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Two Big Ideas | enjoy mulling over

Hermite, Laguerre, and Jacobi

Hermite eig symmetric eigenvalue problem
Laguerre svd singular value decomposition
Jacobi gsvd generalized singular value

decomposition

Hermite Laguerre Jacobi
1822-1901 1834-1886 1804-1851

[ not 1,2,4 or even integer
has a ghost like existence

Today want to emphasize its
Appearance in
| believe

in beta e Selberg Constants

e Differential Geometry
e Jacobian Computations

I d

1,2,4 anymore




Beta Ensembles

Real
dimensions
ﬁ — 1 One real dimension 1
One complex dimension 2
5 s 2 compiex
B — One quaternion dimension 4
ﬁ = ,3 One ghost beta dimension 3




Do you recognize this sequence?

2,27



Do you recognize this sequence?

2,2m, 4



Do you recognize this sequence?

2,27, 41, 2% . . .



Do you recognize this sequence?

2,27, 41, 2% . . .

Q774 9 1673 7% 327* 7° 6470

o T -

3 15 7 37 105 127 945

I a



Do you recognize this sequence?
2,27, 41, 2% . . .

Volume (surface area) of the unit hypersphere in N real dimensions

Vaphere(®: 8 =1) =20"2/T(n/2) g1

I d



Do you recognize this sequence?
2
22T
R C H
Volume (surface area) of the unit hypersphere in N real dimensions

Vaphere(®: 8 =1) =20"2/T(n/2) g1

Volume (surface area) of the unit hypersphere in 1 beta dimension

27P/2 IT(3/2) =1
Nify a

9



Do you recognize this sequence?
2
22T
R C H
Volume (surface area) of the unit hypersphere in N real dimensions

Vaphere(®: 8 =1) =20"2/T(n/2) g1

Volume (surface area) of the unit hypersphere in 1 beta dimension

Vaphere(1:5) = 2w5/2/r<5/2>\ 5= 3

Nir Scalar Q
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Pictures of S§(Sameas S/ ")

o ®
=1 =2
R C
Rendition: Hopf Fibration
Ir d



Pictures of S§(Sameas S/ ")

Rendition: Hopf Fibration

(See E and Mangoubi Ghost Hopf fibration)
Mangoubi thesis (being finished now)

Ihir ad
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Volumes

Volume (surface area) of the unit hypersphere in N real dimensions

2™/2 )T (n/2) P

Volume (surface area) of the unit hypersphere in 1 beta dimension

27P/2 IT(B/2) =1

Volume (surface area) of the unit hypersphere in N beta dimensions
217 "/2 ITD(3 - n/2) 5=3
Mir d
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* G,is a standard normal N(0,1) - _Gram-Schmidt:
[N G, G, 9 G G JIEN Gy Gg
* G,is a complex normal (G, +iG,) Gy RN GB GB H, XzB GB Hy Xp Gp
* G,is a quaternion normal (G, +iG,+jG,+kG,)| = * *
* G (B>0) seems to often work just fine
- “Ghost Gaussian” = D [Qj * % has B Haar Measure!
% xz" GB \(i/e ;:lsa\%e- czxpu::;unr:zments!
Gp JICaNCH
Ghosts and Shadows “Collage” Tridiagonalizing Example
0 G G Gp
- - - G G G G
|Gll |S X1’ |GZ| |S le |G4| |S X4 Symmetric Part of G: G: G: G:
I ?
* Sowhynot [Gg | isXg* . MR
| call x g the shadow of G 4 .
| X(n—1)8 92 X(n—2)3
> H)=— . . .
m=nt 3y, B R
Cmn)ZJH)\ ’ H"\k _/\J| OF(;:;)(_EA'Z_I)- X286 gn-1 XB
j<k L X3  Yn |

where A = diag(A1, A2, ..., An).

_ _ o Stochastic Operator Limit 2003

e Eigenvalue density of G’G 2 ( similar to A=3%*G’Gx %)

* Present an algorithm for sampling from this density d 2 P

* Show how the method of Ghosts and Shadows can be dx 2 - X * ﬁ dw ,
used to derive this algorithm




Jacobi Ensembles Traditional
Form

* Suppose A and B are randn(ml,n) and randn(mZ2,n)
e jid standard normals, let’s assume m1 and m2 >=n

* The eigenvalues of the “MANOVA” matrix
(AAA+B'B)"tA'A
* Or in Symmetric Form

(AA+ B'B)"'?AA(AA+ B'B)"'/?
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Jacobi Ensembles Traditional
Form

* Suppose A and B are randn(ml,n) and randn(mZ2,n)
e jid standard normals, let’s assume m1 and m2 >=n

* The eigenvalues of
(AAA+B'B)"tA'A
* Joint Eigenvalue Distribution (1939):

CJj H P‘Z = )\]| X H )\gm1—n—1)/2(1 i )\i)(m2_n_1)/2

1<J

I d
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Jacobi Ensembles

 Compute the eigenvalues of
(AAA+ B'B) A’ A

[~,~,~,c,8]=gsvd(randn(ml,n),randn(m2,n))

eigs = c"2

17



The Jacobi Ensemble:
Geometric Interpretation

* Take reference n < mdimensional subspace of R™
n <

* Take random m dimensional subspace of R™

Jacobi ensemble

The shadow of the unit ball in the random subspace when
projected onto the reference subspace is an ellipsoid

The semi-axes lengths are the

Jacobi ensemble cosines.
(MANOVA Convention=Squared cosines)

I d
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Stiefel Manifold :

set of n-dim (orthonormal) frames in R"" n <m

U
U |U+

U'v =1,

Equivalence Class = { U

Wo € O(m—n)

Iy

Wy

d

)
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Stiefel Manifold (Num. Lin. Alg.)

set of n-dim (orthonormal) frames in R n < m

1 W_l \
; I
m{ U = | *" He ||
n ‘ | ’
Tall skinny P
ortho/gonal matrix H(m) Householder matrices
Ul GE=HF

From the Numerical Linear Algebra point of view ...

I d
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Stiefel Manifold (Num. Lin. Alg.)

set of n-dim (orthonormal) frames in R"" n <m

: W—l
I
m U = H(m) H(m_ 1) S,
H(m—n+1)
n ‘ ' ;
n
: 1
H(m—n+1)
m —"n \ J



In [1]: Q = grfact(randn(5,3))[:Q]
full(Q)

Out[1l]: 5x3 Array{Float64,2}: Q — Stiefel pOint

-0.282794 0.602928 -0.280206
-0.5741 -0.361804 0.0599935
0.705835 0.179593 -0.188227
-0.138295 -0.133773 -0.927542
0.270385 -0.674853 -0.148735

In [2]: ©Q

Out[2]: 5x5 Base.LinAlg.QRCompactWYQ{Floaté64,Array{Float64,2}}:
-0.282794 0.602928 -0.280206 -0.436969 0.535768

-0.5741 -0.361804 0.0599935 -0.627802 -0.376525

0.705835 0.179593 -0.188227 -0.544023 -0.371689

-0.138295 -0.133773 -0.927542 0.241315 -0.210743

0.270385 -0.674853 -0.148735 -0.246429 0.62339

In [3]: Q * randn(5)

Out[3]: 5-element Array{Float64,1}: le.
Iy Details:
0.212148 WY Representation
-0.642629 ]
0.0884528 Schreiber and van Loan
0.166425
1989
In [4]: Q * randn(3)
Out[4]: 5-element Array{Float64,1}:
-0.771428
0.490106 But product of Householders
-0.169623 I h Id
0.567871 S much olaer
1.04986

In [5]: Q * randn(4)

LoadError: DimensionMismatch("vector must have length either 5 or 3")
IIIiI- while loading In[5], in expression starting on line 1

in * at linalg/qr.3jl:173 2



Volume of the Stiefel Manifold

1

Him—1) |* * *

1

Hm—-—n+1)




Volume of the Stiefel Manifold

H(m)

1

Him—1) |* * *

Hm—-—n+1)

VStlefel m n

|
n

H VSphere

+1)
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A=UXV'

AVOID square root eigs of A A’ !

. Laguerrel = svdvals (randn(m, n))

Nar! 25



n n

Stiefel(m, n) O(n)

Given a set of distinct singular values E

Volume {A : A € R™" svdvals(A4) =X} =7

26



n n

Stiefel(m, n) O(n)

Given a set of distinct singular values E

Volume {A : A € R"™", svdvals(A) =X} =7

VStiefel(m, Tl) ' VOrthogonal(n)

27



n n

Stiefel(m, n) O(n)

Given a set of distinct singular values E

Volume {A : A € R"™", svdvals(A) =X} =7

VStiefel(m, Tl) ' VOrthogonal(n) /2n

28



n n

Stiefel(m, n) O(n)

Given a set of distinct singular values E

Volume {A : A € R"™", svdvals(A) =X} =7

n

d

VStiefel(ma TL) | VOrthogonal(n) /VSphere(l)

29



n n

Stiefel(m, n) O(n)

Given a set of distinct singular values E

Volume {A : A € R"™", svdvals(A) =X} =7

VStiefel(ma TL) . VOrthogonal(n)/Vphases (n)

d

30



Volume Cheat Sheet (5 = 1)

V. (n) =272 /T (n/2)

sphere
Vphases(n) = Vsphere(l)n (3 25
VStiefel(m, n) i H?:l Vvsphere (m = B 1)

Vorthogonal(n) = VStiefel(nv TL)

i a



SVD Jacobian

The Players
U =[UU € O(m)
A=UXV’
el Ve O(n)

The Differential

dA = UdSV' + AUV’ + USdV’
(U'dAV)" = (dA)
U'dAV =1, ,d% + U'dUS — I, , ZV'dV

I d
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U'dAV =1, nd% + U'dUS — 1, ,2V'dV

n Diagonal Rectangle Anti-symmetric

U'dAV I el -G AU Y — Sy

I ad
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U'dAV =1, nd% + U'dUS — 1, ,2V'dV

n Diagonal Rectangle Anti-symmetric

U'dAV T ndX -G AU Y — Sy

(I ndX)" =doy A -+ Ado, = (dX)"

I ad
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U'dAV =1, nd% + U'dUS — 1, ,2V'dV

n Diagonal Rectangle Anti-symmetric

U'dAV I el RGN AUy — Svddy
(Utydvs)" = [ty du)”

I ad
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U'dAV =1, nd% + U'dUS — 1, ,2V'dV

n Diagonal Rectangle Anti-symmetric

U'dAV i Bl (UHYdUL UdUx - =V'dv

(U'dUs — 2V'dV)" = [ [(0? — o) (U'dU)(V'dV)"
1<J

Diagonal 0 when B8 =1

d
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U'dAV =1, nd% + U'dUS — 1, ,2V'dV

n Diagonal Rectangle Anti-symmetric

U'dAV B> ] -G AU Y — Sy

)

n

Laguerre dA = [[(0? — o) [[ o) ™(U'dU)(V'dV)dE

J
i<j i=1

I ad
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Integration over Stiefel Manifold

VStiefel (m, TL) - VOrthogonal (n) /Vphases (n)



Stiefel Manifold : Encodings

set of n-dim (orthonormal) frames in R"" n <m

~

=
™m

U

n Tall Skinny
U U+

n m—n

Full orthogonal

U'v =1,

Equivalence Class = { U

Wo € O(m—n)

Iy

Wy

d

)
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~

U

Grassmann Manifold : Encodings
set of n-dim subspaces in R n <m

m

U U/U — ]In Equivalence Class = {UW - V/ie O(n)}
n Tall Skinny

U UJ_ Equivalence Class = {fj |:W1 W2:| }
n m—n Wy EO(TL), Wy EO(m—n)

Full orthogonal a

40



Volume Cheat Sheet (8 = 1)

Vsphere(n) = 27"/2/T'(n/2)

Vphases(") = Vsphere(1)” (= 27)
VStiefel(m, n) i d.._?zl ‘/Sphere (m = + 1)

Vorthogonal(n) = VStiefel(na n)

VGrassmann (m, 7L) = VStiefel(ma n)/vorthogonal(n)

I d
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Volume Cheat Sheet

Vsphere(n5 B) = 2xP"2 T (B - n/2)
Vphases(n3 B) = Vsphere(15 B)"
VStiefel(ma n; B) il H?:l %phere(m — 1; /6)

Vorthogonal(n§ B) ah VStiefel(na Uz B)

VGrassmann (ma Uz /6) == VStiefel (m7 2 /B)/Vorthogonal(n; /6)

I d

42



Constant in Integration for Laguerre
Ensemble for general beta

N

Stiefel(m,n; 8)  O(n;B)

VStiefel(ma n; 6) X vorthogonal(n; 5)/Vphases (TL; 5)

only tricky part is the 5 — ]symmetric matrices in the
differential and only the diagonals

I d

43



Grassmann with Matrices

Va



Grassmann with Matrices

Orthogonal Representations General Representations
| I =
| U Z A | rank(4) =n
m e
\\\\ n n

L Em e e e e = === ================o




Grassmann with Matrices

Orthogonal Representations General Representations
T
U UU =1, A | rank(4) =n
m e
\ - mEhmE . n
:: Uniform
ii 4 Random Subspace
UJ UJ‘ A = randn(m,n)
. om B
: Ay Spall {a'17 Sisen o0 a’n}




Grassmann with Matrices

Orthogonal Representations

eEmEm—m—m === === === === =============== =

ii , -
| U| Vu=IL
i m

H Partial CS
Sl N
U U+

| m

General Representations

Uniform
Random Subspace

A = randn(m,n)



In R? a subspace is given by its
angle with the z and y axes

T

¢ X

Or equivalently by a (c,s) “cosine-sin” pair with c,s non-negative, and
+ or - directions on the axes.

I d
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In R? a subspace is given by its
angle with the z and y axes

Y

1

Or equivalently by a (c,s) “cosine-sin” pair with c,s non-negative, and
+ or - directions on the axes. The orthogonal subspace yields the reverse
pair (s,c).



In R™we can write m = m1 + mo
and obtain principal angles between
XandY

A point 7T on the Grassmann manifold is

w7 ] 5] = lvs

Unique up to column signs/phases

U € Stiefel(my,n), V & Stiefel(ms,n)

C' = diag(cy, -+ ,cn)
S = diag(s1, -, Sn)

50



The CS Decomp05|t|on

~ _ =

n dimensional subspace of R

I d
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The CS Decomp05|t|on

~ _ =

n dimensional subspace of R
X=first 11 coordinate dimensions
Y=last 19 coordinate dimensions

I d
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The CS Decomp05|t|on

~ _ =

n dimensional subspace of R
X=first 11 coordinate dimensions
Y=last 19 coordinate dimensions

53



The CS Decomp05|t|on

0 00 0 O

C o0 -5 0

0 00 0 —I[vl
0 07 0 0

S 00 C 0

0 70 0 0

|

/—
|
SIS
1l
N
=
ey

N

N o &

oo OO0 O My

~ _ =

n dimensional subspace of R
X=first 11 coordinate dimensions
Y=last 19 coordinate dimensions

54



GSVD Formulation (non-orthogonal)

A

B

Description
[U,V,X,C,S] = gsvd (A, B)
that

A = U*C*X'

B = V*S*X'

C'*C + Ss'*s =1

. e=gsvd(A B)

ksl sk

U'U =1
ViV =1
C?+ 8% =T

(A’A+ B'B)"'A’A ~ C?

55



GSVD(A, B) m=m;+m, dimensions

n<m

A,B have n columns

Flattened View Expanded View

(m, dim) subspaces represented by
Y / lines planes
>
Gy
n-dim subspace
=span(;)
(Clul) B
S1V1 Tt —
= ¥
: |
e X
il (my dim)
X
\ Ex 1: Random line in R2 through 0: : Ex 2: Random plane in R* through 0:
On the x axis: ¢ On xy plane: c1,c2 :

On the y axis: s On zw plane: s1,s2



GSVD(A, B) m=m;+m, dimensions

n<m

A,B have n columns

Flattened View Expanded View

(m, dim) subspaces represented by
Y / lines planes
>
Gy
n-dim subspace
=span(”)
CiUg
(51V1) Tt —
s ¥
%
% X
il (my dim)
X
e o o W e ey A ' Ex 4:

' Ex 3: Random line in R3 through 0:
On the xy plane: cand 0 !
On the z axis: s :

i Random plane in R3 through 0:
i On the xy plane: c and 1 (one axis in the xy plane)
' On the z axis: s



GSVD Jacobian

The Players
W= =

T

UC
Wr = [vs]

|

—US
4@

VJ_

(Q

- 58



GSVD Jacobian

W = [vs}

The Players

W =

T

—US Ut
Ve Vi

The Differential

—SU'AUC +CV'dV S + dO]
(UL)ydUuC
(V4H)Ydvs

(Q

7) 59



GSVD Jacobian

mip—n

nmo — N

The Differential

Diagonal

(G

—SU'dUC + CV'dV S + dO’

(U+yduc

Anti-symmetric

NN

Rectangle

+ + [
1 Utyduc
—SU'dUC + CV'dV S

Rectangle

mo — 1N

60



GSVD Jacobian

Diagonal

(d®) =db; A--- A db,

Diagonal Anti-symmetric Rectangle
- + .
de 1 (Utyduc
—-SU'dUC + CV'dV S

Rectangle

61



GSVD Jacobian

Anti-symmetric (Only for 3 = 1)

(—SU'dUC + CcV'dvS)” = [ (e} - ) (U'dv)N(V'dV)"

J

1<J
n Diagonal Anti-symmetric Rectangle Rectangle
1 BN
mi —n 8 1 E mip—mn =
mo — N mo — N
de 1 (Utyduc

ir —SU'dUC + CV'dV S a

62



GSVD Jacobian

Rectangle

(U+yave)” H mi=n (LY dU)

1=1
Diagonal Anti-symmetric Rectangle Rectangle
1 BN
mi —n 8 1 I mip—mn =
mo — N mo — N
de 1 (Utyduc

ir —SU'dUC + CV'dV S a
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GSVD Jacobian

Rectangle

Diagonal Anti-symmetric Rectangle
- + .
de 1 (Utyduc
—-SU'dUC + CV'dV S

Rectangle

64



GSVD Jacobian

(W) W)™ =T](c =) H M gm2 (T AU)N(VAV) N (dO)N

1< 7
Anti-symmetric Rectangle
mip —n 8 —|_ —|_ m; —n —|—
ma2 —n mo — N
de 1 (Utyduc

L —SU'dUC + CV'dV S a



What’s left

* Integration Over the Stiefel Manifolds

VStiefel (m17 n)VStiefel (m27 n) H(C2 o 62) H C(ml—n) H S(-ml_n>d(9'
) 9 1 { ¢

VGrassmann(man)V}?hases (n) <) ;

* A change of variable gives the eigenvalue density in
MANOVA format

I d
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Ghost Geometry

Vstiefel(ma, n; 8)Vstie fer(ma, n; 5)
VGrassmann (ma n, 5)Vphases (na 6)
< H(C’? i c?)ﬁ H C?(ml—n)Jr(ﬁ—l) H Siﬁ(ml—n)Jr(ﬁ—l)d@

1<J

I d
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Ghost Laguerre and Ghost Jacobi

Vstiefel(ma, n; 8)Vstie fer(ma, n; 5)
VGrassmann (ma n, 5)Vphases (na 6)
< H(C? i c?)ﬁ H Ciﬁ(ml—n)Jr(ﬁ—l) H Siﬁ(ml—n)Jr(ﬁ—l)d@

1<J

VStiefel (m7 Uz B)Vorthogonal (na Uz 6)
Vphases (n; B)

> H(Uz' — ;)P Haf(m—n)ﬂﬁ—l)dz

1<J

I d
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Given a set of n principal angles from the references hyperplane R
what’s the volume of the 1-dim subspaces in R™that are at that set of
angles?

I d
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Given a set of n principal angles from the references hyperplane R
what’s the volume of the 1-dim subspaces in R™that are at that set of
angles?

VStiefel(mla n)VStiefel(m — My, TL)
VGrassmann (ma n) VphaSGS (n)




Selberg Integral

1 n
Snla, B,7) = / /Ht“ Ll — g Il Iti—t*dt -

1<i<j<n

1:[ (a+ LB+ )T+ (5 +1)7)
e Na+ B8+ (n+j—1)y)I(1+7)

Upon variable change gives exactly the constant

VStiefel(mla U2 B)VStiefel(m — miy, N, 6)

VGrassmann (m Uz 5) phases( 2 5)

- dtn

71



Summing it all up

e GSVD more natural than MANOVA formulation

* One can write Jacobians for Hermite, Laguerre,
Jacobi for all beta as if full models exist

* The ghost Stiefel and Grassmann volumes are
exactly the right constants in the traditional pdf’s

* All terms in integrand have a natural ghost
interpretation

» Selberg Integrals, Jacobians, Differential Geometry
all love ghosts

I d
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Summing it all up

e GSVIO mulation
* One Laguerre,
Jacor ot

* The g | believe mes are
in bet :
11 tional pdf’s

host
interpretation

» Selberg Integrals, Jacobians, Differential Geometry
all love ghosts

I d
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