LECTURE NOTES ON CHEREDNIK ALGEBRAS

Pavel Etingof, Xiaoguang Ma

1. 1. CLASSICAL AND QUANTUM OLSHANETSKY-PERELOMOV
SYSTEMS FOR FINITE COXETER GROUPS

1.1. The rational quantum Calogero-Moser system. Consider
the differential operator

"L 92 1
H = — —c(c+1 —_—.
Zﬁxf ( )Z (zi — x5)?
i=1 i#]

This is the quantum Hamiltonian for a system of n particles on the line
of unit mass and the interaction potential (between particle 1 and 2)
clc+1)
(21 — 72)?

system.
It turns out that the rational quantum Calogero-Moser system is
completely integrable. Namely, we have the following theorem.

. This system is called the rational quantum Calogero-Moser

Theorem 1.1. There exist differential operators L; with rational co-
efficients of the form

L;= Z(ﬁxl Y + lower order terms, j=1,...,n,

=1

which are invariant under S, homogeneous of degree —j, and such that

L2 = H and [Lj, Lk] == O,Vj, k.
We will prove this theorem later.

0
1.2. Complex reflection groups. Theorem 1.1 can be generalized to
the case of any finite Coxeter group. To describe this generalization, let
us recall the basic theory of finite Coxeter groups and, more generally,
complex reflection groups.

Let h be a finite-dimensional complex vector space. We say that a

semisimple element s € GL(h) is a (complex) reflection if rank (s —1) =
1

Remark 1.2. L; =)




A
1. This means that s is conjugate to the diagonal matrix

1
where \ # 1.

Now assume b carries a nondegenerate inner product (, ). We say
that a semisimple element s € O(h) is a real reflection if rank (s—1) = 1;
-1
equivalently, s is conjugate to

1
Now let G C GL(h) be a finite subgroup.

Definition 1.3. (i) We say that G is a complex reflection group if it is
generated by complex reflections.

(ii) If b carries an inner product, then a finite subgroup G C O(bh) is
a real reflection group (or a finite Cozeter group) if G is generated by
real reflections.

For the complex reflection groups, we have the following important
theorem.

Theorem 1.4 (The Chevalley-Shepard-Todd theorem, [Che]). A finite
subgroup G of GL(b) is a complex reflection group if and only if the
algebra (SH)€ is a polynomial (i.e., free) algebra.

By the Chevalley-Shepard-Todd theorem, the algebra (Sh)¢ has al-
gebraically independent generators P;, homogeneous of some degrees
d; for i = 1,...,dimb. The numbers d; are uniquely determined, and
are called the degrees of G.

Example 1.5. If G = S,,, h = C"! (the space of vectors in C" with
zero sum of coordinates), then one can take Pi(pi,...,pn) = pi™' +
s pitti=1,...,n—1 (where >, p; = 0).

n

1.3. Parabolic subgroups. Let G C GL(h) be a finite subgroup.

Definition 1.6. A parabolic subgroup of G is the stabilizer G, of a
point a € b.

Note that by Chevalley’s theorem, a parabolic subgroup of a complex
(respectively, real) reflection group is itself a complex (respectively,
real) reflection group.

Also, if W is a real reflection group, then it can be shown that
a subgroup W’ C W is parabolic if and only if it is conjugate to a
subgroup generated by a subset of simple reflections of W. In this
case, the rank of W’, i.e. the number of generating simple reflections,

equals the codimesion of the space h"V'.
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Example 1.7. Consider the Coxeter group of type Fs. It has the
Dynkin diagram:
..l....

The parabolic subgroups will be Coxeter groups whose Dynkin dia-
grams are obtained by deleting vertices from the above graph. In par-
ticular, the maximal parabolic subgroups are D7, A7, A; X Ag, As X Ay X
A4,A4 X Ag, Ds x AQ, Eg x Al, b

1.4. The Olshanetsky-Perelomov operators. Let s C GL(h) be a
complex reflection. Denote by a, € h* an eigenvector in h* of s with
nontrivial eigenvalue.

Let W C O(h) be a real reflection group and S C W the set of
reflections. Clearly, W acts on S by conjugation. Let ¢: S — C be a
conjugation invariant function.

Definition 1.8. [OP] The quantum Olshanetsky-Perelomov Hamilton-
ian attached to W is the second order differential operator

L:= Ay — Z calen 1)(045,(13)’

2
a;

seS

where Ay is the Laplace operator on §.

Here we use the inner product on h* which is dual to the inner
product on b.

Let us assume that b is an irreducible representation of W (i.e. W

is an irreducible finite Coxeter group, and b is its reflection represen-
tation.) In this case, we can take P (p) = p°.
Theorem 1.9. The system defined by the Olshanetsky-Perelomov op-
erator H is completely integrable. Namely, there exist differential op-
erators L; on by with rational coefficients and symbols P;, such that L;
are homogeneous (of degree —d;), Ly = H, and [L;, L] = 0, Vj, k.

This theorem is obviously a generalization of Theorem 1.1 about

W =.25,.
Remark 1.10. We will show later that the operators L; are unique.

To prove Theorem 1.9, one needs to develop the theory of Dunkl

operators.
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1.5. Dunkl operators. Let G C GL(h) be a finite subgroup. Let
S be the set of reflections in G. For any reflection s € S, let A\; be
the eigenvalue of s on a; € h* (sas = Asas), and let o) € h be an
eigenvector such that say = A\;'aY. We normalize them in such a way
that (o, a)) = 2.

Let ¢ : S — C be a function invariant with respect to conjugation.
Let a € §.

The following definition was made by Dunkl for real reflection groups,
and by Dunkl and Opdam for complex reflection groups.

Definition 1.11. The Dunkl operator D, = D,(c) on C(h) is defined
by the formula

Dy = Do) =0, =Y %(1 _s).

ses

Clearly, D, € CG X D(Byeq), Where by, is the set of regular points of
b (i.e. not preserved by any reflection), and D(bh,e,) denotes the algebra
of differential operators on byeg.

Example 1.12. Let G = Zs, h = C. Then there is only one Dunkl
operator up to scaling, and it equals to

c
D=0,-S(1-5s),
0.~ S(1-3)

where the operator s is given by the formula (sf)(z) = f(—x).

Remark 1.13. The Dunkl operators D, map the space of polynomials
C[h] to itself.

Proposition 1.14. (i) For any x € h*, one has

[D,,x] = (a,x) — ch(a,as)(:c,a;/)s.

seS
(i) If g € G then gD,g~ ' = Dyg,.
Proof. (i) The proof follows immediately from the identity
1— X,
2
(ii) The identity is obvious from the invariance of the function c¢. [

T —sr= (z, ).

The main result about Dunkl operators, on which all their applica-
tions are based, is the following theorem.

Theorem 1.15 (C. Dunkl, [Du}). The Dunkl operators commute:

[Dqy, Dy) =0 for any a,b € b.
4



Proof. Let x € h*. We have
[[Da’Db]’x] = [[Da’x]va] - [[Db’x]’Da]'

Now, using Proposition 1.14, we obtain:

[[Dav x]? Db] = _[Z Cs<a7 Ozs>(l‘, a;’/)S? Db]
seS
1 — -1
= —ch(a,as)(x,oz:)(b, s)sDqy - 2)\5 :
ses
Since a and b occur symmetrically, we obtain that [[D,, Dy],z] = 0.

This means that for any f € C[b], [Da, Db]f = f[Da, Dp]1 = 0. So for
f,g€Clpl, g- [Da,Db]g = [Da, Dy]f = 0. Thus [Da,Db]g = 0 which

implies [D,, Dp] = 0 in the algebra CG x D(h,eg) (since this algebra
acts faithfully on C(h)). O

1.6. Proof of Theorem 1.9. For any element B € CG X D(hyeg),
define m(B) to be the differential operator C(h)% — C(h), defined by
B. That is, if B =3} ., Byg, By € D(breg), then m(B) = >~ . By.
It is clear that if B is G-invariant, then VA € CG X D(byeg),

m(AB) = m(A)m(B).

Proposition 1.16 (Heckman, [Hec]). Let {y1,...,y,} be an orthonor-
mal basis of h. Then we have

m(Y_y?) =H,
=1

cs(as, a)
sesS

where H = Ay — > Oy -

A

Proof. For any y € b, we have m(D}) = m(D,0,). A simple computa-
tion shows that

D, = &3 %&(3’)(1 — 5)d,

Yy
ses s
CsQlg
= %= #@(1 —8) + s(y)ays).
ses s

This means that




So we get

r r r 2 -
()P =3, - S e B, T
i=1 i=1 s€S s
since 7 ag(y:)? = (o, ). =

Recall that by the Chevalley-Shepard-Todd theorem, the algebra
(SH)¢ is free. Let P, = p?, P, ..., P, be homogeneous generators of

(Sh)<.

Corollary 1.17. The differential operators L; = m(P;(D,,,...,D,.))
are pairwise commutative, have symbols P;, homogeneity degree —d;
and L, = H.

Proof. Since Dunkl operators commute, the operators L; are well de-
fined. Since m(AB) = m(A)m(B) when B is invariant, the operators
L; are pairwise commutative. The rest is clear. O

_ Now to prove Theorem 1.9, we will show that the operators H and
H are conjugate to each other by a certain function; this will complete
the proof.

Proposition 1.18. Let d.(x := [], g o (x®. Then we have
(5;1 oHod, = H.

Remark 1.19. The function 6.(x) is not rational. It is a multivalued
analytic function. Nevertheless, it is easy to see that for any differen-
tial operator L with rational coefficients, 6! o L o §.. also has rational
coefficients.

Proof of Proposition 1.18. We have

9, (log8,)0, = S~ @)y
30,0869, = > ;

200
seS s

Therefore, we have

R N Bk R

(6]
seS s

where
cs(cs + 1) (s, ag)

2
ai

U= 6C(Ab5c_1> - Z
seS
Let us compute U. We have

_ cs(cs + 1) (ay, ay) CsCu(Qs, Q)
g = Y el o) | 5 oo
seS S s#uesS
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We claim that the last sum X is actually zero. Indeed, this sum is
invariant under the Coxeter group, so [] . g, -3 is a regular anti-
invariant function of degree |S|—2. But the smallest degree of a nonzero
anti-invariant is |S|, so ¥ = 0, U = 0, and we are done (Proposition
1.18 and Theorem 1.9 are proved). O

Remark 1.20. A similar method works for any complex reflection
group G. Namely, the operators L; = m(FP,(Dy,,...,D,,)) form a
quantum integrable system. However, if G is not a real reflection group,
this system does not have a quadratic Hamiltonian in momentum vari-

ables (so it does not have a physical meaning).
1.7. Uniqueness of the operators L;.
Proposition 1.21. The operators L; are unique.

Proof. Assume that we have two choices for L;: L; and L?. Denote
Lj— L by M.
Assume M # 0. We have

(i) M is a differential operator on h with rational coefficients, of
order smaller than d; and homogeneity degree —d;;
(ii) [M, H] = 0.
Let M, be the symbol of M. Then M, is a polynomial of p € bh*
with coefficients in C(h). We have, from (ii),

{M07p2} = Oavp € h*u

and from (i) we see that the coefficients of M are not polynomial (as
they have negative degree).
However, we have the following lemma.

Lemma 1.22. Let § be a finite dimensional vector space.  Let
S: (x,p) — S(x,p) be a rational function on b @ h* which is a poly-
nomial in p € b*. Let f : h* — C be a polynomial such that the
differentials df (p) for p € b* span b (e.g., f(p) = p*). Suppose that
the Poisson bracklet of f and S vanishes: {S,f} = 0. Then S is a
polynomial.

Proof. (R. Raj) Let Z C b be the pole divisor of S. Let xo € b be
a generic point in Z. Then S~ is regular and vanishes at (xq, p) for
generic p € h*. Also from {S7', f} = 0, we have S™! vanishes along
the entire flowline of the Hamiltonian flow defined by f and starting
at xg. This flowline is defined by the formula

x(t) = xo + tdf7(p)7 p(t) =p,



and it must be contained in the pole divisor of S near xy. This implies
that df (p) must be in Ty, Z for almost every, hence for every p € h*.
This is a contradiction with the assumption on f, which implies that
in fact S has no poles. O

O

1.8. Classical Dunkl operators and Olshanetsky-Perelomov Hamil-
tonians. We continue to use the notations in Section 1.4.

Definition 1.23. The classical Olshanetsky-Perelomov Hamiltonian
corresponding to W is the following classical Hamiltonian on bee X h* =

T Breg:
e (0,
Hy(x,p) =p° = ) a0 )

2
seS s <X)

Theorem 1.24 ([OP]). The Hamiltonian Hy defines a classical in-
tegrable system. Namely, there exist unique regular functions L? on
Dreg X b*, where highest terms in p are P;, such that L? are homoge-

neous of degree 0 (under x — Ax,x € h*, p— A7!'p,p € b), and such
that L? = Hy and {L?, LY} =0,V k.

Example 1.25. Let W =S, h = C*!. Then

sz e Z@ _137]) .

i#]

( the classical Calogero-Moser Hamiltonian. )

So the theorem says that there are functions L?,j =1,...,n—1,

LY = Zpg“ + lower terms,

homogeneous of degree zero, such that LY = Hy and {L, L)} = 0.

1.9. Rees algebras. Let A be a filtered algebra: k = FYA c F'A C

., U;F"A = A. Assume that grA = A,. Assume that A, is commu-
tative. In this case, an algebraic quantization of Ag is given by the so
called Rees algebra A of A. Namely, the algebra A = Rees(A) is defined
by the formula A = @22 F™A. This is an algebra over k[h], where h is

the element 1 of the summand F'A (Planck’s constant).
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1.10. Proof of Theorem 1.24. The proof of Theorem 1.24 is similar
to the proof of its quantum analog. Namely, to construct the functions
L?, we need to introduce classical Dunkl operators. To do so, we in-
troduce a parameter i (Planck’s constant) and define Dunkl operators
D, (h) = D,(c, h) with h:

2c505(a)

Da(e, ) = hDale/h) = hda = 3 55 -

seS

, Where a € b.

These operators can be regarded as elements of the Rees algebra A =
Rees(CW x D(b,¢,)), where the filtration is by order of differential
operators (and W sits in degree 0). Reducing these operators modulo
h, we get classical Dunkl operators D%(c) € Ay := A/RA = CW x
O(T*hreqg). They are given by the formula

DY) = po — 3 2@ g,
where p, is the classical momentum (the linear function on h* corre-
sponding to a € b).
It follows from the commutativity of the quantum Dunkl operators
D,(c) that the Dunkl operators D,(c, h) commute. Hence, so do the
classical Dunkl operators DY:

[Da, Dy] = 0.
We also have the following analog of Proposition 1.14:

Proposition 1.26. (i) For any x € h*, one has

[D? 2] = — Z cs(a, a,)(z, a))s.

seS
(ii) If g € W then gDVg™! = D(g)a.

Now let us construct the classical Olshanetsky-Perelomov Hamilto-
nians. As in the quantum case, we have the operation m(-), which is
given by the formula Y B, -g — > By, g € W, B € O(T*b,,). We
define the Hamiltonian

T

Ho:=m(> (D).

i=1

By taking the limit of quantum situation, we find
- Cs\ s, Og
Hy=p =y ),

sES Qs (X)
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Unfortunately, this is no longer conjugate to Hy. However, consider
the (outer) automorphism 6, of the algebra CW x O(T*h,.,) defined
by the formulas

O.(x) =, 0.(s) =5, 0.(pa) = pa + 04 log o,

forx e h*, a e bh, s € W. It is easy to see that if by € Ay and b € A
is a deformation of by then 6.(by) = lim,_ 50_/}3656/5. Therefore, taking

the limit 7 — 0 in Proposition 1.16, we find that Hy = 6.(H,).

Now set LY = m(0.(P;(Dy,,..., D) ))). These functions are well
defined since D° commute, homogeneous of degree zero, and L? = Hj.

Moreover, we can define the operators L;(h) in Rees(D(b,e,)") in
the same way as L;, but using the Dunkl operators D,,(h) instead of
D,,. Then [L;(h), Li(h)] = 0, and L;(h)|p— = LY. This implies that
LY Poisson commute: {L9, L)} = 0.

Theorem 1.24 is proved.

Remark 1.27. As in the quantum situation, Theorem 1.24 can be
generalized to complex reflection groups, giving integrable systems with
Hamiltonians which are non-quadratic in momentum variables.

2. THE RATIONAL CHEREDNIK ALGEBRA

2.1. Definition and examples. Above we have made essential use
of the commutation relations between operators x € h*, g € W, and
D,,a € b. This makes it natural to consider the algebra generated by
these operators.

Definition 2.1. Let W C GL(h). The rational Cherednik algebra
associated to (W,h) is the algebra H.(WW,h) generated inside A =
Rees(CW X D(Beg)) by the elements x € h*, g € W, and D,(c, h),a € .
If ¢t € C, then the algebra H,.(W, ) is the specialization of H.(W,h)
at h =t.

Proposition 2.2. The algebra H. is the quotient of the algebra
CW x T(h @ b*)[h] (where T denotes the tensor algebra) by the ideal
generated by the relations

2] =0, [y,y] =0, [y,2] = h(y,2) = > csly, a)(z, a))s,
ses
where x, 2’ € b*, v,y € b.
Proof. Let us denote the algebra defined in the proposition by H. =

H!(W,B). Then according to the results of the previous sections, we
have a surjective homomorphism ¢ : H. — H. defined by the formula

¢(z) =z, ¢(9) = g, ¢(y) = Dy(c, h).

10



Let us show that this homomorphism is injective. For this purpose
assume that y; is a basis of h, and z; is the dual basis of h*. Then it
is clear from the relations of H. that H! is spanned over C[A] by the
elements

(2.1) g[Tvr IT="
=1 i=1

Thus it remains to show that the images of the elements (2.1) under
the map ¢, i.e. the elements

g H D, (c,h)™ H x;t.
i=1 i=1

are linearly independent. But this follows from the obvious fact that
the symbols of these elements in CW x C[h* x b,4][h] are linearly
independent. The proposition is proved. O

Remark 2.3. 1. Similarly, one can define the universal algebra H (W, b),
in which both A and ¢ are variables. (So this is an algebra over ClA, ¢].)
It has two equivalent definitions similar to the above.

2. It is more convenient to work with algebras defined by generators
and relations than with subalgebras of a given algebra generated by a
given set of elements. Therefore, from now on we will use the statement
of Proposition 2.2 as a definition of the rational Cherednik algebra
H.. According to Proposition 2.2, this algebra comes with a natural
embedding O, : H. — Rees(CW x D(bh,eg)), defined by the formula
r — x, 9 — ¢,y — Dy(c,h). This embedding is called the Dunkl
operator embedding.

Example 2.4. 1. Let W = Zy, h = C. In this case ¢ reduces to one
parameter, and the algebra H; . is generated by elements x,y, s with
defining relations

s =1, sv = —xs, sy=—ys, [y,x] =t — 2cs.

2. Let W =5, h = C". In this case there is also only one complex
parameter ¢, and the algebra H;. is the quotient of
Sy X C{x1, ..., Tn, Y1, .o, Yn) by the relations

(i, 23] = [yo 3] = 0, [yir ] = esijy [y ] =t =) sy

Here C(E) denotes the free algebra on a set £, and s;; is the transpo-
sition of ¢ and j.
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2.2. The PBW theorem for the rational Cherednik algebra.
Let us put a filtration on H,. by setting degy = 1 for y € b and
degz =degg =0 for z € h*, g € W. Let gr(H,.) denote the associated
graded algebra of H, under this filtration, and similarly for H;.. We
have a natural surjective homomorphism

£ : CW x Clh & b*][A] — gr(H,).
For t € C, it specializes to surjective homomorphisms
gt . CW X C[b @ h*] — gr(Hm).

Proposition 2.5 (The PBW theorem for rational Cherednik algebras).
The maps & and & are isomorphisms.

Proof. The statement is equivalent to the claim that the elements (2.1)
are a basis of H; ., which follows from the proof of Proposition 2.2. [

Remark 2.6. 1. We have
H070 =CW x C[b D f)*] and HLO =CW x D[b]

2. For any A € C*, the algebra H, . is naturally isomorphic to Hy; xc.
3. The Dunkl operator embedding O, specializes to embeddings

O©p.c: Hoe — CW X C[h" X bregl,
given by z +— x, g — g, y — D° and
@l,c . Hl,c — CW X D(breg)u
given by x +— x, g — g, y — D,. So Hy,. is generated by z, g, DY, and
H, . is generated by z, g, D,.
Since Dunkl operators map polynomials to polynomials, the map

©1 . defines a representation of H;. on C[h]. This representation is
called the polynomial representation of H ..

2.3. The spherical subalgebra. Let e € CW be the symnmetrizer,
e=|W[ cw g Wehave e® =e.

Definition 2.7. B, := eH_e is called the spherical subalgebra of H..
The spherical subalgebra of H, . is B;.:= B./(h —t) = eH, ce.

Note that
eCW X D(Breg)e = D(hreg)",  eCW X Clhreg X h*]e = Clhreg x h*]".
Therefore, the restriction gives the embeddings: O . : By, — D(hy)",

and Og. : By, — C[h* X b,¢,]"". In particular, we have

Proposition 2.8. The spherical subalgebra By . is commutative and
does not have zero divisors. Also By is finitely generated.
12



Proof. The first statement is clear from the above. The second state-
ment follows from the fact that gr(By.) = Boo = C[h x h*]", which is
finitely generated by Hilbert’s theorem. 0

Corollary 2.9. M, = SpecBy . is an irreducible affine algebraic vari-
ety.

Proposition 2.10. B. is a flat quantization (non-commutative defor-
mation) of By . over C[h].

So By carries a Poisson bracket {-,-}(thus M., is a Poisson variety),
and B, is a quantization of the Poisson bracket, i.e. if a,b € B, and
ap, by are the corresponding elements in By, then

la,b]/h = {ag, bp} (modh).

Definition 2.11. The Poisson variety M, is called the Calogero-Moser
space of W, h with parameter c.

2.4. The localization lemma. Let H% = H, [6~'] be the localiza-
tion of H; . as a module over C[h] with respect to the discriminant § (a

polynomial vanishing to the first order on each reflection plane). Define
also B¢ = eH\Ce.

Proposition 2.12. (i) For t # 0 the map ©;. induces an isomor-
phism of algebras from H\%* — CW x D(byeq), which restricts to an
isomorphism Bi% — D(hreg)" .

(11) The map O, induces an isomorphism of algebras from H(lfg —
CW x C[b* X Breq], which restricts to an isomorphism B(lfg — C[h* x
By

Proof. This follows immediately from the fact that the Dunkl operators
have poles only on the reflection hyperplanes. O

Since gr(Bo.) = Boo = C[h* @ ], we get the following geometric
corollary.

Corollary 2.13. (i) The family of Poisson varieties M. is a flat de-
formation of the Poisson variety My := (h x b*)/W. In particular, M.
s smooth outside of a subset of codimension 2.

(ii) We have a natural map B, : M, — b/W, such that 5. (Breq/W)
is isomorphic to (e xh*) /W . The Poisson structure on M, is obtained
by extension of standard structure on (hreg X b*)/W.

Example 2.14. Let W = Zy, h = C. Then By, = (z*, ap,p* — */2?).
Let X :=2% 7 :=apand Y := p? — ¢?/2?. Then Z? — XY = . So
M, is isomorphic to the quadric Z? — XY = ¢? in the 3-dimensional
space and it is smooth for ¢ # 0.

13



2.5. Category O for rational Cherednik algebras. ;From the
PBW theorem, we see that H; . = Sh* @ CW ®@ Sh. It is similar to the
structure of the universal enveloping algebra of a simple Lie algebra:
U(g) =Un_)®U(h) @ U(ny). Namely, the subalgebra CW plays the
role of the Cartan subalgebra, and the subalgebras Sh* and Sh play
the role of the positive and negative nilpotent subalgebras. This simi-
larity allows one to define and study the category O analogous to the
Bernstein-Gelfand-Gelfand category O for simple Lie algebras.

Definition 2.15. The category O.(W,h) is the category of modules
over Hy (W, ) which are finitely generated over Sh* and locally finite
under Sh (i.e., for M € O.(W, ), Yv € M, (Sh)v is finite dimensional).

If M is a locally finite (Sh)"-module, then
M = ®xepyw My,
where
My = {ve M|Vp e (Sh)",3IN s.t.(p— Ap))Vv =0}
(notice that h*/W = Specm(Sh)V.)
Proposition 2.16. M) are H; .-submodules.

Proof. Note first that we have an isomorphism p : H.(W, ) = H_.(W, b*),
which is given by x, — Yo, Yp — Tp, g — g.
Now let x1,...,z, be a basis of h* and ¥, ..., ¥, a basis of h.
Suppose P = P(x1,...,7,) € (Sh*)W. Then we have
0
[v.P)= 5P € (S5)", where y € b
(this follows from the fact that both sides act in the same way in the

polynomial representation, which is faithful).
So using the isomorphism u, we conclude that if Q € (ShH)W,Q =

Q(Y1,---,Yr), then [z, Q] = —0,Q for x € h*.
Now, to prove the proposition, the only thing we need to check is that

M, is invariant under z € h*. For any v € M), we have (Q—\(Q))Nv =
0 for some N. Then

(Q = MQ)Mzv = (N +1)8,Q - (Q — MQ))Nv =0.
So xv € M.

Corollary 2.17. We have the following decomposition.:
O.(W,h) = P OW,h)»,

Aep* /W
14



where O,(W,§)y is the subcategory of modules where (SH)W acts with
generalized eigenvalue .

Note that O.(WW, ), is an abelian category closed under taking sub-
quotients and extensions.

2.6. The grading element. Let
1 . 2¢c,
(22) h:Zl’Zyl—FEdlmf)—Zl_)\sS

seS

Proposition 2.18. We have
h,z]=z,2€b", [hyl=-y yeb

Proof. Let us prove the first relation; the second one is proved similarly.
We have

2c, A —1
[h,z] = Zmi[yi’x]_zl—)\ T (), x)ay - s

7 seS
= le(yl,a:) — inch(aZ,x)(as,yi)s + cs(a), x)as - s.
i % seS
The last two term cancel since Y . xi(os,y) = a5, so we get

Proposition 2.19. Let W be a real reflection group. Then

1
(1) h= 5 >oi(Tayi + yiws);

1 1
(2) Let E = _521‘%2; F = 521%2
Then h,E,F form an sly-triple.
Proof. A direct calculation. O

Theorem 2.20. Let M be a module over H.(W, ).

(i) if b acts locally nilpotently on M, then h acts locally finitely on
M.

(ii) If M s finitely generated over Sh*, then M € O.(W,h)o if and
only if h acts locally finitely on M.

Proof. (i) Assume that Sh acts locally nilpotently on M. Let v € M.
Then Sb - v is a finite dimensional vector space and let d = dim Sh - v.
We prove that v is h-finite by induction in dimension d. We can use
d = 0 as base, so only need to do the induction step. The space Sh - v
must contain a nonzero vector u such that y-u = 0, Vy € h. Let
U C M be the subspace of vectors with this property. h acts on U

by an element of CW, hence locally finitely. So it is sufficient to show
15



that the image of v in M/(U) is h-finite (where (U) is the submodule
generated by U). But this is true by the induction assumption, as
u=01in M/{U).

(i) We need to show that if h acts locally finitely on M, then b acts
locally nilpotently on M. Assume h acts locally finitely on M. Then
M = @pepM|5], where B C C. Since M is finitely generated over Sh*,
B is a finite union of sets of the form z + Zx, 2 € C. So Sh must act
locally nilpotently on M. 0

Corollary 2.21. Any finite dimensional H.(W,h)-module is in O.(W, §)o.

We see that any module M € O.(W, b)o has a grading by generalized
eigenvalues of h: M = &z M|[3].

2.7. Standard modules. Let 7 € Irrep W be a finite dimensional rep-
resentation of W. The standard module over H.(W, ) corresponding
to 7 (also called the Verma module) is

Mc(V[/a b77—> = MC(T) = Hca/va h) ®(CWI><SIJ T € OC(VV, h)Ov

where Sh acts on 7 by zero.
So from the PBW theorem, we have that as vector spaces, M.(T)
T® Sh*.

Remark 2.22. More generally, VA € h*, let W), = Stab()), and 7 €
Irrep W). Then we can define M. (W, h,7) = H.(W,b) Qcw,xsp T,
where Sh acts on 7 by A. These modules are called the Whittaker
modules.

>~

Let 7 be irreducible, and let h.(7) be the number given by the formula

dim b 2¢4
he(7) = = —;1_ASS|T.

Then we see that h acts on 7 ® S™h* by the scalar h.(7) + m.

Definition 2.23. A vector v in an H; .-module M is singular if y,v = 0
for all 7.

Proposition 2.24. Let U be an H.(W,h)-module. Let 7 C U be a
W -submodule consisting of singular vectors. Then there is a unique
homomorphism ¢ : M.(T) — U of C[h]-modules such that ¢|. : 7 = T
is the identity, and it is an H; .-homomorphism.

Proof. The first statement follows from the fact that M.(7) is a free

module over C[h] generated by 7. Also, it follows from the Frobenius

reciprocity that there must exist a map ¢ which is an H; .-homomorphism.

This implies the proposition. U
16



2.8. Finite length.

Proposition 2.25. 3K € R such that for any M C N in O (W, h)o,
if M[B] = N|[5] for Re(B) < K, then M = N.

Proof. Let K = max, Reh.(7). Then if M # N, M /N begins in degree
Bo with Refy > K, which is impossible since by Proposition 2.24, (3,
must equal h.(7) for some 7. O

Corollary 2.26. Any M € O.(W,h)o has finite length.

2.9. Characters. For M € O.(W,b)o, define the character of M as
the following formal series in ¢:

ch yr(w, t) = ZtﬁTrM[m(w) = Try(wt®), weWw.
B

Proposition 2.27. We have

X'r(w>thC(T)
hatei (W, ) = dety (1 — tw)
Proof.

Lemma 2.28 (MacMahon’s Master theorem). Let V' be a finite di-
mensional space, AV — V a linear operator. Then

1

t"Tr(S"A) = ————.
> 1" Tr(S"A) det(1 — tA)
n>0
Proof of the lemma. If A is diagonalizable, this is obvious. The general
statement follows by continuity. O
1

The lemma implies that Tr gq (wt?) = det(l —wt) where D is the

degree operator. This implies the required statement. O

2.10. Irreducible modules. Let 7 be an irreducible representation of
W.

Proposition 2.29. M.(7) has a mazimal proper submodule J.(T).

Proof. The proof is standard. J.(7) is the sum of all proper submodules
of M.(7), and it is not equal to M. () because any proper submodule
has a grading by generalized eigenspaces of h, with eigenvalues  such

that 5 — h.(1) > 0. O
We define L.(7) = M.(7)/J.(7), which is an irreducible module.

Proposition 2.30. Every irreducible object of O.(W,h)g is of the form
L.(T) for an unique .
17



Proof. Let L € O.(W,h)y be irreducible, with lowest eigenspace of h
containing an irreducible W-module 7. Then by Proposition 2.24, we
have a nonzero homomorphism M.(7) — L, which is surjective, since
L is irreducible. Then we must have L = L (7). O

Remark 2.31. Let x be a character of W. Then we have an iso-
morphism H.(W,h) — H.(W,h), mapping g € W to x *(¢g)g. This
automorphism maps L.(7) to L (x ™' ® 7) isomorphically.

2.11. The contragredient module. Set &(s) = ¢(s™'). Then we have
a natural isomorphism: v : Hz(W,h*)? — H.(W,h), acting trivially
on h and b*, and sending w € W to w™ 1.

Thus if M is an H.(W, h)-module, then the full dual space M* is an
H (M, h*)-module. If M € O.(W,h)o, then we can define MT, which is

the h-finite part of M*.
Proposition 2.32. M7 belongs to Oz(W, h*),.

Proof. Clearly, if L is irreducible, then so is LT, so LT is generated by
its lowest h-eigenspace over H; .(W,h), hence over Sh*. Thus, LT €
O:(W, h*)g. Now, let M € O.(W,h), be any object. Since M has finite
length, so does M. Moreover, M has a finite filtration with successive
quotients of the form LT, where L € O.(W,h), is irreducible. This
implies the required statement, since O.(W, h), is closed under taking
extensions. U

Clearly, M = M. Thus, M +— MT is an equivalence of categories
Oc(M,bh) — Oz(M, b*)°P,

2.12. The contravariant form. Let 7 be an irreducible representa-
tion of W. By Proposition 2.24, we have a unique homomorphism
¢ M. (W,b,7) — M(W,b* 7%)" which is the identity in the lowest
h-eigenspace. Thus, we have a pairing

/BC : MC(W7 th) X ME(VVu h*77—*) - (Ca
which is called the contravariant form.

Remark 2.33. If WW is a real reflection group, then h = h* ¢ = ¢,
and 7 = 7* via a symmetric form. So for real reflection groups, . is a
symmetric form on M.(7).

Proposition 2.34. The mazimal proper submodule J.(T) is the kernel
of ¢ (or, equivalently, of the contravariant form [3.).
18



Proof. Let K be the kernel of the contravariant form. It suffices to
show that M.(7)/K is irreducible. We have a diagram:

M. (W, 4,1 *>M (W, p*, 7)T

l\ﬁ

Le(W,b,7) —== L(W.h*,7%)

Indeed, a nonzero map £ exists by Proposition 2.24, and it factors
through L.(W, b, 7), with  being an isomorphism, since L.(W, h*, 7%)f
is irreducible. Now, by Proposition 2.24 (uniqueness fo ¢), the diagram
must commute up to scaling, which implies the statement. O

Proposition 2.35. Assume that h.(7) — h.(7") never equals a positive
integer. Then O.(W,h)o is semisimple, with simple objects M.(T).

Proof. 1t is clear that in this situation, all M.(7) are simple. Also
consider Ext!(M.(7), M.(7")). If ho(T) — he(7') ¢ Z, it is clearly 0.
Otherwise, h.(7) = he(7'), and again Ext'(M.(7), M.(7")) = 0, since
for any extension

0— M.(7") = N — M.(1) — 0,
by Proposition 2.24 we have a splitting M.(7) — N. O

Remark 2.36. In fact, our argument shows that if Ext'(M.(7), M.(7')) #
0, then h.(7) — h.(7") € N.

2.13. The matrix of multiplicities. For 7,0 € IrrepW, write 7 < o
if Reh.(c) — Reh.(7) € N.

Proposition 2.37. There exists a matriz of integers N = (n, ), with
Ner > 0, such that n,; =1, n, . =0 unless o < 7, and

0) =Y nerLe(r) € Ko(O(W,h)p).

Proof. This follows from the Jordan-Holder theorem and the fact that
objects in O.(W, h)o have finite length. O

Corollary 2.38. Let N™' = (ii,,). Then

= Z Ny oM. (0

Corollary 2.39. We have

S iy o ()t
detp« (1 — tw)

19
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One of the main problems in the representation theory of rational
Cherednik algebras is the following problem.

Problem: Compute the multiplicities n,,, or, equivalently, ch -
for all 7.

In general, this problem is open.

2.14. Example: the rank 1 case. Let W = Z/mZ and X be an m-th
primitive root of 1. Then the algebra H.(W,h) is generated by z,y, s
with relations

m—1
,xl=1-2 c:s? ses™h = Az, sysTt = A1y
Y 3 Y Yy
j=1

We have M.(C) = C[z]. The contravariant form [B.c on M.(C) is
defined by

Bec(a", @) = an; Bec(r", ™) =0,n # ',

Recall that 3, ¢ satisfies (. c(zv1, v2) = fec(v1, yva). Hence, B c(z”, x™)
Bec(z" 1 yz™), which gives

Ay = ap-1(n —by),
where b,, are new parameters:

bp=2) 5 (b =0,buym = b).

ji=

Thus we obtain the following proposition.

Proposition 2.40. 1) M.(C) is irreducible if only if n — b, # 0 for
anyn > 1.

2)Assume that v is the smallest positive integer such that r = b,.
Then L.(C) has dimension r (which can be any number not divisible
by m) with basis 1,z,..., 2" L.

Remark 2.41. According to Remark 2.31, this proposition in fact
describes all the irreducible lowest weight modules.

Example 2.42. Consider the case m = 2. The M.(C) is irreducible

2 1 1
n €5 + Z, n > 0, then L.(C) has

dimension 2n + 1. A similar answer is obtained for lowest weight C_,
replacing ¢ by —c.

1
unless ¢ € D) + Z>p. If c =
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2.15. The Frobenius property. Let A be a finite dimensional Zx(-
graded commutative algebra.

Definition 2.43. Ais Frobenius if A[d] (the top degree) is one-dimensional,
and the multiplication A[i] x A[d—i] — A[d] is a non-degenerate pairing
for any 1.

Suppose W preserves an inner product on h. Let J C M.(C) be a
submodule.

Theorem 2.44. If A = M.(C)/J is finite dimensional, then A is
irreducible (A = L.(C)) <= A is a Frobenius algebra.

Proof. 1) Suppose A is an irreducible H; .-module, i.e., A = L.(C).
By Proposition 2.19, A is naturally a finite dimensional sly-module (in
particular, it integrates to the group SL29C)). Hence, by the represen-
tation theory of sly, the top degree of A is 1-dimensional. Let ¢ € A*
denote a nonzero linear function on the top component. Let 3. be the
contravariant form on M.(C). Consider the form

(v1,v2) = E(v1,v2) := Bc(v1, gv2), where g = ( _01 (1) ) € SLy(C).

Then E(zvi,vy) = E(vi,xv9). So for any p,q € M.(C) = C[p],
E(p,q) = ¢(p(z)q(x)) (for a suitable normalization of ¢).

Since FE is a nondegenerate form, A is a Frobenius algebra.

2) Suppose A is Frobenius. Then the highest component is 1-dimensional,
and £ : A® A — C, E(a,b) = ¢(ab) is nondegenerate. We have
E(xa,b) = E(a,zb). So set ((a,b) = E(a,g~'b). Then [ satis-
fies 3(a,2:D) = Blysa,b). Thus, for all p.g € Clb], B(p(x), a(x)) =
B(q(y)p(x),1). So B = B, up to scaling. Thus, [, is nondegenerate and
A is irreducible. O

Remark 2.45. If W ¢ O(h), this theorem is false, in general.
Now consider the Frobenius property of L.(C) for any W C GL(b).

Theorem 2.46. Let U C M.(C) = C[h] be a W -subrepresentation of
dimension | = dimb, sitting in degree r, which consists of singular
vectors. Let J = (U). Assume that A = M./J is finite dimensional.
Then

(1) A is Frobenius.
(2) A admits a BGG type resolution:

A M(C) « M,(U) « M(N*U) ¢+ -+ «— M, (N'U) « 0.
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(3) The character of A is given by the formula

L 2, dety (1 — gt)
t) = t2 ZSES 1-Ag —48M —— =~
Xalg:t) dety (1 — gt)

In particular, dim A = r'.
(4) if W preserves an inner product, then A is irreducible.

Proof. (1) Since Spec A is a complete intersection, A is Frobenius.
(2) We will use the following theorem:

Theorem 2.47 (Serre). Let fi,..., fn € Clty,...,t,] be homogeneous
polynomials, and assume that Clty, ..., t,] is a finitely generated module
over Clfy,..., ful. Then this is a free module.

Consider SU C Sh*. Then Sbh* is a finitely generated SU-module
(as Sh*/(U) is finite dimensional). By Serre’s theorem, we know that
Sh* is a free SU-module. The rank of this module is /. Consider the
Koszul complex attached to this module. Since the module is free, the
Koszul complex is exact (i.e., it is a resolution of the zero fiber). At
the level of SU-modules, it looks exactly like we want in (2).

So we only need to show that the maps of the resolution are mor-
phisms over Hj .. This is shown by induction. Namely, let §; : M. (NU) —
M_.(N7U) be the corresponding differentials (so that §y : M.(C) — A
is the projection). Then dy is an H; .morphism, which is the base of
induction. If 0; is an H; ;~morphism, then the kernel of §; is a submod-
ule K; C M.(NU). Its lowest degree part is AVT1U sitting in degree
(j + 1)r and consisting of singular vectors. Now, d,41 is a morphism
over Sh* which maps A’TU identically to itself. By Proposition 2.24,
there is only one such morphism, and it must be an H; ~-morphism.
This completes the induction step.

(3) follows from (2) by the Euler-Poincaré formula.

(4) follows from Theorem 2.44.

O

2.16. Representations of H;. of type A. Let us now apply the
above results to the case of type A. We will follow the paper [CE].

Let W = §,, and h be its reflection representation. In this case
the function ¢ reduces to one number. We will denote the rational
Cherednik algebra Hi .(S,) by H.(n). It is generated by z1,...,z,,
Y1, - -, Yp and CS,, with the following relations:

1 . .
E yl:O, E .’L‘i:O, [yi,xj]:—ﬁ—i—csij,z#j,
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n—1
[y, ] = - chij.

n

J#i
The polynomial representation M, of this algebra is the space of
Clzy,...,z,]" of polynomials of xy, ..., ,, which are invariant under

simultaneous translation T' : x; — x; + a. In other words, it is the
space of regular functions on h = C"/A, where A is the diagonal.

Proposition 2.48 (C. Dunkl). Let r be a positive integer not divisible
by n, and ¢ = r/n. Then M. contains a copy of the reflection repre-
sentation by of Sy, which consists of singular vectors (i.e. those killed
by y € b). This copy sits in degree r and is spanned by the functions

dz

z — T

3=

fi(ajla SR 7x'rl) = RGSOO[(Z - xl) T (Z - xn)]
(the symbol Res,, denotes the residue at infinity).

Remark 2.49. The space spanned by f; is (n — 1)-dimensional, since
> fi = 0 (this sum is the residue of an exact differential).

Proof. This proposition can be proved by a straightforward computa-
tion. The functions f; are a special case of Jack polynomials. U

Let I. be the submodule of M, generated by f;. Consider the H.(n)-
module V. = M./I., and regard it as a C[h]-module. We have the
following results.

Theorem 2.50. Let d = (r,n) denote the greatest common divisor
of r and n. Then the (set-theoretical) support of V. is the union of
Sp-translates of the subspaces of C"/A, defined by the equations

T = T9 = = x%,
SU%+1 = = 1;2%7
T(d-1)2+1 = " = Tn-

In particular, the Gelfand-Kirillov dimension of V. is d — 1.

Corollary 2.51. ([BEG]) If d = 1 then the module V. is finite dimen-
stonal, irreducible, admits a BGG type resolution, and its character
18
(n—1)/2det [5(1 — gt")

det (1 — g1)

Proof. For d = 1 Theorem 2.50 says that the support of M./I. is {0}.
This implies that M,./I. is finite dimensional. The rest follows from

Theorem 2.46. O
23
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Proof of Theorem 2.50. The support of V. is the zero set of I., i.e. the
common zero set of f;. Fix x1,..., 2, € C. Then f;(xy,...,2,) =0 for

all ¢ iff Y " Aifi =0 for all Ay, ie.

i=1

n

ﬁ

Ress Hz—x] n
j=1

M
N
|
B
N———
o,
N
I
o

Assume that z4,...x, take distinct values ¥, ...,y, with positive
multiplicities my, ..., m,. The previous equation implies that the point
(x1,...,2,) is in the zero set iff

p p e
Resso H(z—yj)mj%—l (Z vilz—) - (z—wi) - (2 — yp)> dz=0 V.
j=1 i=1

Since v; are arbitrary, this is equivalent to the condition
p .
Ress H(z —y)" e 2dz =0, i=0,...,p— 1.
j=1

We will now need the following lemma.

P

Lemma 2.52. Let a(z) = H(z —y;)", where p; € C, Y-, iy € Z and
=1

>_j g > —p- Suppose

Resyoa(2)z'dz =0, i=0,1,...,p—2.
Then a(z) is a polynomial.
Proof. Let g be a polynomial. Then
0 = Reswd(g(2) - a(2)) = Resao(g/(2)a(2) + a'(2)g(2))dz,

and hence

Ress (Q’(z) + Z zﬁ—jyg@)) a(z)dz = 0.

Let g(z) = = 2 H z —y;). Then ¢'( Z M; (z) is a polyno-
Z _—

mial of degree [ —|— p — 1 with highest coefﬁc1ent l +p+ Z p; # 0 (as
>~ ;> —p). This means that for every [ > 0, Res,.z' ™" a(2)dz is a
linear combination of residues of z%a(z)dz with ¢ <+ p — 1. By the
assumption of the lemma, this implies by induction in [ that all such

residues are ( and hence a is a polynomial. 0
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In our case Z(mjZ —1) = r—p (since Y m; = n) and the conditions
n
of the lemma are satisfied. Hence (x1,...,x,) is in the zero set of I, iff
p
H(z — yj)mf%_l is a polynomial. This is equivalent to saying that all
j=1
my; are divisible by Z.

We have proved that (zq,...,x,) is in the zero set of I. if and only
if (z—x1)--- (2 —x,) is the n/d-th power of a polynomial of degree d.
This implies the theorem.

U

3. THE MACDONALD-MEHTA INTEGRAL

3.1. Finite Coxeter groups and the Macdonald-Mehta integral.
Let W be a finite Coxeter group of rank r with real reflection represen-
tation hr equipped with a Euclidean W-invariant inner product (, ).
Denote by b the complexification of hg. The reflection hyperplanes
subdivide bhg into |W| chambers; let us pick one of them to be the
dominant chamber and call its interior D. For each reflection hyper-
plane, pick the perpendicular vector o € hg with («, @) = 2 which has
positive inner products with elements of D, and call it the positive root
corresponding to this hyperplane. The walls of D are then defined by
the equations (a;,v) = 0, where «; are simple roots. Denote by S the
set of reflections in W, and for a reflection s € S denote by «; the
corresponding positive root. Let

Ax) = [ (%)

sES

be the corresponding discriminant polynomial. Let d;,2 = 1,...,7, be
the degrees of the generators of the algebra C[p]"". Note that |W| =
IT; -

Let Hy.(W,h) be the rational Cherednik algebra of W. Here we
choose ¢ = —k as a constant function. Let M. = M.(C), and . be the
contravariant form on M, defined in Section 2.12. We normalize it by
the condition F.(1,1) = 1.

Theorem 3.1. (i) (The Macdonald-Mehta integral) For Re(k) > 0,
one has

_ _ o T(1 + kd;)
3.1 o0r T/Q/ e~ (X2 A (%) dx = S
1 e [ e T
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(ii) Let b(k) := B.(A,A). Then

r di—1

b(k) = [W| [ T] (kd: +m).

i=1 m=1

For Weyl groups, this theorem was proved by E. Opdam [Opl]. The
non-crystallographic cases were done by Opdam in [Op2] using a direct
computation in the rank 2 case (reducing (3.1) to the beta integral by
passing to polar coordinates), and a computer calculation by F. Garvan
for H3 and H4.

Example 3.2. In the case W = S,,, we have the following integral (the
Mehta integral):

S T(1+kd
(27T)(n1)/2/ o~ (xX)/2 H s — :cj\%dx _ H (1+ ).
In the next subsection, we give a uniform proof of Theorem 3.1 which

is given in [E2]. We emphasize that many parts of this proof are bor-
rowed from Opdam’s previous proof of this theorem.

3.2. Proof of Theorem 3.1.

Proposition 3.3. The function b is a polynomial of degree at most
|S|, and the roots of b are negative rational numbers.

Proof. Since A has degree |S|, it follows from the definition of b that
it is a polynomial of degree < |S]|.

Suppose that b(k) = 0 for some k € C. Then [.(A, P) = 0 for any
polynomial P. Indeed, if there exists a P such that G.(A, P) # 0, then
there exists such a P which is antisymmetric of degree |S|. Then P
must be a multiple of A which contradicts with £.(A, A) = 0.

Thus, M. is reducible and hence has a singular vector, i.e. a nonzero
homogeneous polynomial f of positive degree d living in an irreducible
representation 7 of W killed by wy,. Applying the element

h:Zixaiyai+g+steSSto f’ we get

d
k=——,
msr
where m; is the eigenvalue of the operator T":= > _(1—s) on 7. But
it is clear (by computing the trace of T') that m, > 0 andm, € Q. This
implies that any root of b is negative rational. 0

Denote the Macdonald-Mehta integral by F(k).
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Proposition 3.4. One has
F(k+1)=0bk)F(k).

Proof. Let F = %Z y2 . Introduce the Gaussian inner product on M,
as follows:

Definition 3.5. The Gaussian inner product 7, on M. is given by the
formula

Ye(v,0") = Be(exp(F)v, exp(F)v').

This makes sense because the operator F is locally nilpotent on M.,.
Note that A is a nonzero W-antisymmetric polynomial of the small-
est possible degree, so (3° 2 )A = 0 and hence

(3.2 (D, A) = BB, A) = b(k).
For a € b, let z, € b* C H1.(W.h), yo € h C Hy(W,h) be the

corresponding generators of the rational Cherednik algebra.

Proposition 3.6. Up to scaling, 7. is the unique W -invariant sym-
metric bilinear form on M. satisfying the condition

Ve((Ta = Ya)v, V') = 7e(v,9a0"), a € b.
Proof. We have

Ye(za — Ya)v, V") = Be(exp(F) (x4 — ya)v, exp(f)v’)
Be(zq exp(F)v, exp(f)v') = Be(exp(F)v, y, exp(f)v)
= Be(exp(F)v, exp(f)yar’) = 7e(v, yav").

Let us now show uniqueness. If v is any W-invariant symmet-
ric bilinear form satisfying the condition of the Proposition, then let
B(v,v") = vy(exp(—F)v,exp(—F)v’). Then [ is contravariant, so it’s a
multiple of (., hence v is a multiple of ~.,. O

Now we will need the following known result (see [Du2|, Theorem
3.10).

Proposition 3.7. For Re(k) > 0 we have
(3-3) ve(f.9) = F(k)™ h J(X)g(x)dpc(x)

where
dpe(x) == e*(x’x)/2|A(x)\2kdx.

Proof. Tt follows from Proposition 3.6 that ~. is uniquely, up to scaling,
determined by the condition that it is W-invariant, and 3} = 2, — y,.
These properties are easy to check for the right hand side of (3.3), using

the fact that the action of y, is given by Dunkl operators. 0
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Now we can complete the proof of Proposition 3.4. By Proposition
3.7, we have
F(k+1) = F(k)7(A, A),
so by (3.2) we have
F(k+1) = F(k)b(k).

Let
b(k) = by [ [(k + ki)™
We know that k; > 0, and also by > 0 (because the inner product [y
on real polynomials is positive definite).

Corollary 3.8. We have
(k+ k;)
P =l (C)

Proof. Denote the right hand side by Fi(k) and let ¢(k) = F(k)/F.(k).
Clearly, ¢(0) = 1. Proposition 3.4 implies that ¢(k) is a l-periodic
positive function on [0, 00). Also by the Cauchy-Schwarz inequality,

F(k)F(K) = F((k+K)/2)",

so log F'(k) is convex for k > 0. This implies that ¢ = 1, since
(log Fi(k))" — 0 as k — +o0. O

Remark 3.9. The proof of this corollary is motivated by the standard
proof of the following well known characterization of the I' function.

Proposition 3.10. The I' function is determined by three properties:
(1) I'(x) is positive on [1,+00) and I'(1) = 1;
(2) Mz +1) = aI'(z);
(3) log'(x) is a convex function on [1,+00).

Proof. Tt is easy to see from the definition I'(x) = [;*¢* te~'d¢ that
the I' function has properties (1) and (2); property (3) follows from
this definition and the Cauchy-Schwarz inequality.

Conversely, suppose we have a function F(z) satisfying the above

properties, then we have F'(x) = ¢(x)['(x) for some 1-periodic function
¢(z) with ¢(z) > 0. Thus, we have

(log )" = (log ¢)" + (logT")".

Since lim, o (log F)” =0, (log F)” > 0, and ¢ is periodic, we have
(log )" > 0. Since f 10g ¢)"dz = 0, we see that (log@)” = 0. So
we have ¢(x) = 1. 0
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In particular, we see from Corollary 3.8 and the multiplication for-
mulas for the I' function that part (ii) of Theorem 3.1 implies part
().

It remains to establish (ii).
Proposition 3.11. The polynomial b has degree exactly |S|.

Proof. By Proposition 3.3, b is a polynomial of degree at most |S|. To
see that the degree is precisely |S|, let us make the change of vari-
able x = k/?y in the Macdonald-Mehta integral and use the steepest
descent method. We find that the leading term of the asymptotics
of log F'(k) as k — +oo is |S|klogk. This together with the Stirling
formula and Corollary 3.8 implies the statement. O

Proposition 3.12. The function

r 1— 627rikdj

G(k)=Fk)[] o

j=1
analytically continues to an entire function of k.

Proof. Let £ € D be an element. Consider the real hyperplane C}; =
1t€+br, t > 0. Then C; does not intersect reflection hyperplanes, so we
have a continuous branch of A(x)% on C; which tends to the positive
branch in D as t — 0. Then, it is easy to see that for any w € W,
the limit of this branch in the chamber w(D) will be > )| A(x)|?*,

where /(w) is the length of w. Therefore, by letting ¢t = 0, we get

1 ,
(27r)—r/2 /Ct e—(x,x)/2A(X)2kdx = WF<k)( Z 627rzk€(w))

weWw
(as this integral does not depend on t by Cauchy’s theorem). But it is
well known that

r 1 — e27rikdj

Z e?rikn) — H 1 _ e2wik

wew j=1

([Hu], p.73), so

2n) W] [ e CO2A(x)*dx = G(k).
Ct
Since [, e”®*/2A(x)?*dx is clearly an entire function, the statement

is proved.

O
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Corollary 3.13. For every ko € [—1,0] the total multiplicity of all the
roots of b of the form kg — p, p € Z,, equals the number of ways to
represent ko in the form —m/d;, m = 1,...,d; — 1. In other words, the
roots of b are ki = —m/d; — pim, 1 <m <d; — 1, where p;,, € Z.

Proof. We have

B F(k‘) r 1_627rikdj
Gk —p) = b(kz—l)---b(k—p)H 1— e2mik

Now plug in k£ = 1+ ky and a large positive integer p. Since by Propo-
sition 3.12 the left hand side is regular, so must be the right hand side,
which implies the claimed upper bound for the total multiplicity, as
F(1+ ko) > 0. The fact that the bound is actually attained follows
from the fact that the polynomial b has degree exactly |S| (Proposition
3.11), and the fact that all roots of b are negative rational (Proposition
3.3). O

It remains to show that in fact in Corollary 3.13, p;,, = 0 for all
i, m; this would imply (ii) and hence (i).

Proposition 3.14. Identity (3.1) of Theorem 3.1 is satisfied in C[k]/k?.

Proof. Indeed, we clearly have F(0) = 1. Next, a rank 1 computa-
tion gives F'(0) = —~|S|, where 7 is the Euler constant (i.e. v =
lim, (1 +---+1/n—logn)), while the derivative of the right hand
side of (3.1) at zero equals to

—WZ(di —1).

But it is well known that

T

> (di—1) =8|,

i=1
([Hul, p.62), which implies the result. O
Proposition 3.15. Identity (3.1) of Theorem 3.1 is satisfied in C[k] /k>.

Note that Proposition 3.15 immediately implies (ii), and hence the
whole theorem. Indeed, it yields that

r d;—1

(log F)"(0) =Y > (logT)"(m/d;),

i=1 m=1
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so by Corollary 3.13

r d;—1 r d;—1
> (ogD)'(m/di + pim) = Y > (logT)"(m/d;),
i=1 m=1 i=1 m=1
which implies that p;,, = 0 since (logI')"” is strictly decreasing on

0, 00).

Proof. (of Proposition 3.15) We will need the following result about
finite Coxeter groups.

Let (W) = 3[S|* — Y0_, (2 — 1).
Lemma 3.16. One has
(3.4) W)= D (@),

GePara (W)
where Pary(W) is the set of parabolic subgroups of W of rank 2.
Proof. Let

T 1 o
Qo) =WITT
=1

It follows from Chevalley’s theorem that

Qlg) = (1—q)" > det(1 —quly)™".
weW
Let us subtract the terms for w = 1 and w € S from both sides of this
equation, divide both sides by (¢ — 1)?, and set ¢ = 1 (cf. [Hul, p.62,
formula (21)). Let W5 be the set of elements of W that can be written
as a product of two different reflections. Then by a straightforward
computation we get

1 1
ﬂ¢(W) - w%;vg r — Try(w)’

In particular, this is true for rank 2 groups. The result follows, as any
element w € Wy belongs to a unique parabolic subgroup G,, of rank 2
(namely, the stabilizer of a generic point h*, [Hul, p.22). O

Now we are ready to prove the proposition. By Proposition 3.14, it
suffices to show the coincidence of the second derivatives of (3.1) at
k = 0. The second derivative of the right hand side of (3.1) at zero is
equal to

2 T
s
=S - 1)+ ISP,
=1
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On the other hand, we have
F"(0) = (2m) "/ Z /e(x’x)/2 log o*(x) log 3% (x)dx.
a,pes b

Thus, from a rank 1 computation we see that our job is to establish
the equality

. . #(x)

v/ (xx)/

(2m) QQ;%;S/he ?log o (x) log a2(x)dx
2 T 2

= T OC@ 1) = 3ISP) = = Tu().

i=1

Since this equality holds in rank 2 (as in this case (3.1) reduces to
the beta integral), in general it reduces to equation (3.4) (as for any
a# B €S, s, and sz are contained in a unique parabolic subgroup of
W of rank 2). The proposition is proved. O

3.3. Application: the supports of L.(C). The vector space h has
a stratification labeled by parabolic subgroups of W. Indeed, for a
parabolic subgroup W' c W, let hf‘e’g/ be the set of points in fh whose
stabilizer is W’. Then

b= J[ o

W'ePar(W)

where Par(11) is the set of parabolic subgroups in W.

For a finitely generated module M over C[h], denote the support of
M by supp (M).

The following theorem is proved in [Gi], Section 6 and in [BE] with
different method. We will recall the proof from [BE] later.

Theorem 3.17. Consider the stratification of b with respect to stabi-
lizers of points in W. Then the support supp (M) of any object M of
O(W,h) in b is a union of strata of this stratification.

This makes one wonder which strata occur in supp (L.(7)), for given
c and 7. In [VV], Varagnolo and Vasserot gave a partial answer for
7 = C. Namely, they determined (for W being a Weyl group) when
L.(C) is finite dimensional, which is equivalent to supp (L.(C)) = 0.
For the proof (which is quite complicated), they used the geometry
affine Springer fibers. Here we will give a different (and simpler) proof.

In fact, we will prove a more general result.
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Recall that for any Coxeter group W, we have the Poincaré polyno-
mial:

Pw(q) = Z qe(w) = H

weWw i=1

Lemma 3.18. If W' C W is a parabolic subgroup of W, then Py is
divisible by Py .

. , where d;(WW) are the degrees of W.
-4

Proof. By Chevalley’s theorem, C[h] is a free module over C[h]" and
C[h]"" is a direct summand in this module. So C[h]"" is a projective
module, thus free (since it is graded).

Hence, there exists a polynomial Q(g) such that we have

Q(Dhcw (@) = hegw (),
where hy(q) denotes the Hilbert series of a graded vector space V.

1
—, S0 we have

Pw(q)(1 - q)

i.e. Q(q) = Pw(q)/Pw(q).

Notice that we have hepw(q) =

Qg _ 1
Pw(q)  Pw(q)’

Corollary 3.19. If m > 2 then we have the following inequality:
#{i|m divides d;(W)} > #{i|lm divides d;(W")}.

Proof. This follows from Lemma 3.18 by looking at the roots of the
polynomials Py and Py. U

Our main result is the following theorem.

Theorem 3.20. [E3] Let ¢ > 0. Then a € supp (L.(C)) if and only if
P .
_W(627TIC) ?é 0.

Py,
Corollary 3.21. (1) L.(C) # M.(C) if and only if ¢ € Q¢ and the

a
denominator m of ¢ divides d; for some i;

P .
(2) L.(C) is finite dimensional if and only if P—W(e%‘c) =0, ie., iff

#{i|lm dwides d;(W)} > #{i|lm divides d;(W')}.
for any mazimal parabolic subgroup W' C W.

Remark 3.22. Varagnolo and Vasserot prove that L.(C) is finite di-

mensional if and only if there exists a regular elliptic element in W of
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order m. Case-by-case inspection shows that this condition is equiva-
lent to the combinatorial condition of (2), but at the moment we don’t
know a uniform proof of this fact.

Example 3.23. For type A,_1, i.e., W = S,,, we get that L.(C) is
finite dimensional if and only if the denominator of ¢ is n. This agrees
with our previous results in type A, _;.

Example 3.24. Suppose W is the Coxeter group of type E7. Then we
have the following list of maximal parabolic subgrougs and the degrees
(note that E7 itself is not a maximal parabolic).

Subgroups E7 D6 Ag X A2 X Al A@
Degrees | 2,6,8,10,12,14,18 | 2,4,6,6,8,10 | 2,3,4,2,3,2 |2.3,4,5,6,7

Subgroups A4 X A2 E6 D5 X Al A5 X A1
Degrees 2.3,4,5.2.3 2.5,6,.89,12| 245682 |2345062

So L.(C) is finite dimensional if and only if the denominator of ¢ is
2,6,14,18.

The rest of the subsection is dedicated to the proof of Theorem 3.20.
First we recall some basic facts about the Schwartz space and tempered
distributions.

Let S(R™) be the set of Schwartz functions on R”, i.e.

S(R") = {f € C¥(R")|Va, B, sup [x*0” f (x)| < oo}.

This space has a natural topology.

A tempered distribution on R” is a continuous linear functional on
S(R™). Let §'(R™) denote the space of tempered distributions.

We will use the following well known lemma.

Lemma 3.25. (1) C[x]e /2 C 8(R") is a dense subspace.

(2) Any tempered distribution £ has finite order, i.e., AN = N(§)
such that if f € 8(R™) satisfying f =df =---=d¥"1f =0 on suppé§,
then (&, f) = 0.

Proof of Theorem 3.20. Recall that on M.(C), we have the Gaussian
form 7. from Section 3.2.
We have for Re(c) <0,

—(QW)#/Q e 2 A (x) |72 P(x)Q(x)dx
Ry | e AR PR

where P, () are polynomials and

7(P,Q) =

Fu (k) = (27) 72 / 12| A (x) PFdx
br

is the Macdonald-Mehta integral.
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Consider the distribution:

W (2m) /2
° Fw(-o)
It is well-known that this distribution is meromorphic in ¢ (Bernstein’s
theorem). Moreover, since 7.(P, @) is a polynomial in ¢ for any P and
@, this distribution is in fact holomorphic in ¢ € C.

[AG)[*

Proposition 3.26.
Fy,

supp () = {0 € bl 01 () # 0} = fo € bl (77) # 0}
w Wa

= {a € br|#{i|denominator of ¢ divides d;(W)}
= #{i|denominator of ¢ divides d;(W,)}}.

Proof. First note that the last equality follows from the product for-
mula for the Poincare polynomial, and the second equality from the
Macdonald-Mehta identity. Now let us prove the first equality.

Look at £ near a € h. Equivalently, we can consider

(27T)—r/2

&‘;}V(XﬂLa):m

|A(x—i—a)]’2C

with x near 0. We have

Awx+a) = [Jaux+a)=]](ax) + )

seS seS
= ] & J] (e +ada)
SESNW, seS\SNW,

= Aw,(x) - G(x),
where G is a nonvanishing function near a (since as(a) # 0 if s ¢

SAW,).

So near a, we have
Fw,
Fw

and the last factor is well defined since G is nonvanishing. Thus £ (x)

&' (x+a)=—(=c) - & (%) - 1G],

F
is nonzero near a if and only if FW“ (—c¢) # 0 which finishes the proof.
w
O

Proposition 3.27. Forc >0,

supp (€)") = supp L.(C)x,

where the right hand side stands for the real points of the support.
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Proof. Let a ¢ supp L.(C) and assume a € supp&!”. Then we can find
a P € J.(C) = ker~. such that P(a) # 0. Pick a compactly supported
test function ¢ € C°(hg) such that P does not vanish anywhere on
supp ¢, and (V. @) # 0 (this can be done since P(a) # 0 and &V
is nonzero near a). Then we have ¢/P € 8(hr). Thus from Lemma
3.25(1) it follows that there exists a sequence of polynomials P, such
that

Pn(x)e’x2/2 — % in 8(hr), when n — oo.

2

So PP,e™*/? — ¢ in 8(hr), when n — oc.

But we have (¢/V, PP,e "/2?) = ~.(P, P,) = 0 which is a contradic-
tion. This implies that supp & C (supp L.(C))g.

To show the opposite inclusion, let P be a polynomial on h which
vanishes identically on supp&?'. By Lemma 3.25(2), there exists N
such that (£V, PN (x)Q(x)e /) = 0. Thus, for any polynomial Q,
(PN, Q) =0, i.e. PN € Kery,. Thus, Plsupp Lo(cy = 0. This implies
the required inclusion, since supp £/ is a union of strata. O

Theorem 3.20 follows from Proposition 3.26 and Proposition 3.27.
O

4. PARABOLIC INDUCTION AND RESTRICTION FUNCTORS FOR
RATIONAL CHEREDNIK ALGEBRAS

In this section we will discuss the theory of induction and restric-
tion functors for rational Cherednik algebras introduced in [BE]. Our
exposition follows the paper [BE].

4.1. A geometric approach to rational Cherednik algebras. An
important property of the rational Cherednik algebra H; (W, b) is that
it can be sheafified, as an algebra, over h/W (see [E4]). More specifi-
cally, the usual sheafification of H; (W, h) as a Oy/w-module is in fact a
quasicoherent sheaf of algebras, H; .. Namely, for every affine open
subset U C /W, the algebra of sections Hy .w g (U) is, by definition,
ClU] @cpppw Hi (W, h).

The same sheaf can be defined more geometrically as follows (see
[E4], Section 2.9). Let U be the preimage of U in h. Then the algebra
Hi . wpy(U) is the algebra of linear operators on O(U) generated by
(’)((7 ), the group W, and Dunkl operators

2 S S
0o — Z 1——0)\5%5@)(1 — s), where a € b.
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4.2. Completion of rational Cherednik algebras. For any b € §

we can define the completion E;(VV, B), to be the algebra of sections
of the sheaf H; . on the formal neighborhood of the image of b in

h/W. Namely, H;.(W.bh), is generated by regular functions on the
formal neighborhood of the W-orbit of b, the group W, and Dunkl
operators. -

The algebra H; .(W, b), inherits from H; .(W, b) the natural filtration

F* by order of differential operators, and each of the spaces F' ”f/ll\c(W, H)o
has a projective limit topology; the whole algebra is then equipped with
the topology of the nested union (or inductive limit).

__Consider the completion of the rational Cherednik algebra at zero,
H, .(W,h)o. It naturally contains the algebra C|[h]]. Define the cate-

gory @C(W, b) of representations of P/[l\c(I/V, h)o which are finitely gen-
erated over C[[h]]o = C|[b]].

We have a completion functor ~: O.(W, h) — (50(1/1/, h), defined by
M = Hy o(W.0)o @, ) M = C[b]] iy M.

Also, for N € @C(VV, h), let E(IN) be the space spanned by general-
ized eigenvectors of h in NV where h is defined by (2.2). Then it is easy
to see that E(N) € O.(W, h)o.

Theorem 4.1. The restriction of the completion functor”to O.(W, h)g

is an equivalence of categories O (W,h)g — O (W,b). The inverse
equivalence is given by the functor E.

Proof. Tt is clear that M C M, so M C E(]\/Z) (as M is spanned by gen-
eralized eigenvectors of h). Let us demonstrate the opposite inclusion.
Pick generators myq,...,m, of M which are gerlgralized eigenvectors of
h with eigenvalues p, ..., u,. Let 0 # v € E(M). Then v =", fim,,
where f; € C[[p]]. Assume that (h — u) v = 0 for some N. Then

v =3, f¥ " m,, where for f € C[[p]] we denote by f@ the degree d

—

part of f. Thus v € M, so M = E(M).

It remains to show that E(N) = N, i.e. that N is the closure of
E(N). In other words, letting m denote the maximal ideal in C[[h]],
we need to show that the natural map E(N) — N/m/N is surjective
for every j.

To do so, note that h preserves the descending filtration of N by
subspaces m? N. On the other hand, the successive quotients of these
subspaces, m/ N/m/*1 N are finite dimensional, which implies that h
acts locally finitely on their direct sum gr/V, and moreover each gener-

alized eigenspace is finite dimensional. Now for each § € C denote by
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N; 5 the generalized [-eigenspace of h in N/m/N. We have surjective
homomorphisms N1 3 — N, g, and for large enough j they are iso-
morphisms. This implies that the map E(N) — N/mIN is surjective
for every j, as desired. O

Example. Suppose that ¢ = 0. Then Theorem 4.1 specializes to the
well known fact that the category of W-equivariant local systems on b
with a locally nilpotent action of partial differentiations is equivalent
to the category of all W-equivariant local systems on the formal neigh-
borhood of zero in . In fact, both categories in this case are equivalent
to the category of finite dimensional representations of W.

We can now define the composition functor 7 : O.(W, ) — O.(W, h)o,

—

by the formula J(M) = E(M). The functor J is called the Jacquet
functor ([Gi2]).

4.3. The duality functor. Recall we have a natural isomorphism - :
H, (W, p*)? — H, . (W,h), defined in Section 2.11. Therefore, if M
is an H, (W, h)-module, then the full dual space M* is naturally an
H, (W, b*)-module, via my+(a) = mpr(y(a))*.

It is clear that the duality functor * defines an equivalence between
the category O.(W, h)o and O(W, h*)°?, and that MT = E(M*) (where
MT is the contrgredient, or restricted dual module to M defined in
Section 2.11).

4.4. Generalized Jacquet functors.

Proposition 4.2. For any M € @C(I/V, h), a vector v € M is h-finite
if and only if it is h-nilpotent.

Proof. The “if” part follows from Theorem 2.20. To prove the “only
if” part, assume that (h —u)Yv = 0. Then for any u € S™h-v, we have
(h — g +7)Yv = 0. But by Theorem 4.1, the real parts of generalized
eigenvalues of h in M are bounded below. Hence S™h - v = 0 for large
enough r, as desired. U

According to Proposition 4.2, the functor E can be alternatively
defined by setting E(M) to be the subspace of M which is locally
nilpotent under the action of §.

This gives rise to the following generalization of E: for any A € h* we
define the functor Ey : O.(W,h) — O.(W, ), by setting E\(M) to be
the space of generalized eigenvectors of C[h*]" in M with eigenvalue
A. This way, we have Fy = E.

We can also define the generalized Jacquet functor Jy : O.(W,h) —

o~

O.(W,h)x by the formula J\(M) = E\(M). Then we have Jy = J,
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and one can show that the restriction of 7, to O.(W, h), is the identity
functor.

4.5. The centralizer construction. For a finite group H, let ey =
‘—éﬂ > nen b be the idempotent of the trivial representation in C[H].

If G D H are finite groups, and A is an algebra containing C[H], then
define the algebra Z (G, H, A) to be the centralizer End 4(P) of A in the
right A-module P = Funy (G, A) of H-invariant A-valued functions on
G, i.e. such functions f : G — A that f(hg) = hf(g). Clearly, P is a
free A-module of rank |G/H|, so the algebra Z(G, H, A) is isomorphic
to Mat|g,((A), but this isomorphism is not canonical.

The following lemma is trivial.

Lemma 4.3. The functor N — I(N) == P ®4 N = Fung(G, N)
defines an equivalence of categories A —mod — Z (G, H, A) — mod.

4.6. Completion of rational Cherednik algebras at arbitrary
points of h/WW. The following result is, in essense, a consequence of
the geometric approach to rational Cherednik algebras, described in
Subsection 4.1. It should be regarded as a direct generalization to
the case of Cherednik algebras of Theorem 8.6 of [L] for affine Hecke
algebras.

Let b € h. Abusing notation, denote the restriction of ¢ to the set Sy
of reflections in W) also by c.

Theorem 4.4. One has a natural isomorphism
6 : Hy o (W,h), — Z(W, Wy, Hy .(Ws, b)o),

defined by the following formulas. Suppose that f € P = Funy, (W, }E(Wb, H)o)-
Then
(O(w) f)(w) = fwu),u € W;
for any o € b*,
(B(xa) ) (w) = (@5} + (wa, b)) f (w),

where x, € h* C Hy (W, D), 2P e pr C Hy .(Why,b) are the elements
corresponding to «; and for any a € h*,

(4.1)
) = o® Flw) — 2¢, as(wa) ) — Flsw
(0(ya) £)(w) =yl f (w) SG&%Wbl_ %0 4 ) G0

where y, € b C Hy (W, h), yi € b C Hy (W, b).
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Proof. The proof is by a direct computation. We note that in the

last formula, the fraction ﬁ‘)(—w“) is viewed as a power series (i.e., an

-75045 +O!5 (b)
element of C|[[h]]), and that only the entire sum, and not each summand

separately, is in the centralizer algebra. O

Remark. Let us explain how to see the existence of # without writ-
ing explicit formulas, and how to guess the formula (4.1) for 0. It is
explained in [E4] (see e.g. [E4], Section 2.9) that the sheaf of alge-
bras obtained by sheafification of Hy (W, h) over h/W is generated (on
every affine open set in /W) by regular functions on b, elements of
W, and Dunkl operators. Therefore, this statement holds for formal
neighborhoods, i.e., it is true on the formal neighborhood of the im-
age in h/W of any point b € h. However, looking at the formula for
Dunkl operators near b, we see that the summands corresponding to
s € S, s ¢ W, are actually regular at b, so they can be safely deleted
without changing the generated algebra (as all regular functions on
the formal neighborhood of b are included into the system of genera-
tors). But after these terms are deleted, what remains is nothing but
the Dunkl operators for (W, ), which, together with functions on the
formal neighborhood of b and the group W), generate the completion
of Hy.(W,h). This gives a construction of # without using explicit
formulas.

Also, this argument explains why 6 should be defined by the formula
4.1 of Theorem 4.4. Indeed, what this formula does is just restores the
terms with s ¢ W), that have been previously deleted.

The map @ defines an equivalence of categories
0, : Hy . (W,b), — mod — Z(W, Wy, Hy .(Wp, b)o) — mod.
Corollary 4.5. We have a natural equivalence of categories

Py OC(W h)A - OC<W)\7 h/hW)\)O

Proof. The category O.(W, h), is the category of modules over Hy (W, b)
which are finitely generated over C[h] and extend by continuity to
the completion of the algebra H;.(W,h) at A. So it follows from
Theorem 4.4 that we have an equivalence O.(W,h)x — O(Wy,h)o.
Composing this equivalence with the equivalence ¢ : O.(Wy, )y —
O.(Wy, b/5">)g, we obtain the desired equivalence 1. O

Remark 4.6. Note that in this proof, we take the completion of
H, .(W,h) at a point of A\ € h* rather than b € b.
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4.7. The completion functor. Let @C(W, b)® be the category of mod-
ules over Hy (W, h), which are finitely generated over C[h],.

Proposition 4.7. The duality functor * defines an anti-equivalence of
categories O.(W,h)x — Ox(W, h*)A.

Proof. This follows from the fact (already mentioned above) that O.(W, b)
is the category of modules over H; .(W, ) which are finitely generated

over C[h] and extend by continuity to the completion of the algebra
H, (W,h) at A 0

Let us denote the functor inverse to * also by *; it is the functor of
continuous dual (in the formal series topology).

We have an exact functor of completion at b, O.(W, )y — (56(1/1/, h)?,
M +— M,. We also have a functor E° : O.(W, )b — O.(W,h)o in
the opposite direction, sending a module N to the space E°(N) of
h-nilpotent vectors in N.

Proposition 4.8. The functor E° is right adjoint to the completion
functor’,.

Proof. We have

Homﬁ;c(W,b)b(Mb7 N) = Homﬁl\,c(W,h)b<H17c(W’ b)b ®H1’C(W’h) M, N)

= Homp, . w,) (M, N, .w) = Homp,  qw) (M, E°(N)).
0

Remark 4.9. Recall that by Theorem 4.1, if b = 0 then these functors
are not only adjoint but also inverse to each other.

—~

Proposition 4.10. (i) For M € O;(W,bt*),, one has E°*(M*) = (M)*
m OC(VV, b)o

(i1) For M € O.(W,4)o, (My)* = Ey(M*) in Oz(W, H*),.

(iii) The functors Ey, E° are exact.

Proof. (i),(ii) are straightforward from the definitions. (iii) follows from
(i),(ii), since the completion functors are exact. O

4.8. Parabolic induction and restriction functors for rational
Cherednik algebras. Theorem 4.4 allows us to define analogs of par-
abolic restriction functors for rational Cherednik algebras.

Namely, let b € b, and Wj, = W’. Define a functor Res;, : O.(W, )y —
O.(W',5/§"")g by the formula

Resy(M) = (Co Eo 1" 00,)(M).
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We can also define the parabolic induction functors in the opposite
direction. Namely, let N € O.(W’,5/h" ). Then we can define the
object Indy(N) € O.(W, ), by the formula

Indy(N) = (E” 0 0, 0 I)(CTL(N),).
Proposition 4.11. (i) The functors Indy, Res, are ezact.
(ii) One has Indy(Resy(M)) = E°(M,).

Proof. Part (i) follows from the fact that the functor E* and the com-
pletion functor’, are exact (see Proposition 4.10). Part (ii) is straight-
forward from the definition. U

Theorem 4.12. The functor Ind, s right adjoint to Resy.
Proof. We have
Hom(Resy (M), N) = Hom((¢ o E o I™" 0 6,)(My), N) =
Hom((E o I™" 0 6,)(M,),¢ " (N)) =
Hom((I™" 0 0,)(3y), (1 (N),) = Hom(DMy, (07 0 I)(CTL(N),)) =
Hom (M, (E* 0 07" 0 I)(C-1(N),)) = Hom(M, Ind,(N)).
At the end we used Proposition 4.8. U

Corollary 4.13. The functor Res, maps projective objects to projective
ones, and the functor Ind, maps injective objects to injective ones.

We can also define functors resy : O.(W, b))y — O (W', h/b"")o and
indy : O(W’,5/6"" )y — O(W, )o, attached to A € BV’ by

reg
resy := T o Resy o f,indy := f oInd) o f,

where T is as in Subsection 4.3.

Corollary 4.14. The functors resy, indy are exact. The functor indy
s left adjoint to resy. The functor indy maps projective objects to
projective ones, and the functor resy injective objects to injective ones.

We also have the following proposition, whose proof is straightfor-
ward.

Proposition 4.15. We have
indy(N) = (T o5 ")(N),

and

o~

resy(M) = (1 o Ex)(M),

where Yy is defined in Corollary 4.5.
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4.9. Some evaluations of the parabolic induction and restric-
tion functors. For generic ¢, the category O (W, h) is semisimple, and
naturally equivalent to the category RepW of finite dimensional repre-
sentations of W, via the functor 7 — M.(W,h, 7). (If W is a Coxeter
group, the exact set of such ¢ (which are called regular) is known from
[GGOR] and [Gy]).

Proposition 4.16. (i) Suppose that ¢ is generic. Upon the above iden-
tification, the functors Ind,, indy and Resy, resy go to the usual induc-
tion and restriction functors between categories RepW and RepW'. In
other words, we have

Resy(M.(W, b, 7)) = @gev’v\,nTgMc(W/; h/6"".€),

and
Indy(Mc(W',5/0"",€)) = @, pnre M(W, b, 7),
where n.¢ is the multiplicity of occurrence of & in T|w, and similarly
for resy, ind,.
(ii) The equations of (i) hold at the level of Grothendieck groups for
all c.

Proof. Part (i) is easy for ¢ = 0, and is obtained for generic ¢ by
a deformation argument. Part (ii) is also obtained by deformation
argument, taking into account that the functors Res, and Ind, are
exact and flat with respect to c. O

Example 4.17. Suppose that W’ = 1. Then Res,(M) is the fiber of
M at b, while Ind,(C) = Pk, the object defined in [GGOR], which is
projective and injective (see Remark 4.22). This shows that Proposi-
tion 4.16 (i) does not hold for special ¢, as Pgz is not, in general, a
direct sum of standard modules.

4.10. Dependence of the functor Res, on b. Let W' C W be a
parabolic subgroup. In the construction of the functor Res;,, the point
b can be made a variable which belongs to the open set h?V.

reg*

Namely, let h¥; be the formal neighborhood of the locally closed
set hl‘fg/ in b, and let 7 : hi¥; — bh/W be the natural map (note
that this map is an étale covering of the image with the Galois group

Ny (W) /W', where Ny (W') is the normalizer of W’ in W). Let

I/-I\C(VV, b)b}’l{; be the pullback of the sheaf H., under 7. We can regard
W/

it as a sheaf of algebras over by, .

an isomorphism
0: ]—/I\C(W7 h)hygg/ - Z(Wv Wla i(wlv b/bW/>0)®D(b11~/Ie/g,)v
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W/

reg> and ® is an

where D( gg/) is the sheaf of differential operators on b

appropriate completion of the tensor product.

Thus, repeating the construction of Res,, we can define the functor
Res : O.(W, h)o — O(W’, 5/§"")g B Loc(ht, ),

W/

rog) Stands for the category of local systems (i.e. O-coherent

D-modules) on bf‘efé- This functor has the property that Res, is the fiber

of Res at b. Namely, the functor Res is defined by the formula
Res(M) = (EoI7" 00,)(Myy),

where Loc(

where M, s’ 1 the restriction of the sheaf M on f to the formal neigh-

reg

borhood of

reg*

Remark 4.18. If W’ is the trivial group, the functor Res is just the
KZ functor from [GGOR], which we will discuss later. Thus, Res is a
relative version of the KZ functor.

Remark 4.19. Note that the object Res(M) is naturally equivariant
under the group Ny, (W')/W'.

Thus, we see that the functor Res;, does not depend on b, up to an
isomorphism. A similar statement is true for the functors Ind,, res,,
ind)\.

Conjecture 4.20. For any b € h, A € b* such that W, = W,, we have
isomorphisms of functors Res, = res), Ind, = ind,.

Remark 4.21. Conjecture 4.20 would imply that Ind, is left adjoint
to Resy, and that Res, maps injective objects to injective ones, while
Ind, maps projective objects to projective ones.

Remark 4.22. If b and A are generic (i.e., W, = W, = 1) then the
conjecture holds. Indeed, in this case the conjecture reduces to show-
ing that we have an isomorphism of functors Fiber,(M) = Fibery(MT)*
(M € O.(W,h)). Since both functors are exact functors to the category
of vector spaces, it suffices to check that dim Fiber,(M) = dim Fiber, (MT).
But this is true because both dimensions are given by the leading co-
efficient of the Hilbert polynomial of M (characterizing the growth of

It is important to mention, however, that although Res;, is isomorphic
to Resy if W, = Wp, this isomorphism is not canonical. So let us

examine the dependence of Res;, on b a little more carefully.
Theorem 4.16 implies that if ¢ is generic, then

Res(M.(W,h,7)) = @M (W', /6", €) @ Ly,
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where L,¢ is a local system on b
local system L.¢ explicitly.

reg ' of rank n-¢. Let us characterize the

Proposition 4.23. The local system L¢ is given by the connection on
the trivial bundle given by the formula

V=d- Y 26 _das .y g

1— X o
s€S:sgW’
with values in Homyy: (&, T|w).
Proof. This follows immediately from formula (4.1). O

Definition 4.24. We will call the connection of Proposition 4.23 the
parabolic KZ (Knizhnik-Zamolodchikov) connection.

Example 4.25. Let W = S, and W' = S, X --- x S,,, with ny+---+
n, = n. In this case, there is only one parameter c.
Let h = C™ be the permutation representation of . Then
v = (C”)W/ ={veblv="_(21,...,21,20,. .., 22, ..., 22, ..., 2k) }.
— —— ———
ni ng ng
Thus, the parabolic KZ connection on the trivial bundle with fiber
being a representation 7 of .S,, has the form
nit-+np ni+-+ng dz — dz
d—rc e el il i)
> X sy
1<p<qg<ki=ny+-+np_1+1 j=n1+-+ng—1+1 p q
So the differential equations for a flat section F'(z) of this bundle have

the form
ni+--+np ni+-+ng

(1 — Sl‘j)F
azp D D
q#p t=n1+-+np_1+1j=ni+-+ng_1+1
So F(z) = G(2) [[,.,(2p — 2,)"*"1, where the function G satisfies the
differential equation
ni+-+np ni+---+ngq 5.0
g
— = —C .
azp 2. 2>
q#p t=ni+-+np_1+1 j=ni+--+ng_1+1

Let 7 = V®" where V is a finite dimensional space with dimV =
N (this class of representations contains as summands all irreducible
representations of S,,). Let V, = V¥ so that 7 =V} ® ... ® Vi,. Then
the equation for G can be written as

:_ZQPQG =1,...,k,
8zp zp—zq
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where ) = Zi\,[tzl Es; ® E, 4 is the Casimir element for gly (E;; is the
N by N matrix with the only 1 at the (i, j)-th place, and the rest of
the enries being 0).

This is nothing but the well known Knizhnik-Zamolodchikov system
of equations of the WZW conformal field theory, for the Lie algebra gl .
(Note that the representations V; are “the most general” in the sense
that any irreducible finite dimensional representation of gl occurs in
V@ for some r, up to tensoring with a character.)

This motivates the term “parabolic KZ connection”.

4.11. Supports of modules. The following two basic propositions
are proved in [Gi], Section 6. We will give different proofs of them,
based on the restriction functors.

Proposition 4.26. Consider the stratification of b with respect to sta-
bilizers of points in W. Then the (set-theoretical) support SuppM of
any object M of O.(W.,h) in b is a union of strata of this stratification.

Proof. This follows immediately from the existence of the flat connec-
tion along the set of points b with a fixed stabilizer W’ on the bundle
Resy(M). O

Proposition 4.27. For any irreducible object M in O.(W,b), SuppM /W
15 an irreducible algebraic variety.

Proof. Let X be a component of SuppM/W. Let M’ be the subspace
of elements of M whose restriction to a neighborhood of a generic point
of X is zero. It is obvious that M’ is an H.(W, h)-submodule in M. By
definition, it is a proper submodule. Therefore, by the irreducibility of
M, we have M’ = 0. Now let f € C[h]" be a function that vanishes
on X. Then there exists a positive integer N such that f~ maps M to
M’ hence acts by zero on M. This implies that SuppM/W = X, as
desired. U

Propositions 4.26 and 4.27 allow us to attach to every irreducible
module M € O.(W,h), a conjugacy class of parabolic subgroups, C; €
Par(W), namely, the conjugacy class of the stabilizer of a generic point
of the support of M. Also, for a parabolic subgroup W’ C W, denote
by S(W’) the set of points b € h whose stabilizer contains a subgroup
conjugate to W’.

The following proposition is immediate.

Proposition 4.28. (i) Let M € O.(W,4)o be irreducible. If b is such
that W, € Cyy, then Resy(M) is a nonzero finite dimensional module

over H,(Wy, b/p").
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(i) Conversely, let b € b, and L be a finite dimensional module
H. (W4, b/8"). Then the support of Indy(L) in b is S(W3).

Let FD(W,h) be the set of ¢ for which H.(W,h) admits a finite
dimensional representation.

Corollary 4.29. Let W’ be a parabolic subgroup of W. Then S(W')
is the support of some irreducible representation from O.(W,)g if and

only if c € FD(W',5/6"").
Proof. Immediate from Proposition 4.28, and U

Example 4.30. Let W = S,,, h = C"~1. In this case, the set Par(TV) is
the set of partitions of n. Assume that ¢ =r/m, (r,m) =1,2 <m < n.
By a result of [BEG], finite dimensional representations of H.(W,b)
exist if and only if m = n. Thus the only possible classes C), for
irreducible modules M have stabilizers S,, x --- x .S,,, i.e., correspond
to partitions into parts, where each part is equal to m or 1. So there are
[n/m] + 1 possible supports for modules, where [a] denotes the integer
part of a.

5. THE KNIZHNIK-ZAMOLODCHIKOV FUNCTOR

5.1. Braid groups and Hecke algebras. Let W be a complex reflec-
tion group and let b be its reflection representation. For any reflection
hyperplane H C b, its pointwise stabilizer is a cyclic group of order

mp. Fix a collection of nonzero constants ¢ g, . .., ¢my—1,#7 Which are
W-invariant, namely, if H and H' are conjugate to each other under
some element in W, then ¢; gy = ¢; g for i =1,...,myg — 1.

Let By = m1(hreg/ W, X0) be the braid group of W, and Ty € Bw be
a representative of the conjugacy class defined by a small circle around
the image of H in h/W oriented in the counterclockwise direction.

The following theorem follows from elementary algebraic topology.

Proposition 5.1. The group W s the quotient of the braid group By
by the relations Ty* =1 for all reflection hyperplanes H.

Definition 5.2. The Hecke algebra of W is defined to be
myg—1

H,(W) =C[Bw|/{(Tg —1) H (Ty — exp(2mij/my)qjm), for all H).

j=1
Thus, by Proposition 5.1 we have an isomorphism
Hy (W) = CW.

So H,(W) is a deformation of CIW.
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Example 5.3 (Coxeter group case). Now let W be a Coxeter group.
Let S be the set of reflections and let oy = 0 be the reflection hy-
perplane corresponding to s € S. The Hecke algebra 3, (W) is the
quotient of C[By/| by the relations

(TS - 1)<Ts + q$) =0,

for all reflections s where 7} is a small counterclockwise circle around
the image of the hyperplane ay = 0 in h/W.

5.2. KZ functors. For a complex reflection group W, let Loc(byeg) be
the category of local systems (i.e., O-coherent D-modules) on hyeq, and
let Loc(hey)" be the category of W-equivariant local systems on by,
i.e. of local systems on hee/WV.

Suppose that W’ = 1 is the trivial subgroup in W. Then the restric-
tion functor defined in Section 4.10 defines a functor Res : O.(W, §)y —
Loc(hreg/W). Also, we have the monodromy functor Mon : Loc(fyeg /W)
Rep(Bw ). The composition of these two functors is a functor from
O.(W,h)o to Rep(Bw), which is exactly the KZ functor defined in
[GGOR]. We will denote this functor by KZ.

Theorem 5.4 (Ginzburg, Guay, Opdam, Rouquier). The KZ functor
factors through Rep3(,(W), where

mpg—1 Ce (1 . 627’rij@/m1-1)

¢j,n = exp(2mibj g /mpy), and bjg =2 Z 8}11 — o—omiljmn
=1

Proof. Assume first that ¢ is generic. Then the category O.(W., h), is
semisimple, with simple objects M.(7), so it is enough to check the
statement on M. (7). Consider the trivial bundle over b, with fiber 7.
The KZ connection on it has the form

d-— (1 —35).
The residue of the connection form of this connection on the hyperplane
H on the j-th irreducible representation of Z/mgZ is

mH—l

Cgt
S _ 2rwigl/m
22 1_6—21;2/771,{(1 e T,
=1

Therefore, the monodromy operator around this hyperplane is diago-
nalizable, and the eigenvalues of this operator are exp(27ijl/mu)q; u,
as desired.

For special ¢, introduce the generalized Verma module

Mc,n(T) - HC(VV, b) ®(CW[><Sh (T ® Sh/m)u
48
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where m C Sb is the maximal ideal of 0 (n > 0). Clearly, M.y = M.(7).
Moreover, M., € O.(W,h), for any n, since it has a finite filtration
whose successive quotients are Verma modules.

Theorem 5.5. For large enough n, M. ,(CW) contains a direct sum-
mand which is a projective generator of O.(W, ).

Proof. ;jFrom the definition, M., = Sh* @ CW @ Sh/m" . Let 9 be
the degree operator on M, ,(CW) with degh* = 1,degh = —1, and
degW =0, i.e., we have

[0,2] = 2,[0,y] = —y, where z € b,y € b.

So h—0 is a module endomorphism of M, ,,(CW') where h is the oper-
ator defined in (2.2). Moreover, h—0 acts locally finitely. In particular,
we have a decomposition of M, ,(CW) into generalized eigenspaces of
h —0:

My (CW) = ®gec ML, (CW).

We have

Hom(M,,,(CW), N) = {vectors in N which are killed by m"*'},
and

Hom(Mgn((CW), N) = {vectors in N which are killed by m"**

and are generalized eigenvectors of h with generalized eigenvalue (}.

Let ¥ = {hc(7)|7 is a irreducible representation of W} (recall that
he(T) = @ — D ses 12_0;53\7), and let

M (CW) = ®ges ML, (CW).
Claim: for large n, an(CW) is a projective generator of O.(W, b)o.

Proof of the claim. First, for any (3, there exists n such that an((CW)
is projective (since the condition of being killed by m™*! is vacuous for
large n).

Secondly, consider the functor Hom (M, (CW),e). For any mod-
ule N € OC(W, h)o, if HOIH(METL(CW),N) = 0, then @BGZN[Q] = 0.
So N = 0. Thus this functor does not kill nonzero objects, and so
Mz, (CW) is a generator. O

Theorem 5.5 is proved. 0

Corollary 5.6. 1) O.(W, ) has enough projectives, so it is equivalent
to the category of modules over a finite dimensional algebra.
2)Any object of O (W, b)o is a quotient of a multiple of M.,(CW) for
large enough n.
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Now we can finish the proof of Theorem 5.4. We have shown that
for generic ¢ KZ(M.,,(CW)) € RepH,(W). Hence this is true for any
¢, since M., (CW) is a flat family of modules over H.(W,h). Then,
KZ(M) is a H,(W)-module for all M, since any M is a quotient of
M. ,,(CW) and the functor KZ is exact. O

Corollary 5.7 (Broué, Malle, Rouquier, [BMR)). Let ¢; n = exp(t; u)
where tj i’s are formal parameters. Then FH,(W) is a free module over
Cl[t;u]] of rank |W|.

Proof. We have
3C,(W)/(t) = 3, (W) = CW.

So it remains to show that 3, (W) is free. To show this, it is suffi-
cient to show that any 7 € IrrepW admits a flat deformation 7, to a
representation of H, (). We can define this deformation by letting

7, = KZ(M.(T)). d

Remark 5.8. 1. The validity of this Corollary in characteristic zero
implies that it is also valid over a field positive characteristic.

2. It is not known in general if the Corollary holds for numerical ¢
(even generically). This is a conjecture of Broué, Malle, and Rouquier.
But it is known for many cases (including all Coxeter groups).

3. The proof of the Corollary is analytic (it is based on the notion
of monodromy). There is no known algebraic proof, except in special
cases, and in the case of Coxeter groups, which we’ll discuss later.

5.3. The image of the KZ functor. First, let us recall the definition
of a quotient category. Let A be an abelian category and B C A a full
abelian subcategory.

Definition 5.9. B is a Serre subcategory if it is closed under subquo-
tients and extensions (i.e., if two terms in a short exact sequence are
in B, so is the third one).

If B C Ais a Serre subcategory, one can define a category A/B as
follows:

objects in A/B = objects in A,

Hom5(X,Y) = lim Homu(X' Y/Y").
Y X/X'€B
The category A/B is an abelian category with the following universal
property: any exact functor F': A — C that kills B must factor through

A/B.
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Now let O.(W, h)§" be the full subcategory of O.(W,h)o consisting
of modules supported on the reflection hyperplanes. It is a Serre sub-
category, and ker(KZ) = O.(W, h)§*. Thus we have a functor:

KZ: O(W,5)o/O(W, h)(t)or - Reprq(W).

Theorem 5.10 (Ginzburg, Guay, Opdam, Rouquier, [GGOR]). If
dim H, (W) = |W|, the functor KZ is an equivalence of categories.

5.4. Example: the symmetric group S,. Let h = C*", W = §,,.
Then we have (for ¢ € C*):
H,(Sn) = (T1, ..., Tn-1)/(the braid relations and (7; —1)(T;+¢) = 0).
The following facts are known:
(1) dim 3, (S,) = nl;
(2) H,(S,) is semisimple if and only if ord(q) # 2,3,...,n.
Now suppose ¢ is generic. Let A be a partition of n. Then we can
define an H,(S,,)-module S, the Specht module for the Hecke algebra
in the sense of [DJ]. This is a certain deformation of the classical

irreducible Specht module for the symmetric group. The Specht module
carries an inner product (-,-). Denote Dy = Sy/Rad(-, ).

Theorem 5.11 (Dipper, James, [DJ]). D, is either an irreducible
H,y(Sn)-module, or 0. Dy # 0 if and only if X is e-reqular where
e =ord(q) (i.e., every part of A\ occurs less than e times).

Now let M.(X) be the Verma module associated to the Specht module
for W and L.(X) be its irreducible quotient. Then we have the following
theorem.

Theorem 5.12. Ifc <0, then KZ(M.(\)) = Sx and KZ(L.(\)) = D,.

Corollary 5.13. If ¢ < 0, then SuppL.(\) = C" if and only if X is
e-reqular. If ¢ > 0, then SuppL.(\) = C" if and only if XV is e-regular,
or equivalently, X is e-restricted (i.e., \i—Niy1 < e fori=1,...,n—1).

6. RATIONAL CHEREDNIK ALGEBRAS FOR VARIETIES WITH GROUP
ACTIONS

6.1. Twisted differential operators. Let us recall the theory of
twisted differential operators (see [BB], section 2).

Let X be a smooth affine algebraic variety over C. Given a closed 2-
form w on X, the algebra D, (X) of differential operators on X twisted
by w can be defined as the algebra generated by Ox and “Lie deriva-
tives” L, v € Vect(X), with defining relations

va = Lfm [Lva f] = va7 [Lme] = L[uw] +W(an)'
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This algebra depends only on the cohomology class [w] of w, and equals
the algebra D(X) of usual differential operators on X if [w] = 0.

An important special case of twisted differential operators is the
algebra of differential operators on a line bundle. Namely, let L be a
line bundle on X. Since X is affine, L admits an algebraic connection V
with curvature w, which is a closed 2-form on X. Then it is easy to show
that the algebra D(X, L) of differential operators on L is isomorphic
to D, (X).

If the variety X is smooth but not necessarily affine, then (sheaves
of) algebras of twisted differential operators are classified by the space
H?(X, Q)Z(l), where Q)Zfl is the two-step complex of sheaves Q% — Q?;d,
given by the De Rham differential acting from 1-forms to closed 2-forms
(sitting in degrees 1 and 2, respectively). If X is projective then this
space is isomorphic to H*°(X,C) & H"' (X, C). We refer the reader to
[BB], Section 2, for details.

Remark 6.1. One can show that D, (X) is the universal deformation
of D(X) (see [E]).

6.2. Some algebraic geometry preliminaries. Let Z be a smooth
hypersurface in a smooth affine variety X. Let ¢ : Z — X be the
corresponding closed embedding. Let N denote the normal bundle
of Z in X (a line bundle). Let Ox(Z) denote the module of regular
functions on X \ Z which have a pole of at most first order at Z. Then
we have a natural map of Ox-modules ¢ : Ox(Z) — i,.N. Indeed, we
have a natural residue map 7 : Ox(Z) ®o, Q% — 1.0z (where Q% is
the module of 1-forms), hence a map 7' : Ox(Z) — .0z ®o, TX =
i.(TX|z) (where TX is the tangent bundle). The map ¢ is obtained
by composing 1" with the natural projection TX|; — N.
We have an exact sequence of Ox-modules:

O—>OX—>(9X(Z)E>¢*N—>O

Thus we have a natural surjective map of Ox-modules &7 : TX —
Ox(2)/Ox.

6.3. The Cherednik algebra of a variety with a finite group ac-
tion. We will now generalize the definition of Hy.(h, W) to the global
case. Let X be an affine algebraic variety over C, and W be a finite
group of automorphisms of X. Let E be a W-invariant subspace of
the space of closed 2-forms on X, which projects isomorphically to
H?(X,C). Consider the algebra W x Op«x, where T*X is the cotan-
gent bundle of X. We are going to define a deformation H; (X, W)

of this algebra parametrized by
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(1) complex numbers t,

(2) W-invariant functions c on the (finite) set S of pairs s = (Y g),
where g € W, and Y is a connected component of the set of
fixed points X9 such that codim}Y =1, and

(3) elements w € EY = H?*(X,C)V.

If all the parameters are zero, this algebra will conicide with W x
OT*X'

Let t,c = {c(Y,9)},w € EV be variables. Let D, ,(X), be the
algebra (over C[t,t !, w]) of twisted (by w/t) differential operators on
X with rational coefficients.

Definition 6.2. A Dunkl-Opdam operator for (X, W) is an element
of Dy, (X),[c] given by the formula

61 D=t Y 2D oy,

(Y.9)€S 1= Avg

where Ay, is the eigenvalue of g on the conormal bundle to Y, v €
['(X,TX) is a vector field on X, and fy € Ox(Z) is an element of the
coset &y (v) € Ox(Z)/Ox (recall that &y is defined in Subsection 6.2).

Definition 6.3. The algebra H, .., (X, W) is the subalgebra of D, ;(X),[c]
generated (over C[t,c,w]) by the function algebra Oy, the group W,
and the Dunkl-Opdam operators.

By specializing t, ¢, w to numerical values, we can define a family of
algebras over C, which we will also denote H,.,(X,W). Note that
when we set t = 0, the term tL, does not become 0 but turns into the
classical momentum.

Definition 6.4. H;.,(X,W) is called the Cherednik algebra of the
orbifold X/W.

Remark 6.5. One has Hy (X, W) = W x D,(X). Also, if A # 0
then H)\t,)\c,)\w(Xu W) = Ht,c,w(Xu W)

Example 6.6. X = 0 is a vector space and W is a subgroup in GL(h).
Let v be a constant vector field, and let fy(x) = (ay,v)/ay(z), where
ay € h* is a nonzero functional vanishing on Y. Then the operator D is
just the usual Dunkl-Opdam operator D, in the complex reflection case
(see Section 1.5). This implies that all the Dunkl-Opdam operators in
the sense of Definition 6.2 have the form ) f;D,, 4+ a, where f; € Clb],
a € WxClh], and D,, are the usual Dunkl-Opdam operators (for some
basis y; of ). So the algebra H; .(h, W) = H,;.o(X,W) is the rational
Cherednik algebra for (h, W), see Section 2.1.
53



The algebra H;.,(X,W) has a filtration F'* which is defined on
generators by deg(Ox) = deg(W) = 0, deg(D) = 1 for Dunkl-Opdam
operators D.

Theorem 6.7 (the PBW theorem).
We have grp(Hicw(X, W)) =W x O(T*X)]t, c,w].

Proof. Suppose first that X = b is a vector space and W is a sub-
group in GL(h). Then, as we mentioned, H; ., (X, W) is the rational
Cherednik algebra for W. So in this case the theorem is true.

Now consider arbitrary X. We have a homomorphism of graded
algebras ¢ : grp(Hy oo (X, W)) — W x O(T*X)]t, c,w] (the principal
symbol homomorphism). The homomorphism ¢ is clearly surjective,
and our job is to show that it is injective (this is the nontrivial part
of the proof). In each degree, ¥ is a morphism of finitely generated
OY¥-modules. Therefore, to check its injectivity, it suffices to check the
injectivity on the formal neighborhood of each point z € X/W.

Let = be a preimage of z in X, and W, be the stabilizer of z in W.
Then W, acts on the formal neighborhood U, of z in X.

Lemma 6.8. Any action of a finite group on a formal polydisk over C
15 linearizable.

Proof. Let D be a formal polydisk over C. Suppose we have an action
of a finite group W on D. Then we have a group homomorphism:

p: W — Aut(D) = GL,(C) x Auty (D),

where Auty (D) is the group of unipotent automorphisms of D, which
is a prounipotent algebraic group.

We only need to show that the image of W under p can be con-
jugated into GL,(C). The obstruction to this is in the cohomology
group H'(W, Auty (D)), which is trivial since W is finite and Auty (D)
is prounipotent over C. U

It follows from Lemma 6.8 that it suffices to prove the theorem in the
linear case, which has been accomplished already. We are done. U

Remark 6.9. The following remark is meant to clarify the proof of
Theorem 6.7. In the case X = b, the proof of Theorem 6.7 is based,
essentially, on the (fairly nontrivial) fact that the usual Dunkl-Opdam
operators D, commute with each other. It is therefore very important
to note that in contrast with the linear case, for a general X we do
not have any natural commuting family of Dunkl-Opdam operators.
Instead, the operators (6.1) satisfy a weaker property, which is still

sufficient to validate the PBW theorem. This property says that if
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Dy, Dy, D3 are Dunkl-Opdam operators corresponding to vector fields
vy, Vg, V3 = [v1, V2] and some choices of the functions fy-, then [Dy, Dy]—
D3 € W x O(X) (i.e., it has no poles). To prove this property, it
is sufficient to consider the case when X is a formal polydisk, with
a linear action of W. But in this case everything follows from the
commutativity of the usual Dunkl operators D,,.

Example 6.10. 1. Suppose W = 1. Then for ¢t # 0, H; (X,W) =
D, 1(X). On the other hand, Hy (X, W) is the Poisson algebra O(T;; X).
2. Suppose W is a Weyl group and X = H the corresponding torus.

Then H; .(H,W) is called the trigonometric Cherednik algebra.

6.4. Globalization. Let X be any smooth algebraic variety, and W C
Aut(X). Assume that X admits a cover by affine W-invariant open
sets. Then the quotient variety X/W exists.

For any affine open set U in X/W, let U’ be the preimage of U in
X. Then we can define the algebra H;.o(U’,W) as above. If U C
V', we have an obvious restriction map Hy.o(V', W) — H;.o(U', W).
The gluing axiom is clearly satisfied. Thus the collection of algebras
H;.o(U', W) can be extended (by sheafification) to a sheaf of algebras
on X/W. We are going to denote this sheaf by H;.oxw and call
it the sheaf of Cherednik algebras on X/W. Thus, H;.oxw(U) =
Hi o o(U,W).

Similarly, if v € H?*(X, Q)Z(l)w, we can define the sheaf of twisted
Cherednik algebras H; ., xw. This is done similarly to the case of
twisted differential operators (which is the case W = 1).

Remark 6.11. 1. The construction of H; ., (X, W) and the PBW the-
orem extend in a straightforward manner to the case when the ground
field is not C but an algebraically closed field % of positive characteris-
tic, provided that the order of the group W is relatively prime to the
characteristic.

2. The construction and main properties of the (sheaves of) Chered-
nik algebras of algebraic varieties can be extended without significant
changes to the case when X is a complex analytic manifold, and W is
not necessarily finite but acts properly discontinuously. In the following
lectures, we will often work in this generalized setting.

6.5. Modified Cherednik algebra. It will be convenient for us to
use a slight modification of the sheaf H; ., xw. Namely, let 7 be a
function on the set of conjugacy classes of Y such that (Y,g) € S.

We define Hi ., x,w in the same way as H; ., xw except that the
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Dunkl-Opdam operators are defined by the formula

(6.2) D:=tL,+ Y fr (26Yg)(g—1)+77(Y)>.

(Y,9)es Yy

The following result shows that this modification is in fact tauto-
logical. Let 1y be the class in H?(X,Q3") defined by the line bundle
Ox(Y)™!, whose sections are functions vanishing on Y.

Proposition 6.12. One has an isomorophism
Hicmupxw = Hieps Ty n(v ey X,w-

Proof. Let y € Y and z be a function on the formal neighborhood of y
such that z|y = 0 and dz, # 0. Extend it to a system of local formal
coordinates z; = z, 29, ..., 24 near y. A Dunkl-Opdam operator near y
for the vector field % can be written in the form

o 1.2V, 9™,
D=4+ ;(; 1_—%(9 — 1) +n(Y)).

Y)

Conjugating this operator by the formal expression 2", we get

0 12 2(Y,gm
26 Doy = 2 1§ c(Y.yg )(gm_l)

0z =z —1- AV
This implies the required statement. O

We note that the sheaf H; ., xw localizes to W x Dx on the com-
plement of all the hypersurfaces Y. This follows from the fact that the
line bundle Ox(Y) is trivial on the complement of Y.

6.6. Orbifold Hecke algebras. Let X be a connected and simply
connected complex manifold, and W is a discrete group of automor-
phisms of X which acts properly discontinuously. Then X/W is a
complex orbifold. Let X’ C X be the set of points with trivial sta-
bilizer. Fix a base point 2o € X’. Then the braid group of X/W
is defined to be By = m(X'/W,xp). We have an exact sequence
1= K— By =W —1.

Now let S be the set of pairs (Y, ¢g) such that Y is a component of X9
of codimension 1 in X (such Y will be called a reflection hypersurface).
For (Y,g9) € S, let Wy be the subgroup of W whose elements act
trivially on Y. This group is obviously cyclic; let ny = |Wy|. Let Ty
be a representative of the conjugacy class in By, corresponding to a
small circle going counterclockwise around the image of Y in X/W.

The following theorem follows from elementary topology:
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Theorem 6.13. K is defined by relations 1y = 1, for all reflection
hypersurfaces Y (i.e., K is the intersection of all normal subgroups of
By containing Ty ).

For any conjugacy class of hypersurfaces Y such that (Y,g9) € S
we introduce formal parameters 7y, ..., 7,,v. The entire collection of
these parameters will be denoted by 7. Let Ay = C[W].

Definition 6.14. We define the Hecke algebra of (X, W), denoted
A =H, (X, W, xg), to be the quotient of the group algebra of the braid
group, C[By/|[[7]], by the relations

ny
(6.3) [[(T - eilmey =0, T eCy

j=1
(i.e., by the closed ideal in the formal series topology generated by
these relations).

Thus, A is a deformation of Aj.

It is clear that up to an isomorphism this algebra is independent on
the choice of g, so we will sometimes drop xy form the notation.

The main result of this section is the following theorem.

Theorem 6.15. Assume that H*(X,C) = 0. Then A= H (X, W) is
a flat formal deformation of Ay, which means A = Ap[[T]] as a module

on C[[r]].

Example 6.16. Let h be a finite dimensional vector space, and W
be a complex reflection group in GL(h). Then H,(h, W) is the Hecke
algebra of W studied in [BMR]. It follows from Theorem 6.15 that
this Hecke algebra is flat. This proof of flatness is in fact the same as
the original proof of this result given in [BMR] (based on the Dunkl-
Opdam-Cherednik operators, and explained above).

Example 6.17. Let h be a universal covering of a maximal torus of a
surnply connected simple Lie group G, Q" be the dual root lattice, and
W =W x Q" be its affine Weyl group. Then H, (b, W) is the affine
Hecke algebra. This algebra is also flat by Theorem 6.15. In fact, its
flatness is a well known result from representation theory; our proof of
flatness is essentially due to Cherednik [Ch].

Example 6.18. Let W, b, Q" be as in the previous example, n € C,.
be a complex number with a positive imaginary part, and W=W x

(QY @ nQY) be the double affine Weyl group. Then 3., (b, W) is (one

of the versions of) the double affine Hecke algebra of Cherednik ([Ch]),
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and it is flat by Theorem 6.15. The fact that this algebra is flat was
proved by Cherednik, Sahi, Noumi, Stokman (see [Ch],[Sa],[NoSt],[St])
using a different approach (g-deformed Dunkl operators).

6.7. Hecke algebras attached to Fuchsian groups. Let H be a
simply connected complex Riemann surface (i.e., Riemann sphere, Eu-
clidean plane, or Lobachevsky plane), and I" be a cocompact lattice in
Aut(H) (i.e., a Fuchsian group). Let ¥ = H/T". Then X is a compact
complex Riemann surface. When I" contains elliptic elements (i.e., non-
trivial elements of finite order), we are going to regard X as an orbifold:
it has special points P;, ¢ = 1,...,m with stabilizers Z,,. Then I' is
the orbifold fundamental group of 3.1

Let g be the genus of X, and a;,b;,7 = 1,..., g, be the a-cycles and
b-cycles of X. Let ¢; be the counterclockwise loops around P;. Then I
is generated by ay, b;, ¢c; with relations

c?j =1, cica--Ccp = Halblaflbfl.
!

For each j, introduce formal parameters 74;, & = 1,...,n;. Define
the Hecke algebra J,(X) of ¥ to be generated over C[[7]] by the same
generators ay, by, ¢; with defining relations

H(Cj — ezmj/"je”“j) =0, ciea- - = Halblaflbfl.

k=1 1
Thus H,(X) is a deformation of C[I'].

We claim that this deformation is flat if H is a Euclidean plane or a
Lobachevsky plane. To show this, let IV be a normal subgroup of I' of
finite index acting freely on H. Let W = T'/T”, and X = H/I". Then
H.(X) = H(X, W), so the result follows from Theorem 6.15 and the
fact that H*(X,C) = H*(H,C) = 0.

We note that if H is the Riemann sphere (so that the condition
H?(X,C) = 0 is violated) and T # 1 then this deformation is not flat.
Indeed, let 7 = 7(h) be a 1-parameter subdeformation of H,(X) which
is flat. Let us compute the determinant of the product ¢;---¢,, in

ILet X be a connected topological space on with a properly discontinuous action
of a discrete group G. Then the orbifold fundamental group of the orbifold X/G
with base point z € X, denoted m§*®(X/G, x), is the set of pairs (g,7), where g € G
and v is a homotopy class of paths leading from x to gz, with multiplication law
(91,71)(g2,72) = (9192,7), where ~ is v, followed by g1(72). Obviously, in this
situation we have an exact sequence

1—m(X,z) — 1 (X/G,z) - G — 1.

58



the regular representation of this algebra (which is finite dimensional
if H is the sphere). On the one hand, it is 1, as ¢; - -- ¢, is a prod-
uct of commutators. On the other hand, the eigenvalues of ¢; in this
representation are e2™/"e™ with multiplicity |I'|/n;. Computing de-
terminants as products of eigenvalues, we get a nontrivial equation on
Tk;(R), which means that the deformation J, is not flat.

Thus, we see that H,(X) fails to be flat in the following “forbidden”
cases:

g=0, m=2 (ny,ny) = (n,n);
m = 3, (n1,n9,n3) = (2,2,n),(2,3,3),(2,3,4),(2,3,5).

Indeed, the orbifold Euler characteristic of a closed surface X of genus
g with m special points x4, ..., z,, whose orders are ny,...,n,, is

1
orb
S8 ) =229 Mt Y —,
X (7x17 775) g—m T

i=1
and above solutions are the solutions of the inequality
XoP(CPY 2y, ... 2p) > 0.

(note that the solutions for m = 1 and solutions (ni,ny) with ny # ngy
don’t arise, since they don’t correspond to any orbifolds).

6.8. Hecke algebras of wallpaper groups and Del Pezzo sur-
faces. The case when H is the Euclidean plane (i.e., I' is a wallpaper
group) deserves special attention. If there are elliptic elements, this
reduces to the following configurations: ¢ = 0 and

m =3, (n1,n9,n3) = (3,3,3),(2,4,4),(2,3,6) (cases Eg, Er, Es),

or
m =4, (ny,ng,n3, ng) = (2,2,2,2) (case Dy).

In these cases, the algebra H,(H,I") (for numerical 7) has Gelfand-
Kirillov dimension 2, so it can be interpreted in terms of the theory of
noncommutative surfaces.

Recall that a del Pezzo surface (or a Fano surface) is a smooth pro-
jective surface, whose anticanonical line bundle is ample. It is known
that such surfaces are CP! x CP!, or a blow-up of CIP? at up to 8 generic
points. The degree of a del Pezzo surface X is by definition the self
intersection number K - K of its canonical class K. For example, a del
Pezzo surface of degree 3 is a cubic surface in CP3, and the degree of
CP? with n generic points blown up is d = 9 — n.

Now suppose 7 is numerical. Let h = Zj,k n;lrkj. Also let n be the

largest of n;, and ¢ be the corresponding ¢;. Let e € Clc] C H,(H,T') be
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the projector to an eigenspace of c¢. Consider the “spherical” subalgebra
B.(H,T') := eH,(H,T)e.

Theorem 6.19 (Etingof, Oblomkov, Rains, [EOR]). (i) If A = 0 then
the algebra B(H,T") is commutative, and its spectrum is an affine del
Pezzo surface. More precisely, in the case (2,2,2,2), it is a del Pezzo
surface of degree 8 (=a cubic surface) with a triangle of lines removed;
in the cases (3,3,3),(2,4,4),(2,3,6) it is a del Pezzo surface of degrees
3,2,1 respectively with a nodal rational curve removed.

(ii) The algebra B,(H,T") for h # 0 is a quantization of the unique
algebraic symplectic structure on the surface from (i) with Planck’s
constant h.

Remark 6.20. In the case (2,2,2,2), H,(H,T') is the Cherednik-Sahi
algebra of rank 1; it controls the theory of Askey-Wilson polynomials.

Example 6.21. This is a “multivariate” version of the Hecke alge-
bras attached to Fuchsian groups, defined in the previous subsection.
Namely, letting H,I" be as in the previous subsection, and N > 1, we
consider the manifold X = H" with the action of I'y = SyxI'V. If H is
a Euclidean or Lobachevsky plane, then by Theorem 6.15 H, (X", T'y)
is a flat deformation of the group algebra C[I'y|. If N > 1, this algebra
has one more essential parameter than for N = 1 (corresponding to
reflections in Sy). In the Euclidean case, one expects that an appro-
priate “spherical” subalgebra of this algebra is a quantization of the
Hilbert scheme of a del Pezzo surface.

6.9. The Knizhnik-Zamolodchikov functor. In this subsection we
will define a global analog of the KZ functor defined in [GGOR]. This
functor will be used as a tool of proof of Theorem 6.15.

Let X be a simply connected complex manifold, and W a discrete
group of holomorphic transformations of X acting on X properly dis-
continuously. Then we can define the sheaf of Cherednik algebras
Hicpoxw on X/W. Note that the restriction of this sheaf to X'/W
is the same as the restriction of the sheaf W x Dy to X'/W (i.e. on
X'/W, the dependence of the sheaf on the parameters ¢ and 7 disap-
pears). This follows from the fact that the line bundles Ox (Y') become
trivial when restricted to X.

Now let M be a module over H ., 0 x,w which is a locally free co-
herent sheaf when restricted to X’/W. Then the restriction of M to
X'/W is a W-equivariant D-module on X’ which is coherent and lo-
cally free as an O-module. Thus, M corresponds to a locally constant
sheaf (local system) on X'/W, which gives rise to a monodromy repre-

sentation of the braid group 7 (X'/W, x¢) (where zq is a base point).
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This representation will be denoted by KZ(M). This defines a functor
KZ, which is analogous to the one in [GGOR].

It follows from the theory of D-modules that any Ox/w-coherent
Hi ¢ po.x,w-module is locally free when restricted to X’/W. Thus
the KZ functor acts from the abelian category C., of Ox/-coherent
Hi ¢ o.x,w-modules to the category of representations of m (X'/W, o).
It is easy to see that this functor is exact.

For any Y, let gy be the generator of Wy which has eigenvalue e
in the conormal bundle to Y. Let (¢,7) — 7(¢,n) be the invertible
linear transformation defined by the formula

2mi/ny

ny—1 1 — 2mijm/ny

Tiy = 2mi(2 Z_l (Y, ) T smimymy — 1Y) /1y
Proposition 6.22. The functor KZ maps the category C.,, to the cat-
egory of representations of the algebra H. (¢, (X, W).

Proof. The result follows from the corresponding result in the linear
case (which we have already proved) by restricting M to the union of
W-translates of a neighborhood of a generic point y € Y, and then
linearizing the action of Wy on this neighborhood. U

6.10. Proof of Theorem 6.15. Consider the module M = Ind‘g;DX Oyx.
Then KZ(M) is the regular representation of W which is denoted by
RegW. We want to show that M deforms uniquely (up to an isomor-
phism) to a module over Hj .o, xw for formal ¢,7. The obstruction
to this deformation is in Extjy,, (M, M) and the freedom of this de-
formation is in Extyy, (M, M). Since

EXt%;VKDX(M, M) = EXtiDX(OX, RGSM) = EXtiDX<O)(, OX ® (CW)
= Ext}, (Ox,0x) @ CW = H'(X,C) ® CW,

and X is simply connected, we have
Exty . p (M, M) =0, and Ext},, (M, M) =0 if H*(X,C) = 0.

Thus such deformation exists and is unique if H?(X,C) = 0.

Now let M., be the deformation. Then KZ(M., ) is a H . (X, W)-
module from Proposition 6.22 and it deforms flatly the module RegIV'.
This implies H; ., (X, W) is flat over C[[7]].

Remark 6.23. When X is not simply connected, the theorem is still
true under the assumption m(X) ® C = 0 (i.e. H*(X,C) = 0, where
X is the universal cover of X), and the proof is contained in [E4].
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6.11. Example: the simplest case of double affine Hecke alge-
bras. Now let W = Z, x Z? acting on C. Then the conjugacy classes of
reflection hyperplanes are four points: 0,1/2,1/2+n/2,1/2, where we
suppose the lattice in C is Z & Zn. Correspondingly, the presentation
of W is as follows:

generators: 11,715,715, Ty;
relations: T\ 1,137, = 1, T? = 1.

Thus, the corresponding orbifold Hecke algebra is the following defor-
mation of CW:

generators: Ty, Ty, T3, Ty;
relations: T\ 1,137, = 1, (T; — pi)(Ti — ¢;) = 0,

where p;,q; (i = 1,...,4), are parameters.
If we renormalize the T}, these relations turn into

(T, —t:;)(T; + ;1) =0, TYTT3T, = q,

and we get the type CVC, double affine Hecke algebra. If we set three
of the four Tj’s satisfying the undeformed relation T? = 1, we get the
double affine Hecke algebra of type A;. More precisely, this algebra is
generated by Ti, ..., T, with relations

Ti=Ty=T; =1, (I —-t)(I1+t ") =0, TYILYIT, =q.

Let E = C/Z?, an elliptic curve with an Z, action defined by z — —z.
Define the partial braid group

B = " (E\{0}/Z>, ),

where z is a generic point. Notice that comparing to the usual braid
group, we do not delete three of the four reflection points. The gener-
ators of the group 71 (E \ 0,z) (the fundamental group of a punctured
2-torus) are X (corresponding to the a-cycle on the torus), Y (corre-
sponding to the b-cycle on the torus) and C' (corresponding to the loop
around 0). In order to construct B, which is an extension of Zy by
7 (E \ 0,z), we introduce an element T s.t. 7% = C (the half-loop
around the puncture). Then X, Y, T satisfy the following relations:

TXT=X"1' T'vyr'=v"! Y IX'vYXT?=1

The Hecke algebra of the partial braid group is then defined to be
the group algebra of B plus an extra relation: (T — ¢1)(T + ¢2) = 0.

A common way to present this Hecke algebra is to renormalize the
generators so that one has the following relations:

TXT=X'T'YT ' =Y ' Y ' X 'VXT? = q,(T-t)(T+t ") = 0.
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This is Cherednik’s definition for 74(q,t), the double affine Hecke al-
gebra of type A; which depends on two parameters ¢, t.

There are two degenerations of the algebra H(q,t).

1. The trigonometric degeneration

Set Y = e, g =¢el t =& and T = se™, where s € Z, is the
reflection. Then s, X,y satisfy the following relations modulo h:

=1, sXs'=X1 sy+ys=2, X 'yX-—y=1-2cs.

The algebra generated by s, X, y with these relations is called the type
A trigonometric Cherednik algebra. It is easy to show that it is iso-
morhic to the Cherednik algebra H, .(C*, Z,), where Zy acts on C* by
z— 271
2. The rational degeneration
In the trigonometric Cherednik algebra, set X = e and y = §/h.

Then s, x, y satisfy the following relations modulo A:

2 =1,sx = —xs,s) = —§s,§jxr — 2§ = 1 — 2cs.
The algebra generated by s, X,y with these relations is the rational
Cherednik algebra H; .(C,Zs) with the action of Zs on C* given by

zZ— —Z.

6.12. Affine and extended affine Weyl groups. Let R = {a} C R"
be a root system with respect to a nondegenerate symmetric bilinear
form (-,-) on R™. We will assume that R is reduced. Let {o;}"; C R
be the set of simple roots and Ry (respectively R_) be the set of
positive (respectively negative) roots. The coroots are denoted by
o' = 2af(a,a). Let Q¥ = @, Za; be the coroot lattice and
PY = @, Zw,; the coweight lattice, where w;’s are the fundamental
coweights, i.e., (W), a;) = d;;. Let 6 be the maximal positive root, and
assume that the bilinear form is normalized by the condition (6, 6) = 2.
Let W be the Weyl group which is generated by the reflections s,
(a € R).
By definition, the affine root system is

R* = {a = [a,j] € R" x R| where a € R, j € Z}.

The set of positive affine roots is R} = {[o, j]|j € Zso} U {[,0]]| v €

R.}. Define ap = [—6,1]. We will identify o € R with & = [, 0]

For an arbitrary affine root & = [«, j| and a vector Z = [z,
the corresponding affine reflection is defined as follows:

sa(3) = 5 — 229

(a, @)
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The affine Weyl group W, is generated by the affine reflections {s5 | & €
R, }, and we have an isomorphism:

Wa = W X Qv7
where the translation o € @ is naturally identified with the compo-
sition S[_q,1)5¢ € Wa.

Define the extended affine Weyl group to be WeXt = Wx PV acting on
R via b(2) = [2,( — (b, 2)] for 2 = [2,¢], b€ PY. Then W, C VVEXt
Moreover, W, is a normal subgroup of WZ and VVeXt /Wa=PY/QV.
The latter group can be identified with the group I = {7} of the

elements of WZXt permuting simple affine roots under their action in
R™*. Tt is a normal commutative subgroup of Aut = Aut(Dyn%)
(Dyn® denotes the affine Dynkin diagram). The quotient Aut/II is
isomorphic to the group of the automorphisms preserving «y, i.e. the
group AutDyn of automorphisms of the finite Dynkin diagram.

6.13. Cherednik’s double affine Hecke algebra of a root system.
In this subsection, we will give an explicit presentation of Cherednik’s
DAHA for a root system, defined in Example 6.18. This is done by
giving an explicit presentation of the corresponding braid group (which
is called the elliptic braid group), and then imposing quadratic relations
on the generators corresponding to reflections.

For a root system R, let m = 2 if R is of type Do, m = 1 if R is of
type Boy, C, and otherwise m = |II|. Let m;; be the number of edges
between vertex ¢ and vertex j in the affine Dynkin diagram of R*. Let
X; (i =1,...,n) be a family of pairwise commutative and algebraically
independent elements. Set

1
Xpj) = Hng whereb-Zﬁwzere—Z

=1 =1

For an element w € WZXt, we can define an action on these Xp, j by
WX = X

Definition 6.24 (Cherednik). The double affine Hecke algebra (DAHA)
of the root system R, denoted by HH, is an algebra defined over the
field C,; = C(qg"/™,t'/?), generated by T;,i = 0,...,n,1I, X;,b € P,
subject to the following relations:

(1) T;1;T; - - - = T;T;T; - - -, my; factors each side;

(2) (T; )(T—I—t )—Ofori:(),...,n

(3) ’/TT’/T :T,”),forﬂel_[andi—() C g

(4) Xyt = Xy, for m € I1,b € P;
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(2]

T X, = X,T;, if i > 0 and (a, )

(2

(5) T;.X,T; = X, X1, if i > 0 and (b, a)) = 1;

(6) ToXbTO = Xb—ao if (b, 9) = O;
TOXb = XbTO lf (b, 9) = 1
The degenerate double affine Hecke algebra (trigonometric Chered-
nik algebra) 7y, is generated by the group algebra of WZXt, IT and
pairwise commutative y; = > " ,(b,a")y; +u for b = [b,u] € P x Z,
with the following relations:
Sy — Ys;y8i = —ki(b, ), fori=1,....n,

S0Yb — Yso(b)S0 = kO(ba Q)a
7r,.yb7r7f1 = Ym,v) for m. € 1L

Remark 6.25. This degeneration can be obtained from the DAHA
similarly to the case of A;, which is described above.

6.14. Flatness of Hecke algebras of polygonal Fuchsian groups.
Let W be the Coxeter group of rank r corresponding to a Coxeter
datum:

mi; (1,7 =1,...,r,i % j), such that 2 < m;; < oo and m;; = my;.
So the group W has generators s; ¢ = 1,...,r, and defining relations
st =1, (si8;))™ = 1if my; # oo.

It has a sign character £ : W — {£1} given by {(s;) = —1. Denote

by W, the kernel of £ (the even subgroup of W). It is generated by
a;; = s;5; with relations:

CLZ'j =a
We can deform the group algebra C[W] as follows. Define the algebra
A(W) with invertible generators s;, and tyx, 1,5 = 1,...,7, k € Zp,,

for (4, 7) such that m;; < oo and defining relations

—1 2
tigh =i g S; = 1, [tigs tiyr ] = 0, sptijn = i kS,
H(Sisj — tij,k) =0if m;; < 0Q.
k=1

Notice that if we set ¢;;, = exp(2wik/m;;), we get C[W].
Define also the algebra A, (W) over R := Clt;;x] (tijr = tj_llfk) by
generators a;;, i # j (a; = a;;'), and relations
H((lij — tij,k) =0if mi; < 00,  QijQjpQp; = 1.

k=1
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If w is a word in letters s;, let T,, be the corresponding element of
A(W). Choose a function w(x) which attaches to every element x € W,
a reduced word w(x) representing x in W.

Theorem 6.26 (Etingof, Rains, [ER]). (i) The elements Ty, x € W,
form a spanning set in A(W') as a left R-module.

(ii) The elements Ty, x € Wy, form a spanning set in AL (W) as
a left R-module.

(iii) The elements Ty, v € W, are linearly independent if W has
no finite parabolic subgroups of rank 3.

Proof. We only give the proof of (i). Statement (i7) follows from (7).

Proof of (iii), which is quite nontrivial, can be found in [ER] (it uses

the geometry of constructible sheaves on the Coxeter complex of ).
Let us write the relation

[[(sisi = tig) =0

k=1

as a deformed braid relation:
S5jS8iS5 ... + SLT - tijSiSjSi oot SLT,

where t;; = (=1)™ii ¢, - “tijm;, S.L.T. mean “smaller length terms”,
and the products on both sides have length m;;. This can be done by
multiplying the relation by s;s;--- (m;; factors).

Now let us show that T, span A(W) over R. Clearly, T,, for all
words w span A(WW). So we just need to take any word w and express
Tw via Tw(x).

It is well known from the theory of Coxeter groups (see e.g. [B])
that using the braid relations, one can turn any non-reduced word into
a word that is not square free, and any reduced expression of a given
element of W into any other reduced expression of the same element.
Thus, if w is non-reduced, then by using the deformed braid relations
we can reduce Ty, to a linear combination of T, with words u of smaller
length than w. On the other hand, if w is a reduced expression for
some element z € W, then using the deformed braid relations we can
reduce T, to a linear combination of 7T, with u shorter than w, and
Tw(@)- Thus T, ;) are a spanning set. This proves (i). d

Thus, A, (W) is a “deformation” of C[W,] over R, and similarly

A(W) is a “twisted deformation” of C[IV].
66



Now let I' = I'(mq,...,m,), r > 3, be the Fuchsian group defined
by generators c;, j = 1,...,r, with defining relations

T
mi o o
¢’ =1, ch =1.
Jj=1

Here 2 < m; < oo.

Suppose I' acts on H where H is a simply connected complex Rie-
mann surface as in Section 6.7. We have the Hecke algebra of T,
H,(H,T), defined by the same (invertible) generators ¢; and relations

[1(¢; = exp(@rik/ny)am) =0, [[e; =1,
k j=1
where ¢jr = exp(ji).

We saw above (Theorem 6.15) that if 7;;’s are formal, the algebra
H,(H,T') is flat in 7 if |I'| is infinite (i.e., H is Euclidean or hyperbolic).
Here is a much stronger non-formal version of this theorem.

Theorem 6.27. The algebra H,.(H,T') is free as a left module over
R = C[qﬁl] if and only if 3 .(1 —1/m;) > 2 (i.e., H is Euclidean or
hyperbolic).

Proof. Let us consider the Coxeter datum: m,;, ¢,5 = 1,...,r, such
that m; ;41 == m; (i € Z/rZ), and m;; = oo otherwise. Suppose the
corresponding Coxeter group is W. Then we can see that I' = W,.
Notice that the algebra H,.(H,I') for genus 0 orbifolds is the algebra
AL (W), ie., we have H,(H,I') = A (W).

The condition » (1 —1/m;) > 2 is equivalent to the condition that
W has no finite parabolic subgroups of rank 3. From Theorem 6.26(ii)
and Theorem 6.15, we can see that A, (W) is free as a left module over
R. We are done. 0

7. SYMPLECTIC REFLECTION ALGEBRAS

7.1. The definition of symplectic reflection algebras. Rational
Cherednik algebras for finite Coxeter groups are a special case of a
wider class of algebras called symplectic reflection algebras. To define
them, let V' be a finite dimensional symplectic vector space over C with
a symplectic form w, and G be a finite group acting symplectically
(linearly) on V. For simplicity let us assume that (A2V*)¢ = Cw (i.e.,
V' is symplectically irreducible) and that G acts faithfully on V' (these
assumptions are not important, and essentially not restrictive).

Definition 7.1. A symplectic reflection in G is an element g such that

the rank of the operator 1 — g on V is 2.
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If s is a symplectic reflection, then let w,(z,y) be the form w applied
to the projections of x, y to the image of 1 — s along the kernel of 1 —s;
thus wy is a skewsymmetric form of rank 2 on V.

Let S C G be the set of symplectic reflections, and ¢ : S — C be a
function which is invariant under the action of G. Let t € C.

Definition 7.2. The symplectic reflection algebra H;. = H; [V, G] is
the quotient of the algebra C[G] x T(V) by the ideal generated by the
relation

(7.1) [z, y] = tw(x,y) — 2 Z csws(,y)s.

seS

Example 7.3. Let W be a finite Coxeter group with reflection rep-
resentation h. We can set V. = h @ b*, w(z,2’) = w(y,y) = 0,
w(y,z) = (y,z), for z,2’ € h* and y,y’ € h. In this case

1) symplectic reflections are the usual reflections in W;

2) WS(:E’ lJ) = w5<y7 y/> =0, wS(y’ [E) = %(ﬁ% O[S)(a}e/a SL’)

Thus, H; . is the rational Cherednik algebra defined in the previous
subsection.

Note also that for any V, G, Hoo[V,G] = G x SV, and H,,[V,G] =
G x Weyl(V), where Weyl(V) is the Weyl algebra of V', i.e. the quotient
of the tensor algebra T(V') by the relation zy —yzr = w(z,y), x,y € V.

7.2. The PBW theorem for symplectic reflection algebras. To
ensure that the symplectic reflection algebras H, . have good properties,
we need to prove a PBW theorem for them, which is an analog of
Proposition 2.5. This is done in the following theorem, which also
explains the special role played by symplectic reflections.

Theorem 7.4. Let k : N*V — C[G] be a linear G-equivariant function.
Define the algebra H,, to be the quotient of the algebra C[G] x T(V') by
the relation [z,y] = k(z,y), x,y € V. Put an increasing filtration on
H, by setting deg(V) = 1, deg(G) = 0, and define £ : CGx SV — grH,
to be the natural surjective homomorphism. Then & is an isomorphism
if and only if k has the form

k(z,y) = tw(zr,y) — 2 Z csws(x,y)s,

seS
for some t € C and G-invariant function ¢ : S — C.

Unfortunately, for a general symplectic reflection algebra we don’t
have a Dunkl operator representation, so the proof of the more difficult
“if” part of this Theorem is not as easy as the proof of Proposition 2.5.
Instead of explicit computations with Dunkl operators, it makes use of

the deformation theory of Koszul algebras, which we will now discuss.
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7.3. Koszul algebras. Let R be a finite dimensional semisimple alge-
bra (over C). Let A be a Z,-graded algebra, such that A[0] = R.

Definition 7.5. (i) The algebra A is said to be quadratic if it is gen-
erated over R by A[l], and has defining relations in degree 2.

(ii) A is Koszul if all elements of Ext’(R, R) (where R is the aug-
mentation module over A) have grade degree precisely 1.

Remarks. 1. Thus, in a quadratic algebra, A[2] = A[l] ®g A[l]/E,
where F is the subspace (R-subbimodule) of relations.

2. It is easy to show that a Koszul algebra is quadratic, since the
condition to be quadratic is just the Koszulity condition for i = 1, 2.

Now let Ay be a quadratic algebra, Ag[0] = R. Let Ey be the space of
relations for Ag. Let £ C Ap[1]®@rAo[1][[%]] be a topologically free (over
C[[h]]) R-subbimodule which reduces to Ey modulo # (“deformation of
the relations”). Let A be the (h-adically complete) algebra generated
over R[[A]] by A[l] = Ag[1][[A]] with the space of defining relations E.
Thus A is a Z,-graded algebra.

The following very important theorem is due to Beilinson, Ginzburg,
and Soergel, [BGS] (less general versions appeared earlier in the works
of Drinfeld [Drl1], Polishchuk-Positselski [PP], Braverman-Gaitsgory
[BG]). We will not give its proof.

Theorem 7.6 (Koszul deformation principle). If Ay is Koszul then A
is a topologically free C[[h]] module if and only if so is A[3].

Remark. Note that Afi] for i < 3 are obviously topologically free.
We will now apply this theorem to the proof of Theorem 7.4.

7.4. Proof of Theorem 7.4. Let k : A’V — C|[G] be a linear G-
equivariant map. We write £(x,y) = > ¢ #q4(T,y)g, Where k,(z,y) €
A2V*. To apply Theorem 7.6, let us homogenize our algebras. Namely,
let Ag = (CGXSV)®Clu] (where u has degree 1). Also let i be a formal
parameter, and consider the deformation A = Hy,z2, of Ag. That is, A
is the quotient of G' x T(V)[u][[h]] by the relations [z,y] = hu?k(z,y).
This is a deformation of the type considered in Theorem 7.6, and it is
easy to see that its flatness in & is equivalent to Theorem 7.4. Also, the
algebra A, is Koszul, because the polynomial algebra SV is a Koszul
algebra. Thus by Theorem 7.6, it suffices to show that A is flat in
degree 3.
The flatness condition in degree 3 is “the Jacobi identity”

[K(2,9), 2] + [K(y, 2), 2] + [K(z, 2), 4] = 0,
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which must be satisfied in CG x V. In components, this equation
transforms into the system of equations

ke(z,y)(z — 27) + Ky(y, 2) (@ — 29) + ky(z,2)(y —9y?) =0

for every g € G (here 29 denotes the result of the action of g on z).

This equation, in particular, implies that if z,y,g are such that
kg(x,y) # 0 then for any z € V 2z — 29 is a linear combination of
x — a9 and y — y?. Thus ky(x,y) is identically zero unless the rank of
(1 —g)|v is at most 2, i.e. g =1 or g is a symplectic reflection.

If g = 1 then ry(x,y) has to be G-invariant, so it must be of the
form tw(zx,y), where t € C.

If g is a symplectic reflection, then ,(x,y) must be zero for any
such that x — 29 = 0. Indeed, if for such an x there had existed y
with ky(x,y) # 0 then 2z — 29 for any z would be a multiple of y — 37,
which is impossible since Im(1 — g)|y is 2-dimensional. This implies
that xy(x,y) = 2c,wy(x,y), and ¢, must be invariant.

Thus we have shown that if A is flat (in degree 3) then x must have
the form given in Theorem 7.4. Conversely, it is easy to see that if k
does have such form, then the Jacobi identity holds. So Theorem 7.4
is proved.

7.5. The spherical subalgebra of the symplectic reflection al-
gebra. The properties of symplectic reflection algebras are similar to
properties of rational Cherednik algebras we have studied before. The
main difference is that we no longer have the Dunkl representation and
localization results, so some proofs are based on different ideas and are
more complicated.

The spherical subalgebra of the symplectic reflection algebra is de-
fined in the same way as in the Cherednik algebra case. Namely, let

e = ﬁ > gec 9- and By = eH, ce.
Proposition 7.7. B, . is commutative if and only if t = 0.

Proof. Let A be a Z, -filtered algebra. If A is not commutative, then
we can define a Poisson bracket on gr(A) in the following way. Let m
be the minimum of deg(a) + deg(b) — deg([a, b]) (over a,b € A such
that [a,b] # 0). Then for homogeneous elements ag, by € Ay of degrees
p,q, we can define {ag, by} to be the image in Ag[p + ¢ — m] of [a, b],
where a,b are any lifts of ag, by to A. It is easy to check that {,} is a
Poisson bracket on Ay of degree —m.

Let us now apply this construction to the filtered algebra A = B, .
We have gr(A) = Ay = (SV)°.
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Lemma 7.8. Aq has a unique, up to scaling, Poisson bracket of degree
—2, and no nonzero Poisson brackets of degrees < —2.

Proof. A Poisson bracket on (SV)Y is the same thing as a Poisson
bracket on the variety V*/G. On the smooth part (V*/G), of V*/G,
it is simply a bivector field, and we can lift it to a bivector field on the
preimage V. of (V*/G)s in V*, which is the set of points in V' with
trivial stabilizers. But the codimension on V*\ V" in V*is 2 (as V*\ V
is a union of symplectic subspaces), so the bivector on V* extends to a
regular bivector on V*. So if this bivector is homogeneous, it must have
degree > —2, and if it has degree —2 then it must be with constant
coefficients, so being G-invariant, it is a multiple of w. The lemma is
proved. O

Now, for each t, ¢ we have a natural Poisson bracket on Ay of degree
—2, which depends linearly on t,c. So by the lemma, this bracket has
to be of the form f(¢, ¢)Il, where II is the unique up to scaling Poisson
bracket of degree —2, and f a homogeneous linear function. Thus the
algebra A = B, . is not commutative unless f(¢,¢) = 0. On the other
hand, if f(¢,¢) = 0, and B, is not commutative, then, as we’ve shown,
Ag has a nonzero Poisson bracket of degree < —2. But By Lemma 7.8,
there is no such brackets. So B;. must be commutative if f(¢,¢) = 0.

It remains to show that f(¢,¢) is in fact a nonzero multiple of ¢.
First note that f(1,0) # 0, since B; g is definitely noncommutative.
Next, let us take a point (¢,c¢) such that B, . is commutative. Look at
the H; -module H;.e, which has a commuting action of B;. from the
right. Its associated graded is SV as an (CG x SV, (SV)%)-bimodule,
which implies that the generic fiber of H,.e as a B;.module is the
regular representation of GG. So we have a family of finite dimensional
representations of H; . on the fibers of H; .e, all realized in the regular
representation of G. Computing the trace of the main commutation
relation (7.1) of H; . in this representation, we obtain that ¢ = 0 (since
Tr(s) = 0 for any reflection s). The Proposition is proved. O

Note that By . has no zero divisors, since its associated graded algebra
(SV)¥ does not. Thus, like in the Cherednik algebra case, we can define
a Poisson variety M., the spectrum of By ., called the Calogero-Moser
space of G, V. Moreover, the algebra B, := B, . over C[h] is an algebraic
quantization of M..

7.6. The center of the symplectic reflection algebra H,.. Con-
sider the bimodule H;.e, which has a left action of H;. and a right

commuting action of B;.. It is obvious that Endy, H;c.e = B, (with
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opposite product). The following theorem shows that the bimodule
H¢ e has the double centralizer property (i.e., Endg, H;ce = H;.).
Note that we have a natural map & : H;. — Endg, .H; e.

Theorem 7.9. & . is an isomorphism for any t, c.

Proof. The complete proof is given [EG|. We will give the main ideas
of the proof skipping straightforward technical details. The first step
is to show that the result is true in the graded case, (t,c) = (0,0). To
do so, note the following lemma:

Lemma 7.10. If X is an affine complex algebraic variety with algebra
of functions Ox and G a finite group acting freely on X then the natural
map Ex G x Ox — Endo)c((’)x 1 an isomorphism.

Therefore, the map &0 : G x SV — Endgye(SV) is injective,
and moreover becomes an isomorphism after localization to the field
of quotients C(V*). To show it’s surjective, take a € Endg1)c(SV).
There exists ' € G x C(V*) which maps to a. Moreover, by Lemma
7.10, a/ can have poles only at fixed points of G on V*. But these fixed
points form a subset of codimension > 2, so there can be no poles and
we are done in the case (¢,¢) = (0,0).

Now note that the algebra Endg, H;.e has an increasing integer
filtration (bounded below) induced by the filtration on H;.. This is
due to the fact that H; .e is a finitely generated eH; .e-module (since it
is true in the associated graded situation, by Hilbert’s theorem about
invariants). Also, the natural map grEndg, H;.e — Endgs, grH; e is
clearly injective. Therefore, our result in the case (t,¢) = (0,0) implies
that this map is actually an isomorphism (as so is its composition with
the associated graded of & .). Identifying the two algebras by this
isomorphism, we find that gr(&;.) = £o0. Since &y is an isomorphism,
& is an isomorphism for all ¢, ¢, as desired. 2 0

Denote by Z,. the center of the symplectic reflection algebra H, .
We have the following theorem.

Theorem 7.11. Ift # 0, the center of H, . is trivial. Ift = 0, we have
grly. = ZLoo. In particular, Ho . is finitely generated over its center.

2Here we use the fact that the filtration is bounded from below. In the case
of an unbounded filtration, it is possible for a map not to be an isomorphism if
its associated graded is an isomorphism. An example of this is the operator of
multiplication by 1 4+ ¢~! in the space of Laurent polynomials in ¢, filtered by
degree.
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Proof. The t # 0 case was proved by Brown and Gordon [BGo| as
follows. If t # 0, we have grZ, . C Zyo = (SV)%. Also, we have a map

Tie ' Lie — Bie =eHice, 2+ ze =eze.

The map 7;. is injective since gr(7.) is injective. In particular, the
image of gr(7.) is contained in Z(B,.), the center of B;.. Thus it is
enough to show that Z(B; ) is trivial. To show this, note that grZ(B;.)
is contained in the Poisson center of By which is trivial. So Z(B,,) is
trivial.

Now suppose t = 0. We need to show that gr(7.) : gr(Zo.) — Zoo
is an isomorphism. It suffices to show that 7¢. is an isomorphism. To
show this, we construct To. Cl : Bo,e = Zo,c as follows.

For any b € By, since By, is commutative, we have an element
b e Endg, . (Hoce) which is defined as the right multiplication by b.

From Theorem 7.9, b e Ho.. Moreover, b e Zy. since it is commutes
with Hp. as linear operator on the fairthful Hy.module Hy.e. So

be Zy.. It is easy to see that be = b. So we can set b = T(;l(b) which

c
defines the inverse map to 7. O

7.7. A review of deformation theory. Now we would like to explain
that symplectic reflection algebras are the most general deformations
of algebras of the frm G x Weyl(V'). Before we do so, we give a brief
review of classical deformation theory of associative algebras.

7.7.1. Formal deformations of associative algebras. Let Ay be an asso-

ciative algebra with unit over C. Denote by g the multiplication in
Ap.

Definition 7.12. A (flat) formal n-parameter deformation of Ay is an
algebra A over C[[h]] = C[[A, ..., h,]] which is topologically free as a
C[[h]}]-module, together with an algebra isomorphism 7y : A/mA — Ay
where m = (hy, ..., h,) is the maximal ideal in C[[A]].

When no confusion is possible, we will call A a deformation of Ay
(omitting “formal”).

Let us restrict ourselves to one-parameter deformations with parame-
ter h. Let us choose an identification 1 : A — Ag[[h]] as C[[A]]-modules,
such that n = 1y modulo A. Then the product in A is completely de-
termined by the product of elements of Ay, which has the form of a
“star-product”

,u(a, b) =axb= MO(G, b) + h,LLl(CL7 b) + h2,u2(a, b) + -,

where p; 1 Ag ® Ag — Ag are linear maps, and pg(a,b) = ab.
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7.7.2. Hochschild cohomology. The main tool in deformation theory of
associative algebras is Hochschild cohomology. Let us recall its defini-
tion.

Let A be an associative algebra. Let M be a bimodule over A.
A Hochschild n-cochain of A with coefficients in M is a linear map
A®™ — M. The space of such cochains is denoted by C™(A, M). The
differential d : C™(A, M) — C"*1(A, M) is defined by the formula

df(al, Ce ,an+1)
= flat,...,an)ans1 — flag, ..., anGyi1)
+f(a1, ..., an 10n, any1) — -+ (=1)"f(ara9, ..., apns1)
+(—1)”+1a1f(a2, e ,an+1).
It is easy to show that d? = 0.

Definition 7.13. The Hochschild cohomology HH®*(A, M) is defined
to be the cohomology of the complex (C*(A, M),d).

Proposition 7.14. One has a natural isomorphism
HH%(Av M) - Ethél—bimod(A’ M),
where A—bimod denotes the category of A-bimodules.

Proof. The proof is obtained immediately by considering the bar reso-
lution of the bimodule A:

o AQRARA - AR A— A,
where the bimodule structure on A®" is given by
blag ®ag® -+ @ ay)c=ba; ®ay @ -+ ac,
and the map 0, : A®™ — A®""1 is given by the formula
Op(a1 ®as®...Qa,) =a100R - Ra, —-+(=1)"a1 @+ ® ay_1ay.
0

Note that we have the associative Yoneda product
HH'(A, M) @ HH? (A, N) — HH"" (A, M ®4 N),

induced by tensoring of cochains.

If M = A, the algebra itself, then we will denote HH*(A, M) by
HH*(A). For example, HH’(A) is the center of A, and HH'(A) is the
quotient of the Lie algebra of derivations of A by inner derivations.
The Yoneda product induces a graded algebra structure on HH®(A); it

can be shown that this algebra is supercommutative.
74



7.7.3. Hochschild cohomology and deformations. Let Ay be an alge-
bra, and let us look for 1-parameter deformations A = Ay|[[h]] of Ay.
Thus, we look for such series u which satisfy the associativity equation,
modulo the automorphisms of the C|[[A]]-module Ag[[A]] which are the
identity modulo A. 3

The associativity equation po (u® Id) = po (Id ® u) reduces to a
hierarchy of linear equations:

N

ZNS(MN—S(av b),c) = Z ps(a, pn—s(b, c)).

s=0

(These equations are linear in uy if p;, ¢ < N, are known).

To study these equations, one can use Hochschild cohomology. Namely,
we have the following standard facts (due to Gerstenhaber, [Ge]), which
can be checked directly.

1. The linear equation for p; says that u; is a Hochschild 2-cocycle.
Thus algebra structures on Ag[h]/A? deforming py are parametrized by
the space Z2(Ap) of Hochschild 2-cocycles of Ay with values in M = Aj.

2. If py, ) are two 2-cocycles such that p; — pf is a coboundary,
then the algebra structures on Ag[h]/h? corresponding to p; and s}
are equivalent by a transformation of Ag[h|/h? that equals the iden-
tity modulo A, and vice versa. Thus equivalence classes of multiplica-
tions on Ag[h]/h? deforming pg are parametrized by the cohomology

HH?(Ay).
3. The linear equation for uy says that duy is a certain quadratic
expression by in pq,...,un—_1. This expression is always a Hochschild

3-cocycle, and the equation is solvable iff it is a coboundary. Thus the
cohomology class of by in HH?*(Ay) is the only obstruction to solving
this equation.

7.7.4. Universal deformation. In particular, if HH*(Ag) = 0 then the
equation for u, can be solved for all n, and for each n the freedom in
choosing the solution, modulo equivalences, is the space H = HH?*(A,).
Thus there exists an algebra structure over C[[H]] on the space A, :=
Ap[[H]] of formal functions from H to Ay, a,b — p,(a,b) € Ao[[H]],
(a,b € Ap), such that p,(a,b)(0) = ab € Aj, and every l-parameter
flat formal deformation A of A is given by the formula p(a,b)(h) =
tu(a, b)(y(h)) for a unique formal series v € hH|[h]], with the property
that 7/(0) is the cohomology class of the cocycle ;.

3Note that we don’t have to worry about the existence of a unit in A since a
formal deformation of an algebra with unit always has a unit.
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Such an algebra A, is called a universal deformation of A,. It is
unique up to an isomorphism (which may involve an automorphism of
C[[H]).

Thus in the case HH?*(A) = 0, deformation theory allows us to com-
pletely classify 1-parameter flat formal deformations of Ay. In particu-
lar, we see that the “moduli space” parametrizing formal deformations
of Ap is a smooth space — it is the formal neighborhood of zero in H.

If HH?(Ap) is nonzero then in general the universal deformation
parametrized by H does not exist, as there are obstructions to de-
formations. In this case, the moduli space of deformations will be a
closed subscheme of the formal neighboirhood of zero in H, which is
often singular. On the other hand, even when HH?(A4,) # 0, the uni-
versal deformation parametrized by (the formal neighborhood of zero
in) H may exist (although its existence may be more difficult to prove
than in the vanishing case). In this case one says that the deformations
of Ay are unobstructed (since all obstructions vanish even though the
space of obstructions doesn’t).

7.8. Deformation-theoretic interpretation of symplectic reflec-
tion algebras. Let V' be a symplectic vector space (over C) and
Weyl(V) the Weyl algebra of V. Let G be a finite group acting sym-
plectically on V. Then from the definition, we have

AO = Hljo[‘/, G] =GKx Weyl(V)
Let us calculate the Hochschild cohomology of this algebra.

Theorem 7.15 (Alev, Farinati, Lambre, Solotar, [AFLS]). The coho-
mology space HH'(G x Weyl(V)) is naturally isomorphic to the space
of conjugation invariant functions on the set S; of elements g € G such
that rank(1 — g)|y = 1.

Corollary 7.16. The odd cohomology of G x Weyl(V') vanishes, and
HH?(G x Weyl(V)) is the space C[S]E of conjugation invariant func-
tions on the set of symplectic reflections. In particular, there exists a
universal deformation A of Ag = G x Weyl(V') parametrized by C[S]%.

Proof of Theorem 7.15.
Lemma 7.17. Let B be a C-algebra together with an action of a finite
group G. Then
HH*(G x B,G x B) = (§,ecHH* (B, Bg))°,
where Bg is the bimodule isomorphic to B as a space where the left

action of B is the usual one and the right action is the usual action

twisted by g.
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Proof. The algebra G x B is a projective B-module. Therefore, using
the Shapiro lemma, we get

HH*(G x B, G x B) = Ext{gyq)w(Bopern (G X B,G x B)
= Extg,. w(papon (B, G % B) = Exthepa (B, G x B)¢
= (@gGGEXt*B@@BOP(BaBQ))G = (@QEGHH*(B:BQ))G>
as desired. U

Now apply the lemma to B = Weyl(V'). For this we need to calculate
HH*(B, Bg), where g is any element of G. We may assume that g is di-
agonal in some symplectic basis: g = diag(A, A\[', ..., Ap, A1), Then
by the Kiinneth formula we find that HH*(B, Bg) = ®_HH* (A1, A1 ¢;),
where A; is the Weyl algebra of the 2-dimensional space, (generated
by z,y with defining relation zy — yz = 1), and g; = diag(\;, \;'1).

Thus we need to calculate HH*(B, Bg), B = A, g = diag(A\, \71).

Proposition 7.18. HH*(B, Byg) is 1-dimensional, concentrated in de-
gree 0 if A =1 and in degree 2 otherwise.

Proof. If B = A, then B has the following Koszul resolution as a B-
bimodule:
B®B—-B®C*®B— B®B— B.

Here the first map is given by the formula
by @by — b ®xrRyby — by ®y R xby
—by®@rRby+ b1z @Y X by,
the second map is given by
by @ x @by — bix @ by — by @ xby, b1 @Y R by — b1y @ by — by @ ybo,

and the third map is the multiplication.

Thus the cohomology of B with coefficients in Bg can be computed
by mapping this resolution into Bg and taking the cohomology. This
yields the following complex C'*:

(7.2) 0—Bg— Bg® Bg— Bg—0

where the first nontrivial map is given by bg — [bg, y] ®  — [bg, ] ® v,
and the second nontrivial map is given by bg ® x — [z, bg|, bg @ y
[y, bg].

Consider first the case ¢ = 1. Equip the complex C* with the
Bernstein filtration (deg(z) = deg(y) = 1), starting with 0, 1,2, for
C° C*, C?, respectively (this makes the differential preserve the filtra-
tion). Consider the associated graded complex Cg- In this complex,

brackets are replaced with Poisson brackets, and thus it is easy to see
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that Cg, is the De Rham complex for the affine plane, so its cohomology
is C in degree 0 and 0 in other degrees. Therefore, the cohomology of
C* is the same.

Now consider g # 1. In this case, declare that C° C!, C? start in
degrees 2,1,0 respectively (which makes the differential preserve the
filtration), and again consider the graded complex Cg- The graded
Euler characteristic of this complex is (t2 — 2t +1)(1 —t)"2 = 1.

The cohomology in the CJ, term is the set of b € C[xz,y] such that
ab = bad for all a. This means that HH® = 0.

The cohomology of the CZ, term is the quotient of C[z,y] by the
ideal generated by a — a?, a € Clx,y]. Thus the cohomology HH?
of the rightmost term is 1-dimensional, in degree 0. By the Euler
characteristic argument, this implies that HH' = 0. The cohomology
of the filtered complex C* is therefore the same, and we are done. [

The proposition implies that in the n-dimensional case HH*(B, Bg)
is 1-dimensional, concentrated in degree rank(1 — g). It is not hard to
check that the group G acts on the sum of these 1-dimensional spaces
by simply premuting the basis vectors. Thus the theorem is proved. [J

Theorem 7.19. The algebra Hy |G, V], with formal c, is the universal
deformation of Hi |G, V] = G x Weyl(V'). More specifically, the map
f: C[S]¢ — HH*(G x Weyl(V)) induced by this deformation coincides
with the isomorphism of Corollary 7?7 is the identity map.

Proof. The proof (which we will not give) can be obtained by a direct
computation with the Koszul resolution for G' x Weyl(V'). O

7.9. Finite dimensional representations of Hy .. Let M. = SpecZ, .
We can regard Hyo. = Ho [V, G] as a finitely generated module over
Zy. = O(M.). Let x € M. be a central character, x : Zy. — C. Denote
by (x) the ideal in Hy . generated by the kernel of .

Proposition 7.20. If x is generic then Ho./(x) is the matriz algebra
of size |G|. In particular, Ho . has a unique irreducible representation
V with central character x. This representation is isomorphic to CG
as a G-module.

Proof. 1t is shown by a standard argument (which we will skip) that it
is sufficient to check the statement in the associated graded case ¢ = 0.
In this case, for generic x, Gx SV/(x) = G x Fun(O, ), where O,, is the
(free) orbit of G consisting of the points of V* that map to y € V*/G,
and Fun(O, ) is the algebra of functions on O,. It is easy to see that this
algebra is isomorphic to a matrix algebra, and has a unique irreducible

representation, Fun(0O, ), which is a regular representation of G. 0
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Corollary 7.21. Any irreducible representation of Hy . has dimension
<|G|.

Proof. We will use the following lemma.

Lemma 7.22 (The Amitsur-Levitzki identity). For any N x N ma-

trices X1, ..., Xy with entries in a commutative ring A,
D (=17 Xoq) -+ Xoan) = 0.
UGSzn

Proof. Consider the ring Maty(A) @A (&1, ..., &n). Let X =5, Xi§, €
R. So we have

X2 =X, X;)68; € Maty (A @ A&, ..., o).
1<J
It is obvious that TrX? = (0. Similarly, one can easily show that TrX* =
0,...,TrX?N = 0. Since the ring AQA®°"(£y,. .., &y,) is commutative,
from the Cayley-Hamilton theorem, we know that X2¥ = 0 which
implies the lemma. O

Since for generic x the algebra Hy./(x) is a matrix algebra, the al-
gebra Hy . satisfies the Amitsur-Levitzki identity. Next, note that since
Ho. is a finitely generated Z,.module (by passing to the associated
graded and using Hilbert’s theorem), every irreducible representation
of Hy. is finite dimensional. If Hy,. had an irreducible representation
E of dimension m > |G|, then by the density theorem the matrix al-
gebra Mat,, would be a quotient of Hy.. But the Amitsur-Levitski
identity of degree |G| is not satisfied for matrices of bigger size than
|G|. Contradiction. Thus, dim E' < |G|, as desired. O

In general, for special central characters there are representations of
Ho,. of dimension < |G|. However, in some cases one can show that all
irreducible representations have dimension exactly |G|. For example,
we have the following result.

Theorem 7.23. Let G = S,,, V = hdb*, h = C" (the rational Chered-
nik algebra for S, ). Then for ¢ # 0, every irreducible representation of
Ho. has dimension n! and is isomorphic to the reqular representation

of Sy.

Proof. Let E be an irreducible representation of Hp .. Let us calculate
the trace in E of any permutation o # 1. Let j be an index such that
o(j) =1 # j. Then s;;0(j) = j. Hence in Hy . we have

[yjaxisijo'] = [yj7$i]8ij0 = CS?]U = co.
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Hence Trg(o) = 0, and thus F is a multiple of the regular representa-
tion of S,,. But by Theorem 7.21, dim E' < n!, so we get that F is the
regular representation, as desired. 0

7.10. Azumaya algebras. Let Z be a finitely generated commutative
algebra over C, M = SpecZ the corresponding affine scheme, and A a
finitely generated Z-algebra.

Definition 7.24. A is said to be an Azumaya algebra of degree N if
the completion A, of A at every maximal ideal x in Z is the matrix
algebra of size N over the completion Z, of Z.

Thus, an Azumaya algebra should be thought of as a bundle of matrix
algebras on M. * For example, if F is an algebraic vector bundle on
M then End(F) is an Azumaya algebra. However, not all Azumaya
algebras are of this form.

Example 7.25. For ¢ € C*, consider the quantum torus
T, = C(X* Y1) /(XY — ¢V X).

If ¢ is a oot of unity of order N, then the center of T, is (X*V, VEV) =
C[M] where M = (C*)2. Tt is not difficult to show that T, is an
Azumaya algebra of degree N, but Ty ®cag C(M) 2 Maty(C(M)), so
T, is not the endomorphism algebra of a vector bundle.

Example 7.26. Let X be a smooth irreducible variety over a field of
characteristic p. Then D(X), the algebra of differential operators on X,
is an Azumaya algebra with rank pd™X . Its center is Z = O(T*X)¥,
the Frobenius twisted functions on 7% X.

It is clear that if A is an Azumaya algebra then for every central
character y of A, A/(x) is the algebra Maty(C) of complex N by N
matrices, and every irreducible representation of A has dimension V.

The following important result is due to M. Artin.

Theorem 7.27. Let A be a finitely generated (over C) polynomial iden-
tity (PI) algebra of degree N (i.e. all the polynomial relations of the
matriz algebra of size N are satisfied in A). Then A is an Azumaya al-
gebra if and only if every irreducible representation of A has dimension
exactly N.

Thus, by Theorem 7.23, for G = §,,, the rational Cherednik algebra
Hy (S, C") for ¢ # 0 is an Azumaya algebra of degree n!. Indeed, this

4If M is not affine, one can define, in a standard manner, the notion of a sheaf
of Azumaya algebras on M.
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algebra is PI of degree n! because the classical Dunkl representation
embeds it into matrices of size n! over C(z1,..., %, p1,- .., 0n)"".

Let us say that y € M is an Azumaya point if for some affine neigh-
borhood U of yx the localization of A to U is an Azumaya algebra.
Obviously, the set Az(M) of Azumaya points of M is open.

Now we come back to the study the space M. corresponding to a
symplectic reflection algebra Hy_.

Theorem 7.28. The set Az(M,) coincides with the set of smooth points
of M.

The proof of this theorem is given in the following two subsections.

Corollary 7.29. If G = S, and V = b @ b*, h = C" (the rational
Cherednik algebra case) then M. is a smooth algebraic variety for ¢ # 0.

7.11. Cohen-Macaulay property and homological dimension.
To prove Theorem 7.28, we will need some commutative algebra tools.
Let Z be a finitely generated commutative algebra over C without
zero divisors. By Noether’s normalization lemma, there exist elements
21,...,2, € Z which are algebraically independent, such that Z is a
finitely generated module over C[zy, ..., z,].

Definition 7.30. The algebra Z (or the variety SpecZ) is said to
be Cohen-Macaulay if Z is a locally free (=projective) module over
Clzty .-y 2n). °

Remark 7.31. It was shown by Serre that if Z is locally free over
Clz1,- .., 2] for some choice of z1,...,z,, then it happens for any
choice of them (such that Z is finitely generated as a module over

Clz1, -+, 2n))-

Remark 7.32. Another definition of the Cohen-Macaulay property is
that the dualizing complex w$, of Z is concentrated in degree zero. We
will not discuss this definition here.

It can be shown that the Cohen-Macaulay property is stable under
localization. Therefore, it makes sense to make the following definition.

Definition 7.33. An algebraic variety X is Cohen-Macaulay if the
algebra of functions on every affine open set in X is Cohen-Macaulay.

Let Z be a finitely generated commutative algebra over C without
zero divisors, and let M be a finitely generated module over Z.

5Tt was proved by Quillen that a locally free module over a polynomial algebra
is free; this is a difficult theorem, which will not be needed here.
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Definition 7.34. M is said to be Cohen-Macaulay if for some alge-
braically independent zq, ..., 2z, € Z such that Z is finitely generated
over C[zy, ..., z,], M is locally free over Clzy, ..., z,].

Again, if this happens for some z1, ..., z,, then it happens for any of
them. We also note that M can be Cohen-Macaulay without Z being
Cohen-Macaulay, and that Z is a Cohen-Macaulay algebra iff it is a
Cohen-Macaulay module over itself.

We will need the following standard properties of Cohen-Macaulay
algebras and modules.

Theorem 7.35. (i) Let Z1 C Zy be a finite extension of finitely gener-
ated commutative C-algebras, without zero divisors, and M be a finitely
generated module over Zy. Then M is Cohen-Macaulay over Zs iff it
1s Cohen-Macaulay over Z.

(i1) Suppose that Z is the algebra of functions on a smooth affine
variety. Then a Z-module M is Cohen-Macaulay if and only if it is
projective.

In particular, this shows that the algebra of functions on a smooth
affine variety is Cohen-Macaulay. Algebras of functions on many sin-
gular varieties are also Cohen-Macaulay.

Example 7.36. The algebra of regular functions on the cone zy = 22 is

Cohen-Macaulay. This algebra can be identified as C|a, b]Z* by letting
x = a®,y = b® and 2z = ab, where the Z, action is defined by a — —a,
b — —b. Tt contains a subalgebra Cla?,b?], and as a module over this
subalgbera, it is free of rank 2 with generators 1, ab.

Example 7.37. Any irreducible affine algebaric curve is Cohen-Macaulay.
For example, the algebra of regular functions on 3? = z? is isomorphic
to the subalgebra of C[t] spanned by 1,2 ¢3,.... It contains a subalge-
bra C[t?] and as a module over this subalgebra, it is free of rank 2 with
generators 1, 3.

Example 7.38. Consider the subalgebra in C[z,y| spanned by 1 and
2yl with i 4+ 5 > 2. Tt is a finite generated module over C[z?, y?], but
not free. So this algebra is not Cohen-Macaulay.

Another tool we will need is homological dimension. We will
say that an algebra A has homological dimension < d if any (left) A-
module M has a projective resolution of length < d. The homological
dimension of A is the smallest integer having this property. If such an
integer does not exist, A is said to have infinite homological dimension.

It is easy to show that the homological dimension of A is < d if

and only if for any A-modules M, N one has Ext'(M, N) = 0 for i > d.
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Also, the homological dimension clearly does not decrease under taking
associated graded of the algebra under a positive filtration (this is clear
from considering the spectral sequence attached to the filtration).

It follows immediately from this definition that homological dimen-
sion is Morita invariant. Namely, recall that a Morita equivalence be-
tween algebras A and B is an equivalence of categories
A-mod — B-mod. Such an equivalence maps projective modules to
projective ones, since projectivity is a categorical property (P is pro-
jective iff Hom(P, ?) is exact). This implies that if A and B are Morita
equivalent then their homological dimensions are the same.

Then we have the following important theorem.

Theorem 7.39. The homological dimension of a commutative finitely
generated C-algebra Z s finite if and only if Z is reqular, i.e. s the
algebra of functions on a smooth affine variety.

7.12. Proof of Theorem 7.28. First let us show that any smooth
point x of M. is an Azumaya point. Since Ho. = Endg, Ho.e =
Endgz, ,(Ho.ce), it is sufficient to show that the coherent sheaf on M,
corresponding to the module Hy .e is a vector bundle near y. By Theo-
rem 7.35 (ii), for this it suffices to show that Hy .e is a Cohen-Macaulay
Zy ~module.

To do so, first note that the statement is true for ¢ = 0. Indeed,
in this case the claim is that SV is a Cohen-Macaulay module over
(SV)Y. But SV is a polynomial algebra, which is Cohen-Macaulay, so
the result follows from Theorem 7.35, (i).

Now, we claim that if Z, M are positively filtered and grM is a
Cohen-Macaulay grZ-module then M is a Cohen-Macaulay Z-module.
Indeed, let zy,...,z, be homogeneous algebraically independent ele-
ments of grZ such that grZ is a finite module over the subalgebra gen-
erated by them. Let zi,..., 2! be their liftings to Z. Then z],..., 2}
are algebraically independent, and the module M over C[z{,..., 2] is
finitely generated and (locally) free since so is the module grM over
C[Zl, . ,Zn].

Recall now that grHg.e = SV, grZy,. = (SV)“. Thus the ¢ = 0 case
implies the general case, and we are done.

Now let us show that any Azumaya point of M. is smooth. Let U
be an affine open set in M, consisting of Azumaya points. Then the
localization Hy(U) := Ho . ®z, . Op is an Azumaya algebra. Moreover,
for any x € U, the unique irreducible representation of Hg .(U) with
central character x is the regular representation of G (since this holds
for generic y by Proposition 7.20). This means that e is a rank 1

idempotent in Hy .(U)/(x) for all x. In particular, Hy.(U)e is a vector
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bundle on U. Thus the functor F' : Op-mod — H .(U)-mod given by
the formula F'(Y) = Hy.(U)e®p, Y is an equivalence of categories (the
quasi-inverse functor is given by the formula F~!'(N) = eN). Thus
Ho(U) is Morita equivalent to Op, and therefore their homological
dimensions are the same.

On the other hand, the homological dimension of Hy .. is finite (in fact,
it equals to dim V'). To show this, note that by the Hilbert syzygies the-
orem, the homological dimension of SV is dim V. Hence, so is the ho-
mological dimension of G'x SV (as Ext, g, (M, N) = Ext&, (M, N)%).
Thus, since grHy . = G x SV, we get that Hp . has homological dimen-
sion < dimV. Hence, the homological dimension of Hy.(U) is also
< dim V' (as the homological dimension clearly does not increase under
the localization). But Hy.(U) is Morita equivalent to Oy, so Oy has
a finite homological dimension. By Theorem 7.39, this implies that U
consists of smooth points.

Corollary 7.40. Az(M,) is also the set of points at which the Poisson
structure of M. is symplectic.

Proof. The variety M. is symplectic outside of a subset of codimension
2, because so is My. Thus the set S of smooth points of M. where the
top exterior power of the Poisson bivector vanishes is of codimension
> 2. Since the top exterior power of the Poisson bivector is locally
a regular function, this implies that S is empty. Thus, every smooth
point is symplectic, and the corollary follows from the theorem. 0
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