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Abelian Motives

Definition (Abelian motive)

An abelian motive over C is a triple pV , e,mq such that V is a
variety over C whose connected components are abelian varieties,
e P Corr0pV ,V q is an idempotent, and m P Z.

Conjecture ( [Mil13, Conjecture C], Murre, 1993 )

In the ring EndphX q “ Corr0pX ,X q “ AdimX pX ˆX q, the diagonal
∆X has a canonical decomposition into a sum of orthogonal
idempotents

∆X “ π0 ` . . .` π2n

This induces a decomposition

hX “ h0X ‘ h1X ‘ . . .‘ h2nX

which maps to

H‚pX q “ H0pX q ‘ H1pX q ‘ . . .‘ H2npX q
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Category of abelian motives

Example (Projectors)

Let A be an abelian variety. Let πi P Corr0pX ,X q be the
idempotent from Murre’s conjecture. Then it induces a projection

H‚pA,Qq Ñ H i pA,Qq Ď H‚pA,Qq
Denote hi pAq “ pA, πi , 0q.

Proposition (Properties)

The category of abelian motives, AM, admits biproducts, tensor
products and duals, which satisfy

pV , e,mq ‘ pV 1, e 1,mq “
`

V \ V 1, e ` e 1,m
˘

pV , e,mq b pV 1, e 1,m1q “
`

V ˆ V 1, e ¨ e 1,m `m1
˘

pV , e,mq_ “ pV , et , d ´mq
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Polarizable Hodge Structures

Proposition

HodpQq the category of polarizable rational Hodge structures is
abelian, closed under tensor products and duals. Moreover, it is
semisimple. ùñ HodpQq » RepQpGHodq, hHod : SÑ GHod.

Proof.

Let C “ RepQpSq be the category of all rational Hodge structures.
As a category of rep., it is abelian with tensor products and duals.
p0, φq is the zero object. (polarizable condition is empty).
Biproducts are polarizable by ψV ` ψW , kernels are polarizable by
restriction. Have to check cokernels. But polarization induces
f pV qK –W {f pV q. This also shows semisimplicity.
Tensor products by taking ψV b ψW on pure weights.
Duals since polarization induces V_ » V .
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Abelian Hodge Structures

Definition

pV , e,mq abelian motive. HpV , e,mq “ eH‚pV ,Qqpmq.

Proposition

The functor

pV , e,mq ù HpV , e,mq : AM Ñ HodpQq
commutes with ‘,b,_.

Proof.

If V is connected,

H‚pV ,Qq »
ľ

H1pV ,Qq » HomQ

´

ľ

H1pV ,Qq,Q
¯

inducing a polarizable Hodge structure.
The rest is additivity, Künneth and Poincare for cohomology.
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Abelian Hodge Structures

Definition (Abelian Hodge structure)

pW , hq is abelian if it is in the essential image, iso. to HpV , e,mq.

Example (Tate)

E elliptic curve, then
Ź2H1pE ,Qq » Qp1q, hence Qp1q is abelian.

Proposition ( [Mil05, Proposition 9.1] )

The category HodabpQq is the smallest strictly full subcategory of
HodpQq containing H1pA,Qq for each abelian variety A and closed
under direct sums, subquotients, duals and tensor products.
Moreover, H : AM Ñ HodabpQq is an equivalence of categories.
ùñ HodabpQq » RepQpGMabq, ρ : GHod Ñ GMab.
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Hodge Structures of CM-type

Definition (CM-type)

pV , hq P HodpQq is of CM-type if MT pV , hq is a torus.

Proposition

The category HodcmpQq is a Tannakian subcategory of HodpQq.

Proposition ( [Mil94a, Proposition 4.6] )

Every Hodge structure of CM-type is abelian.

Corollary

Ker ρ : GHod Ñ GMab Ď Gder
Hod

Hodcm
Q
� � // Hodab

Q
� � // HodQ

S GMab
oooo GHod

oooo
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Shimura varieties of abelian type

Definition (abelian type)

1. pH,X`q is of primitive abelian type if H is simple, DpV , ψq,
H ãÑ Spψq mapping X` to X pψq.

2. pH,X`q is of abelian type if DpHi ,X
`
i q primitive abelian,

isogeny
ś

i Hi Ñ H, mapping
ś

i X
`
i to X`.

3. pG ,X q is of abelian type if pGder ,X`q is of abelian type.

Theorem ( [Mil94b, Theorem 1.27] )

h : SÑ GR s.t.

‚ (SV1) Ad ˝h is of type tp1,´1q, p0, 0q, p´1, 1qu.

‚ (SV2*) ad hpiq is a Cartan involution of G{whpGmq.

‚ (SV4) wh : Gm Ñ GR is defined over Q, and maps to Z pG q.

G “ MT pV , hq for pV , hq P Hodab Q iff pG , hq is of abelian type.
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Proof.

Since h satisfies (SV2*), (SV4), D!ρphq : GHod Ñ G s.t.
h “ ρphqR ˝ hHod.
ρphq factors through GMab iff ρphq|Gder factors through Gder

Mab.
If pG , hq abelian, Dα :

ś

Gder
i Ñ Gder : Gder

i ãÑ Si pψq,
α ˝

ś

hi “ h. ρphi q factors through GMab, so ρphi q|Gder
i

factors

through Gder
Mab, hence so does ρphq|Gder “ α ˝ ρp

ś

hi q|śGder
i

.

Category where GMab action factors through G is in xh1pAqy, so
can replace G by MT pAq showing (ð), (ñ) holds for MT pAq.

Proposition ( [Mil05, Proposition 9.3] )

1. (SV4) wX : Gm Ñ G is rational.

2. (SV6) Z pG q˝ splits over a CM-field.

3. Dν : G Ñ Gm s.t. ν ˝ wX “ ´2. (so Qp1q P xpV , hqy)
If pG ,X q abelian, pV , ρ ˝ hq abelian @pV , ρq P ReppG q, h P X.
If pV , ρ ˝ hq abelian, ρ faithful, pG ,X q abelian.
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Proof.

G 1 “ xX y. (SV3) ùñ tad ˝h | h P X u generates G ad, hence
G 1{G 1 X Z pG q “ G ad, so rGder : G 1 ders ă 8.
Both connected ùñ Gder “ G 1 der.
By Prop. 5.9, pV , ρ ˝ hq is a VHS, so G 1 “ MT pV , ρ ˝ h0q.
By the theorem, pV , ρ ˝ h0q P HodabpQq iff pG 1, h0q abelian iff
pG ,X q abelian. Can eliminate ρ.
h “ ad g ˝ h0, g P G 1pRq`, pV , h0q P xh1pAqy. pG1, h1q “ MT pAq.

pG 1, h0q� pG1, h1q ãÑ pG pψq,X pψqq

Lift g to g1 P G1pRq`. Then

pG 1, hq� pG1, adpg1q ˝ h1q ãÑ pG pψq,X pψqq

Set Gh “ MT pV , hq, Gh,1 its preimage in G1. So Gh is a quotient
of Gh,1, the MT of an abelian variety.
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Moduli Space

Theorem ( [Mil05, Theorem 9.4] )

pG ,X q abelian s.t. (SV4), (SV6), Dν : G Ñ Gm with
ν ˝ wX “ ´2. ρ : G ãÑ GLpV q, Dψ : V ˆ V Ñ Q s.t.
gψ “ νpgqmψ, ψ is a polarization of pV , ρ ˝ hq.
Fix ti : V ˆ . . .ˆ V Ñ Qpri q, 1 ď i ď n s.t.

G “ tg inGLpV q | gψ “ νpgqmψ, gti “ tiu

ShK pG ,X q classifies pA, psi q
n
i“0, ηK q{ „ s.t.

‚ A is an abelian motive.

‚ ˘s0 is a polarization for HpAq.

‚ s1, . . . , sn are Hodge tensors for A.

‚ ηK is a K-orbit of Af -linear isom. V pAf q Ñ Vf pAq, sending
ψ to an Aˆf multiple of s0, and ti to si .

‚ Da : HpAq Ñ V sending s0 to a Qˆ-multiple of ψ, each si to
ti , and h onto an element of X .



Abelian Motives Shimura varieties of abelian type Shimura varieties not of abelian type

Classification

Theorem (Deligne, 1979)

pG ,X`q connected, G simple.
If G ad of type A,B,C, then pG ,X`q abelian.
If G ad of type E6,E7, then pG ,X`q not abelian.
G ad of type D, can have both. (no G Ñ Spψq or none injective.)

Conjecture (Deligne, 1979)

If pG ,X q satisfies (SV4), ShK pG ,X q classifies isom. classes of
motives with additional structure.
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Shimura Varieties of Type A1

Example (Hilbert Modular Variety)

B quat. over F tot.real. G “ Bˆ.

G pRq «
ź

vPIc

Hˆ ˆ
ź

vPInc

GL2pRq

‚ B “ M2pF q, then pG ,X q is of PEL-type (Type (C)):

W “ F 2, φ “ 1, α‹ “ αT ,V0 “ F 2, ψ0 “

ˆ

0 ´1
1 0

˙

EndBpW b V0q “ EndF pV0q “ B, so G “ Bˆ.
Classifies pA, i , t, ηK q, A abelian variety of dim. d “ rF : Qs,
i : F Ñ EndQpAq is RM.
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Example

‚ B division algebra, Ic “ H (split at all infinite places). again
PEL-type - if L is the splitting field then V “ V pM2pLqq.
Classifies pA, i , t, ηK q, A abelian variety of dim. d “ 2rF : Qs,
i : B Ñ EndQpAq is QM.

‚ B division algebra, Ic ‰ H. Then pG ,X q abelian, not (SV4).

wX ,R : RÑ pF b Rqˆ –
ź

v :FÑR
R

a ÞÑ p. . . , ai , . . .qiPI , ai “

#

1 i P Ic

a i P Inc

T “ ResF {QGm, so wX : Gm Ñ TR is defined over Q̄GIc .
Then ShK pG ,X q classifies Hodge structures, but not motivic.

‚ When |Inc | “ 1, Shimura curves.
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