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Exercise 10.1. Assume that u ∈ L2(Rn) is h-independent. Define the nonsemiclassi-

cal wavefront set WF(u) ⊂ Rn × (Rn \ {0}) as follows: a point (x0, ξ0) ∈ R2n, ξ0 6= 0,

does not lie in WF(u) if there exists χ ∈ C∞c (Rn), χ(x0) 6= 0, and a conic neighborhood

V of ξ0 such that û(ξ) = O(〈ξ〉−∞) for ξ ∈ V . Using the Fourier transform definition

of the semiclassical wavefront set WFh(u), show that

WFh(u) =
(

suppu× {0}
)
∪WF(u).

Exercise 10.2. This exercise explores basic properties of Lagrangian submanifolds and

phase functions, in preparation for Wednesday’s distinguished lecture. For simplicity

we restrict ourselves to the setting of Rn. An n-dimensional embedded submanifold

Λ ⊂ R2n is called Lagrangian if the pullback of the symplectic form ω =
∑n

j=1 dξj∧dxj
to Λ is equal to 0.

(a) Assume that U ⊂ Rn is an open set and Φ ∈ C∞(U ;R). Show that the graph of

the gradient of Φ

ΛΦ = {(x, dΦ(x)) | x ∈ U} (10.1)

is a Lagrangian submanifold. Conversely, show that if Λ is a Lagrangian submanifold,

(x0, ξ0) ∈ Λ, and T(x0,ξ0)Λ projects isomorphically onto the x coordinates, then Λ

has the form (10.1) in a neighborhood of (x0, ξ0). (Hint: use that ω = dα where

α =
∑n

j=1 ξj dxj; for ΛΦ given by (10.1) we have α|ΛΦ
= dΦ.)

(b) Now assume that Φ depends on additional variables θ ∈ Rk, namely Φ(x, θ) ∈
C∞(U ;R) where U ⊂ Rn

x × Rk
θ is open. Define the critical set

CΦ := {(x, θ) ∈ U | ∂θΦ(x, θ) = 0}

and assume that d(∂θ1Φ), . . . , d(∂θkΦ) are linearly independent at each point of CΦ.

Assume moreover that the map

jΦ : CΦ → R2n, (x, θ) 7→ (x, ∂xΦ(x, θ))

is an embedding. Show that the image

ΛΦ = jΦ(CΦ) = {(x, ∂xΦ(x, θ)) | ∂θΦ(x, θ) = 0}
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is a Lagrangian submanifold. (Hint: show that j∗Φα = dΦ.) We say that ΛΦ is the

Lagrangian manifold generated by Φ.

(c) Assume that Λ is a Lagrangian manifold, (x0, ξ0) ∈ Λ, and T(x0,ξ0)Λ projects

isomorphically onto the ξ coordinates. Show that a neighborhood of (x0, ξ0) in Λ is

generated by a phase function

Φ(x, θ) = 〈x, θ〉 − F (θ), θ ∈ Rn, (10.2)

where F is some function on a neighborhood of ξ0. (Hint: use that ω = −dβ where

β =
∑

j xj dξj; Λ is generated by Φ(x, θ) of the form (10.2) if and only if β|Λ = dF .)

Exercise 10.3. Assume that Φ(x, θ) is a phase function satisfying the assumptions in

Exercise 10.2(b) and Λ is the Lagrangian manifold generated by Φ. Assume next that

Λ is also generated by some function Ψ(x) in the sense of (10.1). Consider a family of

functions of the form

u(x;h) = (2πh)−
k
2

∫
Rk

e
i
h

Φ(x,θ)a(x, θ) dθ (10.3)

where a is a C∞c function on the domain of Φ. Using the method of stationary phase,

show that we can also write

u(x;h) = e
i
h

Ψ(x)b(x;h) +O(h∞)C∞c (Rn)

for some b supported in an h-independent compact set inside the domain of Ψ, and

with all derivatives bounded uniformly in h.

(This exercise shows in a special case that the class of functions of the form (10.3)

does not depend on the phase function generating Λ. Functions in this class are

called semiclassical Lagrangian distributions associated to Λ and are a key concept in

semiclassical analysis.)

Exercise 10.4.∗ Assume that M is a compact manifold and u = uh ∈ D′(M) is a

family of distributions such that ‖uh‖H−N
h
≤ Ch−N for some C,N .

(a) Let (x0, ξ0) ∈ T ∗M . Show that the following conditions are equivalent:

(1) There exists A ∈ Ψk
h(T

∗M) such that |σh(A)(x0, ξ0)| ≥ c > 0 for some h-

independent constant c and Auh = O(h∞)C∞ ;

(2) There exists a neighborhood U of (x0, ξ0) such that for each B ∈ Ψcomp
h (M)

such that WFh(B) ⊂ U , we have Buh = O(h∞)C∞ . (Here Ψcomp
h (M),WFh(B)

are defined in Exercise 9.3.)

(Hint: to show that (1) implies (2), use elliptic estimate.) If the above conditions hold,

we say (x0, ξ0) does not lie in WFh(u); this defines a closed subset WFh(u) ⊂ T ∗M .

(b) Show that for any A ∈ Ψcomp
h (M), WFh(Au) ⊂WFh(A) ∩WFh(u).
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(c) Assume that g is a Riemannian metric on M and

(−h2∆g − Eh)uh = 0, Eh → 1 as h→ 0.

Show that WFh(uh) ⊂ S∗M = {(x, ξ) ∈ T ∗M : |ξ|g(x) = 1}.


