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Electronic evolution

Equation for electrons moving through a 2D crystal:

;0

iS¢ = Hy, W € 3(Z2,CY), where:

@ 1 is the wavefunction
@ H is the Hamiltonian of the crystal

[ Assumption: H is selfadjoint and short-range ]
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Electronic evolution

Equation for electrons moving through a 2D crystal:

;0

iS¢ = Hy, W € 3(Z2,CY), where:

@ 1 is the wavefunction
@ H is the Hamiltonian of the crystal

[ Assumption: H is selfadjoint and short-range ]

Example: Wallace’s model for graphene

) = [Zﬁ;‘] € 1?(72,C?),

A B
(0 ]ye]) = oo 0a)
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Conductors versus insulators

We say that a system with Hamiltonian H is:

conducting at energy E < E € X(H)
insulating at energy E < E ¢ X(H)
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Conductors versus insulators

We say that a system with Hamiltonian H is:

conducting at energy E < E € X(H)
insulating at energy E < E ¢ X(H)

Example: the Wallace model is conducting at energy 0

Example: Haldane’s model

A A
Hs = Ho+s- D, Dwn—i[d’";el_wngel], seR

n—e; n—+e;
D: second-nearest neighbor coupling that breaks time-reversal invariance.
There is a spectral gap at energy 0: H; is insulating at energy 0.
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Topology in insulators

Fact: The space of insulating Hamiltonians at a fixed energy E is disconnected.

@'

insulating
Hamiltonians

UbZO

Selfadjoint short-range Hamiltonians
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Topology in insulators

Fact: The space of insulating Hamiltonians at a fixed energy E is disconnected.

insulating
Hamiltonians

UbZO

@'

Selfadjoint short-range Hamiltonians

Fact: Its connected components are indexed by the Hall conductance:

a5(H) £ TriP[[P, 15,50], [P, Ln,s0]],

where P = 1(_ g)(H) is the spectral projection below energy E. This trace
is well-defined, the result is an integer [Thouless—Kohmoto—Nightingale-den Nijs

'82, ... Elgart—Graf-Schecker '05].
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Topology in insulators

Fact: The space of insulating Hamiltonians at a fixed energy E is disconnected.

insulating
Hamiltonians

UbZO

Selfadjoint short-range Hamiltonians

Fact: Its connected components are indexed by the Hall conductance:
op(H) E Tr iP[[P7 1,,-0], [P, 1n2>0]],

where P = 1(_. g)(H) is the spectral projection below energy E. This trace
is well-defined, the result is an integer [Thouless—Kohmoto—Nightingale-den Nijs
'82, ... Elgart—Graf-Schecker '05].

This gives rise to topological phases of matter (insulators).

Example: for Haldane's model o5(H;) = sgn(s).
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Connecting topological insulators

We consider Hamiltonians H of the form:

| Hy inside Q 2
H_{H outside Q’ Qcz

where H_, H; are insulators at E with distinct Hall conductances.
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Connecting topological insulators

We consider Hamiltonians H of the form:

| Hy inside Q 2
H_{H outside Q’ Qcz

where H_, H; are insulators at E with distinct Hall conductances.

In an adiabatic regime where H, is slowly deformed to H_, there is a topological
obstruction to H being an insulator. H should conduct along 09!

Selfadjoint short-range Hamiltonians
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Connecting topological insulators

We consider Hamiltonians H of the form:

H— H. inside Q
H_ outside Q'

where H_, H; are insulators at E with distinct Hall conductances.

Q c 72

In an adiabatic regime where H, is slowly deformed to H_, there is a topological
obstruction to H being an insulator. H should conduct along 09!

Numerical evidence for Hy = H. and Q the top-right corner:
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Connecting topological insulators

We consider Hamiltonians H of the form:

H— H. inside Q
H_ outside Q'

where H_, H; are insulators at E with distinct Hall conductances.

Q c 72

In fact even regardless of adiabaticity:

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(Hy) # op(H-) then
E € X(H): H is a conductor at energy E.

Interpretation: The interface between two “large” topological phases supports
currents: the famous edge states.
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Connecting topological insulators

We consider Hamiltonians H of the form:

| Hy inside Q 2
H_{H outside Q’ Qcz

where H_, H; are insulators at E with distinct Hall conductances.

In fact even regardless of adiabaticity:

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(Hy) # op(H-) then
E € X(H): H is a conductor at energy E.

Interpretation: The interface between two “large” topological phases supports
currents: the famous edge states.

Related results: [Frohlich—-Graf-Walcher '00, Thiang '20, Ojito '22] for quantum
Hall Hamiltonian in asymptotically sector-like regions; [Thiang—Ledewig '22] for
periodic operators.
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Connecting topological insulators

We consider Hamiltonians H of the form:

| Hy inside Q 2
H_{H outside Q’ Qcz

where H_, H; are insulators at E with distinct Hall conductances.

In fact even regardless of adiabaticity:

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(Hy) # op(H-) then
E € X(H): H is a conductor at energy E.

H

A condition on €2 is necessary: for '

instance if € fits in a strip we 0

constructed examples with

E e X(H)! G
- v
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Connecting topological insulators

We consider Hamiltonians H of the form:

| Hy inside Q 2
H_{H outside Q’ Qcz

where H_, H; are insulators at E with distinct Hall conductances.

In fact even regardless of adiabaticity:

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(Hy) # op(H-) then
E € X(H): H is a conductor at energy E.

. . Qe
A condition on €2 is necessary: for

instance if € fits in a strip we H,

constructed examples with

E e X(H)! H_
5 ,
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Connecting topological insulators

We consider Hamiltonians H of the form:

| Hy inside Q 2
H_{H outside Q’ Qcz

where H_, H; are insulators at E with distinct Hall conductances.

In fact even regardless of adiabaticity:

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(Hy) # op(H-) then
E € X(H): H is a conductor at energy E.

- . H,
A condition on €2 is necessary: for

instance if € fits in a strip we
constructed examples with
E e X(H)! G
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Ideas of the proof

Theorem [DZ 23]

If Q and Q° contain arbitrarily large balls and op(Hy) # op(H-) then
E € ¥(H): H is conductor at energy E.
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Ideas of the proof

Theorem [DZ 23]

If Q and Q° contain arbitrarily large balls and op(Hy) # op(H-) then
E € ¥(H): H is conductor at energy E.

Proposition [DZ ’23]

Let Hy, Ha be two operators with E ¢ ¥(Hy) U X(H>). There exists R > 0,
€ > 0 such that if for some x,

1150r) (HL — H2)lgxp)|| < €

then O'b(Hl) = O’b(Hz).
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Ideas of the proof

Theorem [DZ 23]

If Q and Q° contain arbitrarily large balls and op(Hy) # op(H-) then
E € ¥(H): H is conductor at energy E.

Proposition [DZ ’23]

Let Hy, Ha be two operators with E ¢ ¥(Hy) U X(H>). There exists R > 0,
€ > 0 such that if for some x,

1150r) (HL — H2)lgxp)|| < €

then O'b(Hl) = O’b(Hz).

“The Hall conductance is locally determined.”
How could it be unambiguously defined? Thanks to the global assumption
E ¢ Y(H)!

A. Drouot, X. Zhu, University of Washington Bulk edge correspondence for curved interfaces



Ideas of the proof

Theorem [DZ 23]

If Q and Q° contain arbitrarily large balls and op(Hy) # op(H-) then
E € ¥(H): H is conductor at energy E.

Proposition [DZ ’23]

Let Hy, Ha be two operators with E ¢ ¥(Hy) U X(H>). There exists R > 0,
€ > 0 such that if for some x,

1150r) (HL — H2)lgxp)|| < €
then O'b(Hl) = O’b(Hz).

Proof of theorem: Assume E ¢ ¥(H). Then we can define o,(H). Now:

@ H = H, on £, which contains arbitrarily 9

large balls, so op(H) = op(Hy).
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Ideas of the proof

Theorem [DZ 23]

If Q and Q° contain arbitrarily large balls and op(Hy) # op(H-) then
E € ¥(H): H is conductor at energy E.

Proposition [DZ ’23]

Let Hy, Ha be two operators with E ¢ ¥(Hy) U X(H>). There exists R > 0,
€ > 0 such that if for some x,

1150r) (HL — H2)lgxp)|| < €

then O'b(Hl) = O’b(Hz).

A

Proof of theorem: Assume E ¢ ¥(H). Then we can define o,(H). Now:

e H = Hy on Q, which contains arbitrarily
large balls, so op(H) = op(Hy).

@ H = H_ on Q°, which contains arbitrarily
large balls, so op(H) = op(H-). ov(H)

Q°
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Ideas of the proof

Theorem [DZ 23]

If Q and Q° contain arbitrarily large balls and op(Hy) # op(H-) then
E € ¥(H): H is conductor at energy E.

Proposition [DZ ’23]

Let Hy, Ha be two operators with E ¢ ¥(Hy) U X(H>). There exists R > 0,
€ > 0 such that if for some x,

1150r) (HL — H2)lgxp)|| < €

then O'b(Hl) = O’b(Hz).

A

Proof of theorem: Assume E ¢ ¥(H). Then we can define o,(H). Now:
@ H = Hy on £, which contains arbitrarily ¢
large balls, so op(H) = op(H).

e H = H_ on Q¢, which contains arbitrarily
large balls, so op(H) = op(H-). ou(H)

e So op(Hy) = op(H-), contradiction! o
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Ideas of the proof

Proposition [DZ ’23]

Let Hy, Hy be two operators with E ¢ ¥(H;) U X(H>). There exists R > 0,
€ > 0 such that if for some x,

[18(,R)(H1 — H2)lg(cr)|| <€ (1)

then O'b(Hl) = O'b(Hz).

Proof: 1. Observe: for all x = (x1, x2), for R large:
op(H) =Tr iP[[P, 1,50, [P, l,,2>0]} =Tr [Pl,,1>0P, Pl,,2>oP]
= Tr [PLyo P, P1y,=oP]
=Tr [Pl,,1>X1 P,P1,,~y, P} =Tr iP[[P, 15x], [P, 1"2>X2”
~Tr iPX’R[[PX’R, 1o >xl, [PX’R71n2>xZ]]7 peR = 15(x,R)P1lB(x,R)-

2. Note (1) = PFX) ~ pxR.

3. So op(H1) ~ op(H2). But these are both integers, so equality holds for ¢
small, R large. [J
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What is next?

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(H) # op(H-) then
E € X(H): H is conductor at energy E.

How much is the conductance? ]
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What is next?

Theorem [DZ '23]

If Q and Q¢ contain arbitrarily large balls and op(H) # op(H-) then
E € X(H): H is conductor at energy E.

How much is the conductance? ]

A. Drouot, X. Zhu, University of Washington

Bulk edge correspondence for curved interfaces



Bulk-edge correspondence for half-spaces

_ ) | Hy fornmp > +1
Say Q = {x; > 0} so that: H= {H for mp < —1 °
The conductance along 9Q = {n, = 0} is:
oe(H) = Tri[H,1,,50] g'(H)

where g(\) switches from 0 to 1 as A crosses E. Hence:
e i[H,1,,50]: charge moving left to right
e Tr( e g/(H)): density of states near energy E

z2 =0 ——
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Bulk-edge correspondence for half-spaces

_ ) | Hy fornmp > +1
Say Q = {x; > 0} so that: H= {H for mp < —1 °
The conductance along 9Q = {n, = 0} is:
oe(H) = Tri[H, 1,0] g'(H)
where g(\) switches from 0 to 1 as A crosses E. Hence:
e i[H,1,,50]: charge moving left to right
e Tr( e g/(H)): density of states near energy E

IfQ = {x2 > 0} then o.(H) = os(H;) — op(H-).

Long history: [Hatsugai '93, Kellendonk—Richter—Schulz-Baldes '02, Elbau—Graf
'02], many extensions: disorder [Elgart—Graf-Schencker '05], Floquet systems
[Graf-Tauber '18], continuous models [Drouot '20, Faure '23], etc.
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What if the edge is curved?

Return to:  H = {:* c:[]:.jje QQ . QC7Z2  E¢Y(Hs).
Conductance along 02, across OW:
oW(H) = Tri[H,1w] g'(H) [Ludewig-Thiang '22]
Necessary condition for o2 (H) to be well-defined:
Vaw(x)

lim

Ix|—oo  In|x]

= 400, Vow(x) Z d(x,8Q) + d(x, dW).

Define an intersection number xq\/ between 9Q and OW:
Q Qe © Orient 2 according to outward-pointing
71\\ normal
@ xaw counts (in a signed way) how many

times a particle traveling along 0€2, with
W‘H direction of the orientation, enters W.
w Here Yo =1—1=0.
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What if the edge is curved?

. . H+ inside Q 2
Return to: H= {H outside Q QcCzs, E ¢ ¥X(Hy).
Conductance along 02, across OW:

oW(H) = Tri[H,1w] g'(H) [Ludewig-Thiang '22]

Theorem [DZ '24]

Under the non-tunneling condition: o2 (H) = xaw - (os(Hy) — op(H-)).

€]

This is an index theorem for condensed matter physics!
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What if the edge is curved?

. . H+ inside Q 2
Return to: H= {H outside Q QcCzs, E ¢ ¥X(Hy).
Conductance along 02, across OW:

oW(H) = Tri[H,1w] g'(H) [Ludewig-Thiang '22]

Theorem [DZ '24]

Under the non-tunneling condition: o2 (H) = xaw - (os(Hy) — op(H-)).

Hy

Q Some condition is necessary: the “tubed” Haldane

model remains insulating, so o.(H) = 0 but Acg}, # 0!
QC

A. Drouot, X. Zhu, University of Washington Bulk edge correspondence for curved interfaces



What if the edge is curved?

. . H+ inside Q 2
Return to: H= {H outside Q QcCzs, E ¢ ¥X(Hy).
Conductance along 02, across OW:

oW(H) = Tri[H,1w] g'(H) [Ludewig-Thiang '22]

Theorem [DZ '24]

Under the non-tunneling condition: o2 (H) = xaw - (os(Hy) — op(H-)).

€]

O = Oc In physical situations the support of the
’\\ ‘ material Q is fixed. But there is flexibility
'1 on W and this informs us on the

nature of edge currents!

\\+1 Here xqw = 0: there is as much current
s w entering W as there is leaving W.
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What if the edge is curved?

. . H+ inside Q 2
Return to: H= {H outside Q QcCzs, E ¢ ¥X(Hy).
Conductance along 02, across OW:

oW(H) = Tri[H,1w] g'(H) [Ludewig-Thiang '22]

Theorem [DZ '24]

Under the non-tunneling condition: o2 (H) = xaw - (os(Hy) — op(H-)).
Here xqow = 1: Ao, edge states enter
W along the lower branch of 9Q2 — so
Aoy currents exit W along the upper
W*‘l branch!

Each connected component of 92 has conductance +£Aoy, with + depending on
the side of 02 that Q2 lies on. Quantumly a bit counter-intuitive...
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Proof of ¢ (H) = XQW(O’b(H+) — ab(H,))

1. After some manipulations: 9Q,dW are connected. So xow € {—1,0,+1}.
Say xaw = +1. So we need o3V (H) = ap(H,) — op(H-).

2. By adapting manipulations due to [Elgart—Graf-Schencker '05]:
o (H) = oV (Hy) — o™ (H-),

oW (Hy) = Tr K3y, Kay = iPy[[Pe. 1], [Pe, 1w]].

Lemma [DZ '24]

We have the bound:

| KKZZ‘:W(Xa y)| < e_V\UQW(X)_V\UQW(y).

In particular 02" (H.) is well defined because
p b

lim Vaw(x) =00

|x|— 00 In ‘X|

So we need o (H,) = op(Hy).
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Proof of o!W(H.) = op(H.,)

3. Given n, we deform Q, W to Q,, W, in a compact set such that:
a. Q, ={x1 >0} and W, = {x; > 0} in B,(0).
b. Wq,w, satisfies

",
im V2w, (x)

= +00 uniformly in n.
|x|— 00 In |X|
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Proof of o!W(H.) = op(H.,)

3. Given n, we deform Q, W to Q,, W, in a compact set such that:
a. Q, ={x1 >0} and W, = {x; > 0} in B,(0).
b. Wq,w, satisfies

\\/j
lim M = +00 uniformly in n.
|x|— 00 In |X|
Qn
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Proof of o!W(H.) = op(H.,)

3. Given n, we deform Q, W to Q,, W, in a compact set such that:
a. Q, ={x1 >0} and W, = {x; > 0} in B,(0).
b. Wq,w, satisfies

\\/j
lim M = +00 uniformly in n.
|x|— 00 In |X|
] H :
¥ - ;
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Proof of o!W(H.) = op(H.,)

3. Given n, we deform Q, W to Q,, W, in a compact set such that:
a. Q, ={x1 >0} and W, = {x; > 0} in B,(0).
b. Wq,w, satisfies

v X ] ]

lim M = +00 uniformly in n.
|x|— 00 In |X|

This construction is the hard part!

Now:

oY (Hy) = oW (H,) = Tim o2 W(H,)

= |im E Ka,w, (x, x)
n—oo
xE€Z2

= E lim Ko,w,(x,x)
n—oo
x€L?

= Z Ka>0) o0y (X, X) = op(Hy).
XEZ2
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Proof summary

QW
oo (H) = > 0(H)
g j
conductivity of 9Q across W \ ,
surgery
QW; QW;
= xaw, (00" (H) — 0, (H))
; ——

€{0,£1}  adapted from [Graf-Elgart-Schencker]

> xaw; - (on(Hy) — on(H-))
J deformation

= xaw - (op(Hy)—op(H-))! O
o~
N# 0Q, oW difference of bulk indices
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Conclusion

@ We investigated conduction between distinct topological phases.

@ If the topological phases fill large enough regions, edge spectrum fill the
bulk gap.

e The conductance (number of edge modes for translation-invariant
settings) of each connected component of the interface is op.

@ These are extensions of well-known results when the boundary is
straight.

Happy birthday, Maciej!
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