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Cohomology theories

‚ X nonsingular projective algebraic variety over k “ k .

‚ H‚BpX pCq,Zq, H‚dRpX pCqq, H‚étpX ,Q`q, H
‚
crispX ,W pkqq

‚ No algebraic cohomology theory with coefficients in Q.
‚ In char p, dimH1pE ,Qq ď 2, but rEndpE qQ : Qs “ 4.
‚ In general, choose k ãÑ C, then

H i
étpX ,Q`q – H i

étpX pCq,Qq bQ`

H i
dRpX q bk C – H i

BpX pCq,Qq bQ C

X0 a model of X over k0, Γ “ Galpk : k0q infinite, uncountable,
stabilizing the countable H i pX ,Qq ñ
Acts through a finite quotient on H i

étpX ,Q`q.
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Grothendieck’s idea

Motives

There should be a Q-category, Mpkq, which will be called the
category of motives. We would like it to have some nice properties:

‚ HomMpkqpA,Bq P VecQ.

‚ Mpkq should be abelian.

‚ Even better, Mpkq should be Tannakian over Q.

‚ There should be a universal cohomology theory

X ù hX : Vark ÑMpkq

where Vark is the category of non-singular projective varieties.

‚ Each correspondence˚ from X to Y (in particular, a regular
map Y Ñ X ) should define a morphism hX Ñ hY .

‚ Good cohomology theories factor uniquely through X ù hX .
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Algebraic cycles

Definition (k-cycle)

A k-cycle on X is a finite formal sum
ÿ

ni rVi s

Vi closed integral k-dim. subschemes.
The group of k-cycles on X is denoted by ZkpX q.

If two cycles intersect properly, we can define products.

Example 1 Example 2



Background Algebraic Cycles Vector Bundles Normal Cone Intersection Products Correspondences Definition of Motives

Rational equivalence
In general, we want to be able to move cycles.

Definition

W closed integral pk ` 1q-dim. subscheme of X . f P K pW qˆ.

divpf q “
ÿ

codimpW ,V q“1

ordV pf qrV s

Definition (rationally equivalent to zero)

α „ 0 if fi P K pWi q
ˆ such that α “

ř

divpfi q.

Z 0
k pX q “ tα P ZkpX q : α „ 0u,AkpX q “ ZkpX q{Z

0
k pX q

Properties

1. AkpX q – AkpXredq.

2. If X “
Ů

Xi , then A‚pX q “
À

A‚pXi q.

3. AkpX1 X X2q Ñ AkpX1q ‘ AkpX2q Ñ AkpX1 Y X2q Ñ 0.
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Rational equivalence

Example (Projective space)

pn ´ 1q-cycles = hypersurfaces = irreducible homogeneous
polynomials.
Equivalent if have same degree. Thus An´1pPn

kq – Z.

Example (P1 ˆ P1)

1-cycles = irreducible ppx0, x1; y0, y1q bihomogeneous. Equivalent
if both degrees are the same.Thus A1pP1

k ˆ P1
kq – Zˆ Z.

Basis - t0u ˆ P1 and P1 ˆ t0u. ∆P1 „ t0u ˆ P1 ` P1 ˆ t0u
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Push-forward for cycles

Definition (push-forward)

f : X Ñ Y proper. W “ f pV q.

f‹rV s “

#

rK pV q : K pW qs ¨ rW s dimW “ dimV

0 dimW ă dimV

Theorem ( [Ful13], Theorem 1.4)

f : X Ñ Y proper, α P Z 0
k pX q, then f‹α P Z

0
k pY q.

Proposition ( [Ful13], Proposition 1.4)

f : X Ñ Y proper surjective of integral schemes. r P K pX qˆ.

1. f‹pdivprqq “ 0 if dimpY q ă dimpX q.

2. f‹pdivprqq “ divpNprqq if dimpY q “ dimpX q.
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Push-forward for cycles

Example (Different dimensions)

Y “ Spec k, X “ P1
k , r P krts, degprq “ d “ rkrts{prq : ks.

divprq “ rPs ´ dr8s ñ f‹divprq “ drY s ´ drY s “ 0

Example (Separated is necessary)

X is the projective line with doubled origin, Y “ Spec k , r “ x1{x0.

divprq “ r01s ` r02s ´ r8s ñ f‹divprq “ rY s ` rY s ´ rY s “ rY s

Definition (Degree)

π : X Ñ Spec k proper, α P A0pX q.
degα “ π‹α P A0pSpec kq – Z.
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Push forward - illustration
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Cycles of subschemes

Definition (Fundamental cycle)

X scheme. Xi irred. comp. with local Artinian rings Ai “ OX ,Xi

rX s “
ÿ

i

`Ai
pAi qrXi s

Example

f : V Ñ P1 dominant. Then divpf q “ rf ´1p0qs ´ rf ´1p8qs.

Definition

Let V ãÑ X ˆ P1 be such that f : V Ñ P1 is dominant.
P P P1 rational (degree 1) point.
Then f ´1pPq is a subscheme of X ˆ tPu, mapped isomorphically
to a subscheme of X . Denote it by V pPq.
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Alternate definition of rational equivalence

Proposition ( [Ful13], Proposition 1.6)

α P Z 0
k pX q iff DVi ãÑ X ˆ P1 s.t. pi : Vi Ñ P1 dominant,

α “
ÿ

i

rVi p0qs ´ rVi p8qs

Proof.

If α “ divprq, r P K pW qˆ, then r : W 99K P1.
Let V be the closure of its graph in X ˆ P1.
p : X ˆ P1 Ñ X is proper and maps V to W birationally.
Let f : V Ñ P1 be the second projection. Then by prop. 1.4 (b)

divprq “ p‹divpf q “ rV p0qs ´ rV p8qs

Conversely, by Theorem 1.4

rV p0qs ´ rV p8qs “ p‹divpf q P Z
0
k pX q
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Rational Equivalence

Alternate Definition Hyperbola „ two lines
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Flat pull-back of cycles

Definition (Flat pull-back)

f : X Ñ Y flat. Then f ‹rV s “ rf ´1pV qs.

Proposition ( [Ful13], Prop. 1.7)

X 1
g 1 //

f 1

��

X

f
��

Y 1
g // Y

Cartesian, g flat, f proper. Then g 1 flat, f 1 proper, f 1‹g
1‹ “ g‹f‹.

Theorem ( [Ful13], Theorem 1.7)

f : X Ñ Y flat of rel. dim. n, α P Z 0
k pY q, then f ‹pαq P Z 0

k`npX q.
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Proof of theroem

Proof.

Assume α “ rV p0qs ´ rV p8qs. Consider the diagram

W � q

##

//
h

##

V � q

##

g

))
X ˆ P1

p

��

fˆ1 // Y ˆ P1 //

q

��

P1

X
f // Y

Then

f ‹α “ f ‹q‹divpgq “ p‹pf ˆ 1q‹prg´1p0qs ´ rg´1p8qsq “

“ p‹prh
´1p0qs ´ rh´1p8qsq “ p‹divphq
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Pullback - Illustration
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Affine bundles

Proposition ( [Ful13], Proposition 1.8)

i : Y ãÑ X closed, j : U “ X ´ Y ãÑ X . Then

AkY
i‹ // AkX

j‹ // AkU // 0

Proposition ( [Ful13], Proposition 1.9)

p : E Ñ X an affine bundle of rank n. p‹ : AkX � Ak`nE .

Proof.

A‚Y //

��

A‚X //

��

A‚U //

��

0

A‚pp
´1Y q // A‚E // A‚pp

´1Uq // 0

reduces to E “ X ˆ An, then to n “ 1.
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Proof.

Replace X by ppV q, so X integral and p dominant.

V //� _

��

ppV q� _

��
X ˆ A1 p // X

A “ K rX s,K “ K pX q, q “ I pV q Ď Arts.
V ‰ E , dominant hence qK rts “ prq is nontrivial. Then

rV s ´ divprq “
ÿ

ni rVi s

where Vi don’t dominate X . Then

rV s “ divprq `
ÿ

nip
‹rppVi qs

Example (Affine space)

AkpAnq “

#

0 k ă n

Z k “ n
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Affine bundles

Example (Projective space)

Lk = k-dim. linear subspace of Pn. From

AkprL
n´1sq Ñ AkpPnq Ñ AkpAnq Ñ 0

we get Z ¨ rLk s� AkpPnq. Isomorphism for k “ n ´ 1, n.
If k ă n ´ 1, and drLk s “

ř

nidivpri q, ri P K pVi q, set Z “
Ť

Vi

and project from a linear pn ´ k ´ 2q-dimensional subspace disjoint
from Z to get f : Z Ñ Pk`1. Using proper push-forward and
induction, AkpPnq “ Z ¨ rLk s.

Example (Hypersurface)

Let H ve a reduced hypersurface of degree d in Pn. Then
rHs “ drLs, for a hyperplane L and

An´1pPn ´ Hq “ Z{dZ
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Exterior Products

Definition (Exterior Product)

The exterior product

ZkX b ZlY
x // Zk`lpX ˆ Y q

is defined by rV s ˆ rW s “ rV ˆW s.

Proposition ( [Ful13], Proposition 1.10)

1. If α „ 0 or β „ 0, then αˆ β „ 0.

2. If f : X 1 Ñ X , g : Y 1 Ñ Y proper, then

pf ˆ gq‹pαˆ βq “ f‹αˆ g‹β

3. If f : X 1 Ñ X , g : Y 1 Ñ Y flat, then

pf ˆ gq‹pαˆ βq “ f ‹αˆ g‹β



Background Algebraic Cycles Vector Bundles Normal Cone Intersection Products Correspondences Definition of Motives

Chern class of a line bundle

Definition (Chern class)

L line bundle on X . V Ď X , dimV “ k . Then L|V – OV pC q,
C P DivpV q.

c1pLq X ´ : ZkpX q Ñ Ak´1pX q, rV s ÞÑ rC s

Proposition ( [Ful13], Proposition 2.5)

1. α „ 0 ñ c1pLq X α “ 0. Hence c1pLq P HompAkX ,Ak´1X q.

2. (Commutativity) c1pLq X pc1pL
1q X αq “ c1pL

1q X pc1pLq X αq.

3. (Projection formula) f : X 1 Ñ X proper

f‹pc1pf
‹Lq X αq “ c1pLq X f‹pαq

4. (Flat pull-back) f : X 1 Ñ X flat of rel. dim. n.

c1pf
‹Lq X f ‹α “ f ‹pc1pLq X αq

5. (Additivity) c1pLb L1q X α “ c1pLq X α` c1pL
1q X α.
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Segre classes

Example (Projective space)

c1pOp1qq X rLk s “ rLk´1s

Definition (Segre classes)

E line bundle on X of rank e ` 1, P “ PpE q, p : P Ñ X , and
Op1q the canonical line bundle on P.

si pE q X α “ p‹pc1pOp1qq
e`i X p‹αq

Proposition ( [Ful13], Proposition 3.1)

1. si pE q X α “

#

0 i ă 0

α i “ 0

2. If E line bundle, s1pE q X α “ ´c1pE q X α.

3. Commutativity, projection formula and flat pull-back.
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Segre classes

Proof.

(3) follows formally from the same for c1.
For (1), consider rV s. Use projection formula to reduce to X “ V .
Then Ak´iX “ 0 for i ă 0. Also

s0pE q X α “ p‹pc1pOp1qq
e X rPsq “ mrX s

To show m “ 1, by flat pull-back, reduce to trivial E .
Then PpE q “ X ˆ Pe , and Op1q has sections whose zero scheme is
X ˆ Pe´1, so

c1pOp1qq X rX ˆ Pes “ rX ˆ Pe´1s

For (2) , note that PpE q “ X and Op´1q “ E , so Op1q “ E_.
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Rational equivalence on bundles

Theorem ( [Ful13], Theorem 3.3)

π : E Ñ X vector bundle of rank r “ e ` 1.

1. π‹ : Ak´rX Ñ AkE is an isomorphism.

2. The map θE :
Àe

i“0 Ak´e`iX Ñ AkPpE q defined by

θE p
à

αi q “

e
ÿ

i“0

c1pOp1qq
i X p‹αi

is an isomorphism.

Proof.

Start by showing θE is surjective. Noetherian induction reduces to
trivial E . Induction on the rank reduces to F “ E ‘ 1, θE
surjective. Write P “ PpE q, Q “ PpF q “ PpE ‘ 1q.
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Rational equivalence on bundles

Proof.

P
i //

p ��

Q

q

��

E
joo

π��
X

ùñ

AkP
i‹ // AkQ

j‹ // AkE // 0

Ak´rX

q‹

OO

π‹

::

For β P A‚Q , j‹β “ π‹α, so by induction and projection formula

β ´ q‹α “ i‹

˜

e
ÿ

i“0

c1pOE p1qq
i X p‹αi

¸

“

e
ÿ

i“0

c1pOF p1qq
i X i‹p

‹α

OF p1q has a section vanishing on P, so

c1pOF p1qq X rq
´1V s “ rp´1V s ùñ c1pOF p1qq X q‹α “ i‹p

‹α

showing θF surjects.
For injectivity, if β “

řl
i“0 c1pOp1qqi X p‹α “ 0 with αl ‰ 0, then

p‹pc1pOp1qqe´l X βq “
řl

i“0 si´lpE q X αi “ αl .
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Gysin homomorphism

Proof.

Finally, to show π‹ is injective, let F “ E ‘ 1, assume π‹α “ 0.
Then j‹q‹α “ 0, so using surjectivity of θE

q‹α “ i‹

˜

e
ÿ

i“0

c1pOE p1qq
i X p‹αi

¸

“

e
ÿ

i“0

c1pOF p1qq
i`1 X q‹αi

contradicting the injectivity of θF .

Definition (Gysin homomorphism)

s zero section of π : E Ñ X of rank r .

s‹ “ pπ‹q´1 : AkE Ñ Ak´rX
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Deformation to the normal cone

Definition (Normal cone)

X Ď Y closed, ideal I . CXY “ Spec
`
À8

n“0 I n{I n`1
˘

.

Theorem

Let M “ MXY be the blow-up of Y ˆ P1 along X ˆ t8u.

X ˆ P1 � � //

pr

##

M

% - flat��
P1

commutes and:

1. Over A1, %´1pA1q “ Y ˆ A1, and X ˆ A1 ãÑ Y ˆ A1.

2. Over 8, the divisor M8 “ %´1p8q “ PpC ‘ 1q ` Ỹ .

3. X ˆ t8u ãÑ M8 is the zero section to C ãÑ PpC ‘ 1q.

4. PpC ‘ 1q X Ỹ “ PpC q, the hyperplane at 8, exc. divisor.
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Specialization to the Normal Cone

Definition (specialization)

σ : ZkY Ñ ZkC , σrV s “ rCVXXV s.

Proposition ( [Ful13], Proposition 5.2)

If α „ 0, then σpαq „ 0.

Proof.

Let M˝ “ M ´ Ỹ (deformation of X ãÑ Y to X ãÑ CXY ).

Ak`1C
i‹ // Ak`1M

˝ j‹ //

i‹

��

Ak`1pY ˆ A1q // 0

AkC AkY

pr‹

OO

oo

Enough to show this is the map. Use

pr‹rV s “ rV ˆ A1s “ j‹rM˝
VXXV s
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Intersection products

The basic construction

i : X ãÑ Y regular embedding of codim. d
defined by I .
V pure k-dim. f : V Ñ Y , W “ f ´1pX q.
N “ g‹NXY , π : N ÑW , C “ CWV .

W
j //

g
��

V

f
��

X
i // Y

Set J the ideal sheaf of W in V .
à

n

f ‹pI n{I n`1q�
à

n

J n{J n`1 ùñ C ãÑ N

Define X ¨ V “ s‹rC s P Ak´dW .

Example

Let π : X Ñ A2 be the blow-up of A2 at the origin. Let D,D 1 be
the inverses of the x-axis and the y -axis. Then D ¨ D 1 and D 1 ¨ D
are well-defined cycles on D X D 1 “ E , the exceptional divisor.
These cycles are not equal, although they are rationally equivalent.
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Intersection products

Definition (Canonical decomposition)

C1, . . . ,Cr irreducible components of C . Zi “ πpCi q ĎW their
support. Z1, . . . ,Zr are the distinguished varieties of X ¨ V .
Ni “ N|Zi

, si the zero sections, and αi “ s‹i rCi s P Ak´dpZi q. Then

rC s “
r
ÿ

i“1

mi rCi s ùñ X ¨ V “

r
ÿ

i“1

miαi

Example

Y “ P2, X1 “ txy “ 0u, X2 “ tx “ 0u, P the point p0, 0q. For
X1 ¨ X2, only X2 is distinguished. For X2 ¨ X1, locally

krCX2X1s – krx , y ,T s{px , yT q – krx ,y ,T s{px ,yqˆ krx ,y ,T s{px ,T q

so both X2 and P are distinguished.
Similarly for pX1 ˆ X2q ¨∆P2 .
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Refined Gysin Homomorphism

Example

A,B lines in P2 meeting at P. Set D1 “ 2A` B, D2 “ A` 2B.
X “ D1 ˆ D2, Y “ P2 ˆ P2, V “ P2, f : V Ñ Y the diagonal.
A,B,P distinguished varieties, canonical decomposition is

X ¨ V “ α` β ` 3rPs, α P Z0pAq, β P Z0pBq, degpαq “ degpβq “ 3

Definition (Refined Gysin homomorphism)

Let i ! : AkV Ñ Ak´dW be the composite

AkV
σ // AkC // AkN

s‹ // Ak´dW

Explicitly, i ! p
ř

ni rVi sq “
ř

niX ¨ Vi .
If V “ Y , f “ idY , then we denote i‹ : AkY Ñ Ak´dX .
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Refined Gysin Homomorphism

Theorem ( [Ful13], Theorem 6.2)

X 2
q //

i2

��

X 1
g //

i 1

��

X

i
��

Y 2
p // Y 1

f // Y

Cartesian with i regular of codim. d . Then

1. (Push-forward) If p is proper, i !p‹ “ q‹i
!.

2. (Pull-back) If p is flat, i !p‹ “ q‹i !.

3. (Compatibility) If i 1 regular of codim. d , then i ! “ i 1!.

Example

δ : Pn Ñ Pn ˆ . . .Pn. Then

δ‹prk1s ˆ . . .ˆ rkr sq “ rk1 ` . . .` kr ´ pr ´ 1qns
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Intersection on smooth varieties

Definition (Intersection product)

f : X Ñ Y , Y smooth, dimY “ n. pX : X 1 Ñ X , pY : Y 1 Ñ Y .

X 1 ˆY Y 1 //

��

X 1 ˆ Y 1

pXˆpY
��

X
γf // X ˆ Y

Define x ¨f y “ γ!
f px ˆ yq : AkX

1 ˆ AlY
1 Ñ Ak`l´npX

1 ˆY Y 1q.

Example

X 1 “ X ,Y 1 “ Y . Then x ¨f y “ γ‹f px ˆ yq.
If X “ Y , f “ idY , then γf “ δ, and x ¨ y “ δ‹px ˆ yq.
Given x , y can take X 1,Y 1 to be their supports.
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Refined intersections

Proposition ( [Ful13], Proposition 8.1.1)

1. (Associaitivity) x ¨f py ¨g zq “ px ¨f yq ¨gf z .

2. (Commutativity) px ¨f1 y1q ¨f2 y2 “ px ¨f2 y2q ¨f1 y1.

3. (Projection formula) If pY f
1 “ fpX ,

pf 1 ˆZ idZ q‹px ¨gf zq “ f 1‹pxq ¨g z

4. (Compatibility) If g : V 1 Ñ Y 1 a regular, g !px ¨f yq “ x ¨f g
!y .

Corollary

1. j : V Ñ Y regular, x ¨ rV s “ j !pxq.

2. x ¨f y “ px ˆ yq ¨ rΓf s. If X “ Y , x ¨ y “ px ˆ yq ¨ r∆s.

3. x ¨f rY s “ x .
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Algebra of Correspondences

Definition (Correspondence)

X ,Y varieties. The correspondences of degree r are α : X $ Y

Corrr pX ,Y q “ AdimY´r pX ˆ Y q

Definition (composition)

If α : X $ Y , β : Y $ Z , X ,Y ,Z smooth, the product is

β ˝ α “ ppXZ q‹pp
‹
XYα ¨ p

‹
YZβq

Example

f : Y Ñ X regular. Its graph Γf P AdimY pY ˆ X q hence its
transpose Γt

f P AdimY pX ˆ Y q “ Corr0pX ,Y q.
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Algebra of Correspondences

Proposition

α : X $ Y , β : Y $ Z .

1. If γ : Z $W , then γ ˝ pβ ˝ αq “ pγ ˝ βq ˝ α.

2. pβ ˝ αqt “ αt ˝ βt and pαtqt “ α.

3. 3.1 If β “ Γg , then β ˝ α “ p1X ˆ gq‹pαq.
3.2 If α “ Γf , then β ˝ α “ pf ˆ 1Z q

‹pβq.
3.3 If α “ Γf , β “ Γg , then β ˝ α “ Γgf .

Corollary

The product pα, βq ÞÑ α ˝ β makes A‚pX ˆ X q a ring, with unit
r∆X s, and an involution α ÞÑ αt .
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Correspondences and cohomology

Theorem (cycle class map)

There exists a map

cl : A‚pX qQ Ñ H‚pX q

which doubles degrees and sends intersection products to cup
products.

Corollary

If α P Corr0pX ,Y q then it defines α‹ : H‚pX q Ñ H‚pY q

x ÞÑ ppY q‹pp
‹
X x Y clpαqq
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First Attempt

Define Mpkq to be the category with objects hX and

HomphX , hY q “ Corr0pX ,Y qQ, hpf q “ rΓf s
t

Example

If e : V Ñ V is s.t. e2 “ e, then V “ kerpeq ‘ eV .
If pW , f q is another pair, then

HomQpeV , fW q “ f ˝ HomQpV ,W q ˝ e

add images of idempotents in EndphX q “ Corr0pX ˆ X qQ.

Remark

When X is not pure dim. X “
Ť

i Xi , we let

Corrr pX ,Y q “
à

Corrr pXi ,Y q Ď A‚pX ˆ Y q
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Second Attempt

Define Mpkq to be the category with objects hpX , eq where
e P Corr0pX ,X qQ is an idempotent (e2 “ e) and

HomphpX , eq, hpY , f qq “ f ˝ Corr0pX ,Y qQ ˝ e

Example

EndphpP1,∆P1qq “ Z‘ Z with e0 “ p1, 0q represented by t0u ˆ P1

and e2 “ p0, 1q represented by P1 ˆ t0u.
Since ∆P1 „ e0 ` e2, we get

hpP1,∆P1q “ h0P1 ‘ h2P1

with hiP1 “ hpP1, ei q. Write 1 “ h0P1 and L “ h2P1.

This is the category of effective motives. However, we would like
objects to have duals.
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Third attempt
We invert L. Objects - hpX , e,mq with X , e as before, m P Z.

HomphpX , e,mq, hpY , f , nqq “ f ˝ Corrn´mpX ,Y qQ ˝ e

This is the category of (Chow) motives over k .

Definition (pseudoabelian category)

An additive category is pseudoabelian if every idempotent
f P EndM has an image, and the canonical map
Impf q ‘ Imp1´ f q Ñ M is an isomorphism.

Theorem ( [Sch94, Theorem 1.6] )

The category of Chow motives over k , Mk , is an additive, Q-linear
category, which is pseudoabelian.

Remark

In general, Mk is not abelian.
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Direct Sums

We begin by constructing direct sums for equal degrees.

Definition (Direct sum)

e P Corr0pX ,X q, f P Corr0pY ,Y q. Recall that

Corr0pX \ Y ,X \ Y q “

“ Corr0pX ,X q ‘ Corr0pX ,Y q ‘ Corr0pY ,X q ‘ Corr0pY ,Y q

Define
pX , e,mq ‘ pY , f ,mq “ pX \ Y , e ‘ f ,mq

Exercise

g ˝φX ˝ e : pX , e,mq Ñ pZ , g , nq, g ˝φY ˝ f : pY , f ,mq Ñ pZ , g , nq
then g ˝ pφX ˝ e ‘ φY ˝ f q ˝ pe ‘ f q : pX \Y , e ‘ f ,mq Ñ pZ , g , nq
satisfies the universal property.
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Pseudoabelian

Example

e ˝ f ˝ e P EndpX , e,mq “ e ˝ Corr0pX ,X q ˝ e is an idempotent.

pX , e˝f ˝e,mq‘pX , e´e˝f ˝e,mq “ pX\X , e˝f ˝e‘pe´e˝f ˝eq,mq

The morphisms

pefe, e ´ efeq : pX , e,mq Ñ pX \ X , efe ‘ pe ´ efeq,mq

pefe, e ´ efeq : pX \ X , efe ‘ pe ´ efeq Ñ pX , e,mq

are inverses since

efe ˝ efe ` pe ´ efeq ˝ pe ´ efeq “ efe ` e ´ efe “ e “ idEndpX ,e,mq

This shows if Mk is additive, then it is also pseudoabelian.

Proof.

Quick check shows that Impe ˝ f ˝ eq “ pX , e ˝ f ˝ e,mq, and the
above shows that Impefeq ‘ Impe ´ efeq Ñ pX , e,mq is an
isomorphism.
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Tensor Products

Definition (Tensor product)

Define

pX , e,mq b pY , f , nq “ pX ˆ Y , e ˆ f ,m ` nq

and on morphisms

f1 ˝ φ1 ˝ e1 b f2 ˝ φ2 ˝ e2 “ pf1 ˆ f2q ˝ pφ1 ˆ φ2q ˝ pe1 ˆ e2q

Example (Unit and Lefschetz motives)

Let 1 “ pSpec k , id, 0q. Then 1 is a unit for b.
Let L “ pSpec k , id,´1q. Then

pX , e,mq “ ephX q b Lb´m Ď hpX q b Lb´m
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Pullback and Pushforward

Definition (Pullback)

For φ : Y Ñ X , φ‹ “ hpφq “ rΓφs P Corr0pX ,Y q.

Example (Diagonal)

∆ : X Ñ X ˆ X defines a product structure on hpX q “ pX , id, 0q

mX : hpX q b hpX q “ hpX ˆ X q
hp∆q
Ñ hpX q

Definition (Pushforward)

φ : Y Ñ X , X ,Y pure of dim. d , e, then φ‹ is the image

rΓφs
t P AepY ˆ X q “ Corrd´epY ,X q “ HomphpY q, hpX q b Le´dq
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Subobjects and Quotients

Example (finite maps)

d “ e, φ finite of degree r , then φ‹ ˝ φ‹ “ rr s P End hpX q. Indeed

φ‹ ˝ φ
‹ “ pXX‹pp

‹
XY prΓφsq ¨ p

‹
YX prΓφs

tqq “

“ pXX‹prΓφ ˆ X s ¨ rX ˆ Γt
φsq “ pXX‹pφ, id, φq‹rY s “ r r∆X s

Example (subobjects, quotients)

X irred. of dim. d . x P X pkq, α : X Ñ Spec k . Then x‹ ˝ α‹ “ 1,
so α‹ : 1Ñ hpX q is a subobject.
Similarly, α‹ : hpX q Ñ Ld is a quotient.
In general, let k 1 “ ΓpX ,OX q, α : X Ñ Spec k 1, let k2{k be
separable s.t. Dx P X pk2q. Write γ “ α ˝ x . Then it is finite, so
γ‹ ˝ x

‹ ˝ α‹ “ γ‹ ˝ γ
‹ “ rk2 : k 1s, and α‹ : hpSpec k 1q Ñ hpX q

defines a subobject, denoted by h0pX q. Similarly,
α‹ : hpX q Ñ hpSpec k 1q b Ld is a quotient, denoted h2dpX q.
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Subobjects and Quotients

Proposition ( [Sch94, Proposition 1.12] )

Any motive M can be expressed as a direct factor of some
hpX q b Ln, with X equidimensional.

Proof.

Enough to consider M “ hpX q.

hpX q “
à

hpXi q “
à

´

hpXi q b h0pPdi q

¯

This is a direct factor of
À

hpXi q b hpPdi q “ h
`
Ů

Xi ˆ Pdi
˘

.

Example (canonical idempotents)

X irred., Z a 0-cycle on X of degree d ą 0. Then
p0 “ p1{dqrZ ˆ X s P AdpX ˆ X q is an idempotent, inducing

h0pX q » pX , p0, 0q, h2dpX q » pX , p2d , 0q p2d “ pt0
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Direct Sums and Duals

Definition (Direct Sum)

pX , e,mq, pY , f , nq,m ă n. Then

pX , e,mq “ pX , e, nq b Ln´m “ pX , e, nq b h2pP1qn´m

which is a direct factor of hpX ˆ pP1qn´mq b L´n. Denote by e 1

the projection, so pX , e,mq “ pX ˆ pP1qn´m, e 1, nq. Then

pX , e,mq ‘ pY , f , nq “
`

X ˆ pP1qn´m \ Y , e 1 ‘ f , n
˘

Definition (Dual)

X pure of dim. d . Set pX , e,mq_ “ pX , et , d ´mq.
In particular hpX q_ “ hpX q b L´d (”Poincaré Duality”).
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