NOTES ON HYPERBOLIC DYNAMICS

SEMYON DYATLOV

ABSTRACT. This expository note presents a proof of the Stable/Unstable Mani-
fold Theorem (also known as the Hadamard—Perron Theorem), partially follow-
ing [KaHa97]. It also gives examples of hyperbolic dynamics: geodesic flows on
surfaces of negative curvature and dispersing billiards.

[IpumepHO KazKIble MATH JIET, eCIU He Jalle, KTO-HUOY/Ib
3aHOBO “oTKpbIBaeT’ Teopemy Amamapa — lleppona,
JIOKa3bIBas ee OO MO CXeMe JI0Ka3aTeIhCTBa AmamMapa,
Jmbo 1o cxeme Ileppona. 4 cam B 9TOM HOBHUHEH. . .

Every five years or so, if not more often, someone
“discovers” again the Hadamard—Perron Theorem,
proving it using either Hadamard’s or Perron’s method.
I have been guilty of this myself. . .

Dmitri Anosov [An67, p. 23]

These expository notes are intended as an introduction to some aspects of hyperbolic
dynamics, with emphasis on the Stable/Unstable Manifold Theorem (also known as
the Hadamard—Perron Theorem). They are structured as follows:

e In §2 we present the Stable/Unstable Manifold Theorem in a simple setting,
capturing the essential components of the proof without some of the technical
and notational complications.

e In §3 we give a proof of the general Stable/Unstable Manifold Theorem for
sequences of transformations on R™ with canonical stable/unstable spaces at
the origin, building on the special case in §2.

e In §4 we use the results of §3 to prove the Stable/Unstable Manifold Theorem
for general hyperbolic maps and flows.

e In §5 we give two important examples of hyperbolic systems: geodesic flows on
surfaces of negative curvature (§5.1) and dispersing billiard ball maps (§5.2).

For the (long and rich) history of hyperbolic dynamics we refer the reader to [KaHa97].
1
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2. STABLE/UNSTABLE MANIFOLDS IN A SIMPLE SETTING

In this section we present the Stable/Unstable Manifold Theorem (broken into two
parts, Theorem 1 in §2.1 and Theorem 2 in §2.4) under several simplifying assumptions:

e we study iterates of a single map ¢, defined on a neighborhood of 0 in R?;
e ©(0) = 0 and dp(0) is a hyperbolic matrix, with eigenvalues 2 and ;
e the map ¢ is close to the linearized map z +— dp(0) - z in the CV*! norm.

These assumptions are made to make the notation below simpler, however they do not
impact the substance of the proof. As explained below in §§3—4, the arguments of this
section can be adapted to the setting of general hyperbolic maps and flows.

2.1. Existence of stable/unstable manifolds. Throughout this section we use the
following notation for /., balls in R?:

Boo(0,7) := {(z1,22) € R*: max(|zy], |z2]) < 7}
We assume that Uy, V,, C R? are open sets with B, (0,1) C U, NV, and
p:U, =V,
is a CV*! map (here N > 1 is fixed) which satisfies the following assumptions:

(1) ¢(0) = 0;
(2) The differential dy(0) is equal to

dip(0) = (g 1(/)2) ; (2.1)

(3) for a small constant 6 > 0 (chosen later in Theorems 1 and 2) and all multi-
indices a with 2 < |a| < N + 1, we have

sup [0%¢| < 6; (2.2)

©

(4) ¢ is a diffeomorphism onto its image.

We remark that assumptions (3) and (4) above can be arranged to hold locally by
zooming in to a small neighborhood of 0, see §3.1 below.

It follows from (2.1) that the space E,(0) := R0,, is preserved by the linearized map
x — dp(0) - = and vectors in this space are expanded exponentially by the powers of
dp(0). Similarly the space F4(0) := R0,, is invariant and contracted exponentially by
the powers of dp(0). We call E,(0) the unstable space and E,(0) the stable space of ¢
at 0.

The main results of this section are the nonlinear versions of the above observations:
namely there exist one-dimensional unstable/stable submanifolds W,, W, C R? which
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FIGURE 1. The manifolds W, W,. The square is B (0, 1), the horizon-
tal direction is x1, and the vertical direction is xs.

are (locally) invariant under the map ¢; the iterates of ¢ are exponentially expanding
on the unstable manifold and exponentially contracting on the stable one.

We construct the unstable/stable manifolds as graphs of CV functions. For a func-
tion F': [—1,1] — R we define its unstable/stable graphs

Gu(F) :=A{zy = F(2), [1| <1}, Go(F) :={z1 = F(x2), |22 <1} (2.3)
which are subsets of R2.
Theorem 1 below asserts existence of unstable/stable manifolds. The fact that ¢ is

expanding on W, and contracting on Wj is proved later in Theorem 2.

Theorem 1. Assume that § is small enough (depending only on N) and assump-
tions (1)-(4) above hold. Then there exist CN functions

Fu Fy:[-1,1] = [=1,1], F,(0) = F,(0) =0, 8, Fu(0) = 0,,Fs(0) =0
such that, denoting the graphs (see Figure 1)
Wiy = Gu(Fu),  Ws = Gs(Fy), (2.4)
we have
©(Wy) N Bs(0,1) =Wy, @ '(W,) N Bs(0,1) = W, (2.5)
Moreover, W,, N W, = {0}.

The proof of the theorem, given in §§2.2—2.3 below, is partially based on the proof of
the more general Hadamard—Perron theorem in [KaHa97, Theorem 6.2.8]. The main
idea is to show that the action of ¢ on unstable graphs is a contraction mapping
with respect to an appropriately chosen metric (and same with the action of ¢~ on
stable graphs). There are however two points in which our proof differs from the one

in [KaHa97]:

e We run the contraction mapping argument on the metric space of CV functions
whose N-th derivative has Lipschitz norm bounded by 1, with the CV metric.
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This is slightly different from the space used in [KaHa97, §6.2.d, Step 3| and
it requires having N + 1 derivatives of the map ¢ to obtain OV regularity
for invariant graphs (rather than N derivatives as in [KaHa97|). The upshot
is that we do not need separate arguments for establishing regularity of the
manifolds W,,, Wy [KaHa97, §6.2.d, Steps 1-2, 4-5].

e We only consider the action of ¢ on the ball By, (0,1) rather than extending
it to the entire R? as in [KaHa97, Lemma 6.2.7]. Because of this parts (3)—(4)
of Theorem 2 below have a somewhat different proof than the corresponding
statement [KaHa97, Theorem 6.2.8(iii)].

Notation: In the remainder of this section we denote by C' constants which depend
only on N (in particular they do not depend on §), and write R = O(0) if |R| < C4.
We assume that § > 0 is chosen small (depending only on N).

2.2. Action on graphs and derivative bounds. We start the proof of Theorem 1
by considering the action of ¢ on unstable graphs. (The action of ¢! on stable graphs
is handled similarly.) This action, denoted by ®, and called the graph transform, is
defined by

Lemma 2.1. Let F': [—1,1] — R satisfy
F(0) =0, suplo, F|<1. (2.6)
Then there exists a function
o, F:[-1,1] - R, &,F(0)=0
such that (see Figure 2)
P(Gu(F)) N {lan] < 1} = Gu(PuF). (2.7)

Proof. Define the components @1, @3 : B (0,1) — R of ¢ by

o(x) = (p1(x), p2(2)), = € Bso(0,1). (2.8)
Next, define the functions G1,Gs : [—1,1] — R by
Gi(z1) == g1z, F(21)),  Ga(21) = w21, F(21)), (2.9)

so that the manifold ¢(G,(F")) has the form

P(Gu(F)) = {(Gr(21), Go(21)): || < 1}

To write ¢(G,(F')) as a graph, we need to show that G; is invertible. Note that
G1(0) = 0. We next compute

au’(,‘1CTY1(371) = 8x1301(l’1, F(xl)) + aﬁwgpl(mlaF(zl)) ' aﬂﬁlF(ml)
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FIGURE 2. Left: the graph G, (F') for some function F' satisfying (2.6).
Right: the image of G,(F’) under ¢. The solid blue part is the graph
Gu (P, F). Figures 2-7 are plotted numerically using the map ¢(z1, z3) =
(2%1 + %l’g, %352 + %.T%)
Together (2.1) and (2.2) imply for all (x1,25) € B (0,1)
ar1¢1(x171;2) - 2+O(6)7 aw2¢1(x17x2) = 0(6)7

so for ¢ small enough

N W

for all z; € [—1,1]. (2.10)

Therefore Gy is a diffeomorphism and its image contains [—1,1]. It follows that
©(Gu(F)) N{|z1| < 1} = Gu (P, F) for the function &, F defined by

O, F(y1) = Go(GT (1), w1 € [-1,1] (2.11)

where
Gyt [-1,1] = [-1,1] (2.12)
is the inverse of (. O

We now want to estimate the function ®,F in terms of F', ultimately showing that
®,, is a contraction with respect to a certain norm. For that we use the following
formula for the derivatives of ®,F"

Lemma 2.2. Let 1 <k < N. Assume that F € C*([—1,1];R) satisfies
F(0)=0, sup|d] F|<1 forallj=1,... k. (2.13)
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Then we have for all y; € [—1,1] and G7" defined in (2.12)
a]afl(q)uF)(yl) = Li(z1, F(21), 00, F(21), . . - aale(xl))a x1 =Gy (y) (2.14)

where the function Ly(z1,70,...,7k), depending on ¢ but not on F, is continuous on
the cube Qy, = [—1,1]¥*2. Moreover Li(z1,70,...,7) = 27517, + O(6), with the
remainder satisfying the derivative bounds

sup }60‘ 850 c. 85: (Lk($1,7'0, Ce ,Tk) — 2_k_1Tk)| S Ca55
Qk

1~ T0

(2.15)
forall «,By,...,Br suchthat a4+ P+ k< N+1.

Remark. In the linear case ¢(z) = dp(0) - & we have Gy(z1) = 2x1, Go(x1) = 1 F (1),
therefore ®,F(y1) = 1F(3y1). The meaning of (2.15) is that the action of @, on the
derivatives of F' for nonlinear ¢ is O(d)-close to the linear case.

Proof. For € B, (0,1) define the matrix
Alz) = dp(x) = (Ajr(x)),  Ajr(x) = On,05().
By (2.1) and (2.2) we have

Az) = <§ 132) +0W). (2.16)

and the remainder in (2.16) is O(6) with derivatives of order < N.
We argue by induction on k. For k = 1, from the definition (2.11) of &, F we have

0., Ga(z _
Oy (P F) (1) = ng;;, zy =Gy ()
so (2.14) holds with
Agi (21, 70) + Asa(z1,70)71

(2.17)

(
L = .
11,70, 71) A (z1,10) + Ara(z1, T0)T1

From (2.16) we see that Lq(z1,70,71) =
mate (2.15) holds.

Now assume that 2 < k < N and (2.14), (2.15) hold for £ — 1. Then by the chain
rule (2.14) holds for k£ with

iﬁ + O(0) and the stronger remainder esti-

Opy Lig—1 (1,70, ..., The1) + Z?;é Or; Li—1 (21,70, .- -, The1) i1

L =
(21,70, Te) Ay (21, 10) + Ara(x1, 7o) 71

It is straightforward to check that Ly(x1,7,...,7) = 27% 11, + () and the stronger
remainder estimate (2.15) holds. O
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Armed with Lemma 2.2 we estimate the derivatives of ®, F' in terms of the derivatives
of F. Let 1 < k < N. We use the following seminorm on C*([—1, 1]; R):

IFllor := max sup |05, F. (2.18)

We will work with functions satisfying F'(0) = 0, on which || e ||+ is a norm:
F0)=0 = sup|F|<|F|c. (2.19)

To establish the contraction property (see the remark following the proof of Lemma 2.4)
we also need the space of functions C*!([—1,1];R) with Lipschitz continuous k-th
derivative, endowed with the seminorm

ok F — O F(7
[Pllcss = mas (1Flcr, sup P00 2O

P |71 — 71|

(2.20)

Note that || F||gr < [|[Fllor < || Fllors.

Our first estimate implies that ®, maps the unit balls in C*, C*! into themselves:

Lemma 2.3. Let 1 <k < N and assume that F(0) =0 and || F||cx < 1. Then
1
| P F|cr < ZHFH@I@ + Co. (2.21)
If additionally || F||cra < 1 then

1
|@uFllcks < 7lIFllcxs + C8, (2.22)

Proof. Let y; € [-1,1] and 2, := G;'(y1) € [-1,1]. By Lemma 2.2 we have for all
j=1,... .k

. o 1
107, (2uF) (1) < 277713, F (1) + CF < 2| Fllex + C6

which implies (2.21).
Next, assume that ||F|cen < 1. Take yi,91 € [—1,1] such that y; # 7. Put
x1 = G y), 1 := Gy (71). Then by Lemma 2.2

105, (2, F) (y1) = 05, (2uF)(G0)| < 277105, Fan) = 95, F(81)| + Cdlay — 2
+ C6 max |02 F(z1) — & F(&)|
0<j<k
1 ~
< (§1Fllows +Cb +Co Flcws s =l
Since |z — #1| < |1 — 41| by (2.10), this implies (2.22). D

The next estimate gives the contraction property of ®, in C* norm:
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(1. @ F (1))

i z, F(x w
0 ( ( 1)), 0 (ylg(I)uF(yl))i’

T 0 1 A 0 1

FIGURE 3. Left: the points (z1, F'(z1)), (Z1, F(Z1)). The blue curve is
the graph of F' and the red curve is the graph of F'. Right: the image of
the picture on the left by ¢.

Lemma 2.4. Let 1 < k < N. Assume that F,F € C*! satisfy F(0) = F(0) =0 and
|E||cray || F||grn < 1. Then

- 1 -
L F — By F || < <Z+Cd>||F—F||Ck. (2.23)

Proof. Let GG; and G4 be defined by (2.9) using the functions F' and F respectively.
Take y; € [—1,1] and put z; := Gy (y1), &1 := Gy (1), see Figure 3. We first estimate
the difference between the two inverses x1, T;:

21 — 1| < CO||F — F||cn. (2.24)
To show (2.24), we write
w1 — 1| < |Gi(x1) = Gi(F1)] = |Gi(21) — Ga(ay)]
= |1(x1, F(21)) — @1 (21, F(21))| < CS||F = Fl|en

where the first inequality follows from (2.10) and the last inequality uses that 0,1 =
O(0) by (2.16) and |F(z1) — F(x1)| < ||F — F||c by (2.19).
Next we have for all j =0,...,k

|2 F(1) — 8 F (7)) < (14 C8)||F — F||ex. (2.25)
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0 o:::=====-q@==::::::: o=§"“-———4e———“";;

T4 0 1 4 0 1 “a 0 1
n=>0 n=1 n=2

FIGURE 4. The iterations ¢"(Gp

(Gr,) for two different choices of F. Both
converge to W, illustrating (2.28).

Indeed,
103, F (1) — 03, F(iy)| < |03, F(w1) — 0, F(i1)| + 0], F (&) — 0, F (&)
<oy — @]+ |F = Fllor < (14 CO)||F — Fllc»

where the second inequality uses the fact that ||F||cr: < 1 and the last inequality
used (2.24).

Finally, by Lemma 2.2 we estimate for all j =1,...,k
102, (@uF) (y1) — 84, (2uF)(y1)| < 2777100, F (1) — 03, (&)
+ C8lay — &1| + O max |9, F(x,) — 9%, F(i)]
0<e<j

1 -
< (7 +CO)IF = Flios
where the second inequality uses (2.24) and (2.25). This implies (2.23). O

Remark. The a priori bound || F||crn < 1 was used in the proof of (2.25). Without
it we would not be able to estimate the difference |05 F(z) — 8§1ﬁ (Z1)| since the
functions 9 F, 8’;115 are evaluated at two different values of z;. We do not use the
stronger a priori bound || F||ck+1 < 1 because it would make it harder to set up a
complete metric space for the contraction mapping argument in (2.26) below.

2.3. Contraction mapping argument. We now give the proof of Theorem 1 using
the estimates from the previous section. We show existence of the function F),; the
function F) is constructed similarly, replacing ¢ by ¢=*
and x,.

and switching the roles of x;
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Consider the metric space (Xy,dy) defined using the seminorms (2.18), (2.20):

Xy = {F € C"([-1L,1;R): F(0) =0, [|[Flloxa < 1}, (226)
~ ~ 2.26
dn(F, F) i= | F = Fllox.

Then (Xy,dy) is a complete metric space. Indeed, it is the subset of the closed unit
ball in C" defined using the closed conditions

F(0)=0, [0)F(z1)—0YF (&) <|v1— | forall zq,3; € [-1,1].
By Lemmas 2.1 and 2.3, for ¢ small enough the graph transform defines a map
D, Xy — Xy.

By Lemma 2.4, for § small enough this map is a contraction, specifically

dy (P, F, ®,F) < %dN(F, F) forall F,F € Xy. (2.27)
Therefore by the Contraction Mapping Principle the map @, has a unique fixed point

F, e Xy, o,F, =F,.
In fact for each fixed Fjy € Xx we have (see Figure 4)
(®,)"Fy — F, inCY asn— oo. (2.28)

Let W, = G.(F,) C Bs(0,1) be the unstable graph of F,. Recalling the defini-
tion (2.7) of ®,F, we have

e(W,) N {|z1] <1} = Gu(PF,) = W,,.

It follows that ¢(W,) N B (0,1) = W,,, giving (2.5).

Next, we see from (2.17) that F(0) = 0,,F(0) = 0 implies 0,,(®,F)(0) = 0. Us-
ing (2.28) with Fy =0, we get 0,, F,,(0) = 0.

By Lemma 2.3 we have the following derivative bounds on F,, Fj:
[Fullova < C8, ||Fslleva < C6. (2.29)

This implies that W, "W, = {0}. Indeed, if (z1,z5) € W, "W, then x5 = F,(z1) and
x1 = Fy(x3). Therefore, x; = Fy(F,(x1)). However (2.29) implies that
sup |0y, (Fs o F,)| < CO. (2.30)
[_171]
Therefore Fyo F, : [—1,1] — [—1,1] is a contraction and the equation 1 = Fs(F,(z1))
has only one solution, x; = 0.

Remark. The above proof shows that F,, € C™!. One can prove in fact that F, €
CNFL see [KaHa97, §6.2.d, Step 5.
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g o

n=1 n =2 n=3 n =4 n=>5

FIGURE 5. The sets of points w such that w, o~ (w),..., " (w) €
Bo.o(0,1). By (2.33), in the limit n — co we obtain W,,.

2.4. Further properties. In this section we prove the following theorem which relates

the manifolds W,,, W; to the behavior of large iterates ¢" of the map ¢:

Theorem 2. Let ¢ be as in Theorem 1 and d be small enough depending only on N.
Let W, Wy be defined in (2.4). Then:

(1) If we W, then ¢™"(w) — 0 as n — oo, more precisely
1 n
oM (w)| < (5 + 05) |lw|  for alln > 0. (2.31)
(2) If w € Wy then ¢™(w) — 0 as n — oo, more precisely
1 n
|p™(w)] < (5 + C(5> lw|  for alln > 0. (2.32)

(3) If w € Bo(0,1) satisfies o (w) E B.(0,1) for alln >0, then w € W,.

(4) If w € Boo(0,1) satisfies o"(w) € Bo(0,1) for all n >0, then w € W,
Remark. Theorem 2 implies the following dynamical characterization of the unsta-
ble/stable manifolds W,, Wi:

weW, <= ¢ "(w)e€ By(0,1) foralln > 0; (2.3
weW, <= ¢"(w)€ By(0,1) foralln>0. '
See Figure 5.

We only give the proof of parts (1) and (3) in Theorem 2. Parts (2) and (4), char-
acterizing the stable manifold, are proved similarly, replacing ¢ by ¢! and switching
the roles of 1 and 5.

Part (1) of Theorem 2 follows by iteration (putting y := w, g := 0) from

Lemma 2.5. Let y,y € W, and put x := ¢ (y), Z:= ¢ '(y). Then (see Figure ()
1
|x—ﬂ§<§+0®@—gy (2.34)

Proof. By (2.5) we have x,% € W,, C B4 (0,1). We write
T = (xlaFu(‘Tl))a T = (j}laFu('%l))? Y= (ylaFu(yl))a g: (glvpu(gl))
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FIGURE 6. The points x, Z,y,y from Lemma 2.5. The curve is W,,.

Since ||Fy,|lcr < C§ by (2.29), we have
|z —z| < (1+C6)|xy — 24, (2.35)
ly =9l = (1= Co)lyr — . (2.36)
We have y1 = @1 (21, Fy(21)) and g1 = ¢1(Z1, £5,(21)). Thus by (2.16)
y1 — 0 = 2(xy — T1) + O00)|z1 — Z4]. (2.37)
Together (2.35)—(2.37) give (2.34). O
It remains to show part (3) of Theorem 2. For a point w = (wy,wy) € Bu(0,1),
define the distance from it to the unstable manifold by
d(w, W) := |wy — F,(w)]. (2.38)
The key component of the proof is

Lemma 2.6. Assume that w € B, (0,1) and o(w) € Bs(0,1). Then (see Figure 7)
1
d(p(w), W) < (5 + Cé) d(w, W,). (2.39)

Proof. We write
w = (wy,ws), z:=p(w)=21,2).
Define
x = (wi, Fu(w1)),  y = (@) = (y1, Fulyr))-
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0 1 0\_*__/4(

FIGURE 7. An illustration of Lemma 2.6. The curve is W, and the
picture on the right is the image of the picture on the left under ¢. The
blue segment on the left has length d(w, W,) and the red segment on the
right has length d(z, W,,).

(Since it might happen that y; ¢ [—1, 1], strictly speaking we extend the function F,
to a larger interval by making o(W,) the graph of the extended F,. The resulting
function still satisfies the bound (2.29).)

By (2.16) we have

iy (g 1(/’2) (w—2) + Od)|w — .

Since |w — x| = d(w, W,,) this implies

21— Y1 = O<5)d(w7 Wu): (24())
29— Fu(yh) = %(wg — Fy(w1)) + O()d(w, W,). (2.41)

It follows from (2.29) and (2.40) that
Fu(z1) — Fu(yr) = O00)d(w, W,).
From here and (2.41) we obtain
1
2 = Fu(z) = 5 (w2 = Fu(w1)) + O(0)d(w, o).

Since d(w, W,) = |we — F,,(wy)| and d(z, W) = |20 — F,(21)| this implies (2.39). O
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We now finish the proof of part (3) of Theorem 2. Assume that w € B, (0,1) and
w™ = ™" (w) € Boo(0,1) for all n > 0.

Since w™ Y = p(w™), by Lemma 2.6 for small enough § we have

A", W,) < Zd(w™, W), (242)
Since d(w™, W,) < 2 for all n > 0, we iterate this to get
d(w,W,) <2 <§)nd(w(”), W,) < (;)n for all n > 0 (2.43)
which implies d(w,W,,) = 0 and thus w € W,,.

Remark. The above proof in fact gives stronger versions of parts (3) and (4) of
Theorem 2: if 0 <o <1 and n > 0, then

w, o (w), ..., " (w) € Bu(0,0) = d(w,W,) < (2/3)"- 20, (2.44)
w, p(w), ..., 0" (w) € Bo(0,0) = d(w,W,) < (2/3)"- 20. (2.45)
Here we define d(w, W) := |wy — Fy(w9)| similarly to (2.38).
Another version of (2.44), (2.45) is available using the following estimate:
lw| < 4(d(w, W,) + d(w, W,)) forall w € By(0,1). (2.46)
To prove (2.46) we use (2.29) and (2.30):

%|w1| < Jwy — Fy(Fu(wr))| < |wr = Fy(wa)| + [ Fy(wz) — Fs(Fu(w))]
< |Jwy — Fy(wy)| + |we — Fy(wq)| = d(w, W) + d(w, W,)

and |ws| is estimated similarly.

Combining (2.44)—(2.46) we get the following bound: for n,7 > 0 and 0 <o <1

e " (w), ..., o w),w, p(w),...,¢" (w) € By(0,0)

2.47
= Jw| < ((2/3)" + (2/3)") - 8o. (2:47)

The bound (2.47) can be interpreted as ‘long time strict convexity’: if the trajectory
of a point w stays in the ball By (0, 1) for long positive and negative times, then w is
close to 0.

3. THE GENERAL SETTING

In this section we explain how to extend the proofs of Theorems 1 and 2 to general
families of hyperbolic transformations, yielding the general Theorem 3 stated in §3.5.
Rather than give a complete formal proof we explain below several generalizations of
Theorems 1 and 2 which together give Theorem 3. We refer the reader to [KaHa97,
Theorem 6.2.8] for a detailed proof.
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3.1. Making 6 small by rescaling. We first show how to arrange for the assump-
tion (3) in §2.1 (that is, ¢ being close to its linearization dyp(0)) to hold by a rescaling
argument. Assume that ¢ : U, — V,, is a CV™! map and it satisfies assumptions (1)-
(2) in §2.1, namely

w0 =0, 0= (0. (3.)
Fix small 9; > 0 and consider the rescaling map
T : By(0,1) = Bo(0,6,), T(x) =0y
We conjugate ¢ by T to get the map
=T 'opoT:B,(0,1) = R%
The map @ still satisfies (3.1), and its higher derivatives are given by
°G(x) = 81 0%p(612).

Therefore, ¢ satisfies the assumption (3) with 6 = Cd;, where C' depends on . By
the Inverse Mapping Theorem, ¢ also satisfies the assumption (4); that is, it is a
diffeomorphism U, — V., for some open sets U, V., containing B, (0,1).

It follows that for §; small enough (depending on ¢) Theorems 1 and 2 apply to @,
giving the unstable/stable manifolds W,,, W. The manifolds

W = T(W.), W :=T(W,)

satisfy the conclusions of Theorems 1 and 2 for ¢ with the ball B, (0,1) replaced by
By (0,6;). We call these the (d-)local unstable/stable manifolds of ¢ at 0.

3.2. General expansion/contraction rates. We next explain why Theorems 1-2
hold if the condition (3.1) is replaced by

0 A

Note that the value of § for which Theorems 1 and 2 apply will depend on A, i, in
particular it will go to 0 if A — 1 or u — 1.

©(0) =0, dp(0) = <,u O> where 0 < A < 1 < p are fixed. (3.2)

The proofs in §2 apply with the following changes:
e in the proof of Lemma 2.1, (2.10) is replaced by
O0p,Gi(z1) = p+O(0) > 1 for all ; € [-1,1];
e in Lemma 2.2, we have
Li(21, 70, ..., 1) = A1 4+ O(6)

and the estimate (2.15) is changed accordingly;
e in the estimates (2.21), (2.22), and (2.23) the constant 1 is replaced by %;
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e in the contraction property (2.27) the constant g is replaced by any fixed num-
ber in the interval (ﬁ, 1);

e in the estimate (2.31) in Theorem 2, as well as in Lemma 2.5, the constant 3
is replaced by p~1;

e in the estimate (2.32) in Theorem 2 the constant % is replaced by A;

e in Lemma 2.6 the constant % is replaced by A;

e in the estimates (2.42) and (2.43), as well as in (2.44), the constant 2 is replaced
by any fixed number in the interval (), 1);

e in (2.45), the constant 2 is replaced by any fixed number in the interval (41, 1);

e in (2.47), the conclusion becomes |w| < (A" + ") - 8¢ where A € (), 1) and
f € (1, ) are fixed.

3.3. Higher dimensions. We now generalize Theorems 1 and 2 to the case of higher
dimensions. More precisely, consider a diffeomorphism

0:U, =V, U,V,CRY B,0,1)CU,NV,,

where d = d, + d,, we write elements of R? as (x1,79) with z; € R% 2, € R% and
(with | e | denoting the Euclidean norm)

Boo(0,7) := {(z1,22) € R?: max(|zy], |z2]) < 7). (3.3)

The condition (3.1) is replaced by

o0 =0, do0)= (‘0 1), 3.4

where A; : R% — R% A, : R% — R% are linear isomorphisms satisfying
IATH < w7t [[Aefl < A, max(|Ad), 1437]) < Co (3.5)

for some fixed constants A, u,Cy such that 0 < A < 1 < p. We assume that the
bounds (2.2) on higher derivatives still hold for some small § > 0.

The definitions (2.3) of the unstable/stable graphs still apply with the following
adjustments. Define the unstable/stable balls

B,(0,1) := {z; € R™: 21| <1}, B,(0,1) := {my € R%: 25| < 1}. (3.6)

Then for a OV function F : B,(0,1) — R% its unstable graph G,(F) is a d,-
dimensional submanifold (with boundary) of R?. If instead F : B,(0,1) — R then
the stable graph G,(F) is a d,-dimensional submanifold of R?.

Theorems 1 and 2 still hold for the map ¢, with the constant § now depending on
d, \, i, Cy and the constants in (2.31) and (2.32) modified as in §3.2. The proofs in §2
need to be modified as follows (in addition to the changes described in §3.2):
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e in Lemma 2.1, the invertibility of G; and the fact that the image of GG; contains

B,(0,1) follow from the standard (contraction mapping principle) proof of the
Inverse Mapping Theorem, with the estimate (2.10) replaced by

102, G1(z1) — Ay]| = O(0)  for all z; € B,(0,1);

e we use the notation DY F(x1) = (82 F(21))aj=k, giving a vector in a finite-
dimensional space V* which is identified with the space of homogeneous poly-
nomials in d, variables with values in R% using the operation

k
D! F(zq)-v:= Z (a) 0% F(x1)v™ = O;limo(F(z1 + tv)), v € R™;
la|=k
e we use the following norms on V*:
I, F(an) | = sup {|DE, F(a1) - o] v € R, [u] = 1}: (3.7)

e in Lemma 2.2, the derivative bounds in (2.13) are now on ||DJ F(z;)| for
j=1,...k
e in Lemma 2.2, the derivative formula (2.14) is replaced by

D! (®.F)(y1) = Li(21, F(21), D}, F(z1),..., D} F(z1)), x1:=Gy' (1)

where Ly (21,70, 71,...,7%) € V¥ is defined for 2; € Bga.(0,1), 7o € Bga,(0,1)
and 7; € V7, ||| < 1for j=1,... k;
e in Lemma 2.2, the approximation for L, is changed to the following:

Li(21, 70, T1s oo 7)) v = Ao (73, - (A7) + O(8)  for all v € R™, o] =1

and the derivative estimates (2.15) generalize naturally to the case of higher
dimensions;
e in the proof of Lemma 2.2, the formula (2.17) is replaced by

Ly(z1,70, 1) = (A1 (1, 70) + Asa(x1,70)71) (A11 (21, 70) + A12($1,7'0)T1)_1

where Ajj(z1,79) and 7 are now matrices;
e in the definitions (2.18) and (2.20) of || F'||c» and || F'||cx.1 we use the norms (3.7)
for the derivatives D/ F, and we have the revised inequality || F'||ora < C||F||grs1;
e in the proof of Lemma 2.5, the equation (2.37) is replaced by

y1 — g1 = Ar(w1 — 1) + O(0)|zy — 745
e in the proof of Lemma 2.6, the equation (2.41) is replaced by

Z9 — Fu(yl) = Ag(wg — Fu(wl)) + 0(5)61(11}, Wu)
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3.4. Iterating different transformations. We next discuss a generalization of The-
orems 1 and 2 from the case of a single map ¢ to a Z-indexed family of maps. More
precisely, we assume that

is a family of maps each of which satisfies the assumptions in §3.3 uniformly in m, that
is the constants A, i, Cy, ¢ are independent of m. The linear maps A;, A in (3.4) are
allowed to depend on m.

We explain how the construction of the unstable manifold in Theorem 1 generalizes
to the case of a family of transformations. The case of stable manifolds is handled
similarly, and Theorem 2 generalizes naturally to this setting, see §3.5 below.

Instead of a single function F,, we construct a family of functions
F":B,(0,1) = B,0,1), mecZ F“0)=0, dF“0)=0.
Denote the graphs W := G, (F"). Then the invariance property (2.5) generalizes to
P (W) N Boo(0,1) = Wy, (3.8)

To construct F we use the graph transform @} of the map ¢,,, defined in Lemma 2.1.
This transform satisfies the derivative bounds of Lemmas 2.3-2.4 uniformly in m.

As in §2.3, to show (3.8) it suffices to construct F* such that for all m € Z,
F, eXy, O F, =F . (3.9)
To do this we modify the argument of §2.3 as follows: consider the space
X% = {(Fp)mez | Frmn € Xy for all m € Z}

with the metric

d]ZV((Fm), (ﬁm)) = sup dy (Fin, Fin)-

meZ

Then (X%, d%) is a complete metric space. Consider the map on X%
% (F,) = (Fp), Fpyy = 0% F,.

It follows from Lemma 2.4 that ®Z is a contracting map on (X%, d%). Applying the
Contraction Mapping Principle, we obtain a fixed point

(Fp) € X5, ®L(Fy) = (Fy)

which satisfies (3.9), finishing the proof.
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3.5. The general Stable/Unstable Manifold Theorem. We finally combine the
generalizations in §§3.2-3.4 and state the general version of the Stable/Unstable Man-
ifold Theorem. We assume that:

(1) d =d, +ds, dy,ds > 0, elements of R? are written as (z1,z3) where 7, € R,
Ty € R% we use the Euclidean norm on R?, and B (0,1), B,(0,1), B4(0,1)
are defined by (3.3), (3.6);

(2) we are given a family of CV*1 diffeomorphisms (here N > 1 is fixed)

om U, =V, meZ; U, V,CRY By(0,1)CU,NV,; (3.10)
(3) we have for all m € Z
©m(0) =0, dpn,(0)(x1,22) = (A1 mx1, Az ma) (3.11)
where the linear maps A; ,, : R™ — R% A, ,, : R% — R% satisfy
ATl < 7t [Azmll < A max([Avmll, A2 ]) < Co (3.12)

for some constants 0 < A <1 < u, Cy > 0;
(4) we have the derivative bounds for some § > 0

sup [0%pm| < forall meZ, 2<|a/<N+1. (3.13)
Up

Note that the stable/unstable spaces at 0 are now given by
E,(0) := {(z1,0) | 21 € R™},  E,(0) := {(0,22) | o € R%}.
The general form of Theorems 1 and 2 is then
Theorem 3. There exists 6 > 0 depending only on d, N, \, i, Cy such that the following

holds. Assume that ., satisfy assumptions (1)-(4) of the present section. Then there
exist families of C functions

EF" : B,(0,1) = B(0,1), FEf :B(0,1) — B,(0,1), (3.14)
Fp(0)=0, dF;(0)=0, F,(0)=0, dF;(0)=0 '
bounded in CN uniformly in m and such that the graphs
W = A{(z1,22): |11 £ 1, 29 = Fi(21)}, (3.15)

st, = {(l‘l,.flfg): |x2] S 1, Ir = F? (.772)}

m

have the following properties for all m € Z:
(1) @ H(WE L) C WY and ¢, (WE) C W, more precisely
Pn(Wi) N Boo(0,1) = Wy 1, 05 (W) N Boo(0,1) = Wi (3.16)

(2) WanWy, ={0};
(3) for each x € WY we have p,,", -+t (x) = 0 as n — oo;
(4) for each x € W3 we have ©min-1---pm(r) = 0 as n — oo;
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(5) if oyl ot (x) € EOO(O, 1) for alln >0, then x € W ;
(6) if Pmin—1-" Pm(x) € Bo(0,1) for alln >0, then x € W;,.

Remarks. 1. Similarly to (2.33), we obtain the following dynamical definition of the
manifolds Wy, W :
reW! = ¢t o1 (z) €By(0,1) foralln>0;

_ (3.17)
reW? <= QOmin-em(r) € Bi(0,1) forall n > 0.

2. Similarly to Theorem 2 and Lemma 2.5, parts (3) and (4) of Theorem 3 can be
made quantitative as follows. Fix A, it such that

O<A<A<l<fi<p. (3.18)
Then for ¢ small enough depending on d, A, 5\, i, i, Co and all m € Z, n > 0 we have
2, E €Wy = |optn s O (8) = ot o (B)] < B — 7,

) . ~ . ~ (3.19)
v, 7 €W, = |@min-1P0m(T) = Pmin-1- - om(T)] < N'x — 3.

3. Similarly to the remark at the end of §2.4, there is a quantitative version of parts (5)
and (6) of Theorem 3 as well. Namely, if A, & satisfy (3.18) and 0 is small enough
depending on d, A\, A, i, j1, Cp, then for all 0 <o <1 and n >0

()07711_£ ol (1) € Bo(0,0), £=0,1,....n = d(z,W,)< A\ 20
Omat—1- Om(1) € Bo(0,0), £=0,1,...,n = d(z,W,)<p ™20,
The following analog of the estimate (2.47) holds: for all n,r > 0and 0 <o <1
if o, () € Bo(0,0), €=0,1,...,n
and Qi1 om(x) € Boo(0,0), £=0,1,...,7 (3.21)
then |z| < (5\" + i) - 8o.
4. The rescaling argument of §3.1 applies to the setting of Theorem 3. That is, if ¢,

satisfy (3.10)—(3.12), then one can make (3.13) hold by zooming in to a sufficiently
small neighborhood of the origin.

3.6. The case of expansion/contraction rate 1. For applications to hyperbolic
flows (which have a neutral direction) we also need to discuss which parts of Theorem 3
still hold when either A or p is equal to 1. Specifically, we replace the condition
A <1< p with

A=1<p. (3.22)

That is, there is still expansion in the unstable directions but there does not have to
be (strict) contraction in the stable directions.
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The construction of the unstable manifolds W} applies to the case (3.22) without
any changes, and the resulting manifolds W satisfy conclusions (1) and (3) of Theo-
rem 3. (In fact, this would work under an even weaker condition p > max(1,A).) The
estimate (3.19) still holds for W assuming that i satisfies 1 < i < p.

However, we cannot construct the stable manifolds W} under the assumption (3.22).
The problem is in the proof of Lemma 2.1: the projection of ¢! (G,(F)) onto the z
variable might no longer cover the unit ball, so the function ®4F' cannot be defined.
Moreover, conclusion (5) of Theorem 3 (as well as (3.20)) no longer holds, so the
dynamical characterization (3.17) of the unstable manifolds W is no longer valid.
The ‘strict convexity’ property (3.21) no longer holds.

Similarly, one can still construct the stable manifolds W}, and establish conclu-
sions (1) and (4) of Theorem 3 for them if we replace the condition A < 1 < p with

A<1=p (3.23)

4. HYPERBOLIC MAPS AND FLOWS

In this section we apply Theorem 3 to obtain the Stable/Unstable Manifold Theorem
for hyperbolic maps (Theorem 4 in §4.1) and for hyperbolic flows (Theorem 5 in §4.6).
This involves constructing an adapted metric (Lemma 4.4) and taking adapted coor-
dinates to bring the map/flow into the model case handled by Theorem 3.

4.1. Hyperbolic maps. Assume that M is a d-dimensional manifold without bound-
ary and d = d, + d, where d,,d, > 0. Let ¢ : M — M be a CN*! diffeomorphism
(here N > 1 is fixed) and assume that ¢ is hyperbolic on some compact @-invariant
set K C M in the following sense:

Definition 4.1. Let K C M be a compact set such that o(K) = K. We say that ¢ is
hyperbolic on K if there exists a splitting

T,M = E,(x)® Es(x), ze€K (4.1)
where By (x), Es(x) C T, M are subspaces of dimensions d,,ds and:
o I, E, are invariant under dy, namely
do(z)Ey(x) = Ey(e(x)), de(x)Es(x) = Es(e(x))  for all z € K; (4.2)

e large negative iterates of @ are contracting on E,, namely there exist constants
C' > 0,0 < X <1 such that for some Riemannian metric | e | on M we have

|dp™"(z)v| < CX*'|v|  forall ve E,(x), x € K, n>0; (4.3)
e large positive iterates of ¢ are contracting on Eg, namely

|de" (x)v] < CA"w|  for all v e Ey(x), x € K, n>0. (4.4)
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Remarks. 1. The contraction properties (4.3), (4.4) do not depend on the choice of
the metric on M, though the constant C' (but not \) will depend on the metric. Later
in Lemma 4.4 we construct metrics which give (4.3), (4.4) with C' = 1.

2. We do not assume a priori that the maps x — E,(x), Es(z) are continuous. However
we show in §4.2 below that Definition 4.1 implies that these maps are in fact Holder
continuous.

3. The basic example of a hyperbolic set is K = {z} where o € M is a fixed point
of ¢ which is hyperbolic, namely do(xy) has no eigenvalues on the unit circle. More
generally one can take as K a hyperbolic closed trajectory of ¢. The opposite situation
is when K = M; in this case ¢ is called an Anosov diffeomorphism.

4. Similarly to §3.5 we could take two different constants in (4.3), (4.4), corresponding
to different minimal contraction rates in the unstable and the stable directions. We
do not do this here to simplify notation, and since the examples in this note have
time-reversal symmetry and thus equal stable/unstable contraction rates.

Fix a Riemannian metric on M which induces a distance function d(e, e); denote for
re Mandr >0

Bu(w,r) = {y € M | d(z,) < r}. (4.5)
We now state the Stable/Unstable Manifold Theorem for hypebolic maps:

Theorem 4. Assume that ¢ is hyperbolic on K C M. Then for each x € K there
exist local unstable/stable manifolds

Wy (z), Ws(x) C M

which have the following properties for some €y > 0 depending only on p, K:

(1) Wy(x), W(z) are CN embedded disks of dimensions d,,ds, that is images of
closed balls in R%, R% under CN embeddings, and the CN norms of these
embeddings are bounded uniformly in x;

w(@) NWi(z) = {z} and TW,(z) = Eu(z), T.W(z) = Ey(z);
3) the boundaries of W, (x), Ws(x) do not mtersect By(r,20);

o
(4) e~ (Wu(x)) C Wil (z) and o(Wi(x)) C Wilp());

(5) for each y € Wy (z), we have d(p~"(y), ¢ "(x)) = 0 as n — oo;

(6) for each y € Wy(z), we have d(¢™(y), ¢™(x)) = 0 as n — oo;

(7) ify € M and d(p~"(y), " (x)) < eg for alln >0, then y € W,(x);
(8) if y € M and d(¢"(y), ¢"(x)) < &g for alln > 0, then y € Wi(x);
(9)

9) if x,y € K and d(z,y) < ¢ then W(x) N W, (y) consists of exactly one point.
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FIGURE 8. The unstable (blue) and stable (red) manifolds for a per-
turbed Arnold cat map on the torus R?/Z?. On the left are the local
stable/unstable manifolds W, (z), Ws(x) for several choices of . On the
right are the manifolds Wu(k)(x), Ws,(k)(x) for x = (0.5,0.5) and k = 4.

Remarks. 1. Similarly to (3.19) there are quantitative versions of the statements (5)
and (6): if we fix A such that A < A < 1 then for all n > 0 and z € K

v, g€ Wu(z) = dle"(y),¢ "(H) < CX"d(y,§);
y, 5 € Wi(z) = d(¢"(y),¢" (1)) < CA\"d(y, §).

where C' is a constant depending only on ¢, K, A. Here and in Remark 2 below the
manifolds W,,, W, and the constant ¢y depend on 5\, in particular when A = ) the
stable /unstable manifolds might degenerate to a point and &y might go to 0. (One can
get rid of this dependence, but it is rather tedious and typically unnecessary.)

(4.6)

2. Similarly to (3.20) there are quantitative versions of the statements (7) and (8) as

well: if we fix \ as before then for alln > 0,0 <o <&, 2 € K, and y € M
e~ (y), ¢ '(x)) <o forall £ =0,....n = d(y, Wu(z)) < C\"o, (@)
de'(y), ' (x)) <o forall £=0,....n = d(y, Wy(z)) < C\'o ‘

where C' is a constant depending only on ¢, K, A. We also have the following analog
of the ‘strict convexity’ property (3.21): foralln >0,0< 0 <gyp,x € K,andy € M

d'(y), ' (x)) <o forall [f|<n = d(y,z)<C\o. (4.8)

3. The manifolds W,(x) are not defined canonically since they have a somewhat
arbitrarily determined boundary. For the same reason, if W, (x) "W, (y) # 0, this does



24 SEMYON DYATLOV

not imply that W,(x) = W,(y). However, we can show that in this case W, (z) and
W, (y) are subsets of the same d,-dimensional manifold, see (4.10) below. For k& > 0
and z € K define

WiP(z) == " (Wa(p™"(2))). (4.9)

This is still a d,-dimensional embedded disk in M. Moreover, by statement (4) in
Theorem 4 we have

Wu(z) = Wz) c W(z) c--- c WH(2) c WD (z) c ...
There exists kg > 0 such that for all z,y € K
W) NWu(y) #0 =  Wa(z)UW,(y) € Wk (z). (4.10)
Indeed, assume that z € W, (x) N W,(y). By (4.6) if ko is large enough then
(™" (), 07" (1)) < (™" (2), o7 (2)) + d(¢7"(2), 7 (y)) < %O for all & = K.
Let w € W,(x) UW,(y). Then for ky large enough we get from (4.6)
d(o™"(w), o (x)) <eo forall k > k. (4.11)
It follows from statement (7) in Theorem 4 that ¢ (w) € W,(p~*(z)) and thus
w € Wi (z), proving (4.10).
Note that (4.10) implies that the tangent spaces to W, (z) are the unstable spaces:
yeW,(z)n K = T,(W,(x)) = E.(y). (4.12)
The above discussion applies to stable manifolds where we define

WP () == o™ (Wi(¢"(2)))- (4.13)

4. Here is another version of ‘local uniqueness’ of stable/unstable manifolds: there
exists €1 > 0 such that for all z,y € K we have

Wu(z) N Wu(y) #0 = Wu(y) N Ba(z,e1) C Wa(z), (4.14)

W) NWy(y) #0 = W,(y) N Ba(z,e1) C Wy(x). (4.15)
We show (4.14), with (4.15) proved similarly. Let w € W,(y) N By(z,¢;). By (4.11)
we have d(¢p~*(w), p~*(x)) < g¢ for all k > ko. On the other hand

d(o ™ (w), o™ (x)) < Cd(w,r) < Ce; for 0<k < k.
Choosing ¢; small enough we get d(p="(w), o *(x)) < g for all k > 0, which by
statement (7) in Theorem 4 gives w € W, (x) as needed.
5. One can take the unions of the manifolds (4.9), (4.13) to obtain global unstable/stable
manifolds: for x € K,

W (z) = WP (), W)= WP (). (4.16)

S
k>0 k>0
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By statements (5)—(8) in Theorem 4 we can characterize these dynamically as follows:
ye W™ (z) < dle"(y), ¢ "(x)) =0 asn — oo

(4.17)
Yy € WS(OO)(x) — d(¢"(y),¢"(z)) =0 asn — 0.

Therefore the global stable/unstable manifolds are disjoint: if quoo)(a:) ﬂWqSOO)(y) # 0,
then W™ () = W) (y), and same is true for W),

The sets Wi () and W) (x) are d,, and ds;-dimensional immersed submanifolds
without boundary in M, however they are typically not embedded. In fact, in many
cases these submanifolds are dense in M. See Figure 8.

4.2. Continuity of the stable/unstable spaces. In this section we study the regu-
larity of the maps x — E,(x), Es(x). To talk about these, it is convenient to introduce
the Grassmanians

4, ={(z,E): x € M, E CT,M is a d,~-dimensional subspace},

G :={(x,E): x € M, E CT,M is a ds-dimensional subspace}.

These are smooth manifolds fibering over M. If ¢ is hyperbolic on K, then we have
the maps
E,.K—%, E :K-—Y,. (4.18)

We first show that F,(z), Es(x) depend continuously on x:

Lemma 4.2. Assume that ¢ is hyperbolic on K. Then the maps (4.18) are continuous.

Proof. We show continuity of F, the continuity of E, is proved similarly. It suffices
to show that if

rp € K, xp = 2o, Uk € Eg(xy), |uel =1, v = v €T M
then v € Es(Too).
By (4.4) we have for all £ and all n > 0
|dp™ (zx)v| < CA".
Passing to the limit £ — oo, we get for all n > 0
|dep" (o) Voo | < CA™.
Given (4.1) and (4.3) this implies that v, € Es(7), finishing the proof. O
Lemma 4.2 and the fact that E,(z), Es(z) are transverse for each x implies that
E,(z), Es(x) are uniformly transverse, namely there exists a constant C' such that

max (|vy|, [vs]) < Clv, +vs| forall v, € Ey(z), v, € Es(z), z € K. (4.19)

A quantitative version of the proof of Lemma 4.2 shows that in fact E,(z), Es(x)
are Holder continuous in z. (This statement is not used in the rest of these notes.)
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Lemma 4.3. Fix some smooth metrics on 9,,9;. Assume that p is hyperbolic on K.
Then there exists v > 0 such that the maps (4.18) have C7 regularity.

Proof. In this proof we denote by C' constants which only depend on ¢, K.

We show Hélder continuity of E,, with the case of E, handled similarly. Let TM
be the fiber-radial compactification of T'M, which is a manifold with interior 7'M and
boundary diffeomorphic to the sphere bundle SM, with the boundary defining function
|v|~*. Denote by @ the action of dy on T'M:

O(z,v) = (p(x), dp(x)v), (,v) € TM.
Note that ®"(z,v) = (¢"(x), de"™(x)v). Moreover, since ® is homogeneous with respect
to dilations in the fibers of T'M, it extends to a smooth map on TM.

Fix a Riemannian metric on TM (smooth up to the boundary) and denote by dz,,
the corresponding distance function. Then there exists a constant A > 1 depending
only on ¢, K such that

dgp (B(z,0), @(y,w)) < A-dpy((z,0), (y,w)) for z,y€ K. (4.20)
We will show that the map F, is Holder continuous with exponent
2log A
= ——7—>0.
7T T log(A/N)

To do this, assume that
v,y€ K, veE(x), weT,M, =1, dpy,((zv),(y,w)) <Cd(z,y).
We write
w=w, +ws, w,€ E,(y), wse€ E(y).
Then it suffices to prove that
lw,| < Cd(z,y)". (4.21)
To show (4.21), we use the following bound true for all n > 0:
dzr (D" (y, w), (9" (2),0)) < CA"d(z,y) + dgpy (2" (2, 0), (¢"(2),0)) (4.22)
< CA"d(z,y) + CA\" '
where the first inequality uses (4.20) iterated n times and the second one uses (4.4).

Assume that d(z,y) is small and choose

- |-t

Then A™d(z,y) < A", so (4.22) implies
drp (2" (y,w), (¢"(2),0)) < CA™.

>0
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If d(x,y) is small, then n is large, thus ®"(y, w) is close to the zero section. Therefore
|de™ (y)w| < CA". (4.23)

Recalling the decomposition w = w, +ws and using the bounds (4.3), (4.4), and (4.19),
we see that (4.23) implies

lwy| < CXN'dp" (y)w,| < CA*de™(y)w| + CX*" < CN*"* < Cd(,y)".

This gives (4.21), finishing the proof. O

4.3. Adapted metrics. In preparation for the proof of Theorem 4, we show that
there exist Riemannian metrics on M which are adapted to the map ¢:

Lemma 4.4. Assume that ¢ is hyperbolic on K. Fix X such that A < X\ < 1 where \

is given in Definition 4.1. Then there exist CN Riemannian metrics | o |, |®|s on M
such that

lde™ Y (2)v]y < Nv|y  forall ve E,(x), z € K; (4.24)

ldo(z)v]y < No|s  for all v e Ey(z), z € K. (4.25)

Remark. Iterating (4.24), (4.25) we get analogs of (4.3), (4.4) with C' = 1.

Proof. We first construct the metric |e|;. Let || be a Riemannian metric on M. Take
large fixed m to be chosen later and define the Riemannian metric | o | by

m—1
lv|? = Z A2 de"(x)o?, e M, wveT,M.

n=0
Assume that x € K and v € FEg(z). Then

m—1 m

dip()ol2 = Y AT dp" (@)l = Y N dp" (x)of?

n=0 n=1
N (02 = [of? + A7 de™ (x)0]?)
< N (]2 = o + CAZAT2 0 ]?)

where in the last inequality we used (4.4) and C' is a constant depending only on
o, K. Since A > )\, choosing m large enough we can guarantee that CA\?"\=2m < 1,
thus (4.25) holds.

The inequality (4.24) is proved similarly, using the metric

m—1
ol =Y A (', zeM, veT,M. O
n=0



28 SEMYON DYATLOV

4.4. Adapted charts. To reduce Theorem 4 to Theorem 3, we introduce charts on M
which are adapted to the map ¢. We assume that ¢ is hyperbolic on K C M, fix
A € (A1) and let |e],, |®|; be the Riemannian metrics on M constructed in Lemma 4.4.
We write the elements of R? as (21, z2) where x; € R% 2, € R%. We use the canonical
stable /unstable subspaces of R?

E,(0) :={(v1,0) | v € R*"},  E,(0) := {(0,v2) | v € R*}. (4.26)
Recall from (3.3) the notation
Boo(0,7) = {(x1, 25) € RY: max(|z4], |x2]) < 7).
Definition 4.5. Let xqg € K. A diffeomorphism
x:U,—V, zcU,CM, 0eV,cR?

1s called an adapted chart for ¢ centered at xg, if:

(1) »(w0) = 0;

(2) dx(x0)Ey(z0) = E,(0) and the restriction of dx(xg) to E,(x¢) is an isometry

from the metric | o |, to the Fuclidean metric;

(3) dse(xo)Eg(x9) = Es(0) and the restriction of ds(xg) to Es(xg) is an isometry
from the metric | o | to the Fuclidean metric.

For each zy € K, there exists an adapted chart for ¢ centered at zy. Moreover, it
follows from uniform transversality (4.19) of E,, E that we can select for each zy € K
an adapted chart for ¢ centered at xg

5y Usy = Vg, @0 € Uy C M, 06V, CR (4.27)
such that the set {s¢,, | 7o € K} is bounded in the class of CN*! charts, more precisely:

(1) there exists § > 0 such that B (0,d0) C V,, for all 75 € K;
(2) all order < N + 1 derivatives of s, and s ' are bounded uniformly in z.

Note that we do not require continuous dependence of sz,, on xy, in fact in many cases
such dependence is impossible because the bundles F,, Es are not topologically trivial.

We now study the action of the map ¢ in adapted charts. For each zy € K, define
the diffeomorphism v, of neighborhoods of 0 in R? by
Vg 1= Hp(ag) © P O ¥, (4.28)
Note that the set {¢,, | 7o € K} is bounded in the class of C¥*! diffeomorphisms.

From the definition of adapted charts and the fact that F,(z), Fs(x) are p-invariant
we see that

o (0) = 0, dwm(O):(ABmO Agx) (4.29)
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Vay

B . /\
N N

D .
T »

FIGURE 9. An illustration of the commutative diagram (4.33). The
blue/red lines are the unstable/stable subspaces of the tangent spaces.

-«—

a

where Ay 4, : R™ — R% A, :R% — R% are linear isomorphisms. Moreover, from
the properties (4.24), (4.25) of the adapted metrics | o |,, | ® |s we get

JATL I <A, || Asall <A max(||Arg, |, |47 x0||) <(Cy forallzye K (4.30)

1,20

for some fixed Cj, where || o || is the operator norm with respect to the Euclidean norm.

To make the maps 1,, close to their linearizations di),,(0), we use the rescaling
procedure introduced in §3.1. Fix small §; > 0 to be chosen later (when we apply
Theorem 3) and consider the rescaling map

T:RY =R T(x) =6
Define the rescaled charts

%o =T oy, w0€K (4.31)
and the corresponding maps

1[1950 1= Hy(zg) O P O ¥y, Yoy, oT. (4.32)
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That is, we have the commutative diagram (see also Figure 9)
M—r— M

Hzq Fo(zq)

ey p

%o | R RE | oty - (4.33)

71 T-1
2 ~ 2

Rd Um0 pa

We choose 6, small enough so that B (0, 1) is contained in both the domain and the
range of each 1,,. The map ¥, still satisfies (4.29):

g, (0) = 0, d@ZxO(O):(AB’“O ASI) (4.34)

where A, ., are the same transformations as in (4.29).

Moreover, as explained in §3.1, for any given § > 0, if we choose d; small enough
depending on ¢, ¢, K (but not on xy) then we have the derivative bounds

Sup |0%y,| <8 forall zpe K, 2<|a| <N +1. (4.35)

In fact, one can take §; := 0/C where C is some constant depending on ¢, K.

4.5. Proof of Theorem 4. We now give the proof of the Stable/Unstable Manifold
Theorem for hyperbolic maps. We fix A such that A < A < 1. Let § > 0 be the constant
in Theorem 3 where we use A\, A\~* in place of A, u and Cp is the constant from (4.30).
Choose the rescaling parameter ¢; > 0 in §4.4 small enough so that (4.35) holds.

We use the rescaled adapted charts 7z,,, ©g € K, defined in (4.31), and the maps Jxo
giving the action of ¢ in these charts, defined in (4.32). For every z € K and m € Z
denote

Vi 1= D (z) = Fgme1(g) © P O P () (4.36)

The dynamics of the iterates of ¢ near the trajectory (¢™(z)) is conjugated by the
charts 3,m() to the dynamics of the compositions of the maps 1, ,,,. We will prove
Theorem 4 by applying Theorem 3 to the maps 9, ,, and pulling back the resulting
stable/unstable manifolds by 3z,m ;) to get the stable/unstable manifolds for ¢.

As shown in §4.4, for each © € K the sequence of maps (¢, m)mez satisfies the
assumptions in §3.5, where we use A\, A\~! in place of X, . We apply Theorem 3 to get
the stable/unstable manifolds for this sequence, which we denote

W’M

x,m?’

W2, C B(0,1) C R%
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We define the unstable/stable manifolds for ¢ at = as follows:

Wau(z) =3 (W), Wilx) =3 (W2,). (4.37)
The unstable/stable manifolds at the iterates ¢™(z) are given by
W™ (@) = 5,00, (Wain),  Wi(@" () = 3, "(:): y(W2n), nel (4.38)

The statement (4.38) is not a tautology since the left-hand sides were obtained by
applying Theorem 3 to the sequence of maps (¢yn(2)m)mez While the right-hand sides
were obtained using the maps (¢ m)mez. To prove (4.38) we note that (4.36) implies

1%” (z),m — wx,m—i-n .

Therefore, the sequence (1un(z)m)mez is just a shift of the sequence (15, )mez. From
the construction of the manifolds W', , W7 in §3.4 we see that

z,m’
u s s
<p (z),m Wx ,m+n> Wgo"(:v),m - Wx ;m+n*

Putting m = 0 and recalling (4.37), we get (4.38).

We now show that the manifolds W, (x), Ws(z) defined in (4.37) satisfy the state-
ments (1)—(8) in Theorem 4. This is straightforward since the above construction
effectively reduced Theorem 4 to Theorem 3.

(1): This follows from the definitions (3.15) of W', , Wz . The uniform bounded-
ness of the embeddings in C follows from the fact that the functions F, e Fom
used to define W', W7  are bounded by 1 in C" norm, see §3.4 and (2.26).

(2): We have W' NnW; = {0} by statement (2) in Theorem 3. By (3.14) we have
also ToyW,, = E,(0), TyW,, = E,(0) where E,(0), E;(0) C R? are defined
n (4.26). It remains to use (4.37) and the fact that dse,(z) maps E,(z), Es(x)
to £,(0), E5(0) by Definition 4.5 and (4.31).

(3): Every w = (wy,wy) € OW,!  satisfies |wi| = 1, thus |w| > 1. The latter is also
true for all w € W, . It then suffices to choose &g small enough so that

re K, dlx,y) <ey = |y <l (4.39)

which is possible since 3z, (z) = 0 and 3z, are bounded in CV uniformly in z.

(4): By statement (1) in Theorem 3 we have
bl (Wito) CWe_y, ao(W3o) C W3y (4.40)
From (4.36) we have

xll_%_l()oso ) wIOZ%W(I)OSDO%;l'

Applying 3 ,1( ) to the first statement in (4.40) and 22;(13:) to the second one
and using (4.38) we get o1 (W, (x)) C W, (¢~ (x)) and o(W,(x)) C W,(p(z))
as needed.
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(5)—(6): Define the closed neighborhoods of x
B, :=%,'(B»(0,1)), z€K.

Note that W, (z) UWy(z) C B,. By (4.36), if n > 1 and ¢~ “(y) € B,-¢(,) for
all =0,...,n—1, then

() (7" (W) = Ualn 0 L1 G (y)- (4.41)
Similarly if n > 1 and ¢‘(y) € Bye(,) for all £=0,...,n—1, then
FZon(@) (" (¥) = Yen1 - Ya0(3 () (4.42)

If y € W,(z), then for all £ > 0 we have ¢~“(y) € Wu(¢™(z)) C Byt(n).
Moreover, 3, (y) € W', by (4.37). Applying the statement (3) in Theo-
rem 3 with m = 0, we get ¥, 4. ,(5%(y)) — 0 as n — oo, thus
d(e™™(y), o "(x)) — 0 by (4.41). The case y € W(z) is handled similarly.

(7)—(8): We show (7), with (8) proved similarly. Assume that d(¢ " (y), o "(z)) < &
for all n > 0. By (4.39) this implies that ¢™"(y) € By-n(y) for all n > 0. Then
by (4.41) we have

ot (5a(y)) € Boo(0,1) for all n > 0.

z,—n z,—1
By statement (5) in Theorem 3 with m := 0 we have >, (y) € W}, and thus
y € Wy (z) by (4.37).

The quantitative statements (4.6)—(4.8) follow from (3.19)—(3.21) similarly to the
proofs of statements (5)—(8) above.

Finally, statement (9) in Theorem 4 essentially follows from the continuous depen-
dence of E,(x), Fs(x) on z (Lemma 4.2) and the fact that E,(x), Es(z) are transversal
to each other. We give a more detailed (straightforward but slightly tedious) explana-
tion below.

Recall from (4.37) that Wy(z) = 3¢ '(WY,) and Wi(x) = 3¢ (W3,) where 3z,
is the rescaled adapted chart defined in (4.31) and W2, W2, C Bw(0,1) are the
unstable/stable graphs constructed in Theorem 3. Writing elements of R? as (w;, w,)
where w; € R%, wy € R% we have

(W) = Wro = {(wi,wa): [wn] <1, wy = Fyy(wn)}, (4.43)
(W) = Wio = {(wr,we): |we| <1, wy = F, (ws)} (4.44)
for some functions F,, : B,(0,1) — B4(0,1), F,s : Bs(0,1) — B,(0,1), where

B.(0,1), B4(0,1) are defined in (3.6), such that (recalling (3.14), (2.29), and (4.35))
Fpu(0) =0, F, (0)=0, max (|[Fpullcr, ||Fosllcr) < Cy; (4.45)

here §; > 0 is the rescaling parameter used in the definition (4.31) of the chart .
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Now, we assume that z,y € K and d(x,y) < g9 where gy > 0 is small, in particular
g0 < 01. Then W, (y) is contained in the domain of the chart >,. The points in W(x)N
Wau(y) have the form 3¢ ' (F, o(ws),ws) = 3¢, (w1, Fyo(w:)) where w = (wy,wy) €
B4(0,1) solves the equation

Gary(w) =0, Gyylwr, we) = 3, (wy, Fyu(wi)) — (Fys(ws), we) (4.46)
where we put

~ L~ ~—1_ mp—1 . -1 .
Hyy =00, =T "0y, 0T, ,,:=x,0x T:w— dw,

y y o
and sz, s, are the unrescaled charts defined in (4.27). Since s, 7, are adapted charts
(see Definition 4.5), d(z,y) < &g, and E,(z), Fs(x) depend continuously on z, for small
enough ¢, we have

Atgy 0
d%x’y(o) = A:E,y + O((Sl), A:E,y = < 107 Y A2 )
»T,Y

where A, : Ré% — R, As gy R — RY% are isometries. The rescaled change of

coordinates map 3, , then satisfies (assuming o < 07)

’%:c,y«))’ < Coy, sup Hd%%y(w) - Aw,y” < Cdy.

wEB o (0,1)

Combining this with (4.45) we get

|Gy (0)] < Cdy, sup

wEB o (0,1)

Gy - (M O [ <cnn

If 07 is small enough, then by the Contraction Mapping Principle the equation (4.46)
has a unique solution in B, (0, 1). Therefore, W,(z) N W,(y) consists of a single point
as required.

4.6. Hyperbolic flows. We finally consider the setting of hyperbolic flows. Let M
be a d-dimensional manifold without boundary and d = d,, + ds + 1 where d,,, ds > 0.
Let
o' =exp(tX): M — M, teR

be the flow generated by a CN*! vector field X on M. For simplicity we assume that
¢! is globally well-defined for all ¢, though in practice it is enough to require this in the
neighborhood of the set K below. We assume that K C M is a '-invariant hyperbolic
set in the following sense:

Definition 4.6. Let K C M be a compact set such that ¢'(K) = K for all t € R.
We say that the flow ¢ is hyperbolic on K if the generating vector field X does not
vanish on K and there exists a splitting

T.M = Ey(z) ® Eu(x) @ Es(z), x€ K, Ey(zr):=RX(x), (4.47)

where Ey(x), Es(x) C T, M are subspaces of dimensions d,,ds and:
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e E,, E, are invariant under the flow, namely for all x € K andt € R
dy'(2)Eu() = Eu(¢'(2)), dp'(2)Es(x) = Es(¢'(2)); (4.48)

e dy' is expanding on E, and contracting on Es, namely there exist constants
C >0, v > 0 such that for some Riemannian metric |® | on M and all z € K

veE B,(x), t<O0;

(4.49)
v € Ey(zx), t>0.

|de*(@)u] < Ce™ M- o, {

Remarks. 1. The time-t map ¢! of a hyperbolic flow is not a hyperbolic map in the
sense of Definition 4.1 because of the flow direction Ej.

2. The property (4.49) does not depend on the choice of the metric on M, though the
constant C' (but not v) will depend on the metric.

3. The basic example of a hyperbolic set is a closed trajectory
K ={o"(79): 0<t<T} forsome z9€ M, T >0 suchthat ¢’ ()= 0

which is hyperbolic, namely dy” (z() has a simple eigenvalue 1 and no other eigenvalues
on the unit circle. The opposite situation is when K = M; in this case ¢! is called
an Anosov flow. An important class of Anosov flows are geodesic flows on negatively
curved manifolds, discussed in §5.1 below.

Asin §4.1, fix a distance function d(e, ) on M and define the balls By(z,r) by (4.5).
We now state the Stable/Unstable Manifold Theorem for hyperbolic flows, which is
similar to the case of maps (Theorem 4):

Theorem 5. Assume that the flow @' is hyperbolic on K C M. Then for each x € K
there exist local unstable/stable manifolds

Wy (x), Ws(x) C M
which have the following properties for some g9 > 0 depending only on o', K :
(1) Wo(z), W,(z) are CN embedded disks of dimensions d,,ds, and the CN norms

of the embeddings are bounded uniformly in x;
W) N Wi(x) ={z} and T,W,(x) = E,(x), T,W(z) = Es(x);
3) the boundaries of W, ( ), W(z) do not intersect By(x, €0);

o

(4) o (Wu(@)) € Waule™H (@) and o' (Wi(z)) C Wi(e'());

(5) for each y € W,(x), we have d(¢'(y), ¢ (x)) = 0 as t — —oo;

(6) for each y € Wy(x), we have d(¢'(y), '(x)) — 0 as t — oo;

(7) if y € M, d(¢'(y), ¢'(x)) < &0 for all t
t — —oo, then y € W,(x);

(8) ify € M, d(¢'(y), ¢ (x)) < eg for allt >0, and d(¢'(y), ' (z)) = 0 as t — oo,
then y € Wy(x).

< 0, and d(¢'(y), ' (x)) = 0 as
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Remarks. 1. The statement (4) is somewhat artificial since it involves the time-
one map ¢! and its inverse ¢ ~!. By rescaling the flow we can construct local sta-
ble /unstable manifolds such that the statement (4) holds with ¢, ¢~ instead, where
to > 0 is any fixed number. A more natural statement would be that ¢~ *(W,(z)) C
W (e~ (x)) and o' (Ws(z)) C Wi(p!(z)) for all ¢ > 0, but this would be more difficult
to arrange since our method of proof is tailored to discrete time evolution. However,
below in §4.7.3 we explain that the global stable/unstable manifolds are invariant under

o for all t.

2. Compared to Theorem 4, properties (7) and (8) impose the additional condition
that d(p'(y), ¢'(x)) — 0. This is due to the presence of the flow direction: for instance,
if y = ¢%(z) where s # 0 is small, then d(¢'(y), p'(x)) < &¢ for all ¢ but y ¢ W, (x) U
W(x). Without this additional condition we can only assert that y lies in the weak
stable/unstable manifold of z, see §4.7.1.

3. The analog of statement (9) of Theorem 4 is given in (4.66). The analogs of the
quantitative statements (4.6)—(4.8) are discussed in §4.7.2.

We now sketch the proof of Theorem 5. We follow the proof of Theorem 4 in §§4.2—
4.5, indicating the changes needed along the way.

First of all, the proof of Lemma 4.2 applies without change, so the spaces E, (), Es(x)
depend continuously on z. (The Hoélder continuity Lemma 4.3 holds as well.) This
implies the following version of uniform transversality (4.19): there exists a constant
C such that for all x € K

max (|vo, [vu], [Us]) < Clvo+vu+uvs| if vy € Eo(x), vy € Eyu(z), vs € Eg(z). (4.50)
Next, existence of adapted metrics is given by the following analog of Lemma 4.4:

Lemma 4.7. Assume that ©' is hyperbolic on K. Fiz U such that 0 < v < v where v
is given in Definition /.6. Then there exist CN Riemannian metrics | o |,, |®|s on M

such that for all x € K
dot (z)v|, < e |ul,  forall ve E,(z), t <0,

_ 4.51
dot (z)v|, < e P |, for all v e Ey(x), t>0. (451)

Proof. This follows by a similar argument to the proof of Lemma 4.4, fixing a metric
| @ | on M and defining the adapted metrics as follows: for v € T, M,

T T
o= [l @l ds, (ol = [l ds
0 0
where T > 0 is a sufficiently large constant. O

We next define adapted charts, similarly to §4.4. Fix 7 € (v,1) and let |e|,, | ®|s be
the adapted metrics constructed in Lemma 4.7. We write elements of R? as (20, T1,T2)
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where zy € R, 21 € R%, and x5, € R%. Consider the subspaces of R?
E,0) :={(0,v1,0) | vy € R™},  E,(0) :={(0,0,v5) | vo € R%}.
Definition 4.8. Let z € K. A CN*! diffeomorphism
w:U,—=V, xze€U,CM, 0eV,cCR?
is called an adapted chart for ' centered at x, if:

(1) »(x) =0;

(2) for each y € U,., dsx(y) sends the generator of the flow X (y) to Oy,;

(3) dx(x)E,(z) = E,(0) and the restriction of d»(x) to E,(x) is an isometry from
the metric | o |, to the Euclidean metric;

(4) dx(x)Es(x) = Es(0) and the restriction of ds(x) to Es(x) is an isometry from
the metric | ® |5 to the Fuclidean metric.

Similarly to §4.4, it follows from the uniform transversality property (4.50) that we
can select for each € K an adapted chart for ! centered at x

s, Uy —V,, zeK

such that the set {5, | * € K} is bounded in the class of CNT! charts.

Similarly to (4.31) we next define rescaled charts
%, =T o, ze€K; T(w) =dw (4.52)

where §; > 0 is chosen small depending only on ¢!, K when we apply Theorem 3. The
action of the time-one map ¢! in the charts 7, is given by the maps

Uy = My 0t 032, (4.53)
Arguing as in §4.4, we see that zzx has the following properties:

e the domain and the range of @x contain the closed ball in R?;

e we have
1 0 0
Uo(0) =0, dip(0)= (0 A, 0 (4.54)
0 0 Ay,

where the linear maps A, , : Ré% — R%, As R% — R% satisfy for all z € K
JAI < e, (sl < e, max(Ai.l, [[A2.] ™) < Co

where () is some constant depending only on ¢!, K;
e for any given § > 0, if we choose §; small enough depending on 4, then

sup |8°‘Jxl <o forall ze€e K, 2<|a/<N+1L (4.55)
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The matrix di,(0) in (4.54) has eigenvalue 1 coming from the flow direction, which
makes some parts of the proof problematic because Theorem 3 only partly applies
when either the expansion or the contraction rate is equal to 1 — see §3.6. To deal
with this problem we introduce the reduced maps w,, which act on subsets of R%~! and
correspond to the action of the flow on Poincaré sections. Define the projection map

Tys - ('LUO,'LUl,wQ) — (w17w2>

where wy € R, w; € R*™ wy € R%. From the definition of adapted charts and (4.53)
we see that

d&x(w)ﬁmo = 0,, forall w. (4.56)
Therefore (shrinking the domain of Jx if necessary) there exists a diffeomorphism w,
of open neighborhoods of {(z1,72) € R1: max(|z|,|z2|) < 1} such that

Tus (P (W) = wy (Tus(w))  for all w. (4.57)
The maps w, satisfy

w,(0) =0, dwx(O):(A(l)’x AZ)

where A ,, A, are the same matrices as in (4.54). They also satisfy the derivative
bounds (4.55).
We can finally give the

Proof of Theorem 5. We argue similarly to §4.5. For each x € K and m € Z define
the maps

Y 1= Ym(a) = Fpmti() © @' 0 5 -
The sequence of maps (¢, )mez satisfies the assumptions in §3.5 where we absorb the
0., direction into the stable space and put

Ai=1, p=e" >1.

As explained in §3.6, Theorem 3 still partially applies to the maps (¥;.m)mez even
though A = 1, yielding the unstable manifolds W, C R?. We then define the unstable
manifold for ¢! at = by

W(z) == 3, (W) (4.58)

If we instead absorb the 0,, direction into the unstable space, then the sequence
(2.m)mez satisfies the assumptions in §3.5 where

Ni=e 7 <1, p:=1.

As explained in §3.6, Theorem 3 gives the stable manifolds W, C R?, and we define
the stable manifold for ¢' at x by

Wix) == 52, (W2,). (4.59)

T
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Statements (1)—(4) of Theorem 5 are then proved in the same way as for Theorem 4.
The proof of Theorem 4 also gives the convergence statements (5)—(6) for integer t,
which imply these statements for all ¢.

To show statements (7)—(8) we use the reduced maps w,. The sequence
Wem 1= Wem ()
satisfies the assumptions in §3.5 with
Ni=e P <l<p:=¢€.

Therefore Theorem 3 applies to give unstable/stable manifolds for the sequence (wy ) mez-
Recalling the construction of these manifolds in §3.4 it is straightforward to see that
the unstable/stable manifolds for (wym)mez are equal to m, (W), Tus(W, ) where
W, W, are the unstable/stable manifolds for the sequence (¥4 m)mez-

We now show statement (7), with the statement (8) proved similarly. Assume that
y € M and d(p'(y), ¢'(z)) < go for all ¢ < 0. Arguing similarly to the proof of

Theorem 4 we see that

—1 ¢;£1(%z(y)) € {(wo, wy,wy): max(|wy|, |[(we, wy)|) < 1} forall n > 0.

z,—n

It follows from (4.57) that

L (Tus(32e(y)) € {(wr, wy): max(|wyl, jwe|) < 1} for all n > 0.

x,—n T,—

w

Applying statement (5) in Theorem 3 for the maps (wy m)mez, we see that m,s(3,(y)) €
Tus(Wy'o) and thus

s (y) = w+(5,0,0) for some we W, se€[-22] (4.60)
Now, assume additionally that d(p'(y), ¢'(x)) — 0 as t — —oo. Then

e Galy) -0 as n— oo, (4.61)

x,—n x,—1

Using (4.56) and (4.60), we see that

eV L Ga(y) = v, (w) + (s,0,0).

Since w € W2, by part (3) of Theorem 3 we have ¢, -+ ¢ (w) — 0 as n — oo.

Together with (4.61) this shows that s = 0. Therefore 3, (y) = w € W}, which implies
that y € W, (z) as needed. O

4.7. Further properties of hyperbolic flows. We now discuss some further prop-
erties of the stable/unstable manifolds constructed in Theorem 5. Throughout this
section we assume that the conditions of Theorem 5 hold.
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4.7.1. Weak stable/unstable manifolds. Let 6; > 0 be the rescaling parameter used in
the proof of Theorem 5, see (4.52). Recall that d; is chosen small depending only on
', K. For each x € K define the weak unstable/stable manifolds

Wa(z) = | ¢ Wulx), Wle)= [J ¢ Wi(2).
|s]<261 [s]<261

In the adapted chart 3z, from (4.52), we have (using (4.58)-(4.59) and the fact that
d3z, maps the generator X of the flow to 6; 'd,,)

Wao(z) = 2,1 (W2R), Wig:={w+(s,0,0): we Wy, |s| <2}

4.62
Waole) = 5 VD), W et (5,0,0): we Wiy, |s| <2 02

where W, Wy, are the unstable/stable manifolds for the maps 1, see the proof of
Theorem 5. Since W}y, W, are graphs of functions of 1, x5 (see (3.15)), we see that
Wi, WS, and thus Wy(z), Weo(x), are embedded CV submanifolds of dimensions

z,0’

d,+1,d,+ 1. It is also clear that
T Wyo(x) = Ey(z) ® Eo(x), T,W(x) = Es(x) ® Eo(x). (4.63)

It follows from statement (4) in Theorem 5 that the weak stable/unstable manifolds
are invariant under the positive/negative integer time maps of the flow ¢':

T (Wao(@)) € Wan(e™(2)), @' (Wio(@)) C Wiole' (2)). (4.64)
We next have the following versions of the statements (7)—(8) in Theorem 5: for all

yeM,

t
vy <gy forallt<0 = ye&Wyla);

( ( ()) 0 0() (4‘65)
¥

)¢
d(e'(y), o' (x)) < ey forallt >0 = ye Wylx).
The properties (4.65) follow immediately from (4.60) (and its analog for stable mani-
folds) and (4.62).

Similarly to the proof of statement (9) of Theorem 4 one can show the following
transversality properties: if z,y € K and d(x,y) < €q then

Weo(z) N Wy (y), Ws(z) N Wiyo(y) have exactly one point each. (4.66)
4.7.2. Quantitative statements. We now discuss quantitative versions of the statements
of Theorem 5, which are the analogs of (4.6)—(4.8). We fix v such that
O<v<v
and allow the manifolds W,, W, and the constant £y to depend on v.

The analog of (4.6) is given by the following: there exists a constant C' such that
forallz € K and ¢t > 0

v g €Wulr) = d(e"(v),¢' (D))

g i = Y (4.67)
y, 5 € Wo(z) = d(&'(y), ' (5) < Ce™d(y, 7).
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To show (4.67), it suffices to consider the case of integer ¢. The latter case is proved
similarly to (4.6) (see §4.5), since (3.19) still applies to the maps 1, .
The analog of (4.7) is given by the following: for all x € K, y € M, t > 0, and
0 S o S o
Ao~ (y),¢~*(x)) Soforall s €[0,t] = dly, Wu(z)) < Ce™o,

- (4.68)
d(p*(y), ¢° (1)) <o forall s € [0,t] = d(y, Wy(z)) < Ce 0.

This is proved by applying (3.20) for the reduced maps w, , defined in (4.57), see the
proof of (4.60).

Finally the analog of (4.8) is given by the following: for all x € K, y € M, t > 0,
and 0 < o < g,
d(©*(y), ¢ )) <o forall se[—t,t1]

(o
—  d(y,¢"(z)) < Ce ™o for some r € [-26;,26]. (4.69)

This is proved by applying (3.21) to the reduced maps w, ,, arguing similarly to the
proof of (4.60).

4.7.3. Local invariance and global stable/unstable manifolds. In this section we discuss
local invariance of the stable/unstable manifolds. We first discuss invariance under the
flow ¢'. Theorem 5 does not imply that ¢~/ (W,(x)) C W, (z), ¢"(Ws(z)) C Ws(x) for
non-integer ¢ > 0, however local versions of this statement are established in (4.71)-
(4.74) below.

Similarly to (4.9), (4.13) for each x € K and integer £ > 0 define the iterated
unstable /stable manifolds
Wb (@) = " Waulp™ (), WP (x) = o " (Wi(p"(2)). (4.70)
It follows from statement (4) in Theorem 5 that for all £ > 0
Wil(e) c Wi (@), W (@) c Wi (),

Local invariance of the unstable/stable manifolds under the flow is given by the fol-
lowing statements: there exist ky > 0 and &; > 0 depending only on ¢, K such that
for all z € K and s € [—1, 1]

p*(Wa(x)) € W (9°(2)), (4.71)
p*(Wi()) € W (¢ (), (4.72)
*(Wu(2)) N Ba(¢"(2),€1) C Wl (@), (4.73)
P (Wi(@)) N Ba(*(2), £1) € Wi (@)). (4.74)

Note that (4.71), (4.73) can be extended to all s < 0 and (4.72), (4.74) to all s > 0
using statement (4) in Theorem 5
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We show (4.72), (4.74), with (4.71), (4.73) proved similarly. We start with (4.72).
Assume that y € W(z). Then by (4.67) we have for all t > 0

(" (y), " (x)) < Cd(¢'(y), ¢'(x)) < Ce™™. (4.75)
Therefore, d(¢"*(y), ¢"*(x)) — 0 as t — oo and there exists ko > 0 such that
d(" R (y), TR (1)) < gg for all ¢ > 0. (4.76)

It follows from statement (8) in Theorem 5 that p***o(y) € W (p*tko(z)) and thus
©*(y) € Ws(ko)(gos(x)) as needed.

To show (4.74), assume that y € W(z) and d(¢*(y), ¢*(z)) < €;. Then (4.76) holds.
If £ is small enough, then (4.76) holds also for all t € [—kg, 0], and thus for all t > —kj.
It then follows from statement (8) in Theorem 5 that ¢*(y) € W,(¢*(x)) as needed.

Next, we note that the statements (4.10), (4.12), (4.14), and (4.15) relating the
stable/unstable manifolds at different points are still valid in the case of flows, with
very similar proofs.

Finally, similarly to (4.16) we can define the global unstable/stable manifolds: for
r € K,
W (z) = WP (), W)= WP (). (4.77)

k>0 k>0

By statements (5)—(8) in Theorem 5, these can be characterized as follows:
(

ye W

u

r) = d(@'(y), (@) =0 ast— —oo;
(4.78)
y € WS(OO)(:U) —  d('(y),¢'(x)) =0 ast— oo.

The manifolds W™ (x), Ws,(oo)(a:) are d,, and d,-dimensional immersed submanifolds
without boundary in M. They are invariant under the flow ¢' and disjoint from each
other.

5. EXAMPLES

In this section we provide two examples of hyperbolic systems: geodesic flows on
negatively curved surfaces (§5.1) and billiard ball maps on Euclidean domains with
concave boundary (§5.2).

5.1. Surfaces of negative curvature. Let (M,g) be a closed (compact without
boundary) oriented surface. To simplify the computations below, we will often use
(positively oriented) isothermal coordinates (z,y) in which the metric is conformally
flat:

g = 2@V (dz® 4 dy?). (5.1)
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Such coordinates exist locally near each point of M. In isothermal coordinates, the
Gauss curvature is given by

K(z,y) = —e’zG(x’y)(ﬁi + aj)G(x, ). (5.2)
We show below in Theorem 6 that if K < 0 then the geodesic flow on (M, g) is
hyperbolic. We define the geodesic flow as the Hamiltonian flow
o' i=exp(tX): S*M — S*M, X = H,,
S*M :={(z,§) e T"M: p(x,§) =1}, p(x,§) =[],

where 7% M is the cotangent bundle of M and S*M is the unit cotangent bundle (with
respect to the metric g). In local coordinates (z,y), if (£,7n) are the corresponding
momentum variables (i.e. coordinates on the fibers of 7*M) then

X = Hy = (9)0s + (0,0)3, — (0:0)0 — (9,p)0,. (5.4)

(5.3)

In isothermal coordinates (5.1) we have

p(x,y,&,m) = e TN\ /€2 + 2, (5.5)

Theorem 6. Let (M, g) be a closed oriented surface with geodesic flow @' : S*M —
S*M defined in (5.3). Assume that the Gauss curvature K is negative everywhere.
Then o' is an Anosov flow, that is @' is hyperbolic on the entire S*M in the sense of
Definition /4.6.

Remark. Theorem 6 extends to higher dimensional manifolds of negative sectional
curvature — see for instance [KaHa97, Theorem 17.6.2]. The orientability hypothesis
is made only for convenience of the proof, one can remove it for instance by passing to
a double cover of M.

In the remainder of this section we prove Theorem 6. We first define a convenient
frame on S*M. Let V be the vector field on S*M generating rotations on the circle
fibers (counterclockwise with respect to the fixed orientation). If (x,y) are isothermal
coordinates (5.1), we use local coordinates (z,y,0) on S*M where 0 is defined by

&= @Y cos 6, n= eC@Y) gin g,
and we have (here X is the generator of the geodesic flow)
V =0y X=e%Y(cos00,+sind9,+ (0,G(x,y)cosd — d,G(x,y)sin0)dp).

Define the vector field
XL = [X, V],

in isothermal coordinates

X, = e C@y) (sinf 9, — cos89, + (0,G(x,y) cos 0 + 0,G(z,y)sin0)dy).
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The vector fields X, V, X form a global frame on S*M and we have (using (5.2))
(X, V=X, [X,,V]=-X, [X,X,]=-KV. (5.6)
For any vector field W on S*M, we have (by the standard properties of Lie bracket)
O W) = o '[X, W] where "W (p) :=dp~ (0)W(¥'(p)), p€ S™M. (5.7

It then follows from (5.6) that the following two-dimensional subbundle of T'(S*M) is
invariant under the flow '

Eys :==span(V, X ).

The space E, will be the direct sum of the stable and the unstable subspaces for the
flow ¢*. For a vector v € Es(p), p € S* M, we define its coordinates (a, b) with respect
to the frame V, X, :

v=aV(p)+bX_.(p). (5.8)

We have the following differential equations for the action of d¢' on E,s (which are a
special case of Jacobi’s equations):

Lemma 5.1. Let p € S*M, v € Es(p), and denote

p(t) = (x(t),£(1) = ¢'(p) € ™M, v(t) 1= dg'(p)v € Eus(p(t))-

Let a(t),b(t) be the coordinates of v(t) defined in (5.8). Put K(t) := K(z(t)). Then,
denoting by dots derivatives with respect to t, the functions a(t), b(t) satisfy the ordinary
differential equation

a=K(t)b, b=—a. (5.9)

Proof. Define the vector field W; := a(t)V +b(t) X . Then Wy (' (p)) = v(t) = d¢'(p)v
and thus v = ¢ "W;(p). By (5.7) we have

0= (0, W) (p) = @2 (AW + [X, W) (p)-
Using (5.6), we get
0 = (W, + [X, W) (p(1)) = (alt) — K (x(£)b(£))V (p(t) + (b(t) + a(t)) X L (p(1)).
This implies (5.9). O

Lemma 5.1 immediately implies Theorem 6 in the special case of constant curvature
K = —1, with expansion rate v = 1 in (4.49) and F,, E, given by
E,=span(V — X,), Es;=span(V + X ).

To handle the case of variable curvature we first construct cones in E,, which are
invariant under the flow ' for positive and negative times (see Figure 10):
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FIGURE 10. Direction fields for the equation (5.9) for K =1 (left) and
K = —1 (right) in the (a,b) plane. The cones on the right are C} (blue)

and C3 (red).
Lemma 5.2. For each p € S*M, define the closed cones C§(p),Ci(p) C Eus(p):
Co(p) :={aV(p) + X1 (p) [ ab < 0}, Ci(p) :={aV(p) +bX1(p) | ab = 0}.
Assume that K < 0 everywhere on M. Then for all t > 0
de'(C5(p)) € Co(¢'(p),  de™"(C5(p)) C Cole™"(p)). (5.10)
Proof. In the notation of Lemma 5.1 we have
0(a(t)b(t)) = —a(t)* + K (x(t))b(t)* < 0

and (5.10) follows immediately. O

We now prove an upgraded version of Lemma 5.2, constructing invariant cones on
which the differentials dy?, dp~" are expanding. Fix small constants ¢ > 0, v > 0 to
be chosen later in Lemma 5.3. Define the norm | e | on the fibers of £, as follows:

|aV (p) + bX 1 (p)] :== v/Ca? + 2.

Define also the following dilation invariant function © on the fibers of E, \ 0:

OV (p) + bX.(p)) = C%

The upgraded invariant cones are constructed in

Lemma 5.3. Assume that K < 0 everywhere on M. Then there exist { > 0, v > 0,
v > 0 such that the closed cones C¥(p),C5(p) C Eus(p) defined by (see Figure 10)

Cl(p) = {v € Euulp): O() < 1300}, Cilp) = {v € Eualp): ©(v) > 7} U {0}
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have the following properties for all p € S*M and t > 0

die'(p)C(p) C CY(#'(p)); (5.11)
e (p)C5(p) C C5(9 ™ (0)); (5.12)
[de' (p)v| > e”'|v|  for all v e CY(p); (5.13)
[de™" (p)v| > e”|v|  for all v e C3(p). (5.14)

Proof. We fix constants Ky, K1 > 0 such that
0<Ky<—-K(z)<K; forall zeM
and put

1 VK,

Q= K T3 = (1 + (Ko). (5.15)

Let p € S*M, v € Eu(p), and put p(t) = ¢'(p), v(t) = de'(p)v. We write
v(t) = a(t)V(p(t)) +b(t) X (p(t)) and recall that a(t), b(t) satisfy the differential equa-
tions (5.9). Denote K (t) := K(xz(t)) where p(t) = (z(t),£&(t)) and

RIO) = (O = Cale) + (0 ©0) = Blu(t) = o

Then it follows from (5.9) that (denoting by dots derivatives with respect to t)

a’? — Ki?
R

R=—-2(1-(K(t)OR, ©=— +2(1 — CK (1) (5.16)

Therefore

0< -

2 —|—K b2
GTO (1 + (KO < — K, + 402,

Thus if |©(t)| = 7 for some ¢, then ©(t) < 0. In particular, if ©(0) < —v, then
O(t) < —y for all t > 0, which implies (5.11). Similarly if ©(0) > =, then O(t) > ~ for
all ¢ <0, which implies (5.12).

We next prove (5.13). Assume that v € C¥(p) \ 0, then O(t) < —v for all ¢t > 0.
From (5.16) we have

R(t) > 2v(1 + CKo)R(t) = 2vR(t) forall t> 0.

Therefore R(t) > €' R(0) for all ¢ > 0, which gives (5.13). The bound (5.14) is proved
similarly. 0

We finally use the cones from Lemma 5.3 to construct the stable/unstable spaces,
finishing the proof of Theorem 6:

Lemma 5.4. Let v be chosen in Lemma 5.5. For each p € S*M and t > 0 define the
subsets of E,s(p)

CYi(p) = do' (9" (p))CY (0™ (p),  C3u(p) = dp™ (¢"(p))C3(¢" (p)),
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FIGURE 11. The cones C¥,(p) (blue) and C3 ,(p) (red) for several values
of t, with the darker colors representing larger values of ¢. The solid lines
are the spaces E,(p), Es(p).

and consider their intersections (see Figure 11)
Eu(p) :=[)Clilp),  Eulp) :={)Cu(p). (5.17)
>0 >0

Then E,(p), Es(p) are one-dimensional subspaces of E,s(p) which satisfy the conditions
of Definition 4.0.

Proof. We show the properties of E,(p). The properties of FE4(p) are proved similarly
and the transversality of E,(p) and E,(p) follows from the fact that E,(p) C C¥(p),

E.(p) C C3(p), and C2(p) N1C3(p) = {0}.
It follows from (5.11) that

Cli(p) CCli(p) when s>t2>0.

We first claim that E,(p) contains a one-dimensional subspace of E,(p). Indeed, let
¢ be the Grassmanian of all one-dimensional subspaces of E,s(p) and ¥, C ¢ consist
of the subspaces which are contained in C¥,(p). Then ¥, C ¥ for s > t and all the
sets ¥; are compact. Moreover, each ¥; is nonempty since (recalling (5.15))

VO(p) = {aV(p) +bX 1 (p) | b= —a\/C} C CX(p). (5.18)
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Therefore the intersection (5,7 C ¢ is nonempty. Take an element V,(p) of this
intersection, then V,,(p) is a one-dimensional subspace of E,s(p) and V,,(p) C Ey(p).

We now claim that
Eu(p) = Vu(p)- (5.19)

For that, it suffices to show that every v € E,(p) lies in V,(p). Define the one-
dimensional space V;(p) C C:(p) similarly to (5.18) but putting b = a+/C. Since
Vu(p) C C¥(p), the spaces V,(p) and V(p) are transverse to each other. Thus we can
write

v=uv; +vy forsome v €V,(p), wvy€V2p).

Denote
u(t) = de " (p)v,  wilt) == deT (p)vr,  wa(t) = dpT (p)va.

Since v, v1 € Ey(p), we have v(t), v1(t) € Ci(p~"(p)) for all t > 0. Tt follows from (5.13)
applied to v(t),v;(t) that

la ()| < Jo)] + o1 ()] < e (Jv| + |v1]) for all ¢ >0. (5.20)

On the other hand, since v, € C3(p) we have by (5.14)
lvg| < e Hug(t)| for all t > 0. (5.21)

Combining (5.20) and (5.21) and letting ¢ — oo we get vy = 0, thus v = v; € V,(p)
which gives (5.19).

Now, (5.19) implies immediately that E,(p) is a one-dimensional subspace of E,s(p).
We have do~'(p)E.(p) C Eu.(¢ " (p)) for all ¢ > 0, which gives the invariance prop-

erty (4.48). The expansion property (4.49) follows from (5.13) and the inclusion
Eu(p) C CY(p). O

Remark. The proof of Lemma 5.4 can be used to show the stability of Anosov
maps/flows under perturbations, namely a small C*V perturbation of an Anosov map /flow
is still Anosov. This uses the fact that (a slightly modified version of) the prop-
erties (5.11)—(5.14) is stable under perturbations; note it is enough to require these
properties for 0 < t < 1. See [KaHa97, Corollary 6.4.7 and Proposition 17.4.4| for
details.

5.2. A simple case of the billiard ball map. We finally briefly discuss two-dimensional
billiard ball maps. Let Q C R? be a domain with smooth boundary, referring the reader

to [ChMa06] for a comprehensive treatment and history of the subject. We do not re-
quire €2 to be bounded but we require that the boundary 92 be compact; this implies
that either 2 is compact (interior case) or R? \ Q° is compact (exterior case).
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FIGURE 12. The interior (left) and exterior (right) case when the bound-
ary is a circle of radius r. The domain ) is shaded. The curvature is
equal to 1/r in the interior case and to —1/r in the exterior case.

The boundary 0f2 is diffeomorphic to the union of finitely many circles. We param-
etrize it locally by a real number variable 6, denoting the parametrization

x: 00 — R%
We assume that x is a unit speed parametrization:
|[v|=1 where v(0):= 0px(0).
We choose the inward pointing unit normal vector field
n: o0 — R%

We assume that (v,n) is a positively oriented frame on R? at every point of 9. If
0f) consists of a single circle, then the direction of increasing 6 is counterclockwise in
the interior case and clockwise in the exterior case. For each 6 € 0f) we define the
curvature K (0) of the boundary at 6 by the following identity:

Ogv(0) = K(0)n(0).
We say that the boundary is (strictly) conver at some point 0 if K(#) > 0 and (strictly)
concave if K(0) < 0. See Figure 12.

The billiard ball map acts on the phase space M which consists of inward pointing
unit vectors at the boundary:

M={0,w)|0c0, wecR? |w|=1, (w,n()) > 0}.

The boundary of the phase space M consists of glancing directions, where w is tangent
to 0. These directions are what makes billiards much more difficult to handle than
closed manifolds; in these notes we ignore entirely the complications resulting from
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v(6h)

FIGURE 13. The billiard ball map for the disk (interior case), given in
case of the unit disk by the formulas 05 = 6, + 2 arccos o1, 09 = 073.

glancing, restricting to the interior of M. The interior M° can be parametrized by two
numbers § € 0f2 and o € (—1,1) defined by

o= (w,v(0)).

In particular o = 0 corresponds to vectors which are orthogonal to the boundary.

We now define the billiard ball map
w:M°— M°,  @(01,01) = (62,09)

where x(6;) is the first intersection of 92 with the ray {x(6;) + tw; | t > 0} and wy
is obtained by the law of reflection — see Figure 13. The map ¢ is in fact only defined
on an open subset of M° since the ray might intersect 02 in a glancing direction or
(in the exterior case) may escape to infinity without intersecting 02, we ignore here
the issues arising from this fact.

Define the function on 92 x 9f)
D(61,0:) := [x(61) — x(62)].
Then @ is the generating function of ¢, namely
0(01,01) = (03,09) <= 01 =—0y,P(01,02), 09 = 0p, (01, 65). (5.22)

(Strictly speaking, we should restrict the right-hand side above to #; # 2 such that
the interior of the line segment between x(6;) and x(6,) does not intersect 052.)
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FIGURE 14. A hyperbolic trajectory on a Bunimovich stadium

We have
1-o? 1 — o2
8921<I>:T01—K(61) 1- o2, agp:T%—K(eg)m—ag,

Oy = V|

Therefore, if p(61,01) = (02,02) and we denote ¢ := ®(#,6,) (the distance traveled
between the bounces) and K := K(6,), K3 := K(05), then

gKl—\/l—O'% 14

V1-—03 VI —at)(1-03)
dgo(@l,al): . . (523)
/ [KQ— \/1—0'
Kl 1—U%+K2 1—0%—6[(1[(2 2
V1—o?

Note that detdp = 1.
We now discuss under which conditions ¢ is hyperbolic. We start with the simplest

case of a closed trajectory of period 2 (which is necessarily orthogonal to the boundary):

Proposition 5.5. Assume that (01,0) is a periodic point for ¢ with period 2, namely
©(01,0) = (02,0) and p(6,0) = (01,0) for some 6y € 0. Let ¢ := |x(6;) — x(02)],
Ky = K(61), Ky :== K(02). Then ¢ is hyperbolic on the closed trajectory {(6;,0)}, in
the sense of Definition /.1, if and only if the following condition holds:

(1— (K))(1— (Ky) ¢ [0, 1]. (5.24)

Remark. Condition (5.24) always holds in the concave case (when Kj, Ky < 0).
However it sometimes also holds in the convex case, see Figure 14.

Proof. Put

A= dp*(01,0) = dp(6s,0)dp(61,0).
Then ¢ is hyperbolic on {(6;,0)} if and only if A has no eigenvalues on the unit circle.
Since det A = 1, this is equivalent to |tr A| > 2. Computing

trA=2 + 4€(€K1K2 - Kl - KQ)
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FIGURE 15. Left: the set of trapped trajectories in the exterior of 3
disks. Right: the corresponding reduction to the boundary K, that is
the trapped set of the billiard ball map, restricted to the bottom circle;
the horizontal direction is # and the vertical direction is 0. Both sets
exhibit fractal structure.

we arrive to the condition (5.24). O

For general sets we restrict to the concave case (the corresponding billiards are
sometimes called dispersing):

Proposition 5.6. Assume that K C M° is a p-invariant compact set and the curvature
K satisfies K(0) < 0 for all (6,0) € K. Then the billiard ball map ¢ is hyperbolic on K
in the sense of Definition 4. 1.

Remark. One example of a compact p-invariant set is a closed (non-glancing) trajec-
tory. Another example is when € is the complement of several strictly convex obstacles
(that is, the exterior concave case), we impose the no-eclipse condition that no obstacle
intersects the convex hull of the union of any two other obstacles, and K is the reduc-
tion to boundary of the trapped set which consists of all billiard ball trajectories which
stay in a bounded set for all times. The no-eclipse condition ensures that trapped
trajectories cannot be glancing. See Figure 15.

Sketch of the proof. We argue similarly to §5.1. Consider the cones in R?
g = {(U97UU) | Vg * Vo Z 0}7 8 = {(/09700) | Vg * Vs S O}

By the concavity condition, for all p := (0;,01) € K we have Ky, Ky < 0 in (5.23).
Thus all entries of the matrix dy(p) are negative. It follows that

do(p)Cy € Gl dilp)"C} C G, (5.25)
Next, at each p = (0,0) € K define the norm | e |, by

2. 2y, 2 Yy
’(U@,UU)‘p = (1 — 0 )UG + m
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Then there exists A > 1 such that for all p € K and v € R?

veEC) = |do(p)v]sp = Avl,, (5.26)

veC, = |dp " (p)v]up = Avl,. (5.27)

The hyperbolicity of ¢ on K now follows by adapting the proof of Lemma 5.4, us-

ing (5.25)—(5.27) in place of (5.11)—(5.14). O
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