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Symplectic Spaces

Definition

Symplectic space is a pair pV , ψq with V a k-vector space and
ψ : V ˆ V Ñ k a symplectic form.

bilinear.

alternating - ψpv , vq “ 0.

nondegenerate - ψpu,V q “ 0 ñ u “ 0.

Remark

dimpV q “ 2n

Definition

W Ď V is totally isotropic if ψpW ,W q “ 0.

Definition

Symplectic basis is a basis B such that

rψsB “

ˆ

0 ´1n
1n 0

˙
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Symplectic Spaces

Lemma (Milne, 6.1)

W Ď V totally isotropic, BW a basis of W . Then there is a
symplectic basis BV of V extending BW .

Proof.

By induction on n. Identify W_ with the complement of WK via
v ÞÑ ψpv ,´q. The dual basis to BW gives a symplectic basis of
W ‘W_. By the induction hypothesis, pW ‘W_qK also has a
symplectic basis.

Corollary

Any two symplectic spaces of the same dimension are
isomorphic.

V has a symplectic basis.
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Symplectic Groups

Definition

The symplectic group Sppψq

Sppψqpkq “ tg P GLpV q|ψpgu, gvq “ ψpu, vqu

The group of symplectic similitudes GSppψq

GSppψqpkq “ tg P GLpV q|ψpgu, gvq “ νpgq¨ψpu, vq, νpgq P kˆu

The group of projective symplectic similitudes PGSppψq

PGSppψqpkq “ GSppψqpkq{kˆ

Sppψq

�� &&
Gm

//

##

GSppψq
ad //

ν

��

PGSppψq

Gm
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Shimura Datum

Reductive group

Let G pψq “ GSppψq. Note that G pψqad “ PGSppψq and
G pψqder “ Sppψq.

G pRq-conjugacy class of homomorphisms h : SÑ GR

For J a complex structure on V pRq s.t. ψRpJu, Jvq “ ψRpu, vq, i.e.
J P SppψqpRq such that J2 “ ´1, let ψJpu, vq :“ ψRpu, Jvq. Write
X pψq` “ tJ P SppψqpRq | ψJ ą 0u,
X pψq´ “ tJ P SppψqpRq | ψJ ă 0u and X pψq “ X pψq`

Ů

X pψq´.

Lemma

The map J ÞÑ hJ : X pψq Ñ HompCˆ,G pRqq defined by
hJpa` biq “ a` bJ identifies X with a G pRq-conjugacy class in
HompCˆ,G pRqq.
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Shimura Datum

Proof.

For z “ a` bi , we have

ψphJpzqu, hJpzqvq “ ψpau ` bJu, av ` bJvq “

“ a2ψpu, vq ` b2ψpJu, Jvq ` abpψpu, Jvq ` ψpJu, vqq

But ψpJu, Jvq “ ψpu, vq and

ψpJu, vq “ ψpJ2u, Jvq “ ψp´u, Jvq “ ´ψpu, Jvq

hence

ψphJpzqu, hJpzqvq “ pa
2 ` b2qψpu, vq “ zz̄ ¨ ψpu, vq

In particular, hJpzq P G pRq. For g P G pRq
ψgJg´1pu, vq “ ψpu, gJg´1vq “ νpgqψpg´1u, Jpg´1vqq “

“ νpgqψJpg
´1u, g´1vq

so that for J P X pψq, gJg´1 P X pψq. (Cont...)
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Shimura Datum

Proof.

Also, for z “ a` bi

hgJg´1pzq “ a` bgJg´1 “ gpa` bJqg´1 “ ghJpzqg
´1

It remains to show transitivity.
For that, let Bpψq be the set of symplectic bases of pV , ψq. We
have Bpψq Ñ X pψq` : B ÞÑ JB defined for B “ pei q

2n
i“1 by

JBpei q “

#

ei`n 1 ď i ď n

´ei´n n ` 1 ď i ď 2n

Indeed, J2
B “ ´1, and B is orthonormal for ψJ . This map is

surjective (orthonormal basis for ψJ) and equivariant:

JgBpgei q “ gJBpei q “ gJBg
´1pgei q

SppψqpRq acts transitively on Bpψq, hence on X pψq`.
Finally, the map g P G pRq swapping ei with ei`n has νpgq “ ´1
and swaps X pψq` with X pψq´.
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Shimura Datum

Proposition

The pair pG pψq,X pψqq is a Shimura datum. It satisfies SV1-SV6.

(SV1)

For all h P X , the Hodge structure on LiepGRq defined by Ad ˝h is
of type tp´1, 1q, p0, 0q, p1,´1qu.

Proof.

We have LiepGRpψqq Ď LiepGLRpV qq “ EndpV q and the action
defined by Ad ˝h on EndpV q is

pzf qpvq “ phpzq ˝ f ˝ hpzq´1qpvq

Let V pCq “ V` ‘ V´ hence hpzqv “ zv for v P V` and
hpzqv “ z̄v for v P V´. We have

EndpV pCqq “ EndpV`q‘EndpV´q‘HompV`,V´q‘HompV´,V`q

with actions by 1, 1, z̄{z , z{z̄ respectively.
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Shimura Datum

(SV2)

For all h P X , adphpiqq is a Cartan involution of G ad
R .

Proof.

J “ hpiq. Let ψ
1

: V pCq ˆ V pCq Ñ C be the sesquilinear form
defined by ψ

1

pu, vq “ ψCpu, v̄q. Then for g P G pCq
ψ
1

pgu, JpJ´1ḡJqvq “ ψ
1

pgu, ḡJvq “ ψCpgu, gJvq “ ψ
1

pu, Jvq

so that ψ
1

Jpgu, adpJqpḡqvq “ ψ
1

Jpu, vq, and ψ
1

J is invariant under
G pad Jq. Since ψJ is symmetric and positive(negative)-definite, ψ

1

J

is Hermitian and positive(negative)-definite. Then G pad Jq “ Upψ
1

Jq

is a definite unitary group, hence compact.
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Shimura Datum

(SV3)

G ad has no Q-factor on which the projection of h is trivial.

Proof.

The root system of Sppψq is irreducible, hence G ad is Q-simple.
Finally, PGSppRq is not compact

(SV4)

The weight homomorphism wX : Gm Ñ GR is defined over Q.

Proof.

r P Rˆ acts as r on both V` and V´, so wX prq “ r .
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Shimura Datum

(SV5)

The group Z pQq is discrete in Z pAf q.

Proof.

Z “ Gm, and Qˆ is discrete in Aˆf .

(SV6)

The torus Z ˝ splits over a CM-field.

Proof.

Z “ Gm is already split over Q.
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The Siegel Modular Variety

Moduli space

K Ď G pAf q compact open. HK - set of triples ppW , hq, s, ηK q s.t.

pW , hq is a rational Hodge structure of type p´1, 0q, p0,´1q.

s or ´s is a polarization for pW , hq.

ηK is a K -orbit in HomAf
pV pAf q,W pAf qq with

sAf
pηpuq, ηpvqq “ νpηq ¨ ψAf

pu, vq for some νpηq P Aˆf .

An isomorphism ppW , hq, s, ηK q Ñ ppW 1, h1q, s 1, η1K q is an
isomorphism b : pW , hq Ñ pW 1, h1q s.t.

s 1pbpuq, bpvqq “ µpbqspu, vq for some µpbq P Qˆ.

b ˝ ηK “ η1K .

Proposition (Milne, 6.3)

The set ShK pG pψq,X pψqqpCq classifies the elements of HK

modulo isomorphism.
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The Siegel Modular Variety

Proof.

Let a : W Ñ V be an isomorphism s.t.
ψpapuq, apvqq “ µpaqspu, vq for some µpaq P Qˆ. Then

ψRpaJa
´1u, aJa´1vq “ µpaqsRpJa

´1u, Ja´1vq “

“ µpaqsRpa
´1u, a´1vq “ ψRpu, vq

and

ψaJa´1pu, uq “ ψRpu, aJa
´1uq “ µpaqsRpa

´1u, Ja´1uq “

“ µpaqsJpa
´1u, a´1uq

so that pahqpzq :“ a ˝ hpzq ˝ a´1 P X . From

ψAf
ppa ˝ ηqpuq, pa ˝ ηqpvqq “ µpaqsAf

pηpuq, ηpvqq “

“ µpaqνpηqψAf
pu, vq

we see that a ˝ η P G pAf q. Define a map

HK Ñ G pQqzX ˆ G pAf q{K : ppW , hq, s, ηK q ÞÑ rah, a ˝ ηsK
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The Siegel Modular Variety

Proof.

If a1 : W Ñ V is another such isomorphism, then a1 ˝ a´1 P G pQq,
hence rah, a ˝ ηsK “ ra

1h, a1 ˝ ηsK , so the map is independent of a.
If b : ppW , hq, s, ηK q Ñ ppW 1, h1q, s 1, η1K q is an isomorphism, and
a1 : W 1 Ñ V , then a ˝ b : W Ñ V , and

ppa ˝ bqhqpzq “ a ˝ b ˝ hpzq ˝ b´1 ˝ a´1 “ a ˝ h1pzq ˝ a´1 “ pah1qpzq

so that rpa ˝ bqh, a ˝ b ˝ ηsK “ rah
1, a ˝ η1sK .

Thus, the map factors through the equivalence relation. If
ppW , hq, s, ηK q and ppW 1, h1q, s 1, η1K q map to the same element,
take a : W Ñ V and a1 : W 1 Ñ V . Then
pah, a ˝ ηq “ pa1h1, a1 ˝ η1 ˝ kq. Take b “ a´1 ˝ a1 : W 1 ÑW .
Surjectivity - rh, g sK is the image of ppV , hq, ψ, gK q.
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Abelian Varieties

Definition

An Abelian variety over k is a proper connected group variety.

Remark

group variety is smooth - translate the smooth locus.
connected group variety is geometrically connected - 1 P G pkq.

Lemma (Rigidity Lemma)

α : X ˆ Y Ñ Z with X proper and X ˆ Y geom. irreducible.

αpX ˆ tyuq “ tzu “ αptxu ˆ Y q

Then αpX ˆ Y q “ tzu.

Observations

May assume k “ k̄ . X is connected. pr : X ˆ Y Ñ Y is closed.
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Abelian Varieties

Proof.

Let U be an open affine nbd of z , consider V “ prpα´1pZzUq.
Then y 1 R V ðñ αpX ˆ ty 1uq Ď U, so y P Y zV .
X is connected, proper and U is affine, so for y 1 P Y zV ,
αpX ˆ ty 1uq is a point, so αpX ˆ pY zV qq “ tzu.
X ˆpY zV q is nonempty open, hence dense.But Z is separated.

Corollary

Every regular map φ : AÑ G from an abelian variety to a group
variety is the composite of a homomorphism with a translation.

Proof.

May assume φpeAq “ eG . Consider α : Aˆ AÑ G given by
αpa1, a2q “ φpa1a2qφpa2q

´1φpa1q
´1. Then

αpteAu ˆ Aq “ teGu “ αpAˆ teAuq, hence constant, so
αpAˆ Aq “ teGu, hence φpa1a2q “ φpa1qφpa2q.
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Abelian Varieties

Corollary

Abelian varieties are abelian.

Proposition

Let X be a proper k-variety, K{k a field extension, L an invertible
sheaf on X . If L ˆk K is trivial, so is L .

Proof.

X proper, so k Ñ H0pX ,OX q is an isomorphism. Thus L is trivial
iff H0pX ,L q bk OX Ñ L is an isomorphism.

Theorem (Theorem of the cube)

Let X ,Y be proper and Z geometrically connected. If L |txuˆYˆZ ,
L |XˆtyuˆZ , L |XˆYˆtzu are trivial, then so is L .
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Abelian Varieties

Proof.

Reduce to k “ k̄. Let Z 1 be the maximal closed subscheme of Z
over which L is trivial. Enough to show that it contains an open
nbd of z . Let m Ď OZ ,z be the maximal ideal and I the ideal
defining Z 1 at z . If I ‰ 0, there is n s.t. I Ď mn but I Ę mn`1.
Let J1 “ mn`1 ` I , and mn`1 Ď J2 Ď J1 s.t. dimkpJ1{J2q “ 1,
hence J1 “ J2 ` k ¨ a for some a P J1. Let J0 “ m, and let
Zi “ SpecpOZ ,z{Ji q. Then I Ď J0, J1, so Z0,Z1 Ď Z 1.

From 0 // k
ˆa// OZ ,z{J2

res // OZ ,z{J1
// 0 , we get

0 // L0
ˆa // L2

res // L1
// 0 , where Li “ L |XˆYˆZi

.
Let λ : OXˆYˆZ1 Ñ L1 be a trivialization. It is enough to lift λp1q
to L2. Obstruction is ξ P H1pX ˆ Y ,OXˆY q. By assumption the
images of ξ in H1pX ,OX q and H1pY ,OY q vanish. Künneth
formula then yields ξ “ 0, contradiction.
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Abelian Varieties

Corollary

L invertible sheaf on A abelian variety. The sheaf

p‹123L b p‹12L
´1 b p‹23L

´1 b p‹13L
´1 b p‹1L b p‹2L b p‹3L

on Aˆ Aˆ A is trivial. (pij “ pi ` pj)

Proof.

Restrict to Aˆ Aˆ t0u to get

m‹L bm‹L ´1 b p‹2L ´1 b p‹1L ´1 b p‹1L b p‹2L b OAˆA

This is trivial, and by symmetry so are the other two.

Corollary

f , g , h : X Ñ A regular, A abelian variety, then

pf`g`hq‹Lbpf`gq‹L ´1bpg`hq‹L ´1bpf`hq‹L ´1bf ‹Lbg‹Lbh‹L

is trivial.
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Abelian Varieties

Proof.

Pullback through pf , g , hq : X Ñ Aˆ Aˆ A.

Theorem (Theorem of the square)

L invertible sheaf on A. For all a, b P Apkq

t‹a`bL bL – t‹aL b t‹bL

Proof.

Let f , g , h : AÑ A be f pxq “ x , gpxq “ a, hpxq “ b.

Remark

Equivalently, the map a ÞÑ t‹aL bL ´1 : Apkq Ñ PicpAq is a
homomorphism. In terms of divisors, if Da “ D ` a, then
a ÞÑ rDa ´ Ds is a homomorphism, so if

ř

ai “ 0,
ř

Dai „ nD.
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Abelian Varieties

Theorem (Weil)

Abelian varieties are projective.

Proof.

Assume first k “ k̄ . Start by finding prime divisors Zi such that
Ş

Zi “ t0u and
Ş

T0pZi q “ t0u. If 0 ‰ P P A, let U be an open
affine nbd of 0, and u P U X pU ` Pq. Then U 1 “ U ` P ´ u is an
open affine nbd of 0 and P. Identify U 1 with a closed subset of An,
take a hyperplane H passing through 0 but not through P. Take
Z1 “ H X U 1 in A. If 0 ‰ P 1 P Z1, find Z2 passing through 0 but
not P 1. By d.c.c. this process is finite. Next, let t P T0pPq be s.t.
t P T0pZi q for all i . Take an open affine nbd U of P, embed it in
An and choose a hyperplane through 0 s.t. t R H. Add
Z “ H X U to the set. Again, this process is finite.
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Abelian Varieties

Proof.

Let D “
ř

Zi Then for any S “ ta1, . . . , an; b1, . . . , bnu Ď A, we
have

DS “
ÿ

pZi ,ai ` Zi ,bi ` Zi ,´ai´bi q „
ÿ

3Zi “ 3D

Let a ‰ b P A. May assume b ´ a R Z1. Set a1 “ a. Then Z1,a1

passes through a but not b. The sets

tb1 | b P Z1,b1u, tb1 | b P Z1,´a1´b1u

are proper closed subsets of A, so can choose b1 in neither.
Similarly, can choose ai , bi such that none of Zi ,ai ,Zi ,bi ,Zi ,´ai´bi

passes through b. Thus, a P DS but b R DS , so the linear system
of 3D separates points. Similarly, we see that it separates
tangents, and so it is very ample, showing that A is projective.
Finally, since A has an ample divisor iff Ak̄ has an ample divisor,
we are done.
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Complex Abelian Varieties

Differential geometry

ApCq has a complex structure as a submanifold of PnpCq. It is a
complex manifold which is compact, connected and has a
commutative group structure. We may consider the exponent map.

Proposition

A abelian variety of dimension g over C. Then
exp : T0pApCqq Ñ ApCq is surjective, and its kernel is a full lattice.

Proof.

Let H “ Impexpq. It is a subgroup of ApCq. exp is a local
isomorphism, hence there is some open nbd of 0, U Ď H. Then for
any h P H, h`U is an open nbd of h in H, so H is open. It is open
and closed, and ApCq is connected, showing surjectivity. Now there
is some U with U XKerpexpq “ 0. Therefore the kernel is discrete.
It must be a full lattice for the quotient to be compact.
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Complex Abelian Varieties

Corollary

ApCq – Cn{Λ for some full lattice Λ.

Theorem

Let M “ Cn{Λ. There are canonical isomorphisms
r
ľ

H1pM,Zq Ñ H r pM,Zq Ñ Hom

˜

r
ľ

Λ,Z

¸

Proof.

The cup product is the left map. Künneth formula shows that if its
an isomorphism for all r for both X and Y , then it is also for
X ˆ Y . But it holds for S1. For the right map, Cn is s.c. hence a
universal covering space, and π1pMq “ Λ, so that
H1pM,Zq – HompΛ,Zq. Use the perfect pairing detpfi pejqq.
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Complex Abelian Varieties

Definition

Riemann form for M is an alternating form ψ : Λˆ Λ Ñ Z s.t.
ψRpJu, Jvq “ ψRpu, vq, ψRpu, Juq ą 0.
M is polarizable if it admits a Riemann form.

Definition

Let ψ : ΛˆΛ Ñ Z be an alternating form s.t. ψpJu, Jvq “ ψpu, vq.
Let ψ1pu, vq “ ψRpJu, vq ` i ¨ ψRpu, vq be the Hermitian form.
Let α : Λ Ñ U1pRq be s.t. αpλ1 ` λ2q “ e iπψpλ1,λ2qαpλ1qαpλ2q.

Let µpλ, vq “ αpλq ¨ eπψ
1pv ,λq` 1

2
πψ1pλ,λq. Let L pψ, αq be the

quotient of Cˆ V by λ ¨ pz , vq “ pµpλ, vq ¨ z , v ` λq.

Theorem (Appell-Humbert)

Any line bundle L on the complex torus M is isomorphic to
L pψ, αq for a unique pair pψ, αq.
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Complex Abelian Varieties

Proof.

π‹L – Cˆ V has a natural action by Λ, lifting the translation.
Then λ ¨ pz , vq “ pµpλ, vq ¨ z , v ` λq for some
µpλ,´q P H0pV ,OˆV q.
From λ1pλ2pz , vqq “ pλ1 ` λ2qpz , vq, get
µpλ1 ` λ2, vq “ µpλ1, v ` λ2q ¨ µpλ2, vq.
This induces an isomorphism H1pM,OˆMq Ñ H1pΛ,H0pV ,OˆV qq.
From exactness of the exponential sequence, we may write
µpλ, vq “ e2πifλpvq for some holomorphic fλ. Then the Chern class
is F P H2pΛ,Zq given by

F pλ1, λ2q “ fλ2pv ` λ1q ´ fλ1`λ2pvq ` fλ1pvq

Now, the map A : H2pΛ,Zq Ñ Hom
´

Ź2 Λ,Z
¯

defined by

AF pλ1, λ2q “ F pλ1, λ2q ´ F pλ2, λ1q is an isomorphism, and
ApaY bq “ a^ b. We get the form
ψpλ1, λ2q “ fλ2pv ` λ1q ` fλ1pvq ´ fλ1pv ` λ2q ´ fλ2pvq.
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Complex Abelian Varieties

Proof.

Since ψ is in the image of H1pM,OˆMq Ñ H2pM,Zq, its image in
H2pM,OMq vanishes. This factors through the R-linear extension
H2pM,Zq Ñ H2pM,Cq Ñ H2pM,OMq. Let
HomRpV ,Cq “ T ‘ T̄ , then

H2pM,Cq –
2
ľ

`

T ‘ T̄
˘

–

˜

2
ľ

T

¸

‘

˜

2
ľ

T̄

¸

‘ pT b T̄ q

Write ψR “ ψ1 ` ψ2 ` ψ3. Since it is real, ψ1 “ ψ̄2, and from
vanishing under the projection onto the second factor, we see that
ψ “ ψ3 which precisely means ψpix , iyq “ ψpx , yq. Conversely,
given such ψ, we can set (and these are all the linear solutions)

fλpvq “
1

2i
ψ1pv , λq ` βλ

s.t.
1

2
ψ1pλ1, λ2q ` iβλ1 ` iβλ2 ´ iβλ1`λ2 P iZ
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Complex Abelian Varieties

Proof.

Write iβλ “ γλ `
1
4ψ
1pλ, λq, to reduce to

γλ1 ` γλ2 ´ γλ1`λ2 `
1

2
iψpλ1, λ2q P iZ

Modifying by a coboundary, we may assume that γ P iR. Write
αpλq “ e2πγλ . Then |αpλq| “ 1 and

αpλ1 ` λ2q “ e iπψpλ1,λ2qαpλ1qαpλ2q

This establishes that every L pψ, αq is a line bundle and
conversely, that every line bundle is of this form. It remains to
establish uniqueness. It follows from

0 // HompΛ, S1q //

��

tpψ, αqu //

��

tψ : ψpΛˆ Λq Ď Zu //

��

0

0 // Pic0pMq // PicpMq // kerpH2pM,Zq Ñ H2pM,OMqq // 0
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Complex Abelian Varieties

Sections of L pψ, αq

These lift to holomorphic functions θ : V Ñ C s.t.

θpv ` λq “ αpλq ¨ eπψ
1pv ,λq` 1

2
πψ1pλ,λqθpvq

If ψ is degenerate, for λ P Radpψq X Λ we have
θpv ` λq “ αpλqθpvq. Recall that |αpλq| “ 1, so θ is bounded,
hence constant on cosets mod Radpψq, and αpRadpψqq “ 1. But
then θ factors through Radpψq, so L pψ, αq can’t be ample.
Next, assume ψ|W ă 0, then for w PW

<ψ1pv0 ` w ´ λ, λq `
1

2
ψpλ, λq “ <ψ1pv0 ` w ´ λ,wq´

´ <ψ1pv0 ` w ´ λ,w ´ λq `
1

2
ψ1pw ,wq `

1

2
ψ1pw ´ λ,w ´ λq´

´ <ψ1pw ,w ´ λq “ 1

2
ψ1pw ,wq ` <ψ1pv0,wq ` f pw ´ λ, v0q
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Complex Abelian Varieties

Sections of L pψ, αq

Then this tends to ´8, showing that θ “ 0 , so
H0pL pψ, αqq “ 0. Thus, we must have ψ positive-definite.

Proposition (Mumford, p.26)

If ψ ą 0 then dimH0pA,L pψ, αqq “
?

detψ.

Proof.

Rough idea - in µpλ, vq , the exponent is linear in v . Multiply by
eQpvq for a suitable quadratic form Q to have periodicity w.r.t. a
big sublattice Λ1. The Fourier coefficients then determine the
dimension.

Theorem (Lefschetz)

L pψ, αq is ample if and only if ψ ą 0.
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Proof.

If θ P H0pL pψ, αqq, then φa,bpvq “ θpv ´ aqθpv ´ bqθpv ` a` bq
is a section of L p3ψ, α3q. Thus, for any v , we get a section of
L p3ψ, α3q not vanishing at v , showing it is base-point free.
For injectivity, taking log derivatives of φa,bpv1q “ c ¨ φa,bpv2q we
get πψpv2 ´ v1, λq ´ lpλq P 2πiZ for some linear form lpλq. This
then shows that θ is a theta function for Λ` pv2 ´ v1q ¨ Z.
Counting dimensions, we get a contradiction.
Injectivity on the tangent space is shown in a similar manner.

Corollary (Milne, Theorem 6.7)

The complex torus Cn{Λ is projective iff it is polarizable.
By Chow’s theorem, this is iff it is an algebraic variety. Riemann
form for M = polarization of the integral Hodge structure Λ.

Eran Assaf The Siegel Modular Variety



Complex Abelian Varieties

Theorem (Riemann,..., see Milne, Theorem 6.8)

A ù H1pA,Zq is an equivalence of catgeories
"

abelian varieties
over C

*

AV

Ø

"

polarizable integral Hodge
structures of type p´1, 0q, p0,´1q

*

Corollary (Milne, Corollary 6.9)

A ù H1pA,Qq is an equivalence of categories
$

’

’

&

’

’

%

abelian varieties
over C with

HomAV 0pA,Bq “
“ HomAV pA,Bq bQ

,

/

/

.

/

/

-

AV 0

Ø

$

&

%

polarizable rational Hodge
structures of type
p´1, 0q, p0,´1q

,

.

-
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Moduli Space

pV , ψq symplectic space over Q. MK is triples pA, s, ηK q where

A is an abelian variety over C, as object in AV 0.

s or ´s is a polarization on H1pA,Qq.
η : V pAf q Ñ Tf pAq bZ Q is s.t. spηpuq, ηpvqq “ ψpu, vq.

Theorem (Milne, Theorem 6.11)

The set ShK pCq classifies the elements of MK modulo isom.

Specific Level Example

Assume D a Z-lattice V pZq in V s.t. detpψ|V pZqq “ ˘1.

K pNq “
!

g P G pAf q | gpV pẐqq “ V pẐq, g ” 1 mod NV pẐq
)
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Specific Level Example

Let ΓpNq “ K pNq X SppψqpZq. Then

ΓpNq “ tg P SppψqpZq | g ” 1 mod NV pZqu
The components are

π0pShKpNqpG ,X qq “ T pQq:zT pAf q{νpK pNqq – pZ{NZqˆ

Sppψq satisfies Hasse principle, hence ShKpNqpCq˝ “ ΓpNqzX`.
If λ : AÑ A_ is p.p., it induces a perfect alternate pairing

eλN : ApCqrNs ˆ ApCqrNs Ñ µN

a level N structure is

ηN : V pZ{NZq Ñ ApCqrNs
s.t. ψN is a multiple of eλN .
Then ShK pCq classifies pA, λ, ηNq, and ShK pCq˝ are those for
which ψN corresponds exactly to eλN .
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