such particles come from gauge fields (see
Section [10.7). For example, a U(1) gauge particle is called a photon, and it gives
rise to a massless vector (see Section [[0.14)).

We also note that massless vectors for d = 4 and massive vectors for d = 3
behave in a special way. Namely, in both cases the compact part of the little
group is Spin(2) whose 2-dimensional (complex) vector representation p is re-
ducible and splits as p, @ p_, where p, and p_ are 1-dimensional characters.
This yields the decomposition

Hop=Ho,po, ©Ho,p_

This means that vector particles come in two different polarizations corre-
sponding to the eigenvalues A = +1 of the suitable generator h € Lie Spin(2)
(called helicities). However, in a consistent QFT such particles of both helicities
have to be present in equal numbers due to the CPT symmetry (Section [[0.11)),
since it changes representations of any group to complex conjugate represen-
tations and hence switches particles of helicities 4 and —A. Thus when talking
about a vector particle in these cases, one always means a pair of half-vector
particles of opposite helicities £1. This way, a massive (respectively, massless)
vector particle in any dimension d has d—1 (respectively, d—2) physical degrees
of freedom.
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The set M of numbers m corresponding to representations Hx+, , (orm = 0
for F(x+= , if d = 2) occurring in F¢ M, i.e., the collection of the masses of all
particles, is called the mass spectrum of the theory. One says that the theory has
amassgap when inf M = m > 0. In this case the spectrum of H is {0}u[m, +0),
so there is a gap between 0 and m. To find the mass spectrum, it suffices to look
at the function W: the mass spectrum is just the intersection of its support with
the energy axis (this follows from Remark [[0.21)).

Remark 10.23. We would like to stress once again the distinction between the
description of a QFT in terms of fields (based on the representation theory of
Spin(d)) and its description in terms of quantum particles (based on the repre-
sentation theory of Spin(d — 1) for massive particles and Spin(d — 2) for mass-
less ones). The somewhat subtle interplay between these two descriptions is
central in understanding the structure and behavior of quantum field theories.

Exercise 10.24. Let (,, be the unitary representation of P corresponding to
a massive vector particle, and let 7(J be the unitary representation of P corre-
sponding to a massless vector particle.

(i) Show that for d > 4, (3 cannot be deformed into a massive represen-
tation of P (i.e., one concentrated on X}, m # 0).

(ii) Show that J€3 @ I*(Xy) deforms into J(,, with m > 0; i.e. the combi-
nation of a massless vector and a massless scalar deforms into a massive vector.
This is the Higgs mechanism, discussed in more detail in Section [[1.8.

10.13. Spin and helicity of particles

To a representation p of the group Spin(d —1) arising from a massive particle in
dimension d > 3 or of the group Spin(d — 2) arising from a massless particle in
dimension d > 4, one can attach an important invariant called spin. Namely,
let Spin(2) be a subgroup of Spin(d — 1), Spin(d — 2) corresponding to a plane
R2 c R4-1, R%-2 (all such subgroups are conjugate, so it does not matter which
one we take), and let h be a generator of Lie Spin(2) which has eigenvalues +1
on its vector representation. Then the spin of a particle of type p is defined to
be the largest eigenvalue of h on p. Itis easy to see that if p = p; has the highest
weight A = (4;,...,4,), then

spin(p,) = max ;.

Thus the spin takes values in %Z.

For example, for massless particles in dimensions 4, 5 and massive particles
in dimensions 3, 4, the compact part of the little group is Spin(2) or Spin(3), so
it has rank r = 1. Thus in these cases the spin coincides with the highest
weight.
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It is not hard to show that in a free QFT, the spin of a particle can be arbi-
trarily high, and any type p of particles is possible. However, in an interacting
QFT, there are strong restrictions on the spin of particles; e.g., the Weinberg-
Witten theorem ([QFS, pp. 1152-1155]) says that in a renormalizable QFT (see
Section [[3.3), one cannot have interacting massless particles of spin > 1, so the
only possible spins are 0, %, 1.

Let us now discuss the notion of helicity for massive particles. Let p be
as above, and let p;, € R~ be the spatial momentum vector for a particle
of mass m (i.e., p = (E, p;) is the relativistic momentum and p? = E? — m?,
where E is the energy). Let G(p;) C Spin(d — 1) be the stabilizer of p,. If
ps # 0, then G(ps) = Spin(d — 2), and one can decompose p into a direct
sum of irreducible subrepresentations p;(ps) of G(ps) (these representations
are independent of p; when viewed as representations of Spin(d — 2), so in this
case we will denote them just by p;). A vector 3 € p;(p;) is then said to have
(pure) helicity spin(p;) at ps. For example, for d = 4, if the representation p
has spin j, then it has 2j + 1 independent states of helicities j, j —1,...,—j (at
every py).

For massless particles, since G(p,) coincides with the compact part of the
little group, there is no difference between the notions of spin and helicity, and
in particular helicity of a particle is a single quantum number independent of

ps- In this case, physicists often prefer to use the term “helicity” instead of
“spin”.Bd

10.14. The Hamiltonian formulation of free QFTs

Let us now construct a Wightman QFT corresponding to a scalar boson of mass
m > 0. Recall that in the Lagrangian setting we had a 2-point function G, (x,—
X1), where G;(x) is a distribution satisfying the Klein-Gordon equation

So at first sight for the corresponding Wightman QFT, we want to have W(x) =
Gu(x), so that the Lagrangian and Hamiltonian approaches agree. However,
the function G,;(x) is even, while for W(x) we are supposed to have W(—x) =
W(x), so our equality needs to be relaxed. In fact, the correct condition is that
the identity W(x) = Gp(x) only needs to hold when x is spacelike or when
x € V+. When x € V_, we should rather have W(x) = Gjp,(x). In other
words,

Gm(x, —x1) = WzT(xpxz)

30More precisely, physicists say that spin is measured when the particle is at rest, i.e., at p; = 0, when
G(ps) = Spin(d — 1). At the same time they say that helicity is the projection of spin to the direction of
motion when pg # 0, and that in the massless case the particle is always moving at the speed of light, so we
cannot put it at rest by a Lorentz transformation and measure its spin, and can only measure its helicity.
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is the so-called time ordered 2-point function, i.e., one obtained from W,(x;, x,)
when x;, x, are put in chronological order (where in the spacelike separated
case the order does not matter due to space locality). In fact, we have already
seen this phenomenon in quantum mechanics when we found that the Feyn-
man-Kac formula only holds when the times in the correlator are ordered
chronologically (Remark [7.29(2)).

We claim that with this definition the function W(x) satisfies the Klein-
Gordon equation

O+m»)W =0

on the nose (without the delta-function on the right-hand side). Indeed, we
have Re W(x) = Re Gy(x), which satisfies the Klein-Gordon equation, so
it remains to show that Im W(x) satisfies it as well. But it is easy to see that
(O + m?) Im W(x) is a distribution supported at the origin of homogeneity de-
gree —d, so it is a multiple of §. Since Im W(x) is an odd function, this distri-
bution must be zero, as claimed.

Also, since G(x) is real for spacelike x, we get W(—x) = W(x). Thus the
Fourier transform W( p) is real valued, supported on the hyperboloid X,,, and
invariant under SO (V). It follows that

W(p) = C40x:+ +c_Ox-.

where ¢, € R, but in fact it can be shown that only dx+ occurs (this follows
from the exponential decay of the Euclidean 2-point correlation function at
infinity). Thus

W(p) = c8xy,-
In fact, one can show that ¢ = 27.

Similarly, we define higher W, for n > 2 by the Wick formula, and this
analysis implies after some work that these functions define a Wightman QFT.

In this case, H™ = I2(X;), so we have a single particle of mass m.

The Hamiltonian theory of a free massless scalar is defined similarly, by
setting m = 0 in the above formulas.

Analogously, one can define the Hamiltonian theory of a massive and mass-
less spinor using the formula for the Green’s function in Section [[0.5. Namely,
as discussed in Section [[0.12, a massive spinor particle corresponds to an irre-
ducible spin representation p of Spin(d — 1), while a massless one corresponds
to an irreducible spin representation p of Spin(d —2). Here we must remember
that the CPT symmetry (Section [[0.11]) requires that every particle come with
its antiparticle, which in some dimensions implies that every chiral spinor par-
ticle must come with an anti-chiral partner. For example, this is so for massless
spinors in dimension d = 4.
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Finally, the theory of a gauge (vector) particle is defined similarly, using the
formula for the Green’s function in Section [[0.8; it is a massless particle that
corresponds to the vector representation p of Spin(d — 2). Note that for d = 4
this representation is reducible and splits into two parts corresponding to two
polarizations of a photon; however, both must be present simultaneously due
to CPT symmetry (see Section [10.12).

For more detail, we refer the reader to [[Co, PS, QFS].

10.15. Measurable quantities

While Wightman (=correlation) functions of a QFT are physical observables,
they are not measurable quantities. What can be measured in a lab for a QFT
that describes real-world particle interactions (such as the standard model) are
masses of particles and also scattering amplitudes (S-matrices), which are non-
trivial only in interacting theories. These quantities can also be extracted the-
oretically from the Wightman functions, which allows one to check QFT an-
swers experimentally.

Namely, as we have seen above, to find the masses of particles, one should
consider the Fourier transform W, (p, —p) of the time ordered 2-point function
W (x;,x,) (see Section [[0.14). It is a meromorphic function with poles (in the
real domain) located on surfaces X;}, defined in Section for various values
m = m;. These m; are precisely the masses of the particles ¢ ; of the theory (note
that there can be several types of particles having the same mass).

Similarly, scattering amplitudes are determined from poles of the Fourier
transform WX (py, ..., p,) of the time ordered n-point correlation functions for
n > 2: namely, these functions have poles at the same surfaces X,*;lj with re-
spect to each variable, and the scattering amplitudes are components of iterated
residues of W! on the intersections of the loci

(Preee o) : PPk = 00 P € X 1< <,

for various collections of indices (j(1), ..., j(n)). Namely, such a multi-residue
gives the amplitude of interaction of particles &), ... , §j(») coming in with mo-
menta py, ..., p,. Inalab, these momenta must satisfy p? = J;(i) (i.e., as physi-
cists say, be on the mass shell). This is why one cannot measure W (py, ..., p,)
at arbitrary points, but can only measure its values (or, rather, residues) on this
mass shell.

Scattering theory is beyond the scope of this book; for more detail see [QFS,
pp. 405-412, pp. 461-469] and references therein.
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10.16. Normal ordering, composite operators, and operator
product expansion in a free QFT

In classical field theory, given a classical scalar field ¢(x), we may consider ar-
bitrary polynomials and even any smooth functions of ¢. The same is true for
quantum mechanics, where ¢(¢) is a self-adjoint (possibly unbounded) opera-
tor on the Hilbert space J of quantum states, so using its spectral decompo-
sition, we may define functions of ¢. However, in quantum field theory in d
dimensions with d > 2 the situation is more complicated. Indeed, in this case
¢(x)is not a usual operator-valued function of x, but rather a generalized one—
an operator-valued distribution, and we know that for singular distributions,
such as §(x), we cannot even define the square 5(x)?.

Indeed, let ¢(x) be a free quantum scalar boson. Then the 2-point correla-
tion function

(P(0)P(y) = (Q, ¢(x)p(»)Q) = G(x — y)
blows up when |x — y|> = 0 (so in Euclidean signature, when x = ), so the

operator ¢?(x) cannot possibly be well defined.

Thus, if we want to quantize the classical field ¢?(x), we need to regularize
the corresponding operator product. This can be done by a standard regular-
ization procedure called the normally ordered product.

For example, in Euclidean signature, the operator product ¢(x)¢(y) is well
defined when x # y; indeed, by Wick’s formula,

($()PNP(21) - - $(Z1))
= G(x — y)$(z1) ... $(z1))
+ 7 6(x = 2)G(y — 2)}$(z1) ... $(z) ... $(z)) ... p(z)),

i#]

where the hat indicates omissions (here x, y, z;, ..., zj are distinct). Now, when
x — y, the first summand in this formula blows up while the second one does
not. So it is natural to define the normally ordered product : $(x)¢(y) : just
by throwing away the singular terms, i.e., by the condition that its correlation
function with ¢(z;) ... $(z) is

(1 D) : P(z1)... $(z1))
=" G(x — z)Gy — z))($(z) ... §(z1) ... }(z)) ... $(z)).

i#j
This is equivalent to just saying that

D PP 1 = d(x)$(y) — G(x — ).
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Note that while ¢(x)¢(y) blows up when x = y, the normally ordered product
: ¢(x)¢(y) : does not:

(1 $2(x): P(z1)...$(z))
=" G(x — z)G(x — z)}$(z1) ... §(z1) ... (z;) ... $(z1)).

i#]

This defines a composite operator : ¢*(x) :, which is a well defined operator-
valued distribution.

Similarly one may define the normally ordered product : ¢(x;)...$(x,,) :
of any number of factors, by removing all the singular terms from the correla-
tors. For example,

D P()p(P(2) 1 = p(X)P(¥)P(2) = G(x —y)$(2) - G(y —2)$(x) - G(z—x)p(y).

Such a product is well defined for all values of x, ..., X, and is commutative
(independent of ordering of factors) and associative. We can also differentiate
by x; any number of times, to define the normally ordered product of arbitrary
derivatives of ¢. Evaluating such products on the diagonal (when all points are
the same), we obtain composite operators attached to any differential monomi-
als (hence polynomials) with respect to ¢, such as : ¢3(x): , : 9;p(x)d ip(x) 1,
etc.

Exercise 10.25. Derive a formula for the correlation function of several com-
posite operators (evaluated at different points) in the theory of the scalar boson.

In particular, we can now consider the product of two composite operators,
e.g., . ¢?(x): ¢(y). Of course, this has a singularity at x = y, and an important
problem is to understand the nature of this singularity. This is achieved by the
procedure called the operator product expansion, which replaces the nonexis-
tent multiplication of composite operators.

To explain this procedure, consider first the simplest example of operator
product,

P(X)P(Y) = G(x —y) + : d(X)P(Y) : .

Using Taylor’s formula, this can be rewritten so that the right-hand side only
contains ¢(y) and no ¢(x),

XD amg00) - 90

n!

$(X)p() = G(x —y) + ),

d-1, ; , ;
where n = (ny,...,1g), (x — p)* = [, (x! — y)™, 6 := [, 8;", and n!:=
I1; ni!. In this sum, all terms except the first one are regular (i.e., continuous)
atx = y.
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Let us now try to write down a similar expansion for a more complicated
example of an operator product, : ¢*(x): ¢(y). We have

(1 ¢*(x): d0NP(21) ... $(z))
= 2G(x — y)¢(x)$(z1) - .. $(zk))
+ > Gx=2z)G(x —z,)G(y — z,)

Jj>m,n distinct

X ($(21) ... (Z) .. $Z) .- $(Z) ... P(21)).

where the hats indicate omitted factors. Thus we get

D90 1h(y) = 2G(x — y)p(x) + : PA()P(Y) : -

As before, using Taylor’s formula, this can be rewritten so that the right-hand
side only contains ¢(y) and no ¢(x):

L $2(0): $() = 20(x — wZ“ D gy

n+m
+Z“y) L 3h9() - ™G0 - 40 -

n!'m!

We now see that there are many singular terms: G(x) behaves as |x|>~¢ for
d > 2 and as log |x| for d = 2, so the singular terms are the ones in the first

summand with [n| < d — 2, where |n| := . n;. For example, for d = 3 for the
massless boson we have

S COHERR (O = y| (¢(¥) + (x — y) + V§(y)) + regular.
As a final example, consider the product : ¢?(x): - : ¢?(y): . A similar com-

putation yields
D0 PP =2GP(x =) +4G(x— ) p(X)P() 1+ F(0)P*() 1,

and as before we can expand this to remove ¢(x) using Taylor’s formula.
Namely, expanding the second summand, we get

P 0):

=2G?*(x — y) + 4G(x — y)z

& ;,y)n D 0"(») - (V) 4+ PP 1,

and the last summand can be expanded similarly. For example, for d = 3 for
the massless boson we have

S ACIRN ¢2(y):
_ 2
Ty w i

4(x »)..

2
D) M

: Vé(y)- ¢(»): + regular.
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Yet we see that the number of singular terms is finite. In fact, it is not hard
to prove the following proposition (see [QFS, vol. 1, p. 449]).

Proposition 10.26. Let A, B be two composite operators in the theory of a free
scalar boson. Then there exists a unique collection of functions F;(y) and com-
posite operators Cj(y) such that we have an asymptotic expansion

AM)BY) ~ D Fi(x = Ci(»), x = y
J
such that for every N we have |F;(z)| = 0(|z|N), z = 0, for all but finitely many
j- In particular, there are finitely many singular terms (not continuous at x = y).

The expansion of Proposition is called the operator product expansion.
It is not hard to show that it exists in any free quantum field theory.
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Chapter 11

Symmetries
and geometric aspects
of field theory

11.1. Field theories on manifolds

As already mentioned above, an important feature of classical and quantum
field theory is the possibility of considering field theories not just on a Eu-
clidean or Minkowskian space, but more generally on Riemannian and Lorent-
zian manifolds. This possibility is key for many deep connections of quantum
field theory with geometry and topology. The main examples of this are the-
ories on X = R X X, where Xj is a Riemannian (d — 1)-dimensional space

manifold with metric Zf;l gijdx'dx’, and R is the time line, with Lorentzian

metric
d-1

|dx|? == (dt)? = ) gijdxidx/,
i,j=1
and Euclidean theories on a Riemannian d-dimensional spacetime manifold
X. This includes the Wick rotation of the previous example: X = R X X,

d-1

|dx|? == (d)* + ) gijdxidxi,
i,j=1

Here we will consider mostly classical field theories on manifolds. These
theories can then be quantized using either Lagrangian or Hamiltonian ap-
proach, but we will not discuss this, except in some examples. The story is
parallel to the case of flat space considered above, but we should make sure
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that the kinetic term and other terms in the Lagrangian are defined canoni-
cally (i.e., do not depend on the choice of coordinates). For simplicity consider
the Euclidean case (in the Lorentzian case the story is similar). We restrict our-
selves to reviewing the most common types of classical fields in such theories,
as well as the corresponding kinetic and other terms in their Lagrangians. A
more complete discussion can be found in [QFS].

1. Scalar (bosonic) fields. As discussed above, in the simplest case a
scalar field is just a real function on X (real scalar), but one can also consider
scalars valued in a finite-dimensional real vector space with a positive inner
product (for example, C, for complex scalars) or, more generally, valued in a
real vector bundle on X. The kinetic termf? for a scalar ¢ : X — E valued in
a vector space E & E* with inner product is |d¢(x)|?, the squared norm of the
vector d¢p € Ty X ® E with respect to the inner products on T,.X and E. Thus if
this vector has components 5= ¢l in orthonormal bases, then

|dg|* = Z(Z;’j;

More generally, if E is a vector bundle on X, then we need to fix an inner prod-
uct on E (i.e., E should be an orthogonal bundle) and also a connection A pre-
serving this inner product, which gives rise to the covariant derivative operator
V,;if E is trivialized on alocal chart U C X, then A becomes a 1-form on U with
values in the Lie algebra o(E) and we have V, = d+A. In this case, an E-valued
scalar field ¢ is a section of E over X, and the kinetic term is |V, ¢|?, which in
local trivialization has the form |d¢ + A¢|?. If the bundle E and connection A
are trivial, we obtain the usual kinetic term |V¢|?, where V¢ = d¢.

Note that for a scalar field ¢, we can always add to the kinetic term a mass
term m?|¢|2. More generally, we can add a mass term (¢, Q¢), where Q is a
self-adjoint endomorphism of E. Still more generally, we can add a general
potential term U(¢).

Finally, the theory of scalar fields has an important generalization in which
the scalar field takes values in a Riemannian manifold M. This generalization
is called the nonlinear sigma model. Thus the field isamap ¢ : X — M, and
the Lagrangian is £ = %|d¢|2, which in local coordinates has the form

1 dim M
L=2 2 Gy(p)dg'dg)),
i,j=1
where G;; is the Riemannian metric on M. We may also add a potential U(¢),
where U is a smooth function on M.

31'We drop the factor % for brevity, and also omit the factor dx, working with the Lagrangian rather
than Lagrangian density.
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2. Spinor (fermionic) fields. Spinor fields can be defined on a spin man-
ifold X, i.e., an oriented manifold equipped with a spin structure (a lift of the
tangent bundle from SO (n) to Spin(n)). For such a structure to exist, the sec-
ond Stiefel-Whitney class w,(X) € H2(X, Z/2) must vanish, and then the pos-
sible spin structures on X are parametrized by a torsor over H'(X,Z/2). On
a spin manifold X, we have the canonically defined spin bundle SX, which is
the associated complex vector bundle to the above Spin(n) bundle via the spin
representation Spin(n) — Aut(S). This bundle carries a natural inner product
and a connection induced by the Levi-Civita connection of X that preserves this
inner product. Moreover, as explained in Section [[0.3, in even dimensions we
have S =S, @ S_, where S, S_ are irreducible representations of Spin(n), so
we have SX = S, X @ S_X, an orthogonal decomposition of SX into two sub-
bundles called the chiral spin bundles. These subbundles are switched when
the orientation of X is changed to the opposite one.

Spinor fields, in the most basic case, are sections of the spin bundle SX. The
sections of S, X and S_X, as noted in Section [[0.4, are called chiral spinors.

The possible kinetic and mass terms for spinors on the flat space are de-
scribed in Section [[0.4, and the story on a curved manifold is similar. The only
new feature is that we have to define the Dirac operator D for a spinor field on
an arbitrary spin manifold. To this end, all we have to do is replace ordinary
partial derivatives in formula ([Ll0.2) by the covariant ones with respect to the
Levi-Civita connection,

(11.1) D = ) T'VfC.
i

More generally, similar to the scalar field case, we may consider spinors
valued in a vector bundle E with an inner product and an orthogonal connec-
tion A, i.e., sections of the bundle SX ® E. This bundle carries a tensor product
connection V°? = VI€ ® 1 +1 ® V,, and the Dirac operator is defined by the
formula

DA = Z Fivg),tial.
i

3. Gauge fields. Let G be a compact Lie group and let g = LieG be
equipped with a positive invariant inner product. Analogously to Section [10.7,
gauge fields are connections A on principal G-bundles E on X, so in local triv-
ialization A is a 1-form on X with values in g and the covariant derivative with
respect to A looks like V4 = d + A. The connection A has curvature F4 (the
field strength), which is a 2-form on X with values in the adjoint bundle ad E.
In a local trivialization the curvature of A is the Maurer-Cartan form

1
FA = dA + E[A,A]
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In particular, if G is abelian, then we just have F; = dA. The kinetic term
for a gauge field A is |F4|?dx = F4 A %E,, where the squared norm is taken
with respect to the inner product on (A’T*X ® ad E), induced by the inner
products on T,.X and g (note that this does not depend on the identification of
Lie algebras (ad E), = g since the form on g is invariant).

Note that on a 1-dimensional manifold, any two connections are locally
isomorphic, and for any connection A we have F, = 0. For this reason, there
are no (dynamical) gauge fields in mechanics (i.e., for spacetime R!)—they are
only considered in field theory on R¢ in dimension d > 2.2

It makes sense to fix the topological type of the C*®-bundle E (which does
not change under deformations) and consider the space Conn(E) of all con-
nections A on E. If A;,A; € Conn(E), then V4, — V4, € QY(X) ® adE, so
Conn(E) is an affine space with underlying vector space Q!(X) ® ad E. More-
over, this space carries a natural right affine linear action of the group G =
C*®(X, Ad(E)) of gauge transformations, which in local trivialization looks like

A8 =g ldg + g 1Ag.
The configuration space of a classical gauge theory is then
(11-2) M =0 topological types ECOHD(E)/QE,
so the phase space is the cotangent bundle T*M.

11.2. Energy-momentum tensor

The ability to put a field theory on any Riemannian (or Lorentzian) manifold
X implies the existence of a special local functional or, in quantum theory, lo-
cal operator (on any spacetime manifold, notably the flat space R?), called the
energy-momentum tensor or stress-energy tensor. Namely, in a classical field
theory defined by a Lagrangian density £dXx, the energy-momentum tensor is
—2 times the variation of the action S = f;, Ldx with respect to the metric,

oS
88 j(x)’
where dx is the volume element on X defined by the metric.23 Thus, the dif-
feomorphism covariance (i.e., coordinate independence) of the action implies
that T(x) is a section of the bundle S?TX. However, since on a Riemannian
(or Lorentzian) manifold, one has a canonical isomorphism of vector bundles
TX =~ T*X, we may also consider the energy-momentum tensor with one or

TH(x)dx = =2

32However, on the circle S!, unlike R!, there are nontrivial G-connections parametrized by the ho-
lonomy around the circle, and such a connection can be one of the integration variables in a quantum-
mechanical path integral (taking values in the finite-dimensional space of conjugacy classes in G).

33The terms “energy-momentum tensor” or “stress-energy tensor” come from the fact that in various
physical theories components of T may be interpreted as density or flux of energy, momentum, or stress.
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two indices lowered: the operator version Tf(x) (a symmetric endomorphism
of TX) and the bilinear form version T;;(x) (a symmetric bilinear form on TX).

In quantum theory we should have a local operator corresponding to this
functional. This operator may be defined purely in terms of correlation func-
tions,

(P01 - dR)Q TH(X)P(21) ... P(27) Q) g dx
5<¢(y1) s ¢(yn)Q’ ¢(Zl) cee ¢(Zm)Q>g
-2 ,
8gij(x)

or in a Euclidean QFT,

88i j (x) '
Example 11.1. Consider the classical Euclidean scalar field theory with action

S(¢p) = % Jrd |Vp(x)|?dx. If we introduce a metric g(x) on R¢, then the action
takes the form

B0 g T (X))gdx = —2

Sg(9) = % f gOO)(V(x), Vo(x))Vdet gdx.
Rd

Hence

Tij = 0190;¢ — %|V¢|25ij-
For example, consider the case d = 2 with metric |du|?, where u = x + it isa
complex coordinate. Then a direct computation shows that the bilinear form
version of T is

T = T, (du)? + T_(du)?,
where B

T, = (09)% T = (3¢)*

In particular, since the equation of motion is agqb = 0, we see that
3T, = 8T_ =0,

i.e., T, is a holomorphic quadratic differential, while T._ is an antiholomorphic
one. These are manifestations of the conformal invariance of this theory (see

Section below).

11.3. Symmetries in classical field theory

In studying any physical system, it is crucial to find all its symmetries and use
them to their full potential. For example, the equations of motion of a particle
in a rotationally symmetric potential field can be fully solved by utilizing the
rotational symmetry (see [|Al]).

The most fundamental fact about symmetries in classical or quantum me-
chanics is that for any 1-parameter group of symmetries of the system there
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is an (essentially unique) observable responsible for this symmetry, which is
conserved in this system; i.e., every 1-parameter symmetry corresponds to a
conservation law, and vice versa. This statement is called Noether’s theorem.

Let us first explain the precise meaning of Noether’s theorem in the setting
of classical mechanics. Suppose we have a system with phase space being a
symplectic manifold (M, w) (typically M = T*X, where X is the configuration
space, and w = da is the differential of the Liouville form) and Hamiltonian
H € C®(M). Let g! be a 1-parameter group of symmetries of this system, i.e.,
of symplectic diffeomorphisms of M which preserve H. Let v := %hzogt be
the vector field generating the flow g'. Then we have L,H = 0 and L,w = 0
(i.e., v is a symplectic vector field, so w, := w(v,?) is a closed 1-form). The last
condition is equivalent to the requirement that L,, is a Poisson derivation, i.e.

L,{a,b} = {L,a,b} + {a,L,b}.

Let us assume that M is simply connected (for example, we can restrict our-
selves to a neighborhood of a point in M or X). In this case w,, is exact, so there
exists Q € C*(M) (unique up to adding a constant) such that w, = dQ. Then
for any observable F € C®(M) we have L,F = {Q,F}. Moreover {Q,H} =
L,H = 0. The observable Q is thus conserved under the Hamiltonian flow and
is the conservation law corresponding to the 1-parameter group g’. It is called
(especially in the setting of field theory) the Noether (conserved) charge of the
symmetry.

A trivial example of this is the Hamiltonian flow h' defined by the Hamil-
tonian H itself, i.e., the time translation symmetry acting on observables by
(h'f)(s) = f(s — t); in this case Q = H, so the corresponding conserved
quantity is H (the energy). Other examples include the momenta py,..., p,
which correspond to translation symmetry (for X = R") and angular momenta
My = xkp i — xJ pj. corresponding to rotational symmetries around the codi-
mension 2 hyperplanes x* = x/ = 0.

More generally, suppose G is a Lie group acting by symmetries of the sys-
tem. Let g = Lie G be the Lie algebra of G. Any element y € g gives rise to a
1-parameter subgroup e’ € G, so defines a conserved quantity Q, such that

{Qy’F} =F-y
for each F € C*°(M), where
d
(F - y)(m) = g|i=oF(eYm), m € M.

More precisely, Q,, is defined only up to adding a constant, so let us fix some
linear assignment y = Q,.

Moreover, it is clear that for y,z € g,

{Qy’ Q)= Q[z,y] + C(y,2),
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where C(y, z) is a skew-symmetric bilinear form on g which arises because Q,,
is uniquely determined by y only up to adding a constant. Furthermore, by the
Jacobi identity, the form C is a 2-cocycle,

C([x,y],z) + C([y, z], x) + C([z, x], y) = 0.

It follows that the assignment® y —Q, is almost a Lie algebra homomor-
phism g - C®(M), but not quite: rather, it defines a homomorphism

pt§— C2(M),
where § is a 1-dimensional central extension of g, i.e., the vector space § := g®R
with commutator
[ @), (2, b)] = ([y 2], C(y, 2)).

Namely, u(y, a) = -Q, + a.

The map u may be viewed as an element of C*(M) ® §*, i.e., geometrically
as a C®-map

U M- g

This map is called the moment map and plays a fundamental role in symplectic
geometry.®

The following example shows that the cohomology class of C may be non-
zero, which means that we may not be able to choose Q, to make C = 0.

Example 11.2. The group R?"* acts on M = T*R" (with trivial Hamiltonian
H = 0) by translations. So we have g = R?" and C(y,z) = w(y,z). Thus § is
the Heisenberg Lie algebra R*" @ R with commutation relations

[(y, @), (z,D)] = ([y, 2], C(y, 2)),

which is a nontrivial central extension of g. In this case, the moment map
u o R — §* identifies R?" with the hyperplane of elements of the form
(f,1) € §*, f € g*, which is an orbit of the coadjoint representation of § (check
it!).

However, in many examples the cohomology class [C] € H?(g) is, in fact,
zero, i.e., § = ¢ @ R as Lie algebras. For instance, this is automatically so if G
is a compact Lie group. In this case, we may choose Q,, so that C = 0, and we
have a moment map

u:M-—g'.

A similar discussion applies to classical field theory, using the formalism of
Section [10.6. Namely, in this case, the Noether charge is given by the integral
over the space of a certain local field called Noether current. This terminology
is motivated by formula ({L0.7).

34Without the minus sign, it would be (almost) a Lie algebra anti-homomorphism.
35For example, for translation symmetries of the free particle, i is the momentum p of the particle,
which explains the terminology “moment map”.
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For example, consider the free massive boson ¢ on R @ R?~!. The Hamil-
tonian is

1
H=3 | (#7 +|Vxgp* + m?¢?)dx.
2 Rd-1
Thus H = [4-, JdX, where

d-1
A13)  T= 3@+ Vgl +mdD) = 287 + %, 8+ m)

is the Noether current associated to the time translation symmetry.

Similarly, the Noether current for the spatial translation in the kth coordi-
nate is

(11.4) Je = Prpyk.
Indeed, using the formulas of Section [[0.6, we have

Ui(x), o)} = =, ()8(x = y), i), b+ (¥)} = P (x)FkS(x — y).
Thus defining the charge as

Pk = f ]k(X)dX,
RA-1
and using integration by parts, we get

{Pk’ ¢(y)} = _¢xk(y)’ {Pk’ ¢t(y)} = _¢txk(y),

as needed.

Let us now discuss Noether currents from the Lagrangian point of view.
For simplicity consider the theory of a single scalar field ¢ on R¢; the general
case is similar. Suppose that the theory is defined by a first-order Lagrangian
L($, P, ..., Pya1), where x! are the coordinates in R? (i.e., it does not ex-
plicitly depend on x). As usual, the action is S = 4 £dx. Thus the Euler-
Lagrange equation is

d-1
(115) [4¢ - Z 6,~L¢xi =0.

i=0
Recall that an infinitesimal symmetry of the theory is then a derivation & of the
algebra A of local functionals of ¢ which preserves the action, i.e., §S = 0. In
order for § to preserve S, it must preserve the Lagrangian density £dx up to an
exact form, i.e.,

8(Ldx) = dF,
where F is a local d — 1-form. This can be written as
d—1
(11.6) (L6 + D, £, 8(¢xe))dx + L£8(dx) = dF.
k=0
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We do not assume that § commutes with 9d; (this would be too restrictive,
e.g., this fails for Lorentz symmetries), but let us assume that the commutator
[0;, 8] is a pure spacetime symmetry, in particular

d-1
(11.7) [0 81¢p = D bxi[01c, S1x7.
Jj=0

This assumption is satisfied in all examples we care about.
Let
d-1

8. 1=08¢— D pibxl
Jj=0

be the active variation of ¢ under the symmetry & (to be distinguished from the
passive variation §¢). Define the Noether current attached to the symmetry &
to be the d — 1-form

d-1
J = L¢xk 5*¢dxk + ng(dX) —F,
k=0

where dx;, := 15, (dx) is the interior product of ) with the volume form dx =
dx® A --- A dx?1, Thus using (T1.g), we get

d-1

di =3 (0(L4 . 8,8) + 0(£)8xM)dx + £8(dx) — dF
k=0
d-1 d-1

- kz (Or(Lg, 8.:8) + 0r(£)8xK)dx — (L4659 + kz L 8($))dox.
=0 =0

If ¢ satisfies the Euler-Lagrange equation ([[1.5) then this yields

d-1 d-1
D1 (L, k0,$ + 0(£)8xK)dx — 3 (L 8($i) + £ gprcdxK)dx
k=0 k=0

d-1 d-1

= > L4, (10819 = Y b [0 81x))dx.
k=0 j=0

Thus by (L1.7),
dJ =0,

. d-1 _ -~ . .

i.e., the current J = ), l.=01 Jidx; is conserved. Note that this only holds on-shell,
i.e. when the equations of motion are satisfied, as opposed to off-shell (without
equations of motion).
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Now assume that ¢ is a solution of the Euler-Lagrange equation compactly
supported in the spatial direction. Then the charge attached to the current J is

(11.8) Q(¢>)=/ lef Jodx!...dxd-1,
Vo Vo

with V; ¢ R? defined by the equation x° = t, where x° is the time coordinate.
Since J is closed (conserved), by Stokes’ formula for any t € R

Q) = /V 5

t

which implies that

dQ _ _

G {Q,H} =0,
i.e., Q is an integral of motion, as expected. Also it is easy to check using ([10.6)
that
(11.9) {Q. ¢} =35"9,

i.e., Q realizes the symmetry &.

Example 11.3. Consider the Minkowskian scalar field theory in two dimen-
sions, with Lagrangian

1
L= 5(4’% —¢3) = U(¢9).
The Euler-Lagrange equation is
b1t — Pxx = —U'(9).

This theory has a Lorentzian boost symmetry defined by the vector field 0, +
x0;. For this symmetry, §¢ = 0, F = 0 (pure spacetime symmetry), thus

8.4 = —tpy — x¢y,
and so
J=—(td, + x¢p;)(P;dx + ¢, dt) + L(xdx — tdt).
Hence we have
Jo = —~(thy +x$)p; + Lx = —1d, — x(P2E 4 U(9)),

so the corresponding charge is

0=- f (i + x(EEE 1 U())dx.
R

It is readily checked that the Euler-Lagrange equation implies that J is con-
served (dJ = 0) and

{Q. ¢} = —1¢y — x¢; = 5.9
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Note that for a pure spacetime symmetry of a classical field theory given
by a vector field v = v/d,; on the spacetime X, the Noether current J, can be
expressed in terms of the energy-momentum tensor T (Section [[1.2). Namely,
recall that T can be viewed as a section of S?T*X. Then one can show that

(11.10) J, = %Tv, or in coordinates J, = Tl-jvj % dxt,

where * is the Hodge *-operator. In particular, if the vector field v preserves
the action, then the current J,, is conserved, i.e., dJ, = 0.

Example 11.4. Consider the theory of a massless scalar field on R¢ with coor-
dinates t = x°,x1,..., x4, and let v = J; be the translation symmetry in the
kth spatial coordinate. Then the Noether current on R¢ corresponding to v is
the d — 1-form

B = Tgj + dx) = $o  dp — 5|d|? * dxF,

and it is easy to check that the equation of motion d * d¢ = 0 implies that
dJ, = 0 (i.e., J is conserved). Also, since *dx* has a factor dt, its restriction
to R%~1 is zero. So, since *d¢|pa-1 = ¢,dx, we get

Jilra1 = Jdx, J = ¢y,
i.e., formula (11.4).
Exercise 11.5. Prove formula (1.10).
Exercise 11.6.

(i) Check equation ([1.9).
(ii) Show thatin the case of free scalar field theory, formula ([[1.§) for trans-
lation symmetries yields formulas (L1.3) and (11.4).

(iii) Consider the theory of Example for ¢ valued in a Euclidean space
E, and compute the Noether currents and charges for infinitesimal symmetries
from the Lie algebra 3o(E).

For a general spacetime manifold X of dimension d, the story is similar.
Namely, to every infinitesimal symmetry one can assign a Noether current J,
which is a closed d — 1-form on X, i.e., dJ = 0 (the current J is conserved) pro-
vided that equations of motion are satisfied, so that one can obtain the corre-
sponding Noether charge Q as /- J, where C C X is a space cycle of dimension
d — 1. Moreover, by Stokes’ theorem, Q does not change when this cycle is
deformed (at least under suitable decay conditions at infinity). For example, if
X = RxXj, where R is the time axis, then we can take C = X; = {(t,x)|x € X}
Then the integral Q = [y J does not depend on ¢, i.e., it is conserved under the
Hamiltonian flow ({Q, H} = 0). Also, the restriction of J to the space cycle X, is
a top degree form on X, of the form J(x)dx, where J(x) is a function on Xj; this
is the Noether current from the Hamiltonian point of view as discussed above.
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Exercise 11.7.

(i) Let M be a symplectic manifold and let G be a Lie group acting freely
and properly on M by symplectic diffeomorphisms. Let g := Lie G and suppose
thatu : M — g* is a moment map for this action. Show that u=(0) c M is a
G-invariant closed submanifold of M of codimension dim G and that the man-
ifold M J/ G == u=1(0)/G C M/G of dimension dim M — 2 dim G has a natural
symplectic structure. The symplectic manifold M J/ G is called the Hamiltonian
reduction or Marsden-Weinstein reduction of M by the action of G.

(i) Show that the Poisson bracket {f, h} of two smooth functions f, h on
a small neighborhood U of x € M // G defined by this symplectic structure
can be computed as follows: pick a neighborhood of U of x in M/G such that
U = UnNM J G; extend f,h to smooth functions f,/ on U; compute the
Poisson bracket { f, 4} as G-invariant functions on the preimage of U in M; and
then restrict the resulting function on U to U. (In particular, the result is well
defined, i.e., does not depend on the extensions of f, h.)

(iii) Suppose G acts freely and properly on a manifold X (on the right).
Then it acts symplectically on T*X, and a moment map u : T*X — ¢* is given

by
u(x, p)a) = (p, ay),

where a, € T,.X is the tangent vector corresponding to a € g. Show that there
is a canonical symplectic diffeomorphism T*(X/G) = T*X J/ G.

(iv) Let G be a compact Lie group, let M = Conn(Y) be the space of con-
nections on a principal G-bundle P on a manifold Y, and let G = C*(Y, Ad P)
be the group of gauge transformations acting on M. Apply an infinite-dimen-
sional version of (iii) to this situation to describe the phase space for a classical
gauge theory as T*M // G (mind you, the action of G on M is not free in general,
but it is generically free, so for the purposes of this exercise this issue may be
ignored).

11.4. Symmetries in quantum field theory

As usual, the discussion of Section extends to quantum theory, with ob-
servables replaced by operators. Namely, in this case, we have a unitary projec-
tive representation r : G — Aut(J() of the Lie group G of symmetries on the
Hilbert space # of quantum states of the system, so that [7(g), H] = 0, where
H : H — 7 is the Hamiltonian (an unbounded self-adjoint operator).

Remark 11.8. Note that this representation need not be linear (in general, it
is only projective) because actual quantum states are nonzero vectors in H up
to scaling, i.e., points of the projective space PJ. In other words, 7 is a uni-
tary representation of a certain central extension of G; this central extension is
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a quantum analogue of the one we have seen in the classical case. Such projec-
tive, nonlinearizable actions are actually common in quantum mechanics. Pro-
totypical examples of this are the Heisenberg uncertainty relation [p, X] = —ih,
when the classical 2-dimensional group (or Lie algebra) of translations of the
phase plane is replaced in quantum theory by the 3-dimensional Heisenberg
group (Lie algebra), and the phenomenon of spin, when the classical rotational
symmetry group SO (3) is replaced in quantum theory by its double cover SU(2)
(cf. Remark [10.3). Other such examples include the Virasoro central charge in
2-dimensional conformal field theory (Section [[2.7) and the central charge for
the N = 2 supersymmetry in four dimensions discussed in Section [[4.16.

The quantum Noether charges corresponding to these symmetries simply
define the corresponding projective Lie algebra representation

7, . ¢ — End(8),

where § is a certain dense subspace of 7 (of smooth vectors) on which all the
operators 7,(y) are defined. For instance, in quantum mechanics, as in clas-
sical one, the time translation corresponds to the Hamiltonian H, the spatial
translations to the momentum operators p; := —ihdy;j, and rotations around
x¥ = xJ = 0 to the angular momentum operators

My = —ih(xkd; — xJdy).

Finally, in quantum field theory, by analogy with classical one, a quantum
Noether charge is an operator of the form

0= f I,
Rd-1

where J(x) is a quantum local operator called the quantum Noether current. For
example, in the case of a free massive boson, the currents J(x) and Ji (x) for time
and space translations are given by the same formulas (I1.3) and (I1.4), but
now with ¢(t, x) being the quantum field corresponding to the massive boson
(say, in the setting of Wightman axioms) rather than the classical field, and
with normal ordered product instead of the usual product,
1 d-1
J=§(:¢%:+Z:¢§j S m? P ),
Jj=1

Je =1 $ipxr

and the corresponding charges, as in the classical case, are given by integration
of the current over the space. For example, the free boson

(11.11) ﬁ:f J(x)dx
Rd-1
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is the quantum Hamiltonian, and

ﬁk = f Jk(X)dX
Rd-1

are the quantum momentum operators.

It is also possible to construct quantum Noether currents and charges of
symmetries of a QFT in Lagrangian formalism. This is analogous to the case
of classical field theory described in Section [[1.3, except that as usual classical
observables are replaced by operators. In particular, the output is an operator-
valued Noether current J (a d — 1-form on spacetime), which is conserved in
the sense that dJ = 0, and the corresponding charge Q = /. J, where C is
a space cycle. In a free field theory, the formula for the current is analogous
to the classical case, with appropriate normal ordering. Finally, as in classical
field theory, for a pure spacetime symmetry given by a vector field v = v/d,; on
the spacetime X, the quantum Noether current J,, can be expressed in terms of
the quantum energy-momentum tensor T by the formula J,, = *Twv.

11.5. Types of symmetry
One can distinguish the following types of symmetry that arise in field theory.

11.5.1. Spacetime (Poincaré) symmetry. The spacetime symmetry is the
action of the Poincaré group P present by definition in any relativistic field
theory on R,

11.5.2. Global (or internal) symmetry. A global symmetry is an action of a
(possibly disconnected) Lie group G which commutes with the Poincaré group.
The term “global” refers to the property of such symmetry to act “in the same
way” at all points of spacetime, as opposed to local symmetries (Poincaré sym-
metry, conformal symmetry, gauge symmetry) which act differently at differ-
ent points. For instance, in the theory of a massive scalar boson valued in a
Euclidean space E with Lagrangian

(11.12) £ = SOV - m2ig)

there is a global O(E)-symmetry rotating ¢.

The Coleman-Mandula theorem states that in a conventional quantum field
theoryind > 3 dimensions with a mass gap and nontrivial scattering matrix, ev-
ery even symmetry is a composition of a Poincaré symmetry and a global sym-
metry; i.e., the group of symmetries is a direct product of the Poincaré group
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with the group of global symmetries (a compact Lie group). This is a rigor-
ous theorem which can be proved in the context of Wightman axioms, whose
precise formulation can be found in [QFS].2

11.5.3. Conformal symmetry. Conformal symmetry is the symmetry of a
field theory under conformal transformations of spacetime. Recall that a con-
formal map between (pseudo-)Riemannian manifolds X;,X, is a diffeomor-
phism f : X; — X, whose differential d f, at every point x € X; is the com-
position of an isometry and a dilation by some factor 1¢(x); i.e., it rescales the
metric by multiplying it by a function of x.2 Thus conformal symmetry in-
cludes Poincaré symmetry, and on R4, d > 3, in the Minkowski (respectively,
Euclidean) signature it is the symmetry under the finite-dimensional confor-
mal group Conf(1,d — 1) = O(2,d) (respectively, Conf(0,d) = O(1,d + 1)).
Note that Conf(0, d) is generated by Poincaré symmetries (rotations and trans-
lations) as well as dilations and the inversion x +— %

In d = 2 dimensions, conformal symmetry is much richer, since any ori-
entable Riemannian surface has a canonical complex structure, and any uni-
valent holomorphic function of one variable defines a conformal map. Thus in
2-dimensional conformal field theory we have the action of an infinite-dimen-
sional Lie algebra of conformal symmetries—the Lie algebra polynomial vector
fields f(z)d, on C*. This is the Witt algebra W (also known as centerless Vira-
soro algebra), see Section 12.7. Even though there is no infinite-dimensional
complex Lie group whose Lie algebra is W (there is only a semigroup defined
by G. Segal, see Section [[2.12), the infinitesimal symmetries defined by this
Lie algebra greatly facilitate the study of 2-dimensional conformal field theo-
ries. Moreover, since W acts on the theory only R-linearly, we obtain an action

of the complexification W = W @ W. 2-Dimensional conformal field theory

36The mass gap condition in the Coleman-Mandula theorem cannot be dropped; e.g., scale-invariant
(thus necessarily gapless) theories have dilation symmetries that do not commute with Poincaré symmetries
(see Remark [T.14).

Similarly, the condition of a nontrivial scattering matrix cannot be removed; e.g., it rules out free the-
ories for which the Coleman-Mandula theorem fails. For example, consider the free theory of a complex
scalar ¢ of mass m in R® for d > 2. Let $ be the Fourier transform of ¢ with respect to the space coordinates.
Then the Hamiltonian is

1 é ~
H= f | HE)p, where H(p) = 5(: (427 : +(62 +m) 1 67 2
RA-1

(a superposition of independent harmonic oscillators labeled by p € R¢~1). For any smooth function 6 :
R4 5 R, $(p) - eie(p)$(p) is a symmetry, which is not of the form claimed by the Coleman-Mandula
theorem unless 6 is constant. Moreover, the Noether charge of this symmetry is

dé =~
o= [ ewm(: 43 .
rd-1
which is local in ¢ if 6 is a polynomial. Taking 6 of arbitrary degree, we see that such symmetries can have
arbitrarily high spin.

37In physics literature, the symmetry of the theory under rescaling of the spacetime metric by a function
is often called Weyl invariance.
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is discussed in Chapter [12; there are also important conformal field theories in
higher dimensions d > 3 (thus, with a finite-dimensional group of conformal
symmetries), but we will not discuss them.

More generally, one may talk about conformal invariance of a family of
field theories parametrized by the Riemannian (or Lorentzian) metrics on the
spacetime. In this case conformal invariance by definition means that the ac-
tion does not change under multiplying the metric by a positive scalar func-
tion. There is an obvious criterion for such conformal invariance in terms of
the energy-momentum tensor (Section [[1.2):

Proposition 11.9. A classical field theory depending on a metric is conformal if
and only if the trace of the energy-momentum tensor vanishes: Tr T = T} = 0.

Then, in particular, the theory on the flat space will be conformal in the
above sense, and the Noether charges for its conformal symmetries can be writ-
ten in terms of the energy-momentum tensor as explained in Section [1.3. We
will see an example of this in Chapter 2.

Remark 11.10. Note that the notion of conformal invariance of a family is
strictly stronger than the notion of conformal invariance of an individual the-
ory on a flat spacetime. In particular, the latter does not imply tracelessness of
the energy-momentum tensor.

For instance, in Example we have
— d 2
T = (- H|vy

(and this is also true on a general Riemannian manifold), so we conclude that
the classical free scalar field theory with its usual energy-momentum tensor T
is conformally invariant (in the above family sense) if and only if d = 2. This
is of course also easy to check directly: the Lagrangian density is % S dpAxd,
and the Hodge x-operator on 1-forms is conformally invariant if and only if
d = 2 (since in general * on p-forms rescales by the factor A2~2P when the
metric transforms as g;; — A2g; )-

So, what happens for classical free scalar field theory in d > 3 dimensions?
It turns out that conformal invariance is still present provided that the field ¢
is rescaled under conformal transformations x — x’ = f(x):

_d=2
¢'(x') = 2,(x)" 7 ¢(x)
(i.e., ¢ has conformal weight %). This is reflected in the fact that even though
in this case the standard energy-momentum tensor T is not traceless, it can be
improved to achieve tracelessness while keeping it conserved. Namely, define

the improved energy-momentum tensor
~ d—2
Ly =T+ m(&gﬂ — 0;0))$?,
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where the additional summand accounts for the rescaling of ¢. Then, using
the equation of motion A¢ = 0, we obtain

TrT =0,

exhibiting conformal invariance of the theory in flat space with simultaneous

rescaling of ¢ with conformal weight #. Moreover, this can be extended to
any Riemannian or Lorentzian manifold.

Exercise 11.11. Show by explicit computation that T is conserved, that is,
Tk —
;8T =o.
Similar statements apply in quantum theory, where T is a local operator.

Example 11.12. Consider the quantum theory of a free scalar field in d > 3
dimensions. Then the 2-point function is

(@) =[x =y~

T . . . . . . . -2
This is obviously invariant under dilations with conformal weight dT for ¢.
Moreover, it is invariant under the inversion x — — with the same conformal

x|

weight. Indeed,

Xy [Pkl

|x|> [y? |x[2]y|?’
SO .

2_
X Yy _ _ _
nE Rl T |x — y2=4 |x|9=2|y|9=2.

Thus, this 2-point function is conformally invariant.

For d = 2 the situation is similar, except the operator ¢ is not quite well
defined, and one should work with its derivatives, see Chapter[12. For example,
if x denotes the complex coordinate of R?, then d¢ has scaling dimension 1, and

1
0¢(x)d = —,
OB = =55
which is conformally invariant.

Similarly, the theory of a free massless spinor (both classical and quantum)
is conformally invariant in all dimensions.

The situation with gauge theory is similar but a bit more nuanced, since
a gauge field A is not itself a physical observable, and only its curvature F4
(more precisely, gauge invariant expressions such as traces of its powers) define
observables. To analyze conformal invariance of classical gauge theory, recall
that the action of (Euclidean) gauge theory is

SZfTrFAA*FA,
X
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and note that the Hodge *-operator on 2-forms is invariant under rescalings of
the metric if and only if d = 4. Thus, for classical gauge theory the action is
invariant under rescalings of the metric if and only if d = 4. In particular, on
flat spacetime, classical gauge theory is conformally invariant precisely in four
dimensions. In this case the theory is in fact conformally invariant on any 4-
dimensional Riemannian or Lorentzian manifold, even in the nonabelian case,

see Section [[3.3.

11.5.4. Scaling symmetry. A part of conformal symmetry is the scaling (di-
lation) symmetry of the spacetime. In a scale-invariant theory, the algebra of
observables is graded by scaling dimension, and correlation functions are ho-
mogeneous of degree determined by the scaling dimensions of the fields inside
the correlator. The scaling dimension A of a field in the Lagrangian density
is determined from the condition that its kinetic term (including the volume
element) has dimension 0, where the coordinates x! have dimension —1 (see
also Section [13.3). For example, the scaling dimension for a scalar field is %,
and for a spinor field it is %. The action of the scaling group on fields is then
#(x) ~ a’¢(ax), which makes the correlation functions invariant.

One may also discuss scale invariance of a family of theories depending
on a metric. Such scale invariance by definition means that the action does not
change under rescaling the metric by a positive number. Similar to Proposition
[[1.9, we have an obvious criterion of scale invariance in this sense in terms of
the energy-momentum tensor:

Proposition 11.13. A classical field theory on a spacetime X is scale-invariant
if and only if the trace of the energy-momentum tensor is a total derivative.

For example, it is easy to see that the theory of a free scalar field defined
by Lagrangian ([1.17) is scale-invariant if and only if m = 0 (in which case it
is conformally invariant as we have seen above). Namely, the Noether current
on R for the scaling symmetry is

J = x; Ty = dax/,
Jik
where T is the improved energy-momentum tensor.

Another example of a scale-invariant theory is the free (abelian) gauge the-
ory in any spacetime dimension d. As explained above, it is conformally invari-
ant (in particular, scale-invariant) for d = 4. For d # 4, it is not conformally
invariant (we cannot add an improvement term to T since the gauge field can-
not be rescaled), but it is still scale-invariant: the correlation functions of F,
are homogeneous.

As before, the same story applies to quantum theories with T being an op-
erator.
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Remark 11.14. Note that scaling symmetry can only exist in quantum field
theories without mass gap (as mass introduces a scale of energy, so the spec-
trum of the Hamiltonian cannot be invariant under dilations), so it does not fall
under the Coleman-Mandula theorem and it is no contradiction that scaling
does not commute with translations (which are part of Poincaré symmetry).

11.5.5. Topological and area-preserving symmetry. As we have already
seen and will see below, in some field theories, there is a symmetry under the
group Diff,(X) of diffeomorphisms of the spacetime X homotopic to the iden-
tity: the quantum mechanics of a massless fermion (Section P.2), 2-dimensional
topological theories (Section [[1.11)), e.g., 2-dimensional gauge theory for a fi-
nite group (Section [1.I(), Chern-Simons theory (Section [1.12), etc. There
are also theories with slightly less symmetry, namely the subgroup Diffg(X) C
Diffy(X), of area-preserving diffeomorphisms, e.g., 2-dimensional gauge theory
for a compact Lie group (Section [1.10). Such theories are discussed in more
detail in Section [[1.11].

11.5.6. Gauge symmetry. Thisis the action of the group G of automorphisms
of a principal G-bundle P on the spacetime (the group of gauge transforma-
tions), when one of the fields is a connection A on this bundle (a gauge field),
see Section [[1.1. This symmetry is important in defining gauge theory, but it
does not actually act on classical states or observables, because the space of
classical states is defined as a quotient of the space of connections (and other
fields, if present) by the action of this group. Similarly, it does not act on the
Hilbert space of quantum states, which is defined as the space of G-invariants
in a certain representation H of g.

11.5.7. Supersymmetry. This is a special kind of odd symmetry exchanging
bosons and fermions, which squares to the translation symmetry and trans-
forms in a spin representation of the Lorentz group (being odd, it does not fall
under the Coleman-Mandula theorem, so it is no contradiction that it does not
commute with the Lorentz group). This is the subject of Chapter [[4.

11.5.8. R-symmetry. This is a special kind of global symmetry that acts on
the supercharges discussed in Section [[4.13.

11.6. Anomalies and breaking of classical symmetries under
quantization

It is important to note that a symmetry of a classical field theory may fail to
survive quantization. If this happens, one says that the symmetry becomes
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anomalous in quantum theory, or suffers a quantum anomaly. This is prohib-
ited for Poincaré symmetries by the axioms of QFT. Other examples of anom-
alies that make the theory inconsistent are the gravitational anomaly in confor-
mal field theory, when the left-moving and right-moving copies of the Virasoro
algebra act with different central charges (see Chapter [2), the chiral anomaly
(see Section [I4.5) and anomalies of gauge symmetry ([QFS, p. 1166]). But this
can happen for other types of symmetry without making the theory inconsis-
tent: global symmetry, scaling (or conformal) symmetry, or supersymmetry.
For example, the classical scaling symmetry of the theory of a scalar field with
a critical interaction becomes anomalous quantum mechanically, as in pertur-
bation theory, see Section [[3.8.

Another possibility is that a certain symmetry acts on the algebra of ob-
servables but there is no invariant ground state; i.e., the symmetry group acts
nontrivially on the moduli space of ground states (vacua) of the theory. In this
case one speaks of spontaneous symmetry breaking, discussed in more detail in
Section [[1.7. Spontaneous symmetry breaking may already happen in classi-
cal theory and can be cured or not quantum mechanically. Or the symmetry
may be present in classical theory and break when the theory is quantized (as
it happens in the Gross-Neveu model, see Example [[3.26).

11.7. Spontaneous symmetry breaking

Spontaneous symmetry breaking is an important and ubiquitous phenomenon
in field theory, which arises when a system whose laws of motion are invariant
under some group G settles down into a regime which is not G-invariant, but is
only invariant under a subgroup K C G (possibly the trivial one). In this case
one says that the G-symmetry of the system breaks down to K. Let us briefly
discuss this phenomenon, following [QFS, pp. 1121-1142].

Spontaneous symmetry breaking can be vividly observed already in classi-

cal mechanics. Let us start with discrete symmetry breaking, i.e., the situation
when G is a finite group. Consider a particle on the real line with potential

U(g = (¢° - %
we may imagine a ball rolling on the graph of this function, as plotted in Fig-
ure [1.1.

This system has a symmetry under G = Z/2 acting by ¢ —» —q. On the
other hand, if the ball has energy < 1, then it must oscillate around one of the
ground states ¢ = 1 or ¢ = —1, since it does not have enough energy to go
over the bump at ¢ = 0. Thus the symmetry under G = Z/2 is spontaneously
broken (to the trivial group). The same applies to classical field theory.

For the quantum particle with the same potential this phenomenon dis-
appears, however, and we have a single ground state ,—the unique positive
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-1.5 -1 -0.5 05 1 1.5

Figure 11.1

eigenfunction of the Hamiltonian of norm 1 with smallest eigenvalue (Section
[7.3), which is therefore G-invariant. This happens because of tunneling—the
quantum particle, unlike the classical one, can jump over the bump from one
ground state to the other with positive probability even if its energy is less than
1.

It turns out that the same happens in field theory of a real scalar with
Minkowskian Lagrangian

£ = (VP - (¢ = 1)

in finite volume (e.g., compact space, such as a torus (S!)¢~1), for the same rea-
son. However, in infinite volume (on R9~!) we have a particle at every point
x € R4~ and for all of them to jump over the bump requires an infinite amount
of energy, so is impossible even in quantum theory. As a result, the correspond-
ing quantum field theory has two realizations (versions) localized around the
two classical ground states q = +1, with Hilbert spaces J ., but the group Z/2
does not act in either of them; rather, it swaps #(, and ' _. Thus in quantum
field theory in infinite volume the Z/2-symmetry is spontaneously broken in
any dimension d > 2.

A similar thing happens in the Gross-Neveu model discussed in Exam-
ple [[3.26, but here the situation is a bit different: the Z/2 symmetry is present
classically (there is only one ground state), but in quantum theory it is broken
and this ground state bifurcates into two, permuted by the symmetry.

The situation with continuous symmetry breaking (i.e., when G is a con-
nected Lie group) is similar but with some crucial differences. As before, such
symmetry breaking easily occurs in classical mechanics. Indeed, consider a
particle moving on RN with the potential

U(q) = (lq” - D

Then classical ground states form the sphere S¥~1 defined by |q| = 1. So the
symmetry under G = SO(N) breaks down to SO(IN — 1) (stabilizer of a point
in SN—1). The same happens in classical field theory.

Author's f?
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Note that continuous global symmetry breaking in a relativistic classical
field theory gives rise to massless modes. For example, consider the field theory
with Euclidean Lagrangian

£ = SIVEP + (92 = 1)

where ¢ takes values in RN. Using spherical coordinates, we write ¢ = ru,
where r = |¢| and u € SN~ is a unit vector. In terms of the variables r, u, the
Lagrangian becomes

1 1
L= §|Vr|2 +(?-1)7%+ §r2|Vu|2.

The potential depends only on r, so the vacuum manifold is the unit sphere
SN-1 defined by the equation r = 1, and fluctuations in the u-directions are
massless. Thus we obtain a massless scalar field u valued in S¥~1. The coordi-
nates of u are the Goldstone modes.

In general, if a global symmetry breaks from a connected compact group
G to a subgroup K, the Goldstone modes can be described as scalar fields tak-
ing values in the homogeneous space G/K; there is one such mode per broken
generator, i.e. dim(G/K) of them.

Note that Goldstone modes need not be free. In the above example, after
freezing the radial mode r = 1, we obtain a nonlinear sigma model with target
SN-1 (Section [[1.1)). For N = 2 this target space is flat, so the Goldstone mode
is equivalent to a free (circle-valued) massless scalar field. For N > 2, how-
ever, SV~ is curved, and this curvature leads to interactions between Gold-
stone modes (i.e., cubic and higher terms in the Lagrangian when written in
coordinates on SV-1).

In quantum theory, under the usual assumptions of relativistic local QFT,
spontaneous breaking of a continuous global symmetry again gives rise to Gold-
stone modes. This is the content of Goldstone’s theorem, discussed, for exam-
ple, in [QFS, p. 1139]: for each broken generator there corresponds a massless
scalar quantum particle (a subrepresentation of P in J{ isomorphic to I*(Xg))
which is created from the vacuum by the current J(x) of the broken symmetry
(i.e.,J(x)Qis not orthogonal to this subrepresentation). This particle is called a
Goldstone boson. Thus, as in the classical case, we have dim G/K independent
Goldstone bosons.

We note that, similar to the case of a discrete symmetry, a continuous sym-
metry can be spontaneously broken in the quantization of a classical field the-
ory even if it is not broken in the classical theory itself. In this case, the symme-
try breaking is a genuinely nonperturbative effect, since the perturbation series
around a G-stable vacuum (defined in Chapter [[3) is manifestly G-invariant.
However, if the symmetry is already broken classically, then Goldstone bosons
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can be seen in perturbation theory as quantizations of the classical Goldstone
modes.

On the other hand, since massless bosons in spacetime dimension < 2 vio-
late the clustering property, as their Green’s function does not decay at infinity
(Section [[0.2), we see that a continuous global symmetry cannot be sponta-
neously broken in quantum mechanics (just as in the discrete case), nor in
2-dimensional quantum field theory, and more generally whenever there is at
most one noncompact spatial dimension (in contrast to the discrete case!). An
informal explanation for this is that in the continuous case it is even easier for
the system to move between ground states: it does not need to go over the bump
any more, since the set of ground states is connected.

Thus, spontaneous breaking of a continuous global symmetry can only oc-
cur in quantum field theory starting with spacetime dimension d = 3, i.e. when
there are at least two noncompact spatial dimensions. Detailed understanding
of the mechanism and implications of this phenomenon is a central topic in
quantum field theory, but it is beyond the scope of this book, and we refer the
reader to [QFS] for more details.

11.8. Higgs mechanism

When spontaneous symmetry breaking occurs in gauge theory with a charged
scalar, the initially massless gauge field acquires a nonzero mass. This impor-
tant phenomenon is called the Higgs mechanism. Let us first explain how it
happens classically.

Consider a 4-dimensional U(1)-gauge theory with gauge field A and a com-
plex scalar ¢ in the tautological U(1)-representation with potential (|¢|? — 1)2.
So the Euclidean Lagrangian is

£ = 2(e"2dA A #dA + |[Va9?) + (12 — 12,

where e is the coupling constant (electric charge). It is convenient to rescale A,
replacing it by eA4; then we have

£ = 2(dA A *dA + |V + ieAd?) + (|¢? — 1)%.

For fixed A there is a global U(1)-symmetry breaking, since there is a circle of
vacuum configurations for ¢, as discussed in the previous section. So, as before,
let us write ¢ in polar coordinates,

¢ = rexp(ib).
Then we have

L= 2(dAA#dA + |Vr? + 2|V6 + eAP?) + (2 — 1)2.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



226 11. Symmetries and geometric aspects of field theory

The difference with the previous section is that now we can gauge away 9: pick
the (unique) gauge in which 6 = 0. Then the Lagrangian takes the form

£ = 2(dA A *dA + |Vh? + (1 + hPA]P) + h3(h + 2),

where h := r — 1 is the radial fluctuation of r around the vacuum value r = 1.
The quadratic part of this Lagrangian is thus

1
Lquadratic = E(dA A *#dA + 62|A|2 + |Vh|2 + Shz),

i.e., we see that we have a massive vector A (of mass e) and massive real scalar
h (instead of the initial massless vector and two real scalars). Thus, the Higgs
mechanism allows the massless gauge field A to “eat” a massless scalar (the
Goldstone mode of the broken symmetry) and become massive. The second
(massive) scalar h remains intact.

In quantum theory, the Higgs mechanism results in the corresponding
transformation for quantum particles. For e = 0, the Lagrangian is

1 1
£ =sdAA*dA+ 5|VP|* + (| —1)%,

i.e., A and ¢ are decoupled, and A is the gauge field of a free U(1) gauge the-
ory. So for the particle content we should have a massless vector and two real
scalars—the massive radial mode 4 and the massless angular mode 6 (the Gold-
stone boson). However, when e is turned on, the massless vector representation
of P, which alone could not deform to a massive one, combines with a massless
scalar representation, and the direct sum of these representations deforms into
a massive vector representation (see Exercise [[0.24). This is the Higgs mecha-
nism at the quantum level.

11.9. Dimensional reduction

Dimensional reduction is a procedure of reducing a field theory initially de-
fined in d spacetime dimensions down to a space of smaller dimension d — r.
In classical field theory this is done by restricting to field configurations in-
dependent of the last r coordinates (in either Lagrangian or Hamiltonian for-
mulation). This means that the spacetime is taken to be X x R" where X is a
(d — r)-dimensional manifold and all the fields are pulled back from X. This
can be extended to quantum theory in the path integral approach by computing
the path integral over such field configurations.

An important feature of dimensional reduction is that the reduced theory
may have more fields than the original one. Namely, while reduction does
nothing to the scalar fields, other types of fields fall apart into several com-
ponents. For example, a vector in dimension d becomes a vector in dimension
d —r together with r scalars coming from the last r coordinates. Likewise, since
the restriction of a spin representation of Spin (d) to Spin(d—r) is a direct sum of
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several spin representations, a spinor in d dimensions falls into several spinors
in dimension d —r.

Note that by construction, upon reduction from d to d — r dimensions, the
theory acquires a new residual global symmetry under the group Spin () acting
on the variables on which the fields are now independent, commuting with all
the symmetries coming from d dimensions.

As an example consider a 4-dimensional U(1)-gauge theory with a massless
complex spinor field ¢ valued in the tautological representation p of U(1) (more
precisely, in p ® S, ) together with the complex conjugate ¢" valued in p* ® S_
(recall that in four dimensions, a Kinetic term must include both a chiral and
anti-chiral spinor). The Lagrangian of this theory is

L4-dim(A’ Y, EDT) = |FA|2 + (EDT, DAIP)’

where A is the gauge field (photon), F, is the curvature of the connection A,
and D4 is the covariant Dirac operator (cf. Section [[0.7). What happens if this
theory is reduced to three dimensions?

For simplicity we assume that A is a connection on the trivial bundle.
Reduction to three dimensions means that fields that initially depended on
t,x', x%, x> will now depend only on ¢, x!,x2. Thus A = A + ¢dx3, where ¢
is a scalar field and A is a 1-form in the variables t, x!, x2. So

Fy =dA =dA+dp Adx® = Fy +d¢ Adx3,

hence |F, |> = |Fa|* + | V|2

Now let us see what happens to the spinors %, %". The 2-dimensional spin
representation S of Spin(4) remains irreducible when restricted to Spin(3), so
we will still have a single spinor field 3 together with conjugate 3. However,
the kinetic term (3, D4%) = (7, (D +A)y) will take the form (3", (D +A)p) +
(T, 1) (the Clifford algebra element corresponding to x> switches S, and S_).
Note that the last term only makes sense in three dimensions, as there is no
Spin(4)-invariant pairing between S, and S_; however, over Spin(3) = SU(2),
S, and S_ become isomorphic to S, which is self-dual, so an invariant pairing
appears. Thus the Lagrangian of the reduced 3-dimensional theory is

L3aim(A, @9, 97) = |Fal* + VP> + @7, Daip) + ¢, ).

What happens to this theory if we further reduce it to two dimensions? In
this case we get A = A +ndx? where A is a 1-form and 7 is a new scalar field in
the variables t, x!. Also, the spin representation S falls into two 1-dimensional
representations, so we get ¢ = (¢, ¥_), with the element of the Clifford alge-
bra corresponding to x? actingon 1, by +1 and on 3_ by —1. Thus the reduced

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



228 11. Symmetries and geometric aspects of field theory

Lagrangian looks like

Lo aim(A, $.0, 94, -, P, 9T
= |Eq|> + |V + |Vn2 + (@}, Dyipy) + @, D)
+ (P + ML, Y + (¢ — i@, p_)

(the factor i for n appears from the action of the Lie algebra of U(1) on the
tautological representation). In terms of the complex scalar y := ¢ + in, this
can be written as

Lz-dim(ﬂ’ X> ¢+’ 110—’ ¢i~ W—)
= |F4? + Vx> + @5, D) + @F, Dyyp)
+ (W5, + @Y.

As expected, in addition to the U(1)-symmetry rotating 1 (and %" in the oppo-
site direction) which exists in the original 4-dimensional theory, the reduced
2-dimensional theory has another U(1) symmetry (commuting with the previ-
ous one), which only rotates {)_ (and 3. in the opposite direction) and y. This

symmetry appears from the Spin(2)-action on the variables x2, x3.

Finally, let us reduce this theory to one dimension (quantum mechanics).
In this reduction, the gauge field disappears, producing a third real boson &.
We thus obtain the Lagrangian

Lraim(E 2P 9, 94, 90)
= &2 + 127 + @ 90 + @)
+EWLP) — EQL P + XL ) + 2@, Y0).
§ x
x =
trices, we can write this Lagrangian as
L1gim(Bs %, 97) = 181 + @, %) + &7, B,

which makes manifest the expected SU(2) = Spin(3)-symmetry acting on ¥,
dually on 97, and by conjugation on . This symmetry comes from the action
of this group on x!, x2, x3.

Introducing the scalar § = ( ) valued in traceless hermitian 2-by-2 ma-

11.10. 2-Dimensional gauge theory

While nonabelian quantum gauge theory in > 3 dimensions is very compli-
cated, 2-dimensional pure nonabelian quantum gauge theory is simple enough
to be defined rigorously and completely solved. In this section we discuss
(somewhat informally) its solution by E. Witten ([Wil]).
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Let G be a compact Lie group with a fixed invariant inner product on its
Lie algebra g. Recall from Section that the action of the pure gauge theory
for G on a surface X is a functional of a connection A on a principal G-bundle
on X given by

S(A) = f ). £(A) = Lo,
X

where F, is the curvature of A and £(A) the Lagrangian density. Note that £
depends on the metric on X only through the area form do; indeed, given such
a form, we can view the 2-form F, with values in the adjoint bundle as a 0-
form (i.e., a section), so the expression |F, |* makes sense. This property will be
preserved in quantum theory, so the Euclidean partition function

S(A)
Z(X, h) = f e~ "+ DA

for a closed oriented surface X only depends on the topology and the area of X.
Moreover, S(A) scales reciprocally to do and hence to the area of X, thus

Z(X,h) = Zg(h - area(X)),

where Z, depends only on the genus g of X. Finally, when # — 0, the path
integral localizes to minima of the action, which are flat connections (F, = 0).
So we should expect the asymptotics of Z,(%) as i — 0 to be expressed in terms
of flat G-connections or, equivalently, G-local systems on the surface X.

Let us compute Z,. To this end, let us first put this theory on the cylin-
der R X R/Z, where R is the time axis. As noted in Section 1.9, the phase
space of the classical theory is T*M, where M is the space of gauge classes of
G-connections on the circle R/Z defined by (11.2). But this space is very easy to
describe—it is just the space G/ Ad(G) of conjugacy classes in G, since a con-
nection A on the circle is completely determined by its holonomy Holg,,(A).
Thus in quantum theory, the Hilbert space should be

H = I*(M) = I(G)°.
Moreover, classically the Hamiltonian of the theory is H = %2, where p € g* is

the momentum on T*G = G X g%, so in quantum theory itis H = —%ZA, where
A is the Laplace operator on G. It thus follows that the partition function on
the finite cylinder C; := [0,L] X R/Z of area L with boundary conditions®
Hol(A) = x, at 0 and Hol(A) = x; at L (xy, x; € G) is®

LH
Z(Cohxguxy) = (By ™R8, ) = f Kn(rxoy~1x7)dy,
G

331n this section we will use letters x, y for elements of G, not for points of the spacetime X as elsewhere
in the book.
39We normalize the Haar measure on G to have unit volume.
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where &, is the delta function of the conjugacy class of x and K;(y) is the heat
kernel of G, i.e., the fundamental solution of the heat equation,

1
= —Au.
oiu 5 Au
Thus for the torus T = T}, := R/LZ X R/Z the partition function is

Z(Ty, h) = Tr}[(e_%) = f Ky (yxy~tx~Ydxdy.
GZ

In other words, the genus 1 partition function is given by

(11.13) Zi(h) = / Kp(yxy 'xDdxdy = >} e~ 2"Cv,
G? Velrrep(G)

where Cy, is the eigenvalue of the quadratic Casimir C of G on its irreducible
representation V.

Exercise 11.15. Show that

1
K= 3, e "vdim(V)xy (),
Velrrep(G)

where yy- is the character of V.

Example 11.16. Let G = U(1). Then we get

N2
Z() =Y ez =90,5),

Nez

where 4§ is the theta function defined by (6.11)).

It is instructive to obtain the same answer from the path integral formula-
tion (they must coincide by the Feynman-Kac formula). For this we must recall
that topological classes of U(1)-bundles on a closed oriented surface X are la-
beled by integers: E +— c;(E). The smallest value of the action on the bundle
Epn with ¢;(Ey) = N is attained on a connection Ay with constant curvature,
Fy,, = 27miNdo, and for other connections on the same bundle, A = Ay + w for
a 1-form w on X, we have Fy = F,, +dw = (27iN + f,)do, where dw = f,do,
so [y fodo = 0. Thus

1 1
S(A) = —/ |27iN + f,|*do = 27*N? + —f |f,]?do.
2 Jx 2 Jx

It follows that the path integral over connections on Ex equals

272N2

In(h) = e "7 Ip(h),
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where I(%) is a Gaussian integral independent of N which under correct nor-

malization ends up being equal to 4/ 27” Thus we get

Zi(h) = Y} In =/ 790, 50).
Nez

This agrees with the Hamiltonian answer by the modular invariance of the
theta function.

One can make a generalization of this theory by adding to the Lagrangian

a topological term
Lo(A) = £(A) + 20 I,

where 0 is a real parameter called the 6-angle; the answer will depend on this
parameter only modulo 27r. This term is called topological because the corre-
sponding term in the action, % Jx Ea = i6c,(E) only depends on the topology
of the bundle. The introduction of this term results in weighting the contribu-
tion of bundles with ¢; = N by the phase factor eN%, so we get the genus 1
Lagrangian partition function

. 72N2
2 8) = I 3 N0 [ iy

Nez

Now let us pass to more general surfaces. First consider a genus 0 surface
Xo,n+1 With n + 1 boundary circles Cj, i = 0,...,n (of unit area). So we need to
specify boundary conditions on C;-elements g, ..., g, € G, and then we can
consider the partition function

S(A)

Z(Xon41-1, 805 -1 8n) = f B,
A:Holc,(A)~g;

This function depends only on the conjugacy classes of g, ..., g,-

To compute this function, note that if we attach to a surface X ,.,(t) of
area t a cylinder Cy, of area # at the Oth hole, we obtain a surface X, ,,41(t + #)
of area t + 7. Thus we get

(11.14) Z(Xo,n+1,t+7,805---,8n) = th(go“_l)Z(Xo,n+1,t’ U, 815+ 8n)du.
G

Also when t — 0, the surface X ,,1(t) becomes very thin and degenerates into
a bouquet of n circles, so we get

n
Z(XO,nH,O,u,gl,...,gn):f 5(uijgjxj‘1)dx1...dxn.
Gn j=1
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Thus by (T1.14)
(11.15)
n
ZXona1s1:8or - 8n) = f Ky (@ou)8(u [T g )dudx, ... dx,
Gn+l j=1

n
:f Kh(gonjgjle)dxl...dxn.
Gn j=1

This formula can be used to compute partition functions of surfaces of higher
genus, with or without boundary. Namely, let X, , be a surface of genus g with
n holes, of unit area. Then X, ,, is obtained by gluing X, ,4g41 t0 Xg g1 atg+1
holes, so

Z(Xg,n, ha g()’ s ,gn—l)

g
- f Z(Xo a1 1 or o8t Xg Lo, xg D8t | [ 597 Delxdy
G28+1 j=1

g
=f Z(Xonrge1s 180 81> | [ ¥5X¥7 %10, xg dxdy
G28

j=1
n-—1 g g
= / Ko([ T vrarve' T yixiyit 11 ujxi 'uy dxdydudv
G k=0 j=1 j=1

n-1 g g
= f Ku(] [ vkgivi® [ [wixopt 1 x5 Hdxdydv
G2e+n k=0 j=1 j=1

(note that if n > 1, then we can set vy = 1 and integration over v, can be
dropped). In particular, we get

(11.16) Zy(h) = Z(Xg 0, ) = f

g g
k(1 yixiyit 11 x; Hdxdy.
G28 j=1 j=1

Note that the product Hle yixiyit H?Zl x;! in ((1.16) is one of the forms

of the defining relation of the fundamental group of 7,(Xg () in some genera-
tors x;,y;. Another form of this relation (for another choice of generators) is

H?:l a;b;a;'b;!. Thus by changing variables, we get

Proposition 11.17. The partition function Zj is given by the formula
g
(11.17) Zy(h) = / Ky(] [ a;bja; bt )dadb.
G® =1
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For example, in the case g = 1, this recovers formula ([[1.13), while for
g = 0 we get

Zom) =Ky = > e dim(V)
Velrrep(G)

In particular, when G is finite,® then the Hamiltonian is zero (a topological
quantum field theory), so K;, = K, = |G|6 and we get

g
(11.18) Z, =|GI*"% - |{(ay,..., ag, by,....by) € G : [ [ a;bja;'b;" = 1}].
j=1

Thus |G|2g_zZg provides the orbifold count of conjugacy classes of homomor-
phisms 77;(X; o) — G (i.e., G-bundles on Xj (): every class P of bundles counts

with (by now our favorite!) weight TAGED)] Aui(P)l .

Exercise 11.18. Show that the number of homomorphisms 7,(X;0) — G
equals
Ny(G) =[Gt > dim(V)*~2%.
Velrrep(G)
Hint. Consider the central element z € CG given by the formula
—1,-1

Z = Z Xy~ x
x,yeG
Split this sum into conjugacy classes of x, and deduce that for every irreducible
2
representation V of G, z|,, = %(lv)r Then compute the trace of z8 on the

regular representation of G using Maschke’s theorem.

Thus, we get that
_ M@ _

: 2-2

Velrrep(G)

It turns out that, as was shown by E. Witten, this formula generalizes to
compact simple Lie groups G. Namely, by analogy with Exercise [[1.18, for ev-
ery irreducible representation V of G we may consider the operator

zZy :=f ev(xy~IxHdxdy : V - V.
GZ

As in Exercise [[1.18, this operator is G-invariant, so it is a scalar, namely

1 X .
Tmoy Define the Witten zeta function

1
$o(s) = Z m?

Velrrep(G)

401n gauge theory one may assume that the gauge group is compact, but not necessarily connected.
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234 11. Symmetries and geometric aspects of field theory

for example {sy(2)(s) = ¢(s), the usual Riemann zeta function. It is easy to
show that the series {;(s) converges if Re(s) > 1 and defines an analytic func-
tion in this half-plane. It follows that the operator z**! on I*(G) is of trace class
if Re(s) > % and by the Peter-Weyl theorem

Tr(z*!) = {(25).

In particular, if g > 2 is an integer, then
g
Z4(0) = fG 2 5(1‘[1 ajbja; by )dadb = Tr(z8) = {5(2g — 2).
J=

Note that the integral in this equality is nothing but ﬁ of the volume of
the moduli space Locg(G) of G-local systems on X; , (i.e., representations of
7,(Xg, 0)) in its natural symplectic structure, where Z(G) is the center of G;
indeed, the support of the delta function is a principal G/Z(G)-bundle over the

generic locus of Locg(G). Thus we obtain

Theorem 11.19 (Witten’s volume formula). If the Haar measure of G is nor-
malized to have unit volume, then

Vol(Locy(G)) = |Z(G)|[Sc(28 — 2).
Exercise 11.20. Show that for any G we have

Zyy= Y e v dim(V)2.
Velrrep(G)

Finally, let us compute expectation values of some observables in our the-
ory. We assume that G is connected. One of the most important observables in
gauge theory is the Wilson line operator. Namely, given a closed oriented curve
y in X and a finite-dimensional representation R of G, the Wilson line W, g is

W, &(A) = Tr(Hol,(4), R),
the trace of the holonomy of A along y in R.

Let us compute the expectation value of W, g(A) on the sphere S? of area t.
Assume that y is a simple curve that splits the sphere into a disk of area s and a
disk of area t — s. Then, since the sphere is glued out of these two disks, using
formula (I1.13) for n = 0, we obtain

Wyt = s /G Kns(@)12(@Kngr—s) (&),

In particular, assuming R is irreducible, we obtain that for fixed s (using that
K,(y) > last — oo and Cr = Cg.),

(WA = W) = [ Kis(@hza(ed = e+ dimR)
® G
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Note that for nontrivial R we have Cgr > 0. Thus, the expectation of the Wilson
line W, g (for nontrivial R) decays exponentially fast with the area s encircled by
y. This is called the area law in gauge theory, which is a mathematical formu-
lation of confinement. In 4-dimensional nonabelian gauge theory the validity
of the area law is one of the most central conjectures.

Exercise 11.21. Let X be a closed oriented surface of genus g > 2 with
area form do, let G be a simply connected compact simple Lie group, and let
Locg(G) = Hom(7,(X), G)/G be the moduli space of flat G-bundles on X. Let
L € Locg(G) be a smooth point, then T;, Locy(G) = H 1(X,ad(L)). Now given

U1, Uy € Tp Locg(G), define the Atiyah-Bott 2-form [AB] by

CC)AB(vl’ UZ) = (vl AUy, [X])s
where v; Av, € H*(X,R) is the cup product of v;, v, composed with the inner
product on g.

(i) Show that w,p is a symplectic form on the smooth part of Locg(G), i.e.,
it is closed and nondegenerate.

Now consider the classical pure gauge theory on X with gauge group G and
Lagrangian density |F, |>do. Then the equation of motion is d4 * F4, = 0, i.e.,
the section %F, of the adjoint bundle is covariantly constant. Moreover, if the
centralizer in G of the holonomy group of A is Z(G) (which happens generi-
cally), then xF4 = 0, so F4, = 0 and A is flat. The space of such connections is
a smooth open subset Loc;(G) of Locg(G). According to the yoga of classical
field theory, this manifold has a natural symplectic structure.

(ii) Show that this symplectic structure has the form
w = CCUAB, C>0.
(Note that this implies (i)). How does C depend on the area S of X?

(iii) LetII(X)be the setof conjugacy classes in 77;(X), i.e., homotopy classes
of closed oriented curves on X without basepoint. For two smooth closed ori-
ented curves a, 8 on X in general position (i.e., only simple transversal inter-
sections) and an intersection point P € a N B, define the join a *p 8 of a and
B at P to be the closed oriented curve obtained by cutting o, § at P and then
reconnecting them into a single curve preserving orientations. Also define the
sign of P to be + if @ approaches g from the left and — if « approaches 8 from
the right. Now following W. Goldman define the Goldman bracket on ZI1(X)
by the formula

[ fl= Y] sign(Plasp b,
Peanf
where on the right-hand side we choose representatives of o and 3 in general
position. Show that this bracket is well defined (i.e., does not depend on the
representatives) and is a Lie bracket on ZII(X).
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(iv) Let G = U(N) and R = CN be the vector representation of G. Show
that
{(Wars W rE = Wiaprs
where W, z(A) = Tr(Hol,(A),R) is the Wilson line functional and {, } is the
Poisson bracket defined by the symplectic form wy4p.

Remark 11.22 (see [Wil], [AB], [CMR]). Consider two-dimensional gauge
theory for G = SU(2). As noted in Exercise [1.21], the equation of motion is
d,4 * E4 = 0, and its solutions with centralizer of holonomy group Z(G) = {1}
are flat connections. However, it also has nonflat solutions associated to direct
sums L @ L*, where L is a line bundle with ¢;(L) = N > 0 and a unitary
connection of constant curvature, forming a 2g-dimensional torus T?8(N).

The partition function of quantum theory has the form

n2—
Zy(h) =3 e T = Y f(n),
n>1 nez\0
x2—
where f(x) := %xz_zge_th. Applying the Poisson summation formula to

this equality, one obtains another series for Z,(#) which gives the exact expan-
sion of Zy(f) at i — 0, including instanton corrections; for example, if g = 1,
this is just the modular invariance of the theta-function, which has already
shown up many times. The terms of this series express via the confluent hy-
pergeometric function F;. (If g > 2, the function f is not locally L! near 0, so
one needs to extend f to a distribution before taking the Fourier transform).

This series can be interpreted as the semiclassical expansion around the
space of solutions of the equation of motion. Namely, the perturbative part
of the expansion comes from the moduli space of flat connections, while the
other, exponentially small (instanton) terms come from expanding around
T28(N) for N = 0,1,2,.... The fact that the expansion converges to the exact
partition function follows from an infinite-dimensional version of the Duister-
maat-Heckman formula.

Similar results hold for other compact Lie groups.

11.11. The cobordism picture of QFT

11.11.1. The general setup. A conceptual, albeit somewhat informal, way of
thinking about Hamiltonian QFT on manifolds, which is quite useful for mo-
tivational purposes, is the following cobordism picture, due to G. Segal, which
describes a (Euclidean) QFT as a kind of functor from a suitable cobordism
category to the category of separable (super-)Hilbert spaces.

To explain this picture, as a running example we will use the theory of a
scalar boson and restrict ourselves to compact manifolds, although the same
approach extends to more general QFT and to the noncompact case (with fields
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satisfying suitable decay conditions at infinity). Consider a d-dimensional com-
pact oriented Riemannian manifold X with boundary X, which is split into a
disjoint union of incoming boundary d_X and outgoing boundary J, X (i.e.,
0_X is equipped with the “incoming” orientation, while 6, X is equipped with
the “outgoing” orientation). The most basic example is X = [0,L] X Y, where
Y is a (d — 1)-dimensional space manifold and [0, L] is a time interval; then
0_X = 0xYandd, X = LxY. Recall that the classical theory of a scalar
¢ : X - R has the action

S(@) = f (L(V$) + U(@)dx.
X

where U : R — R is a bounded below potential function (for convenience
with min U = 0), and the Euler-Lagrange equation is the Laplace equation

Ap—U'(¢) = 0.

Typically this equation has many solutions. To specify a particular solution, we
need to impose boundary conditions ¢|5, x = ¢. (the Dirichlet problem); un-
der suitable assumptions (e.g., for U = 0) this determines the solution uniquely.

In quantum theory, the output should therefore be the partition function
Zx(¢_, ¢, ) given by the path integral

Zxgu$) = | ¥ py,
¢:X->R:Plo, x=¢
with integration over field configurations satisfying the boundary conditions
(assuming that we have made sense of integration, for instance in perturbation
theory using Feynman calculus). We may view this partition function as the
Schwartz kernel of an integral operator

H(X) : [H(C®(_X)) —» I[X(C®(8,.X))
given by
GOODG) = [ 2u(@ 8000 Dp-
C=(6_X)

(again, assuming that we have made sense of integration over C*(9,X)).

Thus we obtain the following picture. To every compact oriented Riemann-
ian d — 1-manifold Y corresponds a Hilbert space 7((Y) = I*(C*(Y)), and to
every cobordism X between such manifolds Y_,Y, (i.e., a compact oriented
Riemannian d-manifold with boundary and _X = Y_,d,X = Y,) an oper-
ator ((X) : F(Y_) —» H(Y,) (the “amplitude” of X). Note that F (@) = C,
thus if X is a closed manifold, then #((X) = Zx € C (the partition function of
our QFT on X). Moreover, this assignment is compatible with disjoint union:

HMUY,) = HY) @ H(Y), HX; UX,) = H(G) @ HKG).
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Also note that F((Y) is the Hilbert space of the theory on R X Y in the Hamil-
tonian formulation, and the Feynman-Kac formula implies that
FH(0,L] X Y) = e~ LHy,
where Hy is the Hamiltonian, while the vacuum vector Qy is defined by
-1/2 -S® 0
Qy(§) = Zp,y e”n D¢, § € C(Y),
¢:(—00,0]xY=R;$(0,y)=§(»)

where
5(8)

Zpxy = f e” " D¢
¢:RXY >R
(the integrals are taken over finite energy configurations).

The main property of the assignment X — F(X) is compatibility with glu-
ing. Namely, suppose X;, X, are two Riemannian d-manifolds endowed with
an isometry 0, X, =~ J_X;, and with cylindrical metrics near the boundary.
Then we can glue them along the boundary to obtain the Riemannian d-mani-
fold X7 #X, with 0_(X; #X,) = 0_X, and 0, (X; #X,) = 0,X;, and compatibility
of #(X) with gluing is expressed by the equality

HXq#X;) = H(X)H(X);

this follows simply by integrating over ¢|5, x,-5_x,- Similarly, if two isometric
components of X are glued to each other to produce a new manifold X', then

HX") = Tr H(X),

where Tr stands for the partial trace along the Hilbert space corresponding to
the glued component. For example,

H(R/LZXY) = Tr(e~LHy),

Moreover, let Y be Y with opposite orientation, and denote by Y7, YL+ the Rie-
mannian d-manifolds obtained by orienting both boundaries of [0,L] X Y as
incoming (respectively, outgoing). Then we get

HY ) =evy : HY)Q H(Y) - C
(the evaluation map) and
FH(YH) = coevy, : C— H(Y)® H(Y)

(the coevaluation map). Moreover, since Y;" #3Yx = [0,K + L] XY, the gluing
property implies that for any v € H(Y)

(evg ®Id) o (v ® coevy) = e~ K+DHyy,

in particular
(evp ®Id) o (v ® coevy) = v.
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Similarly, for w € J Y),
(Id ® evy) o (coevy Qw) = w.

This means that ev,, coev, define an isomorphism #(Y) = H(Y)* = H(Y).
With these identifications, it follows that 7 (X) = #(X)* = #(X)" (Hermitian
adjoint).

To summarize, the cobordism picture of QFT defines a symmetric monoidal
functor from the category RiemBord,; of (d — 1)-dimensional compact ori-
ented Riemannian manifolds where morphisms are Riemannian cobordisms
cylindrical near the boundary (including the height zero cylinders giving the
identity morphisms) to the category of (separable) Hilbert spaces,

X : RiemBord,; — Hilb,

which is compatible with conjugation and taking traces (in particular, we want
the amplitudes #((X) for nonidentity cobordisms to be compact operators, so
Hy must have discrete spectrum). For a general Lagrangian this is, of course,
only an aspirational picture (as the ingredients are not defined rigorously),
but in some special cases (such as some topological quantum field theories,
2-dimensional rational conformal field theories, etc.) one can make sense of it
in a rigorous manner.

As usual, local operators on #((Y) arising in the Hamiltonian picture are
realized by insertions of fields in the path integral. For example, if X = [0, L]xXY
and0<t; <.+ <t, <L, y1,...,¥, €Y, then the path integral

_5¢)
f $(t1.71) ... ¢tn yu)e 1 D
¢:X—>R:¢(07_)=¢—’¢(L!_)=¢+

gives the integral kernel for the operator
e (=t gy, ... ety gy ety 2 H(Y) — H(Y).

Thus the entire theory (i.e., its correlation functions) can be recovered by
considering amplitudes with insertions for d-dimensional manifolds without
boundary.

11.11.2. Topological QFT. If the underlying theory has nontrivial spacetime
symmetries, then the functor /€ may factor through a category of oriented man-
ifolds with less structure than a Riemannian metric. For example, if the theory
is topological (completely independent of the spacetime metric), then the func-
tor J factors through the category Bord, of smooth oriented compact d — 1-
manifolds, with morphisms being cobordisms up to diffeomorphism. Note that
this category is rigid (has duality), with Y* = Y (the evaluation and coevalua-
tion maps are the cylinder cobordisms). In this case the Hamiltonian Hy must
be zero (since the isomorphism class of [0,L] X Y no longer depends on L, so
H([0,L]xY) =1d for all L). Hence dim #((Y) = H((R/LZXY) < co. Thus we
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recover Atiyah’s definition of a d-dimensional topological quantum field theory,
which makes sense over any ground field:

Definition 11.23. A d-dimensional TQFT over a field k is a symmetric monoi-
dal functor /¢ : Bord; — Vect, from the category Bord, to the category of
finite-dimensional vector spaces over k.E!

More precisely, what we get from the above physical setup is a unitary
TQFT, i.e., a symmetric monoidal functor ¢ from Bord, to the category of
finite-dimensional Hilbert spaces compatible with complex conjugation.

This is a rigorous notion with especially interesting examples for d = 3
(e.g., Chern-Simons theory, see Section [1.1Z). Note that a d-dimensional
TQFT over k gives rise to a k-valued diffeomorphism invariant of closed ori-
ented d-manifolds, which is why such theories are important for differential
topology. Note also that to a TQFT one may add insertions—operators con-
centrated on submanifolds of the spacetime manifold, e.g., Wilson lines con-
centrated on knots inside a 3-manifold in Chern-Simons theory.

Example 11.24. Here is a simple example of a d-dimensional TQFT called
finite gauge theory. Let G be a finite group. For a closed oriented d — 1-manifold
Y, let

H(Y) := Fun(Conng(Y), C),
i.e., the space of functions on the set of isomorphism classes of G-connections
(i.e., G-local systems) on Y; for example, if Y is connected, this is the space of

G-invariant functions on Hom(7r;(Y), G). This space has a natural Hermitian
inner product

_ J1(p) f2(p)
(fi, o) = pecgic(y) TAut(o)

Now, if X is a closed oriented d-manifold withd_X = Y_,d,X =Y, , we define
the operator A(X) : F((Y_) - F(Y,) by

ACONGD = 2 Nx(¢4. ¢ )f(@),

¢_eConng(Y_)

where

Ne(@prp )= Y D L

Aut ’
neConng(X) a_:nly_=¢_,a. 9|y, =¢, | (. ay, )]

where Aut(n, a,,a_) is the group of automorphisms of (1, a,,a_). It is easy
to check that this is a TQFT. The invariant of closed d-manifolds it defines is

4INote that any symmetric monoidal functor out of a rigid category is automatically compatible with
duality.
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not terribly interesting, however: we have

1
A(X) neConng(X) | AUt(n)l ’
so for connected X, we get
| Hom (7, (X), G)|
|G|

AX) =

For d = 2, TQFT are easy to classify. Namely, recall that a Frobenius algebra
is a finite-dimensional unital algebra A over a field k with a linear functional
T : A — k such that the bilinear form (a, b) = T(ab) on A is nondegenerate.

Theorem 11.25. The data of a 2-dimensional TQFT over a field k is equivalent
to the data of a commutative Frobenius algebra over k.

Proof (Sketch). Let A be a commutative Frobenius algebra over k. We define
a functor 7 : Bord, — Vect, on objects by (S') = A. To the pair-of-
pants surface with two incoming and one outgoing boundary, we attach the
multiplication u : A ® A — A; to the disk with outgoing boundary (cup), we
attach 1 € A = Hom(k,A); and to the disk with incoming boundary (cap),
we attach T : A — k. The Frobenius algebra axioms then imply that this data
defines a 2-dimensional TQFT. Conversely, given a 2-dimensional TQFT 7, let
A == F((SY). The pair of pants defines a commutative associative product on A,
the cup defines a unit 1 € A, and the cap defines T : A — k. The axioms of a
Frobenius algebra for A follow in a straightforward manner. O

Let us compute the invariant y4(g) = F4(Z,) of the closed surface Z,
of genus g produced by the 2-dimensional TQFT defined by a Frobenius al-
gebra A. By definition, y,(0) = T(1), ya(1) = dimA. More generally, let
A : A - A ® A be the amplitude of the pair of pants with one incoming and
two outgoing boundaries, i.e., the dual u* of the multiplication operator under
the inner product (a,b) = T(ab) on A. The composition B := u o A is a lin-
ear operator A — A (the amplitude of the torus with two holes—one incoming
and one outgoing). The surface Z is obtained by concatenating g such tori and
adding a cup and a cap, so we get

xa(g) = T(BE1).
Note that for g > 1 we can also obtain %, by concatenating g — 1 tori and then
gluing the remaining two boundaries; thus we also have

Xa(g) = Tr(B&™).
So we obtain the identity
(11.19) T(B81) = Tr(B8™1),

which holds in every commutative Frobenius algebra.
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Exercise 11.26. Prove ([[1.19) algebraically.

Example 11.27 (Semisimple Frobenius algebras). Let A = CX---XC (n times).
Then T(xy,...,X,) = ), bix; for some b; # 0, and 1 = (1,...,1). Also B =

diag(b7?, ..., by 1). Thus both formulas give y4(g) = Z?:l bl}_g.

In particular, the data of unitary TQFT over C is a commutative Frobenius
*-algebra. This means that all such theories are given by Example with
bi > 0.

Note that, as mentioned above, the whole theory can often be recovered just
from the invariants of closed surfaces. Namely, given a 2-dimensional unitary
TQFT ¢, consider the vectors v, € H(S 1y which correspond to the surface of
genus g with one outgoing boundary. Then we have

(vgl’ vgz) = jL((Zgﬁgz) = x(g1 + g2)-

Thus, assuming that vy span H (S1), we may recover J(S!) as the quotient v
of the infinite-dimensional space V' with basis e; and nonnegative Hermitian

inner product given by
(egl’ egz) = x(g1 + 82)
by the radical of this inner product. And indeed, in the setting of Example
we IEIVG x(@ = Z?:l b%_g, so if b; are distinct, then vg span #((S') and
F((S') = V = A. Moreover, even if b; are not all distinct, the sequence g —
Zin:l b%_g completely determines the theory, as it determines both n and b; up
to permutation.
A similar principle applies in higher dimensions (notably d = 3).

Exercise 11.28. Consider finite gauge theory in d = 2 dimensions with gauge
group G having r conjugacy classes (Example [[1.24). By Theorem it must
correspond to a commutative Frobenius algebra A;. Using Exercise [1.1§,
show that Ag is the semisimple Frobenius algebra C" with the numbers b; =

dim 1})? . . . .
( 1|12|2 )" where V; are the irreducible representations of G (Exercise [[1.27).

11.11.3. QFT with area-preserving and conformal symmetries. Another
possibility is that the theory depends only on the volume element on X; in this
case for a (d — 1)-dimensional manifold Y, #(Y) depends only on the smooth
structure on Y, while the operator #(X) depends only on the smooth structure
and volume of X (for connected X). Thus the functor # factors through the
category Bord, with the same objects as Bord; but with morphisms being pairs
(X,v), where X is a smooth cobordism and v is a positive function on 7,(X)
(giving the volumes of components of X).

An example of this is 2-dimensional gauge theory considered in Section
[1.10. In this case there is only one possibility for connected Y, namely Y = S?,
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and #((S') = I*(G)®. The Hamiltonian Hg: = H is —3A, where A is the
Laplace operator on G (normalizing # to be 1). Moreover, for a connected ori-
ented compact surface X with n_ incoming boundaries and n, outgoing ones,
the operator F(X) : I*(G)®"- — I*(G)®"+ whose integral kernel is computed
in the previous section depends only on the area of X.

Finally, if the theory is conformally invariant, then the functor # factors
through the category ConfBord, of oriented manifolds with conformal struc-
ture. In the 2-dimensional case, this is the category where objects are unions
of circles (i.e., labeled by nonnegative integers) and morphisms are Riemann
surfaces with boundary, and we obtain the Segal picture of 2-dimensional con-
formal field theory, to be discussed in Chapter 2.

11.12. Chern-Simons theory

One of the most interesting TQFTs is Chern-Simons theory attached to a con-
nected compact Lie group G. The goal of this section is to briefly discuss this
theory; for more detail see the seminal paper of E. Witten ([Wi2]).

Chern-Simons theory is a 3-dimensional gauge theory with gauge group G,
but its kinetic term is different from the one in Yang-Mills theory, producing
first order equations of motion. First consider this theory on R3.

The only field in Chern-Simons theory is a connection A on a (necessar-
ily trivial) principal G-bundle on R3. Thus without loss of generality we may
simply take A to be a 1-form on R3 with values in g = Lie G, which gives rise
to the connection d + A on the trivial G-bundle. To define the action S(A) of
Chern-Simons theory, we need to produce a 3-form w, on R? from A so that
S(A) = % Jrs @4 is gauge invariant.

Fix an invariant inner product (, ) on g. The obvious candidate form is then
w4 = Tr(AAdA), where the symbol Tr means that we apply the inner product;
ie., ifA = A;dx; + A,dx, + Asdx;, then

Tr(A A dA)
= ((Al’ 62A3 — 83A2) + (Az, 63A1 - 61A3) + (A3, alAz - 62A1)) dx1 A de A d.X'3.

If G is abelian, then an infinitesimal compactly supported gauge transforma-
tion b € C*(R3, g) acts on w4 by the formula

w4 o b = Tr(db A dA).

/@Aobzo,
R3
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hence the action
1
S(A) == — / w
4 R3 A

When G is not necessarily abelian, this is no longer the case. But then we
can attach to A another 3-form, Tr(A A A A A), where we apply the 3-form

([x,y],2) on g:
TI‘(A /\A /\A) = 3([A1,A2],A3)dx1 AN de AN dX3.

is gauge invariant.

So we may define w, by the formula
ws =Tr(AANdA+BAANAANA)

for 8 € R and look for the value of § making the integral f,; w4 gauge-
invariant. Applying a compactly supported infinitesimal gauge transformation
b € C*(R3, g), we obtain

wyqob=Tr((db+[A,b])AdA+AAd[A,b]+3BdbAAAA).

Using Stokes’ formula, after a short calculation this yields
/ wqgob=02- 36)/ Tr([A, b] A dA).
R3 R3
Thus the suitable value of S is § = % So for

2
wg =Tr(AANdA + §A ANAANA),

we have fR3 w4 o b = 0, thus the functional

CS(A) = % f o,

R3
is invariant under infinitesimal gauge transformations. The functional CS(A)
is called the Chern-Simons functional (or action) of A.

The Chern-Simons functional defines a classical field theory called the clas-
sical Chern-Simons theory. The Euler-Lagrange equation §CS(A) = 0 for this
theory is

dA + %[A,A] ~o,
i.e., Fy, = 0, where F, is the curvature of A (this is another way to find the right
value of f—for a general 8 one gets the equation dA + %[A,A] = 0, which

is only gauge invariant for § = %). Thus classical solutions for Chern-Simons
theory are flat connections.

Note that classical Chern-Simons theory is topological: to define it, we
didn’t need any structure on R3 besides that of a smooth oriented manifold.
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Thus it makes sense to put this theory on any smooth oriented 3-manifold X,
just replacing R3 by X in all formulas.

There is, however, a slight subtlety arising when X is compact and con-
nected and G is nonabelian (say, simple and simply-connected). In this case
the group G = C®(X, G) of gauge transformations is not connected. Namely,
we have 7((G) = Z; specifically, the degree of g € G is the element g*(c) €
H3(X,Z) = Z, where ¢ € H3(G, Z) is the generator. Thus the above infinitesi-
mal computation only proves the gauge invariance of CS(A) under the identity
component G°.

To understand how CS(A) transforms under homotopically nontrivial
gauge transformations, fix a compact connected oriented 4-manifold M with
boundary such that 0, M = X (i.e., X is an outgoing boundary); it is well known
that M exists, as the 3-dimensional cobordism group vanishes. Moreover, A
can be extended to a connection on the trivial G-bundle on M; we will abuse
notation and denote this extension also by A. It is then easy to compute that

dCUA = TI'(FA A FA)’

so by Stokes’ formula

CS(A) = % f Tr(Ey A Fy).
M

This gives yet another proof that CS(A) is invariant under §°: any element
g € §° extends to a gauge transformation over M, so the statement follows
from the fact that the curvature F, is a g-valued 2-form on M that transforms
simply by conjugation by g.

However, if g is homotopically nontrivial, then it does not extend to a gauge
transformation over M, since the map H3(M) — H3(X) vanishes (as X =
0,M). To compute the effect of g on CS(A), pick another compact connected
4-manifold N with _N = X, and extend A over N. Then the connections
Aon N and g o A on M glue into a connection A on the G-bundle E; on the
closed 4-manifold M Ux N obtained by gluing the trivial bundles on M and N
along X using g. This bundle is in general nontrivial, and has a characteristic
classc, € H 4(M Ux N, Z) =~ Z, which equals (up to a sign, depending on con-
ventions) the degree of g. Note that for a suitable normalization of the inner
product on g,

f Tr(Fy A Fy) = 87%cg.
MUXN

Thus we get

47(CS(g o A) — CS(A)) = /

TI'(FéOA A F'goA) + f Tr(FA A FA) = 87T2Cg.
M

N
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It follows that
CS(goA) = CS(A) + 27cg.

Thus we see that CS(A) is not completely gauge invariant but rather is gauge
invariant up to adding multiples of 27. This is, however, enough to define a
classical field theory, since for this we only need gauge-invariance of the dif-
ferential §CS(A), which does hold for all g € G.

Let us now consider quantization of Chern-Simons theory. This quantiza-
tion is defined by the path integral

f ekCSAW(A)DA,
Conng(X)/g

where W is a gauge-invariant observable and k = % is a coupling constant,
provided, of course, that we can make sense of (i.e., regularize) this integral (a
nontrivial procedure explained in [Wi2]). In particular, one may consider the
partition function

2x(G, k) = / ekCSApA.
Conng(X)/§

This defines the quantum Chern-Simons theory at level k.

Note that on X = R3, the expression eXC5(4) is well defined (gauge invari-
ant) for any k € C, but for compact X, since CS(A) is only well defined up to
277, it is only gauge invariant if k € Z. Thus the above path integral and the
corresponding QFT potentially makes sense only for integer level k. We will
assume, without loss of generality, that k > 0.

Since regularization of the Chern-Simons path integral involves choices
that break diffeomorphism invariance (e.g., a Riemannian metric on X), it is
not obvious that Chern-Simons theory remains topological at the quantum
level. Luckily, it turns out to be the case, except for a slight anomaly called
the framing anomaly. Namely, as was shown by Witten, there is a regulariza-
tion of the quantum Chern-Simons theory depending only on a framing of X,
i.e., a trivialization of its tangent bundle. It is well known that a framing exists
on any compact oriented 3-manifold, and two different framings are related by
amap £ : X - SO(3) up to homotopy. To every such £ we can attach its de-
gree s(§) € Z, and it turns out that the partition function changes under the
change of framing as follows: if f}, f, are two framings differing by & of degree

s = 5(§), then
Zx (G, k, o) = Zx (G, k, f;)e¥ 5“5,
with y
imG
(kG = T

where hV denotes the dual Coxeter number of G.
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Thus, the Chern-Simons path integral gives rise to a framed 3-dimensional
TQFT. In fact, it can be defined rigorously as a 3-dimensional TQFT in Atiyah’s
sense, using 3-dimensional topology and representation theory of affine Lie
algebras or quantum groups ([Tu]). In particular, Zx(G,k, f) is a topological
invariant of the framed 3-manifold (X, f). This very interesting invariant is
called the Reshetikhin-Turaev invariant of X attached to G, k, f. For example,
Witten showed that for X = S* with standard framing f and G = SU(2), one

has
2 . T
2=2s:Gk ) =1/ 175N >

Now take X = S with standard framing and consider correlation func-
tions of operators in Chern-Simons theory. Recall that a basic example of a
gauge-invariant observable is the Wilson line functional corresponding to a map
y: S! — $3 and a finite-dimensional representation R of G, namely,

W, r(A) = Tr(Hol,(A),R).

Thus, given smooth mapsy;,...,¥, : S — S3, one can consider the correlation
function

1 .
Wy, g, (A)... W, g, (A) = = f ekCSWyw ¢ (A)... W, r (A)DA.
Conng(S3)/g

Since our theory is topological, this depends only on the isotopy class of
(1, ---,7y) and the framing of each y; (because of the framing anomaly). Thus
if y; are simple nonintersecting curves, it depends only on the corresponding
framed link in S3. Moreover, the dependence on the framing can be removed
by a suitable rescaling. This leads to many interesting invariants of links called
quantum link invariants. For example, when G = SU(2) and R; = C? is the
tautological representation, then one obtains the (suitably normalized) Jones
polynomial of the link with parameter g = e, More generally, for G = SU(2)
and arbitrary R;, one obtains the colored Jones polynomial, and for G = SU(N)
and R; = CN, the HOMFLY polynomial. For more details on these invariants
see [[Tu].
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Chapter 12

Two-dimensional
conformal field theory

Two-dimensional conformal field theory (CFT) is an especially important class
of quantum field theories. There are several reasons for this:

1. Due to an infinite-dimensional symmetry algebra (the Virasoro algebra),
conformal field theories are among the most tractable quantum field theories,
and many of them are exactly solvable and can be constructed rigorously.

2. Conformal field theories often arise as scaling limits of 2-dimensional
models of statistical mechanics, such as the Ising model.

3. Conformal field theories serve as a foundation for string theory, similarly
to how (relativistic) quantum mechanics serves as a foundation of quantum
field theory. Namely, in string theory particles are represented not by points but
rather by small loops (strings), and consequently the role of Feynman graphs
representing particle interaction scenarios is played by worldsheet Riemann
surfaces which are traced out by such strings.

4. Conformal field theories have numerous deep connections to represen-
tation theory and complex geometry.

In this chapter we give a brief introduction into 2-dimensional conformal
field theory. To keep the discussion within bounds, we will mostly discuss free
CFT (except in the last two sections). For a much more in-depth treatment, see
[DMS].

249
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250 12. Two-dimensional conformal field theory

12.1. Classical free massless scalar in two dimensions

Consider a free massless scalar boson ¢ on R? with Lagrangian £ = %|V¢>|2. In
this case the local functional ¢(t,x) satisfies the 2-dimensional wave (=string)
equation
b1t — Pxx =0,

so it splits into a sum of two functionals

$ = 5+ o
where

¢t x) = nr(x+ 1), ¢r(t,X) = nr(x — 1),
which for obvious reasons are called the left-mover and right-mover. In other
words, we have
(0: = 0x)¢r =0, (0; + )¢ = 0.
So we get
$x+ b = Vanp(x+ 1), ¢y — ¢ =V 2p(x — 1),
Substituting this into (0.3), we get that the Poisson bracket of 7}, 7% is given
by
L)L} = 8'(x = y), N, nr()} = —8"(x —y),
(), N} = 0.

Let us now perform Wick rotation which replaces ¢t with it. This makes
&1, $r complex valued, so we will denote them by 7, . Thus, setting u := x+it,
we have _
9,n=0, d,n=0,
i.e., n(u) is holomorphic and 7(u) is antiholomorphic.

Now consider the case when x runs over the circle R/27Z, with Lebesgue
measure normalized to have volume 1. Then, if we still want to have a de-
composition of ¢ into a periodic left-mover and right-mover, we should “kill
the zero mode” by requiring that f027r #(t,x)dx = 0 (otherwise we have a so-
lution ¢(t,x) = t of the string equation which cannot be written as a sum of
a left-moving and a right-moving periodic wave). Then we may introduce the
coordinate z = ei®, which takes values in C%, and 71,7 become holomorphic
(respectively, antiholomorphic) fields on C*, which we will denote by ¢, . So
we have Laurent expansions

$@) =3 puz " F@D = ), 5,2
nez nez
with ¢y = @y = 0. When z is on the unit circle, these are just the Fourier
expansions of ¢; (0, x), $z(0, x), and for

a(z) = Y] a2 = i0,0(2), AR = ), @z = —i09(2)

nez nez
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where a, = a, = 0, we have

za(z) =7/ (u), Za(z) =7 ().

Thus for z = e, w = e’ we get
(12.1) {za(z), wa(w)} = &' (u — v).
Note that

S'(u—v)=i Z nz"w™".

nez

So setting

S(w—2z):= Z Zhw—n-1

nez
(Fourier expansion of the distribution §(w — z) on (S1)?, where |z| = |w| = 1),

we can write ([2.1) as
(12.2) {a(z), a(w)} = —id"(w — z).

In components, this takes the form

{Z a,,z"m, Z a_,w"} = —i Z nz~"w".

mez nez nez
Thus we get

(12.3) {ap, ay} = —ind, _p,.
Similarly,

(12.4) {an, apm} =ind, _,
and

(12.5) {a,,a,,} =0,

which in terms of generating functions can be written as
(12.6) {a(z),a(w)} = i8'(w — 2), {a(z), a(w)} = 0.
Finally, let us write down the Hamiltonian of the theory in terms of the Fourier
(=Laurent) modes a,,. Recall that in the original notation it has the form
1
H=3 [ @ gix
2 R/27Z

Thus we have

1 _ _ 1 _

H=- f (Za — za)? + (za + za)?)dx = = f @ + z2a%)dx,
4 R/2mZ 2 R/2nZ

i.e.,

(12.7) H =) (a_nay + a_nay).

n>0
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It satisfies the relations

{a,,, H} = —ima,,, {a,,, H} = ima,,.

12.2. Free quantum massless scalar on R X R/27Z with killed
zero mode

Consider now the free QFT of a massless scalar boson ¢ on the cylinder R X
R/27Z with Minkowskian metric dt? — dx?, with killed zero mode, i.e., a quan-
tization of the classical field theory (described in Section [2.1]). Since this is not
a theory on a vector space, it will not satisfy Wightman axioms. However, we

can naturally quantize the commutation relations (I2.3), (12.4), and ([2.5) of
the corresponding Euclidean theory (with # = 1), by replacing them with

[ana am] = nan,—m’ [an’am] = nan,—m’ [an’am] =0.

N — —n-1
In other words, for a(z) = 3, _, a,z""" 1, a(z) = ), _, G2 "™ we have

[a(z), a(w)] = &'(w — 2), [a(2), a(w)] = &§'(w — 2), [a(2), a(w)] = 0,

which quantize equations ([2.2) and (12.6) (this is a field-theoretic general-
ization of the analysis of Section [7.7, with an infinite sequence of harmonic
oscillators labeled by positive integers). Thus we see that the Euclidean space-
locality property is satisfied.

This shows that we have an infinite system of independent harmonic oscil-
lators. To restate this algebraically, consider the infinite-dimensional Heisen-
berg Lie algebra $ with basis a,,n # 0 and K (central) with commutation
relations

[an’ am] = nan,—mK'
Then we see that some dense subspace of the Hilbert space J of our the-
ory should carry a pair of commuting actions of § (by left-movers and right-
movers), with K acting by 1 (we will denote the second copy of § by $).

Let us now describe the Hilbert space J{. Note that the Lie algebra $ has
an irreducible Fock representation F generated by Q with defining relations

a,Q2=0,n>0, KQ=Q.
As a vector space, F is the Fock space
9: = C[XI’XZ’ ...]

(with Q = 1), on which the operators a_,, for n > 0 act by multiplication by X,
and a, act by ”a%'

Now, the Hamiltonian of the system (which we rescale for convenience by
a factor of 2) should satisfy the commutation relations

la,,H] = na,, [a,,H] = na,.
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Thus we see that if we want the spectrum of H to be bounded below and if
Q € H is the lowest eigenvector of H, then we must have
a,Q=0,a,Q=0

for n > 0. But in this case the space D generaied from Q by the action of a,,, a,
has to be the irreducible representation ¥ ® F of the Lie algebra $ @ $, where
F = C[X,,X,,...] with a_,, acting by multiplication by X,, and @, — naf_(
for n > 0.2

Thus the space D is the tensor product of the polynomial algebras C[X;]

n

and C[X jl over j > 1. Each of the algebras C[X;] carries a positive inner prod-
uct with X}‘ being an orthogonal basis and ||XJ“||2 = j"n!, and similarly for

C[x jl. This yields a positive inner product (, ) on F, F and D, with respect to
which aj = a_; and Ej = a_;. The Hilbert space ¥ is the completion of D
with respect to (, ).

This implies that the quantum Hamiltonian has to be given by the formula

H = Z(a_nan +a_,a,) +C

n>0

obtained by quantizing the classical Hamiltonian ([2.7) (note that the annihi-
lation operators are written on the right to make sure the infinite sum makes
sense). We may write H as the sum of left-moving and right-moving parts:

H = Hj, + Hg,

where

c - = c
H; = Z a_,a, + > Hpg = Z a_,a, + >

n>0 n>0

12.3. {-function regularization

At the moment it is not clear what the right value of C should be. To answer this
question, recall that the Hamiltonian of a single harmonic oscillator is zd, + %
acting on C|z]. This suggests that the formula for H should be

1 - —
H= 3 Z(a_nan +a_ay),
n#0

which is a more symmetric and natural formula for the quantization of H. Mov-
ing the annihilation operators to the right to make sense of the infinite sum, we
thus get

H= Z(a_nan +a_,a, +n).

n>0

“2Note that X, n are independent variables of X,,, not their complex conjugates.
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This formula still makes no sense, however, since the series

Din=1+2+3+...

n>0

is divergent. We may, nevertheless, regularize it using a method called ¢-func-
tion regularization.

Namely, recall that the Riemann ¢-function is defined by the formula
()= n"
n=1

It is well known that this function extends meromorphically to the entire com-
plex plane with a unique (simple) pole at s = 1, and it satisfies the functional

equation, which says that the function ﬂ_gI‘(g){ (s) is symmetric under the
changes— 1—s:

r(3)
(3

¢(1—s) =7 ¢(s).

Now, it is natural to define
C=1+4+2+4+3+...:=¢(-1).

But the functional equation for s = 2 implies that

3

3
T2 T2 m? 1
I'(—3) 273
So from this point of view it is natural to set
1
Ci= ——.
12

Remark 12.1. Recall that for integer g > 1

B
¢(2g) = (—1)8+1228-1 28 72¢.

(2g)!
where B, is the mth Bernoulli number. So the functional equation for { implies
that
¢(1-2g) = ﬂ%—2g&  (—1)8+122e-1 ﬁ;ﬂg = _%_
G —g) (2g)! 28

Thus the Harer-Zagier theorem (Theorem B.4) can be interpreted as the state-
ment that the Euler characteristic of the moduli space of curves of genus g is
¢(1 — 2g). In particular, for g = 1, we get the Euler characteristic of SL,(Z),

L. 1
which is -5
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12.4. Modularity of the partition function

The value —1/12 turns out indeed to be the most natural value of C. To see this,

let us return to the Euclidean signature |du|> = dt? + dx? and put our theory

on the complex torus E = E; = C*/q” = R/2nTZ X R/2nZ, where
T>0,t=iT, q=e¥" = 2T (0,1).

In this case, as we know from quantum mechanics, we should consider the
partition function
Z(7) = Tr(e?™7H),
Note that
H(P ® Q) = (degP +degQ+C)P®Q,

where P € ¥ and Q € F, and the degree is given by
deg(X,) = deg(in) =n.
Thus we have

; 1
eZmT(C +33)

0= =

where
1
n(r) = qx [ [(1—q")
n=1

is the Dedekind »n-function. Now recall that 7(7) is a modular form of weight
% with respect to a congruence subgroup of PSL,(Z) containing the element

S = <(1) _01), thus
n(—3) = V=it - 7(o).
So the partition function Z has a nice modular property for a unique value of
C, which is exactly —11—2.
Let us now explain the physical reason why we should expect Z(7) to have
a modular property.
For this, recall that the Lagrangian of the theory

£$)= = f VePdx = / d$ A dg
E E

is conformally invariant (up to exact terms) as it is written purely in terms of the
Hodge *-operator which depends only on the conformal structure on E. The
same is true for the equation of motion, which is the Laplace equation A¢ = 0.
In other words, our classical field theory is conformal (see Section [[1.5). Thus
we could hope that the corresponding quantum theory is conformal as well.
This should mean that Z(—%) = Z(71), since the complex tori E_1 and E; are

conformally equivalent.
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256 12. Two-dimensional conformal field theory

This said, we note that this modular property is only satisfied up to a linear
factor in 7; in fact, we have

A=Y= ~—2()

This is because we have killed the zero mode, which we should, in fact, have
included (after all, the space cycle in the torus E; is not SL,(Z)-invariant, hence
neither is the condition that the integral of ¢ over this cycle vanishes). This is
done in the next section.

12.5. Including the zero mode

The zero mode corresponds to the x-periodic solutions ¢(¢,x) = a + ut of the
string equation (o, u € R), which for nonzero u cannot be split into a left-
moving and right-moving periodic wave. So putting back the zero mode corre-
sponds to replacing the Hilbert space F with g :== 7 ® I*(R), where I?(R)
is the Hilbert space of a quantum-mechanical free massless particle, and the
Hamiltonian H by
Hpy = H + 22,

where [ is the quantum momentum operator for this quantum mechanical
particle, acting on I?(R) by multiplication by the momentum u. Thus we may
write

Hian =j}(“dy,
R

with H, = F, ® ?ﬂ where #,, = F but with ay = u instead of a, = 0, and
similarly ?M = ¥ but with @, = u instead of @, = 0. Then we still have
H ::I{L +'IIR,

where
1 5 1 _1=2 - = 1
Hp =s5a5+ Z a_pay — 53> Hr = 500 + Z a_pdy — 55
n>0 n>0

According to Remark [7.31, the partition function of such a particle when

time runs over R/LZ is, up to scaling, L™ z.
should be

Thus the full partition function

2(1) = (—it)"22(2).
And then we have the genuine modular property,
2(-1) = 2(2).
We note that the function Z(7) has a natural extension to arbitrary r € C,.

(not necessarily purely imaginary), which is just the path integral over a “non-
rectangular” complex torus E;. To explain this, note that we have a natural
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12.6. Correlation functions on the cylinder and torus 257

action of the translation group R/27Z on our spacetime, hence we should ex-
pect its action on the Hilbert space J preserving the unique vacuum vector
Q. The infinitesimal generator D of this group should satisfy the commutation
relations

la,, D] = na,, [a,,D] = —na,

(which differs from the corresponding relations for H by the sign in the second
relation). As DQ = 0, it follows that

D(P® Q) = (degP —degQ)P Q Q,

i.e.,
D = H; — Hp.

Lets € Rand 7 :=iT + 5. Then a twisted version of the Feynman-Kac formula
implies that given s € R, we have

Z(1) = Tr(e-2THe2mD) = |g|= % Tr(qfrg *),

where q = e~27(T—is) = ¢27iT Thys we still have

1
20 = o
Hence

2(1)

1 1
VT@PR  Vimn@)P
which is a (real analytic) modular function for PSL(2, Z), i.e., invariant under
Cgis fora,b,c,d € Z,ad—bc = 1. Thus, here we have a genuine quantum
conformal symmetry (as the moduli of complex tori E; is exactly C, / PSL,(2Z)).
Indeed, this function is obviously symmetric under 7 — 7 + 1, and we’ve seen
that it is invariant under ¢ — —1/7, but these two transformations generate

PSL,(2).

12.6. Correlation functions on the cylinder and torus

We may also consider correlation functions of the quantum fields a and a. They
are computed separately in F and F and can be easily found using represen-
tation theory. For example, we have a,a_,Q = nQ for n > 0, so the 2-point
function is given by

(Qa@aW)Q) = 3, nz7"" 1wt = m
n=1

More precisely, the series converges only for {w| < |z|, but the function ana-
lytically continues to all z # w. Since our theory is free, the higher correlation
functions are given by Wick’s formula:
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258 12. Two-dimensional conformal field theory

Proposition 12.2. We have

(Q,a(zy)...a(z)Q) = Z 1

o€l Hj€[1,2k]/o(zj — Zo(j))?

and the 2k + 1-point correlation functions are zero.

We note that since ¥ is generated by Q as an $-module, these functions
determine a(z) as a local operator (=quantum field). More generally, they de-
termine the operators a(z,)...a(z,) when z; # zj, which are symmetric in
Z1,...,Z, due to space locality. However, these operators are not well defined
(have poles) on the diagonals z; = z;.

Exercise 12.3. Give a direct algebraic proof of Proposition [2.2.

Exercise 12.4. Compute the normalized 2-point correlation function of the
quantum field d(z) := za(z) on the torus E := R/27TZ X R/27Z in terms of
theta functions.

Hint. This correlation function is given by

(a(z)a(w) )k
(9)p

= Try(a(z)a(w)e~27THL),

12.7. Infinitesimal conformal symmetry: the Virasoro algebra

We have already pointed out that the theory of a free massless scalar in two
dimensions is classically conformally invariant and saw some manifestations of
the fact that this invariance survives at the quantum level (modular invariance
of the partition function on the torus). However, to study conformal symmetry
systematically, we need to consider infinitesimal conformal symmetry, given by
“infinitesimal conformal mappings”, i.e., holomorphic vector fields on C* (cf.
Section [[1.5).

For simplicity we consider polynomial vector fields P(z)d,, where P is a
Laurent polynomial (this is sufficient since polynomial fields are dense in all
holomorphic vector fields in an appropriate topology). Such vector fields form a
Lie algebra called the Witt algebra (or centerless Virasoro algebra in the
physics literature), and we will denote it by W. A convenient basis of W is
{L,, = —z"*19,, n € Z} which satisfies the commutation relations

(L, L] =(n—m)Ly,p, mon € Z.

The Lie algebra W acts by symmetries of classical field theory of a free mass-
less scalar, since its Lagrangian is conformally invariant. In fact, importantly,
this action is only R-linear and not C-linear, which is a good thing. This means
that we have an action of the complexification We = W @ W, where W is
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12.7. Infinitesimal conformal symmetry: the Virasoro algebra 259

the Lie algebra of antiholomorphic vector fields; in other words, we have two
commuting actions of W.

If our theory is quantum-mechanically conformally invariant, then the Lie
algebra W @ W should act on the space D in a way compatible with the action
of H P 5 i.e., a = id,¢ should transform as a (0,1)-form under (infinitesimal)
conformal transformations. Thus we should have

[Ly, a(2)] = Lie_nng, a(z) = z"*1d'(2) + (n + 1)z"a(2),

and likewise
[L,.a@)]=2"d@ +n+1)z"a@z)
[Ly, a(2)] = [L,,a(@)] =0,

or in components
[Ln’am] = —MAy4n, [Ln’am] = _mam+n’ [Ln’am] = [Ln’am] =0.

Is there such an action? To figure this out, first note that the operators
Ly, L, satisfy the same commutation relations with a, a as Hy , Hg, respectively.
Since D is generated by Q as an § @ $-module and these operators must pre-
serve CQ (as it is the common kernel of the subalgebra ($ & 5)>0 CHD 5

of annihilation operators, which is normalized by Ly, L,), this means that we
must have

Ly=Hp+Cp, Ly=Hg+Cg
for some constants Cy, Cg. Since [L,,, Ly] = nL,, this shows that L, has to shift
the grading in & by n, and similarly for L,, and F.
Now by analogy with the formula
Ly = Z a_ay + const,
k>1
define forn # 0

1
(12.8) Ln = 5 Z A_kQkyn-
kez

It is easy to check that this operator on & (and henceon D = ¥ ® F) is well
defined (as a_; commutes with a;,,) and satisfies the desired commutation
relations

[L,,a(2)] = z"'d'(z) + (n + 1)z"a(z), [L,,a(z)] = 0.
Thus we see that if the desired action of W exists at all, then L,, must be given
by formula (I2.§). Indeed, if M,, := L,, — % Yikez Q—kQicns then [My,ap,] = 0
for all m, so [M,,, Ly] = 0. But we also have [M,,, L] = nM,,, hence M,, = 0.

So it remains to check if the constructed operators satisfy the commuta-
tion relations of W. Let M,,,, := [L,,L,,] — (n — m)L,,,,. Using the Jacobi
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identity, we see that M,,,,, commutes with a,a. First assume n # —m. Since
(M ar] = [Mypm, @] = 0, it follows that M,,,,, commutes with L,. But we
also have [M,,,,;, Ly| = (m + n)M,,;,, s0 M,,;,, = 0 and thus
[Lys Lyl —(n —m)Lyyyp = 0.
Now consider the case n = —m > 0. In this case, since D is generated by Q as
an 9 @ H-module and M,, _,, preserves CQ, we have
[Ly,L_p] —2nLy = y(n),

where y(n) € C, and we have an action of W if y(n) = 0 for all n. So let us
compute y(n). To this end, note that the eigenvalue by which [L,,, L_,] acts on
Qis2n(Cy — 21—4) +y(n). So it suffices to compute this eigenvalue, i.e., the vector
L,L_,Q.

In terms of the polynomial realization, we have

1
L,Q=35 D, XX,_j.

o<j<n
Thus
3
1 . . 82 1 . . n°—n
LyL_,Q=3 ), J("—J)m D XiXuj=5 D, jn—j)= o
o<j<n o<j<n o<j<n
So ;
n°—n
y(n) = —>

Thus we see that we almost have an action of W, but not quite—no matter
how we choose Cr, the cubic term in n will be present (this effect is called a
conformal anomaly). Instead, we have a projective representation of W, which
is, in fact, a representation of a central extension of W, as often happens in
quantization, see Remark [[1.8.

This motivates the following definition.

Definition 12.5. The Virasoro algebra is the 1-dimensional central extension
of the Witt algebra W with basis L,,,n € Z, and C (a central element) with
commutation relations

n—n
[Ln’Lm] = (I’l — m)Lm+n + T&l,_mC.

Thus we have a 1-dimensional central ideal CC C Vir spanned by C, and
Vir/CC = W.

So we obtain

Theorem 12.6. The formulas

1
Ly = Z a_gag, Ly =5 Z a_kQpin,N#0
k>1 kez
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define an action of Vir on F with C acting by 1.

It is easy to check that the same theorem holds more generally on the space
F, where ay = u. The only change is that L, acquires an additional summand
1.2
2
1

— 2
Ly = SH + Z a_iQag.
k>1

If C acts on a representation V of Vir by a scalar c (as it will, for instance,
on every irreducible representation), then one says that V has central charge c.
Thus ¥, is a representation of Vir of central charge ¢ = 1.

Similarly, the formulas
T 1 - - T 1= =
Ly = 30% + Z a_kQy, Ly = 3 Z a_jQgyn, NEO
k>1 kez
define an action of Vir on ?M with the central element C acting by 1 (i.e., also
with central charge ¢* = 1). This copy of Vir is a central extension of W, so it
is denoted by Vir.

Thus we obtain two commuting projective actions of W on the space D =
F ® F which define usual linear actions only for the central extension Vir of
W. Still, the corresponding actions of W on quantum observables are genuine
linear actions, so this quantum field theory is conformal.

We also observe that since ¢ = c*, the anti-diagonal copy of W spanned by
the vector fields

Ap = _Zn+laz + E_n+1aE =L, - Z—n’

which on the unit circle z = ¢'® specialize to iei"®3, (a basis of Lie(Diff(S!))c,
i.e., the Lie algebra of vector fields tangent to the unit circle) act linearly, i.e.,
with central charge 0. This means that this theory has no gravitational anomaly

(see Section [1.3).

We note that the Virasoro action preserves the positive Hermitian form on
F, in the sense that

Li=L_,.

Thus 7, is a positive energy unitary representation of Vir (positive energy means
that L is diagonalizable with spectrum bounded below).

More generally, we may consider the theory of € massless scalars ¢, ..., ¢,.

—®¢

Inthiscase D = F®* ® ¥ ,and F®’ isa positive energy unitary represen-

tation of Vir with central charge ¢ = ¢ (the tensor product of ¢ copies of the
representation F).
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Exercise 12.7.

1. Show that Vir is a nontrivial central extension of W (i.e., not isomorphic
to W @ C as a Lie algebra).

2. Show that Vir is a universal central extension of W (i.e., every nontrivial
central extension of W by C is isomorphic to Vir).

3. Show that for a generic u, ¥, is an irreducible representation of Vir.
Hint. Consider the asymptotics of the operators %Ln, n # 0and %LO asu — oo.

Exercise 12.8. Let Vir_q be the Lie subalgebras of Vir generated by L; with
i < 0, and let Vir,, be the Lie subalgebra of Vir generated by L; with i > 0
and C. For h,c € C let M(h, c) be the Vir-module generated by a vector v with
defining relations L;v = 0 fori > 0, Lov = hv, Cv = cv, i.e., the induced
module
M(h, c) = U(Vir) ®u(vir,) Chyes

where C, j, is the 1-dimensional representation of Virs, spanned by a vector v
with Lov = hv, Cv = cv, Lijv = 0 for i > 0 and U(g) denotes the universal
enveloping algebra of a Lie algebra g. M(h, c) is called the Verma module over
Vir with highest weight (h, c). Prove the following:

(i) The map U(Viry) = M(h,c) sending b € U(Viry) to bv is an isomor-
phism of Vir_y-modules. Moreover, M(h, ¢) has a unique irreducible quotient
L(h,c) = M(h,c)/J(h,c), where J(h,c) is the maximal proper submodule of
M(h,c), i.e., the sum of all proper submodules of M(h, c). Finally,

Trayne (@) = ¢" (1 — g™
n>1
Hence the eigenvalues of L, on M(h, c¢) are in h+Z., and the h + n-eigenspace
of Ly on M(h, c) has dimension p(n), where p(n) is the number of partitions of
n. Thus the corresponding dimension for L(h, ¢) is < p(n).

(ii) If h,c € R, then the module M(h,c) admits a unique invariant Her-
mitian form (,) for Vir with (v,v) = 1 (i.e., such that (u, L,,w) = (L_,u,w)),
called the Shapovalov form, and the radical of (, ) is J(h, c). Thus (, ) descends
to a nondegenerate Hermitian form on L(h, c).

(iii) Let V be an irreducible positive energy unitary representation of Vir
with central charge ¢ € R. Recall that L, is diagonalizable on V' and has real
eigenvalues bounded below. Let h be an eigenvalue of L, on V such that L, has
no eigenvalues < h — 1 (it clearly exists). Let Q € V be an eigenvector of L,
with eigenvalue h. Then L;QQ = 0 for i > 0.

(iv) V is generated by Q as a Vir_y-representation, i.e., it is spanned by the
vectors Hj>1 Lr_l’jQ where n; are nonnegative integers which are almost all
zero. Moreover, Q is the unique up-to-scaling eigenvector of L, with eigenvalue
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h, and the eigenvalues of L, on V belong to h + Z, (in particular, h is the
smallest eigenvalue).

(v) There is a unique homomorphism ¢ : M(h,c) — V sending v to Q,
and ¢ is surjective. Moreover, Ker ¢ = J(h,c). Thus V = L(h,c) and the non-
degenerate Hermitian form (, ) on L(h, c¢) coincides with the unitary structure
onV.

i) (L_,Q,L_,Q) = 2nh +
large) and h > 0 (taking n = 1).

(vii) For ¢ = 0 we have

det ( (LZ—nQa LZ—nQ) (LZ—nQ’ L—ZnQ)
(L—ZnQ’LZ—nQ) (L—ZnQ’L—ZnQ)

nd-n
12

¢, thus unitarity implies ¢ > 0 (taking n

) = 4n*h?(8h — 5n).

In a unitary representation, this must be nonnegative, so if ¢ = 0, then h = 0,
hence V = C, the trivial representation.

Remark 12.9. Note that part (vii) of Exercise implies that any interesting
2-dimensional quantum CFT (one carrying a nontrivial action of Vir, i.e., not
topological) must have a conformal anomaly (¢ > 0).

12.8. Normal ordering, composite operators, and operator
product expansion in conformal field theory

Let us now summarize the theory of normal ordering, composite operators, and
operator product expansion from Section in the case of conformal field
theory, for the running example of a quantum massless scalar boson. We have
seen that the operator product a(z)a(w) is well defined only if w # z and has a
pole when w = z, leading to the local operator a(z)? not being well defined. So
let us expand this operator product in a Laurent series near w = z and identify
the singular part involving negative powers of w — z. For this purpose consider

the difference
1

(z —w)?
The formula for the correlation functions for a(z) implies that

(Q,a(z1) ... a(zi—1) @ a(z)a(zi41) © aZits) ... al2,)Q)
1

:a(2)a(w) = a(z)a(w) —

. — )2
oelly o(i)#i+1 IT jesz/cr(ZJ Zo(j))

Note that this function is regular at z; = z;,,, hence the operator : a(z)a(w) :
is regular at z = w, i.e., defined for all z,w € C*. This operator is called the
normally ordered product of a(z) and a(w). In particular, although the square
a(z)? is not defined, we have a well-defined normally ordered square : a(z)? :.
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In terms of Laurent coefficients,

s a(@)a(w) = Z L apay, -z "l
m,nez

where : a,a,, = a,a, ifm > nand : a,q, = a,a, if m < n (normal

ordering of modes). Of course, this ordering only matters if m + n = 0. In
particular, we see that

1 —n—
51a@?=T(z)= ), L,z "2,
nez
the generating function of the Virasoro modes L,,. This operator is called the
(holomorphic part of the) energy-momentum tensor. In a similar way one de-
fines the antiholomorphic part of the energy-momentum tensor,

= — _—n-2
T(z) == Z L,z "
nez
More precisely, as explained in Section [[1.2, in this case the energy-momentum
tensor classically has the form

T, (2)(dz)* + T_(2)(dz)?,

where T, = (3¢)%,T_ = (8¢)?, and T, (z)(dz)? is a holomorphic quadratic
differential, while T_(z)(dz)? is an antiholomorphic one. In quantum theory,
the situation is similar (for convenience we denote T,, T_ by T, T). The only
essential difference is that because of the conformal anomaly (central charge),
T isno longer a quadratic differential but rather a deformation of that notion—
a geometric object called a projective connection (see [FZ, Section 8.2]).

Thus we see that the Virasoro modes L,, may be viewed as Noether charges
for the corresponding infinitesimal conformal symmetries, in the holomorphic
sector of the theory (cf. Section [[1.4). The corresponding Noether currents are
Z"1T(z2), as

1

L,=— n+17(z)dz.
vl (2)dz

The Noether charges for the full theory are then L, + L, with currents
Z"*1T(z)+2z"+1T(z). In particular, the Hamiltonian H, up to adding a constant,
is Ly + Lo, which agrees with formula (TT.11).

Similarly, we may define the normal ordered products of more than two
factors, : a(z;)...a(z,) :. This can be done by induction in n. Namely, we

have
(12.9)

s L alzi) :
sa(zg)a(zy)...a(zy) = a(zy) : al(zy)...a(z,) : — Z =

ke[l,n] (ZO - Zk)2
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It is easy to see that the operator : a(z;)...a(z,) : has no singularities and is
well defined for all values z,...,z, € C*. Thus for every ry, ..., 1, we have the
operator

s al(z))...alm)(z,) = 0z ...07" : a(zy)...a(zy) :

Setting z;, = --- = z,, we can then define the holomorphic local operator
: P(a)(z) : for any differential polynomial P in a(z). This local operator, called
a composite operator, is a quantization of the corresponding local functional
P(a)(z) in classical field theory. We denote the space of (polynomial) holomor-
phic local operators by V.

Exercise 12.10 (The state-field correspondence). Show that the map P ~
P(a)(2)Q|,=¢ is well defined and gives an isomorphism between V and the
Fock space F.

More generally, repeatedly using (12.9), we have

sa(zy)...alzy) @ - a(wy)...a(w,,)
a D 1Ly a(zo I gy a(w))
Ic[1,n]Jc[1,m],s: 1= Hiel(zi - wS(i))2

So setting z; = z,w; = w, we obtain

min(m,n) . e .
ta@t - ia)™ = ) K (Z)(’:) a(z)" *a(w)"* 3

=0 (z —w)2

For example, for n = m = 1 we get the familiar identity

a(z)a(w) = >+ 1 a(@)a(w) = 5 + regular terms.

1 1
(z—w) (z—w)
More generally, for n = 1 and any m we get

m:a™ Y(w):

a(z) : a(w)™ := -y

+ : a(z)a(w)™ :

_m:a" Y (w):
(z —w)?

For m = 2 this can be written as

+ regular terms.

a(w
(w) > + regular terms,

(z—-w)

which encodes the commutation relations between q; and L;.

a(z2)T(w) =
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Forn =2, m = 2, we get

sa(2)? i a(w)? = G —2w) y 4 (i(i)fv()f) 4 a(z)?a(w)?
. 2 . . ’
= @ —2w) 2 4 (.Za_(L:)U))Z ~ + 4 C;(f)z W) + regular terms.

This can also be written as
1 2T(w) T (w)
T(2)T(w) =
@Tw) 2z—w)*  (z—w)?
which encodes the commutation relations between L;. More generally, at cen-
tral charge c this relation would look like
c 2T(w) T'(w)
z—w)i  Z—wp — + regular terms.
It can be interpreted as the above statement that T(z) transforms under con-
formal changes of variable as a projective connection ([FZ, Section 8.2]).

+ regular terms,

T(2)T(w) =

These are the simplest examples of the operator product expansion. In fact,
we have the following theorem, whose proof we will leave to the reader:

Theorem 12.11. For any local operators P,Q € 7V, there exist a unique finite
sequence of local operators Ry, ...,Rx € V such that

N
P(a)(2)Q(a)(w) = Z Rj(a)(w)(z — w)~/ + regular terms,
j=1

where (z — w) ™) := = Y0 (k“ Nz=i=kwk,

Note that the space-locality property implies that Q(a)(w)P(a)(z) is given
by the same formula, but with (z — w)™/ expanded in the opposite direction,
le,(z—w)y V==Y, (k” Nz=J=kwk. Thus we have

[P(a)(z), Qa)(w)] = Z = Rj(@W)sV D (w ~ 2).

1)v

So Theorem gives us 1nf0rmat10n about commutators between the modes
of P and Q. For example, as we have seen above,

[a(z), a(w)] = &' (w — 2),
and also
[a(2), T(w)] = a(w)d'(w — z),

[T(z), T(w)] = 1—25”’(w —2z)+2T(w)s'(w — z) + T'(w)d(w — z),
where in our example ¢ = 1.

Moreover, it is clear that one can uniquely continue the expansion of Theo-
rem to also include terms of nonnegative degree; namely, we simply need
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to expand the regular terms into a Taylor series with respect to z — w for fixed
w. For example, we have an asymptotic expansion

(z - w)

a(z)a(w) ~ (z—;w)z + Z : a®w)a(w) : 7
k=0 :

So in general we have

N
P(a)(2)Q(a)(w) ~ Z Rj(@)(w)(z —w)™/.

j==

This formula is called the operator product expansion of the product of P
and Q. The operator product expansion satisfies certain axioms, which means
that it defines on the space V =~ ¥, an algebraic structure called a conformal
vertex algebra:

Definition 12.12 ([FZ]). A conformalvertex algebra is a quintuple (V,Y, v,T,w)
where V is a complex vector space, v € V is a distinguished vector called the
vacuum, T € End(V) is a linear operator called the translation operator, w € V
is the conformal vector, and Y is a linear map (the statefield correspondence)

Y(-,2): VV - V((2), ar Y(z)(a®-)=Y(a,z) = Z a(n)z_”_l,

nez

where a,) € End(V), such that the following axioms hold:

(1) Vacuum axioms.
1) Y(v,2z) =1.
(2) For all a € V, one has

Y(a,z)v € a + zV][|z]].
(2) Translation covariance.

(1) Tv =0.
(2) Foralla eV,

[T,Y(a,z)] = d,Y(a, z).
(3) Locality. For all a,b € V there exists an integer N > 0 such that
(z=w)N [Y(a,z),Y(b,w)] =0
as a formal series in End (V)[[z*!, w*!]].
(4) Conformal structure. The field corresponding to w has the form

Y(w,z) = T(z) = ), Lyz7"72,

nez
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where the operators L,, satisfy the Virasoro commutation relations with central
chargec € C:

c
[LmaLn] = (m - n)Lm+n + E(m3 - m) 5m+n,0'
Moreover,
L—l = T,
and L, gives a Z-grading
V=@V Vi={veV|Lyw=nv}
nez
with V, = 0 for n < 0 and dim V}, < oo for all n.
Exercise 12.13. Check that the state-field correspondence defined above en-

dows V = F with the structure of a conformal vertex algebra of central charge
c=1.

12.9. Vertex operators

Vertex operators are obtained by quantizing the local functional e!4#(?), where

d@=4/$@m”=4mﬂ%z+22%f+a$
n#0

and ay is a constant of integration (dual variable to a,). In other words, we

have
el9(2) — pASa(z)dz — e/l(ao logz+3,., a%"Z")e/lag_

A natural quantization of this functional is the operator
X(4,2) 1= TA : MO0108Z+ X0 522
= e/l Z:n>0 a_TnZne_/l Z:n>0 aTnZ_n TAZAGO ’
where T maps ¥, 1 to ¥4 5 inducing the identity map on the polynomial alge-
bras. Thus X(4, z) acts from F, to F,, 3 by X, (4, z)z*", where

XO(/L Z) = eﬂ'zrbo a%nzne—/l Zn>0 aT"Z—n
(Here we work over the group algebra of the group C with basis z%, a € C.)

Now note that if [A, B] commutes with A, B, then by the Campbell-Haus-

dorff formula
eAeB = eBeAelABl
and i
& —n ﬁ n = Z_ w Pl _— E
[Z 2 ,Z - w"] Z " log(1 - 2).
n>0 n>0 n>0
Thus

Xo(A, 2)Xp(v, w) = (1 — LY & Xo(4, 2)X(v, w) :
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12.9. Vertex operators 269

for |w| < |z|. So we get
XA, 2)X(v,w)=(z—-w? : X, 2)X(v,w) :

for |w| < |z|, where the normal ordering puts T to the left of a,. More generally,
we see that

X(A,21) ... X(Ap, 2) = H (zj — )M L X (A, 21) . XAy Zp)
1<j<k<n
for |z;| > --- > |z,|. In particular, denoting the highest weight vector of F,, by
Q, and setting 1 := Z;lzl 1, we have

n
Aiun .
(s X(21,21) . X 2)Q) = [ [ 277 [ (5 — z)™™.
Jj=1 1<j<k<n
for |z1| > -+ > |zy].

We see that this correlation function admits analytic continuation to the
complement of the diagonals z; # z;, but this continuation is not, in general,
single valued. In other words, the fields X(4, z) in general do not satisfy space
locality. Instead, we have

(12.10) XA, 2)X(v, w) = e X (v, w)X (A, 2),

which is understood in the sense of analytic continuation along a path where
v := w/z passes from the region |v| < 1 to the region |v| > 1 along positive
reals, avoiding the point v = 1 from above. In particular,

XA, 2)X(A, w) = e X(A, w)X(A, 2),

i.e., X(4, z) has “statistics 12/2” (where statistics « € R/Z means that switching
the order produces a phase factor e27%; e.g., statistics 0 corresponds to bosons
and statistics 1/2 to fermions).

Note that if we apply commutation relation ([2.10) twice, we obtain
a multiplier e2™4”, which corresponds to the fact that the operator product
X(A,z)X(v, w) is multivalued in general. This is an example of appearance of
a braiding in conformal field theory. Namely, relation ([2.1I0) is called braided
space-locality (or braided commutativity), since it can be viewed as commuta-
tivity in a suitable braided monoidal category.

Note also that
X' 4z)=21:a(2)X(4,z) :
where X’ := 3,X, and
[a,, X(4,2)] = 12"X(4, 2).
Hence
/12
[L,,X(A,2)] =z""'X'(A,z) + ?(n +1)z"X(A, 2),
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which implies that X(4,z) has spin % (i.e., it transforms as a section of
(TCX)@”W 2). Thus we have the spin-statistics property for X(4, z), which gen-
eralizes the usual one: spin modulo Z equals statistics.

As noted in Remark [[0.3, quantum fields X(4, z) are called “anyons” (as

they can have any spin and statistics) and can exist only in two dimensions.
The most general spin-statistics property for these anyons says that

X(2)Y(w) = e™xy=sx=sv)y (w)X(z),

where sy, Sy, Sxy are the spins of X,Y and XY (note that in general syy #
Sx + Sy). In particular, we see that if 1> € Z is odd, then the operators X(n4, z)
behave like fermions for odd n and like bosons for even n with respect to each
other (i.e., the corresponding operators X(n,4, z) and X(n,4,z) commute if
nyn, is even and anticommute if ny n, is odd), while for even A2 they all behave
like bosons (i.e., the operators commute).

12.10. The circle-valued theory

Now consider the theory of a massless scalar on C* with values in the circle
R/27rZ. This theory is the same as the line-valued one, except for the zero
mode, which entails the following circle-valued solutions of the string equa-
tion:

#(t,x) = a + ut + Nrx,
where a € R/2nrZ, u € R, and N is an integer (the winding number). Upon
Wick rotation, we get

¢ =a+uit+Nrx = oc+%/x(u—ﬁ)+%Nr(u+ﬁ) = oc+%Qu+Nr)u+%(—,u+Nr)ﬁ.

Thus the space of such solutions is a disjoint union of cylinders T*S! with
canonical coordinates «a, u, labeled by values of N € Z. So in quantum the-
ory u should be replaced by the operator & = —id,, on I?(R/27rZ), which has
eigenfunctions e¥” ' with eigenvalues ¢r~!, ¢ € Z. Thus altogether we get
the Hilbert space

;= P IGW.0),
N,tez

where (N, #) is the completion of ‘T\/%(é’r-1+Nr) ® ?\%(_”_1 N Thus we

obtain the following formula for the partition function on the torus E;:
Z3(1) = [n(D)|729:(7, 7),

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



12.10. The circle-valued theory 271

where

1

9.(1,7) == Z ezn’ir(ér‘l+Nr)2—%7ri?(€r‘1—Nr)2
(T, 7T) =

¢,Nez
_ Z e—n'(ézr‘2+N2r2)Imr+27ri€NRe‘L'

¢,NezZ

This shows an interesting duality Z;(7) = Z;-,(7); in fact, we see that the whole
theory with parameter r is equivalent to the one with parameter r~!. This du-
ality is called T-duality, and it plays an important role in string theory.

Also we note that 9, is a real modular form of weight 1:

which leads to modular invariance of the function Z;(7), as expected in con-
formal field theory. To see this, it is enough to note that in the exponential we
have a quadratic form on Z? with matrix

r’Imt —iRert
Q) = (—iRer r2Imzt)"
So
-2 . -2 ’ . '
1 _yy—2fr"Imt iRet\ (r~Imt —iRet\ 7. ,
Q@™ =] <iR6T rzlm‘r)_(—iRef' r2Imt =8Q()s,
1
where 7/ = —% and S = ((1) O)' Thus the result follows from the Poisson

summation formula.
We see that if r2 = g € Q (in lowest terms), this conformal field theory has
a special property called rationality (see Section [[2.13): the Hilbert space #(; is

the completion of a finite sum of “sectors” @~ V; ® ?i, where the left-moving

fields act on V; and right-moving ones in ?;, so that 9,(z,7) and hence Z;(7)
are finite sums of products of a holomorphic and an antiholomorphic function
(in fact, it is easy to see that n = 2pq). For example, the vacuum vector Q is
contained in the tensor product V(pq) ® V(pq), where for s € Z. , we defined
V(s) = @mezF,, NorS The space V(s) is a vertex algebra called the lattice vertex

algebra attached to the even lattice \/2sZ ([FZ]). This algebra is generated by

the vertex operators X (m+/ 2s, z) (which, as we know, satisfy the bosonic version
of space locality).

Example 12.14. Consider the case r = 1. In this case we have two sectors, the
vacuum sector V(1)® V(1) and another one, WQ W, where W = @,,cr71F

n.
V2

The particles corresponding to & 2 for odd n are anyons with statistics %, SO
2

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



272 12. Two-dimensional conformal field theory

they satisfy the braided commutativity relation of the form
X2)Y(w) = iY(w)X(2).

It is not difficult to show that the Fourier modes of the vertex operators
X (\/5, z)and X (—\/5, z) generate a projective action of the Lie algebra 81, [t,t71]
on V(1) = Ly and on W = L;. More specifically, define the affine Kac-Moody
Lie algebra
81, = 8l,[t,t7] @ CK,
with K central and commutator,=3
[b1(1), b,(t)] = [by, by ](t) + Residue, o Tr(b} ()b, (1))dt K, by, b, € 8L,[t,t71].

Then one can show that L and L are exactly the irreducible integrable highest
weight representations of §AIZ atlevel k = 1(i.e., K acts by 1). Namely X (\/5, z),
X (—\/5, z), \/Ea(z) give the currents e(z), f(z), and h(z), where for b € 31,

b(z) = Z(b ® tMz="-L,

This is the so-called Frenkel-Kac vertex operator construction of level 1 irre-
ducible integrable modules (defined for any finite-dimensional simply laced
simple Lie algebra) in the simplest special case g = 8, (see [KRR]). Thus
the circle-valued theory of a free boson for r = 1 is the so-called Wess-Zumino-
Witten (WZW) model in the simplest example of the Lie algebra 8, and level 1.

Example 12.15. Letr = \/E In this case we have four sectors: 17] ® V_ js
Jj=0,1,2,3, where V; = @neaz4 ;5 n. In particular, V, = V(2) and the parti-
clesin V, = @,,czF2m+1 are the fermions arising in the boson-fermion corre-
spondence ([KRR, Lecture 5]).

12.11. Free massless fermion (Ising model CFT)

In a similar way to free massless bosons, one can describe the theory of a free
massless fermion. As explained in Section [[0.4, on R? it makes sense to con-
sider a standalone chiral Majorana-Weyl spinor ¥ taking values in the tauto-
logical representation of Spin(2) = U(1), with Euclidean kinetic term

1 1, =
S@.DY) = 5($.59).

Note that g isa (%, 0)-form, so (¥, Ezp) isa (1, 1)-form (i.e., a density), which can
be canonically integrated over the spacetime surface. The corresponding ac-
tion S = % Jr2(¥, 09) is therefore classically conformally invariant: it depends
only on the complex structure on the spacetime. However, the corresponding
quantum field theory exhibits a gravitational anomaly: the central charges of

430ne can show that this is the universal central extension of 8[,[t, ¢ 1].
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12.11. Free massless fermion (Ising model CFT) 273

the left and right copies of the Virasoro algebra do not coincide (one is equal to
% and the other to 0), so the theory is not consistent when put on an arbitrary
surface (see Section [[1.5).

To fix this, we should add an anti-chiral Majorana-Weyl spinor ¥ with ki-
netic term %(Z,D, 0%). So the total Lagrangian is

£ = 539) + 5, 09).

Thus the equations of motion are 5¢ =0, 6@ =0, i.e., 3 is holomorphic and E
is antiholomorphic.

Let us consider this theory on the cylinder, i.e., spacetime R x S! = R x
R/27Z. We can put two kinds of periodicity conditions on the spinors around
the space circle—periodic and antiperiodic (these are the only periodicity con-
ditions making the kinetic term periodic). In other words, 3 can be a section of
two different real line bundles on S'—the trivial bundle S, whose total space
is a cylinder and the nontrivial bundle S_ whose total space is a M&bius strip.
Sections of S, are of the form f(z)(dz/z)"/?, where f(z) is a periodic func-
tion decomposing into a Fourier series ; <7 Cnz”", while sections of S_ are of
the form f(z)(dz/z)"?, where f is an antiperiodic function that multiplies by

—1 when continued around the circle, hence decomposing as ), nez+l CnZ "
2

Therefore, our theory should have two sectors—the Ramond sector correspond-
ing to S, and the Neveu-Schwarz sector corresponding to S_. This means that
the Hilbert space J of the theory should decompose as Hr @ H g, the or-
thogonal direct sum of the subspaces corresponding to the Ramond and the
Neveu-Schwarz sectors.

The basic holomorphic quantum field of the theory is thus

P2) = 3 Pz

nez

in the Ramond sector and

YD) = Y Yz

neZ+%

in the Neveu-Schwarz sector, and it comes together with the conjugate anti-

holomorphic quantum field E(E) which anticommutes with ¢(z). (Here for
brevity we drop the factor (dz)"/2.)

The field ¥(z) in both cases satisfies the relation
[¥(2), p(w)]4 = 6(z — w),
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where [, |, is the supercommutator and

5(z—w)= Z ZMw "l = Z Z"w L

nez neZ+%

(Note that the delta-function has scaling dimension [6] = 1, so ¥ has scaling
dimension [¢] = % as a fermionic field should.) This yields for both sectors
the Clifford algebra relations

Yo + Yy = 5m,—n’

but with ¥, labeled by n € Z in the Ramond sector and n € Z + % in the
Neveu-Schwarz sector. Denote by Clg, Clyg the infinite-dimensional Clifford
algebras defined by these relations in the Ramond and Neveu-Schwarz cases,
respectively.

The algebra Clyg has a unique irreducible positive energy representation
Ans = A¥_1/2,P—_3/2,-..) on which 3; act by multiplications for j < 0 and by
differentiations for j > 0. There is an invariant positive Hermitian inner prod-
uct on Ayg in which the wedge monomials in 9, j < 0 form an orthonormal
basis (invariance means that l,b; =1_ j).E Thus the Hilbert space H g of the
Neveu-Schwarz sector is the completion of Dyg = Ays ® Ans, Where Ay is
the conjugate of Apg corresponding to the antiholomorphic field J(E).

The Hamiltonian H is supposed to satisfy the commutation relations

[H’ z)bn] = —ny,, [H’ 1!’,1] = _nlpn’
which are quantizations of the corresponding Poisson bracket relations. So on
H s we have
H = H; + Hpg,
where
C
Hy = Z nY_ph, + )
nes+z,
for some C € R, and similarly for H;. The Virasoro algebra action is defined

by
1
Ly = 2 Z niPpdopim s

neZ+§
where : P, = ) if r < sand : PPy = —hg, if r > s. Namely, this
formula can be proved similarly to the bosonic case (Section [[2.7) or obtained
from the expression of the energy-momentum tensor for this theory (similar to

Section 12.§). Thus H;, = Ly + % Hg =Ly + %

4To lighten the notation, we normalize the inner product on the odd subspace Ans,1 C Ang to make
it positive in the usual sense and remove the i factors.
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Now, we have

- z
STI‘ANS(qHL) — oTiCT H(l _ qj+%) — eni‘r(C+21—4)Z((i)),
Jj=0

where q = 7. Recall that #(t) is a modular form of weight 1/2 for a con-
gruence subgroup of PSL,(Z) which changes under PSL,(Z) by a character of
order 24. This implies that n(%) is also a modular form of weight 1/2, changing
by a character under the action of the congruence subgroup Ij,(2) C PSL,(Z)
of matrices which are lower triangular modulo 2. Indeed, we have

27i

NG=) = € 12 2 + DY2(0),
thus

1 7 % _2_71'i T T+2 E T

nG=9) = 77( T ) =e 12 (t+D)"(35), n(57) = e24 1(3),
25+1

n(3)

7(7)

is a modular function (of weight 0) with respect to a congruence subgroup of

SL,(Z). This suggests that to have a chance for modular invariance, we must

1 1 2
but the matrices (1 (1)> and (0 1) generate I[;)(2). It follows that the ratio

put
1
C=——
24
to cancel the exponential prefactor. Thus
1 = 1
HL—LO—E, HR—LO—E.

Let us now compute the partition function for the Neveu-Schwarz sector
on the elliptic curve E; = C/(Z @ Zt) = C*/q*. We obtain

2

_H LT 1
Zs(1) = sTrye, (q7q ©) = g™ = [ (1 —¢/*2)2 =
j=0

‘@
n(7)

(If you are wondering what the “plus” superscript is for, you will soon find out!)

This is indeed a real analytic modular function, but only with respect to the
congruence subgroup I;(2) of PSL,(Z), of index 3. At first sight, this sounds like
a disappointment if we want to check that the theory is conformal. But on re-
flection, this is to be expected: since this theory involves spinors, its partition
function depends not just on the elliptic curve E but also on a spin structure
on it. A spin structure on E is the square root of the (trivial) canonical bundle,
so there are four of them, which we denote by S, ,; namely, S, ., has holo-
nomy ¢; around the space circle and holonomy ¢, around the time circle. The
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Neveu-Schwarz sector is then responsible for the bundles S_., while the Ra-
mond sector is responsible for the bundles S, .. Note that SL,(Z) acts on these
spin structures, factoring through

PSL,(Z)/T(2) = PSL,(Z/2) = S;,

where I'(2) C PSL,(Z) is the normal congruence subgroup of matrices equal
to I mod 2, and the S; permutes S, _,S__, and S__ and preserves S, ,. Thus
we should compute three more partition functions - 2y (for S, _) and 2 (for
S.+), and the combinations invariant under the full group PSL,(Z) should be
2% and Zf;¢ + 2y + g, with S; permuting the summands in this sum.5.

So let us proceed with computing 2. A twisted version of the Feynman-
Kac formula implies that it differs from 27 by replacing the supertrace by the
ordinary trace (as ¢ changes sign when we go around the time circle). That is,
we should replace g2 by —q'/2. Thus we get

u Cr T vl mf(c+i)e_;r_in(r_;1
Trp (q1) = €™ fjrz[oa +qTE) = T
and
) H 1 0 i1 77(T_+I ’
2ys(1) = Trye, (qFLq ™) = |q] 24'}1(1 +a TP = 1 77(’?') .

It remains to compute the Ramond sector. First we need to describe the
space J(g[0] of ground states. This space should be the irreducible 2-dimen-

sional representation of the Clifford algebra generated by 9, EO with relations

93 = = 3. BoBy + Do =0.
Let
£ = oMy 4 e TGy = e e
then
P=n*=0n+nf=2
So F(g[0] = A§ with 7 acting as 20¢.
Now consider the Clifford algebra Cl?{ generated by ¥, with n # 0; so

Clg = Cl% ®AYP,. The algebra Cl% hasaunique irreducible positive energy rep-
resentation Ag = A($_1,%_...) on which 9; act by multiplication for j < 0
and by differentiation for j > 0. There is an invariant positive Hermitian inner

450f course, if we know modular invariance, we can just compute ZNs» g using the action of PSL,(Z)
on Z;(,S, but we want to compute independently from the Hamiltonian picture and then compare as a check
for modular invariance.
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product on Ay in which the wedge monomials in 9;, j < 0, form an orthonor-
mal basis. Thus the Hilbert space H of the Ramond sector is the completion
of

Dr = Hg[0] ® Ar ® Ag,

where Ay is the conjugate of Ag corresponding to the antiholomorphic field

().

This shows that 23 = 0: the even and odd subspaces of #(y are isomorphic
together with the grading, so the supertrace of qHL#{R on Ky vanishes. So
it remains to compute 2%, which is obtained by taking the ordinary trace of

_H
qHrq " instead of a supertrace.
One can show that the Virasoro algebra action on Ay, is defined by
1 CSm,o
Ly = 2 Z niPpdopim +Y

nez

([KRR, Lecture 3]). As before, we have H = H; + Hg and H; = L, +
- . C
HR = LO + 7

<
2 b

Exercise 12.16. Show that the operators L, in both the Neveu-Schwarz and
Ramond sectors satisfy the Virasoro commutation relations with central charge
1

C:z.

Now,

(C+ 1y T ; e 1y —miz(27)
Tra . ( HL) — em(C+S)T 1+¢)= e7r1(C+8)e = .
Ag q g q 7’]('[)
The function 7(27) is a modular form of weight 1/2 for a congruence subgroup.
Thus if we want to have a chance for modular invariance, we must again put
C= —% to cancel the exponential prefactor, and

20|

n(t)
(here the factor 2 is the dimension of F[0]). So for the total partition function
we get

Zr(m) =2

IR + (DR + 2202
0= OP

We can write this answer slightly differently. To this end, note that Ayg =
ANs,0 ® Ans,1, the decomposition into even and odd states. It follows from the
above computations that setting

Xi(1) = Tr |y, (@), j = 0,1,
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we have
_mr41 T T 141 T
e 24 —) + — e 24 _) — -
ro(0) = (=) n(z), (o) = (=) —n(3)
27(7) 27(7)
So setting
n(27)
7):=Tr HLy = ,
1D = Tr i (@) = TS
we get

2(1) = 2( %@ + D@ + [x@P).

The functions yg, x1, x2 have a representation-theoretic meaning. Namely,
they are the characters of the Virasoro algebra representations Ang o, Ans1»

Ag, i.e., the traces of qLO_% in these representations. It turns out that these
representations are irreducible. Namely, recall from Exercise that given
two numbers h, ¢ € C, we can define the Verma module M(h, ¢) over Vir with
highest weight (h, ¢) which has a unique irreducible quotient L(k, ¢), and that
if h,c € R, then L(h, c) has a unique nondegenerate Hermitian form in which
L = L_,, called the Shapovalov form. If this form is positive definite, the
representation L(h, ¢) is unitary.

Proposition 12.17 ([KRR]).
(i) One has
~ 1 ~ 11 ~ 1 1
Ans,o 2 L0, 3), Ansy 2 L(3,3), Ar = Ligg 3)-

Thus these irreducible representations are unitary.
(ii) L(h, %) is unitary ifand only if h = 0, %, or %.

(iii) The characters of these representations are given by
1 11 1 1
chL(0, 5) = xo, ¢hL(5,5) = x1, chL(5, 5) = X

Thus the even part JH, of the Hilbert space of our theory is the completion
of

Do = L(0,5) ® L(0, 3) ® L(5,3) ® L5, 3) @ L(55, 3) ® L35, 3);

as a Vir @ Vir-module, and correspondingly
_H 1
Tr |og,(@1q ) = 32(1) = XD + @P + @

We can now check that this function is really modular invariant. Indeed,
it is clear that Z is invariant under 7 — 7 + 1. Furthermore, using the modular
transformation formula for 7,

n(=1) = V—ity(o),

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



12.11. Free massless fermion (Ising model CFT) 279

we have 2 T
SN S VRS S S

-1 V270 2

On the other hand, it follows from the Jacobi triple product identity that

)(2(—%) =

e 2n?(2)

n®
where § is the theta function defined by (b.11). Thus the modular transforma-
tion formulas for 4 (equation (7.10)) and » imply that

_1h -
17( = )=V—lﬂ7(% :

3(0, —2it) =

Hence
Xo(=2) + 21(=3) = 20(®) + 1)
It follows that the matrix S of the transformation 7 — —% in the basis xg, X1, X2
is
12 12 1A/2
(12.11) S=|12 12 -11/2]
12 -1A2 o

This matrix is unitary, which implies that Z is modular invariant, as claimed.

Thus we see that the holomorphic functions yg, x1, ¥2 span a 3-dimension-
al projective unitary representation of PSL,(Z) in which they form an orthonor-

mal basis. Namely, the transformation 7 — —% acts in this basis by the matrix
S given by (12.11)), while 7 — 7 + 1 acts by the matrix

e"H 0 0
T=| o —e_% 0
0 0 e @

The purely bosonic conformal field theory with Hilbert space H, is the
Ising model CFT, called this because it is the scaling limit of the 2-dimension-
al Ising model of statistical mechanics. It is the simplest of minimal models,
which are CFT of central chargesc = 1— m(mLH), m > 3 (the Ising model is the

case m = 3).H It turns out that these are the only values of 0 < ¢ < 1 for which
there exist unitary representations L(h, c) of the Virasoro algebra ([KRR]), and
therefore the only values of ¢ in this range for which there can exist (unitary)
conformal field theories.®2 Moreover, by a result of Friedan, Qiu, and Shenker,

46We note that for m > 4 minimal models do not have a Lagrangian description.

47Recall that by Exercise [[2:§(vii), if L(h, ¢) is unitary, then ¢ > 0, and the only unitary representation
L(h,0) is the trivial representation L(0,0) = C, so there are no unitary conformal field theories with ¢ < 0
and the ones for ¢ = 0 are trivial.
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all unitary conformal field theories in this range reduce to minimal models.
For a discussion of minimal models, see [DMS, Chapters 7 and 8].

12.12. The cobordism picture of 2-dimensional CFT

Let us now discuss Segal’s cobordism picture (Section [1.11]) for 2-dimensional
(quantum) CFT; for more details see [Se]. According to the general setup,
such a theory would first of all entail a Hilbert space # attached to the circle
S! = R/Z. More precisely, there should be a Hilbert space 7(, attached to every
Riemannian metric a(s)ds® on S!. However, our theory should be conformal,
i.e., invariant under rescaling of the metric, so we should have #, = J( for all
a. Thus every orientation-preserving diffeomorphism g : S* — S! should give
rise to a unitary operator p(g) : H — I such that p(g;8,) = p(g1)p(g,); in
other words, p is a unitary representation of Diff, (S') on (. Also, to a disjoint
union of n copies of S! corresponds the space F®".

Next, according to the cobordism picture of QFT, to every compact ori-
ented Riemannian 2-manifold X with boundary, we are supposed to have its
amplitude—a compact operator

AX) : H(O_X) — H(0,X).

Now, 0_X = (S1)" and 9., (X) = (S')™ for some m, n, so H(3_X) = F®" and
F(3,X) = F®™, Thus A(X) should be an operator H®" — F®" However,
to represent it in this way, we must fix orientation-preserving diffeomorphisms
(SH" ~9_X, (SY)™ ~ 3, X, i.e., parametrizations of the boundary components.
Thus to any X equipped with such parametrizations, we are supposed to attach
a compact operator
AX) @ FHO" — J(o&m

(the amplitude of X), such that change of parametrization of a component of
0X by a diffeomorphism g € Diff, (S') multiplies A(X) by the corresponding
operator in the appropriate J-factor (by p(g) on the left for 6, X and by p(g)~!
on the right for d_X). Moreover, we would like A(X) to be invariant under
rescaling of the metric of X by a positive function, i.e., to depend only on the
underlying complex structure on X.

Unfortunately, the last condition turns out to be a bit too strong to allow
any nontrivial examples. This corresponds to the fact that all interesting 2-
dimensional quantum CFT have a conformal anomaly—a nonzero Virasoro
central charge (Remark [[2.9). To accommodate for that, we should relax the
requirement that A(X) is completely invariant under rescaling of the metric,
and ask for such invariance only up to a positive scalar. Thus to every Rie-
mann surface X with boundary and parametrizations g, gf of its boundary
components, there corresponds an operator A(X, g;, gJ?L) defined up to scaling
by a positive number. We will fix this scaling somehow.
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Now, recall that the main property of amplitudes is the gluing property:
AX #X,) = A(X;)A(X;). Thus for Riemann surfaces X;, X, with parametriza-
tions g5;, 815, 8 &> We have

AX1, 813 81)AX, 835 831) ~ A #gr o(g1)1X20 8110 8210)»

where we glue X}, X, using the maps gj; o (g5;)", and ~ means that the two
sides differ by a positive scaling factor. Similarly, if we attach a component of
0_X to a component of 3, X according to their parametrizations, then the new
amplitude equals the trace of the old one in the corresponding copy of , up to
a positive factor. Finally, A(X) = AX)'. Thus we recover the Segal axiomatics
of a 2-dimensional quantum CFT.

Now let us try to describe the amplitudes A(X) more explicitly.

First consider the case when X is the unit disk D with standard parametriza-
tion of the boundary, go(s) = €2™S. Then A(X) = A(D, g,) is a nonzero vector
Q € H, which we can normalize to be a unit vector; it is the vacuum vector of
the theory. Amplitudes of D with other parametrizations of the boundary then
equal p(2)Q, where g € Diff, (S!).

Consider now the case when X is a cylinder (i.e., annulus). In this case
there is a unique § > 0 and an orientation-preserving conformal map f :
R/Z x [0,8] — X. Thus A(X) = A(g~,B,g*"), where g* : S' ~ S! are
the parametrizations of the boundaries of the annulus R/Z x [0, 8]. Triples
(g7,B,g") (i.e., conformal classes of annuli with parametrized boundaries)
form a semigroup under gluing according to parametrizations; it is called the
Segal semigroup or semigroup of annuli, and we will denote it by A°H The
union A := Diff (S})LIA° is in a natural way a monoid (elements g € Diff, (S1)
may be viewed as infinitely thin annuli (g~, 0, g") where (g*)~!g~ = g).

Let C(B) := R/Z x [0, 8] with standard parametrizations (so C(0) = 1).
Then a general element of A is of the form (g*)™! o C(8) 0o g~, where g*,g~ €
Diff,, (S'); the subgroup Diff, (S') C A corresponds to § = 0. Moreover, for
>0

@) o C(B)ogr =(g3) o C(B)og;
iff g5 = T,gi for some s € [0, 1), where Ty(x) := x + s on R/Z is a translation.
Thus the factorization a = (g*)~' o C(8)og~ of a € A° is uniquely determined

if we require that g=(0) = 0. Using this normalization, denote exp(27ig*(0))
by {(a). Then we may define a metric on A° by

dist(a1, az) = |{(a1) = {(az)|+sup [(g7)' = (87 )'|+181 —Ba|+sup |(g1) - (87 )'].

It is easy to see that the multiplication on .A° is continuous in this metric.
*Note that if (g7, 8,8+) = (€7, f1.h*) o (™. f2.8%) = (§7.B.g*). then § # B + B, in general.
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Now, we have a projective representation A of A by bounded operators on
X which extends p, such that .4° acts by compact operators. It is defined by

A((g") T e C(B)og™) = p(g")tA(C(B))P(g7).

We may normalize A so that A(C(B))A(C(y)) = A(C(B + y)), so A(C(B)) is a
1-parameter semigroup of compact self-adjoint operators (they are self-adjoint
because C(8) = C(B)). By the Hilbert-Schmidt theorem, such a semigroup
admits a spectral decomposition

H= @nZOH(En)

(Hilbert-completed orthogonal direct sum), where A(C(B)) acts on #(E,,) by
A, = ePFBnandEy < E, < - € R, E, - oo. Indeed, all A, are strictly
positive (so E,, are defined) and the eigenspaces F((E,,) are finite dimensional
since A(C(B)) — 1 in the weak topology as § — 0. Thus we can define the
(unbounded) self-adjoint operator

d
H i= ~5l5-0A(C(B)

acting on ¥ (E,) by E,,, which is the Hamiltonian of the theory. We see that
this operator is bounded below: H > E,. It is convenient to define the dense
subspace of H-finite vectors Hg, = @,50H(E,) C H (algebraic direct sum),
then H is essentially self-adjoint on Hy,.

The partition function of the theory therefore is
Z(B) = A(C/(Z & iBZ)) = Try(e PH) = dim H(E,)e=FEn,
n>0

and this sum must be finite for all § > 0.

As mentioned above, the complex Lie algebra Vect(C*) of holomorphic
vector fields on C* (unlike its real Lie subalgebra of vector fields tangent to
the unit circle), is not the Lie algebra of any infinite-dimensional complex Lie
group. In some sense, the semigroup A is a replacement for this nonexistent
group. Namely, recall that if G is an ordinary real or complex Lie group with
Lie algebra g, then for every v € g we have a 1-parameter subsemigroup
exp(sv) : R,y = G such thatforeveryn > 1,v,w € g,

(12.12) dist(exp(tv) exp(tw), exp (CH, (tv, tw))) = O(t"*1), t = 0,
where CH,, is the degree < n part of the Campbell-Hausdorff series, e.g.,
(12.13) dist(exp(tv) exp(tw), exp(t(v + w) + %[v, w])) =0(t3), t = 0,
and also

(12.14) exp(tv) exp(tw) = exp(tw) exp(tv) = exp(t(v + w))
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if [v,w] = 0. Moreover, the linear map L : g — TG defined by the formula
L(v) = % l;=o exp(tv) is an isomorphism. We will now construct a 1-parameter
subsemigroup exp(sv) : R,y — A defined for vector fields v € Vect(C*)
directed inside the unit circle (i.e., Re(v(z)/z) < 0 for |z| = 1) with similar
properties. To this end, consider the differential equation

z = v(z2),
and let z(t, s) be the solution of this equation with initial condition
2(0,5) = e?™S, 0 <s< 1

(it exists for small enough ¢ by Picard’s theorem). There exists £, > 0 such that
for 0 < t < ¢, the curve s — z(t,s) is simple and dyz(¢, s) is nonvanishing.
Now consider the annulus X (v, t) C C whose incoming boundary is the circle
|z| = 1 with standard parametrization s — e and outgoing boundary is the
parametrized curve s — z(t,s). Then X(v,t) € A (with X(v,0) = 1), and we
set
exp(tv) = X(v,t), 0 <t < g,.

More generally, taking the incoming boundary to be s — ef+27i5 we can simi-
larly define the annulus Xﬁ(v, t) for small enough ¢ > 0, and if 8 > 0, then this
definition makes sense for any v € Vect(C*). Moreover, if v is directed inside
the unit circle, then

Xp(v,t) = exp(vt)C(B).
Exercise 12.18.
(i) Show that
exp(t,v) exp(£,v) = exp((t; + £5)v)

for t;,t, > 0, t; + t, < €, and use this identity to extend the function ¢
exp(tv) to all t > 0 so that it holds for all ¢;,¢, > 0.

(ii) Prove that ([2.12), (12.13), and (12.14) hold for v,w € Vect(C*) di-
rected inside the unit circle.

(iii) Realize the tangent space T'g to A° at C(B) as
Tg = Vecty(S") @ R @ Vect(S"),

where Vect(S!) is the Lie algebra of vector fields on S! vanishing at 0 (defor-
mations of g~, 3, g"), and compute the R-linear map

L : Vect(C*) —» Tg
given by
d
L) = 2 li=oXp(v. 1)

Show that L is injective and has dense image (in C*-topology).
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In particular, we have unbounded densely defined operators L,,, L,, on
such that

L(=z"*18,)|y¢ = Ly + Ly, L(—iz"*13,)|5c = i(Ly, — Ly).

It is not difficult to show that L_,,L_,, : H(E) — H(E + n), so they preserve
Hg, and satisfy on Hy, the commutation relations of two commuting copies
of the Virasoro algebra, Vir @ Vir. Moreover, the complexified Lie algebra
of Diff, (S!) in this realization is the anti-diagonal copy of Vir generated by
L, —L_,, which must act with zero central charge (no gravitational anomaly!),
so the central charges of the two Virasoro algebras must be the same; we denote
their common value by c.® Also, the Hamiltonian is

H=Ly+L,

up to adding a constant, since C(f) = X(—zd,, ).

Note that the semigroup A contains the subsemigroup A, of univalent
holomorphic maps f : D — D (smooth on the boundary) under composition;
namely, f € A, maps to the annulus C(f) bounded by 6_C(f) = U(1) (the
unit circle) and 3, C(f) := f(U(1)), with the corresponding parametrizations
s > 25 5 > f(e*™). The Lie algebra of this semigroup in the above sense is
the Lie algebra Vect(C) of holomorphic vector fields on C, whose (topological)
basis consists of —z"d, for n > 0.

If we glue C(f) to the standard disk D respecting parametrizations,
we again obtain D. Thus we should have A,Q = Q and hence, passing
to vector fields, L,Q = L,Q = 0 for n > —1. More precisely, a priori we have
L,Q = L,Q ~ Q, but the Lie algebra W, = Vect,,(C) of polynomial vector
fields on C spanned by L,,,n > —1 is simple and has no nontrivial 1-dimen-
sional representations, so it follows that L,,Q = L,,Q = 0, n > —1.

The remaining content of the theory is thus contained in the amplitudes
A(X), where X is a sphere with two incoming boundaries and one outgoing
boundary (pair of pants), since every Riemann surface can be glued out of
pairs of pants and disks. The moduli space of such Riemann surfaces is 3-
dimensional (over R), since gluing such a surface to itself yields a generic closed
Riemann surface of genus 2 with a real structure and three real ovals. To real-
ize such X, we may consider the disk |z| < r,, for some r,, > 1 with two deleted
disks inside, |z| < rypand |[z— 1] < r, forsomery + 1 < 1 < 1, —1y; see
Figure [2.1.

Denote the corresponding surface with standard boundary parametriza-
tions (uniform clockwise starting at 3 o’clock) by X(7y, 1, ¥, ). Then it remains

4This also implies that the eigenvalues of Ly — fo on Hg, are integers, as this is the infinitesimal
operator of the rotation group of S'.
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Figure 12.1

to describe the operator A(X(ry,1,7s)) : H®* — ¢, in fact just the corre-
%

sponding operator }(gzl’lz — Hp,, where Fq, = Hg, is the completion of F(y,
with respect to its grading by eigenvalues of H. We denote this operator by
Y(ry, 11, 7 )- It is clear that for pg, 01, P > O,

P Y (ro, 11, 1o )P @ 1) = Y(ropo, 11015 TeoPoo)
whenever both sides make sense. Thus
Y(1,1,1) = r Y (r, 1y, r0) g @ 1)

forry + < 1 < r, —r, does not depend on ry, 11,7, and makes sense as an
operator ?(?nz — g, (albeit it does not extend to F®?). Also

Y(ro, 11, 1) = 1o 2Y(1L, 1L, D @ ).

So really it remains to describe Y(1, 1, 1).

In fact, it is more convenient to consider the operator

_ L = . = .
Y(z,2) = Y(1,1,1)z00Z ° = Y(1, 1, 1)rkotloei®Lo=Lo) | 7 = peif c CX,

as it has an expansion

_ h+
Y(z,z) = Z Yh,nzTnz 2,
heR,nez

where Y, , - }cg’;f — Hg, is an operator of weight h with respect to H =

Lo + Lo and n with respect to L, — L,. The operator Y(z,z) is called the state-
field correspondence operator: given a state ¢ € Hy,, we have a quantum field

Y%,2,2) =YD ® ) : Han — Fin.

In the next section, we will describe this operator more explicitly in several
examples.
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286 12. Two-dimensional conformal field theory

12.13. Rational conformal field theories

One of the simplest yet very interesting classes of 2-dimensional quantum CFT
are ones whose genus 1 partition function is a finite sum of holomorphic func-
tions of r multiplied by antiholomorphic ones:

2(0) = 3 1O @.
j=0

Such theories are called finitely factorized. We have already seen several exam-
ples of such theories—the circle-valued boson for circle radius 4/ p/q, p,q €
Zs1, and the Ising model CFT.

It turns out that the known examples of finitely factorized theories actually
have a lot more structure, namely that of a rational conformal field theory. This
entails the following structures and properties.

1. Vacuum sector. There is a positive energy unitary representation V'
of Vir with a unit vector v annihilated by L;, j > —1 and an isometric embed-

ding V ® Vo Hgp, of Vir @ Vir-modules such that Q = v ® 0.8 Moreover,
the components o_f the state_—ﬁeld correspondence map send the vector space
VRV)®(V®V)toV® V, namely

Y(Z5 E)l(V®[7)®(V®[7) = Y(Z) ® Y(Z)a
where Y : V® V — V((z)). The Segal axioms then imply that the map Y
equips V with the structure of a conformal vertex algebra (Definition [[2.12).

Moreover, the state-field correspondence map makes the space Hp, into a
bimodule over the vertex algebra V—we have commuting actions of V and V
on Hy, in the sense of the following definition.

Definition 12.19. Let (V,Y,v, T,w) be a conformal vertex algebra as in Def-
inition [2.12. A (conformal) V-module is a triple (M, YM, Ty;) where M is a
complex vector space, Ty, € End(M) is a linear operator, and

YM(.,2): VM = M((2)), a®@m YM(a,z)m = ) a(Mn)mz_”_l,

nez

a(Mn) € End(M), such that the following axioms hold:

(1) Vacuum axiom.
YM(v,z) = 1.

(2) Translation covariance.

[Ty, YM(a, 2)] = 3,YM(q, 2).

0Here V is V viewed as a representation of Vir, and U € V is the vector corresponding to v.
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(3) Locality. For all a,b € V there exists an integer N > 0 such that
(z—w)N[YM(a,z), Y (b,w)] =0
as a formal series in End(M)[[z*!, w*']].
(4) Conformal structure. The field corresponding to w on M has the form
YM(w,z) = TM(z) = Z LMz—n=2
nez
and the operators LY satisfy the Virasoro commutation relations with central

charge c (the same c as for V):

C
[Llr\n/IaL%] =(m- n)Llr\n/I+n + E(mg) - m) 5m+n,0-

Moreover, Ty, = L™, and
M=@M, My,={meM|L}m=hm}
heC
with M}, = 0 for Re(h) < 0.
2. Finite factorization. In the literature one can find several slightly dif-
ferent definitions of a rational CFT. One of the possible definitions is as follows.

Definition 12.20. A CFT with vacuum sector as in axiom (1) is said to be ra-
tional if there is a finite collection of irreducible V-modules V,, = V, V;,..., V},
such that we have an orthogonal decomposition of V-bimodules

FHon = B joomijVi ® V), mij € Z,
and the state-field correspondence map Y(z, z) is a finite sum of tensor prod-
ucts of operators

VE@) = YV Y VeV - vy,
N

with their complex conjugates. The summands V; ® i_/J are called the sectors.
The operators Y’i‘j(z) are called the chiral vertex operators.

Thus for a rational CFT the genus 1 partition function is

n
Z(r) = ) my;chVy(e?™)ch Vj(e2miv),
i,j=0

i.e., the theory is finitely factorized. Moreover, since this function must be real
for 7 € iR (as the corresponding genus 1 Riemann surface X is isomorphic to
X), we have m;; = mj;.

Also, since Z must be modular invariant, the linear span of ch V; is a finite-
dimensional projective representation p of PSL(2,Z) with an invariant Her-
mitian form defined by the matrix m;;. This representation p (in particular,
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its matrices S and T in the basis of ch V;) is an important invariant of rational
conformal field theory.

Example 12.21. One of the most basic examples of a rational CFT (with central
charge ¢ = 1) is the theory of circle-valued boson of Section with rational
squared radius, r? = %. In this case, the conformal blocks comprising the state-

field correspondence map are given by the suitable vertex operators X(«, z). For
example, if r = 1, then we have

Hin=Vo®@Vo®V, ® Vi,

where V;, V] are the integrable irreducible highest weight representations of
the affine Lie algebra 81, at level 1. As explained in Section [[2.10, this is the
simplest nontrivial example of a Wess-Zumino-Witten model.

Another simple example of a rational CFT is the Ising model CFT (Section
[2.17)); it has Virasoro central charge 1/2. Further examples include minimal
models, as well as Wess-Zumino-Witten models for compact simple Lie groups.
In the latter case the corresponding topological QFT is the Chern-Simons the-
ory (Section [[1.12). However, a detailed discussion of these models is beyond
the scope of this book; it can be found, for instance, in [DMS, Chapter 15].

In fact, the representation of the partition function as a finite sum of prod-
ucts of holomorphic and antiholomorphic functions is a key property of a ratio-
nal CFT which actually holds in all genera. This property is discussed in detail
in Exercises [[2.22, [[2.23, and [12.24.

Exercise 12.22. Let M be a connected complex manifold and let F : M — R
be a function which locally around every point p € M can be written as

n

(12.15) F(z,2) = ), a;(2)b;(2),
j=1

where a;, b; are holomorphic functions. Show the following.

(i) The space V(p) of germs of holomorphic functions on M near p spanned
by a; is independent of the presentation ([2.15), and has dimension n if and
only if this presentation is shortest possible; moreover, dim V(p) is the same
forall p € M.

(ii) The functions b;(z) also span V(p), and F € V(p) ® V(p) is a nonde-
generate element defining a nondegenerate Hermitian inner product hp,(, ) on
the space E(p) := V(p)*. Moreover, E(p) contains a unique vector o(p) such

that (o(p), f) = f(p) for all f € V(p), and F(p) = hy(a(p), a(p))-

(iii) The assignment p — (E(p), V, h,, o(p)) defines a Hermitian holomor-
phic vector bundle E on M with a flat (pseudo-)unitary connection V and a
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holomorphic section o (in general, not flat). In particular, we obtain a holo-
nomy representation of 7z, (M, p) on E(p).

(iv) Recall that every Hermitian holomorphic vector bundle on a complex
manifold carries a canonical (Chern) connection. Show that for E, this con-
nection is V.

(v) Consider the example M = C*, F(z,z) = |z|*, s € R. Write F(z,z)
locally as a(z)a(z), where a(z) is a branch of z°. Let a,(z) be the dual vector to
a in E(z) (also defined locally) and show that

Va, =0, hy(a,,a,) =1,

s(z) = z%a,(z) is a globally defined holomorphic (but nonflat) section of E,
and F(z,z) = h,(s(z),s(z)) = |z|**. Compute the holonomy representation
corresponding to F.

Exercise 12.23. Consider the following generalization of Exercise [2.22. Let
M be a complex manifold, let £ be a holomorphic line bundle on M, let s € R,
and let F be a section of the real line bundle |£|?* (with transition functions
|g:;(2)|*, where g;;(z) are transition functions of £). Locally near each p € M,
let §, be a nonvanishing holomorphic section of £, and suppose that

n
(12.16) &,(2)|"%F(z,2) = ), aj(z)b;(2),
j=1
where aj, b; are holomorphic functions (clearly, this property does not depend
on the choice of £,); in other words, suppose that F has a representation ([2.15)
in any holomorphic local trivialization of £. Generalize the results of Exercise
to this setting. Namely, show the following.

(i) F still uniquely defines a holomorphic vector bundle E on M. How-
ever, the Hermitian structure on E is only defined up to positive rescaling in
each fiber, and the (flat) connection V is only uniquely defined for the corre-
sponding projective bundle PE; in particular, we only get a representation of
(M, p) on PE(p), i.e., a projective representation defined up to tensoring with
1-dimensional representations.

(ii) If in addition £ is equipped with a Hermitian structure, then so is E,
so it carries the canonical Chern connection V. This connection is not flat in
general, but its curvature is scalar, namely s times the curvature of the Chern
connection of £.

Asin Chapter [, let M denote the moduli space of closed Riemann surfaces
of genus g. If we did not have conformal anomaly, the partition function of a
CFTon X € Mg would have been a positive function on Mg. However, due
to conformal anomaly, this function is defined only up to positive rescaling;
more precisely, it is only well defined as a section of a certain R, y-bundle. It
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turns out that this bundle is | Det |, where Det is the determinant bundle for
the d-operator on %, i.e.,

Det(Z) = det HO(Z, 0) ® det H\(Z, O)*.

Exercise 12.24. Show that in rational conformal field theory, in every local
holomorphic trivialization of Det, the partition function Z(Z) of the theory can
be represented as a finite sum

Ng

2(3) = ) 2t @2FE),
i=1
where the functions ZF(X), ZX(Z) are holomorphic. Then use Exercise [2.23(i)
to construct a natural projective representation E(Z) of the mapping class group
I = n‘frb(Mg).ﬂ

Remark 12.25. The determinant bundle Det on M, actually has a natural Her-
mitian metric called the Quillen metric, so Exercise [2.22(ii) also applies.

The assignment X — E(Z) is called the modular functor. It turns out that
this functor is a part of data of a 3-dimensional topological quantum field the-
ory, attached canonically to our rational CFT. A modular functor is attached to
an algebraic structure called a modular tensor category. The theory of modular
functors and modular tensor categories originated from the work of Segal and
Moore-Seiberg in late 1980s (see [Se€],[MS]),2 and it is a purely mathematical
theory discussed, for example, in [BK|]. In particular, this theory allows one to
prove that the Virasoro central charge of a rational CFT is a rational number
(the Anderson-Moore-Vafa theorem, see [EGNQ, Section 8.18]).

Any modular tensor category gives rise to a (projective) unitary represen-
tation of SL(2, Z) given by two matrices S, T with rows and columns labeled by
the simple objects V;, representing the action of the standard generators of this
group. In our situation, V; are the simple modules over the vertex algebra V),
and SL(2, Z) acts by the modular transformation of their characters x;(z), as
mentioned above. The matrix T is diagonal, with eigenvalues 6; being roots of
unity, which are called the twists of V}; in our case, they are 8; = e*"'£i, where
Ej is the lowest eigenvalue of L, on V;. The matrix S is a unitary matrix called
the S-matrix of the category. In Section we computed the matrices S, T
for the Ising model CFT.

It follows that in our setting the matrix m;; = §;; is always preserved

by S, T, so one can define a CFT with Hilbert £ = @j_,V; ® VJ Such a
theory is called diagonal. For example, the Ising CFT is diagonal, as are the

3lSince Mg is not a manifold but an orbifold, this requires a slight generalization of Exercise [2:23.
52See also M. Kontsevich, Rational Conformal Field Theory and Invariants of 3-Dimensional Manifolds,
Marseille preprint CPT-88/P.2189.
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Wess-Zumino-Witten and the minimal models, whereas the theory of Exam-
ple is not. Other interesting examples of nondiagonal models are the
Capelli-Itzykson-Zuber theories; see [Gal].
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Chapter 13

Perturbative expansion
for interacting QFT

13.1. General strategy of quantization

We now pass to nonfree field theories defined by the action S(¢) := S L($)dx
in Minkowski space V =~ RY, where £(¢)dx is a local Poincaré-invariant La-
grangian density (up to exact differentials). The general strategy of quantiza-
tion of such theories is as follows.

Step 1. Write down the Euclidean path integral correlators for the theory:

SE(®)

($(x1)... $(x)) = f $01) .. e 52 Dg.

Compute the corresponding formal expansion in # using the Feynman rules
(as we have done in the case of quantum mechanics, d = 1; see Section p.3).

Step 2. Perform Borel summation of this formal series to obtain actual func-
tions defined for small enough # > 0.

Step 3. Perform the Wick rotation of these functions to Minkowski space to
obtain Wightman correlation functions W,.

Step 4. Use the functions W, to define a Wightman QFT;i.e., extract the Hilbert
space J(, the representation 7 of the (double cover of the) Poincaré group on
J, the vacuum vector Q, and the field map ¢.

All these steps are nontrivial, and while Step [] can be performed fully rig-
orously, starting from Step P a rigorous implementation is only known for a
handful of theories treated in constructive field theory (for many Lagrangians
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294 13. Perturbative expansion for interacting QFT

the ultimate Wightman QFT, in fact, does not exist). For most physically in-
teresting theories, doing these steps rigorously is still an open problem. In this
chapter, we will only discuss Step [ll.

13.2. The ¢*-theory

Asarunning example, we will use the theory of a scalar boson ¢ with Euclidean
Lagrangian

LE($) = —(|V¢|2 m’¢?) — —¢

which we will call the ¢3-theory. This theory is a deformation of the theory of
a free scalar boson obtained by adding a single interaction term —§¢3, which
in Feynman calculus corresponds to a 3-valent vertex. Physically this vertex
corresponds to an interaction in which two particles collide and transform into
a third one.

We will set 72 = 1 (which can be done by rescaling ¢ and g) and consider the
formal expansion of correlation functions in powers of g (which is equivalent

to Step ).
Let us compute the 1-loop correction to the 1-particle irreducible 2-point
correlation function of the free theory

@o(P) =

in the momentum space presentation. It is easy to see that this correction is
given by a single Feynman diagram shown in Figure [[3.1].

1

p—q

q

Figure 13.1

According to the Feynman rules (see Section .3), the amplitude of this
Feynman diagram is

m&(ﬁ) 2(p?) = (2m)~ df(

dq
q> + m?)((p — @)* + m?)

(thanks to rotational symmetry, this integral depends only on p?). The expres-

A(p) =

sion %221( p?) is the 1-loop approximation to the self-energy £(p?), which is the
sum of amplitudes of all amputated 1-particle irreducible Feynman diagrams
with two external edges. The meaning of self-energy is that the (connected)
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13.2. The ¢p3-theory 295

1
Thus the exact squared mass m2, of the quantum particle would be computed
as the pole of the exact propagator, i.e., from the equation

momentum-space 2-point function (the exact propagator) equals

—mi + m? —3(—-m2) = 0.

In particular, the 1-loop approximation m? to the exact squared mass is given
by

2
m3 =m? - £.5,(-m?) + 0(g")

(as m? = m? + 0(g?)).

If d < 4, the integral defining 2, (p?) is convergent and can be computed
explicitly. To this end, we may use the following simple lemma from multivari-
able calculus, which is known in physics literature as the Feynman’s famous
Sformula:

Lemma 13.1. Let A, be the (n — 1)-dimensional simplex defined in R" by the
equation

Yt ya=1,

and let dy be the Lebesgue measure on A, of volume 1. Then for positive numbers
ai,...,a, we have

dy _ 1
A, (a1y1+"'+anyn)n al---an.

Proof. We have

o0
1 — = (nil)'/ tn_le_(alyl+"'+anyn)tdt_
(@ + -+ + apyn) “Jo

So we get

A, (@ +- dy+a L (nll)!,/ f th=le=(@yrt - +anyn)tdedy
1)1 nyn A

n

f = 1)[/ = 1 _(a1y1+ +anyn)tdydt
BN (p—
“Jo  Jia,

n o0
= e~ MA1 T " nZndz = | | e~ %%idz; = ——. O
I ay...a
Z15e . 220 j=1+0 I--®n
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296 13. Perturbative expansion for interacting QFT

Applying Feynman’s famous formula to our integral and making a
change of variable g — q + (1 — y)p, we have

e T—
(@ rm)(p—qr+m2) ((1—y>q2+y(p—q>2+m2>2 Y
f f <q2+M2(y )ik

M?(y, p) = y(1 = y)p* + m”.
Now, using spherical coordinates

dq B ® pd-lgr
L (@2 + M2)2 - d (2 + M2

where

where Cj is the area of the unit sphere in R%. Thus for d = 2,
dq r Vg
—— =27 ——— =T —_— = —.
L (g% + M2)2 , (2 +M?2)2 , (s+M2)2 " M2
It follows that
1

5 (p?) = 1 f dq _if dy
WPI=0me ), @ +m)(p—qr +m2) 4z ), YA —y)p? +m?

1 [ 4m?2
= arccotanh — +1
mp? % +1 P

Thus the 1-loop approximation m? to the squared mass of the quantum particle
is computed from the equation

2

2 2_ & 1 2
my=m"— = arccotany 3 =
1 " mA(1 - SR,
The case d = 3 is computed similarly. In this case
_ _
(@2 + M2)2 M2)2 B (r2 + M2)2 M

It follows that

1 d
2\ — q
21(P%) = 3 fV @ (p-ay+m?)

1

=L dy = arccotan(
87 J, Vy(-yp*+mz  47lp|

o)

Ipl
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13.2. The ¢p3-theory 297

Thus the 1-loop approximation m? to the squared mass of the quantum
particle is computed from the equation

2 1 l 3
mi =m? — g? v arccotanh(2) = m?(1 — 106gﬂ (mgs/z )?) + 0(gh).

However, for d = 4 we encounter our first difficulty: the integral logarith-
mically diverges (as the integrand behaves at infinity as |q|~*). More specifi-
cally, for a momentum cutoff A, define

AP = 5o | %
M 2(p2 + m2y? qien (@ +m)(p— % + m2)’

the integral over the ball in V of radius A. Then

g
1672(p? + m2)?

2

Ap(p) ~ log(2), A = oo,

ford = 4 and

Cq g

(27r)d 2(d — 4)(p? + m?2)?2

if d > 4. A way to remedy this difficulty is to add a A-dependent term in the
Lagrangian, called a counterterm, which blows up as A — oo, and thus cancels
this divergence in the sense that when integration is performed over the ball
|g| < A, then the integral has a finite limit as A — oo.

Ap(p) ~ A4 A - oo,

For example, consider d = 4. In this case modulo g*> the momentum space
2-point function computed with cutoff A looks like
1 g2

Came(p) = p? + m? * 1672(p? + m2)?

log(%) +...

(here we explicitly indicate dependence of G on m? since we are about to vary
it). Let us try to fix the divergence by replacing the parameter m? by m? +
Kg? 10g(AAO) for a constant K, where A is a fixed scale of momenta introduced
to have a dimensionless quantity under the logarithm.

So we have
1 g A
= log(=) +...
Am?+Kg? 10g(AAO)(p) p2 + m? + Kg? log(AA) + 1672(p2 + m2)2 08() +
0
— 1 1 g2 A g2 A
_p2+m2+(ﬁ_ )(pz-i-—mz)zlog(/\_o)+16712(pZ—+mZ)210g(Wo)+”"

where we ignore terms of order higher than g2. Thus to cancel the divergence,

we should take K = #, i.e., replace the Lagrangian with

1 2
e =5V +(m? + 1 log(2))¢D) - £4°.
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298 13. Perturbative expansion for interacting QFT

For this Lagrangian, if integration is performed with cutoff A, then the 2-point
function modulo g will have a finite limit as A — co, given by

A~ _ 1 g2
G(p) - pz + m2 + 2(p2 + mz)zzl(p)’

where

dq A
=1(9) = e Jm (LSA @ p-arrm) " log(A_o)) |

This limit is easy to compute using Feynman’s famous formula. Namely, com-
puting similarly to the d < 4 case, we get

! r3dr A
El(p)=f0 I(p,y)dy, I(p.y) = o 2A oo( CESIECNO)E log(A—O)).
So

1(p,5) = o (10g(22) = 301 +logy(1 = ) 2 +1)).

Thus

Z(p) = # <log(%) + % — 4/ 4p—"22 + 1 - arccotanh 4 / 4p—"212 + 1).

For d > 4 the calculation becomes a bit more elaborate. Namely, while for
d = 5, we have

g2

S 2(p? + m?)?
so the procedure is the same, with mass modification m? — m? + KA, already
for d = 6 we will have to take a deeper expansion of the divergent integral,
&
4(p? + m?)?
We can cancel the most singular term C4A? by means of the mass modifica-
tion m? — m? + KA?, but after that we will still have logarithmic divergence,
Cp? log(%), which depends on p. To kill this divergence, we must modify the

Ap(p) ~ A+0Q1), A - oo,

An(p) ~ (CsA2 + Cp*log(2) + O(1)), A — co.

coefficient of %|Vq5|2 in the Lagrangian by a counterterm, changing it from 1 to

Figure 13.2
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13.2. The ¢p3-theory 299

1+ C'g? log(AAO) for an appropriate constant C’. Also we find that the 1-loop
correction to the 3-point function coming from the Feynman diagram (in Fig-
ure [[3.2) is logarithmically divergent: the corresponding contribution in the
momentum presentation is, up to scaling,
g
3 2 5
szl(pj +m )

J(p1» P2, p3)3(p1 + P2 + P3)s

where

dq
v (@ = p1)* + m?)((q — p2)* + m?)((q — p3)* + m?)
for p; + p,+p; = 0, which is divergent and asymptotically proportional to log A

when computed over the ball of radius A. So to kill this divergence, we must
change the coefficient of ¢ in the Lagrangian by a counterterm, changing it

from —£ to —& 4+ C”g? log(AAO).

J(p1, P2 p3) = 2m)~¢

We are starting to see the main idea of renormalization theory, which allows
us to regularize divergent integrals coming from Feynman diagrams in all or-
ders of perturbation series. The idea is that the coefficients of the Lagrangian
are actually not meaningful physical quantities—they are just mathematical
parameters depending on the scale (cutoff) A at which we are doing the com-
putation, and they may blow up when A — oo (called the ultraviolet limit, as
A has the meaning of frequency of oscillation). Rather, the meaningful quan-
tity is the answer, the correlation functions ( ¢(x;)...$(x,) ) (or their Fourier
transforms, if we work in the momentum realization), and related quantities,
e.g., free energies and exact masses of particles. This answer depends on some
parameters, which are the actual parameters of the theory. So the coefficients
in the Lagrangian must be adjusted in such a way that the answer has a finite
limitas A — o0. The specific answer we will get will depend on the adjustment
procedure, but in good cases (called renormalizable) will lie in a nice universal
family (often, but not always depending on finitely many parameters).

—

Figure 13.3

Remark 13.2. Note that the 1-particle irreducible 1-point function of the
¢>-theory requires renormalization for any d > 2. For example, for d = 2
the amplitude of the 1-loop tadpole diagram in Figure (which contributes
to the 1-point function) is given by the integral
d A rdr 2
£ _°P__28 = % log(1 + %) + % log(%).

2 2 2 Arx 2 2
8 ber2: [pj<A P +m ar J, r°+m
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300 13. Perturbative expansion for interacting QFT

Thus to renormalize this divergence, we should add a counterterm and replace
the Lagrangian £ = %(|ch5|2 + m?¢?) — £¢* with

1 g g A
L) = 5(VP + ) — B2 + £ 1og(2) 6.
(8) = S VP +m?¢?) — £¢% + S log( ) ¢
Taking the limit A — oo, we see that this renormalization would set the 1-point
function of ¢ to zero modulo g2. In fact, this renormalization allows us to ignore

all Feynman diagrams with a self-loop, since it defines the contribution of the
self-loop to be zero.
The situation is similar in higher dimensions. For example, for d = 3 the
amplitude of the tadpole diagram is
g dp g (" rar

gm A\ A
— — == = 2= (= —arctan(3)),
16703} cps.piea D2+ M> 472 Jo 12+ m? aw G Ge))

so in order to set the self-loop to zero, for the counterterm we should take
(A= 3m)9.

Exercise 13.3. Generalize the analysis of this section to the ¢*-theory with Eu-
clidean Lagrangian

L5($) = SV +mPg?) + S gt

(Note that in this theory, because of the symmetry ¢ — —¢, n-point functions
vanish for odd n.) Namely:

(i) Show that the 1-loop 2-point function requires renormalization in di-
mensions d > 2. For d = 2, compute the 1-loop correction to m? that sets the
self-loop to zero (i.e., the exact mass is m? = m? + O(g?) in 1-loop approxima-
tion). With this correction, compute the self-energy in 2-loop approximation,
and the corresponding correction to the exact mass, m3 = m? — cg® + 0(g>).

(ii) For d = 3, compute the 1-loop correction to m? that sets the self-loop
to zero. Show that even after this correction, the 2-point function has a loga-
rithmic divergence in two loops, owing to the Feynman diagram in Figure
and compute the 2-loop correction to m? of the form cg? log(A/m) making the
2-point function finite in two loops.

Figure 13.4

(iii) For d = 4, show that the 4-point function has a logarithmic divergence
in one loop, and compute the 1-loop correction to g of the form cg? log(A/m)
that makes the 4-point function finite in one loop.
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13.3. (Super)renormalizable, and nonrenormalizable theories 301

13.3. Super-renormalizable, renormalizable, and
nonrenormalizable theories

Let us now discuss this more systematically. Consider the theory of a scalar
boson with a general Lagrangian. Given a Feynman diagram I', we have the
corresponding Feynman integral It in the momentum space realization, which
is an integral of a rational volume form over a real vector space. We can define
the superficial degree of divergence D(T') to be the degree of the numerator of this
form (where the differentials of coordinates have degree 1) minus the degree
of its denominator. We will say that I is superficially divergent if D(I") > 0 and
superficially convergent if D(T') < 0.

It is clear that if D(T") > 0 (i.e., I is superficially divergent), then the inte-
gral It diverges. However, the converse is false (which explains the adjective
“superficial”): if D(T') < 0, the integral may still diverge. Indeed, suppose I3, I,
are Feynman diagrams such that [}, is connected with n external edges, and let
v be an n-valent internal vertex of I3. Let o be a bijection between the edges of
v and external edges of I,. Then we can form the diagram

I':= Fl #U’arz

obtained by inserting I, into [ instead of v using o. In this case I, is said to be
a (connected) subdiagram of T'. The Tonelli-Fubini theorem then implies that
the Feynman integral I equals the Feynman integral over [ with insertion of
Ir, atv. Thus if I' contains a subdiagram T, with D(T}) > 0, then the Feynman
integral over I diverges even if D(I') < 0 (as Ir,, is infinite). For example, in the
¢3-theory in d > 2 dimensions, every Feynman diagram containing a self-loop
produces a divergent integral, even though many such diagrams have D(T") < 0.

This turns out to be the only obstruction to convergence, however. Namely,
one has the following theorem, which plays a central role in the theory of per-
turbative renormalization.

Theorem 13.4 (Weinberg’s theorem). If every subdiagram of a Feynman dia-
gram T is superficially convergent, then the Feynman integral I corresponding
to T absolutely converges.

A detailed proof of this theorem (originally stated by Dyson in 1949 and
proved rigorously by Weinberg in 1960) can be found in [HZi]; see also [Col,
Section 5.8].

Let us now compute D(T'). The degree of the denominator is easy to com-
pute. It is just 2e(T") where e(T') is the number of internal edges of I (indeed,
every edge contributes a propagator, which is the inverse of a quadratic func-
tion). On the other hand, the number of integrations over V is the number of
loops, i.e, d(e(T') — v(T') + 1), where v(T") is the number of internal vertices.
Finally, the terms in the Lagrangian containing derivatives of ¢ contribute the
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302 13. Perturbative expansion for interacting QFT

number of such derivatives to the degree of the numerator. It follows that
D) =(d —2)e(T') —dv(T)+d + N,

where N is the total number of derivatives in vertex monomials. In particular,
when there are no derivatives, we have

D(T) = (d — 2)e(T") — dv(T") + d.

This shows that we may compute D(I') as a sum of contributions over vertices,
defining the degree D(®) of a differential monomial @ standing at a fully in-
ternal vertex (one in which all edges are internal) as the contribution of this
vertex to D(T'). Indeed, every @ contributes

d-2
2

where e(®) is the number of edges of ® (i.e., its degree with respect to ¢) and
Ny is the number of derivatives in ®.

D(CI)) = e(CID) —d+ Ncp,

We see that a more natural invariant is
[®] := D(®) + d.

Definition 13.5. The number [®] is called the classical scaling dimension of
the differential monomial ®.

In fact, we have already encountered this definition in Section when
discussing scaling symmetry. Namely, if we make the change of variable x —
sx in the path integral, the term g® in the Lagrangian is replaced by gs!®!® (see

Remark [.13).
Note that the classical scaling dimension is additive:
[®1D,] = [®1] + [®.].

This is not surprising since ® comes with a volume factor dx, so D(®) is actually
the scaling dimension of ®dx; thus to get the scaling dimension of ®, we need
to add d (as d(a~'x) = a~9dx, so the scaling dimension of dx is —d).

Thus for a Feynman diagram I" we have

(13.1) D) =d-— k(dT"z) + >, D(®),
03]

where k is the number of external vertices of I'.
For example, for ® = ¢" we get

D" =3d-2)-d=(5-Dd—n
Each derivative adds a 1 to the degree, so for instance

D(¢"?|Ve[) = (5 — 1)(d - 2).
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So for the 1-loop Feynman diagram I for the k-point function (a cycle with k
legs), we have

D(T) = d— 5(d~2) + kD) = d — 5(d~2) + 5(d—6) = d — 2k

Definition 13.6. Let ® be an interaction term, i.e., a differential monomial in
¢. We will say that @ is super-renormalizable if D(®) < 0, renormalizable (or
critical) if D(®) = 0, and nonrenormalizable if D(®) > 0.

Thus super-renormalizable terms improve convergence, renormalizable
ones do not affect it, and nonrenormalizable ones worsen it.

Example 13.7.

1. The kinetic term |V¢|?> has D = 0, so it is renormalizable; in fact, this
is so by definition in any QFT. Note that this can be used to easily compute
the classical scaling dimensions of monomials. Namely, we have [|V¢|*] =
D(|V¢|>) +d =d,so2[p] +2 =d,ie, [¢] = %. Using multiplicativity, we
now immediately compute [®] for any .

2. The mass term ¢? has D = —2, so it is super-renormalizable. The term
¢ hasD = %d — 3, so it is super-renormalizable for d < 6, renormalizable for
d = 6, and nonrenormalizable for d > 6.

Definition 13.8. A Lagrangian is called

« super-renormalizable if all its terms except the kinetic term are super-
renormalizable;

« renormalizable (or critical) if all its terms are at worst renormalizable and
there is at least one renormalizable nonkinetic (i.e., interacting) term;

« nonrenormalizable if it contains nonrenormalizable terms.

Clearly, every Lagrangian is of exactly one of these three types.
Proposition 13.9.

(i) If a Lagrangian is super-renormalizable, then the superficial degree of di-
vergence of the corresponding Feynman diagrams® is bounded above, and there
are finitely many superficially divergent diagrams with any given number of exter-
nal edges. Moreover, if d > 2, then there are finitely many superficially divergent
diagrams altogether.

(ii) If a Lagrangian is renormalizable, then there are infinitely many superfi-
cially divergent diagramswith a fixed number of external edges, but the superficial
degree of divergence of these diagrams is still bounded above.

(iii) If a Lagrangian is nonrenormalizable, then the degree of superficial di-
vergence of diagrams with a fixed number of external edges is unbounded above.

33Here we consider only connected diagrams.

Author's preliminary version made available with permission of the publisher, the American Mathematical Society.



304 13. Perturbative expansion for interacting QFT

Proof. This is clear from formula (L3.1)). O

This means that for a nonrenormalizable Lagrangian, regularization of di-
vergent integrals will definitely get out of control. Namely, if we want to regu-
larize diagrams with unbounded above superficial degree of divergence, then
we will have to introduce counterterms with an unlimited number of deriva-
tives, and our renormalized Lagrangian will no longer depend on a finite num-
ber of derivatives of ¢.

On the other hand, if the Lagrangian is renormalizable, then for d > 2 there
are only finitely many terms that we will need to modify in the renormalization
procedure; namely, these are the possible super-renormalizable and renormal-
izable terms in the Lagrangian. The fact that this procedure works to all orders
of perturbation theory is a rather nontrivial fact which we will not prove here,
but the result is a finite-parametric family of perturbative QFT.

In two dimensions, there is an additional feature—there can be infinitely
many (super-)renormalizable terms in the Lagrangian; but they all have at most
two derivatives.

Finally, in the super-renormalizable case the renormalization procedure is
completed in finitely many steps.

Example 13.10. Consider the ¢*-theory in d = 2 dimensions. Formula ([[3.1))
yields

D(T) = 2 — 2i,

where i is the number of internal vertices of T'. It follows that the only con-
nected superficially divergent diagram (with D = 0) is the tadpole diagram
with one internal 3-valent vertex and a self-loop (Remark [[3.2). Thus by Wein-
berg’s theorem, the Feynman integral I for any connected diagram I" without
self-loops is convergent. So once we set the tadpole diagram to zero by adding a
linear counterterm in ¢ as done above, i.e., discard all diagrams with self-loops,
the corresponding QFT is well defined to all orders of perturbation theory. The
same conclusion applies to the ¢* theory in two dimensions considered in Ex-
ercise [[3.3: after setting the self-loop to zero, the theory is well defined to all

orders.
Similarly, in ¢*-theory in d = 3 dimensions, formula ([3.1)) yields
D(T) =3 — k-;?u’

where k is the number of external vertices of I. Thus, the only superficially
divergent diagrams are those with k + 3i < 6. We must have k,i > 1, so the
only possibilities are i = 1, k = 1, 3, but for k = 3 there is no integration. So the
only superficially divergent diagram is again the tadpole diagram, and once it
is set to zero, the theory is well defined to all orders.
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On the other hand, in ¢*-theory in d = 3 dimensions, formula (3.1 yields

D(F)=3—k—;21,

so since k has to be even and positive, the only possibilities for superficial di-
vergence are (k,i) = (2,1),(2,2),(4,1), but in the last case there is no integra-
tion. Thus the only divergent diagrams are two 2-valent ones with one loop (a
self-loop) and two loops (see Exercise [3.3(ii)). After adding the corresponding
corrections to m? (linear and logarithmic terms in A), we may sum over the di-
agrams which do not contain these two as subdiagrams, and the theory is again
well defined in all orders.

For renormalizable theories, the story is a bit more complicated, since there
are divergent diagrams with any number of loops, so a superficially divergent
diagram I' may contain superficially divergent subdiagrams. In this case, be-
fore rendering the amplitude of T finite by adding a counterterm, one must
first have this done to all the divergent subdiagrams of I". This is somewhat
complicated by the fact that a diagram may contain two superficially divergent
subdiagrams that intersect each other (overlapping divergences). For example,
in the ¢* theory in d = 6 dimensions, the two 1-loop subdiagrams of the 2-loop
diagram in Figure are logarithmically divergent and have an edge in com-
mon. Nonetheless, the systematic recursive process of making all diagrams
finite by adding counterterms still works: once all subdiagrams of " have been
rendered finite and a suitable counterterm has been added to compensate for
the divergence of I itself, the amplitude of " becomes finite, so we obtain a per-
turbative QFT well defined to all orders. This stronger version of Weinberg’s
theorem is discussed in [[Col].

Figure 13.5

13.4. Dimensional regularization

We have seen that giving sense to a perturbation expansion of a QFT involves
two steps—regularization of Feynman diagram amplitudes (introducing a mo-
mentum cutoff A) and renormalization (adding to the Lagrangian A-dependent
counterterms which blow up at large A and cancel the ultraviolet divergences
of the amplitude integrals, and then computing the limit A — oo to extract
the perturbative expansion of correlation functions). However, the particular
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regularization and renormalization procedure of Section israther cumber-
some, as we have to deal with multiple types of counterterms (logarithmic, lin-
ear, quadratic in A, etc.). It turns out that there exists a more convenient scale-
independent procedure, which also introduces a momentum scale u but pro-
duces only u-independent counterterm coefficients, with u-dependence show-
ing up only in the renormalized answer. It also has the added benefit of pre-
serving various symmetries, such as gauge symmetry. This is the procedure of
dimensional regularization, which is based on defining amplitudes of Feynman
diagrams in a fictitious “spacetime of complex dimension D” as meromorphic
functions of D, and then setting D to equal the actual spacetime dimension d
and evaluating the corresponding function, or its regular part if there is a pole
(renormalization by minimal subtraction). This corresponds to adding a coun-
terterm to cancel the singular part.

Thus, even though, unlike momentum cutoff, dimensional regularization
has no direct physical meaning (nor any meaning whatsoever outside pertur-
bation theory), it is a powerful mathematical method to regularize and renor-
malize perturbative QFT.

Let us now briefly describe how dimensional regularization works, fol-
lowing [QFS, pp. 560-562] (for more details see [QFS, p. 597]). Suppose we

have a Feynman graph I" with M external edges and momenta py, ..., pps at
(p1 + -+ py = 0). Let qq,...,qn_p be the loop variables over which we
are integrating. To uniformize the notation, we set qy_ps4; = p;- Then the
amplitude of the graph is (up to a factor) given by the formula
1 Q(q,p)dq
(13.2) Fr(p) = —_/ )
@mPN=M Jywos TT)_,(6(a. 0)? + m3})

where q = (q1,---,qN-m)s P = (P15 Pm)s € VN — V are given by linear
forms on RN, m ; > 0, and Q is a polynomial in the inner products q; - qi, q; - Px
and p; - p.

Unfortunately, the integral (13.2) is divergent, so let us explain how to regu-
larize it using dimensional regularization. As does any regularization scheme,
dimensional regularization works inductively in the number of loops (or inter-
nal vertices) of the graph. So we assume that the coefficients in the Lagrangian
have been adjusted at the previous step of the process in such a way that all
proper subgraphs of I' are convergent.

In order to regularize the integral corresponding to I', we pretend that it
exists and, using the formula

(o]
f e~ dt = al,
0
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transform it to the form

Fo(p) = (2)PM-N) f

VN-M

Qa.p) ( [ e 27=1(tf€f(q’1’)z+tim§)dt) dq
te[0,00)n

— (27T)D(M_N) f e Z;:l tjm5 <f Q(q, p)e_ Z;l=1 tj€j(q,P)2dq) dt,
VN-M

te[0,00)"
wheret := (ty, ..., t,,).

The g-integral in the brackets in the last expression is a Gaussian integral,
so it can be computed using Wick’s formula. Namely, let

n ~ B(t) A)(q
S; 1¢3(.p) = (q.p) <A(t)T C(t)> (P>’

where B, C are symmetric matrices and B > 0. Letting q, := q + B(t)"'A(t)p,
we get

n
Y. t:¢2(q,p) = 97 B(t)q, + pTC.(t)p,
s=1

where C, := C — ATB~'A is a nonnegative definite matrix (as the LHS is > 0).
Now changing variables from q to q.. (completion of the square) and computing
the Gaussian integral using Wick’s formula, we obtain

f Q(a, ple™ Zi=1 Y79 dg = y(t, P, d)e P C-OP det(B(t)~ 983,

where P is the matrix with entries p; - pj, 1 < i,j < M, ¥ is a polynomial in
t, P,d, and deg(Q) is the degree of Q with respect to the variables g; - q; (the
factor det(B(t))~ 9¢8(Q) appears from the deg(Q) factors of the form B(t)~1(-, -)
in the Wick formula, computing the inverse matrix by Cramer’s rule).

Note that p” C,(t)p = Tr(PC,(t)). Thus we get

(13.3) F:(p) = 2m)PM-N) / e Zim Gyt P d)e~TrPC.(0) (det B(t))~ 98- 5 dt.

te[0,00)

Of course, this integral is also divergent. However, since it no longer contains
integration with respect to q and depends on p only through P, we can replace
d in it with a generic complex number D. It is easy to see that the obtained
integral

Fr(P,D) = 27r)PM-N) / ¢ Zi=1 4™ (¢, P, D)e~THPC-O) (det B(t))~ 6@~ % gt

te[0,00)

is convergent for Re D < 0 absolutely and uniformly on compact sets, hence
defines a holomorphic function of D in this region.
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Theorem 13.11. The function Fr(P, D) extends to a meromorphic function of
DeC

Proof. This follows from J. Bernstein’s theorem on the existence of the Bern-
stein-Sato polynomial, see [QFS], v. 1, p.605 and [C], p.94. O

We can now define the following renormalization procedure that goes with
dimensional regularization, called minimal subtraction.

Definition 13.12. Fr(p) is the value of the regular part of the meromorphic
function Fr(P,D) at D = d.

Thus, if the analytic continuation of integral (13.3) is regular at D = d, no
counterterm is needed, while if it is singular at D = d, then we should adjust
the Lagrangian by adding a counterterm (infinite at D = d) in such a way that
the singular part cancels and the regular part remains unchanged. After this
we can go to the next step of the process.

Example 13.13. Consider dimensional regularization of the divergent integral
discussed in Remark [[3.2. Note that when the dimension d = 2 of spacetime
is deformed into the complex domain, the dimension of the coupling g going
with ¢3 should also change accordingly: since |V¢|? has dimension D, we get
that ¢ has dimension ?, so for g¢* to have dimension D we must have [g] =

D—3¥ =3- % Butinitially the dimension of g is 3—% = 2, so to make things

physically meaningful, we must replace g with g,(l%, where u is a reference

mass scale. Also, in the linear term in ¢ that We are going to introduce, the
dimension of the coefficient is D — % =1 + , S0 the counterterm should

have the form cguP~2¢, where c is a dlmensmnless quantity.
Now, following the above algorithm, we have

e~ t@*+m*) qrd f f e—t@*+m*) 4 ndy
fRD P2+ m? /R;fo b= b

oo
= gD/2 f t—D12, —tm? dt = mP-2 D/Zr(l )
0

We see that this function is indeed meromorphic in D and has poles at nonneg-
ative even integers. So if d is odd, then the Feynman amplitude of the tadpole
diagram in Remark requires no renormalization. On the other hand, if
d = 2r is even, then using the identity

I(r+1-72)
E-n.E-»

mP—27D21(1 — %) = (=1)'mP—27D"2
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2(_ 1)rm2r—2nr
G
g¢, which is indeed in-

we see that this function has a simple pole at D = 2r with residue
(_l)rMD—Zrer—Zﬂ.r

(r-DI(3-7)
dependent of u up to the necessary dimension factor u . The “integral”
giving the amplitude of this diagram computed in dimension D € C with this
counterterm then has a finite limit as D — 2r, obtained by applying minimal
subtraction to the above integral (multiplied by (277)~P):

So the counterterm to be introduced is
D-2r

27 Pr=PRr(r+1-2) =2 gt )

E-n.G-n -13E-n

-D_-D/ D
— (1 p2r—2 d ED—ZVZ TC 2F(r+1_7)
Dlp_y ¥ G-D..G-r+1)

—1)Ym2 2o 1i m-\D-2r
(=1)'m gpller((u)

Obviously, this expression is logarithmic with respect to u.

Remark 13.14. In higher loops the amplitude can have a pole of higher or-
der at D = d, which may produce u-dependent singular terms in the Laurent
expansion, e.g.,

&GPt leg(E)
D_df - ®-dr D-a TOW

But this dependence disappears when one uses the corresponding coupling
g = g(w) suitably renormalized at the previous stages of the process to keep
correlation functions u-independent (see Section [[3.8).

Remark 13.15. In perturbation expansions of QFT containing classically
massless fields, there can also be another kind of divergences in Feynman am-
plitude integrals, which arise for small, rather than large, values of the internal
momenta q. For example, if ¢ is a massless scalar field, then the propagator
for ¢ is %, s0, e.g., the integral corresponding to the 1-loop diagram in the ¢?
theory with two external edges is

=
ka (P — @)%

and it diverges logarithmically near ¢ = 0 and q = pind = 2 dimensions. Such
divergences are called infrared divergences. These divergences usually cancel
when one computes physically meaningful quantities; we will not discuss them
here and instead refer the reader to [PS] and other textbooks.
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13.5. Critical dimensions of some important QFT

For interacting QFT defined by Lagrangians, the theory is only (super-)renor-
malizable in small dimensions, and becomes nonrenormalizable when the di-
mension grows. If a theory is renormalizable in some dimension d and non-
renormalizable for bigger dimensions, we say that d is the critical dimension of
the theory. Let us now discuss critical dimensions of the most important types
of QFT.

13.5.1. Scalar bosons and nonlinear sigma models. Since for a scalar bo-
son,

n
D(¢") = (3 - Dd—n,
a term ¢" is (super-)renormalizable iff

2n
< .
“n-2

Thus, in a (super-)renormalizable theory, the term ¢3 can be present only for
d < 6, ¢* only for d < 4, ¢° and ¢° only for d < 3. Also, since D(¢"2|V¢|?) =
(g —1)(d — 2), such terms with n > 2 cannot be present in a (super-)renorma-
lizable theory unless d = 2. With more derivatives things get even worse. So
we obtain

Proposition 13.16. Fora scalar ¢, the most general (super-)renormalizable non-
quadratic Poincaré-invariant Lagrangian is (up to scaling):

« d > 6: none,

e d=156:L= %(qu)2 + P5(¢) (the ¢>-theory),
o d=4: L = 3(V$) + Py(9) (the $*-theory),

o d=3: L= 3(V$) + Ps() (the ¢°-theory),
 d=2: £ =38V + U@),

where P,, is a polynomial of degree m, and U and g are arbitrary (real analytic)
functions.

Note that without loss of generality, one may assume that B, are missing
the constant and linear terms. Thus the number of parameters for the theory
with Lagrangian %(qu)2 + P,,(¢) is m — 1 (the coefficients of B,,).

Similarly, the above computations imply that the nonlinear sigma model
(Section [[1.1)) for a nonflat metric on the target manifold M is renormalizable
only in dimension d = 2, but in this case the metrics g;; on X, Gy; on M, and
the potential U can be arbitrary.
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13.5.2. Fermions. Recall that for a fermionic field ¢ the kinetic term looks
like (3, D). This implies that

2[y]+1=d,
ie,
=421
which is always positive. So for mass terms (¢, M®)) we have D = —1 and

they are super-renormalizable. Beyond quadratic, we see that the only possible
(super-)renormalizable terms in ¢ for d > 2 are of the general shape %, and

D) =2k[p] —d=k(d—1)—d=(k—1)(d—-1) - 1.

The only case when this is (super-)renormalizable is d = 2 and k = 2, i.e., the
term of schematic form %%, in which case D = 0 (critical). Such terms indeed
occur in the so-called Gross-Neveu model.

For d > 2, any fermionic term in a renormalizable Lagrangian must there-
fore be quadratic in the fermions. But it can contain other (bosonic) fields as
factors. For example, [¢p"?] = n% +d—1,s0

d—2
D(¢"9?*) = n—— - 1.
This shows that in three dimensions we can have a term ¢1? (Yukawa interac-
tion) and ¢?12, while in four dimensions we can have only the Yukawa term

¢?, and for d > 4 there are no possible (super-)renormalizable terms.

13.5.3. Gauge theory. Recall from Section that to define a gauge theory
on R4, we need to fix a compact Lie group G (for example, U(n)) and the field
is a 1-form A on R¢ with values in g = Lie G which we view as a connection
V4 = d+Aonatrivial principal G-bundle P on V. The curvature of V, is given
by the formula

Fy=dA+ %[A,A],
and the Lagrangian of the pure gauge theory is

1
L = =|F4|2.
2| Al

The field A is a vector under the action of P, but for the purposes of dimension
count we may treat it as a collection of scalars. Thus the degree of A is

d—2
Al = ——.
[A]= =5
Also, if G is nonabelian, then the nonquadratic terms in the Lagrangian are of
schematic form A2dA and A%, so their degrees are %(d —4) and d — 4, respec-

tively. Thus we see that nonabelian gauge theory is critical in dimension 4 (the
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physical case!), super-renormalizable in lower dimensions, but nonrenormal-
izable for d > 4.

Note also that for d < 4, we can also consider (super-)renormalizable La-
grangians with terms (V4¢)? or (3, D43), where ¢ is a scalar and 1 is a spinor
with values in the associated bundle PXx;p, where p is a finite-dimensional rep-
resentation of G (it is easy to check that all occurring monomials have D < 0).
Such terms do occur in the standard model; the simplest case is (3, D ) where
Ais a U(1)-connection and 1 is a spinor valued in the tautological representa-
tion of U(1), corresponding to an electron, which occurs in quantum electro-
dynamics.

13.5.4. Gravity. The theory of gravity (general relativity) is a theory of a
bosonic field h(x) taking values in symmetric tensors S?V*; i.e., the Minkow-
skian metric on V is perturbed by setting g = g, + h, where g is the standard
Minkowskian metric. The Lagrangian of general relativity is

£ = R(g),

where R is the scalar curvature of the metric g. Since curvature is expressed in
terms of second derivatives of the metric, up to scaling this can be schematically
written in terms of & as
L=(Vh?+...,

where the dots stand for terms having at most two derivatives in h. Thus the
general shape of this Lagrangian (for the purposes of computing classical scal-
ing dimensions) is the same as for the sigma model; so this theory is only renor-
malizable in two dimensions. This is one of the main reasons why it has not
yet been possible to incorporate gravity into the standard model, which lives in
four spacetime dimensions.

Remark 13.17. We have seen in Section that even in a free quantum field
theory, the composite operators such as ¢?(x) are not automatically defined,
and they require a normal ordering procedure to regularize them. This is all
the more so in an interacting QFT.

It turns out that the normal ordering procedure, composite operators, and
operator product expansion in a critical perturbative QFT can be defined anal-
ogously to the free case, using renormalization theory. We will not discuss it
here and refer the reader to [QFS, vol. 1, p. 452].

13.6. Faddeev-Popov ghosts in gauge theory

Perturbative renormalization of gauge theories is complicated by the fact that
the path integral is taken not over the space of connections Conn on a given
topological G-bundle P over the spacetime X, but rather over its quotient
Conn/g by the gauge group G, which is a nonlinear object. To compute the path
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integral, we need to introduce coordinates on Conn/4g, i.e., generically identify
Conn/G with an affine space. As we have seen above (Section [[0.7, Remark
[[0.8), a convenient way to do so is to use a gauge fixing procedure—a surjec-
tive affine linear map v : Conn — Lie G whose zero fiber v=1(0) is a transversal
slice to the orbits of the G-action, i.e., intersects a generic orbit transversally at
exactly one point. Then we get a generic identification of Conn/G with the
affine space v=1(0).

To see how this helps compute the path integral, consider the following
finite-dimensional model. Let K be a compact connected Lie group with Lie
algebra ¥ and Haar measure dk of unit volume; its evaluation at 1 € K yields
a volume element du on £. Let Z be a manifold with a volume element dz
and a free volume-preserving action of K. Let Z° C Z be an open subset, let
v : Z° — [t be a smooth map such that 0 is its regular value, and assume
that S :== »~1(0) is a slice for the K-action, i.e., intersects each K-orbit in Z
transversally at exactly one point. Forz € Zlet D, : £ — f be the invertible
linear map defined by the formula

d
Dyb = Zlig¥(e2);

we assume that detD, > 0. Since for s € S we have a surjective linear map
dv, : T,Z — £ whose kernel is TS, there is a unique volume element ds on S
such that dz = ds - v*(du).

Let : Z - Z/K = S be the natural map. Another volume element on S
is . dz. It is easy to check that 7,dz = det Dyds. Thus we obtain

Proposition 13.18. Let f be a K-invariant compactly supported continuous
function on Z. Then

/f(z)dz = fr.dz = ff(s) det Dyds.
VA Z/K S

We will need the following more general version of Proposition [3.1§. Let
h € C(f) be a bump function supported in a small neighborhood of the origin,
such that f; h(u)du = 1.

Proposition 13.19. We have
f f(z)dz = / f(2)h(v(z))det D,dz.
z z

Note that Proposition is obtained from Proposition by the limit
h(u) = &(u).

Proof. Let
I:= ff(z)h(v(z)) detD,dz.
z
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Making a change of variable z = ks — (k,s), k € K,s € S, and using that it
transforms dz into dk - 7.dz, we get

dv(ks)
ok

I= f(s)h(v(ks)) det
KxS

dk - m.dz.

Let us first do the K-integral (i.e., integrate over K-orbits). To this end, make a
change of variable (s, k) — (s,u = v(ks)) (a diffeomorphism on the support of
h). We obtain

I= fsf(s) (_[h(u)du) w.dz. = | f(@)r.dz = '/Zf(z)dz.
Ol

Example 13.20. Let Z = C* with complex coordinate z = x+iy, Z° = C\ R,
K = U(1) acting on Z by multiplication, »(z) = Imz = y, so v"}(0) = R,
with coordinate x. Let dxdy be the standard area element in the plane. Then
we have ds = 27zdx and D, = Rez = x. Thus if & is a bump function with
Jr h(w)du = 1, then for a K-invariant function f on Z Proposition yields

f(2)dxdy = 27 f(x +iy)h(y)xdxdy.

Cx R2\0

In particular, taking the limit h(u) — 6(u), we obtain
f(2)dxdy = 27 f f(x)xdx,
Cx Rso

the standard formula for integration in polar coordinates.
Now let us apply Proposition to gauge theory. Assume that P is the
trivial bundle (it is the only one contributing to the perturbation expansion of
the path integral in 7). For v let us take the Lorentz gauge, i.e., v(A) = *d * A

(Remark [[0.§). The left action of an infinitesimal gauge transformation b on A
is given by the infinitesimal version of (L0.9):

boA=—-Aob=—-db-[A,b].

Hence we have
Dyb = d*(db + [A, b)),
where d* := — % dx. The operator D4 is called the Faddeev-Popov operator.

lul?
Thus, taking h(u) ~ e~ 2, for any gauge-invariant insertion W(A) we get

(13.4) (W(A)) = % f e W(A) det(d*(d + ad0))DA,
Conn
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where Z is the partition function (the same integral without insertions), S(A) =
% Jx |Fal?dx is the Yang-Mills action and

S.(A) = S(A) + — f Id*APdx.
2e e

(Admittedly, h is not compactly supported, but this does not matter for the
perturbation expansion in #.) The determinant det(d*(d + ad,4)) under the
integral is called the Faddeev-Popov determinant.

By itself formula (L3.4) is not yet very helpful, since det(d*(d + ad,)) is a
nonlocal expression, thus is not convenient for perturbation theory. However,
recall that by Proposition B.16, if Y is an odd vector space with an operator
T:Y > Y,then

f exp(Ty, y*)(dydy*)™" = det T,

Yov*:

Thus, the identity in Proposition can be written as
f f(z)dz = f f(2)h(v(2))eP=5)dz(dedc*) ™,
z Zx(TTE@TTE*)

where ¢ € I, ¢* € ITE*.
Similarly, in gauge theory, introducing auxiliary odd scalar fields
c:X—=g ¢ X g
we may write the Faddeev-Popov determinant as

det(d*(d + ady)) = /

eXP(l f(d*(d +ady)c, C*)dx) (DeDc*)7,
TICPIIC* h X

where C, C* are the (even) spaces of ¢, c*. Substituting this into the path inte-
gral, and identifying C* with C using an invariant inner product on g, we see
that forany ¢ > 0

1 £(A,0,c)
(13.5) (W(A)) = = f e =2 W(A)DA(DeD) L,
Connx(IIC®IIC)
where
SE(A,C,C*)=fLE(A,c,c*)dx
e
with

LA, ¢,¢%) = 3B + 5o[d*AP + (de*, o) + (de, [A, ).

This is already a local Lagrangian, so path integral ([L3.5) can be expanded in 7
by the usual methods of Feynman calculus.
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When ¢ — 0, equation (I3.3) simplifies to

a3e) (W)=

_S(a,

c,c*)
e”~ r  W(A)DA(DcDc*)™,

/;onan(HC®HC)

where Conn" ¢ Conn is the space of connections satisfying the Lorentz gauge
condition d*A = 0 and

S(A,c,c*):fL(A,c,c*)dx
X

with
L(A,c,c*) = %|FA|2 + (dc*, de) + (dc*, [A, c]).

However, formula ([3.5) is a bit more convenient for the Feynman expansion
than ([13.6) since it does not involve a gauge fixing condition for A.

The auxiliary fields c,c* are called the Faddeev-Popov ghosts; they were
introduced by Faddeev and Popov in 1967 along with the FP operator and de-
terminant. The term “ghosts” is motivated by the fact that these fields do not
correspond to actual particles. Note that ghosts violate spin-statistics: they are
fermions and yet transform as scalars under Poincaré symmetry and have ki-
netic term (dc*, dc) typical for scalar fields.

13.7. The BRST complex

We may also introduce an auxiliary even scalar field B : X — gand write (I3.3)

in the form
1 Se(A,c,c*,B)
(13.7) (W) = = / e~ n_ W(ADADB(DcDc*)™ !,
Connx(IIC®IIC)xC
where
SE(A,c,c*,B)zfLE(A,c,c*,B)dx
X
with

L.(Ac,c*,B) = %|FA|2 + SIBP + (B, d*A) + (de”, do) + (de, [A, ).

Then ([13.5) is recovered by integrating out B.

The auxiliary field B is called the Nakanishi-Lautrup field. One of its advan-
tages is that in the presence of B, we may write the algebra of local functionals
of our theory (or operators, in the quantum setting) as the cohomology of a
certain complex, which places the problem of quantization of gauge theory in
the context of homological algebra.
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To explain this, for simplicity consider classical gauge theory. Let C* be the
algebra of local functionals of A, ¢, ¢*, B (without any equations of motion for
now), with grading given by

degA = degB = 0,degc = 1,degc* = —1;

the degree of a local functional with respect to this grading is called the ghost
number. We introduce a degree 1 derivation § : C* — €'*! representing the
universal infinitesimal gauge symmetry, i.e.,

0A = —dc—[A,c].
We would like & to be a differential, i.e., 52 = 0. We have
524 = (d + ad . )(—dc + %[c, o,

so for 8% = 0 we must have

dc = %[c, cl.
It is natural to set
dc* =B,
hence
6B =0.

Then § can be uniquely extended to all local functionals using the Leibniz rule
and the relation [, d] = 0. Thus we obtain a complex (C*, 9),

Lol sl

(in fact, a differential graded algebra). It is easy to see that a local functional
of A is gauge-invariant if and only if it is a 0-cocycle in €*. The complex €C* is
called the BRST complex, after Becchi, Rouet, Stora, and Tyutin, who proposed
this approach to gauge theory around 1975.

Note that we have a factorization of complexes, C* = €} .®C;. g, Where the
factors comprise the local functionals of A, ¢ and of ¢*, B, respectively. More-
over, the complex C.. g is manifestly acyclic except for 1-dimensional cohomol-
ogy in degree 0. On the other hand, it is easy to see that C, .. is the Chevalley-
Eilenberg complex CE*(Lie G, .A) for the Lie algebra cohomology of Lie G with
coefficients in the algebra A of (not necessarily gauge-invariant) local function-
als of A. It thus follows from the Kiinneth formula that

H{(C*) = H(Lie G, A).
Hence, H°(C") is the algebra A9 of gauge invariant local functionals, i.e., ones
on Conn/g, and the cohomology groups in negative degrees vanish. This co-
homology is called the BRST cohomology.
Now, since the field equations (i.e., the Yang-Mills equations) are gauge-
invariant, they are respected by &, so we can descend to the quotient by the
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differential ideal generated by these equations. Then H 9 of this reduced BRST
complex will give the actual algebra A of classical observables.

Note that the complex (C*, §) does not depend on a gauge fixing procedure.
However, the field equations, before taking cohomology, do. Indeed, for exam-
ple, for the Lorentz gauge we have B = %d*A. Thus in this case, eliminating
B, the formula for § becomes

0A =—dc—[A,c], c= l[c, c], 6c* = %d*A.

2
But now §2 = 0 holds only modulo the remaining field equations (i.e., on-
shell), in contrast with the action of § on C*, where 62 = 0 off-shell.

We now see the role of the auxiliary field B: it is needed as a partner of c*
(introduced by the Faddeev-Popov procedure) so that the part of the complex
related to c* is acyclic, and it also allows the universal gauge symmetry & to
become off-shell.

A similar BRST procedure can be carried out in the Hamiltonian setting,
with X = R X X;. Recall from Section that in this case the configuration
space of the classical theory is Conn®/G°, where Conn® and G° are the space of
connections and the group of gauge transformations on X;. Hence the phase
space is T*(Conn®/G°), the Hamiltonian reduction (T*Conn®) // ° of T*Conn®
by the action of G°.

Also recall from Exercise that the Hamiltonian reduction of a sym-
plectic manifold M by a free action of a connected Lie group K with moment
map 4 : M — £* is the symplectic manifold M // K such that C*(M J/ K) =
C®(u~'(0))X. This has a cohomological interpretation: since u~'(0) is
cut out inside M by the equation u(z) = 0, one can compute C*(u~1(0)) as
Hy(X.(C®(M), 1)), where K,(C*(M), u) is the corresponding Koszul complex
(living in nonpositive degrees); moreover, since the action is free, 0 is a regular
value of u, so this complex is acyclic. Thus

C®(M /| K) = H*(CE" (£, X.(C*(M), 1)),

the Oth cohomology of the total complex of the double complex
CE'(X, X.(C®(M),n)).

Similarly, in the Hamiltonian picture of gauge theory, the algebra A of lo-
cal observables is computed as H? of the BRST complex CE*(Lie G°, X, (fi W),
where A is the algebra of (not necessarily gauge-invariant) local functionals on
T*Conn’, i.e.,in A and A on X,.

This discussion extends routinely to gauge theories with matter. Moreover,
the whole story extends to quantum theory, in both the Lagrangian and Hamil-
tonian settings. In particular, in the Hamiltonian framework, the Hilbert space
JC of the theory is computed as H°(J¢*), where J(* is a certain complex with
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BRST differential §. The space F° carries a nondegenerate Hermitian inner
product, but it is not positive definite. In particular, its restriction to Ker &
is degenerate and positive semidefinite, with radical Im §. Thus the quotient
H° = Ker §/Im & = J{ acquires a positive inner product, as it should.

This method of quantization of gauge theory is called BRST quantization.
For details see [QFS, pp. 1159-1170].

13.8. Renormalization group

Recall that the aspirational procedure of Euclidean QFT is to compute the per-
turbative expansion of correlation functions using renormalization theory, and
then perform Borel summation to obtain nonperturbative correlation functions
for numerical values of parameters. The second step of this process (Borel sum-
mation) is highly nontrivial, however, and has been accomplished in very few
cases beyond quantum mechanics. Yet it turns out that one can get a glimpse
of nonperturbative behavior of quantum field theories remaining solely in the
realm of perturbation theory. This is what is accomplished by the theory of
renormalization group. In fact, this theory effectively performs a partial sum-
mation of the perturbative series, summing logarithmically enhanced terms as-
sociated with specific classes of Feynman graphs (namely, chain-shaped ones).
Here we will briefly review this theory and refer the reader to the lectures of D.
Gross [QFS, pp. 551-595] for more detail.

The goal of the theory of renormalization group is to compare the behaviors
of a given QFT at different length (or momentum) scales; see Remark [[.13. To
explain how this works, it is convenient to use the following informal Wilsonian
picture of renormalization. We will give rigorous meaning to this picture in
perturbation theory, but in principle it is not linked to perturbation expansion
and can be used in nonperturbative contexts.

For simplicity consider the theory of a single massive scalar field ¢ on R,
d > 3. We consider perturbative QFT defined by Euclidean Lagrangians £(¢),
allowing all possible interactions, or all interactions even under the symmetry
¢ — —¢, including nonrenormalizable ones.® Thus £ is a point in an infinite-
dimensional space of Lagrangians C. Because of divergences in Feynman dia-
grams, to define the perturbative QFT corresponding to £ € C, we need to fix
a momentum cutoff A, and then cutoff correlation functions, obtained by com-
puting integrals attached to Feynman diagrams over momenta of magnitude
< A, are expressed as functions of A and £, denoted collectively by CF(£, A).
In other words, the cutoff correlation functions are computed using the cutoff

p12A+(fr32’ where 1, is the characteristic function of the ball B(0, A)

propagator

54We eliminate the linear term in ¢ by applying the translation symmetry ¢ + ¢ + const.
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of radius A in momentum space with center at the origin, instead of the usual

1
propagator m .

Now, given cutoffs A;, A,, we can define the map R(A,,A;) : € — Cby
the equations

CF(R(Ay, A)(L),Ay) = CF(L, Ay).

It is not hard to show that this system of equations has a unique solution
R(A,, A1)(L). Informally speaking, R(A,, A;)(£) is the Lagrangian that at scale
A, gives the same correlation functions as £ at scale A;. It is clear that

R(A3,A;) o R(Ay, A1) = R(A3, Ay).

In perturbation theory, the map R(A,, A) is invertible and makes sense for
any A;, A,, but beyond perturbation theory and physically it only makes sense
if A, < A;. Namely, in the language of the path integral, the momentum space
correlation functions computed with cutoff A are given by

Bpy)-. Bpn = f

¢: supp $CB(O,A)

exp(— f L<¢>dx) o). 8(pIDS,
Rd

where $ is the Fourier transform of ¢. Thus the Lagrangian £, := R(A,, A)£,
is the effective Lagrangian at scale A, for £, at scale A, obtained by integrating
out (=averaging over) the degrees of freedom corresponding to values of (p)
for A, < |p| < A,: for ¢ with supp ¢ C B(0, A,), we have

exp (—f Lz(cp)dx) = f exp(—f Li(p+ n)dx) Dn.
Rd 7: supp HcB(0,A;)\B(0,A,) Rd

Now fix A and consider the map R(u, A) for varying u < A. The key prop-
erty of this map, which follows just by dimensional analysis, is that if c is a
coefficient (coupling) in the Lagrangian £ of scaling dimension D = D(c) (cf.
Remark [[.13), then in all orders of perturbation theory

c(R(u, A)L) ~ P, =0,
up to logarithmic factors in u; thus
c(R(u, L) = O(UP~), 4 = 0,

for every € > 0. It follows that all the nonrenormalizable couplings (i.e., those
with D > 0) are suppressed in the limit 4 — 0, and the family R(u, A)£ asymp-
totically approaches the subspace €, C C of renormalizable Lagrangians.

Now let C,, be the space of purely nonrenormalizable Lagrangian correc-
tions (i.e., containing only nonrenormalizable couplings). Thus we have a de-
composition € = C; X C,.
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Proposition 13.21.

(i) (IQFS, p. 558, Lemma 3]) Given a renormalizable Lagrangian £ € C,,
the intersection (£ + C,) N R(u, A)C; consists of one point.

(i) ([QFS], p. 558, Theorem 4(i)) Let the unique intersection point in (i) be
denoted B(u, A)L. Then there exists a limit

Bu)L := Aim B(u,A)L € C
(i.e., all the coefficients converge).

Let Y(u) := B(u)C, C C. Then it is easy to see that
Rz, u)Y (1) = Y ()

Using these identifications, we can view the family of spaces Y(u) as a single
space I which is the space of renormalizable theories, with isomorphisms @, :
J =~ Y(u), and given a theory T € J°, we can compute its correlation functions
by the formula

CF(T) = CF(L(T, p), ), £(T, 1) == @, (T).
By design, this is independent of u.

Thus, for a renormalizable Lagrangian £, the Lagrangian B(u)£ is obtained
from £ by adding nonrenormalizable terms (uniquely determined by £), so
that the correlation functions computed for B(u)£ with cutoff 4 equal the cor-
relation functions of a renormalizable theory T' € J (also uniquely determined
by £, namely, T = ®,'(£)), which can be alternatively defined using coun-
terterms as we did in Section [3.2. Thus, while in the renormalization group

approach we do not explicitly introduce counterterms into the Lagrangian, in
the end we obtain equivalent results.

This gives rise to a flow on R X C, (or, equivalently, R X J°) with flowlines
being the curves
p= (L(T, 1), 1)
for various I € T:

Y (L(T, ), u) = (L(T, e~ ), e~ "w).

This flow is called the renormalization group (RG) flow, even though in the
physical context it is only a semigroup (as the map y' is defined only for
t > 0). Note that if £ is free (only in quadratic terms), then the renormalization
procedure does nothing, so u — (£, u) is a flowline of the RG flow.

In perturbation theory the renormalization group flow can be encoded by
a vector field v(u) on €, such that

dL(T, 1) .
“dp (T, u);
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this vector field is simpler to work with than the flow y!. In terms of renormal-
izable couplings g = (g;), this can be written as the differential equation

(13.8) uj—i = B(g, 1)

This equation is called the renormalization group (RG) equation. By definition,
any physical quantity F is constant along the flowlines of this equation, i.e.
u(T, w)F = 0. Explicitly this can be written as

d
M@F(g(u),u) =0,
or, using the chain rule and ([13.§),

) G
(M@ +Zj:ﬁj(g,ﬂ);gj)F(g,u) = 0.

This equation, which is equivalent to the RG equation, is called the Callan-
Symanzik equation. In particular, this equation says that renormalized corre-
lation functions, being physically meaningful quantities, are scale-independent
and stable under the RG flow.

Note that we have the group R% acting on R x G, by rescaling x and ¢ and
rescaling ¢ accordingly, which commutes with the RG flow. Let Cp = G/ RZ.
So we get an identification (R x G,)/R% = R x @, by fixing the quadratic part
of the Lagrangian £ to be %(|V¢|2 + m2¢?) for a fixed mass m. This way, the
RG flow becomes a flow on R X C,.

We note that there is nothing special about the renormalization procedure
we have used. For example, one can replace 1, with h(|p|/A), where h is
a smooth nonnegative function on R supported on [0, 1] with h(z) = 1 for
z < %, and use the smeared cutoff propagator %. This is, in fact, better
suited for mathematically rigorous formulation of the Wilsonian RG flow (see
[QFS, pp. 555-557 and p. 557, Remark 4]). One may also use a collection of
values of correlation functions at scale u as coordinates on J°. Another conve-
nient possibility is to use dimensional regularization and minimal subtraction
(see Section [[3.4). So it is natural to ask to what extent the RG flow depends on
the choice of the renormalization procedure. It turns out that while the vector
field (g, 1) does depend on this choice, the vector fields attached to two dif-
ferent procedures differ by a u-dependent change of variable g§ = f,(g) with
u-dependence disappearing in the limit 4 — oo. In other words, at large u
they are isomorphic as dynamical systems and differ only by the recipe of finite
renormalization, i.e., choice of u-dependent parametrization of €, (or C,).

Moreover, if the finite renormalization procedure is chosen to be scale-
independent (such as dimensional regularization and minimal subtraction, see
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Section and [QFS, p. 568]), then dimensional analysis implies that the
RG equation for dimensionless (critical) couplings g. does not involve dimen-
sionful (super-renormalizable) couplings, nor explicit dependence on u ([QFS,
p. 569]). In other words, this equation has the form

dg. _
K = B(gc)s

and since free Lagrangians are preserved by renormalization group, we have
B(0) = 0,ie. g. = 0is a fixed point of the RG flow. The vector field g is
called the beta function. In many interesting theories there is only one critical
coupling g, in which case the RG equation has the form

W = 6®,

where f is a function of one variable, which justifies this terminology.

The leading term of the Taylor expansion of § at 0 is determined by an ¢-
loop calculation for some ¢ > 0 (the smallest number of loops for which the
contribution to the S-function is nontrivial). This implies that in the case of
one critical coupling we have §'(0) = 0, as a Feynman diagram contributing
to renormalization of g must contain at least two internal vertices. Namely,
if g is the coefficient of ¢°, then the corresponding vertex has s edges, and a
connected ¢-loop diagram with k such vertices has k + ¢ — 1 internal edges.
Thus it has ks — 2(k + ¢ — 1) external edges. So for such a diagram to contribute
to renormalization of g, we need

ks—2(k+¢—1)=s,

ie,
(k—1)(s—2)

2 )
and we should take the smallest k > 1 for which this is an integer. So if s is
even, the smallest integer value of ¢ is obtained for k = 2and is ¢ = %, while
for s odd we have k = 3and ¢ = s—2, and the leading term of 3(g) has the form
Cgk where C is the coefficient of log A in the asymptotics of the amplitudes of
the corresponding Feynman diagram cut off at A as A — oo. Thus the RG
equation has a parabolic fixed point at 0 (i.e., 5'(0) = 0).

£ =

Example 13.22. For the ¢° theory in three dimensions one has k = 2,¢ = 2
and B(g) ~ C;g>. Likewise, for the ¢* theory in four dimensions k = 2,¢ = 1,
B(g) ~ C,g?, and for the ¢* theory in six dimensions k = 3,¢ = 1, B(g) ~ Ceg>.

Solving the approximate RG equation

dg

fhad =R k
Hau Cg
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with initial condition g(u,) = g, by separation of variables, we get
8o  — g™ = (k= 1)Clog(%),
o)

(13.9) g() = (g5 — (k= 1)Clog(£)) ™ = 80

(1= (k= 1)Cgh log(£) =1

Thus we see that RG indeed performs partial summation of the perturbation
series: e.g., for k = 2 ([3.9) is the sum of the geometric series

g = 3, (Clog(L))"gs™.
n=0

Remark 13.23. We see that nonrenormalizable interactions (couplings) are
suppressed by the RG flow in the infrared limit at a power rate; for this rea-
son they are called irrelevant. On the contrary, critical interactions (also called
marginal) and super-renormalizable ones (also called relevant) remain impor-
tant in the infrared, and moreover relevant interactions blow up at a power rate
in the infrared limit.

Exercise 13.24. Pick a normalization of g and compute the exact values of C3,
C,, and Cg.

13.9. Asymptotic freedom

The constant C depends on the normalization of g, but its sign is well defined
(assuming g > 0) and is of crucial importance. Indeed, if C < 0 (i.e., 5(g) < 0
for small g), then 0 is an attracting fixed point of the RG flow, so the solution
g(u) exists for all u > uy and goes to 0 as 4 — oo. In other words, in the
UV limit, the theory becomes free. Such theories (in which the Lagrangian
becomes free as 4 — oo when we run the RG flow backwards in perturbation
theory, i.e., marginal interactions are suppressed at a logarithmic rate by the
reverse RG flow) are called asymptotically free. On the other hand, if C > 0
(i-e., B(g) > 0 for small g), then 0 is a repelling fixed point of the RG flow, so the
solution g(u) cannot go to zero at u — oo and in fact in the above approximation

(L3.9) develops a singularity at

1
13.10 = o exp| ————— | >
(13.10) Hs = Ho p((k-an’g-l) Ho

(the so-called Landau pole).

Physically, asymptotic freedom suggests that perturbation theory is valid
at high energies u, since the couplings are small for such . In fact, it can
be shown that asymptotic freedom is a necessary condition for a renormaliz-
able perturbative QFT to be Borel summable to a nonperturbative theory, or,
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as physicists say, UV complete, i.e., fundamentally defined at high energies.
For example, every super-renormalizable theory is automatically asymptoti-
cally free, since its couplings are suppressed at a power rate as u — 0.

On the other hand, asymptotic freedom for critical theories is a very strong
restriction. For example, it is clear that the constants C;, C, in scalar field the-
ory are positive, since each of them is the logarithmic divergence coefficient of
an integral of a positive function. So the ¢° theory in 3 dimensions and ¢* the-
ory in 4 dimensions are not asymptotically free, and thus cannot be defined
nonperturbatively in the UV limit.B3 In fact, it is known that in four dimen-
sions, any renormalizable asymptotically free theory must contain nonabelian
gauge fields. The leading coefficient C of the S-function of a pure nonabelian
gauge theory turns out to be negative (due to negative definiteness of the Killing
form of a compact simple Lie group), so such a theory is asymptotically free.
Adding matter fields (scalars and spinors) that couple to this gauge field (i.e.,
are sections of associated bundles to the principal bundle on which the gauge
field is a connection) makes C less negative, so the theory only remains asymp-
totically free if the number of scalars and spinors does not exceed a certain
upper bound depending on the gauge group. This upper bound is actually sat-
isfied in the standard model, which is the quantum field theory believed to
describe particle interactions in nature.

On the other hand, in two dimensions there exist critical theories with
scalar fields only which are asymptotically free. A notable example is nonlinear
sigma models introduced in Section [1.1l, with target a Riemannian manifold
of positive Ricci curvature.

Example 13.25. Consider the nonlinear 2-dimensional sigma model with ba-
sic field ¢ : R? — M, where M is a Riemannian manifold, and Euclidean
Lagrangian

£ =5ldgP = 3gi;($)deidg.
This theory has infinitely many dimensionless couplings, or rather it has a

functional dimensionless coupling—the metric g;;. It turns out that the RG
flow for this theory in the 1-loop approximation is the Ricci flow,

9gij
B = 2R
where R;; is the Ricci tensor of g;; and ¢ = log(u~2) is the RG “time”.58

550n the other hand, the 8-function of the ¢*-theory in 6 dimensions is negative (Cg < 0), since the pos-
itive Feynman diagram amplitude multiplies by (—g)3. However, this theory is unstable since the function
¢~8% is unbounded for any sign of g. To stabilize it, one may use the Yang-Lee convention, under which the
real coupling g is replaced by ig. But then the 8-function changes sign and becomes positive, so the theory
is not asymptotically free any more.

36The Ricci flow was introduced by R. Hamilton in 1982 and studied deeply by Hamilton, S.-T. Yau,
and other mathematicians in subsequent years. This eventually led to solutions, by Hamilton and others,
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For example, if M is a 2-dimensional surface, then any metric on M can be
written as a conformal metric e=2°|dz|?, where z is a complex coordinate, and
the 1-loop B-function in terms of p has the form

ﬁl-loop(p) = _eZpAp = -k,

where K is the Gaussian curvature of M. So the RG equation in the 1-loop
approximation is the 2-dimensional Ricci flow

% _
at
For example, suppose g, is a metric of constant curvature K, then the Ricci
flow will just rescale the metric, i.e., g(t) = C(t)gy, with Gaussian curvature
K(t) = KoC(t)~!. The RG equation for C(¢) is therefore

dc

(13.11) —K = e*PAp.

— = —2K,,
dt 0
or in terms of curvature K
— =2K2.
dt
Thus, given that C(0) = 1, we have
Ko
C(t) =1- ZKOt, K(t) = 1——21<0t

So we see that if K, > 0 (i.e., B < 0), then we have the asymptotically free
situation in the UV limit ¢ - —oo (the sphere expands and in the limit becomes
flat), while in the IR we have a singularity at t = % (the sphere shrinks and
collapses to a point in finite time). On the other hand, if K, < 0 (i.e., 8 > 0),
then we have the opposite situation: in the UV a singularity forms in finite time
(a hyperbolic surface shrinks and collapses to a point), while in the IR limit the
theory is free (a hyperbolic surface expands and in the limit becomes flat). The
situation is similar for variable curvature of constant sign.

We see that the nonlinear 2-dimensional sigma model into a surface is
asymptotically free iff this surface has nonnegative Gaussian curvature. In this
case (at least for constant curvature, i.e., M = S? with round metric) it is ex-
pected to exist nonperturbatively.

This analysis extends to higher dimensions of the target manifold M: the
theory is asymptotically free if M has positive Ricci curvature (i.e., the Ricci
tensor is positive definite). For example, if M is a compact symmetric space
(e.g., a higher dimensional sphere SN¥~1) with an invariant metric, then the
nonlinear 2-dimensional sigma model into M is asymptotically free and is be-
lieved to exist nonperturbatively. For spheres such models are considered in
[QFS, p. 1171], and for Grassmannians in [QFS, p. 1183].

of many important problems in differential geometry and topology, notably the proofs of the 3-dimensional
Poincaré and Thurston geometrization conjectures by G. Perelman in 2003.
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Another notable example of asymptotic freedom in two dimensions is the
Gross-Neveu model, ([QFS, p. 585]).

Example 13.26. The Gross-Neveu model is a theory of a Dirac fermion 1 on R?
valued in a finite-dimensional space CV with standard Hermitian inner prod-
uct and Minkowskian Lagrangian

2
€ = i@", DY) + S, ).

Classically the Gross-Neveu model has a global U(N) symmetry of the space
CN and also a chiral symmetry ¢, +— 3., where ¥ = (¥,,%_) is the decom-
position of 3 into chiral and anti-chiral components. In particular, the chiral
symmetry prohibits a mass term (37, ) (as it couples ¥, with 1_ and hence
changes sign under the chiral symmetry), so in perturbation theory 3 is mass-
less and the U(N)-symmetry implies that there are no couplings other than g.
This theory turns out to be asymptotically free (3 < 0) if g2 > 0, and one can
show that it exists nonperturbatively (in fact, it is exactly solvable in the large
N limit and partially solvable for finite N).

The Gross-Neveu model exhibits the following features:

1) The U(N)-symmetry is preserved in quantum theory (as there is no con-
tinuous symmetry breaking in dimension 2).

2) The chiral Z/2-symmetry, which is present classically, is broken in quan-
tum theory, producing two realizations (ground states) permuted by this sym-
metry (the phenomenon discussed in Section [[1.7).

3) As the chiral symmetry is broken, the mass of ¥ is no longer prohib-
ited in quantum theory. In fact, the mass m(g) of ¥ (i.e., the pole of the 2-
point function in Minkowskian momentum space) is generated dynamically,
as a nonperturbative correction exponentially small in g as g — 0. (Note that
since the theory is classically scale-invariant, i.e., all terms in the Lagrangian
are critical, the mass of 1 cannot appear in perturbation theory, say using di-
mensional regularization.)

Let us discuss the last effect (dynamical mass generation) in a bit more
detail. Suppose that we have a theory with classically the only parameter being
a dimensionless coupling g, and 3(g) # 0. Then by dimensional analysis the
mass m(g) of a particle in this theory has to have the form

m(g) = uf(g),

where u is a mass scale introduced in quantization (note that since 5(g) # 0,
the scaling symmetry is anomalous quantum-mechanically, so any method of
quantization will introduce a scale).
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Now recall that all physical quantities have to be constant along the RG
flow. Thus we have the Callan-Symanzik equation

(udy + B(8)dg)(uf(g)) = 0.

This yields
f(@)+B(f (& =0,
i.e.,
8o du
fl®)= cexr>< —)
fg B
Thus

8o
m(g) = c,uexp(/ %)
4

If B < 0 for small g (i.e., our theory is asymptotically free), then this function
goes to 0 as g — 0, so it is conceivable that m(g) # 0 (dynamical mass genera-
tion); however, since f(g) = O(g?) as g — 0, the function m(g) is exponentially
small near g = 0 and its perturbative expansion is identically zero, as expected.
Of course, the coefficient c may or may not be zero, and whether it is nonzero
(i.e., whether mass generation actually occurs) depends on the details of the
theory.
Now let us apply this argument to the Gross-Neveu model. Taking the large
N limit, one can solve the model and show that the exact 3-function (to all
orders of perturbation theory and beyond) is
__N_
B(g) = 528

It also turns out that ¢ # 0 (this is nontrivial and shown in [QFS, pp. 588-593]).
Thus, we may absorb c into u, and in leading order in 1/N, we obtain

m(g) = uexp(—gy).

13.10. Quantum scale-invariance

Thus we see that the theory with the Lagrangian
— l 2 § r
L= 2|Vc,1:| + r!¢ )

where r = 3,4,6 for d = 6,4, 3, which is classically scale-invariant (as it has
only one critical interaction), ceases to be scale-invariant quantum-mechani-
cally, even in perturbation theory (one or two loops): the coupling g changes
with scale according to the RG flow. In other words, the scaling symmetry
becomes anomalous. In order for the classical scaling symmetry to be preserved
quantum-mechanically, at least in perturbation theory, the theory must have
vanishing B-function to all orders of perturbation theory.
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This is a very strong restriction! For instance, as we have seen in Example
[[3.25, in a nonlinear sigma model with target manifold M already in a 1-loop
we get the condition that the Ricci tensor must vanish, i.e., M should be Ricci
flat. Soifdim M = 2, we are reduced to the boring case of a flat target manifold,
in which case the theory is free. In higher dimensions there are Ricci flat met-
rics which are not flat, but higher orders of perturbation theory impose further
restrictions on the metric.

It is therefore amazing that nonfree theories retaining scale-invariance at
the quantum level (at least in all orders of perturbation theory) do exist none-
theless! Namely, this is the case for the supersymmetric sigma model whose
target M is a Ricci-flat compact Kédhler manifold (also known as a Calabi-Yau
manifold) E? Specifically, as explained in Section [[4.11], the sigma model with a
Calabi-Yau target has an V' = (2, 2) supersymmetric extension, and supersym-
metry turns out to imply that the 1-loop S-function (which is zero in the Calabi-
Yau case) is actually exact, i.e., the S-function is zero to all orders of perturba-
tion theory. In fact, these supersymmetric sigma models are believed to exist
nonperturbatively and be scale-invariant and moreover conformally invariant
quantum-mechanically. For a more in-depth discussion see [QFS, pp. 1291-
1341].

13.11. Low energy effective theories

Microscopic physical processes observed in nature happen at low energies.
Thus the main goal of quantum field theory is to describe the low-energy (i.e.,
infrared) behavior of a given QFT (say, an asymptotically free theory defined
perturbatively at high energies, or in some other way). In other words, we
would like to describe the behavior of correlation functions of the theory in
the infrared limit, i.e., at large distances (or small momenta). Since values of
correlation functions at scale u can be used as renormalized couplings of the
theory, this is tantamount to determining what happens to the theory under
the renormalization group flow in the infrared limit x — 0. In the Hamil-
tonian approach, this means understanding the low energy spectrum of the
Hamiltonian of the QFT in its Hilbert space of states.

As even asking this question requires going beyond perturbation theory,
this is a very difficult problem, open for most physically interesting quantum
field theories. For example, in the asymptotically free case § < 0, the function
g(u) given by ([3.9) still develops a singularity at the point given by (I3.10),
but now with u, < u, so we definitely cannot use perturbation theory near or
beyond this point. It is therefore amazing that in some nontrivial cases (such

57Yau’s theorem (which used to be Calabi’s conjecture) states that if M is a compact complex manifold
with ¢;(M) = 0, then in every nonempty Kihler class of M (i.e., a class in H2(M, R) represented by a Kihler
form) there is a unique Ricci-flat Kéhler metric.
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330 13. Perturbative expansion for interacting QFT

as supersymmetric field theories, but not only those) one can nevertheless say
something interesting about this question. While this topic, called QFT dy-
namics, is, unfortunately, mostly beyond the scope of this book (as it requires
a separate book), let us at least outline the language in which it is normally
discussed.

The central notion used to discuss infrared behavior of QFT is that of a
low energy effective theory for a given QFT. In general, given a quantum field
theory 7, an effective theory is obtained when a part of degrees of freedom of
J is integrated out (or, equivalently, averaged over). We have already seen an
example of this in Section B.13, when we defined the effective classical action
for a QFT (in which case all the quantum degrees of freedom are integrated
out). In a similar vein, a QFT T is said to be a low energy effective theory for
a QFT 7 if the correlation functions of 7 are well approximated by correlation
functions of T4 at long distances (or small momenta). Note that 7 need not
be fundamentally defined in the UV limit: its correlation functions only need to
make sense at low energies. Thus such a theory need not be asymptotically free,
not even renormalizable. In particular, while nonfree renormalizable QFT do
not exist beyond dimension d = 4 (see Section [13.5), a nonfree effective theory
can live in dimension d > 4, being the low energy approximation of a QFT
defined in the UV using string theory. For example, this is expected to happen
in dimension 6 for the so-called (2,0)-theory attached to a compact Lie group.

Thus, a low energy effective theory can be used to describe the infrared
limit of a given QFT. Such an effective theory includes a number of massless
particles, and one of the main problems of QFT dynamics is to determine this
particle content. For example, if the theory has a mass gap (no massless par-
ticles), one says that its IR limit is trivial (i.e., below a sufficiently low energy
threshold, the only state is the ground state). Note that this can happen even
if the Lagrangian of the original QFT (defined fundamentally in the UV) con-
tains massless fields, through the phenomenon of dynamical mass generation.
For example, it is believed that the pure nonabelian gauge theory in d > 3 di-
mensions is infrared-trivial (i.e., has a mass gap), even though gauge fields are
classically massless due to gauge symmetry. This is one of the most important
conjectures in QFT (especially for dimension 4). A more elementary exam-
ple of this, where dynamical mass generation can be proved rigorously, is the
Gross-Neveu model (see Example [[3.26).

More generally, a low energy effective theory may be used to describe low
energy behavior of a QFT at a certain scale u without going all the way to the
infrared limit u — 0. In this case such a theory may include not only massless
particles, but also massive particles with masses of order < u. For example, the
expected low energy particle content of a nonabelian pure gauge theory in four
dimensions includes glueballs—massive scalar, vector, and tensor particles.
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A nice example of a low energy effective theory arises for the theory of the
scalar field ¢ : R¢ — RN with Euclidean Lagrangian

1
L= §|V¢|2 + %(Idﬂ2 -a??,a>0, N>2.

This theory is super-renormalizable and is believed to exist nonperturbatively
in d < 3 dimensions, and it is rigorously known to exist for d = 2 within the
framework of constructive field theory. The low energy effective theory for this
theory turns out to be the nonlinear sigma model of maps from R? into the set
of minima of the potential (|¢|?> — a?)?, which is the sphere SV ~! defined by the
equation |¢| = a ([QFS, p. 1141]). Note that if N > 3, this theory is not free,
since the sphere of dimension > 2 has nonzero curvature. In fact, ford = 3
this theory is not renormalizable (but as we mentioned, this is OK for a low
energy theory), and in the infrared limit x — 0 it flows to the theory of N — 1
free massless scalars, i.e., a scalar valued in RN ! (flattening of SV~1). On the
other hand, for d = 2 the nonlinear sigma model is renormalizable and even
asymptotically free, but its infrared behavior for N > 3 is more subtle: one can
show that at low energies it has N massive scalar particles, so the infrared limit
is trivial ([QFS, p. 1171]).

13.12. Lattice models

Aswe have seen above, making the Lagrangian approach to quantum field the-
ory rigorous is quite a challenge because usually the path integral is not rig-
orously defined. One answer to this challenge is perturbation theory, which
produces power series in the Planck constant # that are conjecturally Borel
summable to the actual correlation functions of the theory. However, there is
another approach—putting the theory on a lattice. In this approach we can
rigorously obtain numerical answers depending on a lattice spacing parameter
€, which are expected to converge to the actual correlation functions as € — 0.
Unlike perturbation theory, this method is good for computer simulations of
strong coupling behavior of quantum field theories, but its big drawback com-
pared to perturbation theory is that geometric features and symmetries of the
theory (such as Poincaré symmetries, conformal symmetries) are typically lost.

Let us explain how such lattice approximation works on the example of d-
dimensional Euclidean theory of a real scalar ¢ with potential U tending to +oo
at least quadratically at +o0. In this approximation ¢ is a real-valued function
on the lattice é7¢. The action is defined by discretizing the action of the usual,
continuous theory:

d-1 )
JOEES) (;z(w) +U<¢<x>>),

xeezd j=0
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where {e;, 0 < j < d — 1} is the standard basis of R4, Thus the Euler-Lagrange
equation has the form

—Ap+U'(¢) =0,
where A, is the discrete (lattice) Laplacian,

B0 — dz—:l $(x + ce;) — 2qi(zx) + p(x — gej).

j=0

Thus the correlation functions of the corresponding quantum theory are given
by the formula

Se(¢)
Eh D¢,

(B(x1)... (%)) = f B(x1) .. (xR0

where the measure D¢ is proportional to the product of d¢(x) over all nodes x
and is normalized so that
_S:()
/ e~ rn D=1

Note that by putting the theory on a lattice, we have resolved the small distance
(ultraviolet) issues (we no longer have any positive distances smaller than ),
and so this path integral is a perfectly rigorous object in probability theory for

any d and U, with e"SET@DdJ being the Gibbs measure ([G]).

Consider the special case when U(¢) = @ (free massive scalar). Since
this theory is free, the 2-point function (¢(x)¢(y)) is G;(x — y), where G¢(x) =
G.(x,m) is the lattice Green’s function—the fundamental solution of lattice
Poisson equation

(13.12) (A + mH)G(x) = 745,
(i.e., one decaying at infinity); it is easy to see that for x € 74
G.(ex,m) = 279G, (x, em).

Moreover, higher correlation functions are expressed in terms of G, via the
Wick formula. The function G, can be found by considering its Fourier trans-
form, i.e., the Fourier series

Gp)=¢? ) Gi(x)eP

xeezd

(the lattice propagator). This is a function on the torus R%/(2zre='2)4, and

equation ([[3.12) yields

d=1 /2 sin (L)
> (e

2
) +m?|G.(p) =1,
j=0
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where p = (py, ..., pg)- Thus

é\s(p) = L

PEN :
d-1 [ 2sin(3h )
Ej:o € +m

Thus, as expected, when ¢ — 0, the function G.(p) converges to the usual
momentum space propagator of a massive scalar, G(p) = and conse-

1
p2+m?’
quently, G¢(x) converges to its position space propagator G(x).
This analysis also applies for m = 0, but only for d > 3, since for d =
1,2 the theory of a free massless scalar (on a lattice or continuous space) is
ill defined: its Green’s function does not decay at infinity (see Section for

d = 1 and Section for d = 2). In this case, the function gigg
additional probabilistic meaning: it is the probability for a simple random walk
on 7% emanating from x to ever visit the origin. Moreover, the probability of

return for a random walk that has left the origin is given by Pdlya’s formula,

has an

1
(13.13) P=1- m,
where
1 dp
13.14 G,(0) = —— .

—m,7]d Z;i:é (2 sin(%’))

Thus P < 1, i.e., the simple random walk in d > 3 dimensions is transient
(never returns with positive probability). On the other hand, for d = 1, 2 inte-
gral (13.14) diverges, so P = 1 and the random walk is recurrent (returns with
probability 1). This is a classical result of Pélya (1921).

Indeed, if d > 3, then it is easy to see that the probability P(x) of ever
coming from x to 0 satisfies the lattice Laplace equation A, P(x) = 0 outside the
Gi(x)
G1(0)

origin and decays at infinity, so it is a multiple of G,(x), namely P(x) =

since P(0) = 1. So —AP(x) =

x,0

o)
G,(0)°

Hence, setting x = 0, we get
Gi(eo) = G1(0) ~ 5
1(€&) = Uy 2d
Thus the probability of returning to the origin is

o Giley) _ G100 - -
- Gi(0)  Gy(0)

which yields (L3.13).

To make the model more finite (and therefore more amenable to computer
simulations), one may further put the theory in finite volume, replacing Z¢ by
(Z/NZ)%. This makes the path integral finite dimensional.
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Exercise 13.27. Compute the 2-point function of a free massive scalar on
(Z/NZ)? with lattice spacing 27r/N, and show that as N — oo it tends to the
2-point function of the quantum field theory of a free massive scalar on the
d-dimensional torus.

In a similar way one can make lattice approximation of fermionic fields.
We leave details to the reader.

As another example of lattice approximation consider pure lattice gauge
theory on Z%, see Section (it can then be rescaled to allow the lattice spacing
to go to 0). Matter fields can then be added as described above.

Let G be a compact Lie group. Fix a faithful finite-dimensional representa-
tion p of G and define the distance from g € G to 1 to be Hilbert-Schmidt norm

of p(g) — 1, i.e.,

lle(g) — 1]I* = Tr(p(g) — (p(g™") — 1) = 2dim p — Trp(g) — Trp(g™").

We will think of Z¢ as a graph in which neighboring vertices are connected
with an edge. A lattice connection (gauge field) on 7% with gauge group G is
a function A : E(Z%) — G, where E(Z%) is the set of ordered pairs of neigh-
boring vertices in Z< (i.e., oriented edges), such that A(x, y)A(y,x) = 1. Thus
a connection is determined by a collection of functions A j 7% > G, where
Aj(x) = A(x + e},x); we should think of this element as the holonomy of the
connection from x to x + e; along the corresponding edge. Then the curvature
of the connection A is the collection of functions F;; : 7% — G given by

FA,ij(X) = Ai(x + ei)_lAj(X +e; + ej)_lAi(x + eJ)AJ(X),

i.e., the holonomies of A at x around the squares spanned by e; and e;. The
action is then

S(A) = Z Z llo(Fa,ij) — 11I%.

x€74 0<i<j<d-1

The group of gauge transformations is G = Fun (Zd, G), and it acts on the space
A = Fun(E(Z%), G) by

(g0 A)j(x) = g(x + e)A;(x)g(x)~".
It is easy to see that curvature F, is equivariant under this action,
P:goA = gFAg_l’
thus the action S(A) is gauge-invariant.
In a similar way, replacing Z by Z/NZ, we can put gauge theory on (Z/NZ)<.

Example 13.28. Consider pure gauge theory with gauge group G = U(1) on
(Z/NZ)*. Thus a connection is a pair of functions

a,b : (ZINZ)* - R/2nZ = U(1)
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with curvature being
6(r,s) = —a(r+1,s)—b(r+1,s+1)+a(r,s+1) + b(r,s), r,s € Z/NZ.
Let p be the tautological representation of U(1). Then the action is given by
S(a,b) = Z (2 —2cos8(r,s)).

r,S€Z/NZ
It follows that the Euler-Lagrange equation for extremizing S is
sin 6(r, s) = const.

Moreover, taking second derivatives, we see that the extra conditions for a local
minimum of the action are that cos 6(r, s) > 0, so 8(r, s) = 6 is a constant and
—% <6< % It is easy to show that connections with 6(r, s) = 6 exist if and

only if N?6 € 277, i.e., 6 = 2;;—;‘ k €z lkl < NTZ (check it!). One may thus
informally think that the corresponding bundle has first Chern class ¢; = k.
In this way we can see how topology of G-bundles on the 2-torus emerges from

the discrete picture as N gets large.
Quantum lattice gauge theory can now be described by the path integral

S(A)
fi(A) ... fa(A)e” "+ DA,
AlG

where f;(A) are gauge-invariant quantities (physical observables). If we work
on (Z/NZ)%, this is a finite-dimensional integral, so it is perfectly well defined
and amenable to computer simulations. Even on Z¢ it is rigorously defined in
the realm of probability theory using the appropriate Gibbs measure. However,
good limiting behavior for G = SU(m), m > 2, as the lattice spacing goes to
0 is only expected in dimensions d < 4, where the corresponding quantum
field theory is renormalizable and asymptotically free, and establishing such
behavior and the desired properties of the limit (such as mass gap) for d = 4 is
literally a million dollar question—it is one of the Millennium Problems!

Nevertheless, there have been impressive numerical simulations on a lat-
tice exhibiting the expected phenomena in 4-dimensional nonabelian gauge
theory (such as mass gap and confinement) ([Ra]). Note that such results are
highly nontrivial to obtain even on the most powerful computers. Indeed, if we
put just ten nodes along each axis, the path integral for the pure SU(2) gauge
theory is over a space of dimension about 10° (e.g., in the temporal gauge we
have three spatial components A;, A,, A; of the gauge field valued in 3u(2) =
R3 at each of the 10* nodes of the lattice). Computing such integrals with rea-
sonable precision is an enormous numerical challenge, which is addressed us-
ing Monte Carlo methods.

For more details on lattice gauge theories see [T4, Section 4].
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Chapter 14

Supersymmetry

In Sections and in theories that involve both bosons and fermions, we
only considered even symmetries that preserve parity of fields. But it turns out
to be very useful to also consider odd symmetries which change the parity; i.e.,
to allow the Lie algebra of symmetries to be a Lie superalgebra. Especially im-
portant is a special kind of such symmetries in terms of which the vector field
of time translation can be expressed quadratically. These are called supersym-
metries.

In this section we will provide a brief review of supersymmetry in field
theory, in the Euclidean setting. For more details the reader can consult [T1]
and for higher dimensions [QFS], [T3], [B].

14.1. N = 1 supersymmetric classical mechanics

Let us begin with mechanics (d = 1) and a single supersymmetry (N = 1). We
first consider classical mechanics in the Lagrangian setting.

Recall the Lie superalgebra q = Lie Q of Example B.9(3) spanned by an odd
element Q and an even element H with commutation relations

[Q,H] =0, [Q,Q] = 2H.
Definition 14.1.

(i) An N = 1 supersymmetry of a Lagrangian £ is a left action of q on the
algebra A of (real) classical observables attached to £ (i.e., local functionals of
fields modulo equations of motion) preserving the Poisson bracket, such that

the element H acts by —%. In other words, it is an odd Poisson derivation Q of
A such that Q? = —%.

337
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338 14. Supersymmetry

(i) An N = k supersymmetry® is a collection of k linearly independent
(super-)commuting N = 1 supersymmetries.E

Example 14.2. Consider the Lagrangian
Ll 1
(14.1) L= 2¢> + zz,bl,b,

where ¢ is a real boson and 7 is a real fermion. So the equations of motion are

$=0,9P=0.
Define Q by the equalities
Qp =, QP = —¢.
Thus Q? = —% and
QP =19, QY =—9,

so Q preserves the equations of motion. It is also easy to check that Q preserves
the Poisson bracket, which is defined by the equalities

{¢’ ¢} = {1;0’ ¢} =1, {1/)’ ¢} = {l,b, ¢} =0.

Thus this theory is N = 1 supersymmetric.
The same holds if ¢, 3 are valued in some Euclidean space E.

In the Hamiltonian picture, by Noether’s theorem, the supersymmetry
must arise from Poisson bracket with a uniquely determined odd observable
called the classical supercharge, which we, abusing notation, will also denote
by Q. For instance, in Example we have

Q= —¢y.
Likewise, ifin Example we take ¥ to be a fermion valued in some Euclidean
space E of dimension k, then the theory has N = k supersymmetry defined by
the derivations Q j such that in an orthonormal basis of E,

(14.2) Qi =), Qb = —8;;¢.

Indeed, then Qj¢ = —¢, Q79h; = —8;;1; = —p; since ¢h; = 0 by the equations
of motion, so va = —%. Also it is easy to check that Q;Q; + Q;Q; = 0, as
needed.

58Some sources call this N = Ig supersymmetry, see [T, 1.4.2, 1.4.3].

59Note that if the theory is not topological, i.e., % # 0 (the time evolution is nontrivial), then any k
commuting supersymmetries are automatically linearly independent, as they satisfy the relations Q;Q; +

QjQi =28, -
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14.1. N = 1 supersymmetric classical mechanics 339

Example 14.3. Consider the theory of Example but now with both ¢ and
¥ valued in a Euclidean space E. We have shown that this theory has N = 1
supersymmetry, but maybe sometimes it has more? Let’s explore.

We can modify Q to build other supercharges on the same theory: if a :
E — E is an invertible operator, then we can define the supercharge Q, by

Qu¢ = ay, Qup = _a_lé’
d

and then Q2 = —;- Recall also that the Poisson bracket in this theory is given

in an orthonormal basis of E by the formulas
{b1.6;} = 6ij, (91,85} = W1, 83 = 0, {1, 9} = 655
So, since Q, must preserve the Poisson bracket, we should have
0 = Quidn ¥;} = {(ap)i, ¥;} — {$1. (a7 d);} = @i — (@™ Vi,
so a must be an orthogonal operator.

Now we may try to define Q;,1 < j < k, by taking Q; = Qq; for1<j<k
with a; = 1. Then we have

(Qij + QmQ])¢ = _(aj_lam + ar;tlaj)qs-

Thus the supersymmetry algebra relations Q;Q,, + Q,,Q; = 0, m # j, are
equivalent to the relations

(ap'aj)> = -1, m# j.

This is equivalent to saying that

aJ2 =-1
for all j > 2 (taking m = 1) and
ajam = —amaj

for j # m, j,m > 2. It follows that the collection of elements a,, ..., aj defines
an action of the real Clifford algebra Cl;_;(R) of the quadratic form — Z;:ll x?
on E. The classification of real Clifford algebras implies that the dimension d,
of a real irreducible representation of the algebra Cl;_;(R) satisfies the recur-
sion

dic+s = 16dy,

and for 1 < k < 8 the values of dj are 1,2,4,4,8,8,8,8. Moreover, since the
operators a; generate a finite group, they act in any such representation orthog-
onally in a unique up-to-scaling invariant metric. So the amount of supersym-
metry of our theory coming from this construction is the largest N such that
dy divides dim E. For example, for dim E = 2, we have N = 2, for dim E = 4,
we have N = 4, and so on.
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14.2. N = 1 supersymmetric quantum mechanics

Now let us pass to quantum mechanics. The above discussion of the classi-
cal Hamiltonian picture suggests that in quantum theory the supersymmetry
algebra should act unitarily on the Hilbert space JH of the theory. Again we de-
note the corresponding operator by Q; so Q is an odd self-adjoint operator on
J with Q*> = H, where H is the Hamiltonian, called the quantum supercharge
(note that this implies H > 0).

The benefit of supersymmetry in quantum theory is demonstrated by the
following very simple but very important theorem. Suppose we are given an
N = 1 supersymmetric quantum mechanical model with Hilbert space { =
Hy @ H,, Hamiltonian H, and quantum supercharge Q.

Theorem 14.4. Let I(L) be the super-partition function of this model on the circle
R/LZ, i.e.B0

J(L) = sTr(e~LH),
Then J(L) does not depend on L. Namely, J(L) equals the superdimension of the
kernel of H.

Proof. Let 7(;(4) be the 1-eigenspace of H in J;. Then

I(L) = D (dim F,(4) — dim F;(2))e~L.
AeR
Since for 1 # 0, the operator Q maps J(;(1) to #;_;(1) and Q> = 1 -1 on
these spaces, Q defines an isomorphism Hy(1) — F;(4), which implies the
statement. [l

The same theorem holds if the theory is twisted by a unitary automorphism
g : H — H which commutes with Q: we have

Zww(L,g) == sTr(ge ') = sTr(g, Ker H).

Remark 14.5. The quantity sTr(e~%), which by Theorem is L-indepen-
dent and equal to the superdimension of Ker H (i.e., the index of the operator
Q) is called the Witten index. Similarly, sTr(ge ") = sTr(g, Ker H) is called
the twisted Witten index.2!

14.3. N =2 and N = 4 supersymmetric classical mechanics

The story becomes more interesting when we consider Lagrangian ([[4.1) with
the fermion 1 taking values in a 2-dimensional Euclidean space, since in this
case, as we have seen in Section 0.2, we can add a mass term for . We have
seen above that such a theory without a mass term has N = 2 supersymmetry.

%OWe assume that H has purely point spectrum with finite multiplicities and this trace exists.
61Note that in physics literature the length L of the circle is usually denoted by 8.
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It turns out that this supersymmetry can be preserved if we add a mass term
for ¥, but then we must also add a mass term for ¢ in a coordinated manner.
Let us consider this in detail.

Recall that N = 2 supersymmetry means that we have a pair of odd Poisson
derivations Q;, Q, of the algebra A of (real) classical observables such that

d
Qi =Q5= ~ar Q:0; +Q,Q, =0.

Alternatively, these relations can be written in terms of the pair of conjugate
complex derivations Q = %(Ql +iQ,), Q" = %(Ql —iQ,) satisfying the N = 2
supersymmetry algebra relations

d
Q*=0,(Q" =0, QQ"+Q'Q = 2.
In this realization, it is convenient to introduce the complex-valued fermion
Y= %(gbl + i,), with complex conjugate %', and write the Lagrangian as

(143) £ = 2§ - ) + Re(@') + iwp'y,
where we have added mass terms for both ¢ and . Actually, the imaginary
part of the kinetic term is a total derivative and does not affect the action, so
the real part sign can be dropped in the calculations below. The equations of
motion for this Lagrangian are
¢+ =0, ¥+ iwh = 0, P — iwp” = 0.
Define Q, Q' by the equalities
Qp =9, Q'¢=9", Qh=Q"Y" =0, Q' = —¢ —iwg, Q' = —¢ + iwd.
Note that then Q?)" = —1) — iwi) = 0 by the equations of motion, so Q> = 0,
and similarly (Q7)? = 0. Also
(QQ"+Q'Q)P = Q(—¢ + iwp) = P + iwtp = —2¢
and
(QQ"+Q'Q)¢p = QY + Q'yp = —2¢,
so the supersymmetry algebra relations are satisfied.
Now,
Q¢ +w¢) =+ =0, QI — i’ = ~¢ — w?¢ = 0.
It is also straightforward to check that Q, QT preserve the Poisson bracket. Thus
this theory is N = 2 supersymmetric.

Note that the masses (or, classically, frequencies) for ¢ and ¥ in the Lan-
grangian are the same. This is, in fact, necessary to have supersymmetry: it is
easy to show that the supersymmetry breaks when masses are different. Since
Q maps ¢ to ¢, one may say that in our theory, supersymmetry preserves masses
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of particles (fields); this is how this property (which is actually true much more
generally) is formulated by physicists.

More generally, one may consider a nonfree theory in which the mass term
w for ¢ depends on ¢. In this case, it turns out that one can still save the super-
symmetry, but at the cost of adding a potential for ¢ related in a certain way to
w. Namely, consider the Lagrangian

£ = 3~ U@) + Re(@) + i0@)'$.
The equations of motion are
$+U'($) i ($)pP = 0, P+ iaa(p)p = 0, P — iaa(p)p’ = 0.
We want to keep the relations Q¢ = 1, Q' = 97, so Q = Q" = 0. Let
QY = —p—ih(¢), Q'Y = —¢ +ih(¢)

for some function h, then Q%" = —p — ih'(¢)y, so we need h'(x) = w(x) for
this to be zero (by the equations of motion). Assuming this, we have

b= SN @W) = i @ - P,

o)
QW' — ik ($)PT) = —F — ih () + iR ($)YY + ik’ ($)($ + ih($))
= —¢ +ih" (@'Y — W ($)h($) = U'(¢) — h'($)h(4).
To have supersymmetry, this must vanish, so we need U’(x) = h'(x)h(x), i.e.,
UG) = Sh(x)?
(up to adding an inessential constant). If so, then
QP+ U'(¢) — ih"()PTY) = (U"(¢) — K ($)* — h($)R" ()P = 0

and .

Q¥ +in'(¢)p) =0,

and itis easy to check that Q preserves Poisson bracket, i.e., this theory is indeed
N = 2 supersymmetric.

Summarizing, the supersymmetric Lagrangian looks like

(14.4) £ = 3@~ h@P) + Re@') + W ($1P1

(the free massive case corresponds to h(x) = wx).

As before, in the Hamiltonian picture supersymmetries must arise from
Poisson brackets with uniquely determined odd observables (supercharges),
which we, abusing notation, will also denote by Q, Q'. For instance, for La-
grangian ([[4.4) we have

Q=—(¢+iw(@)y, Q" = —(¢ — iw(@)P".
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We may also consider a version of this theory with the boson ¢ valued in a
Euclidean space E and the fermion ¢ valued in E, initially with Lagrangian

(14.5) Lo = 319 + Re(¥',4).

As we know, it has N = 2 supersymmetry given by
Qb =¥, Q"¢ =9, Q¥ = Q"Y' = 0, Qy' = Q'Y = ¢,

and it is natural to ask which potential terms can be added so that this super-
symmetry is preserved.

The Lagrangian with the potential terms is

£ =SB — U$) + Re(@',§) + Re (', in($)),

whereU : E - Randw : E — End(E:). We may assume that w(x) is Hermit-
ian since the anti-Hermitian part of w(x) does not contribute to the Lagrangian.
As before, we deform the supercharge Q by setting

Q' = —¢ —ih(¢),

where h : E — E, and obtain w = Vh. Thus w is real and Vh is symmetric. It
follows that h = VV for some function V' : E — R, hence w = Hess(V) (where
we identify E with E* using the inner product). The rest of the calculation
proceeds exactly as in the 1-dimensional case and leads to the equality

V() = 3R = S[TVCOP.

Thus the N = 2 supersymmetric Lagrangian has the form

(146) £ =38P = SIVV@P +Re(y',d) + i3, Hess(V)B)).

Example 14.6. Let us return to the free massless case with Lagrangian £
given by (I4.3). As in Example [[4.3, given a collection of orthogonal operators
a; : E — E which define a representation of the real Clifford algebra Cl_;(R)

on E (with a; = 1), we can define the supercharges Qj, QJT-, 1<j<kby

Q¢ = ap, Qv = ap’, Qi = Q" =0, Qlyp = Q' = —a;'4.

So the amount of supersymmetry of our theory coming from this construction
(i.e., the number of supercharges) is N = 2k, where k is the largest integer for

which dj divides dim E.
For example, if dim E is even, then we have k > 2 (i.e., N > 4), so we have
at least one nonscalar orthogonal operator a, = I on E such that I> = —1. The

operator I gives E a unitary structure—a complex structure compatible to the
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Euclidean metric (i.e., E is a unitary module over Cl; (R) = C). Then in addi-
tion to the supercharges Q, Q', we have another conjugate pair of supercharges

Q.. Q! given by
Q¢ =1Ip, Qip = YT, Q. = Qly' =0, Q.9 = Qly = 14.
Moreover, if dim E is divisible by 4, then we have k > 4 (i.e., N > 8), so

there are at least three independent nonscalar orthogonal operators a, = I,
az =J, a, = Kon E such that

I2=J2=K?=-1, 1IJ=-JI, JK = —KJ, KI = —IK.

Then T := JIK commutes with I,J,K and T? = 1, so replacing K with KT,
we may assume without loss of generality that T = 1, i.e., I,J,K satisfy the
quaternion relations

P=]?=K?=-1,1J=-JI=K,JK=-KJ =1, KI=-IK =].

These operators give E a quaternionic unitary structure—a quaternionic
structure compatible to the Euclidean metric (i.e., E is a unitary module over
Cl; (R) = H & H factoring through the first summand). Thus in addition to
the supercharges Q, Q" we have three other conjugate pairs of supercharges
Qass Qls,a=1J1K given by

Qu: = ap, Qg = ap’, Qu.tp = Qeuyp’ = 0, Quy’ = QL) = ad.

One may now ask under what condition on V the N = 4 supersymme-
try of Example for even dimensional E lifts to the theory with Lagrangian
([4.6). Tracing through the calculations, we see that for this we need the oper-
ator Hess(V)(x) : E — E to anticommute with I, i.e., to be complex antilinear.
This condition is equivalent to the equations

9;,0,,V =0,

for some coordinates z; on E. These equations are, in turn, equivalent to the
condition that V is the sum of a holomorphic and antiholomorphic function,
so, given that V is real, we have

V(z) = Re W(z),
where W is a holomorphic function on E. Thus we get
1 ; 1 N
147) L =5I¢l = SIOW(@)* + Re(¥,§) + i(¥", Hess(Re W)($)P).

The theory defined by £ is called the (1-dimensional) Landau-Ginzburg model.
The function W is called the Landau-Ginzburg superpotential.
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14.4. N = 2 supersymmetric quantum mechanics

Now let us pass to quantum mechanics. The above discussion of the classi-
cal Hamiltonian picture suggests that in quantum theory the supersymmetry
algebra should act unitarily on the Hilbert space # of the theory. Again we
denote the corresponding operators (quantum supercharges) by Q, Q"; so QT is
the adjoint of Q, and

Q2 =0, (Q")? =0, QQ" + QTQ = 2H.

Moreover, the commutation relations between Q, QF and local operators should
be given by quantizations of the classical supersymmetry relations.

Since N = 2 supersymmetry is just a combination of two commuting su-
persymmetries, Theorem holds in any N = 2 supersymmetric theory (for
the proof we may use either Q; or Q,). In addition, we also have the following
result.

Theorem 14.7. Inan N = 2 supersymmetric theory, the operators Q, Q" act by 0
on Ker H, and the cohomology of Q and of Q" on (the H-finite part of) 7 equals
Ker H.

Proof. If Hv = 0, then

0= (v,(QQ" + QTQ) = ||Q7v|* + [|Qu]P%,
so Qu = Qv = 0. On the other hand, if Hv = Av for 2 # 0 and Qu = 0, then
v = %(QQT +Q'Q = Q(%QTU), so the cohomology of Q on F( (1) is zero,
and similarly for Q. O

Example 14.8. Consider the theory defined by Lagrangian ([4.3). Since the
boson and the fermion are decoupled, we have

J (L) = Zposon (L)ﬂ fermion (L)’

where Zy,.on 1S the partition function for bosons and J¢.; 0, 1S the super-parti-
tion function for fermions. Recall that

1

Zboson(L) = oL oL
ez —e 2

(formula (b.3)) and

wL wL
jfermion(L) =ez —e 2
(formula (P.1))). Thus J(L) = 1. This agrees with Theorem [[4.4, since H, =
J(, = I’(R) and Ker H C J{, is 1-dimensional.

Exercise 14.9. Consider the quantum version of the theory of Example [14.6,
with Hilbert space I?(V) ® AV (square integrable mixed differential forms on
V)and Hamiltonian H = —%A, where A is the Laplace operator on V (acting on
the coefficients of differential forms). Show that the classical supersymmetry
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lifts to this quantum theory with Q = d, Q" = d', where d is the de Rham
differential.

14.5. N = 1 supersymmetric quantum mechanics of a particle on
a Riemannian manifold and index of the Dirac operator

The N = 1 supersymmetric classical mechanics (Section [[4.1) has an impor-
tant interacting (curved) generalization, when the flat space E is replaced by a
Riemannian manifold M. Namely, we may consider supersymmetric quantum
mechanics valued in M whose fields are pairs (¢, ), where ¢ : R - Misa
C*-map and ¢ is a section of the odd vector bundle ¢*IITM on R; i.e., P(¢)
is an element of I1Tg)M (a real fermion). For such fields, Lagrangian ([4.1)
makes sense (with ¢ being the covariant time derivative of ¢ with respect to
the Levi-Civita connection), and one can check that the theory remains N = 1
supersymmetric with the same formulas for the supercharge Q as in the flat
case.

Let us now consider the quantization of this theory. As in the flat case, a
nice quantization requires dim M = 2n to be even, and moreover we need M to
be a spin manifold (see Section [[1.1). The Hilbert space of the quantum theory
is then the space of I? sections of the total spin bundle

F = T2(M,SM) = H, & H_,

where F(, = [*(M, S, M) with 7, being even and #_ being odd (the curved
analogue of the space IM)®S arising in the flat case), and the Hamiltonian
is the spin Laplacian

H = D?,

where D = D, @ D_ is the Dirac operator, with D, : H, — H. defined
using the Levi-Civita connection (we remind the reader that D is an unbounded
self-adjoint operator, so it is in fact defined only on a dense subspace of 7(,,
namely the Sobolev space W12(M, S, M)). The supercharge Q is then the Dirac
operator D. Thus for compact M, when D has discrete spectrum, Theorem
implies that the partition function of our theory on the circle of length L is
independent of L and equals the index of the Dirac operator D, regarded as a
Fredholm operator W12(M, S M) — I*(M,S_M),

sTryc(e”LH) = ind(D, ) = dim S} — dim Shar,

where S are the spaces of harmonic spinors, i.e., solutions of the Dirac equa-
tion Dy = 0 or, equivalently, the spin Laplace equation D% = 0 in J(,
(they are canonically identified with the kernel and cokernel of the operator
D, : WM, S, M) — I*(M,S_M) since D_ = D}). As any index, ind(D,,)
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is stable under Fredholm deformations, so it is independent of the Riemann-
ian metric, i.e., is a topological invariant of M. A topological formula for this
extremely important invariant is provided by the Atiyah-Singer index theorem.

Let us now explain how the Atiyah-Singer formula can be derived from
the Feynman-Kac formula for this theory (we will follow E. Witten’s lecture on
this subject in [QFS, v. 1, pp. 477-485]). Namely, recall that the path integral
expression for the partition function is

z= /M L exp(— | (e + %(w,zﬁ))dt) DY(DY)!

0

where the integration is carried out over the set M; of L-periodic pairs
(¢(1), ¥(¢)). Replacing ¢t by Lt and 3 by \/fz,b, we get

1
(—ﬁ f (I +(¢,¢))dt)D¢(D¢)-1
0

(the infinite power of L which results from rescaling Dy is removed in the reg-
ularization procedure).

(14.8) Z=f exp
s

1

Since our theory is supersymmetric, this expression is, in fact, independent
of L, so it can be computed by taking the limit L — 0. In this limit, the integral
localizes on constant loops (¢(t), P(t)) = (¢g, ) € IITM, i.e.,

Z = / I($0, Po)deo(dpe)
ITM

where I(¢, %) is the Gaussian integral obtained by taking the quadratic part
of the action near the constant loop (¢, %) and d¢,(di,)~! is the canonical
density defined in Exercise B.14. Recall from this exercise that a function on
IITM is the same thing as a mixed degree differential form on M, so this integral
can be written in more classical terms as

Z='/A:II(¢0,¢0)

(the integral of the degree dim M component of I).

Let us now compute I. A direct computation in normal coordinates at ¢,
shows that the quadratic part of the Lagrangian near (¢, %) has the form

S quairne(@, ) = 1P + 3, 9) = 5(@, R(Bo)( o, $o)d),

where a(t) € Ty M, P(t) € IITy M are perturbations of ¢g,%, such that
fol a(t)dt = 0, fol ¥(t)dt = 0, and R is the Riemann curvature tensor.22 Thus

62The extra factor 1/2 in the formula for I on p. 482 of [QFS] should be dropped. This error cancels out
the error in the second displayed formula on p. 485 where 47k should be 27k.
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the Gaussian integral

I(¢o,¢o)=feXp(—fo

equals the product of the fermionic integral and the bosonic integral, which
yields

1

Lquadratic(a: ¢)df) Da(Dlyb)_l

Vdety(3;) _ 1
\/ deto (62 + R(¢o) o, $o)d,)  Vdeto(@: + R($0) o, %)

where dety(A) is the regularized determinant of an operator A on the space of
vector-valued functions on the circle with integral 0.

I(¢o,¢0) =

Recall that for ¢ € C the eigenvalues of the operator d; + c on the circle R/Z
are 2rin+c, n € Z (with eigenfunctions e?minty so its regularized determinant
on functions with integral zero is

dety(d; +¢) = ( H (27in + c))

nez\0

= (ﬁ@m’n + c)(—2min + c))
n=1 reg

8

_ (T 2,2 4 2 AT ¢ | _ ~sinh(c/2)
= (U(4n n?+c )) = CU(l + ) = C—c/z ,
n=1 reg n=1
where C is a universal constant coming from the regularization procedure.
Thus if M is an m-by-m matrix, then
_m 4., Sinh(M/2)
dety(9; + M) = C™ det M2

It follows that

. _m R(x)/2
Z=ind(D;)=C /I;I\/det —sinh(R(x)/Z)'

This shows that the index vanishes unless n is even, i.e., dim M is divisible
by 4. For example, since

| zl2  Z 4
sinh(z/2) =% 0z"),

for a 4-manifold we get

ind(D,) = —%Cz / Tr(R(x)?),
M

where Tr(R(x)?) is a 4-form on M. This can be written as

ind(D,,) = —5_(2m2C?py (M),
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where
(149) PO = 515 [ TrERGR)

is the first Pontryagin class of M, which is an element of H*(M, Z) =

The normalization constant C can now be determined by considering an
example of a 4-manifold where the index is nonzero. The simplest such exam-
ple is a K3-surface (for instance, a smooth quartic surface in CP?3), which is
known to have p;(M) = —48, and ind(D..) = 2. Thus we get that

1
E’

SO we obtain

Theorem 14.10 (Atiyah-Singer index theorem for the Dirac operator).

~ _ RM™)/2
lnd(D+) (2 )nf\/ s1nh(R(x)/2)

Note that the Bianchi identity implies that the mixed differential form

1 R(x)/2
)" ¢ et SRR

is closed, so it represents a class A(M) € H' (M, R) (in fact, in H*(M, Q)) which
is independent of the metric on M. This characteristic class is called the A-
genus (A-roof genus) of M, and we have

ind(D,) = f A(M) = (AM), [M)),
M

where [M] is the fundamental class of M.
In particular, for 4-manifolds we get

ind(D,,) = 5 p,(M).

Thus we see that for any spin 4-manifold M, p; (M) must be divisible by 24 (in
fact, it is even divisible by 48, i.e., the index of D is even, but this is not clear
from the above considerations).

The possibility of nonzero index of the Dirac operator on spin 4-manifolds
leads to an important phenomenon called chiral anomaly in 4-dimensional
quantum field theories with spinor fields. Namely, let X be a compact spin
4-manifold and consider the theory of a chiral spinor 1 on X (a section of the
chiral spin bundle S, X) with Lagrangian £ = (3", Dy), where 9" is a section
of S_X. Classically this theory has a U(1) symmetry acting by 3 — ¢'*3, hence
Y7 > e*y" to preserve the action. However, this symmetry becomes anoma-
lous quantum-mechanically. To see this (somewhat informally), consider the
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measure of integration (DyDy")~! in the path integral. Decomposing this as a
product over eigenvalues of the Dirac operator, we obtain that under the U(1)-
symmetry, the measure multiplies by e/*4(®+)_ So the fact that the index of D,
may be nonzero signals that the U(1) symmetry suffers a quantum anomaly,
which is called chiral anomaly. More formally, as explained above, the index of
D, is up to normalization the first Pontryagin class of X, which is obtained by
integrating over X a certain 4-form—the trace of the exterior square of the cur-
vature (formula (14.9)). It turns out that locally this 4-form is the divergence
(differential) of the quantized current of the U(1)-symmetry (which is a 3-form
on X). Thus the current is not conserved and the symmetry becomes anoma-
lous (on any 4-manifold). For more details on chiral anomaly see [T4, Section
3].

14.6. N = 2 supersymmetric quantum mechanics of a particle on
a Riemannian manifold and the Hodge theorem

The N = 2 supersymmetric theory of Exercise also has an important
curved generalization, when the flat space E is replaced by a Riemannian man-
ifold M. Namely, as in the N = 1 case, we may consider supersymmetric quan-
tum mechanics valued in M whose fields are pairs (¢, ), where ¢ : R - M is
a C*-map and ¢ is now a complex fermion, i.e., a section of the odd vector bun-
dle S ® $*TM¢ on R, so that 3(¢) is an element of [Ty, )Mc. For such fields,
although the Lagrangian ([4.5) makes sense, it is no longer supersymmetric.
It turns out that in order to restore the N = 2 supersymmetry (with the same
formulas for the supercharges Q, Q"), we have to add a curvature term quartic

in 9:
(14.10) £ = SI6P + Re', §) — 31 RW, ¥NY),

where R is the Riemann curvature tensor.B3

Moreover, this supersymmetry extends to quantum theory, in which the
Hilbert space J( is the space Q;,(M) of mixed square integrable differential
forms on M, with inner product

<§,n>=/EA*n,
M

where * is the Hodge *-operator Q'(M) — QYm™M=i(\) @ Or,,, with Or,, the
orientation bundle on M. The Hamiltonian of this quantum theory is H =
—%A, where A is the Laplace operator on differential forms (the Hodge Lapla-
cian). The classical supersymmetry lifts to the quantum level by setting Q =

63The coefficient in front of R is uniquely determined but depends on notational conventions concern-
ing the curvature tensor.
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d,Q" = d, where d is the de Rham differential; in particular,
dd" +d'd = -A.

Thus if M is compact (so that H has pure point spectrum and e L is trace
class), then Theorem says that the cohomology of d on forms of degree i
(i.e., the ith de Rham cohomology H {(M, C)) coincides with the space of n €
Q!(M) such that Ay = 0, i.e., the space of harmonic i-forms. Thus we obtain

Theorem 14.11 (Hodge theorem for Riemannian manifolds). Every harmonic
differential form on M is closed, and every cohomology class of M has a unique
harmonic representative. In other words, every closed form on M can be uniquely
written as a sum of a harmonic form and an exact form.

Theorem for this supersymmetric model also has a nice geometric
meaning. Namely, let K(x, y, t) be the heat kernel for differential forms on M,
i.e., the fundamental solution of the heat equation

ou 1

E = EAH, ueQ (M)

A
In other words, K(x, y, t) is the Schwartz kernel of the integral operator e on
Q;,(M). It is well known that K is a smooth function of x,y € M and t > 0,
valued in @; Hom(A'Ty M, A'T;yM). Then Theorem takes the following
form.

Corollary 14.12. Forallt > 0

-1y f Te(K(y 3 0, NT;M)dy = 1(M),
M

i

where y(M) is the Euler characteristic of M.

Theorem can also be used to derive the Lefschetz fixed point formula
in the special case of diffeomorphisms of M of finite order or, more generally,
ones belonging to a compact Lie group G acting faithfully on M. Namely, let
M be a compact manifold, and let g : M — M be such a diffeomorphism with
finitely many fixed points.

Theorem 14.13 (Lefschetz fixed point formula). We have®3
(14.11) IM8| = > (~1)! Tr(g, H'(M, C)).
i

Proof. Pick a g-invariant Riemannian metric on M (it can be obtained by av-
eraging any metric over G), and let A be the Hodge Laplacian for this metric.

By Theorem [[4.11], as L — oo, sTr(geLTA) tends to the right-hand side of (I4.11)).

%Note that if A is an orthogonal matrix without eigenvalue 1, then det(I—A) > 0. Thus all fixed points
of g have index +1.
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On the other hand, it is easy to check that as L — 0, the same supertrace tends
to the left-hand side of (I4.11]). Thus Theorem follows from Theorem
14.4. O

In fact, the assumption of finitely many fixed points in Theorem can
be dropped. To state this generalization, note that by Bochner’s linearization
theorem ([Bo]), if g : M — M is a diffeomorphism of a compact manifold
M belonging to a compact Lie group G acting faithfully on M, then the fixed
set M8 is a disjoint union of finitely many connected components Y which are
compact manifolds, possibly of different dimensions.

Theorem 14.14 (Lefschetz formula for nonisolated fixed points). We have

(14.12) x(M8) = Z(—l)i Tr(g, H((M, C)).

Proof. The proof is the same as that of Theorem [[4.13, using Corollary
for the L — 0 limit. i

Remark 14.15. For cellular cohomology (which is isomorphic to de Rham co-
homology by de Rham’s theorem) and g of finite order, Theorem is easy
to prove by elementary algebraic topology, by lifting a cell decomposition of
M/(g) compatible to the inclusion M& < M/(g) to M and computing the alter-
nating sum of traces of g on cellular cochains in two different ways. Moreover,
the general case easily follows from the finite order case. (Exercise: How?)
However, derivation of Theorem from a supersymmetric quantum me-
chanical model is still quite instructive. This use of supersymmetry based on
comparing the limits L — 0 and L — oo, which was also used in our derivation
of the Atiyah-Singer formula, is prototypical for applications of supersymmet-
ric quantum field theory in geometry and topology.

14.7. N = 4 supersymmetric quantum mechanics of a particle on
a Kihler manifold

Itisinteresting that if M is a Kdhler manifold, then the N = 2 supersymmetry of
the theory of Section extends to N = 4 supersymmetry. Indeed, when M =
E is a complex vector space with unitary structure, we have seen in Example
that this theory has N = 4 supersymmetry. Namely, the complexification
Ec has the form E, @ E_, where E, = E and E_ = E, so the fermion ¢ € E
splits as = ¥, + ¥_. Likewise, the supercharges Q, Q" each split into two
summands,

Q=0Q,+Q_, Q" =qQ} +0qf
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so that

Q:+¢ =Ps,
Qr¥- = Q9L = Q9. = Q9L =0,
Qs = Q¥ =0, Q. ¥} = Q9! =34,
and the conjugate equations for Q... Otherwise formulated, we have
Q. = 5(Q=iQ.), Q- = 2(Q +iQ.),
where Q, is as in Example [14.6.

Now suppose that M is a Riemannian manifold with an almost complex
structure I which is orthogonal in the Riemannian metric g. Then we can de-
fine the operators Q., Qi_, in the same way, but one can check (see [QFS, vol.
1, Theorem 3.46, p. 268]) that they only define N = 4 supersymmetry of the
theory when two integrability conditions are satisfied:

1) the almost complex structure I on M is actually complex, and

2) the nondegenerate 2-form w(v,u) := g(Iv,u) on M is symplectic, i.e.,
dw = 0.

These conditions are equivalent to the requirement that M is Kdhler.

In quantum theory, recall that the Hilbert space J{ is the I? completion
of the space of mixed square integrable differential forms Q°(M), which on an
almost complex manifold splits into a direct sum of spaces QP9 = QP-9(M) of
(p, q)-forms. Recall also that Q = d is the de Rham differential, and Q" = d'.
So if M is a complex manifold, then we have a splitting Q = Q, + Q_, where

Q) =0,Q_=0,withd : QP71 — QP+14.3 : QP4 — QP4+ and we have
2 -
92=9 =0d0+99 =0,
and the conjugate equations. However, one can check that to have the equation
—t
00 +09=0,
we need w to be closed, i.e., a Kédhler structure. Thus the quantum theoryis N =

4 supersymmetric also precisely for Kidhler M (and the supercharges depend on
the Kihler structure).

Assume now that M is Kdhler. Then we have

=t —i=
30" +970 =93 +9 5=—%,
where A is the Hodge Laplacian.
Recall that the Dolbeault complex is

0 — QPO(M) » QPY (M) — ... » QPAmMM(pf) 5 0,
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where the differential is 8. The Dolbeault cohomology HP9(M) is the de-
gree q cohomology of this complex. By definition, it is the sheaf cohomology
Hi(M, Qﬁ,[,hol), where QpM,hol is the sheaf of holomorphic p-forms on M; in-
deed, on a small ball the Dolbeault complex is an acyclic (soft) resolution of
this sheaf.

Now assume that M is compact. Then, as in the Riemannian case, Theorem
implies that the Dolbeault cohomology HP*4(M) coincides with the space
of n € QP9(M) such that Ay = 0, i.e., the space of harmonic (p, q)-forms. Thus
we obtain

Theorem 14.16 (Hodge theorem for Kdhler manifolds). If M is a compact Kih-
ler manifold, then every cohomology class in HP*4(M) has a unique harmonic
representative in QP4(M). Thus we have the canonical Hodge decomposition

HI(M, €) = @, qiHPA(M).

Remark 14.17. As follows from Example [14.6, if a Euclidean space E is a
quaternionic unitary space then the N = 2 supersymmetric theory of a particle
in E in fact has N = 8 supersymmetry (see [QFS, v. 1, Theorem 3.46, p. 268]).
It turns out that this supersymmetry extends to the curved case when M is a
hyper-Kihler manifold. However, we will not discuss this here. We also note
that flat models of Example with larger amounts of supersymmetry do not
admit curved generalizations preserving the supersymmetry.

14.8. Superspace formulations

A superspace formulation of a supersymmetric field theory is a formulation
in which the spacetime manifold is upgraded to a supermanifold (the super-
spacetime) by adding some odd directions, and the fields of the theory are com-
bined into superfields, which are functions (or, more generally, sections of var-
ious bundles) on this supermanifold. In such a formulation, supersymmetry
becomes manifest, as it arises from symmetries of the super-spacetime.

Let us consider examples of superspace formulations. We start with the
N = 1 supersymmetric mechanics. In this case, the super-spacetime is R/,
with coordinates ¢ (time) and 6 (a new odd coordinate). Recall from Example
B.9 that we have odd vector fields D, D, on R!I! given by

d 0 d 0
D—%—ea, D*—a—e'i'ea
such that p
[D*’D*] = 25 = _[D’D]’ [DX’D] =0.

Recall that the basic fields of our theory are a real boson ¢(t) and a real
fermion ¥(¢). Define the superfield ® : R' — R given by

®(t,6) = ¢(t) + 6(2),
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and consider the Lagrangian

£(@) = —36D® = —>($ + 6Y) — 66) = —369 + 54 + Y)P.
It follows that
(14.13) S = j L(®)di(do)~! = X f (@ + pi)dt,
R11 2 R

exactly the action of N = 1 supersymmetric mechanics (Section [[4.1)). The su-
persymmetry of this theory is then simply given by the odd vector field D, =
:—9+9% commuting with D, acting on functionals on the space Maps (R, R).E3
Note that since [D,,D,] = 2%, we have [Q,Q] = —2% (vector fields on R!I!
act dually on functionals on Maps([Rl“, R), which introduces a minus sign). It
is easy to check that Q coincides with the supercharge constructed in Section
I4.1.

A similar superspace formulation can be made for N = 2 supersymmet-
ric mechanics. In this case we should consider the super-spacetime R, with
coordinates ¢ (time) and 6, 8, (two new odd coordinates). Thus we have odd
vector fields Dy, D, Dy, D, on R'? given by

0 d d d
D; = a_ej_efa’ Dj, = a_ejw@
such that
[Dj Dyi] = 25jk% = —[Dj, D],
and [Dj,, Dy ] = 0. Define the superfield

(t, 61, 02) = ¢(1) + 6191 (1) + 6,1,(1) + 6,6,7(0),
where 7 is an auxiliary boson, and consider the Lagrangian

£(®) = %chppzq: ~V(®).
The coefficient of 6,6, in £(®) is
1 . , , ) ,
§(¢2 + 1y + Yathy + 12 = V(@ + V' (@)1,
so the action is
S = f ﬂ(@)dt(d@ldez)_l,
R1,2

or in components

(14.14) S = / (%(qbz + 1!’11»51 + Ebz%bz +17%) = V(P + V”(¢)¢1¢2) dt.
R

5 For instance, the action of Q on homogeneous functionals on degree k is just the action of D, on the
dual symmetric power (S* Maps(R!, R))*, namely (D, F)(¢1,..., br) = — Zf:l F(¢q,-.., D.¢i,..., Pk
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The equations of motion imply that n = V'(¢), so substituting, we get

S = /(%(Cf’z + 1 + hothy = V' ($)P) + V"(¢)¢1¢2) dt,

which coincides with the action defined by the supersymmetric Lagrangian
([4.4) with h(x) = V'(x). But the N = 2 supersymmetry is now manifest and
does not require verification: it just comes from the fact that the supercharges
are given by the formulas

Q= LD1*, Q= LDZ*

and Dy,, D,, commute with D;, D,, using that integral is invariant under Lie
derivatives (Section B.9).

Furthermore, the above superspace formulation of the N = 1 supersym-
metric mechanics actually extends to the setting of Riemannian manifolds dis-
cussed in Section [[4.5. In this case, the superfield ® is simply a smooth map
R — M, and the Lagrangian —%CiDDCD makes perfect sense. This makes man-
ifest the N = 1 supersymmetry in this theory, leading to the Atiyah-Singer
theorem. Similarly, the superspace formulation of the N = 2 supersymmetric
mechanics extends to the setting of Riemannian manifolds as discussed in Sec-
tion [[4., with the superfield ® being a smooth map R'> — M. The Lagrangian
%DICIJchb makes perfect sense, which makes manifest the N = 2 supersym-
metry in this theory, leading to Hodge theory of harmonic forms on compact
Riemannian manifolds. Finally, if M is Kéhler, then this theory admits a su-
perspace formulation making manifest its N = 4 supersymmetry discussed in
Section 4.7, leading to Hodge theory on compact Kdhler manifolds. In this
case, the superfield ® is a smooth map R!* — M. However, there is no known
superspace formulation making manifest the N = 8 supersymmetry when M
is hyper-Kihler.

14.9. Off-shell and on-shell supersymmetry

The computation of the previous section raises a question about the signifi-
cance of the auxiliary scalar field 7, which was not present in the Lagrangian
written “in components” and only appeared in the superspace formulation, just
to be eliminated at once to return to the original Lagrangian. Is this z a red her-
ring? Not quite.

To understand the meaning of 7, we should discuss the notions of off-shell
and on-shell (super-)symmetry.

Definition 14.18.

(i) A Lie superalgebra g is said to act by an off-shell symmetry of classi-
cal field theory if it acts by derivations on its fields before imposing equations
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of motion and preserves the action, i.e., preserves the Lagrangian up to total
derivatives (=exact terms).

(ii) A Lie superalgebra g is said to act by an on-shell symmetry of classi-
cal field theory if it acts by derivations on its fields after imposing equations
of motion (i.e., by vector fields on the space of solutions of these equations)
preserving the Hamiltonian (or, equivalently, the Lagrangian) and the Poisson
bracket.B

Thus, an off-shell symmetry automatically defines an on-shell one, but not
the other way around, in general. However, when one speaks of on-shell sym-
metry, one usually means that it does not exist off-shell.

In particular, we have notions of off-shell and on-shell supersymmetry.

Example 14.19. The N = k supersymmetry (14.2) is off-shell for k = 1 but
only on-shell for k > 1. Namely, in the k = 1 case (Example [4.2) we have
Q¢ = ¥, Qp = —¢, so the equation Q> = —% holds without imposing the
equations of motion, and we have
1.. 1.. d/1 .

QL =Y+ 59%p =7 <§¢¢),
which is a total derivative. On the other hand, for k > 1 and i # j we have

(QiQj + Q;QY; = —Q;¢ = 3,
so for this to vanish, we have to impose the equation of motion ¢ ; = 0, hence
Q;%; = ¢ = 0. But once we do, we have

1. . 1 .
Qil =i+ 59 =0,
and Q; preserves the Poisson bracket.

On the other hand, a theory with a superspace formulation has off-shell su-
persymmetry by design. This explains why the supersymmetry (14.2) for k = 1
is off-shell: the corresponding action ([4.13) admits a superspace representa-
tion. Similarly, the action ([4.14) has an off-shell N = 2 supersymmetry, but it
requires the auxiliary field . For example, if V' = 0, we have for j = 1, 2,

QP =19, Q1 = QP = =@, Qi = —Qu1 =1, Q11 = =P, Qa1 = P
One of the equations of motion is 7 = 0, so we can eliminate 7 (i.e., it is not
a dynamical degree of freedom), but if we do so, the supersymmetry algebra
relations will only hold if we also impose the equations of motion ¢ j = 0and
¢ = 0, i.e., on-shell. Thus, the supersymmetry (I4.7) for k = 2 is only on-shell,
but can be upgraded to an off-shell one by introducing the auxiliary field 7.8

6 Here “shell” refers to the infinite-dimensional submanifold in the space of fields cut out by the equa-
tion of motion.
67We have already seen a similar appearance of an auxiliary field B in Section [[3.7.
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14.10. Supersymmetry in higher dimensions

Now let us discuss supersymmetry in higher-dimensional field theory. Simi-
larly to d = 1, to have N = 1 supersymmetry in classical field theory in space-
time dimension d > 1, we want an odd derivation Q of the (Poisson) algebra of
observables satisfying the supersymmetry algebra relation Q> = H. But now
we also have the Lorentz group symmetry, so conjugating Q by elements of this
group yields new odd symmetries.

Consider first the Euclidean setting, where the Lorentz group is SO(d), and
recall that the Hamiltonian H is the charge of the time translation symmetry.
The time translation transforms in the tautological representation R? of SO (d).
So a supercharge Q should generate a complex representation Y of the Lie al-
gebra 3o(d) so that we have a surjective homomorphism of representations
a: Syrn2 Y — C¢ resulting from the relation Q> = H. Moreover, since super-
symmetry exchanges bosons and fermions, the spin-statistics theorem implies
that Y should be not a representation of SO(d) but rather a representation of
its double cover Spin(d) in which the central element ¢ of Spin(d) acts by —1.
The minimal choice of such Y is therefore a spin representation of Spin(d), so
that the map « is induced by Clifford multiplication. More precisely, looking
at the table in Section [10.4, we see that the minimal possibility for Yis Y = S,
except:

1) d = 8m + 5 or 8m + 7, where the minimal possibility is 2S;

2) d = 8m + 6, where the minimal possibilities are S and 2S,;

3) d = 8m + 2, where the minimal possibility is S, or S_ (excluding d = 2,
where S is one dimensional and thus too small for « to be surjective, so we
must use S).

However, we also have a condition that upon Wick rotation to Minkowski
space, the representation Y (now of Spin, (1,d — 1)) should have a real struc-
ture. This eliminates the possibility Y = S for d = 8m + 6 but imposes no other
restrictions (see [QFS, p. 129]).

In particular, in low dimensions we obtain Table [[4.1, where dim(Y) is the
minimal number of real supercharges (and also for d # 2 the dimension of the
smallest real spin representation).

Table 14.1

d |1|2(3|4|5] 6 |7 |8|9 10|11
Y 2S5 125, (2SS | S |S+| S

dm(Y)|[1]|2]2|4]| 8 8 |16 16|16 | 16 | 32

9]
%)
95}
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Thus the bottom row of the table gives the number of real supercharges for
minimal supersymmetry in d dimensions.

This leads to the following definition.

Definition 14.20. An N = 1 supersymmetry in a d-dimensional classical field
theory is a Spin(d)-equivariant map Y — Der(A), (where A is the algebra of
observables and subscript 1 means odd derivations) such that forevery Q € Y,
Q? acts by the corresponding translation symmetry a(Q). An N = k supersym-
metry is a collection of (super)commuting N = 1 supersymmetries.t

An N = k supersymmetry in a quantum field theory is defined similarly,
except that every Q € Y should act as an operator on the Hilbert space # of
the theory.

In dimensions d = 8m + 2 and d = 8m + 6, where there is a possibility for
chiral supersymmetries (involving only S, or S_), physicists talk about N' =
(N1, N,) supersymmetry where there are N; chiral supersymmetries (involving
only S,) and N, anti-chiral ones (involving only S_); so N = N; + N,. Of
course, an ' = (NN, N,) supersymmetric theory becomes an N = (N,,N;)
supersymmetric theory under orientation reversal.

Remark 14.21. Ford = 2, an V' = (1,0) (or more generally, N = (N,0))
supersymmetric theory does not quite fall under our definition of supersym-
metry, since the supercharges generate (in Minkowskian signature) only the
left-moving translation d_ = d; — J,, but not the right-moving translation 9, =
0; + 0y. For example, a minimal free ' = (1, 0) supersymmetric theory has
one real boson ¢ and one real (Majorana-Weyl) fermion ¢ with Lagrangian

1 .
L= 5(c3+¢>c3_q5 + io_v),
with the single supercharge Q acting by
Qp =19, Qp=id_¢.

Still, even such partial supersymmetry, when present, is useful to consider.

Remark 14.22. Similarly to d = 1, many supersymmetric field theories in
dimensions d > 1 have superspace formulations, in which the fields are com-
bined into a superfield—a geometric object on the super-spacetime R, where
¢ is the number of real supercharges. However, we will not discuss this here
and instead refer the reader to [QFS, “Supersolutions”].

Let us now discuss how supersymmetry behaves under dimensional reduc-
tion. It is clear that all real supercharges automatically descend to the dimen-
sionally reduced theory. On the other hand, irreducible spin representations
can fall into several summands when restricted from Spin(d,) to Spin(d,). As

8 Physicists call the case N > 1 extended supersymmetry.
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a result, the amount of supersymmetry (the number N) often increases under
dimensional reduction (although it may also stay the same). Namely, if €(d)
denotes the minimal number of supercharges in dimension d (last row of Ta-
ble 14.1]), then under reduction from dimension d, to dimension d,, the num-

ber N (at least) multiplies by EEZS. For example, an N = 1 supersymmetric
theory in 10 dimensions would yield an N = 1 theory in 9, 8,7 dimensions,
N = 2 theory in 6, 5 dimensions, N = 4 theory in 4 dimensions, N = 8 theory
in 3,2 dimensions, and N = 16 theory in 1 dimension. Thus a good way of con-
structing low dimensional theories with a large amount of supersymmetry is
to obtain them by dimensional reduction from a theory with a smaller amount

of supersymmetry (e.g., N = 1), but in higher dimension.

14.11. Supersymmetric sigma models

An example of a supersymmetric theory in higher dimensions is the 2-dimen-
sional supersymmetric sigma model with Lagrangian being the 2-dimensional

version of Lagrangian ([4.10),
(1415 £=3[V9] + Re(', DY) — 3L RW. ¥,

where ¢ is a map from R? to a Riemannian manifold M and % is a section
of the bundle S ® ¢*TM, with 1" being conjugate to 1. This theory has an
N = (1, 1)-supersymmetry, defined similarly to the 1-dimensional case.

Moreover, a similar Lagrangian ([QFS, p. 268, formula (3.47)]) defines an
N = 1 supersymmetric theory in three dimensions, but in this case the fermion
P lives in S @y ¢*TM, where S is the irreducible 2-dimensional complex rep-
resentation of Spin(3) = SU(2) and does not fall into two complex conjugate
components. The N = (1, 1)-supersymmetric 2-dimensional sigma model is
then obtained by dimensional reduction from three to two dimensions, and
moreover it can be further reduced to one dimension to give the N = 2 super-
symmetric mechanics on M (Lagrangian (I4.10)).

Note that the N = 1 supersymmetric 3-dimensional sigma model and its
reductions to lower dimensions have a supersymmetry preserving deformation
involving a potential term (see [QFS, p. 282]). In the 1-dimensional case this
deformation is defined by Lagrangian ([4.4)).

Furthermore, if M is Kéhler, the sigma model has twice as much super-
symmetry: N = 2 in dimension 3, N' = (2, 2) in dimension 2, and N = 4 in di-
mension 1 (see Section [[4.7). This is because the corresponding theory in four
dimensions with similar Lagrangian (given by formula (3.48) in [QFS, p. 268])
has N = 1 supersymmetry. Upon reduction to lower dimensions this gives the
aforementioned amounts of supersymmetry. As before, this theory admits a
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supersymmetry preserving deformation involving a Landau-Ginzburg super-
potential W(z) (which is now a holomorphic function on M) that in one di-
mension reduces to the theory described by Lagrangian (14.7).

Finally, if M is hyper-Kéhler, these theories have four times as much super-
symmetry as in the general Riemannian case: N = 4in dimension 3, V' = (4,4)
in dimension 2, and N = 8 in dimension 1. This is because the corresponding
theory in six dimensions with similar Lagrangian (given by formula (3.49) in
[QFS, p. 268]) has V' = (1, 0) supersymmetry. Upon reduction to lower dimen-
sions, this gives the aforementioned amounts of supersymmetry.

However, as explained in Chapter [[3, unless M is flat, above two dimen-
sions these theories are not renormalizable and make sense only as classical
field theories or low energy effective theories of quantum field theories which
cannot be defined at high energies by a Lagrangian.

14.12. The super Poincaré group and supermultiplets

Now consider supersymmetric quantum field theories in d > 1 spacetime di-
mensions. The Hilbert space of states of such a theory carries a unitary action
not just of the (centrally extended) Poincaré group P := Spin +(1Ld=1K R4 but
also of the supercharges Q € Y, where Y = Y 4 5 is a real polyspin represen-
tation depending on the amount V' of supersymmetry. Together they generate
a supergroup called the (centrally extended) super Poincaré group, which we
denote by Py. Its Lie algebra has the form py = 80(1,d — 1) X qq., Where
qan = R¢ @ Y with R? central and the supercommutator « : Sym2 Y - R4
defined by Clifford multiplication. Thus P, = Spin +(1,d = 1) X Qg 5, where
Q4 v is the supergroup attached to the Lie superalgebra qg 5.

To understand the particle content of supersymmetric QFT, we need to de-
scribe irreducible representations of the Lie superalgebra qg 5. In any such
representation W, the even subalgebra R?, being central, acts by the charac-
ter defined by an element p € R?. Let U, = Uy)(qq,n) be the quotient of
the universal enveloping algebraf U(qq,) by the ideal generated by elements
x — (p,x),x € RY, where (,) is the Minkowski inner product on R¢. Thus W
is an irreducible representation of Uj,. If p = 0, then U, = AY, so W is trivial.
Thus assume that p # 0.

Proposition 14.23.
() If p has mass m > 0 (i.e., p*> = m?), then U, is the Clifford algebra C1(Y),

so W is the spin representation for this Clifford algebra of dimension 22, where
¢ = dimY is the number of real supercharges.

%The universal enveloping algebra of a Lie superalgebra g is the quotient U(g) of the tensor algebra Tg
by the relations xy — (—1)PPOMyyx = [x, y] for homogeneous x, y € g.
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(ii) If p is massless (i.e., p*> = 0), then U, = C1(Y,) ® AY_ for some decom-
position Y =Y, @ Y_ stable under the compact part G, = Spin(d —2) of the little
group fixing p. Consequently, if € is divisible by 4, then W is the spin representa-
tion of C1(Y,.) of dimension 22, and if € is not divisible by 4, then W is the spin
representation of dimension 2% (it is irreducible as a graded representation).
The space Y_ acts on these representations by zero.

Proof. The element p defines the Clifford multiplication operator
I'(p): Y2Y =Y

see Section [10.3. To prove (i), we need to show that I'(p) is invertible in the
massive case. But I'(p)? = m? (as T defines an action of the Clifford algebra),
so the statement follows. In the massless case, we have I'(p)?> = 0, so our job
in (ii) is to show that the rank of the quadratic form on Y defined by p (i.e., the
rank of the operator I'(p)) is g. This is equivalent to saying that I'(p) is acyclic
(its cohomology is zero). It suffices to prove this when Y = S, where S is the
spin representation of Cl([Rd). We may assume that p = (1,1,0,...,0) and that
CI(RY) is generated by &, &, ..., €4y where & = 1, ¢ = —1for j > 1and
&€ = —&;&i. Then I'(p) is the operator of multiplication by §, + §;. Thus it
suffices to prove the statement for d = 2, in which case it is easy. O

Now, since the Hilbert space of a supersymmetric QFT is a representation
of Py, particles in such a theory live in positive energy irreducible unitary rep-
resentations of Py which are called supermultiplets. As in the even case, such
representations are subdivided into massless and massive ones. Upon restric-
tion to the usual Poincaré group P, these supermultiplets fall into ordinary 1-
particle representations, which gives the particle content of the supermultiplet
(see Section [[0.12).

Massive supermultiplets (X}, p) are supported on the positive part
X;5 of the hyperboloid p> = m? as representations of R? (where m > 0)
and are parametrized by irreducible graded representations p of the stabilizer
Spin(d—1)IX Qg of the point p = (m, 0, ...,0) such that R? C Qg - acts by the
corresponding character. Thus we have p = po ® W, where p is an irreducible
representation of the little group Spin(d — 1) (stabilizer in Spin_ (1,d — 1) of p)
and W is as in Proposition [4.23(i).

Similarly, massless supermultiplets 7(X{, o) are supported on the positive
part X; of the cone p? = 0 as representations of R¢ (with X replaced by X *
for d = 2), and are parametrized by irreducible graded representations p of the
stabilizer (Spin(d — 2) X R972) X Qg of the point p = (1,1,0,...,0) (p =
(1,1) or p = (1,-1) ifd = 2), such that R¢ Qg4 acts by the corresponding
character. Thus we have p = py ® W, where p, is an irreducible representation
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of the compact part Spin(d — 2) of the little group (stabilizer in Spin_ (1,d — 1)
of p) and W is as in Proposition [[4.23(ii).

However, there is also a requirement that the theory should have a CPT
symmetry (Section [[0.1T]). Thus if a certain supermultiplet is not CPT-invar-
iant, then it must come together with its conjugate partner.

14.13. R-symmetry

An important aspect of supersymmetric field theories is R-symmetry, which is
a unitary CPT-compatible symmetry commuting with the Poincaré group and
normalizing the supercharges. Thus the group Hy of R-symmetries is the maxi-
mal compact subgroup of the group Autgp;, (4)(Y). Hence this group for various
amounts of supersymmetries in various dimensions is as shown in Table [4.2.

Table 14.2
d 1 2 3 4 5 6 7 8 9 10 11
Hp O(N) xoégéf) O(N) U(N) USp(2N) fgg;?g\lg) USp(2N) U(N) O(N) x%(g\g) o)

Proposition implies that the group Hy, acts projectively on the Hilbert
space H(M) of every supermultiplet M. This means that to every 1-dimensional
subgroup T = U(1) of Hg one can attach the R-charge

Rr : H(M) - FH(M),

which is defined up to shift by a real constant. If M is CPT-stable, this con-
stant is fixed by the CPT invariance since R-charges are reversed by the CPT
symmetry (which is anti-unitary). However, if M is not CPT-stable, the full
Hilbert space of 1-particle states in (M) @ (M) with R-charge Rt @ —Rr,
and we have the freedom of shifting the first summand by a constant ¢ € R
and simultaneously the second summand by —c.

We note, however, that in an actual supersymmetric quantum field theory
the a priori R-symmetry group Hg can break down to a subgroup. For example,
if the theory contains a gauge field A giving rise to a vector particle, then this
field (and hence the particle) must transform trivially under any global symme-
try, including R-symmetry, since A is a section of an affine bundle rather than
a vector bundle over spacetime and acting by linear operators on A does not
make gauge-invariant sense. For example, as we will see below, in the N = 4
supersymmetric gauge theory in d = 4 dimensions, this leads to the R symme-
try breaking down from U(4) to SU(4) (see Example [[4.29).
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14.14. Examples of supermultiplets

Consider now some examples of supermultiplets. Since we will simultaneously
talk about representations of Spin(d), Spin(d—1), and Spin(d—2), we will mark
the corresponding spinor and vector representations by the subscript indicating
this dimension to avoid confusion.

Example 14.24 ([QFS, pp. 1287-1288]). Let us compute the particle content
of the simplest N = 1 massive supermultiplets in four dimensions. Then
Y = S44 @ S4_ is the 4-dimensional spin representation of Spin (1, 3). Thus
p is a representation of the semidirect product of the little group Spin(3) by
the Clifford algebra Cl4,(C) = CI(Y). This Clifford algebra has a unique 4-
dimensional irreducible representation AS; (as a Spin (3)-equivariant represen-
tation), where S3 = Sy |spin(3)- S0 if pg is trivial, then
p=A53 =C@S3@C,

i.e., the corresponding supermultiplet contains

« two real scalars ¢, ¢, (or one complex scalar ¢ = ¢; + i¢p,);

« one Dirac spinor 3 € S;.

The R-symmetry U(1) acts on this multiplet by ¢ — z¢, E > z‘la, PP,
z € U(1). This is called the N = 1 massive chiral multiplet.

The free (Euclidean) Lagrangian producing this multiplet involves a com-
plex scalar ¢ and a Dirac spinor 3 € S, = S44 @ S4_ and has the form

(14.16) £ = (V4P = 29 + (', DY) — m(y, )

with the R-symmetry U(1)g rotating ¢ and acting trivially on 1 (there is also
another global U(1) symmetry commuting with supercharges and R-symmetry
which rotates both ¢ and ).

On the other hand, if p, is the 2-dimensional spin representation S; of

Spin(3), then p = S3; ® AS; decomposes over Spin(3) as
p = C @ 253 @ E3,

where Ej is the 3-dimensional vector representation (i.e., the adjoint represen-
tation) of Spin(3). Thus the corresponding supermultiplet contains

« one real scalar,

« two Dirac spinors,

» one vector.

The R-symmetry U(1) acts on this multiplet by z — 1 on the scalar and
vector and z — z, z — z~! on the two spinors. This is called the N = 1 massive
vector multiplet, since it is the simplest supermultiplet containing a massive
vector.
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Example 14.25 ([QFS, pp. 1287-1288]). Consider now N = 1 massless super-
multiplets in four dimensions. We still have Y = S,, @ S,_ for Spin_ (1, 3),
and Y, = S,, @ S,_ over the compact part Spin(2) of the little group. Thus p
is a representation of the semidirect product of Spin(2) by the Clifford algebra
CL(C) = CI(Y;). So p = pg @ AS,,. Thus, if pg = C, then

P =/\Sz+ = C@S2+’

which yields one real scalar (helicity 0) and one chiral Weyl spinor (helicity
1/2). However, the CPT symmetry requires that this multiplet should come
with its conjugate partner, which contains a real scalar (helicity 0) and an anti-
chiral Weyl spinor (helicity —1/2), which is obtained from p, = S,_. Thus we
get a multiplet containing

« two real scalars (or one complex scalar), helicity 0;

« two Weyl spinors, helicities % ¥4 €S,4)and —% (3_ € S,_) exchanged
by the CPT symmetry (i.e., a Dirac spinor).

The R-symmetry U(1) acts on this multiplet by z — z, z — z~! on the

scalars ¢,¢ and z — 1 on the spinors ¥, ,3_, but here we can shift the R-
charge by a constant as explained above. For example, another way to assign
R-charges is to give ¢,$ charge 0, ¢, charge 1 and ¢_ charge —1 (if Q¢ = ¢,
where Q is a supercharge of R-charge 1, see Section [[4.13). This is called the
massless chiral multiplet, since it comes from a chiral spin representation S,
in four dimensions. It is obtained from the massive chiral multiplet by taking
the limit m — 0, so is produced by Lagrangian (I4.16) for m = 0.

Now assume that py = S,,. Then
P =25 @AS;, =5, @ S?f’
so after adding the conjugate to secure CPT-invariance we obtain a multiplet
containing
« one vector, two components in S?iz of helicities +1;
« two Weyl spinors, helicities i% (in S,4).

The R-symmetry U(1) acts on this multiplet by z — 1 on the vector and
z — z~1, z — z on the spinors (for a particular choice of the additive constant,
fixed by the condition that the vector should be neutral for the R-symmetry).
This is called the N = 1 massless vector multiplet. 1t is realized by the free
(Euclidean) Lagrangian which involves a U(1) gauge field A and a Dirac spinor
A = (4,;,A_) in the trivial U(1)-representation (called gaugino), which has the
form

(14.17) c= %(|FA|2 — (DY)
with the R-symmetry rotating A, , A_ in opposite directions and preserving the

gauge field A.
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Note that the theory defined by (14.17) generalizes to any gauge group G,
with A valued in the adjoint representation g of G. If G is nonabelian, then this
theory is interacting (in the Lagrangian we need to replace the Dirac operator
D with the covariant Dirac operator D 4). In this case at the level of fields we
get dim G copies of the vector multiplet.

Example 14.26 ([QFS, p. 1288]). Consider now the N = 2 massive supermul-
tiplet in four dimensions with p, = C. Then

Y = 254+ @ 254_
and S |spin(3) = S3, S0 we have
P=A2S;)=CH25;PCPHEDC)DC)P2S;DC,

where Ej; is the 3-dimensional vector representation of Spin(3). Thus this su-
permultiplet contains

s One vector,

« four Dirac spinors,

« five scalars.

The R-symmetry group in this case is U(2), and it acts on 2S5 giving the

representation (1/2,0) ® S; of U(2) X Spin(3). So taking into account the R-
symmetry and its commutation relations with CPT, we see that p decomposes

as
(14.18)

p=(1L-1)®CHO.~-1)
®S; P, -D®CB(0,0)® E)Pa,0es; Pa.nec

This is the N = 2 massive vector multiplet in four dimensions.

Example 14.27 ([QFS, p. 1288]). Consider the simplest N = 2 massless super-
multiplet in four dimensions. In thiscase Y = W ® S;, & W* ® S,_, where
W,W* are the vector and covector representation of the R-symmetry group
U(2). The restriction of S, to Spin(2) is S,, @ S,_, so

Y+ =W®Sz+®W*®Sz_.

Thus, taking into account CPT-invariance, we see that the simplest massless
supermultiplet has p, = det™? ®S,_ and

1

p=det™?®S,_ @ AW ®S,.)

as U(2) x Spin(2)-representations. This yields the decomposition of p by helic-
ity as shown in Table [[4.3.
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Table 14.3
helicity —1/2 0 1/2
U(2)-representation det™? | det > @W | det * @ A2 W = det'?

Thus we see that the R-symmetry group is in fact the double cover U(1) X
SU(2) of U(2) (i.e., U(2) acts only projectively) and the particle content is as
follows:

« two Weyl spinors (one chiral of helicity 1/2 transforming in det'? and one
anti-chiral of helicity —1/2 transforming in det™ 2)

il

-1/2

« two scalars (helicity 0, transforming in det '~ QW).

This is the N = 2 massless hypermultiplet in four dimensions.

Example 14.28 ([QFS, p. 1288]). Consider now the N = 2 massless super-
multiplet in four dimensions corresponding to p, = S¥2. Then the induced
representation is

p- = ST AW ®S,4).
This yields the decomposition of p_ by helicity shown in Table [4.4.

Table 14.4

helicity -1|{-1/2| 0
U(2)-representation | C | W | det

The CPT-invariance implies that this representation must come with its
anti-partner p, = pX,ie., p = p, @ p_. Thus this supermultiplet has the
decomposition by helicity that is shown in Table [[4.3.

Table 14.5

helicity -1 -1/2 0 1/2 | 1
U(2)-representation | C W | det@det™ [ W* | C

So the particle content is as follows:

« one vector in the trivial U(2)-representation (two components of helicities
1and —1);

« four Weyl spinors (two chiral of helicity 1/2 transforming in W* and two
anti-chiral of helicity —1/2 transforming in W);

« two scalars (helicity 0, transforming in the U(2) representations det and
-1
det ).
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This is the N = 2 massless vector multiplet in 4 dimensions.

Example 14.29. Consider the simplest N = 4 massless supermultiplet in four
dimensions. In thiscaseY = W ® S;, & W* ® S,_, where W, W* are the
vector and covector representation of the R-symmetry group SU(4). Thus Y, =
WS,y ®W*®S,_, so taking into account CPT-invariance, we see that the
simplest massless supermultiplet has p, = S?_Z (half-vector representation)
and

p =52 @AW ®Syy)
as SU(4) x Spin(2)-representations. This yields the decomposition of p by he-
licity as shown in Table [[4.6.

Table 14.6

helicity -1[-1/2| 0 1/2 1
SU(4)-representation | C | W | AW [ AW =W* | A*W =C

Thus the particle content is as follows:

« one vector (two components of helicities 1 and —1);

« eight Weyl spinors (four chiral of helicity 1/2 transforming under SU (4)
in W* and four anti-chiral of helicity —1/2 transforming in W);

« six scalars (helicity 0, transforming in A2W).

And what happens to the central U(1) C U(4) which acts on the supersym-
metry algebra? The supercharges with R-charge 1 under this U(1) shift one po-
sition to the right in Table [[4.6, so the R-charges of the two components of the
vector would have to be m and m + 4 for some m. But these two components
come from a gauge field, so must be neutral under R-symmetry. This means
that this U(1) symmetry must break down to a proper subgroup Z/r C U(1),
which acts on the two components of the vector by " and y™*+* for some m,
where y is a primitive character of Z/r. Since the vector must be neutral under
R-symmetry, we have Y™ = y™*4 = 1, hence y* = 1 and r divides 4. But Z/4
already acts as part of SU(4). So we see that the a priori U(4)-symmetry breaks
down to SU(4).

This is the N = 4 massless vector multiplet in four dimensions.

Now, what happens for N > 4 in the massless case, in four dimensions?
In this case the simplest supermultiplet would be the Spin(2)-representation

N+1 N+1
o= S?_[ el ® /\(2[%]529 which contains S[2+2 ], of spin %[%] > %, S0

N > 4in a nonfree theory is forbidden by the Weinberg-Witten theorem which
prohibits interacting massless particles of spin > 1 (see Section [[0.13).
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This is a prototypical example showing that interacting QFT cannot have
too much supersymmetry, due to restrictions coming from the Weinberg-Wit-
ten theorem (and its versions in dimensions d # 4): a large amount of super-
symmetry would imply the presence of particles of high spin, which this theo-
rem disallows. In fact, the larger the dimension of the theory, the smaller the
possible amount of supersymmetry. Even if one includes gravitons and graviti-
nos (particles of spin 2 and % arising in nonrenormalizable low energy theories
coming from string theory), the largest dimension of a supersymmetric theory
is 11 (11-dimensional supergravity, which is believed to be the low energy ef-
fective theory of M-theory), and it can only have N = 1 supersymmetry; with
larger dimension or supersymmetry there will inevitably be particles of spin
> 2 which do not arise in physically meaningful interacting theories. For a
conventional QFT with particles of spin < 1, the largest dimension for an in-
teracting supersymmetric quantum field theory is 6, and the largest amount of
supersymmetry such a theory can have is N = 2 (W = (2,0) or (1, 1)).

Example 14.30. Let us compute the particle content of the simplest N = (1, 0)
massive supermultiplet in dimension d = 6. The little group is Spin(5) and
Y = 2S¢, is the 8-dimensional polyspin representation of Spin_ (1, 5) which
restricts to 2S5 for Spin(5). Thus as a Spin(5)-representation,

P=ANSs=CDBSsB(CDE;)DS; ®C,
where E5 = A%S5/C is the 5-dimensional vector representation. It follows that
this multiplet contains
¢ one vector;
« two Dirac spinors; and
« three scalars.
The R-symmetry group in this case is USp(2) = SU(2). Taking it into ac-

count, we obtain the following decomposition as SU(2) X Spin(5)-representa-
tions:

P=CQRE®dWRS;:DS’WRC,
where W is the 2-dimensional irreducible representation of SU(2).

This is the V' = (1, 0) massive vector multiplet in six dimensions.

Note that upon reduction to four dimensions, this supermultiplet becomes
the N = 2 massive vector multiplet of Example [[4.26, and correspondingly the
restriction of p from Spin(5) X SU(2) to Spin(3) x SU(2) decomposes as the
restriction of (14.1§) from Spin(3) x U(2) to Spin(3) x SU(2). Note also that
as the mass becomes 0, the massive vector splits into a massless vector and a

scalar (as expected by counting physical degrees of freedom, see Section
and Exercise [[0.24).
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Example 14.31. Let us now compute the particle content of the simplest " =
(1,0) massless supermultiplet in dimension d = 6. The compact part of the
little group is Spin(4), Y = 2S, is the 8-dimensional polyspin representation
of Spin_ (1, 5) which restricts to 2S, @ 2S_ for Spin(4), and Y, = 2S,. Thus
as a Spin(4)-representation,

P=AS, =C®HS, HC.

It follows that this supermultiplet contains

« one chiral spinor; and

« two scalars.

The R-symmetry group in this case is still USp(2) = SU(2). Taking it into
account, we obtain the following decomposition as SU(2) x Spin(4)-represen-
tations:

P=WRCHCRS,.

However, in a quantum field theory this multiplet must come with an anti-
chiral partner, since a single spin representation S of Spin_ (1, 5) has no real
structure. Thus altogether we get the N = (1, 0) massless hypermultiplet with
the following structure:

« one chiral and one anti-chiral spinor, both neutral for the R-symmetry
group SU(2);

« four scalars transforming in two copies of the 2-dimensional irreducible
representation W of SU(2).

This multiplet is produced by the Lagrangian with a quaternion-valued
scalar field ¢ and a symplectic Majorana-Weyl spinor field ¢ (with eight com-
ponents transforming in S¢, viewed as a real representation, which is the real
form of 2S¢, ) having the form

£ = 2(V4P + (', DY),

where SU(2)g leaves 9 invariant and acts on ¢ by right multiplication by unit
quaternions. Note that here we also have another SU(2) global symmetry that
commutes with the supercharges and the R-symmetry—it acts by left multipli-
cation of ¢ and ¥ by unit quaternions (using that Endy spin+(1’5)(56+) = H).

Example 14.32. Let us now compute the particle content of the simplest ' =
(1,1) massless supermultiplet in dimension d = 6. The compact part of the
little group is Spin(4), and Y = 2S¢, @ 2Ss_ is the 16-dimensional polyspin
representation of Spin_ (1, 5) which restricts to 4S,, @ 4S,_ for Spin(4). Also
we have Y, = 2S,, @ 2S,_ Thus as a Spin(4)-representation,

P=A(S44+ DBSs_)=CDB(Sys DS4s_)DCDE,DC)D(S41 ®S4_)DC,
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where E, = S;, ® S,_ is the vector representation of Spin(4). It follows that
this supermultiplet contains

* One vector;

« four spinors (two chiral and two anti-chiral); and

« four scalars.

The R-symmetry group in this case is SU(2) x SU(2). Taking it into ac-
count, we obtain the following decomposition as SU(2) x SU(2) X Spin(4)-
representations:

p=(GHOCOE.08S, ®0.)®5,_ ®0,08E,

Note that upon reduction to four dimensions, this supermultiplet becomes
the N = 4 massless vector multiplet of Example [[4.29, and correspondingly
the restriction of p from SU(2) x SU(2) x Spin(4) to SU(2) x SU(2) X Spin(2)
decomposes as the restriction of the representation of SU(4) X Spin(2) defined
in Table to SU(2) x SU(2) x Spin(2).

Example 14.33. Let us compute the particle content of the simplest N = (2, 0)
massless supermultiplet in dimension d = 6. The compact part of the little
group is Spin(4), and Y =4S¢, is the 16-dimensional polyspin representation
of Spin_ (1, 5) which restricts to 4S,, @ 4S,_ for Spin(4). Also we have Y, =
4S,,. Thus as a Spin(4)-representation,

p=A2S4,)=C D25y, ®(C*®Sym’S,,) ®2S,, ®C.

It follows that this supermultiplet contains

« a self-dual 2-form spin 1 particle, i.e., one valued in the 3-dimensional
representation Sym2 S4, of self-dual 2-forms for Spin(4);

« four chiral spinors valued in S, ; and

« five scalars.

The R-symmetry group in this case is USp(4) = Spin(5). Taking it into
account, we obtain the following decomposition as US p(4) X Spin (4)-represen-
tations:

P=5QCHIRS,, ®1® Sym>S,,,
where 1, 4, 5 are the irreducible USp(4)-representations of the corresponding
dimensions.

This is the so-called N = (2,0) tensor multiplet in six dimensions (as it
contains a self-dual 2-form, which is a rank 2 tensor).

Note that upon reduction to four dimensions, this supermultiplet becomes
the N = 4 massless vector multiplet of Example [4.29, and correspondingly
the restriction of p from USp(4) X Spin(4) to USp(4) X Spin(2) decomposes as
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the restriction of the representation of SU(4) X Spin(2) defined by Table
to USp(4) X Spin(2).

Example 14.34. Let us compute the particle content of the simplest N = 1
massless supermultiplet in dimension d = 10. The compact part of the lit-
tle group is Spin(8) and Y = Sy, is the 8-dimensional spin representation
of Spin  (1,9) which restricts to Sg,. @ Sg_ for Spin(8). Thus as a Spin(8)-
representation,
p = ASg_ = Sg, @ Eg;

this follows from the standard fact that for even m the simple spin representa-
tion of C1(E,,,) decomposes over Spin(m) as S,,,, @ S,,_, and triality for Spin(8),
i.e., the action of the group S; on its Dynkin diagram.

Thus the particle content of this theory is
« one vector;
« one chiral spinor.

This is called the N = 1 massless vector multiplet in ten dimensions. It is
realized by the Lagrangian of U(1) gauge theory with gauge field A and gaugino
A given by (14.17).

By dimensional reduction of this multiplet, we obtain various massless
vector multiplets in lower dimensions. For example, for d = 6 we get the
N = (1,1) massless vector multiplet with one vector, four spinors (two chi-
ral and two anti-chiral) and four scalars, and for d = 4 we obtain the N = 4
massless vector multiplet with one vector, eight spinors (four chiral and four
anti-chiral) and six scalars described above.

Exercise 14.35.

1. Compute the particle content of the simplest N = 1 massless supermul-
tiplet (oo = C) in various dimensions < 10.

2. Do the same for N = 2 massless and N = 1 massive supermultiplets in
dimensions < 6.

14.15. Balance of physical degrees of freedom

If the superdimension of p is (m|n), we say that the supermultiplet correspond-
ing to p has m bosonic and n fermionic physical degrees of freedom. From the
above description we see that for d > 2, the superdimension of p is always (n|n)
for some n, i.e., in every supermultiplet there is an equal number of bosonic
and fermionic physical degrees of freedom that are interchanged by the super-
charges.™ This is a fundamental property of supersymmetric quantum field
theories.

70Here we do not consider partially supersymmetric theories such as the one of Remark [4.21.
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If a quantum field theory has a Lagrangian description (at low energies),
we can count massless physical degrees of freedom just by looking at the La-
grangian. For example, a (real) scalar contributes one even degree of freedom,
avector (e.g., a U(1)-gauge field) contributes d—2 even degrees of freedom, and
a spinor valued in a spin representation Y contributes % dim Y odd degrees of

freedom. The factor % has to do with the fact that the equations of motion for
spinors are first rather than second order.

Example 14.36. Consider the free U(1)-gauge theory with gauge field A
and a Y-valued fermion (gaugino) 4 in the trivial U(1)-representation given
by (14.17). For which spacetime dimensions d is the theory defined by this
Lagrangian supersymmetric?
Let’s count physical degrees of freedom. We have d — 2 even ones and
% dim Y odd ones. So the balance of even and odd degrees of freedom yields
dimY
d-2= >
Looking at Table [[4.T, we see that the only solutions are d = 3,4, 6, 10, and in
this case Y is minimal, so there is a possibility for at most N = 1 supersymme-
try. One can check that this N = 1 supersymmetry indeed exists, and we have
discussed the corresponding supersymmetric theories in the previous section.

Thus upon reduction to lower dimensions, we obtain theories with larger
amounts of supersymmetry, as explained above.

On the contrary, if d = 1 (quantum mechanics), where there is no notion of
1-particle states, the count of physical degrees of freedom does not apply, and
there is no simple relation between the number of bosonic and fermionic fields
in a supersymmetric theory. For example, as we have seen, the theory with
N = 1 supersymmetry ([4.1) has an equal number of bosons and fermions,
while the theory with N = 2 supersymmetry ([[4.3) has twice as many fermions
as bosons.

14.16. Central charges of the supersymmetry algebra

We have discussed that in a classical field theory with N supersymmetries, the
algebra of observables carries a Lorentz-equivariant action of the supersymme-
try algebra q4 5, and likewise for quantum theory, the only difference being
that the algebra of quantum observables is noncommutative. The algebra g, 5
should also act compatibly on the quantum states. However, since quantum
states are unit vectors in the Hilbert space # defined up to a phase factor, i.e.,
points of the projective space PJ(, the action of qg4 5 is in general only projec-
tive, rather than linear (see Section [[1.4). In other words, what acts linearly
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on J{ is a certain central extension of the Lie superalgebra q4 5. This central
extension has the form

Gan =Z®qn=ZORIDY,

where Z is an even vector space consisting of central elements. Since this ex-
tension should be Lorentz-equivariant and Z must commute with the Poincaré
group, the commutator in §g 5 is determined by a Spin_ (1,d — 1)-invariant
map A%Y — Z. Thus the most universal case is when Z = (/\ZY)Spin+(1,d—1) is
the space of coinvariants. In the case of N = 1 supersymmetry, this space is
zero, so the possibility of central extension is only relevant for extended super-
symmetry, N > 1.

For example, consider N = 2 supersymmetry in d = 4 dimensions (see
[QFS, pp. 1288-1290]). Thus Y = 2S,, ®2S4_,s0Z=C, @ C_, where C, =
A%S,,,withbasisz,,z_ = zl. Thus we have eight supercharges Q; ., Q]T, )=
1,2 acting on J which satisfy the usual commutation relations (coming from
Definition [[4.20) except that we have

[Q14,Q2-] =24, [Q24, Q1] = —24

and the conjugate equations (instead of zero on the right-hand side in the usual
case).

Consider a unitary representation of this algebra in which the translation
group R* acts by the character (m,0,0,0). The reality condition requires that
in this representation z, acts by some number z € C and z_ acts by z. Thus,
setting Qg := Q,, — €®Q}_, we have

(26, 28] = [Quy — €¥Q3_, Q14 +¢79Q,]
= [Quer Qi1 +[Qo-. Q] — 792 — ¢%Z = 2(H — Re(e™%2)),
where H is the Hamiltonian. So taking 6 = arg(z), we get
(14.19) [Q6, Q)1 = 2(H — |2)).
But [Qg, Q;] = Qng + Q;Qe > 0, so we obtain

Proposition 14.37 (Bogomolnyi-Prasad-Sommerfield (BPS) bound). In an
N = 2 supersymmetric QFT in four dimensions with central charge z € C, we
have H > |z|.

Thus the lowest possible energy of a state in this theory is |z|.

Definition 14.38. A state with energy exactly |z| is called a BPS state.

It is easy to see that if z = 0, then a BPS state W is invariant under all
supercharges. If z # 0, this is no longer the case, but we have
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Proposition 14.39. If z # 0, then a BPS state ¥ is invariant under half of the
supercharges:

(Qus — Q) )W = (Q}, — e79Q,_)¥
= (Qy +€Q] )W = (Q), +e7Q,_)¥ =0.

Proof. By ([4.19), [Qq., Q;]‘P = 0, hence
(¥, [Q, Q51W) = [|Q0¥|1? + |25 |1 = O,

which implies the first two equalities Q¥ = Q;‘P = 0. The proof of the second
two equalities is analogous, switching indices 1, 2 and z with —z. O

It is not obvious that BPS states exist, but in interesting N = 2 supersym-
metric theories they do, and they play a key role in understanding the low-
energy behavior of the theory. So let us describe the irreducible representations
of the centrally extended super Poincaré group generated by BPS states.

To this end we need to describe irreducible unitary representations of the
Lie superalgebra 4, , with central charge z # 0. As in the case z = 0, in any
such representation W, the even subalgebra R¢, being central, acts by the char-
acter defined by an element p € R¢, and the BPS bound implies that p? > |z|2.
Let U, , = Uy 2(q4,2) be the quotient of the universal enveloping algebra U(d,,)
by the ideal generated by elements

x—(p,x), x € R4, zZ, — 2, Z_ —Z.

Thus W is an irreducible representation of U, ,. The following proposition is
a generalization of Proposition ford = 4 and N = 2 (with analogous
proof).

Proposition 14.40.

() If p has mass m > |z| (i.e, p* = m?), then U, , is the Clifford algebra
Cl(2S44 @ 2S,4_), so W is the 16-dimensional irreducible spin representation of
this algebra.

(ii) If p has mass |z| (i.e., p* = |z|?), then
Up,z = Cl(Say @ S4-) ® A(Say @ S40).
Consequently, W is the 4-dimensional irreducible spin representation of

Cl(S44+ @ S4_). The second copy of Sy, D S4_ acts on this representation by
zero.

Thus we see that irreducible representations of the extended super Poincaré
group generated by BPS states produce N = 2 massive multiplets of mass
m = |z| > 0 which have the same content as the corresponding N = 1 mas-
sive multiplets for z = 0. Thus they are smaller than ordinary N = 2 massive
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multiplets (which is made possible by a nontrivial central charge). Such mas-
sive multiplets are therefore called short, as opposed to long ones, which are
the usual N = 2 massive multiplets in the z = 0 case (also seen in the centrally
extended case for masses m > |z|).

As z — 0, a short multiplet degenerates into one or more N = 2 massless
multiplets. For example, the short vector multiplet, which has the same content
as the N = 1 massive vector multiplet of Example [[4.24, degenerates as m =
|z| = 0to the N = 2 massless vector multiplet of Example [4.28. Namely, the
massive vector for m > 0 breaks into a massless vector and a scalar. Note that
the U(2)g-symmetry is broken by the central charge to SU(2), so all scalars are
neutral under the R-symmetry.

Conversely, such a collection of massless multiplets present classically can
acquire mass through the mechanism of dynamical mass generation (see Sec-
tion [[3.9) and turn into a short massive multiplet, with the central charge turn-
ing on. But the mass of this multiplet will then be tied to the value of the central
charge by the BPS condition m = |z|.

This story generalizes to other d and N > 2, but we will not discuss this
generalization here and refer the reader to more advanced texts about super-
symmetric field theories with extended supersymmetry.
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