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Abstract

Resonances in general relativity
by
Semen Vladimirovich Dyatlov
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Maciej Zworski, Chair

The topic of this thesis is a detailed study of wave decay on black hole backgrounds, in
particular the quasi-normal modes (QNMs) of black holes, known as resonances in other
contexts of scattering theory.! N

Black holes are modeled in general relativity by Lorentzian manifolds (X, g) that solve
vacuum FEinstein’s equations. We study the long-time behavior of solutions to the linear
wave equation

Oyu =0, (0.0.1)

which can be considered as the first step towards understanding the behavior of the nonlinear
Einstein’s equations, just like a precise understanding of linear waves on the Minkowski
spacetime has lead to proving its stability with respect to Einstein’s equations [24].

The particular black hole backgrounds we consider are Kerr and Kerr—de Sitter metrics,
which both model rotating black holes. The difference between these two cases is the cos-
mological constant A, with A = 0 for Kerr and A > 0 for Kerr—de Sitter (which is the case
according to the currently accepted ACDM cosmological model). The black hole itself is
surrounded by the event horizon. The causal structure of the metric only allows information
to cross the event horizon in the direction of the black hole. Since the energy of a solution
to (0.0.1) can escape through the event horizon (as well as to spatial infinity as discussed
below), one expects to see decay of the energy as time ¢ goes to infinity.

The escape of the waves through event horizons is rapid in the sense that the correspond-
ing escaping trajectories cross the event horizon in finite time. The Kerr metric also features
an asymptotically Fuclidean infinite end, with trajectories that take infinite time to escape.
A wave concentrated on such an escaping trajectory will radiate information back to the
observer at all times; because of the resulting ‘shadow’, the decay of solutions to (0.0.1) in
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'Here is an irresistible quote of Chandrasekhar “...we may expect that any intial perturbation will,
during its last stages, decay in a manner characteristic of the black hole itself and independent of the cause.
In other words, we may expect that during these last stages, the black hole emits gravitational waves with
frequencies and rates of damping that are characteristic of the black hole itself, in the manner of a bell
sounding its last dying notes.”



the Kerr case is at most polynomial, O(t~?) (in compact sets). See for instance [92, 31] for
a detailed discussion of many recent results in this direction.

We instead concentrate our attention on the Kerr—de Sitter metric, whose main geometric
difference from Kerr is the replacement of the spatial infinity by a cosmological horizon,
geometrically similar to the black hole event horizon. The decay of linear waves in this case
is ezponential, O(e~""). What is more, one can quantify this exponential decay in the form
of a resonance expansion (see Theorem 2.2 for a more accurate version)

u(t,x) ~ Z e "y, (x),

zE€Res

where z runs over a discrete set of resonances, or quasi-normal modes, Res C C; this set
depends only on the black hole metric, not on the solution u. The real part of z corresponds
to the rate of oscillation of the corresponding wave and the (negative) imaginary part, to its
rate of exponential decay in time. Quasi-normal modes have a rich history of study in the
physics literature, see [79]; in this thesis, we in particular compare the numerically computed
QNMs of [13] with the mathematical predictions and give a rigorous explanation to some
phenomena observed recently in [134, 133, 67] (see Chapter 4).

The proof of exponential decay and the resonance expansion is done in the framework of
scattering theory, dating back to [80]. There are two key steps:

(1) identify the discrete set of resonances as solutions to a nonselfadjoint generalized eigen-
value problem;

(2) understand the behavior of resonances in the high frequency limit

Rez = 00, |Imz| <C.

The first step relies on the understanding of the infinite ends/event horizons of the metric
and the low frequency contributions, while the second one depends on the geometry of the
trapped set, consisting of light rays (geodesics) that stay in a fixed compact set away from
the event horizons for all times.

The main goal of this thesis is to understand how the geometry of the event horizons
and the trapped set leads to quantitative statements about behavior of quasi-normal modes
and linear waves. The thesis consists of four chapters, which are largely independent of
each other in terms of presentation; in fact, the first two chapters are similar to previously
published work of the author,? and the third one has been submitted for publication.

The special case of the nonrotating Schwarzschild-de Sitter black hole was previously
studied in [103, 17, 90]. They in particular constructed the set of resonances, proved a

2Chapter 1 is similar to the article ‘Quasi-normal modes and exponential energy decay for the Kerr-de
Sitter black hole’ in Comm. Math. Phys. 306(2011), pp. 119-163, and Chapter 2, to the article ‘Asymptotic
distribution of quasi-normal modes for Kerr—de Sitter black holes’ in Ann. Henri Poincaré 13(2012), pp.
1101-1166.



>/V

Figure 0.1: The lattice structure of QNMs in the completely integrable cases.

resonance expansion, and established a quantization condition, which in this situation means
that resonances approximately lie on a distorted lattice in the high frequency limit — see
Figure 0.1 and Theorem 2.1. These results rely on separation of variables techniques and
the spherical symmetry of nonrotating black holes, splitting the problem into the angular
component, which is just the eigenvalue problem for Laplacian on the sphere, and the radial
component, where the scattering theory phenomena take place. In particular, complete
integrability of the geodesic flow is crucial in establishing the quantization condition.

In Chapters 1 and 2, we generalize there results to the slowly rotating Kerr-de Sitter
case. We still use separation of variables, but the analysis is made difficult by the a con-
siderably more complicated structure of the separation of variables procedure (see §1.3) and
the ergoregion, the region of space where the associated generalized eigenfunction problem
is not elliptic. The lack of ellipticity inside the ergoregion is handled by using in a nontrivial
way the analyticity of the metric (see §1.7), and the lack of self-adjointness of the angular
operator, by a specially constructed Grushin problem (see §2.A).

However, an approach which does not use separation of variables techniques is ultimately
more favorable; one reason is applicability of the results to small (stationary) perturbations
of exact black hole metrics. The definition of the set of resonances (namely, step (1) above)
for metrics with event horizons was done recently in [128], and the assumptions at the event
horizons are stable under perturbations and formulated in geometric terms. The second part
of the thesis deals with the consequences for resonances of the trapping structure of Kerr—de
Sitter black holes.

The key property of the trapping is the fact that it is normally hyperbolic, which means
that the trapped set K is smooth and the linearization of the geodesic flow ¢ in the directions
transversal to K exhibits hyperbolic behavior as ¢ — oo (see §§3.5.1, 4.2.2, 4.3.2). Normal
hyperbolicity is a dynamical assumption not relying on separation of variables, and it was
shown in [132] that it implies existence of a resonance free strip {Imz > —v}. Together
with [128], this gives the exponential rate of decay O(e™**) for solutions to (0.0.1), but does
not recover information about resonances lying below the strip.

In Chapter 3, we obtain the following result on the set of resonances, presented in Fig-
ure 0.2: there are two resonance free strips and the resonances in between satisfy a Weyl
law — the number of these resonances in a region of size R grows like cR?, where ¢ > 0 is an
explicit constant. The sizes of the strips are given in terms of naturally arising dynamical
quantities 0 < Vmin < Vpax, the minimal and maximal expansion rates in the directions

transversal to K. Our result applies under a pinching condition vy.x < 2V, and under a
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Figure 0.2: The structure of the set of resonances for r-normally hyperbolic trapping.

stronger dynamical assumption of r-normal hyperbolicity, which additionally requires that
the maximal expansion rate of the flow along K is much smaller than v,,;,. This dynamical
assumption is crucial for understanding the behavior of the associated solutions to (0.0.1)
in phase space; moreover, unlike just normal hyperbolicity, r-normal hyperbolicity is stable
under perturbations of the metric, as shown in [64] (see also §3.5.2).

Our Weyl law gives one of the very few situations in scattering theory where one has an
asymptotics on the number of resonances near the real axis. We are able to deduce such
asymptotics because of the presence of the second resonance free strip, and this structure in
turn depends on the very fine r-normal hyperbolic structure of the trapping. This structure
of the trapping is still stable under perturbations, unlike the completely integrable structure
used in Chapter 2. However, the results of Chapter 2 also provide much more precise
control on the location of QNMs, in the form of a quantization condition, so the two results
complement each other.

The results of Chapter 3 hold under some general geometric and dynamical assumptions
(8§63.4.1, 3.5.1) and that chapter makes no explicit reference to the Kerr—de Sitter metric;
one reason for this is the possible applicability of the results to different settings, relating
in particular to the recent work [50, 49, 51] on Ruelle resonances for contact Anosov flows —
see §3.1 for details. In Chapter 4, we verify that the assumptions of Chapter 3 do indeed hold
for Kerr—de Sitter metrics (with any subextremal speed of rotation) and their perturbations.
Furthermore, we establish a high frequency analog of resonance expansions, decomposing a
solution to the wave equation into the sum of a component with controlled decay rate and a
more rapidly exponentially decaying remainder — see Theorem 4.2. The latter result in fact
also applies to the Kerr metric (namely, to the case A = 0), giving a long time asymptotic
for high frequency solutions.
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Chapter 1

Construction of resonances and
exponential energy decay for Kerr—de
Sitter black holes

1.1 Introduction

Quasi-normal modes are the complex frequencies appearing in expansions of waves; their
real part corresponds to the rate of oscillation and the nonpositive imaginary part, to the
rate of decay. According to the physics literature [79] they are expected to appear in gravita-
tional waves caused by perturbations of black holes (for more recent references and findings,
see for example [13]). In the mathematics literature they were studied by Bachelot and
Motet-Bachelot [8, 9, 10] and S& Barreto and Zworski [103], who applied the methods of
scattering theory and semiclassical analysis to the case of a spherically symmetric black
hole. Quasi-normal modes were described in [103] as resonances; that is, poles of the mero-
morphic continuation of a certain family of operators; it was also proved that these poles
asymptotically lie on a lattice. This was further developed by Bony and Héfner in [17],
who established an expansion of the solutions of the wave equation in terms of resonant
states. As a byproduct of this result, they obtained exponential decay of local energy for
Schwarzschild—de Sitter. Melrose, S& Barreto, and Vasy [90] have extended this result to
more general manifolds and more general initial data.

In this chapter, we employ different methods to define quasi-normal modes for the Kerr—
de Sitter rotating black hole. As in [103] and [17], we use the de Sitter model; physically, this
corresponds to a positive cosmological constant; mathematically, it replaces asymptotically
Euclidean spatial infinity with an asymptotically hyperbolic one. Let P(w), w € C, be the
stationary d’Alembert—Beltrami operator of the Kerr—de Sitter metric (see §1.2 for details).
It acts on functions on the space slice Xy = (r_, ;) x S2. We define quasi-normal modes as
poles of a certain (right) inverse R,(w) to P,(w). Because of the cylindrical symmetry of the
operator Py(w), it leaves invariant the space Dj, of distributions with fixed angular momentum
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k € Z (with respect to the axis of rotation); the inverse R,(w) on Dj, is constructed by

Theorem 1.1. Let Py(w, k) be the restriction of Py(w) to D). Then there exists a family of
operators
Ry(w, k) : L2, (Xo) N D} — H?

comp loc (XO) N ID;€
meromorphic in w € C with poles of finite rank and such that Py(w, k)Ry(w, k) f = f for each

fel?  (Xo)ND,.

comp

Since R,(w, k) is meromorphic, its poles, which we call k-resonances, form a discrete set.
One can then say that w € C is a resonance, or a quasi-normal mode, if w is a k-resonance
for some k € Z. However, it is desirable to know that resonances form a discrete subset of
C; that is, k-resonances for different £ do not accumulate near some point. Also, one wants
to construct the inverse R,(w) that works for all values of k. For 6, > 0, put

K.=(r_+0,m+ —96), Xgp =K, X S?,

and let 1y, be the operator of multiplication by the characteristic function of Xy (which
will, based on the context, act L*(Xg) — L*(Xy) or L*(Xy) — L?*(Xk)). Then we are able
to construct Ry(w) on X for a slowly rotating black hole:

Theorem 1.2. Fiz 6, > 0. Then there exists ag > 0 such that if the rotation speed of the
black hole satisfies |a| < ag, we have the following:

1. Every fixed compact set can only contain k-resonances for a finite number of values of
k. Therefore, quasi-normal modes form a discrete subset of C.

2. The operators 1x, Ry(w, k)lx, define a family of operators

R,(w): L*(Xk) — H*(Xg)

such that P,(w)Ry(w)f = f on Xk for each f € L*(Xk) and R,(w) is meromorphic in
w € C with poles of finite rank.

As stated in Theorem 1.2, the operator R,(w) acts only on functions supported in a
certain compact subset of the space slice Xy depending on how small @ is. This is due to
the fact that the operator P,(w) is not elliptic inside the two ergospheres located near the
endpoints = ry. The result above can then be viewed as a construction of R,(w) away
from the ergospheres. However, for fixed angular momentum we are able to obtain certain
boundary conditions on the elements in the image of R,(w, k), as well as on resonant states:

Theorem 1.3. Let w € C.
1. Assume that w is not a resonance. Take f € L2 (Xo) NDj, for some k € Z and put

comp

u= Ry(w,k)f € H..(Xo). Then u is outgoing in the following sense: the functions

U:ﬁ:(n 07 QD) - |T - Ti|iA;1(1+a)(ri+a2)wu(r7 6’ Y — A:_I:1<]' + Q)a In |T - T:N:D'

!The subscript in the constants such as §,, C,, Cy does not mean that these constants depend on the
corresponding variables, such as r or 6; instead, it indicates that they are related to these variables.
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are smooth near the event horizons {r.} x S%.
2. Assume that w is a resonance. Then there exists a resonant state; i.e., a nonzero
solution v € C*(Xy) to the equation Py(w)u = 0 that is outgoing in the sense of part 1.

The outgoing condition can be reformulated as follows. Consider the function U =
e~y on the spacetime R x Xj; then u is outgoing if and only if U is smooth up to the
event horizons in the extension of the metric given by the Kerr-star coordinates (t*,r, 0, ©*)
discussed in §1.2. This lets us establish a relation between the wave equation on Kerr-de
Sitter and the family of operators R,(w) (Proposition 1.2.2). Note that here we do not
follow earlier applications of scattering theory (including [17]), where spectral theory and
in particular self-adjointness of P, are used to define R,(w) for Imw > 0 and relate it to
solutions of the wave equation via Stone’s formula. In the situation of the present chapter,
due to the lack of ellipticity of P,(w) inside the ergospheres, it is doubtful that P, can be
made into a self-adjoint operator; therefore, we construct R,(w) directly using separation of
variables, cite the theory of hyperbolic equations (see §1.2) for well-posedness of the Cauchy
problem for the wave equation, and prove Proposition 1.2.2 without any reference to spectral
theory.

We now study the distribution of resonances in the slowly rotating Kerr—de Sitter case.
First, we establish absense of nonzero resonances in the closed upper half-plane:

Theorem 1.4. Fiz §, > 0. Then there exist constants ag and C' such that if |a| < ag, then:
1. There are no resonances in the upper half-plane and

||Rg(w)||L2(XK)—>L2(XK) < W, Imw > 0.

2. There are no resonances w € R\ 0 and

i1®1)
4r(1+ a)(r2 +r2 4+ 2a?)w

Ry(w) = + Hol(w),

where Hol stands for a family of operators holomorphic at zero.

Next, we use the methods of [132] and the fact that the only trapping in our situation is
normally hyperbolic to get a resonance free strip:

Theorem 1.5. Fiz 6, > 0 and s > 0. Then there exist ag > 0, vy > 0, and C' such that for
la| < aq,
| Rg(w) || L2(x )= r2(x5) < Clw]?, |Rew| > C, |Imw]| < 1.

Theorems 1.4 and 1.5, together with the fact that resonances form a discrete set, imply
that for 1y small enough, zero is the only resonance in {Imw > —1y}. This and the presence
of the global meromorphic continuation provide exponential decay of local energy:
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Theorem 1.6. Let (r,t*,0,¢") be the coordinates on the Kerr—de Sitter background intro-
duced in §1.2. Fix 6, > 0 and s’ > 0 and assume that a is small enough. Let u be a solution
to the wave equation Usu = 0 with initial data

ulp—o = fo € H¥*™(Xo) N E'(X),

(1.1.1)

Also, define the constant

1
U ra / *(du).
=0

- 4 (r? +r? + 2a?)
Here x denotes the Hodge star operator for the metric g (see §1.2). Then

lu(t”, ) = woll 2xe) < Ce™'(

| foll garzsest (x 0y + 1 il mrrees (x0))s £ >0,
for certain constants C and v' independent of u.

For the Kerr metric, the local energy decay is polynomial as shown by Tataru and To-

haneanu [121, 122], see also the lecture notes by Dafermos and Rodnianski [30] and the
references below.
Outline of the proof. The starting point of the construction of R,(w) is the separation
of variables introduced by Carter. The separation of variables techniques and the related
symmetries have been used in many papers, including [4, 16, 17, 41, 42, 52, 53, 103, 125];
however, these mostly consider the case of zero cosmological constant, where other difficulties
occur at zero energy and a global meromorphic continuation of the type presented here
is unlikely. In our case, since the metric is invariant under axial rotation, it is enough
to construct the operators R,(w,k) and study their behavior for large k. The operator
P,(w, k) is next decomposed into the sum of two ordinary differential operators, P, and Py
(see (1.2.3)). The separation of variables is discussed in §1.2; the same section contains the
derivation of Theorem 1.6 from the other theorems by the complex contour deformation
method.

In the Schwarzchild—de Sitter case, P is just the Laplace—Beltrami operator on the round
sphere and one can use spherical harmonics to reduce the problem to studying the operator
P, + X for large . In the case a # 0, however, the operator Py is w-dependent; what is
more, it is no longer self-adjoint unless w € R. This raises two problems with the standard
implementation of separation of variables, namely decomposing L? into a direct sum of the
eigenspaces of Py. Firstly, since Py is not self-adjoint, we cannot automatically guarantee
existence of a complete system of eigenfunctions and the corresponding eigenspaces need not
be orthogonal. Secondly, the eigenvalues of P are functions of w, and meromorphy of R (w)
is nontrivial to show when two of these eigenvalues coincide. Therefore, instead of using
the eigenspace decomposition, we write R,(w) as a certain contour integral (1.3.1) in the
complex plane; the proof of meromorphy of this integral is based on Weierstrass preparation
theorem. This is described in §1.3.
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In §1.4, we use the separation of variables procedure to reduce Theorems 1.1-1.4 to
certain facts about the radial resolvent R, (Proposition 1.4.2). For fixed w, A\, k, where
A € C is the separation constant, R, is constructed in §1.5 using the methods of one-
dimensional scattering theory. Indeed, the radial operator P,, after the Regge-Wheeler
change of variables (1.5.1), is equivalent to the Schrodinger operator P, = D? + V,(z) for a
certain potential V, (1.5.2). (Here 2 = oo correspond to the event horizons.) This does
not, however, provide estimates on R, that are uniform as w, A\, k go to infinity.

The main difficulty then is proving a uniform resolvent estimate (see (1.4.8)), valid for
large A and Re A > | Im A|+|w|?*+]|ak|?, which in particular guarantees the convergence of the
integral (1.3.1) and Theorem 1.2. A complication arises from the fact that V,(+o0) = —w?,
where wy are proportional to (rl + a*)w — ak. No matter how large w is, one can always
choose k so that one of wy is small, making it impossible to use standard complex scaling?,
in the case w = o(k), due to the lack of ellipticity of the rescaled operator at infinity.
To avoid this issue, we use the analyticity of V,, and semiclassical analysis to get certain
control on outgoing solutions at two distant, but fixed, points (Proposition 1.7.1), and then
an integration by parts argument to get an L? bound between these two points. This is
discussed in §1.7.

Finally, §1.8 contains the proof of Theorem 1.5. We first use the results of §§1.3-1.7 to
reduce the problem to scattering for the Schrodinger operator P, in the regime A = O(w?),
k = O(w) (Proposition 1.8.1). In this case, we apply complex scaling to deform P, near
x = £00 to an elliptic operator (Proposition 1.8.2). We then analyse the corresponding
classical flow; it is either nontrapping at zero energy, in which case the usual escape function
construction (as in, for example, [85]) applies (Proposition 1.8.3), or has a unique maximum.
In the latter case we use the methods of [132] designed to handle more general normally
hyperbolic trapped sets and based on commutator estimates in a slightly exotic microlocal
calculus. The argument of [132] has to be modified to use complex scaling instead of an
absorbing potential near infinity (see also [132, Theorem 2]).

It should be noted that, unlike [17] or [103], the construction of R,(w) in this chapter does
not use the theorem of Mazzeo—Melrose [87] on the meromorphic continuation of the resolvent
on spaces with asymptotically constant negative curvature (see also [60]). In [17] and [103],
this theorem had to be applied to prove the existence of the meromorphic continuation of
the resolvent for w in a fixed neighborhood of zero where complex scaling could not be
implemented.

Remark. The results of this chapter also apply if the wave equation is replaced by the
Klein-Gordon equation [78]
(O, +m*)u =0,

2Complex scaling originated in mathematical physics with the work of Aguilar—-Combes [1], Balslev—
Combes, and Simon. It has become a standard tool in chemistry for computing resonances. A microlocal ap-
proach has been developed by Helffer-Sj6strand, and a more geometric version by Sjéstrand—Zworski [115] —
see that paper for pointers to the literature. Complex scaling was reborn in numerical analysis in 1994 as
the method of “perfectly matched layers” (see [12]). A nice application of the method of complex scaling to
the Schwarzschild—-de Sitter case is provided in [34].
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where m > 0 is a fixed constant. The corresponding stationary operator is P,(w) + m?p?%;
when restricted to the space Dy, it is the sum of the two operators (see §1.2)

Pr(w, k;m) = Pr(w, k) +m?*r®, Py(w;m) = Py(w) + m?a® cos® 6.

The proofs in this chapter all go through in this case as well. In particular, the rescaled
radial operator P, introduced in (1.5.2) is a Schrédinger operator with the potential

Vi(ziw, A ksm) = (A +m?r?)A, — (14 a)?((r? + a®)w — ak)?.

Since V,(£00) is still equal to —w? with wy defined in (1.5.3), the radial resolvent can be
defined as a meromorphic family of operators on the entire complex plane. Also, the term
m?r?A, in the operator P, becomes of order O(h?) under the semiclassical rescaling and
thus does not affect the arguments in §§1.7 and1.8.

The only difference in the Klein—Gordon case is the absense of the resonance at zero: 1
is no longer an outgoing solution to the equation P,u = 0 for w = k = A\ = 0. Therefore,
there is no uy term in Theorem 1.6, and all solutions to (1.1.1) decay exponentially in the
compact set Xg.

1.2 Kerr—de Sitter metric

The Kerr—de Sitter metric is given by the formulas [20]

g= _p2<dr2 N d62>

A, A,
Agsin® 0
—m(a dt — (7'2 -+ a2) dQD)Q
A, ) 2
—l—m(dt —asin®fdp)”.

Here M is the mass of the black hole, A is the cosmological constant (both of which we
assume to be fixed), and a is the angular speed of rotation (which we assume to be bounded
by some constant, and which is required to be small by most of our theorems);
A 2
A, = (r* + a2)(1 — TT) —2Mr,
Ag =1+ acos®b,
Aa?

0 =r*+a®cos? b, a=—

We also put
Ai = :FaTAr(Ti) > 0.
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The metric is defined for A, > 0; we assume that this happens on an open interval 0 < r_ <
r <ry <oo. (For a =0, this is true when 9AM? < 1; it remains true if we take a small
enough.) The variables 6 € [0, 7] and ¢ € R/27Z are the spherical coordinates on the sphere
S?. We define the space slice Xg = (r_,r;) x S% then the Kerr—de Sitter metric is defined
on the spacetime R x X.

The d’Alembert—Beltrami operator of g is given by

1 1
Dg = ;DT(ATDT) + —HDQ(AQ sin QDQ)

p? sin
(1+a)
p2Agsin® 0

1+ «a)?

—p2—A((’T‘2 + GQ)Dt + aDgo)2-

(asin*6D; + D,)?

(Henceforth we denote D = 149.) The volume form is
p?sinf
(14 a)

If we replace D; by a number —w € C, then the operator [J, becomes equal to P,(w)/p?,
where P;(w) is the following differential operator on Xj:

Pg(w) = DT(ATDT) - %

1 . (14 «a)?
Dy(A 6D —_—
o(AosinbDo) + Agsin? 6

We now introduce the separation of variables for the operator Py(w). We start with
taking Fourier series in the variable . For every k € Z, define the space

D, ={ueD | (D, — k)u=0} (1.2.2)

d Vol = dtdrdfde.

((r* + a®)w — aD,,)?
(1.2.1)

+ (awsin® @ — D,,)?.

sin 6

This space can be considered as a subspace of D'(Xy) or of D'(S?) alone, and

L*(Xo) = @(LQ(XO) NDy);

the right-hand side is the Hilbert sum of a family of closed mutually orthogonal subspaces.
Let P,(w, k) be the restriction of P;(w) to D;,. Then we can write

Py(w, k) = Pr(w, k) + Pa(w)|py
where
(1+«)?
A,

2
L 0D9(A9 sin (9D9) + M

P.(w,k) = D.(A.D,) — (r* + a®)w — ak)?,

(1.2.3)

Py(w) = = Aysin (awsin®6 — D,,)?
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are differential operators in r and (6, ¢), respectively.

Next, we introduce a modification of the Kerr-star coordinates (see [30, §5.1]). Fol-
lowing [122], we remove the singularities at r = ry by making the change of variables
(t,r,0,0) = (t*,r,0,0"), where

" =t—F(r), ¢* = — Fy(r).

Note that 0y« = 0y and 0« = J,. In the new coordinates, the metric becomes

g 2<dr2+d_02)

A Ay
Agsin® 0 . . , )
“Trars i et - (r2 + a®) dp* + (aF(r) — (r* + a®) EL(r))dr]?
A, : ) , ,
—l—m[dt* — asin® 0 dp* + (F|(r) — asin® 0F)(r))dr]’.

The functions F; and F, are required to be smooth on (r_,ry) and satisfy the following
conditions:

o Fi(r)=F,(r)=0forr € K, =[r_ 40,74 — 0,J;

o F(r) = x(1+a)(r*+a*)/A, + F.(r) and F/(r) = £(1+ a)a/A, + F,x(r), where
F,+ and F4 are smooth at 7 = r4, respectively;

e for some (a-independent) constant C' and all r € (r_,r),

1 2(,.2 2\2 1
( +Q)A(T +a) —A,,Ft’(r)Q—(l—i—oz)Zcz226>0.

Under these conditions, the metric g in the new coordinates is smooth up to the event
horizons r = r4 and the space slices

X, = {t" =to = const} N (R x Xy), to € R,

are space-like. Let 14 be the time-like normal vector field to these surfaces, chosen so that
g(v, ) = 1 and (dt*, 1) > 0.

We now establish a basic energy estimate for the wave equation in our setting. Let u be a
real-valued function smooth in the coordinates (t*, 7,6, ¢*) up to the event horizons. Define
the vector field T'(du) by

1
T(du) = OyuV u — Eg(du, du)vy.
Since v, is timelike, the expression g(7'(du), ;) is a positive definite quadratic form in du.

For ty € R, define E(tg)(du) as the integral of this quadratic form over the space slice X,
with the volume form induced by the metric.
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Proposition 1.2.1. Take t; <ty and let
Q:{tlgt*StQ}XXo

Assume that u is smooth in Q up to its boundary and solves the wave equation Oyu = 0 in
this region. Then
E(ty)(du) < e“ 2 B (1)) (du)

for some constant C, independent of t; and t,.

Proof. We use the method of [123, Proposition 2.8.1]. We apply the divergence theorem to
the vector field T'(du) on the domain 2. The integrals over X;, and X, will be equal to
—E(t1) and E(ty). The restriction of the metric to tangent spaces of the event horizons is
nonpositive and the field v, is pointing outside of 2 at r = r,; therefore, the integrals over
the event horizons will be nonnegative. Finally, since O,u = 0, one can prove that div 7' (du)
is quadratic in du and thus

| div T (du)| < Cg(T(du), ).

Therefore, the divergence theorem gives

E(ts) — E(t)) < C / ® Bito) dio

It remains to use Gronwall’s inequality. O

The geometric configuration of {t* = t;}, {t* = t2}, {r = r+}, and v, with respect to
the Lorentzian metric g used in Proposition 1.2.1, combined with the theory of hyperbolic
equations (see [30, Proposition 3.1.1], [71, Theorem 23.2.4], or [123, §§2.8 and 7.7]), makes
it possible to prove that for each fo € H'(Xy), fi € L*(Xy), there exists a unique solution

u(t*,-) € O([0,00); H'(Xo)) N C*([0, 00); L*(Xo))
to the initial value problem

Ugu =10, u

=0 = fo, Optufp=o = f1. (1.2.4)

We are now ready to prove Theorem 1.6. Fix 6, > 0 and assume that a is chosen small
enough so that Theorems 1.2-1.5 hold. Assume that s’ > 0 and w is the solution to (1.2.4)
with fo € H3?*' N &(X}) and f; € HY/? N &' (X)), where X} is fixed and compactly
contained in Xx. By finite propagation speed (see [123, Theorem 2.6.1 and §2.8]), there
exists a function x(¢) € C*(0,00) independent of u and such that x(¢*) = 1 for t* > 1,
and for t* € supp(l — x), suppu(t*,-) C Xg. By Proposition 1.2.1, we can define the
Fourier-Laplace transform

Tilw) = / (Yt ) di € B (Xy), Tmw > .
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Put f = p?0,(xu) = p*[0,, xJu; then
fe HYLZ (R L*(Xo) N E'(Xk)).

comp

Therefore, one can define the Fourier-Laplace transform f(w) € L? N &' (Xk) for all w € C,
and we have the estimate

/<w>2s A2 x0) dw < Ol foll sz + Il 1/2000)-

where integration is performed over the line {Imw = v = const} with v bounded.

Proposition 1.2.2. We have for Imw > C.,

(W) x = Ry(w) f(w).

Proof. Without loss of generality, we may assume that v € C°° N D; for some k € Z; then
R,(w)f(w) can be defined on the whole X, by Theorem 1.1. Fix w and put

b(w) = e“FONU(w) = Ry(w, k) f(w) € C=(Xo).
Since p?0,(xu) = f, we have

Py(w)(“"0xu(w)) = f(w);

therefore, P,(w)®(w) = 0. Note also that ® is smooth inside X, because of ellipticity of the
operator Py(w) on D), (see [123, §7.4] and the last step of the proof of Theorem 1.1). Now,
if we put

U(t,) = e ™ ®(w)(),
then O,U = 0 inside X,. However, by Theorem 1.3, U is smooth in the (r,t*,6,¢*) co-
ordinates up to the event horizons and its energy grows in time faster than allowed by
Proposition 1.2.1; therefore, & = 0. O

We now restrict our attention to the compact X, where in particular t = ¢t* and ¢ = ¢*.
By the Fourier Inversion Formula, for ¢t > 1 and v > C,,

u(t)|x, = (2m)~" /eit(‘“+i”)Rg(w +iv) f(w + ) dw.

Fix positive s < s’. By Theorems 1.4 and 1.5, there exists vy > 0 such that zero is the
only resonance with Imw > —14. Using the estimates in these theorems, we can deform the
contour of integration above to the one with v = —14. Indeed, by a density argument we
may assume that v € C*, and in this case, f (w) is rapidly decreasing as Rew — oo for Imw
fixed. We then get

I+«
4(r? 4+ r2 4 2a?)

u(®)| k. = (f(0), 1) s,y

A (1.2.5)
+(2m) ! _”Ot/e_”‘”Rg(w —ivg) f(w — i) dw
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We find a representation of the first term above in terms of the initial data for u at time
zero. We have

~

(f(0), )2,y = /X RDQ(XU) dVol .

Here d Vol is the volume form induced by ¢. Integrating by parts, we get
/ O, (xu) d Vol = —/ O,((1 — x)u) d Vol = / *(du). (1.2.6)
X xR t>0 t=0

Here % is the Hodge star operator induced by the metric g, with the orientation on X, and
R x X{ chosen so that *(dt) is positively oriented on {t = 0}.
Finally, the L? norm of the integral term in (1.2.5) can be estimated by

Ce_wt/<w>8_8/_1/2||(w>sl+1/2f(w = )| r2 k) dw

S Ce—uotH <w>s’+l/2f(w _ iV0)|’La(R)L2(Kr)
< Ce (|| foll grorsse + || fi]

H5'+1/2)7

since (w)*~*'~1/2 € L2. This proves Theorem 1.6.

Remark. In the original coordinates, (¢,7,6, ), the equation Oyju = 0 has two solutions
depending only on the time variable, namely, ©« = 1 and u = t. Even though Theorem 1.6
does not apply to these solutions because we only construct the family of operators R,(w)
acting on functions on the compact set Xk, it is still interesting to see where our argument
fails if R,(w) were well-defined on the whole X,. The key fact is that our Cauchy problem is
formulated in the t* variable. Then, for u = ¢ the function fy = u|;+—¢ behaves like log |r—r|
near the event horizons and thus does not lie in the energy space H'. As for u = 1, our
theorem gives the correct form of the contribution of the zero resonance, namely, a constant;
however, the value of this constant cannot be given by the integral of *(du) over t* = 0, as
du = 0. This discrepancy is explained if we look closer at the last equation in (1.2.6); while
integrating by parts, we will get a nonzero term coming from the integral of *d(x(¢*)) over
the event horizons.

1.3 Separation of variables in an abstract setting

In this section, we construct inverses for certain families of operators with separating vari-
ables. Since the method described below can potentially be applied to other situations, we
develop it abstractly, without any reference to the operators of our problem. Similar con-
structions have been used in other settings by Ben-Artzi-Devinatz [11] and Mazzeo—Vasy [88,
§2].

First, let us consider a differential operator

P(w) = Pi(w) + Py(w)
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in the variables (x1, z5), where P;(w) is a differential operator in the variable x; and Py(w)
is a differential operator in the variable x9; w is a complex parameter. If we take H; and
H, to be certain L? spaces in the variables x; and x5, respectively, then the corresponding
L? space in the variables (21, z2) is their Hilbert tensor product H = H; @ H,. Recall that
for any two bounded operators A; and As on H; and Hs, respectively, their tensor product
A1 ® Ay is a bounded operator on ‘H and

[ A1 @ As|| = || Ax]l - [[Az][-
The operator P is now written on H as
P(w) = PI(W) ® ]-’HQ —|— 17‘[1 ® Pg(w).

We now wish to construct an inverse to P(w). The method used is an infinite-dimensional
generalization of the following elementary

Proposition 1.3.1. Assume that A and B are two (finite-dimensional) matrices and that
the matrizc A® 1+ 1® B is invertible. (That is, no eigenvalue of A is the negative of an
eigenvalue of B.) For X € C, let Ra(\) = (A+ \)"! and Rg(\) = (B — \)~!. Take v to be
a bounded simple closed contour in the complex plane such that all poles of R4 lie outside of

v, but all poles of Rp lie inside v, we assume that v is oriented in the clockwise direction.

Then 1
(A1+1®@ B) ™' = — [ Ra(\) ® Rp()\) dA.

271 -

The starting point of the method are the inverses?

Ri(w,\) = (Py(w) + A\)7Y, Ro(w,\) = (Py(w) — A)7!

defined for A € C. These inverses depend on two complex variables, and we need to specify
their behavior near the singular points:

Definition 1.3.2. Let X be any Banach space, and let W be a domain in C*. We say that
T(w, A) is an (w-nondegenerate) meromorphic map W — X if:

(1) T(w, ) is a (norm) holomorphic function of two complex variables with values in X for
(w,\) & Z, where Z is a closed subset of W, called the divisor of T,

(2) for each (wo, No) € Z, we can write T'(w, ) = S(w, \)/X (w, A) near (wo, \o), where S is
holomorphic with values in X and X is a holomorphic function of two variables (with
values in C) such that:

3In this section, we do not use the fact that R;(w,\) = (Pj(w) = A\)~!, neither do we prove that
R(w) = P(w)~!. This step will be done in our particular case in the proof of Theorem 1.1 in the next

section; in fact, Ry will only be a right inverse to P; + A. Until then, we merely establish properties of R(w)
defined by (1.3.1) below.



CHAPTER 1. CONSTRUCTION OF RESONANCES FOR BLACK HOLES 13

e for each w close to wy, there exists X\ such that X (w, \) # 0, and
e the divisor of T is given by {X = 0} near (wo, Ao).

Note that the definition above is stronger than the standard definition of meromorphy
and it is not symmetric in w and A. Henceforth we will use this definition when talking about
meromorphic families of operators of two complex variables. It is clear that any derivative
(in w and/or A) of a meromorphic family is again meromorphic. Moreover, if T'(w, \) is
meromorphic and we fix w, then 7" is a meromorphic family in .

If X is the space of all bounded operators on some Hilbert space (equipped with the
operator norm), then it makes sense to talk about having poles of finite rank:

Definition 1.3.3. Let H be a Hilbert space and let T(w,\) be a meromorphic family of

operators on H in the sense of Definition 1.3.2. For (wo, A\o) in the divisor of T, consider
the decomposition

N T

T A) =Tg(A —I

(w(]? ) H( )+Z()\_/\O)J

7j=1

Here Ty is holomorphic near \g and T} are some operators. We say that T' has poles of

finite rank if every operator T; in the above decomposition of every w-derivative of T' near

every point in the divisor is finite-dimensional.

One can construct meromorphic families of operators with poles of finite rank by using
the following generalization of Analytic Fredholm Theory:

Proposition 1.3.4. Assume that T(w,\) : H1 — Ha, (w,\) € C?, is a holomorphic family
of Fredholm operators, where Hi and Hy are some Hilbert spaces. Moreover, assume that
for each w, there exists \ such that the operator T(w, \) is invertible. Then T(w,\)™! is a
meromorphic family of operators Ho — Hy with poles of finite rank. (The divisor is the set
of all points where T is not invertible. )

Proof. We can use the proof of the standard Analytic Fredholm Theory via Grushin prob-
lems, see for example [137, Theorem C.3]. ]

We now go back to constructing the inverse to P(w). We assume that

(A) Rj(w,N), 7 = 1,2, are two families of bounded operators on H; with poles of finite
rank. Here w lies in a domain €2 C C and A € C.

We want to integrate the tensor product Ry ® Ry in A over a contour v that separates the
sets of poles of Ry(w,-) and Ry(w, ). Let Z; be the divisor of R;. We call a point w regular
if the sets Z;(w) and Z(w) given by

Zjw)={reC| (w,A) € Z;}

do not intersect. The behavior of the contour ~ at infinity is given by the following
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Figure 1.1: An admissible contour. The poles of R; are denoted by circles and the poles of
Ry are denoted by asterisks.

Definition 1.3.5. Let ¥ € (0,7) be a fized angle, and let w be a reqular point. A smooth
simple contour v on C is called admissible (at w) if:

e outside of some compact subset of C, v is given by the rays arg A\ = £, and

o 7 separates C into two regions, I'y and I's, such that sufficiently large positive real
numbers lie in I's, and Z;j(w) C I'; for j =1,2.

(Henceforth, we assume that arg A\ € [—n,w|. The contour v and the regions I'; are allowed
to have several connected components.)

Existence of admissible contours and convergence of the integral is guaranteed by the
following condition:

(B) For any compact K, C €, there exist constants C' and R such that for w € K, and
Al > R,

e for |arg A| < 4, we have (w,\) € Z; and ||R;(w, A)|| < C/|A|, and
e for |arg A| > 1, we have (w,\) € Zs and ||Ra(w, A)|| < C/|A|.

It follows from (B) that there exist admissible contours at every regular point. Take a
regular point w, an admissible contour v at w, and define

Rw) = %/Rl(w, ) @ Ra(w, A) dA. (1.3.1)

Here the orientation of v is chosen so that I'; always stays on the left. The integral above
converges and is independent of the choice of an admissible contour +. Moreover, the set
of regular points is open and R is holomorphic on this set. (We may represent R(w) as a
locally uniform limit of the integral over the intersection of v with a ball whose radius goes
to infinity.)

The main result of this section is
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Proposition 1.3.6. Assume that H, and Ho are two Hilbert spaces, and H = Hqi ® Ha is
their Hilbert tensor product. Let Ry(w, A) and Ry(w, \) be two families of bounded operators
on Hi and Ha, respectively, for w € Q C C and A € C. Assume that Ry and Ry satisfy
assumptions (A)—(B) and the nondegeneracy assumption

(C) The set Qg of all reqular points is nonempty.

Then the set of all non-reqular points is discrete and the operator R(w) defined by (1.3.1) is
meromorphic in w € Q) with poles of finite rank.

The rest of this section contains the proof of Proposition 1.3.6. First, let us establish a
normal form for meromorphic decompositions of families in two variables:

Proposition 1.3.7. Let T'(w, \) be meromorphic (with values in some Banach space) and
assume that (wo, Ao) lies in the divisor of T. Then we can write near (wo, Ao)

where S is holomorphic and Q) is a monic polynomial in X of degree N and coefficients
holomorphic in w; moreover, Q(wo, ) = (A — Xo)™. The divisor of T coincides with the set
of zeroes of @ near (wy, Ao)-

Proof. Follows from Definition 1.3.2 and Weierstrass Preparation Theorem. ]

Proposition 1.3.8. Assume that Q;(w, ), j = 1,2, are two monic polynomials in A\ of
degrees N; with coefficients holomorphic in w near wy. Assume also that for some w, Q1 and
Q2 are coprime as polynomials. Then there exist unique polynomials py and py of degree no
more than No —1 and Ny — 1, respectively, with coefficients meromorphic in w and such that

1 =pi1Q1 + p2002
when p1 and ps are well-defined.

Proof. The N; + N, coefficients of p; and py solve a system of N; + N, linear equations
with fixed right-hand side and the matrix A(w) depending holomorphically on w. If w is
chosen so that (); and @)y are coprime, then the system has a unique solution; therefore,
the determinant of A(w) is not identically zero. The proposition then follows from Cramer’s
Rule. O

We are now ready to prove that R(w) is meromorphic. It suffices to show that for
each wy & Qp lying in the closure Qg, wy is an isolated non-regular point and R(w) has
a meromorphic decomposition at wy with finite-dimensional principal part. Indeed, in this
case Qp is open; since it is closed and nonempty by (C), we have Qr = Q and the statement
above applies to each wy.

Let Z3(wo) N Za(wo) = {A1,..., Am}. We choose a ball Q centered at wy and disjoint
balls U; centered at A; such that:
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e for w € Q, the set Z;(w) N Zy(w) is covered by balls U; and the set Z; (w) U Za(w) does
not intersect the circles 0Uj;

o for w € Qy and A\ € U, we have R; = S};/Q);;, where S;; are holomorphic and @
are monic polynomials in A of degree N; with coefficients holomorphic in w, and

Qjt(wo, A) = (A = )Mo
o for w € Qp, the set of all roots of Q;;(w, ) coincides with Z;(w) N Uj;

e there exists a contour 7y that does not intersect any U; and is admissible for any w € €2
with respect to the sets Z;(w) \ UU; in place of Z;(w); moreover, each U, lies in the
region I'y with respect to 7o (see Definition 1.3.5).

Let us assume that w € € is regular. (Such points exist since wy lies in the closure of Qy.)
For every [, the polynomials Qq;(w, A) and Q(w, A) are coprime; we find by Proposition 1.3.8
unique polynomials py;(w, \) and py(w, A) such that

1 = puQu + paQa

and degpy; < Ny, degpy < Ny The converse is also true: if all coefficients of py; and py
are holomorphic at some point w for all [, then w is a regular point. It follows immediately
that wy is an isolated non-regular point.

To obtain the meromorphic expansion of R(w) near wy, let us take a regular point w €
and an admissible contour v = vy + - - - + Vi, Where g is the w-independent contour defined
above and each 7; is a contour lying in U;. The integral over 7 is holomorphic near wy, while

/ Rl (w, )\) ® Rg(w, )\) d\

]

= / Su(w, A) @ Sa(w, A) (ggf(g,y) - gill((z:i\\))) ?

Ng;—1

= / puSu @ Ry d\ = Z P (w) / (A= N) Sy @ RydA.
o, s P)

U

Here py;(w) are the coefficients of py; as a polynomial of A — \;; they are meromorphic in w
and the rest is holomorphic in w € €.

It remains to prove that R has poles of finite rank. It suffices to show that every derivative
in w of the last integral above at w = wy has finite rank. Each of these, in turn, is a finite
linear combination of

/ (A= N)70%S1(wo, ) @ O° Ry (wo, \) dA.
U,

However, since 0%S51;(wo, A) is holomorphic in A € Uj, only the principal part of the Laurent
decomposition of O’ Ry(wo, ) at A = \; will contribute to this integral; therefore, the image
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of each operator in the principal part of Laurent decomposition of R(w) at wy lies in H; ®@ V5,
where V5 is a certain finite-dimensional subspace of Hs. It remains to show that each of
these images also lies in V; ® Ha, where V] is a certain finite-dimensional subspace of H;.
This is done by the same argument, using the fact that

/ Ri(w, \) ® Ro(w, A) dA
oU—m

can be written in terms of py; and R; ® Sy and the integral over AU, is holomorphic at wy.
The proof of Proposition 1.3.6 is finished.

1.4 Construction of R (w)

As we saw in the previous section, one can deduce the existence of an inverse to P, = P, +F
and its properties from certain properties of the inverses to P. + X and Py — X for A € C.
We start with the latter. For a = 0, Py is the (negative) Laplace—Beltrami operator for the
round metric on S?; therefore, its eigenvalues are given by A = [(l + 1) for | € Z, | > 0.
Moreover, if D) is the space defined in (1.2.2) and there is an eigenfunction of Fy|p; with
eigenvalue (I + 1), then [ > k. These observations can be generalized to our case:

Proposition 1.4.1. There exists a two-sided inverse
Ro(w, \) = (Pylw) = \)™": IX(S?) = H?(S?), (w,)) € C2,

with the following properties:
1. Rp(w, \) is meromorphic with poles of finite rank in the sense of Definition 1.3.3 and
it has the following meromorphic decomposition at w = X = 0:

Sgo (w, /\)
R A= ——= 1.4.1
9(("')7 ) A\ — AG(W) ( )
where Sgy and \g are holomorphic in a-independent neighborhoods of zero and
1®1
Spo(0,0) = T Mo(w) = O(lwl?).
2. There exists a constant Cy such that
C
||R9(w, >\)||L2(SQ)QD;€%L2(82) S # fOT |)\| S k2/2, |/{Z| Z C'9|aw|. (142)
and 5
R A / < —
Aol )HLz(SQ)ka_)LQ(SQ) = | Im Al (1.4.3)

for [Im A| > Cyla|(|aw]| + |k])| Im w].
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3. For every ¢ > 0, there exists a constant Cy, such that

| Ro(w, A)|| 252y 12(s2) < %’T for |arg A| > 4, |A| > Cylawl|?. (1.4.4)
Proof. 1. Recall (1.2.3) that Py(w) is a holomorphic family of elliptic second order differential
operators on the sphere. Therefore, for each A, the operator Py(w) — A : H?(S?) — L*(S?)
is Fredholm (see for example [123, §7.10]). By Proposition 1.3.4, R,(w, \) is a meromorphic
family of operators L? — H?.

We now obtain a meromorphic decomposition for Ry near zero using the framework of
Grushin problems [137, Appendix C]. Let i; : C — L%*(S?) be the operator of multiplicaton
by the constant function 1 and 7, : H*(S?) — C be the operator mapping every function to
its integral over the standard measure on the round sphere. Consider the operator A(w, A) :

H?® C — L* @ C given by
A(w )\) _ <P9(w) - A 21) '

1 0

The kernel and cokernel of Fy(0) are both one-dimensional and spanned by 1, since this
is the Laplace-Beltrami operator for a certain Riemannian metric on the sphere. (Indeed,
by ellipticity these spaces consist of smooth functions; by self-adjointness, the kernel and
cokernel coincide; one can then apply Green’s formula [123, (2.4.8)] to an element of the
kernel and itself.) Therefore [137, Theorem C.1], the operator B(w,\) = A(w, \)™! is well-
defined at (0,0); then it is well-defined for (w, A) in an a-independent neighborhood of zero.

We write Bi(w.) Bua(wo. )
B = (G ma)

Now, by Schur’s complement formula we have near (0, 0),
R@(u}, )\) = Bn(w, )\) — Blg(w, )\)322((,(), )\)71321 (CL), )\)

However, Bas(w, A) is a holomorphic function of two variables, and we can find

A
BQQ(W, )\) = 4_ + O(|U)|2 + |)\’2>
7r
(The w-derivative vanishes at zero since 9,,F,(0)|p; = 0. To compute the A-derivative, we
use that B2(0,0) = iy/4m and By;(0,0) = m/4mw.) The decomposition (1.4.1) now follows
by Weierstrass Preparation Theorem.

2. We have Py(w) = Py(0) + Pj(w), where

1+ a)aw

Py(w) = ( A, (—2D,, + awsin® 0)
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is a first order differential operator and

1 1 2
QDQ(AQ sin 9D9> + ( * CY)

Pp(0) = D2 : H*(S?*) — L*(S?)

sin Agsin?0 %
satisfies P(0) > k? on Dj; therefore, if u € H*(S*) N D}, then

[(Po(0) — N)ul|2
d(\, K2+ RY)

Jull 2 <

Since
1Po (@)l z2s2)nmp 22y < 2(1 + @)*|aw|(law] + [k]),
we get
[(Fy(w) — Mul| 2
d(A, k? + RY) — Cilaw|(|aw| + |K])’
provided that the denominator is positive. Here (] is a global constant.
Now, if |\| < k?/2, then d(\, k* + RT) > k?/2 and

(1.4.5)

> <

k‘2
d(\, k* +RT) — Cy]aw|(Jaw| + |k]) > T for |k| > 8(1 + C1)|awl;

together with (1.4.5), this proves (1.4.2).
To prove (1.4.3), introduce

2
Im Py(w) = %(Pg((,d) — Py(w)*) = %almw(a Rewsin®0 — D,);

we have
[ Tm Py (w) || 2(s2)np; » 2282y < 2(1 + )?|aImw|(|aw| + |K]).

However, for u € H*(S?) N D},

1(Po(w) = Null - [Jull > [Tm((Pp(w) — Nu, w)| = [Tm A| - [Ju|* — [(Im Py(w)u, u)|
> (|Im Al = 2(1 + a)*|a|(|aw| + [k])| Im w])[u]]

and we are done if Cp > 4(1 4 a)?.
3. If [arg A| > 4, then d(\, k* +R") > (k? 4 |A])/Cy; here Cy is a constant depending
on v. We have then

1
d(\ k> + RY) — C|aw|(|aw] + |k]) > 5|)\| — Cslawl?
2

for some constant C3, and we are done by (1.4.5). O

The analysis of the radial operator P, is more complicated. In §§1.5-1.7, we prove



CHAPTER 1. CONSTRUCTION OF RESONANCES FOR BLACK HOLES 20

Proposition 1.4.2. There exists a family of operators

Ro(w, N k) L2 (r_,ry) — HE (r_,ry), (w,\) € C?

comp loc

with the following properties:
1. For each k € Z, R.(w, A\, k) is meromorphic with poles of finite rank in the sense of
Definition 1.8.3, and (P,(w, k) + \)R.(w, \, k) f = f for each f € L2, (r_,ry). Also, for

comp

k=0, R, admits the following meromorphic decomposition near w = A = 0:
S,,O(w, )\)
R (w,\,0) = ——=, 1.4.6
(@.0,0) = T2 (1.46)
where S,y and X\, are holomorphic in a-independent neighborhoods of zero and
1®1
ST0(07 0) - = )
ry —T-
(1 2 2 2 2
M) = L T 4200 o up).
Ty —T_
2. Take o, > 0. Then there exist ¢» > 0 and C,. such that for
A > G, Jarg A <9, |ak[? < |A|/C,, |w]* < [M/C, (1.4.7)

(w, \, k) is not a pole of R, and we have

C

HlKTRT(wa)\7k)1KTHL2—>L2 S W (148)

Also, there exists 0,0 > 0 such that, if Ky = [ry — d,0,74] and K_ = [r_,r_ 4+ 0,0}, then for

each N there exists a constant C such that under the conditions (1.4.7), we have
Cn

< — 1.4.
) = |)\|N ( 9)

-1
||1Ki |7, . T:tlei (1+a)((ri+a2)w—ak)Rr(w’ A, k)lKr||L2~>CN(Ki

3. There ezists a constant C,, such that R.(w,\ k) does not have any poles for real A
and real w with |w| > Cylak].

4. Assume that R, has a pole at (w,\, k). Then there exists a nonzero solution u €
C>®(r_,r4) to the equation (P,(w,k) + AN)u = 0 such that the functions

]7“ . ri‘iAil(1+a)((ri+a2)wfak)u(7,)

are real analytic at r4, respectively.
5. Take 6, > 0. Then there exists Cy,. > 0 such that for

Imw >0, |ak| < |w|/Cy, [TmA] < |w|-Imw/CY,, ReX > —|w|*/Ch,, (1.4.10)

(w, \, k) is not a pole of R, and we have
Clr

1k, Ry (w, A\, k)1 < .
O 1 e

(1.4.11)
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Given these two propositions, we can now prove Theorems 1.1-1.4:

Proof of Theorem 1.1. Take k € Z and an arbitrary 6, > 0; put H; = L*(K,), Hos =
L*(S*) N D}, Ri(w,A) = Ry(w,\ k), and Ry(w,\) = Ryp(w,\)|p; finally, let the angle 1
of admissible contours at infinity be chosen as in Proposition 1.4.2. We now apply Propo-
sition 1.3.6. Condition (A) follows from the first parts of Propositions 1.4.1 and 1.4.2.
Condition (B) follows from (1.4.4) and part 2 of Proposition 1.4.2. Finally, condition (C)
holds because every w € R with |w| > C,|ak|, where C,, is the constant from part 3 of
Proposition 1.4.2, is regular. Indeed, Pp(w) is self-adjoint and thus has only real eigenvalues.
Now, by Proposition 1.3.6 we can use (1.3.1) to define R,(w, k) as a meromorphic family
of operators on L*(Xg) N Dj, with poles of finite rank. This can be done for any 4, > 0;

therefore, Ry(w, k) is defined as an operator L2, (Xo) N D}, — L (Xo) N Dy,
Let us now prove that Py(w,k)Ry(w,k)f = f in the sense of distributions for each f €
LZ,p- We will use the method of Proposition 1.3.1. Assume that w is a regular point, so

that R,(w, k) is well-defined. By analyticity, we can further assume that w is real, so that
L?(S?) N Dj, has an orthonormal basis of eigenfunctions of Py(w). Then it suffices to prove
that

I'= (By(w, k)(fr(r) fo(0, ), By(w)(he (1) o (0, ©))) = (fr, hr) - (fo, Do),
where f., h, € C°(r_,ry), hy € C=(S?*) N D}, and fy € Dj, satisfies

Py(w)fo = Xofo, Xo € R.

Take an admissible contour v; then

1= o [ (Bl AR e P BB - (Rofeo, A fo, o)
7TZ,Y

—i—(Rr(w, )\, l{)fr, hr) . (Rg(w, )\)fg, Pg(w)hg) dA.

However,

_J
T o= A
It then follows from condition (B) that we can replace v by a closed bounded contour +/
which contains \g, but no poles of R,. (To obtain +/, we can cut off the infinite ends of
~ sufficiently far and connect the resulting two endpoints by the arc —y < arg A < 9; the
integral over the arc can be made arbitrarily small.) Then

I= o [ (U= AR A\ B) o h) - (Bo(w, ) fo )

C 2mi o
+<R7“<w7 )‘7 k)fr; hr) ’ ((1 + )‘RG(wa /\))f% h@) dA
= L b - Rolw, N for ) + Ry (w0, M K)o ) - (fo hg) dA

- 2mi ),
_L/ (fthT>(f97h9)

R€<w7 )‘)fé

2 Ao — A d\ = (fr; hr)(fo, ho),
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which finishes the proof.

Finally, the operator P,(w, k) is the restriction to Dj, of the elliptic differential operator
on X obtained from P,(w) by replacing D, by k in the second term of (1.2.1). Therefore,
by elliptic regularity (see for example [123, §7.4]) the operator R,(w, k) acts into H{ O

loc*

Next, Theorem 1.2 follows from Theorem 1.1, the fact that the operator P,(w) is elliptic
on Xk for small a (to get H? regularity instead of L?), and the following estimate on R,(w, k)
for large values of k:

Proposition 1.4.3. Fiz 6, > 0. Then there exists ag > 0 and a constant C), such that for
la| < ag and |k| > Ci(1+ |w]), w is not a pole of Ry(-, k) and we have

C
xRy, k) x| 2npy 2 < ﬁ (1.4.12)
Proof. Let 1, C, be the constants from part 2 of Proposition 1.4.2 and Cjy, Cy, be the constants
from Proposition 1.4.1. Put \g = k?/3; if C}, is large enough, then

k| > 1+ Colaw]|, Ao > Cylaw|® + Cr(1 + |w]?).

Take the contour ~ consisting of the rays {arg A = £, |A\| > Ao} and the arc {|A\| =
Ao, |argA| < ¢}. By (1.4.2) and (1.4.4), all poles of Ry lie inside v (namely, in the region
{IAl = Ao, [arg Al < 4b}), and

C
| Ro(w, )‘)||L2(S2)OD§C—>L2(SZ) < W (1.4.13)

for each A on . Now, suppose that |a] < ag = (3C,)~Y/2; then (1.4.7) is satisfied inside ~
and (1.4.12) follows from (1.3.1), (1.4.8), and (1.4.13). O

Proof of Theorem 1.3. 1. Fix §, > 0 such that supp f C Xg. Take an admissible contour ~;
then by (1.3.1) and the fact that the considered functions are in D,

vr = — [ (REw, M\ k) ® Ry(w, A) f d, (1.4.14)

271 .

where
RE(w, A\ k) = |1 — ry[ 42 O+ (O340t g (o ) k).

By part 2 of Proposition 1.4.2, we may choose compact sets K. containing r such that for
each N, there exists a constant Cy (depending on w, k, and 7) such that

Cn
||1KiRri<w7 A, 7‘5>1KTHLMCN(Ki) < rw, AEY.
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(The estimate is true over a compact portion of « since the image of R* consists of functions
smooth at r = r4, by the construction in §1.5.) Now, by (1.4.4) we get for some constant
Cy,

Clll e
IRE (w, A\, k) ® Ro(w, \) fllew (a2 < %;

by (1.4.14), vy € C®(Ky; L*(S?)).
Now, since (P, + Pp)u = f and (assuming that Ky N K, = 0) f|x.xs2 = 0, we have
(PE(w, k) + Pp(w))ve = 0 on Ki x S?, where

PE(w, k) = |1 — ra 42" 0FC R4 p () k|7 — |42 (F ) 4at)—ah)
has smooth coefficients on K (see 1.5). Then for each N,
Pilve = (=P )Mvy € C(Ky; L*(S));

since Py is elliptic, we get vo € C®(Ky; H*N(S?)). Therefore, vy € C®°(K. x S?).

2. Let w be a pole of R,(w, k). Then w is not a regular point; therefore, there exists A € C
such that (w, A) is a pole of both R, and Ry. This gives us functions w,.(r) and uy(0, ¢) € D;,
such that (P.(w, k) + A)u, = 0 and (Py(w) — A)ug = 0. It remains to take u = u, ® uy and
use part 4 of Proposition 1.4.2. n

The following fact will be used in the proof of Theorem 1.4, as well as in §1.8:

Proposition 1.4.4. Fiz 6, > 0. Let 1, C, be the constants from part 2 of Proposition 1.4.2,
Cy, Cy be the constants from Proposition 1.4.1, and Cy, be the constant from Proposition 1.4.3.
Take w € C and put

L= (Cr(14Cp)*+ Cy)(1 + |w])

Assume that a 1s small enough so that Proposition 1.4.3 applies and suppose that w and
l1,lo > 0 are chosen so that

I, > Cylawl?, Iy > Cylal(Jaw| + Cr(1 + |w]))[ Imw], Iy < Lsinap. (1.4.15)
Also, assume that for all A\ and k satisfying
k| < Cp(l+ |w]), =l1 <ReA< L, |[ImA| <, (1.4.16)

we have the estimate
||1KTRT(W7)\7]€)1KT||L2—>L2 S Ol (1417)
for some constant Cy independent of X and k. Then w is not a resonance and

1 1+C (L +1 2y Ol
" (L + +|w|)+ 1b2
1+]w]2 lg ll

(1.4.18)

1Ry () 20y 20y < 02(

for a certain global constant Cs.
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X
I
Y2+
Y3+
Y4 FQ
Y3—
Y2—
%

Figure 1.2: The admissible contour v used in Proposition 1.4.4.

Proof. First of all, by Proposition 1.4.3, it suffices to establish the estimate (1.4.18) for the
operator Ry(w, k), where |k| < Cy(1 + |w|). Now, by (1.3.1), it suffices to construct an
admissible contour in the sense of Definition 1.3.5 and estimate the norms of R, and Ry on
this contour. We take the contour v composed of:

the rays 112 = {arg A = 41, || > L};

the arcs your = {|argA| <, |A\| =L, £Im A > l»};
e the segments 31 of the lines {Im A = £ly} connecting o+ with ~y;
o the segment 74 = {Re A = =1y, |Im\| < ly}.

Then ~ divides the complex plane into two domains; we refer to the domain containing
positive real numbers as I'y and to the other domain as I';. We claim that Ryp(w,-)|p; has
no poles in 'y, R.(w,-, k) has no poles in I'y, and the L? — L? operator norm estimates

[Ro(w, M| < O/, g, Be(w, A )Lk, | < CFIAL A € 7 ( )

1Ro(w, Moyl < C/la, |1k, Bew, X k) 1ge, | < C/(1+|wl]?), A € 7as; ( )
[ Ro(w, N || < C/ly, 1k, By (w, A\, k)1k, || < C1y A € 735 (1.4.21)
[Ro(w, M| < C/ly, |1k, Br(w, X, k)1, || < C1y A € ( )

hold for some global constant C'; then (1.4.18) follows from these estimates and (1.3.1).

First, we prove that Rg(w,-)|p; has no poles A € T';. First of all, assume that [A[ > L.
Then |arg A\| > ¢ and we can apply part 3 of Proposition 1.4.1; we also get the first half
of (1.4.19). Same argument works for Re A < —Iy, and we get the first half of (1.4.22). We
may now assume that |A\| < L and Re A > —1j; it follows that |Im A| > l. But in that case,
we can apply (1.4.3), and we get the first halves of (1.4.20) and (1.4.21).
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Next, we prove that R,.(w, -, k) has no poles A € T'y. First of all, assume that |A\| > L and
ReA > 0. Then |arg A| < ¢ and we can apply part 2 of Proposition 1.4.2; we also get the
second halves of (1.4.19) and (1.4.20). Now, in the opposite case, (1.4.16) is satisfied and we
can use (1.4.17) to get the second halves of (1.4.21) and (1.4.22). O

Proof of Theorem 1.4. First, we take care of the resonances near zero. By Proposition 1.4.3,
we can assume that k is bounded by some constant. Next, if w = 0 and @ = 0, then Ry(w, k)
only has a pole for £ = 0, and in the latter case, A = 0 is the only common pole of Ry(0, -)
and R,(0,-,0). (In fact, the poles of Ry(0,)[p, are given by A = I(l + 1) for [ > |k|; an
integration by parts argument shows that R,(0, -, k) cannot have poles with Re A > 0.) The
sets of poles of the resolvents Rp(w, A)|p; and R,.(w, A, k) depend continuously on a in the
sense that, if there are no poles of one of these resolvents for (w, A) in a fixed compact set
for a = 0, then this is still true for a small enough. It follows from here and the first parts
of Propositions 1.4.1 and 1.4.2 that there exists ¢, ) > 0 such that for a small enough,

e R,(w, k) does not have poles in {|w| < ¢} unless k = 0;

e if w| < &, then all common poles of Ry(w, -)|p; and R, (w,-,0) lie in {|A[ < ex};
e the decompositions (1.4.1) and (1.4.6) hold for |w| < e, || < ey;

o we have A\, (w) # M(w) for 0 < |w| < e,

It follows immediately that w = 0 is the only pole of R, in {|w| < ¢e,}. To get the meromor-
phic decomposition, we repeat the argument at the end of §1.3 in our particular case. Note
that for small w # 0,

1
R,(w,0) /Rr(w, A, 0) ® Ro(w, A)|py dX + Hol(w)
v

~ omi

Here 7 is a small contour surrounding A\g(w), but not A,.(w); the integration is done in the

clockwise direction; Hol denotes a family of operators holomorphic near zero. By (1.4.1)
and (1.4.6), we have

dA

- 1 Sro(w, A) @ Sgo(w, A)
Ry(w,0) = Hol(w) + —~/v A = A (@) (A = Ng(w))

211

1 1 L !
= Hol(w) + (@) — A (@) 27 /(Sro(wﬂ A) ® Soo(w, A)) (,\ —Mw) A— /\a(w)) @\

= Hol(w) + m&g(w, )\9(&))) &® S@g(w, )\9(&)))

i(1®1)
(1l + a)(rt +r2 + 20w

= Hol(w) +

Now, let us consider the case |w| > &, Imw > 0. We will apply Proposition 1.4.4 with
Iy = |w|?/Cyy, la = |w| Imw/CY,. Here Cy, is the constant in Proposition 1.4.2. Then (1.4.15)
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is true for small a and (1.4.17) follows from (1.4.16) for small a by part 5 of Proposition 1.4.2,
with Cy = C4,./(Jw|Imw). It remains to use (1.4.18).

Finally, assume that w is a real k-resonance and |w| > &,. Then by Proposition 1.4.3,
and part 3 of Proposition 1.4.2; if a is small enough, then the operator R,.(w,-, k) cannot
have a pole for A € R. However, the operator Py(w) is self-adjoint and thus only has real
eigenvalues, a contradiction. O]

1.5 Construction of the radial resolvent

In this section, we prove Proposition 1.4.2, except for part 2, which is proved in §1.7. We
start with a change of variables that maps (r_, ) to (—o00, 00):

Proposition 1.5.1. Define © = x(r) by
" ds
70 AT(S) '

(Here 1o € (r_,ry) is a fized number.) Then there exists a constant Ry such that for
+x > Ry, we have r = ro F Fp(eT4£%), where Fy(w) are real analytic on [0,e~4=%0) and
holomorphic in the discs {|w| < e~} C C.

(1.5.1)

xr =

Proof. We concentrate on the behavior of x near r,. It is easy to see that —A,z(r) =
In(ry —r) + G(r), where G is holomorphic near r = r,. Exponentiating, we get

67A+m G(r)'

w = =(ry —r)e

It remains to apply the inverse function theorem to solve for r as a function of w near
Z€ro. [

After the change of variables r — x, we get P.(w, k) + A = AP, (w, A\, k), where

P (w, A\, k) = ch + Vio(z;w, A\ k),

Ve =M, — (1+a)*((r* + a®)w — ak)*. (15.2)
(We treat r and A, as functions of x now.) We put
wi = (14 a)((ri + a*)w — ak), (1.5.3)
so that V,(£o0) = —w?. Also, by Proposition 4.1, we get
Vi(x) = Vi(eT44%), 42 > R,, (1.5.4)

where V4. (w) are functions holomorphic in the discs {|w| < e~A=Fo},
We now define outgoing functions:
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Definition 1.5.2. Fiz w,k,A\. A function u(x) (and the corresponding function of r) is
called outgoing at o0 iff '
u(z) = eFWETyy (eT45T), (1.5.5)

where vy(w) are holomorphic in a neighborhood of zero. We call u(x) outgoing if it is
outgoing at both infinities.

Let us construct certain solutions outgoing at one of the infinities:

Proposition 1.5.3. There exist solutions uy(x;w, A\, k) to the equation P,ur = 0 of the

form '
us(zyw, N, k) = eF@E 00, (eFAET 0w N k),

where vy (w;w, A, k) is holomorphic in {|w| < Wi} and

1
(1 — 2iws ALY

v (05w, \ k) = (1.5.6)

These solutions are holomorphic in (w,\) and are unique unless v = 2iw  AL" is a positive
integer.

Proof. We only construct the function u,. Let us write the Taylor series for v, at zero:

vy (w) = Z v’

Jj=0
Put w = e~“+?; then the equation P,u, = 0 is equivalent to
((AywDy, — wy)? + Vi)ve = 0.

By (1.5.2) and Proposition 1.5.1, V, is a holomorphic function of w for |w| < W,. If
V, = ijo Viw? is the corresponding Taylor series, then we get the following system of
linear equations on the coefficients v;:

JAL2iwy — jA v+ Y Vv =0, j>0. (1.5.7)

0<I<j

If v is not a positive integer, then this system has a unique solution under the condition
vo = I'(1—v)~!. This solution can be uniquely holomorphically continued to include the cases
when v is a positive integer. Indeed, one defines the coefficients vy, ..., v, by Cramer’s Rule
using the first v equations in (1.5.7) (this can be done since the zeroes of the determinant of
the corresponding matrix match the poles of the gamma function), and the rest are uniquely
determined by the remaining equations in the system (1.5.7).

We now prove that the series above converges in the disc {|w| < W, }. We take ¢ > 0;
then |V;| < M(W, — )77 for some constant M. Then one can use induction and (1.5.7) to
see that |v;| < C(W, —e)77 for some constant C. Therefore, the Taylor series for v converges
in the disc {|w| < W, — €}; since € was arbitrary, we are done. O
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The condition (1.5.6) makes it possible for uy to be zero for certain values of wy. However,
we have the following

Proposition 1.5.4. Assume that one of the solutions uy is identically zero. Then every
solution u to the equation P,u = 0 is oultgoing at the corresponding infinity.

Proof. Assume that u, (z;wo, Ao, ko) = 0. (The argument for u_ is similar.) Put v =
2iw0+A;1; by (1.5.6), it has to be a positive integer. Similarly to Proposition 1.5.3, we can
construct a nonzero solution u; to the equation P,u; = 0 with

— WO T

ui(x) =e 7y (e74+7)

and #; holomorphic at zero. We can see that u; (x) = e+ (e=4+%) where v, (w) = w"; (w)
is holomorphic; therefore, u; is outgoing. Note that u;(z) = o(e™+?) as x — +o00.
Now, since u, (x;wy, Ao, ko) = 0, we can define
us(z) = lim T(1 — 2iw AT ) uy (@3, Ao, ko);
w—rwo
it will be an outgoing solution to the equation P,u; = 0 and have uy(x) = “+%(140(1)) as
x — +00. We have constructed two linearly independent outgoing solutions to the equation

P,u = 0; since this equation only has a two-dimensional space of solutions, every its solution
must be outgoing. O

The next statement follows directly from the definition of an outgoing solution and will
be used in later sections:

Proposition 1.5.5. Fiz 6, > 0 and let K, be the image of the set K, = (r_ + 6,,ry — 0,)
under the change of variables r — x. Assume that Ry is chosen large enough so that
Proposition 1.5.1 holds and K, C (—Rg, Ry). Let u(z) € HE_(R) be any outgoing function
in the sense of Definition 1.5.2 and assume that f = Pyu is supported in K,. Then:

1. u can be extended holomorphically to the two half-planes {+=Rez > Ry} and satisfies
the equation P,u = 0 in these half-planes, where P, = D? + V,(2) and V,(z) is well-defined
by (1.5.4).

2. If v is a contour in the complex plane given by Imz = F(Rez), v < Rez <z, and
F(x) =0 for |x| < Ry, then we can define the restriction to v of the holomorphic extension
of u by

() = u(e +iF (x)

and u., satisfies the equation Pyu, = f, where

P, - (Hi;p(x)zzﬁ)2 + V(x4 iF(2).

3. Assume that 7 is as above, with x4+ = +o00, and F'(x) = ¢ = const for large |z|.
Then u,(z) = O(eFIM((Fi)w)r) g5 5 — +oo. As a consequence, if Im((1+ic)wy) > 0, then
u,(z) € H*(R).
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We are now ready to prove Proposition 1.4.2.

Proof of part 1. Given the functions u., define the operator S, (w, A, k) on R by its Schwartz
kernel
Se(z, 25w, A\ k) = uy ()u_(2)[x > 2] + u_(z)uy (2)[z < 2]

The operator S,(w,A) acts L2, (R) — HZ_(R) and P,S, = W(w, A, k), where the Wron-

comp
skian
W(w, \, k) =up(x;w, \ k) - Opu_(z;w0, A, k) —u_(x;w, A\ k) - Opuy (250, A, k)

is constant in x. Moreover, W (w, A, k) = 0 if and only if u, (z;w, A\, k) and u_(x;w, A\, k) are
linearly dependent as functions of z. Also, the image of S, consists of outgoing functions.

Now, we define the radial resolvent R.(w, A, k) = R,(w, A\, k)A,, where

Se(w, A\, k)

Ry(w, A\ k) = W@ h)

(1.5.8)
It is clear that R, is a meromorphic family of operators L2, — Hp, and (P, + A)R, is the
identity operator. We now prove that R,, and thus R,, has poles of finite rank. Fix k and
take (wo, Ag) € {W = 0}; we need to prove that for every [, the principal part of the Laurent
decomposition of 8! R,(wo, A\, k) at X = Ao consists of finite-dimensional operators. We use
induction on [. One has P,(w, A, k)R, (w, A, k) = 1; differentiating this identity [ times in w,
we get

l
Py(wo, A, k)0, Ry (wo, A k) = Gl + > o0l Po(wo, A, k)0 Ra(wo, A, k).

m=1

(Here ¢, are some constants.) The right-hand side has poles of finite rank by the induction
hypothesis. Now, consider the Laurent decomposition

N
i A k)
8R<W0, +;)\ /\[)

Here @) is holomorphic at A\g. Multiplying by P,, we get

up to operators holomorphic at A\g. Here L; are some finite-dimensional operators. We then
have

P (Wo,)\o,k)RN == LN7
P, (wo, Aoy k)Rn—1 = Ly—1 — (O\Py(wo, Mo, k)) RN, ..
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Each of the right-hand sides has finite rank and the kernel of P, (wy, Ao, k) is two-dimensional;
therefore, each R; is finite-dimensional as required. (We also see immediately that the image
of each R; consists of smooth functions.)

Finally, we establish the decomposition at zero. As in part 1 of Proposition 1.4.1, it
suffices to compute S,(0,0,0) and the first order terms in the Taylor expansion of W at
(0,0,0). We have uy(x;0,0,0) = 1 for all z; therefore, S,(z,2’;0,0,0) = 1. Next, put
Uyt () = Oyus(x;0,0,0) and ups(x) = Oyus(x;0,0,0). By differentiating the equation
P,uy =0 in w and A and recalling the boundary conditions at 00, we get

DPups(v) = A,
upe () = vpg (e74%7), 2> 0;
Ozt () =0,
Ups (1) = Fi(1 + a)(rL + a®)x + v (eT447), 2> 0,

for some functions vy4, v+ real analytic at zero. We then find

W (0,0,0) = Oz (u_y —usy) = / Arde=ry —r_,

—00

QW (0,0,0) = 0p(t—yy — uty) = —i(1 + ) (r: + 12 +2d*). O

Proof of part 3. Assume that w and A are both real and R, has a pole at (w, A, k). Let u(z)
be the corresponding resonant state; we know that it has the asymptotics

ug (v) = eF@EUL(1 + O(eT47)), x — +oo;

Opus(7) = e+ U, (Fiwy + O(eT47)), 1 — +o0

for some nonzero constants Uy. Since V,(x;w, A, k) is real-valued, both u and @ solve the
equation (D?+V,(z))u = 0. Then the Wronskian W, (z) = u-0,u— u-d,u must be constant;
however,

Wo(r) = F2iws|UL|)? as 2 — Fo0.

Then we must have w,w_ < 0; it follows immediately that |w| = O(|ak]|). O

Proof of part j. First, assume that neither of u. is identically zero. Then the resolvent R,,
and thus R,, has a pole iff the functions uy are linearly dependent, or, in other words, if
there exists a nonzero outgoing solution u(z) to the equation P,u = 0. Now, if one of uy,
say, u., is identically zero, then by Proposition 1.5.4, u_ will be an outgoing solution at
both infinities. ]

Proof of part 5. Assume that u(z) is outgoing and P, (w, A\, k)u = f € L*(K,). Since Imw >
0, we have Imwy > 0 and thus u € H*(R).
First, assume that |argw — 7/2| < ¢, where € > 0 is a constant to be chosen later. Then

ReVy(2) = (14 a)*(r* + a®)*(Imw)? + Re A - A, — (1 + a)*((r* + a®) Rew — ak)?;
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using (1.4.10), we can choose ¢ and C, so that Re V,(z) > |w|?/C > 0 for all z € R. Then

lall e - I lle > Re / a(2)(D? + Vy(2))ulz) da
> / Re Vi (@)]ul? dz > O~ wl?|ul2sqz)

and (1.4.11) follows.
Now, assume that |argw — 7/2| > . Then

ImV,(r) = —2(1 4+ a)*((r* + a*) Rew — ak)(r* + a®) Imw + Tm A - A,;

it follows from (1.4.10) that we can choose C}, so that the sign of Im V,(z) is constant in z
(positive if argw > 7/2 and negative otherwise) and, in fact, |Im V,(z)| > |w|Imw/C > 0
for all z. Then (assuming that Im V,(z) > 0)

Julloey 1oy = T [ a@)(D2 + Valw))u(e) d
_ /Imvz(x)\umx > O o] T w2 g

and (1.4.11) follows. O

1.6 Semiclassical preliminaries for radial analysis

In this section, we list certain facts from semiclassical analysis needed in the further analysis
of our radial operator. For a general introduction to semiclassical analysis, the reader is
referred to [137].

Let a(x, &) belong to the symbol class

S™ = {a(z,£) € C=(R?) | sup(&)P7m|020, a(x, )| < Cap for all o, B}
z,§

Here m € R and (§) = /1 + |£|?>. Following [137, §8.6], we define the corresponding semi-
classical pseudodifferential operator a*(z, hD,) by the formula

1 i
(e, hDJula) = 5 [ <>( : y,n>u<y> dydn,

Here h > 0 is the semiclassical parameter. We denote by U™ the class of all semiclassical
pseudodifferential operators with symbols in S™. Introduce the semiclassical Sobolev spaces
H! C D'(R) with the norm [ull g = |(hD,)ul|z2; then for a € S™, we have

l|a®(x, th)HH}lﬁH}z;m <C,
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where C is a constant depending on a, but not on h. Also, if a(z,&) € C5°(R?), then
la™ (z, hDg)|| L2(R)— Lo () < Ch™'2, (1.6.1)

where C'is a constant depending on a, but not on h. (See [137, Theorem 7.10] for the proof.)
General facts on multiplication of pseudodifferential operators can be found in [137, §8.6].
We will need the following: for a € S™ and b € S™, *

if suppa Nsuppb =0, then a*(z, hD;)b"(x,hD;) = Opa_,gx(h™) for all Ny (1.6.2)
a’(x,hD,)b" (x,hD,) = (ab)”(x,hD,) + Ogm+n-1(h), (1.6.3)
[a“(z, hD,),b" (x, hD,)] = —ih{a,b}"(x, hD,) + Ogmn—2(h?). (1.6.4)

Here {-,-} is the Poisson bracket, defined by {a,b} = Oca - 0,0 — O¢b - O,a. Also, if A € U™,
then the adjoint operator A* also lies in W™ and its symbol is the complex conjugate of the
symbol of A.

One can study pseudodifferential operators on manifolds [137, Appendix E|, and on
particular on the circle S' = R/27Z. If a(z, &) = a(€) is a symbol on T*S! that is independent
of x, then a"(hD,) is a Fourier series multiplier modulo O(h>): for each N,

if u(w) =Y ue’”, then a(hDy)u(z) = a(hj)u;e” + Opn (h*°)|lul|2. (1.6.5)
jEL jJEZ
In the next three propositions, we assume that P(h) € V™ and P(h) = p“(z,hD,) +
O\Ill:skdsfellipticmfl(h)a where p(ﬂ?,f) e S™.

Proposition 1.6.1. (Elliptic estimate) Suppose that the function x € S° is chosen so that
Ip| > (§)™/C > 0 on supp x for some h-independent constant C. Also, assume that either
the set supp x or its complement is precompact. Then there exists a constant C such that
for each u € H}",

X" (@, hDz)ul e < Cyl|[P(R)ullz2 + O(h™) [ul] 2. (1.6.6)

Proof. The proof follows the standard parametrix construction. We find a sequence of sym-
bols ¢;(x,& h) € S™™77, j > 0, such that for

Qu(h) = D Waj(w,hD),
we get N
(Q@n(R)P(R) = 1)X" (2, hD,) = Og-n-1 (WN*1); (1.6.7)

applying this operator equation to u, we prove the proposition.
We can take any gy € ¥~ such that gy = p~! near supp x; such a symbol exists under our
assumptions. The rest of ¢; can be constructed by induction using the equation (1.6.7). O

4We write A(h) = Ox(h*) for some Fréchet space X, if for each seminorm || - ||x of X, there exists a
constant C' such that [|A(h)||x < ChE. We write A(h) = Ox(h*°) if A(h) = Ox(h*) for all k.
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Proposition 1.6.2. (Gdrding inequalities) Suppose that x € C3°(R?).
1. If Rep > 0 near supp x, then there exists a constant C' such that for every u € L?,

Re(P(h)x"u,x"u) > =Ch|)x"ul|z> — O(h™)]Jul|Z:. (1.6.8)

2. If Rep > 2¢ > 0 near supp x for some constant € > 0, then for h small enough and
every u € L2,
Re(P(h)x"u, x"u) > ellx"ul[2 — O(h™)ul%. (1.6.9)

Proof. 1. Take x; € C$°(R?* R) such that y; = 1 near supp x, but Rep > 0 near supp ;.
Then, apply the standard sharp Garding inequality [137, Theorem 4.24] to the operator
XV P(h)xY and the function x"u, and use (1.6.2).

2. Apply part 1 of this proposition to the operator P(h) — 2¢. O

Proposition 1.6.3. (Ezponentiation of pseudodifferential operators) Assume that G € C$°(R?),
s € R, and define the operator e’¢" : L? — L? as

esGw — Z (SGw)j )

i
j>0 J:

Assume that |s| is bounded by an h-independent constant. Then:
1. e*¢" € WO js a pseudodifferential operator.
2. 9" P(h)e=*¢" = P(h) + ish(H,G)" + Oz, 2(h?).

Proof. 1. See for example [137, Theorem 8.3] (with m(z,£) = 1). The full symbol of e*¢"
can be recovered from the evolution equation satisfied by this family of operators; we see
that it is equal to 1 outside of a compact set.

2. It suffices to differentiate both sides of the equation in s, divide them by h, and
compare the principal symbols. O]

1.7 Analysis near the zero energy

In this section, we prove part 2 of Proposition 1.4.2. Take h > 0 such that Re A = h=2. Put
f=hIm\ k=hk &=hw, &r=hws;
then (1.4.7) implies that
| < e, |ak| < e, |@| < e, |0x] < e, (1.7.1)

where €, > 0 and h can be made arbitrarily small by choice of C, and . If P, is the operator
in (1.5.2), then P, = h™2P,, where

Py(h;@, ji, k) = h?D2 + V, (2@, ji, k),
Vo(z;@, i, k) = 1+ i) Ay — (14 a)X((? + a®)@ — ak)?.
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Now, we use Proposition 1.5.5. Let u be an outgoing function in the sense of Defini-
tion 1.5.2 and assume that f = P,u is supported in K,. Then wu satisfies (1.5.5) for |x| > Ry
and some functions v4. Fix £, > Ry and consider the function

vi(y) = v (e EFW N E), y e R. (1.7.2)

This is a 2w /A, -periodic function; we can think of it as a function on the circle. It follows
from the differential equation satisfied by v, together with Cauchy-Riemann equations that
Q(h)v1(y) = 0, where
Q(h; @, i, k) = (—ihDy + @) + Va(ay + iy; &, fi, k).
Let q(y,n) be the semiclassical symbol of Q:
a(y.n) = (=in+ &4)° + Va(ws +iy).

For small h, the function v;(y) has to be (semiclassically) microlocalized on the set {g = 0}.
Since the symbol ¢ is complex-valued, in a generic situation this set will consist of isolated
points. Also, since v; is the restriction to a certain circle of the function v,, which is
holomorphic inside this circle, it is microlocalized in {n < 0}. Therefore, if the equation
q(y,m) = 0 has only one root with n < 0, then the function v; has to be microlocalized at
this root. If furthermore ¢ satisfies Hormander’s hypoellipticity condition, one can obtain an
asymptotic decomposition of v in powers of h. We will only need a weak corollary of such
decomposition; here is a self-contained proof of the required estimates:

Proposition 1.7.1. Assume that v > Ry is chosen so that:
o the equation q(y,n) =0, y € S', has exactly one root (yo,no) such that ny < 0;
e the equation q(y,n) = 0 has no roots with n = 0;
e the condition i{q,q} < 0 is satisfied at (yo,no);
e Re(ny +iwy) < 0.

(If all of the above hold, we say that we have vertical control at x and (yo,n0) is called the
microlocalization point.) Let n(y) be the family of solutions to q(y,n(y)) = 0 with n(ye) = no.
Then for each N, each x(y,n) € C§° that is equal to 1 near (yo,n), and h small enough, we
have

(X = Xx"“(y, hDy))vi|[y = Oh=)[[on |2, (1.7.3)
I(hDy = n())villay = Oh)]oa|r2, (1.7.4)
o1l g2 < CRY*|ur (o)l (1.7.5)

|(BDy — 10)v1(yo)| < Ch2|[vs | 2, (1.7.6)
(1.7.7)

Re (h@“*(x* ki iyO)> <-Loo
U (24 + 1yo)

C

Similar statements are true for uy replaced by u_, with the opposite inequality sign in (1.7.7).
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Proof. (1.7.3): We know that

inf{n | q(y,n) =0, (y,n) # (o,m0)} > 0.

Therefore, we can decompose 1 = x + x4+ + o, Where x; depends only on the n variable,
is supported in {n > 0}, and is equal to 1 for large positive  and near every root of the
equation ¢(y,n) = 0 with n > 0. Since v, is holomorphic at zero, its Taylor series provides
the Fourier series for vq; it then follows from (1.6.5) that

x5y, hDy)or[ gy = O(h>) [|v[| 2.

Next, the symbol ¢ is elliptic near supp xo; therefore, by Proposition 1.6.1 (whose proof
applies without changes to our case), since Q(h)v; = 0, we have

X0 (0, hDy )i gy = O(h>) v [| 2.

This finishes the proof.

(1.7.4): Take a small cutoff x as above, and factor ¢ = (n — n(y))q:, where ¢1(y,n) is
nonzero near supp x. We then find a compactly supported symbol r; with ¢y = 1 near
supp x. Now, we have

X (y, hDy) (1Y (y, hDy)ai’(y, hDy) — 1)(hDy —n(y)) o[ gy = O(h)|r]| 2,
(1= X"(y, hDy)) (1 (y, hDy)ay’ (y, hDy) = 1)(hDy — n(y))vrll gy = O(h>)lvx ] 2,
177 (y, hDy) (a1’ (y, hDy) (hDy = 1(y)) — Q(h))vi|l gy = O(h)l[on]l 2.

It remains to add these up.

(1.7.5): We cut off v; to make it supported in a small e-neighborhood of y,. Put f =
(hdy —in(y))v1; we know that || f| L2 < Ch||v1]|r2. Now, put

The condition i{q, G} (yn) < 0 is equivalent to
Im 9yn(yo) > 0;

it follows that
Im(®(y) — (y')) > B((y —v0)> — (¥ — %0)*) (1.7.8)

for some 5 > 0, |y — yo| < &, and 3 between y and yy. (To see that, represent the left-hand
side as an integral.) Now,

o) = €O iy (o) 1 b / " i@ WNh 1 ()
Yo
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Let T'f(y) be the second term in the sum above; it suffices to prove that

||Tf||L2(yo—e,yo+6) < Ch_1/2||f||L2(yo—6,yo+e)'

This can be reduced to the inequalities

sup [ @O gy = O(R11?),

0<y—yo<e Yo

Yyote
sup / HEW=2/A] gy — O(RY/2),

0<y'—yo<e J g

and similar inequalities for the case y, ¢y’ < yo. We now use (1.7.8); after a change of variables,
it suffices to prove that

4 \2 2 / & N2 2
sup/ WV 4y < o0, sup/ W)V dy < 0.
y>0 Jo y'>0Jy

To prove the first of these inequalities, make the change of variables 3/ = ys; then the integral

becomes .
/ yeyQ(SQ_l) ds.
0

However, ye? *~1) < C'(1 — s2)"/2, and the integral of the latter converges.
After the change of variables y = vy’ + s, the integral of the second inequality above

becomes
> / 2
/ e VST s,
0

This can be estimated by [ e~ ds.
(1.7.6): Let x € Cg°(R?) have x = 1 near (yo,10). Combining (1.6.1) and (1.7.4) with

(1= X" (y, hDy)) (hDy = n(y)) vl e = Oh=)|[vn ]2,

we get ||(hDy, — n(y))vi]|ze = O(hY?)||v1]|2; it remains to take y = yp.
(1.7.7): Follows immediately from (1.7.5), (1.7.6), (1.7.2), Cauchy-Riemann equations,
and the fact that Re(no + i@, ) < 0. O

If P, were a semiclassical Schrodinger operator with a strictly positive potential, then a
standard integration by parts argument would give us ||u| 2 < C||Pul|z2 on any interval
for each function u satisfying the condition (1.7.7) at the right endpoint of this interval and
the opposite condition at its left endpoint. We now generalize this argument to our case.
Assume that we have vertical control at the points x4, £x4+ > Ry, and let (y+,n+) be the
corresponding microlocalization points. Let v be a contour in the z plane; we say that we
have horizontal control on ~ if:

o vN{|Rez| < Ry} CR;
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Ty + Y4
T +iy_

N :

Figure 1.3: A contour with horizontal control.

e the endpoints of v are z. = x4 + iy4;
e 7 is given by Im z = F(Re z), where F' is a smooth function and F’(xy) = 0;

o Re[(1+iF'(z))Vy(z+iF(x))] > C% > 0 for all x.

Now, let u be as in the beginning of this section and define u.(v), - < 2 < x4, by
Proposition 1.5.5. Then P,u, = f, where

P, = .;,th 2+‘7g;(x+iF(x)).
(i)

If we have vertical control at the endpoints of «y, then by (1.7.7),
+ Re(uy (v1)h0puy (24)) < —|uy(24)|?/C < 0.

Now, assume that we have horizontal control on v. Then we can integrate by parts to get

| Re(w 1+ iF @) do = [ Re( - (14 0 (@) Pyur) da

_ o ’thu"/|2 o ol 7 . 2
= /x_ Remdx+/m_ Re[(1 +iF'(2))Vy(z + iF(x))] - |u,y|” dx (1.7.9)

_ . 1
—h* Re(w;0;u, ) |72, > a(HuvHiz + h(fun (24 + Jus (z-)[%))-

Therefore,

lusllz2 < CllF| 2
It follows that the operator R, from (1.5.8) is correctly defined and

H 1Kx Rﬂ?le ||L2—>L2 < Oh2,

This proves the estimate (1.4.8) under the assumptions made above.
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We now prove (1.4.9). We concentrate on the estimate on K ; the case of K_ is considered
in a similar fashion. First of all, it follows from (1.7.9) that

()] < ChV2) 2. (1.7.10)

Now, assume that we have vertical control at every point of the interval I, = [z, 2z, + 1]
and let (y(x),n(z)), € I, be the corresponding microlocalization points. Let v,(2)
e~ “+2y(z) and put ve(x) = v,(z + iy(r)); then

[va(a4)| < O™ = fu (z)]. (1.7.11)
Now, by Proposition 1.7.1, we have
|0, In |vy(z)| — n(z)| < CHY4, x e I, (1.7.12)

Integrating (1.7.12) and combining it with (1.7.10) and (1.7.11), we see that if
r4+1
Im(@yzy) +/ n(x) de < —26 (1.7.13)
Tt

for some &g > 0, then |vy(z, + 1)| < Ce™%/||f|| 2. Next, vo(zy + 1) is the value of v at the
microlocalization point; therefore, by Proposition 1.7.1 and (1.6.1),

sup |vg (x4 + 1+ iy)| < Ch™ e/ || 2.
yeR

Finally, recall that v,(z) = v, (e~+#), where the function v,,(w) is holomorphic inside the
disc B, = {|w| < e=4+@+*D} The change of variables w — r is holomorphic by Proposi-
tion 1.5.1; let K¢ be the image of K under this change of variables. If ,¢ is small enough,
then K lies in the interior of B,; then by the maximum principle and Cauchy estimates
on derivatives, we can estimate [|vy [|on (xw) for each N by O(h*)||f|[z2. This completes the
proof of (1.4.9) if the conditions above are satisfied.

To prove part 2 of Proposition 1.4.2, it remains to establish both vertical and horizontal
control in our situation:

Proposition 1.7.2. Assume that 6, > 0. Then there exist ¢, and x4, x4 > Ry, such that
under the conditions (1.7.1),

e we have vertical control at every point of the intervals I, = [x, x4 + 1] and I_ =
[z —1,z_];

e we have horizontal control on a certain contour y;

e the inequality (1.7.13) (and its analogue on I_) holds.
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Proof. Let us first assume that ak = ji = @ = 0. Then @1 = 0 and q(y,n) = —> + A, (x4 +
iy). Therefore, if we choose = large enough, there exists exactly one solution (yo,79) to the
equation ¢(y,n) = 0 with n < 0, and this solution has yo = 0. It is easy to verify that in that
case we have vertical control on I,. Similarly one can choose the point x_; moreover, we
can assume that K, C (z_,x,) after the change of variables r — x. Next, since V, = A,., we
can take 7 to be the interval [z_,x,] of the real line. The condition (1.7.13) holds because
n(x) < 0 for every x and wy = 0.

Now, fix x4 as above. The parameters of our problem are a, varying in a compact set, A
and M, both fixed, and ak, fi,©. By the implicit function theorem, if the last three param-
eters are small enough, the (open) conditions of vertical control and the condition (1.7.13)
are still satisfied, yielding y+ close to zero. Then one can take the contour v defined by
Im z = F(Rez), where F' = 0 near K,, F(z1) = y4, and F is small in C*°. For small values
of ak, i1, 0, we will still have horizontal control on this v, proving the proposition. O

1.8 Resonance free strip

In this section, we prove Theorem 1.5. First of all, by Proposition 1.4.4, it suffices to prove

Proposition 1.8.1. Fiz 6, > 0, e, > 0, and a large constant C'. Then there exist constants
ag > 0 and C" such that for

|Re A + k% < C'|Rewl?, |a] < ag, |Rew| >1/C",
|Imw| <1/C", |Im\| < |Rew|/C”

we have
ge—1

11k, Rr(w, A, k) 1k,

2o < C"w

Indeed, we take C” large enough so that C3(1+ |w|)*+ L < C'|w|?*/2; then, we put [} = L
and Iy = |Rew|/C".

Next, we reformulate Proposition 1.8.1 in semiclassical terms. Without loss of generality,
we may assume that Rew > 0. Put h = (Rew)™! and consider the rescaled operator

P, = h*P, = h*D? + (A +ihji) A, — (14 a)2((r% + a®) (1 + ihv) — ak)?.
Here P, is the operator in (1.5.2) and
A="h*Re), k=hk, f=hIm)\, v=Inw.
Then it suffices to prove that for A small enough and under the conditions
A<, k<, il <1/c, vl <1, (1.8.1)

for each f(z) € L2 NE'(K,) and solution u(x) to the equation P,u = f which is outgoing in
the sense of Definition 1.5.2, we have

ull2(k,) < Ch™' 7=

Flle. (1.8.2)
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Figure 1.4: The contour used for complex scaling.

(Here K, is the image of K, = (r_ + d,,ry — 0,) under the change of variables r — x.) We
write P, = h?D? + Vi + ihV;, where

Vo= A\, — (14 a)*(r? + a® — ak)?,
Vi = i, — v(1+ a)?(r? + a®)((r? + a®)(2 + ihv) — 2ak)>.

We note that Vj is real-valued and ||[Vi||z < C/C" for some global constant C.

We now apply the method of complex scaling. (This method was first developed by
Aguilar and Combes in [1]; see [115] and the references there for more recent developments.)
Consider the contour 7 in the complex plane given by Imz = F(Rez), with F' defined by

0, |z < B;
F@)={ F(e-R), a2HR (1.8.3)
—Fy(—z—R), < -R.

Here R > Ry is large and Iy € C§°(0,00) is a fixed function such that Fj > 0 and FJ > 0
for all x and Fj(z) = 1 for x > 1. (We could use a contour which forms an arbitrary fixed
angle 6 € (0,7/2) with the horizonal axis for large x; we choose the angle 7 /4 to simplify
the formulas.) Now, let u be an outgoing solution to the equation P,u = f € L2NE'(K,), as
above. By Proposition 1.5.5, we can define the restriction u, of u to v and lﬁﬂyuﬂY = f, where

- h T L=
P, = (me> + Vo(z + iF(x)) + ihVi(z + iF(x)).

Also, for a and h small enough, wu., lies in H*(R). Therefore, in order to prove (1.8.2), it is
enough to show that for each u, € H*(R), we have

||u’y”L2(R) S Ch_l_ae ]5’yu’y||L2(R)' (184)
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Let pp and p,o be the semiclassical principal symbols of P, and P«%

po(,€) = € + Vo(a),

£ = ,

=—> 4V F .

p’yO('T75) (1 +ZF/(.T))2 + O(ZE‘l‘Z (ﬂf))

The key property of the operator ]57, as opposed to P, is ellipticity at infinity, which follows
from the fact that Vj(+o0) = —w2,, where

Gox = (1+a)(r2 +a*—ak) >1/C >0

if a is small enough. Certain other properties of the symbol p,o can be derived using only the
behavior of Vj near infinity given by (1.5.4); we state them for a general class of potentials:

Proposition 1.8.2. Assume that V(x), x > 0, is a real-valued potential such that for x > Ry,
we have V(z) = V. (e=4+%) for a certain constant A, > 0 and a function V., (w) holomorphic
in {|w| < e=A+F0} - assume also that V(0) < 0. Let F(x) be as in (1.8.3), for R > Ry, and
put

pa,€) = € + V().

m + V(ac + ZF(JJ))

Then there exists a constant C. such that for R large enough and 6 > 0 small enough,

p»y(l',f) =

if t > R+ 1, then |py(z,&)| > 1/C. > 0, (1.8.5)
if |py(x,6)] < e E then Tmp,(z,€) <0, (1.8.6)
i o (0,€)] <6, then [p(a,€)] < C.b, [V(Rep, — p)(w,6)| < C:o. (187)

Similar facts hold if V' is defined on x < 0 instead.

Proof. Without loss of generality, we assume that A, = 1 and V,(0) = —1. First of all, if
x> R+ 1, then

py(2,8) = —i€?/2+ V(z +iF(z)) = —i€?/2 — 1+ O(e™ ).

For R large enough, we then get |p,(z,£)| > 1/2, thus proving (1.8.5).
For the rest of the proof, we may assume that R < x < R+1. Then, since F{ is increasing,
we get 0 < F(x) < F'(z). Suppose that |p,(z,&)| < d; then

(wa — V(z+iF(z)) + 0()

=-V(@)(1+00+eF(2) =1+0( +eH).

(1.8.8)
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Taking the arguments of both sides, we get
F'(z) <C(6 + e 'F(z)) < C§ + Ce™ BF'(2).

Then for R large enough,
Ipy(z,8)| <6 — F'(z) < C6.

This proves (1.8.7), if we note that F” is bounded and
Rep, (2, €) = p(x,€) = EG(F(2)*) + Ga(F (), )

for certain smooth functions G; and G5 that are equal to zero at F/ = 0 and F = 0,
respectively.

Now, putting § = e ® and taking the arguments and then the absolute values of both
sides of (1.8.8), we get for |p,| <0,

Fl(z) =0(e™™), & =1+0(").
Therefore,
Imp, (z,€) = =2F"(x) + O(e™"(F(z) + F'(x))) = F'(z)(=2 + O(e™™)),
which proves (1.8.6). O
Now, we study the trapping properties of the Hamiltonian flow of py at the zero energy:

Proposition 1.8.3. There exist constants Cy and dy such that for a small enough and every
A, k satisfying (1.8.1), at least one of the three dynamical cases below holds:

(1) Vo < =6y everywhere;

(2) {|1~/0| < 5‘/}~: (21, x2) U 23, 24, where —Cy < 11 < 29 < 23 < x4 < Cy and 170’ >1/Cy
on [x1, 23], Vi < —1/Cy on [x3,24];

(3) {‘70 > =0y} = [x1, 22] with |z;| < Cy, ‘70” < —1/Cy on [xq,xs).

Proof. First of all, if A is small enough or A < 0, then we have Vo < 0 everywhere and
therefore case (1) holds for dy small enough. Therefore, we may assume that 1/C <\ < C
for some constant C'. Now, we write

Vo(x) = Gy (r)(Fy(r) — A7Y),
Gy (r) = A1+ )*(r* + a® — ak)?,
AT
(1+ a)?(r2 4 a? — al;:)Q.

Fv(’l") =
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Figure 1.5: Three cases for the potential ‘N/O and its Hamiltonian flow near the zero energy.
The horizontal lines correspond to Vy = +dy.

Note that 1/C < Gy (r) < C for a small enough, some constant C, and all . As for Fy,
there exists ¢ > 0 such that for a small enough, 0,Fy(r) > 1/C > 0 for r < 3M — ¢,
O.Fy(r) < —1/C < 0 for r > 3M + ¢, and 9?Fy(r) < —1/C < 0 for |r — 3M| < e.
Indeed, this is true for a = 0 and follows for small a by a perturbation argument. Let
ro € [3M — &,3M + €] be the point where F}, achieves its maximal value. Take small 6; > 0;
then we have one of the following three cases, each of which in turn implies the corresponding
case in the statement of this proposition:

(1) Fy(ro) — At < —8;. Then Vy(z) < —by for all z and &y > 0 small enough.

(2) Fy(ro) — A" > 6. Then for 6, < 6,/2, {|Fy — XY < 8} = [21, 23] U [z3, 74], where
xy < x3, x; are bounded by a global constant (since A is bounded from above), and
O, Fyv(r) > 1/Cs > 0 for x € [x1, 23], 0, Fy(r) < —1/Cs < 0 for x € [x3,24]. Here Cy is a
constant depending on d;, but not on d. It follows that for d, small enough depending
on 01, we have Vj(z) > 0 for x € [z1, 5] and Vj(x) < 0 for = € [x3, z4]; also, for §y small
enough, we have {|Vo| < 6y} C [y, z2] U [23, 24).

(3) |Fy(ro) — A7Y < &, Then {Fy, — X\ > —4,} = [21, 2] with O?Fy(r) < —1/C < 0 for
x € [21,22]. For é; small enough, we then get Vi’ < —1/C < 0 for x € [z1, 5], and for
dy small enough, we have {Vj > —dy} C [21, z4). O

We are now ready to prove (1.8.4) and, therefore, Theorem 1.5. Fix R large enough so
that Proposition 1.8.2 holds. The first two cases are in Proposition 1.8.3 are nontrapping;
it follows that there exists an escape function G € C5°(R?) such that H, G < 0 on {|pg| <
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dv/2} N {]z| < R+ 2}. In the third case, we have hyperbolic trapping with the trapped
set consisting of a single point (xg,0), where z; is the point where ‘N/g achieves its maximal
value; therefore, there still exists an escape function G € C§°(R?) such that H,,G < 0 on
{Ipol < dv/2} N{|z] < R+ 2} and Hp,G < 0 on {|po| < ov/2} N{|z| < R+ 2} \ U(xo,0),
where U is a neighborhood of (xg,0) which can be made arbitrarily small by the choice of
G (see [56, Proposition A.6]). Now, given Proposition 1.8.2, we can choose dy > 0 such that

Imp,o < 0 on {|py| < do} (1.8.9)
and for cases (1) and (2) of Proposition 1.8.3, we have
Hgep oG < —=1/C <0 on {|pyo| < do}, (1.8.10)
and for case (3) of Proposition 1.8.3, we have

HRepWOG S 0 on {|p70’ S 50}7

1.8.11
HRepr < —1/0 < 0 on {|p70| < 50} \ U(l‘o,O) ( )

Armed with these inequalities, we can handle the nontrapping cases even without re-
quiring that p and v be small. The statement below follows the method initially developed
in [85] and is a special case of the results in [34, Chapter 6]; however, we choose to present
the proof in our simple case:

Proposition 1.8.4. Assume that either case (1) or case (2) of Proposition 1.8.3 holds. Then
for A and k bounded by C', i and v bounded by some constant, and h small enough, we have

lusllze < ChTY| Py |2 (1.8.12)
for each u, € H*(R).

Proof. Take x € Cg°(R?) such that supp x C {|ps0| < do}, but x = 1 near {p,o = 0}. Next,
take s > 0, to be chosen later, and put

_ sG¥ p  —sG¥ _ sG¥ _w
P,s=¢e" Pye , Uys = €77 XUy

Take x; € C§°(R?) supported in {|p,o| < o}, but such that x; = 1 near supp x. Then by
part 1 of Proposition 1.6.3 and (1.6.2),

11 =Xty sl| = O(h™) [Jus | (1.8.13)

(In the proof of the current proposition, as well as the next one, we only use L? norms.)
Also, for some s-dependent constant C,

CHIX"us || < sl < Cllus -
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Now, by part 2 of Proposition 1.6.3, we have

P, = Py +ihVi + ish(H,, ,G)" + O(h?).

Here P is the principal part of P, (without V;) and the constant in O(h?) depends on s.
We then have

I (P, X7 Uy 5, X1 Uy,s) = T(Py0X Uy 6, X7 Uy s) + B Re(VIXT Uy 5, X1 Uy )
+Sh((HRep7,oG>wX110u’7,sa Xlluu%5> + O(hQ) HXviUu%SHQ'

By (1.8.9) and part 1 of Proposition 1.6.2,
I (P X3t 0, X1 thy,0) < ChIXT 05|24 O(R) [y |
Next, by (1.8.10) and part 2 of Proposition 1.6.2,
((HRep,0G) "X s, XY Un,s) < =C7H X517 + O(R) s |12
Adding these up, we get
I (P XY ty,0 X1 ta.0) < —h(CT s = C1 = O(R)[Ix7 us o* + O(h%) Jus |1

Here the constants in O(-) depend on s, but the constant C) does not. Therefore, if we
choose s large enough and h-independent, then for small h we have the estimate

Il < CRTHPy Xt sl I 15l + O(h) [y |12
Together with (1.8.13), this gives
I usl? < CRHIPys | - s | + CRTHITPy X Tus |- s I+ O (%) s |

Applying Proposition 1.6.1 to estimate (1 — x*)u, and the commutator term above, we get
the estimate (1.8.12). O

Remark. The method described above can actually be used to obtain a logarithmic res-
onance free region; however, since we expect the resonances generated by trapping to lie
asymptotically on a lattice as in [103], we only go a fixed amount deep into the complex
plane.

The third case in Proposition 1.8.3 is where trapping occurs, and we analyse it as in [132]:
(See also [18] for a different method of solving the same problem.)

Proposition 1.8.5. Assume that case (3) in Proposition 1.8.5 holds, and fix €. > 0. Then
for XA and k bounded by C" and for fi,v, h small enough, we have

[z < CR775 | Pyuy | 2 (1.8.14)

for each u, € H*(R).
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Proof. First, we establish [132, Lemma 4.1] in our case. Let 2 be the point where \N/O achieves
its maximum value. We may assume that |pg(xo,0)| = [Vo(zo)| < do/2; otherwise, we are in
one of the two nontrapping cases. Put

&(x) = sgn(a — 20)y/ Vo(o) — Vo(a);

since ‘70”(%) < 0, it is a smooth function. Then, define the functions ¢y (z,€) = € F &(x).
We have

Hpogoicvv 5) = :FC<I, 5)90i(x7 5)7
where ¢(z,€) = 28x§(m) is greater than zero near the trapped point (xg,0). Also, {¢4, o} =

c(x,€). Next, take h > h and large Cy > 0, let xo > 0 be supported in a small neighborhood
of (z9,0) with xo = 1 near this point, and define the modified escape function [132, (4.6)]

e g PO /D . N
Gi(z,€) = —xo(z, €)1 ggpi(m,{)%—h/ﬁ—i_OOl g(1/h)G(z,€).

Here GG is an escape function satisfying (1.8.11). We can write
2 2
©? 0%
Hgep. .G1 = —2x0cC =+ -
Hermo T A <g02_ “hih R h/h)
@ +h/h

—(H,,x0) lo — + Cplog(1/h)Hye,.,G(z, €).
(HpoX0) g<p3+h/h 0log(1/h)Hgep.,G(2,§)

Take x1 supported in {|p,0| < 0o}, but equal to 1 near {p,o = 0}. Then one can use the
uncertainty principle [132, §4.2] to show that if y» is supported inside {xo = 1}, but yo =1
near (g, 0), then for each v € L?,

(1.8.15)

((Hpep, oG1)" X0, x10) < (=C7'h+ O(B2))|Ixg o] + Olog(1/m)) (L — x5)x{ vl
—CoC M og(1/h)[|(1 = x¥)x¥v])* + O(Cohlog(1/h)) [x{v]|* + O(h) lv]?
< —(C7'h — O(h* + Cyhlog(1/h)))|[x5v|*
—(CoC ™ og(1/h) — O(Cohlog(1/h) +log(1/m))I(1 = x5 )xTol* + O(h>)[[v]|>.

If we fix Cy large enough and A small enough and assume that A small enough, then
(HRep,sG1)" X0, x1'0) < =C~ og(1/R) || (1 = x5)x o[> = O~ hlIxio® + O(h)||o]>

Next, we conjugate by exponential pseudodifferential weights. First of all, one can prove
that
||G11U||L2_,L2 S Clog(l/h);

therefore, . o
||6 1 ”L2~>L2 <h .
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Let x be supported in {x; = 1}, but x = 1 near {p,o = 0}, and

P

__sGw —sGW _ sG¥ _w .
s = €Ly ety g = €7 X Ty

then [132, §4.3]

P,,= P, +ish(H

P~o

G1)Y + O(s*hh + sh®2h3/? + h?).

Therefore, since Im p,y = 0 near supp x2,

I ( Py XY thy,s, X7 Uy,s) = I (ProX Uy, X1 y,s) + D RE(VIX Uy 55 XY Uy,s)
+sh Re((Hrep, cG1)" X1 Uy,s) XT Ur,s) + O(s*hh + sh3/?h3/% + R2)||X Py s |2

< OM( = x5)X Pt s 4 BIVA] oo X 1y ] = CFsRlog(1/R) (1 — x5) Xt
—C 7 shhl Xty |1 + O(s*hh A+ sh* 1 + B2) | x> + O(h%) Jus |1,

Here 1370 is the principal part of ]57, as before. If we choose s small enough independently
of h, then for small h,

TP, Xty X3 ty,s) < —Chishlog(L/R)[[(L = x5)x{ ts
—h(C™ sl — [[Va | oo )XYt s |+ O(R%) s |2,

Now, [|Vi]|L=~ can be made very small by choosing i and v small enough. Then, we get
X w12 < CRTY7 s || - 12y x Py || 4 O(h™) uy ||,

By proceeding as in the end of Proposition 1.8.4, we get (1.8.14), provided that s is small
enough. O
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Chapter 2

Asymptotic distribution of resonances
for Kerr—de Sitter black holes

2.1 Introduction

Quasi-normal modes (QNMs) of black holes are a topic of continued interest in theoretical
physics: from the classical interpretation as ringdown of gravitational waves [21] to the recent
investigations in the context of string theory [74]. The ringdown plays a role in experimental
projects aimed at the detection of gravitational waves, such as LIGO [3]. See [79] for an
overview of the vast physics literature on the topic and [13, 135] for some more recent
developments.

In this chapter we consider the Kerr—de Sitter model of a rotating black hole and assume
that the speed of rotation a is small; for a = 0, one gets the stationary Schwarzschild—
de Sitter black hole. The de Sitter model corresponds to assuming that the cosmological
constant A is positive, which is consistent with the current Lambda-CDM standard model
of cosmology.

A rigorous definition of quasi-normal modes for Kerr—de Sitter black holes was given
using the scattering resolvent in Chapter 1. In Theorem 2.1 below we give an asymptotic
description of QNMs in a band of any fixed width, that is, for any bounded decay rate. The
result confirms the heuristic analogy with the Zeeman effect: the high multiplicity modes
for the Schwarzschild black hole split.

Theorem 2.2 confirms the standard interpretation of QNMs as complex frequencies of
exponentially decaying gravitational waves; namely, we show that the solutions of the scalar
linear wave equation in the Kerr—de Sitter background can be expanded in terms of QNMs.

In the mathematics literature quasi-normal modes of black holes were studied by Bache-
lot, Motet-Bachelot, and Pravica [8, 9, 10, 99] using the methods of scattering theory. QNMs
of Schwarzschild—de Sitter metric were then investigated by S& Barreto—Zworski [103], result-
ing in the lattice of pseudopoles given by (2.1.3) below. For this case, Bony-Héfner [17] estab-
lished polynomial cutoff resolvent estimates and a resonance expansion, Melrose-Sa Barreto—
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Vasy [90] obtained exponential decay for solutions to the wave equation up to the event hori-
zons, and Dafermos—Rodnianski [33] used physical space methods to obtain decay of linear
waves better than any power of ¢.

Quasi-normal modes for Kerr—de Sitter were rigorously defined in Chapter 1 and expo-
nential decay beyond event horizons was proved in [46]. Vasy [128] has recently obtained
a microlocal description of the scattering resolvent and in particular recovered the results
of Chapter 1 and [46] on meromorphy of the resolvent and exponential decay; see [128,
Appendix] for how his work relates to Chapter 1. The crucial component for obtaining ex-
ponential decay was the work of Wunsch-Zworski [132] on resolvent estimates for normally
hyperbolic trapping.

We add that there have been many papers on decay of linear waves for Schwarzschild and
Kerr black holes — see [4, 16, 30, 29, 41, 42, 52, 53, 121, 122, 125] and references given there.
In that case the cosmological constant is 0 (unlike in the de Sitter case, where it is positive),
and the methods of scattering theory are harder to apply because of an asymptotically
Euclidean infinity.

Theorem 2.1. Fizx the mass M of the black hole and the cosmological constant A. (See
§2.2.1 for details.) Then there exists a constant ag > 0 such that for |a| < ag and each vy,
there exist constants C,,, C\,' such that the set of quasi-normal modes w satisfying

Rew > C,,, Imw > —uy (2.1.1)
coincides modulo O(|w|~>°) with the set of pseudopoles
w=F(m,lk), mlk€Z, 0<m<Cp, |kl <L (2.1.2)

(Since the set of QNMs is symmetric with respect to the imaginary axis, one also gets an
asymptotic description for Rew negative. Also, by Theorem 1.4, all QNMs lie in the lower
half-plane.) Here F is a complex valued classical symbol? of order 1 in the (I, k) variables,
defined and smooth in the cone {m € [0,C,,], |k| <1} C R®. The principal symbol Fy of F
18 real-valued and independent of m; moreover,

 Vi—9MiE | o
F =y F1/2) —ilm+1/2)]+ 007 fora =0, (2.1.3)
(OuF)(m, 4k, k) = 2F 9AMT)a

IV + O(a?). (2.1.4)

The pseudopoles (2.1.2) can be computed numerically; we have implemented this com-
putation in a special case [ — |k| = O(1) and compared the pseudopoles with the QNMs

!As in Chapter 1, the indices w,m, ... next to constants, symbols, operators, and functions do not imply
differentiation.

2Here ‘symbol’ means a microlocal symbol as in for example [123, §8.1]. For the proofs, however, we will
mostly use semiclassical symbols, as defined in §2.3.1.
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computed by the authors of [13]. The results are described in §2.B. One should note that
the quantization condition of [103] was stated up to O(I™!) error, while Theorem 2.1 has error
O(1~*°); we demonstrate numerically that increasing the order of the quantization condition
leads to a substantially better approximation.

Another difference between (2.1.2) and the quantization condition of [103] is the extra
parameter k, resulting from the lack of spherical symmetry of the problem. In fact, for a =0
each pole in (2.1.3) has multiplicity 20 + 1; for a # 0 this pole splits into 2/ + 1 distinct
QNMs, each corresponding to its own value of k, the angular momentum with respect to the
axis of rotation. (The resulting QNMs do not coincide for small values of a, as illustrated
by (2.1.4)). In the physics literature this is considered an analogue of the Zeeman effect.

Since the proof of Theorem 2.1 only uses microlocal analysis away from the event horizons,
it implies estimates on the cutoff resolvent polynomial in w (Proposition 2.2.4). Combining
these with the detailed analysis away from the trapped set (and in particular near the
event horizons) by Vasy [128]|, we obtain estimates on the resolvent on the whole space
(Proposition 2.2.3). These in turn allow a contour deformation argument leading to an
expansion of waves in terms of quasinormal modes. Such expansions have a long tradition
in scattering theory going back to Lax—Phillips and Vainberg — see [120] for the strongly
trapping case and for references.

For Schwarzschild-de Sitter black holes a full expansion involving infinite sums over quasi-
normal modes was obtained in [17] (see also [23] for simpler expansions involving infinite sums
over resonances). The next theorem presents an expansion of waves for Kerr—de Sitter black
holes in the same style as the Bony—Hafner expansion:

Theorem 2.2. Under the assumptions of Theorem 2.1, take vy > 0 such that for some
e >0, every QNM w has |Imw + vy| > €. (Such vy exists and can be chosen arbitrarily
large, as the imaginary parts of QNMs lie within O(|a| +171) of those in (2.1.3).) Then for
s large enough depending on vy, there exists a constant C' such that every solution u to the
Cauchy problem on the Kerr—de Sitter space

Dgu = 07 U|tx=0 = fO € HS(X_(s), 815*”

where X _s = (r_ — 6,7 + ) X S? is the space slice, t* is the time variable, and § > 0 is a
small constant (see §2.2.1 for details), satisfies for t* > 0,

u(t*) — Ty (fo, /1) )l x_s) < Ce™™" (|| fo

=0 = f1 e HS_I(X_(;), (215)

we + || fi]

" (2.1.6)
Here ~

My (fo, fO(E) = > e ™2 > (Vs ;(fo, f1); (2.1.7)

Im@>-1g 0<j<Jp

the outer sum is over QNMs @, Jz is the algebraic multiplicity of © as a pole of the scattering
resolvent, and 1z ; are finite rank operators mapping H*(X_5) @& H* 1 (X_5) — C(X_s).
Moreover, for |0| large enough (that is, for all but a finite number of QNMs in the considered
strip), Jz =1, Il has rank one, and

Mz o]

1o (X _g)aHs 1 (X_5) s H1(X_5) < Clo[V 7
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Here N is a constant depending on vy, but not on s; therefore, the series (2.1.7) converges
in H' for s > N + 2.

The proofs start with the Teukolsky separation of variables already used in Chapter 1,
which reduces our problem to obtaining quantization conditions and resolvent estimates for
certain radial and angular operators (Propositions 2.2.6 and 2.2.7). These conditions are
stated and used to obtain Theorems 2.1 and 2.2 in §2.2. Also, at the end of §2.2.2 we
present the separation argument in the simpler special case a = 0, for convenience of the
reader.

In the spherically symmetric case a = 0, the angular problem is the eigenvalue problem
for the Laplace—Beltrami operator on the round sphere. For a # 0, the angular operator F
is not selfadjoint; however, in the semiclassical scaling it is an operator of real principal type
with completely integrable Hamiltonian flow. We can then use some of the methods of [65]
to obtain a microlocal normal form for h?Py; since our perturbation is O(h), we are able to
avoid using analyticity of the coefficients of Py. The quantization condition we get is global,
similarly to [130]. The proof is contained in §2.4; it uses various tools from semiclassical
analysis described in §2.3.

To complete the proof of the angular quantization condition, we need to extract informa-
tion about the joint spectrum of h*Py and hD, from the microlocal normal form; for that,
we formulate a Grushin problem for several commuting operators. The problem that needs
to be overcome here is that existence of joint spectrum is only guaranteed by exact commu-
tation of the original operators, while semiclassical methods always give O(h*) errors. This
complication does not appear in [65, 66] as they study the spectrum of a single operator,
nor in earlier works [22, 130] on joint spectrum of differential operators, as they use spec-
tral theory of selfadjoint operators. Since this part of the construction can be formulated
independently of the rest, we describe Grushin problems for several operators in an abstract
setting in Appendix 2.A.

The radial problem is equivalent to one-dimensional semiclassical potential scattering.
The principal part of the potential is real-valued and has a unique quadratic maximum; the
proof of the quantization condition follows the methods developed in [27, 100, 110]. In [27],
the microlocal behavior of the principal symbol near a hyperbolic critical point is studied in
detail; however, only self-adjoint operators are considered and the phenomenon that gives
rise to resonances in our case does not appear. The latter phenomenon is studied in [100]
and [110]; our radial quantization condition, proved in §2.5, can be viewed as a consequence
of [100, Theorems 2 and 4]. However, we do not compute the scattering matrix, which
simplifies the calculations; we also avoid using analyticity of the potential near its maximum
and formulate the quantization condition by means of real microlocal analysis instead of the
action integral in the complex plane. As in [100], we use analyticity of the potential near
infinity and the exact WKB method to relate the microlocal approximate solutions to the
outgoing condition at infinity; however, the construction is somewhat simplified compared
to [100, Sections 2 and 3] using the special form of the potential.

It would be interesting to see whether our statements still hold if one perturbs the metric,
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or if one drops the assumption of smallness of a. Near the event horizons, we rely on §1.7,
which uses a perturbation argument (thus smallness of a) and analyticity of the metric
near the event horizons. Same applies to §2.5.2 of the present chapter; the exact WKB
construction there requires analyticity and Proposition 2.5.2 uses that the values wy defined
in (2.5.9) are nonzero, which might not be true for large a. However, it is very possible
that the construction of the scattering resolvent of [128] can be used instead. The methods
of [128] are stable under rather general perturbations, see [128, §2.7], and apply in particular
to Kerr—de Sitter black holes with a satisfying [128, (6.12)].

A more serious problem is the fact that Theorem 2.1 is a quantization condition, and
thus is expected to hold only when the geodesic flow is completely integrable, at least on
the trapped set. For large a, the separation of variables of §2.2.2 is still valid, and it is
conceivable that the global structure of the angular integrable system in §2.4.2 and of the
radial barrier-top Schrodinger operator in §2.5.1 would be preserved, yielding Theorem 2.1
in this case. Even then, the proof of Theorem 2.2 no longer applies as it relies on having
gaps between the imaginary parts of resonances, which might disappear for large a.

However, a generic smooth perturbation of the metric supported near the trapped set
will destroy complete integrability and thus any hope of obtaining Theorem 2.1. One way of
dealing with this is to impose the condition that the geodesic flow is completely integrable
on the trapped set. In principle, the global analysis of [130] together with the methods
for handling O(h) nonselfadjoint perturbations developed in §2.4 and Appendix 2.A should
provide the quantization condition in the direction of the trapped set, while the barrier-
top resonance analysis of §2.5.3 should handle the transversal directions. However, without
separation of variables one might need to merge these methods and construct a normal form
at the trapped set which is not presented here.

Another possibility is to try to establish Theorem 2.2 without a quantization condition,
perhaps under the (stable under perturbations) assumption that the trapped set is nor-
mally hyperbolic as in [132]. However, this will require to rethink the contour deformation
argument, as it is not clear which contour to deform to when there is no stratification of
resonances by depth, corresponding to the parameter m in Theorem 2.1.

2.2 Proofs of Theorems 2.1 and 2.2

2.2.1 Properties of the metric

First of all, we define Kerr—de Sitter metric and briefly review how solutions of the wave
equation are related to the scattering resolvent; see also §1.2 and [128, §6]. The metric is
given by

dr?  db? Agsin® 0
— _ 2 Uy fest Yo (2 2 2
g= (AT+A9) T e = (17 4 0 )
A,
+—— 5 (dt — asin® 0 dp)?.

(1+a)?p
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Here 6 € [0,7] and ¢ € R/27Z are the spherical coordinates on S? and r, ¢ take values in
R; M is the mass of the black hole, A is the cosmological constant, and a is the angular
momentum,;

AQ
A, = (T2+a2)<1—%> —2Mr, Ag =1+ acos®0,
A 2
p2:r2—|—a2cos29, a:Ta-

The metric in the (¢,7, 6, p) coordinates is defined for A, > 0; we assume that this happens
on an open interval r € (r_,r, ), where r1 are two of the roots of the fourth order polynomial
equation A, (r) = 0. The metric becomes singular at r = r.; however, this apparent singu-
larity goes away if we consider the following version of the Kerr-star coordinates (see [30,
§5.1] and [122]):

t=t—F(r), " =p— Fy(r), (2.2.1)

with the functions Fi, F, blowing up like ¢y log [r — r4| as r approaches r... One can choose
Fy, F, so that the metric continues smoothly across the surfaces {r = r.}, called event
horizons, to

)?,5 =Ry x X_5, X 5= (7’, — 0,1 + 5) X 82,

with § > 0 is a small constant. Moreover, the surfaces {t* = const} are spacelike, while
the surfaces {r = const} are timelike for r € (r_,r,), spacelike for r ¢ [r_,r,], and null
for r € {r_,ry}. See 1.2, [46, §1.1], or [128, §6.4] for more information on how to construct
F,, I, with these properties.

Let O, be the d’Alembert-Beltrami operator of the Kerr-de Sitter metric. Take f &
Hs‘l()?_(;) for some s > 1, and furthermore assume that f is supported in {0 < ¢* < 1}.
Then, since the boundary of )?,5 is spacelike and every positive time oriented vector at
0X _5 points outside of X_j, by the theory of hyperbolic equations (see for example [30,

Proposition 3.1.1] or [123, Sections 2.8 and 7.7]) there exists unique solution u € Hy (X _s)
to the problem

O,u = f, suppu C {t* > 0}. (2.2.2)

We will henceforth consider the problem (2.2.2); the Cauchy problem (2.1.5) can be reduced
to (2.2.2) as follows. Assume that u solves (2.1.5) with some fy € H*(X ), fi € H (X ).
Take a function x € C*°(R) such that supp x C {t* > 0} and supp(l — x) C {t* < 1}; then
x(t*)u solves (2.2.2) with f = [0, xJu supported in {0 < t* < 1} and the H*~! norm of f
is controlled by || follzs + || f1]| gs—1-

Since the metric is stationary, there exists a constant C,. such that every solution u
to (2.2.2) grows slower than e(“e=V*": see Proposition 1.2.1. Therefore, the Fourier-Laplace
transform

iw) = / £ (1) dt*
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is well-defined and holomorphic in {Imw > C.}. Here both u(t*) and u(w) are functions on
X _s. Moreover, if f(w) is the Fourier-Laplace transform of f, then

Py(w)i(w) = p* f(w), Imw > C, (2.2.3)

where P,(w) is the stationary d’Alembert-Beltrami operator, obtained by replacing D;-
with —w in p?0,. (The p? factor will prove useful in the next subsection.) Finally, since f
is supported in {0 < ¢* < 1}, the function f(w) is holomorphic in the entire C, and

[} F @l x ) € CllF ey (2.2.4)

for Imw bounded by a fixed constant. Here H fl_l, h > 0, is the semiclassical Sobolev
space, consisting of the same functions as H*~!, but with norm |[(hD)*~!f]||;> instead of
(DY fll 2.

If P,(w) was, say, an elliptic operator, then the equation (2.2.3) would have many solu-
tions; however, because of the degeneracies occuring at the event horizons, the requirement
that @& € H*® acts as a boundary condition. This situation was examined in detail in [128]; the
following proposition follows from [128, Theorem 1.2 and Lemma 3.1] (see Proposition 1.2.2
for the cutoff version):

Proposition 2.2.1. Fiz vy > 0. Then for s large enough depending on vy, there exists a
family of operators (called the scattering resolvent)

R(w): HSY(X_5) — H*(X_s), Imw > —1,

meromorphic with poles of finite rank and such that for u solving (2.2.2), we have

i(w) = R(w)f(w), Imw > C.. (2.2.5)

Note that even though we originally defined the left-hand side of (2.2.5) for Imw > C.,
the right-hand side of this equation makes sense in a wider region Imw > —vg, and in fact
in the entire complex plane if f is smooth. The idea now is to use Fourier inversion formula

1 - .
u(t”) = —/ e " R(w) f(w) dw (2.2.6)
27 Imw=Ce
and deform the contour of integration to {Imw = —1p} to get exponential decay via the

e~ factor. We pick up residues from the poles of R(w) when deforming the contour;
therefore, one defines quasi-normal modes as the poles of R(w).

Our ability to deform the contour and estimate the resulting integral depends on having
polynomial resolvent estimates. To formulate these, let us give the technical

Definition 2.2.2. Let h > 0 be a parameter and R(w;h) : H1 — Ha, w € U(h) C C, be a
meromorphic family of operators, with H; Hilbert spaces. Let also Q2(h) C U(h) be open and
Z(h) C C be a finite subset; we allow elements of Z(h) to have multiplicities. We say that
the poles of R in Q(h) are simple with a polynomial resolvent estimate and given modulo
O(h*>) by Z(h), if for h small enough, there exist maps Q and Il from Z(h) to C and the
algebra of bounded operators Hy — Ha, respectively, such that:
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o for each &' € Z(h), W = Q(&') is a pole of R, | — &'| = O(h™), and II(&') is a rank

one operator;

o there exists a constant N such that ||[TH(&) ||, 53, = O(R™N) for each @ € Z(h) and,
moreover,

R(w; h) = Z ?g;) >+0Hﬁ%2(h*N), w € Q(h).
o'ez(h)

In particular, every pole of R in Q(h) lies in the image of Q.

The quantization condition and resolvent estimate that we need to prove Theorems 2.1
and 2.2 are contained in

Proposition 2.2.3. Fiz vy > 0 and let h > 0 be a parameter. Then for a small enough
(independently of vy), the poles of R(w) in the region

|Imw| < vy, h' < |Rew| < 2h7 1, (2.2.7)
are simple with a polynomial resolvent estimate and given modulo O(h™) by

= W F9(m, b, hks B, m, Lk € Z,

2.2.8
0<m<C,, Ci'<h <O, |kl <L (228)

Here C,, and C; are some constants and F*“(m, l, ff; h) is a classical symbol:

Fe(m, 1 kih) ~ Y W F(m, 1 k).

j7>0

The principal symbol Fg is real-valued and independent of m; moreover,

_— V1= 9AM?

Fe(m, 1, k;h) = 33 (I 4+ h/2 —ih(m + 1/2)) + O(h?) for a =0,
(0. F2) (m, £k, k) = % +O(a?).

Finally, if we consider R(w) as a family of operators between the semiclassical Sobolev spaces
H;™' — Hj, then the constant N in Definition 2.2.2 is independent of s.

Theorem 2.1 follows from the here almost immediately. Indeed, since R(w) is independent

of h, each F is homogeneous in (l~, l;:) variables of degree 1 — j; we can then extend this

function homogeneously to the cone |k| <[ and define the (non-semiclassical) symbol

F(m, k)~ Fe(m, 1 k).

j=>0



CHAPTER 2. ASYMPTOTIC DISTRIBUTION OF RESONANCES 56

Note that F(m, 1, k) = h™LF*(m, hl, hk; h) + O(h>) whenever C; ' < hl < C;. We can then
cover the region (2.1.1) for large C,, with the regions (2.2.7) for a sequence of small values
of h to see that QNMs in (2.1.1) are given by (2.1.2) modulo O(|w|™>).

Now, we prove Theorem 2.2. Let u be a solution to (2.2.2), with f € H*™! and s large
enough. We claim that one can deform the contour in (2.2.6) to get

Z Res,—zle ™" R(w) f(w)] + 2171/ B e R(w) f(w) dw. (2.2.9)

Imo>—1g

The series in (2.2.9) is over QNMs @; all but a finite number of them in the region {Imw >
—1p} are equal to Q(&') for some &' given by (2.1.2) and the residue in this case is e~ I1(@')
f(@). Here Q and II are taken from Definition 2.2.2. Now, by (2.2.4), we have

@) F @)l < C@N |1 f|
IR@)f (@)l < Clw) |||

for some constant N independent of s; therefore, for s large enough, the series in (2.2.9) con-
verges in H' and the H! norm of the integral in (2.2.9) can be estimated by Ce="!"|| f|
thus proving Theorem 2.2.

To prove (2.2.9), take small h > 0. There are O(h~ 2) QNMS in the region (2.2.7);
therefore, by pigeonhole principle we can find wy(h) € [h™1,2h7!] such that there are no
QNMs h2-close to the segments

Hsl

-1, Imw = —1y,

Hs—1,

v+ (h) = {Rew = £wy(h), —1vp < Imw < C.}.

Then ||R(w)f(w)||z = O(h*~N=4) on . (h); we can now apply the residue theorem to the
rectangle formed from 74 (h) and segments of the lines {Imw = C.}, {Imw = —14}, and
then let h — 0.

2.2.2 Separation of variables

First of all, using [128, (A.2), (A.3)], we reduce Proposition 2.2.3 to the following®
Proposition 2.2.4. Take 6 > 0 and put
Ks=(r_+d,1y —6) xS* R,(w) = 1g,R(w)lg, : L*(K;) — H*(Kj5).

Then for a small enough® and fized vy, the poles of R,(w) in the region (2.2.7) are simple
with a polynomial resolvent estimate L* — L* and given modulo O(h™) by (2.2.8).

30ne could also try to apply the results of [38] here, but we use the slightly simpler construction of [128,
Appendix], exploiting the fact that we have information on the exact cutoff resolvent.
4The smallness of a is implied in all following statements.
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Furthermore, by [128, Proposition A.1] the family of operators R,(w) coincides with
the one constructed in Theorem 1.2, if the functions Fi, F,, in (2.2.1) are chosen so that
(t,p) = (t*,¢*) in R; x K5. We now review how the construction of R,(w) in Chapter 1
works and reduce Proposition 2.2.4 to two separate spectral problems in the radial and
the angular variables. For the convenience of reader, we include the simpler separation of
variables procedure for the case a = 0 at the end of this section.

First of all, the operator P,(w) is invariant under the rotation ¢ — ¢ + s; therefore, the
spaces Dj, = Ker(D,, — k) of functions of angular momentum k € Z are invariant under both
P,(w) and Ry(w). In Chapter 1, we construct R,(w) by piecing together the restrictions
Ry(w, k) = Ry(w)|p, for all k. Then, Proposition 2.2.4 follows from

Proposition 2.2.5. Under the assumptions of Proposition 2.2.4, there exists a constant Cj
such that for each k € 7Z,

(1) if h|k| > Cy, then Ry(w, k) has no poles in the region (2.2.7) and its L* — L* norm is
O(|k|™2); (This is a reformulation of Proposition 1.4.3.)

(2) if h|k| < Ck, then the poles of Ry(w, k) in the region (2.2.7) are simple with a polynomial
resolvent estimate L* — L* and given modulo O(h®) by (2.2.8), with this particular value
of k.

Now, we recall from §1.2 that the restriction of P,(w) to Dj, has the form® P, (w, k) +
Py (w)|D;C, where

(1+a)
A,

2
L eDg(Ag sin (9D9) + M

Py(w, k) = Dn(A,D,) — ((r* + a*)w — ak)?,

(2.2.10)

Py(w) = (aw sin?6 — D¢)2

sin Ay sin
are differential operators in r and (0, ¢), respectively. Then Ry(w, k) is constructed in the
proof of Theorem 1.1 using a certain contour integral (1.3.1)and the radial and angular
resolvents

R'r(wa )‘7 k) : L2 (7’_,7’+) - Hl2c)c(r—7T+)7

comp

Ro(w, \) : L*(S?*) — H*(S?), A € C;

R, is a certain right inverse to P.(w,k) + A, while Ry is the inverse to Pp(w) — A; we
write Rp(w, A, k) = Rg(w,A)|p;. Recall that both R, and Ry are meromorphic families of
operators, as defined in Definition 1.3.2; in particular, for a fixed value of w, these families
are meromorphic in A with poles of finite rank. By definition of R,(w, k), a number w € C is
a pole of this operator if and only if there exists A € C such that (w, A, k) is a pole of both
RT and Rg.

®The operator P,(w) of Chapter 1 differs from the operator used in this chapter by the conjugation done
in [128, Appendix]; however, the two coincide in Kj.
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Now, for small h > 0 we put
@ =hRew, 7 =Imw, A=h>Re), ji=hIm)\, k= hk; (2.2.11)

the assumptions of Proposition 2.2.5(2) imply that 1 < & < 2, |7| < v, and |k| < Cy.
Moreover, Proposition 1.4.4 suggests that under these assumptions, all values of A\ for which
(w, \, k) is a pole of both R, and Ry have to satisfy ||, |i] < Cy, for some constant Cl.

We are now ready to state the quantization conditions and resolvent estimates for R,
and Ry; the former is proved in §2.5 and the latter, in §2.4.

Proposition 2.2.6 (Radial lemma). Let Cy be a fized constant and put K, = (r_+4§,r,—9).
Then the poles of 1, R.(w, A\, k)1, as a function of A, in the region

1<@<2 |p] <wy, |k| < Ch [N, || < Ch, (2.2.12)

are simple with polynomial resolvent estimate L? — L* (in the sense of Definition 2.2.2) and
given modulo O(h>) by

A+ ihji = F'(m, 0,0,k k), meZ, 0<m< Cy, (2.2.13)

for some constant C,,. The principal part F{ of the classical symbol F" s real-valued,
independent of m and v, and

M 2

%(JJ +ihv)| 4+ O(h?) for a =0,
2TM* ., 6akd

1-0AM2" ~ 1T 9AM?

F' = [ih(m+1/2) +

Fo (@, l;‘) = + O(a?).

In particular, for w,k satisfying (2.2.12), every pole \ satisfies A\ > ¢ for some constant
e>0.

Proposition 2.2.7 (Angular lemma). Let Cy be a fized constant. Then the poles of Rg(w, A, k)
as a function of X\ in the region

1<® <2 |7 <w, k] <Ck Cyt < X< Cy, || < Cy, (2.2.14)

are simple with polynomial resolvent estimate L?> — L* and given modulo O(h*>) by

A+ ihji = FO(hl, &, 0, k; h), | € Z, max(|k|,C;) < hl < C, (2.2.15)

for some constant Cy. The principal part F¢ of the classical symbol F? is real-valued, inde-

pendent of U, and
FO =1+ h)+O(h>®) fora=0.

(1—|—a) (k—a®)?, 0. FY (+k, & k) — 4+2k+0(a?), and consequently,

Moreover, F{ (£ +k, 0, k) =
= —2aw + O(a?).

O FL £k, @, k)
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ok

Figure 2.1: The contour 7 and interaction between radial poles (denoted by dots) and angular
poles (denoted by asterisks).

Combining Propositions 2.2.6 and 2.2.7 with the results of Chapter 1, we get

Proof of Proposition 2.2.5. We let F*(m, l~, /%; h) be the solution @ + ihv to the equation
Fr(m,&,0,k; h) = FO(I,&0,0,k; h). (2.2.16)

We can see that this equation has unique solution by writing " — F? = F' + ihF" and
examining the principal parts of the real-valued symbols F’, F” for a = 0.

The idea now is to construct an admissible contour in the sense of Definition 1.3.5; e.g.
a contour that separates the sets of poles (in the variable A) of R, and Ry from each other;
then (1.3.1) provides a formula for R,(w, k), which can be used to get a resolvent estimate.
We will use the method of proof of Proposition 1.4.4. Take the contour v introduced there,
for h, = Cyh™', I} = L = C\h72, and C, some large constant. Then we know that all
angular poles are to the right of v (in T'y). Moreover, the only radial poles to the right of v
lie in the domain {|Im A| < Iy, |A| < L} and they are contained in the set {Ag, ..., Af } for
some constant C,,, where X’ (w, k) is the radial pole corresponding to h=2F"(m, @, 1, k: h).
In particular, those radial poles are contained in

Uy ={Cyt < X< Cy, || <Cy},
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for some constant Cy.

Assume that w is not a pole of R,(w, k); then we can consider the admissible contour
composed of v and the circles v,,, 0 < m < C,, enclosing A/ (w, k), but none of the other
poles of R, or Ry. Using the meromorphic decomposition of R, at A}, and letting its principal
part be II” /(A — AT ), we get

Ry(w, k) = Z Il (w, k) ® Ro(w, A\l (w, k), k) + % / Ry (w,\, k) ® Rg(w, \, k) d\. (2.2.17)
m gl
Here we only include the poles A7 lying to the right of 7; one might need to change [; in
the definition of v a little bit in case some A comes close to 7. The integral in (2.2.17) is
holomorphic and bounded polynomially in h, by the bounds for R, given by Proposition 2.2.6,
together with the estimates in the proof of Proposition 1.4.4.

Now, the poles of Ry in Uy are given by (2.2.15); let AY(w, k) be the pole corresponding to
h=2FO(hl, 0, v, k; h) and T1Y /(A — \?) be the principal part of the corresponding meromorphic
decomposition. Then the resolvent estimates on Ry given by Proposition 2.2.7 together
with (2.2.17) imply

r(w 9 (w
Ry(w, k) = Hol(w) + ) A:Ew Z; QE’ 1;?}((60::))' (2.2.18)

Here Hol(w) is a family of operators holomorphic in w and bounded polynomially in h.
Moreover,

N (@, k) = N w, k) = h2(F (m, 0,0, h) — FO(L G, 2, R ) + O(h); (2:2.19)

therefore, the equation A7 (w, k) — X/ (w, k) = 0 is an O(h>) perturbation of (2.2.16) and it
has a unique solution wy,;(k), which is O(h™) close to h='F*“(m, hl, k;h). Finally, in the
region (2.2.7) we can write by (2.2.18)

Ry(w, k) = Hol(w) + 3 Ma(R)

with Hol(w) as above and II,, (k) being the product of a coefficient polynomially bounded
in h with (11", ® T119)(wy,(k), k); this finishes the proof. O

Finally, let us present the simplified separation of variables for the case a = 0, namely
the Schwarzschild—de Sitter metric:
A, 2
g = thQ — g—rdTZ —r2(d? + sin’ 0 dy?),

A, = r2(1 — ATTQ) — 2Mr.
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Note that df? + sin® 6 dy? is just the round metric on the unit sphere. The metric decouples
without the need to take Fourier series in ¢; the stationary d’Alembert-Beltrami operator
has the form P,(w) = P.(w) + Py, where

4

Po(w) = D,(A,D,) — Z—w{
= L DysingDy) + 2%
o7 sing o(sin.0Dp) + sin? 6’

Here P, is the Laplace-Beltrami operator on the round sphere; it is self-adjoint (thus no
need for the contour integral construction of §1.3) and is known to have eigenvalues [(I + 1),
where [ > 0. Each such eigenvalue has multiplicity 2[ + 1, corresponding to the values
—l,...,l of the p-angular momentum k. The angular Lemma 2.2.7 follows immediately.
(We nevertheless give a more microlocal explanation in this case at the end of §2.4.1.) One
can now decompose L? into an orthogonal sum of the eigenspaces of Py; on the space V)
corresponding to the eigenvalue A = [(I + 1), we have

Pg(u})h/)\ = PT<UJ) + A

Therefore, the only problem is to show the radial Lemma 2.2.6 in this case, which is in
fact no simpler than the general case. (Note that we take a different path here than [103]
and [17], using only real microlocal analysis near the trapped set, which immediately gives
polynomial resolvent bounds.)

2.3 Preliminaries

2.3.1 Pseudodifferential operators and microlocalization

First of all, we review the classes of semiclassical pseudodifferential operators on manifolds
and introduce notation used for these classes; see [137, Sections 9.3 and 14.2] or [39] for more
information.

For k € R, we consider the symbol class S¥(R") consisting of functions a(z,&; h) smooth
in (z,€) € R?" and satisfying the following growth conditions: for each compact set K C R”"
and each pair of multiindices «, 3, there exists a constant C,px such that

0507 a(z, & h)| < Capr ()17, 2 € K, ¢ €R™, h>0.

If we treat R?" as the cotangent bundle to R™, then the class S* is invariant under changes of
variables; this makes it possible, given a manifold M, to define the class S*(M) of symbols
depending on (x,&) € T*M.
If k € Rand aj(z,€) € S¥9(M), j =0,1,..., is a sequence of symbols, then there exists
the asymptotic sum
a(x,&h) ~ Zhjaj(x,f); (2.3.1)

320
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i.e., a symbol a(z,&; h) € S¥(M) such that for every J =0,1,...,

a(x,& h) — Z Wa;(z, &) € h! S

0<j<J

The asymptotic sum a is unique modulo the class h* S~ of symbols all of whose derivatives
decay faster than h™¥ (€)= for each N on any compact set in z. If a is given by an asymptotic
sum of the form (2.3.1), then we call it a classical symbol and write a € S%(M). We call
ap(z, &) the principal part of the symbol a(z, &; h).

Let W*(M) be the algebra of (properly supported) semiclassical pseudodifferential op-
erators on M with symbols in S*(M). If Hy (M), m € R, consists of functions lo-
cally lying in the semiclassical Sobolev space, then every element of W*(M) is continuous
HpMo (M) — H' (M) with every operator seminorm being O(1) as h — 0. Let Wk (M)
be the algebra of operators with symbols in S%(M) and W, (M) be the union of ¥¥ for all
k. Next, let the operator class h*W~>°(M) correspond to the symbol class h*°S~>°(M); it
can be characterized as follows: A € h>*W~=>(M) if and only if for each N, A is continuous
Hy v (M) — HY, (M), with every operator seminorm being O(h"). The full symbol of an
element of W*(M) cannot be recovered as a function on T*M; however, if A € W% (M), then
the principal symbol of A is an invariantly defined function on the cotangent bundle. If M
is an open subset of R", then we can define the full symbol of a pseudodifferential operator
modulo h*57°°; we will always use Weyl quantization.

We now introduce microlocalization; see also [137, §8.4] and [117, §3]. Define U C T*M to
be conic at infinity, if there exists a conic set V' C T*M such that the symmetric difference
of U and V is bounded when restricted to every compact subset of M. For a € S*(M)
and U C T*M open and conic at infinity, we say that a is rapidly decaying on U, if for
every V' C U closed in T* M, conic at infinity, and with compact projection onto M, every
derivative of a decays on V faster than hV(¢)™" for every N. We say that A € W*(M)
vanishes microlocally on U if its full symbol (in any coordinate system) is rapidly decaying
on U. If A,B € W*(M), then we say that A = B microlocally on U, if A — B vanishes
microlocally on U.

For A € W*(M), we define the semiclassical wavefront set WF,(A) C T*M as follows:
(x,&) ¢ WF,(A) if and only if A vanishes microlocally on some neighborhood of (z,¢&).
The set WE},(A) is closed; however, it need not be conic at infinity. Next, we say that A
is compactly microlocalized, if there exists a compact set K C T*M such that A vanishes
microlocally on T*M \ K. We denote by W™ (M) the set of compactly microlocalized
operators. Here are some properties of microlocalization:

e If A vanishes microlocally on U; and Us, then it vanishes microlocally on U; U Us.

e The set of pseudodifferential operators vanishing microlocally on some open and conic
at infinity U C T*M is a two-sided ideal; so is the set of operators with wavefront set
contained in some closed V' C T*M. In particular, WF,(AB) C WEF,(A) N WF,(B).
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e A vanishes microlocally on the whole T*M if and only if it lies in h®°W~°,

e If A vanishes microlocally on U, then WF,(A) N U = @; the converse is true if U is
bounded. However,® A does not necessarily vanish microlocally on the complement of
WF},(A); for example, the operator A = e~/ lies in WO and has an empty wavefront
set, yet it does not lie in h*W~>°,

e The set U forms a two-sided ideal and it lies in ¥~ for every N.
e Each A € U™ vanishes microlocally on the complement of WF,(A).

e Let A € U¥(M) and let its symbol in some coordinate system have the form (2.3.1);
introduce
V= U supp a;.
Jj=0
Then A vanishes microlocally on some open set U if and only if UNV = 0; A is
compactly microlocalized if V' is bounded, and WF(A) is the closure of V.

We now consider microlocally defined operators. Let U C T*M be open. A local pseudodif-
ferential operator A on U is, by definition, a map

B+ [A- B] € U™ (M) /hU~®(M), B € U™ (M), WF,(B) C U,
such that:
o WF4([A- B]) C WF,(B).
o If By, By € U™(M) and WF,,(B;) C U, then [A - (By + By)] = [A- By + [A- By).
o If C' € U*(M), then [A- B|C = [A- (BC)].

We denote by W'°c(U) the set of all local operators on U. Note that a local operator is
only defined modulo an h*°W~>° remainder. If A € U¥(M), then the corresponding local
operator A is given by [}I B] = AB mod h®*VU~>; we say that A represents A. For
M = R"™ and U C T*M, there is a one-to-one correspondence between local operators
and their full symbols modulo h%; the symbols of local operators are functions a(z,&;h)
smooth in (z,£) € U all of whose derivatives are uniformly bounded in A on compact
subsets of U. In fact, for a symbol a(x,&;h), the corresponding local operator is defined
by [A - B] = (a#b)"(z, hD,), where b(x,&; h) is the full symbol of B € W™; since b is
compactly supported inside U modulo O(h*) and a is defined on U, we can define the symbol
product a#b uniquely modulo O(h*). In particular, a classical local operator A € W9¢(M)
is uniquely determined by the terms of the decomposition (2.3.1) of its full symbol. Note

6This issue can be avoided if we consider WF},(A) as a subset of the fiber compactified cotangent bundle
T*M, as in [128, §2.1]. Then an operator is compactly microlocalized if and only if its wavefront set does
not intersect the fiber infinity.
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that U is not required to be conic at infinity, and we do not impose any conditions on the
growth of a as & — oo.

Local operators form a sheaf of algebras; that is, one can multiply local operators defined
on the same set, restrict a local operator to a smaller set, and reconstruct a local operator
from its restrictions to members of some finite open covering of U. This makes it possible
to describe any local operator A € ¥°°(U) on a manifold using its full symbols in various
coordinate charts. For A € W°°(U), one can define its wavefront set WF,(A) as follows:
(x0,&) € WEL(A) if and only if the full symbol of A is O(h*) in some neighborhood of
(0, &). If A € UF represents A € U°c, then WF,,(A) = WF,(A); in general, wavefront sets
of local operators obey WF,(A + B) € WF,(A) UWF,(B) and WF,(AB) C WF,(4) N
WF,(B).

Finally, we study microlocalization of arbitrary operators. Let M; and Ms be two mani-
folds. An h-dependent family of (properly supported) operators A(h) : C*°(M;) — D'(Ms)
is called tempered, or polynomially bounded, if for every compact K; C M, there exist
N and C such that for any u € C§°(K1), [[A(R)ull -~ 4y, < Ch™|ul| . Note that the

composition of a tempered operator with an element of U¥ is still tempered. We can also
treat distributions on M, as operators from a singleton to M.

For a tempered family A(h), we define its wavefront set WF,(A) C T*(M; x M) as
follows: (z,&;y,m) € WF,(A), if and only if there exist neighborhoods U;(x, &) and Us(y,n)
such that for every B; € W°™P(M;) with WF,(B;) C U;, we have ByA(h)B; € h°U~>*. We
say that A; = A, microlocally in some open and bounded U C T*M, if WF},(A;—As)NU = 0.
Also, A(h) is said to be compactly microlocalized, if there exist C; € W*™P(M;) such that
A(h) — CyA(R)Cy € h*°¥—°°. In this case, all operator norms || A(h) HH}JL\fl_>H}JI\Ig are equivalent
modulo O(h™); if any of these norms is O(h") for some constant r, we write || A(h)|| = O(h").
Here are some properties:

e If A is compactly microlocalized, then WF,(A) is compact. The converse, however,
need not be true.

o If A € U*(M), then the two definitions of compact microlocalization of A (via its
symbol and as a tempered family of operators) agree; the wavefront set of A as a
tempered family of operators is just {(z,£;x,€) | (x,&) € WF,(A)}.

o If A, Ay are two tempered operators and at least one of them is either compactly
microlocalized or pseudodifferential, then the product AsA; is a tempered operator,
and

WFh(AQAl) - WFh(Al) ¢} WFh(AQ)
={(2,&2,¢) | Iy, n) : (x,§y,n) € WEL(A1), (y,1;2,¢) € WFL(A2)}.

Moreover, if both Ay, A; are compactly microlocalized, so is AsAj.

Let us quote the following microlocalization fact for oscillatory integrals, which is the starting
point for the construction of semiclassical Fourier integral operators used in §2.3.3:
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Proposition 2.3.1. Assume that M is a manifold, U C M xR™ is open, o(x,8) is a smooth
real-valued function on U, with x € M and § € R™, and a(z,0) € C°(U). Then the family
of distributions

u(x):/ e @0/hg (., 0) df

18 compactly microlocalized and

WE(u) C {(z,02p(x,0)) | (,0) € suppa, dgp(,6) = 0}.

2.3.2 Ellipticity and formal functional calculus

Assume that U C T*M is open and A € ¥3¢(U). We say that A is (semiclassically) elliptic
on U if its principal symbol does not vanish on U. Under this condition, there exists unique
operator A~1 € Wl¢¢(U) such that A='A, AA~! = I as local operators. The next proposition
provides the form of the symbol of A~!; it is based on the standard parametrix construction:

Proposition 2.3.2. Fir a coordinate system on M. Assume that A € W¢(U) is elliptic
and has the full symbol a ~ ag + hay + h%ay + .... Then A™' has the full symbol b ~
bo + hby + h?by + ..., where each bj is a linear combination with constant coefficients of the

terms of the form

M
a " ] o5 odmay,,. (2.3.2)

m=1

Here the (multi)indices oy, P, L satisfy the condition

M M M
D laml =3 1Bnl = =3 In
m=1 m=1 m=1

Furthermore, we can assume that |u,| + |Bm| + Ly > 0 for all m.

Proof. We call (2.3.2) an expression of type (M,, Mg, L), where M,, Mg, L are the sums of
|, |Bml, and 1, respectively. If f is an expression of type (M,, Mg, L), then we can prove
by induction that agaff is an expression of type (M, + |a|, Mg+ |B], L). Now, we write the
equation a#b = 1; the principal term gives by = a; "', and the next terms give that each b; is

the sum of expressions of type (j — L, j — L, L), by induction and the formula for the symbol
product a#b. O

Let A € UK we say that it is elliptic on an open conic at infinity U C T*M in the class
U* (or microlocally elliptic), if its principal symbol aq satisfies |ag(z, &)| > (£)*/C(K) for
(x,€) in any given closed conic at infinity KX C U with compact projection onto M, and
some constant C(K) depending on K. In this case, the full symbol of A~! satisfies the
decay conditions of the class W% in U. In particular, if A € ¥¥ is elliptic in the class W*
everywhere, then we can define A~! € \If;k for h small enough.
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We now construct functional calculus of local real principal pseudodifferential operators.
For this, we use holomorphic functional calculus [45, §7.3]; another approach would be via
almost analytic continuation [39, Chapter 8]. First, assume that A € W™ (M) has com-
pactly supported Schwartz kernel. In particular, the principal symbol ag of A is compactly
supported; let K C C be the image of ag. Let f(z) be holomorphic in a neighborhood € of
K, and let v C © be a contour such that K lies inside of «. For each h, the operator A is
bounded L? — L?; for h small enough, its spectrum lies inside of «v. Then we can define the

operator f(A) by the formula
1
= — — A)tde.
g SICICRROREE

For z € v, the operator z — A is elliptic in the class ¥°; therefore, (z — A)~! € WY (M). It
follows that f(A) € WY (M). By Proposition 2.3.2, the full symbol of f(A) (in any coordinate
system) is the asymptotic sum

th Z M ao(w, €))bjae(x,€). (2.3.3)

Here a ~ ag+hay +. .. is the full symbol of A; b,y are the functions resulting from applying
certain nonlinear differential operators to ag, ay, . ...

Now, assume that U C T*M is open and A € W!9¢(U) has real-valued principal symbol
ap. Then the formula (2.3.3) can be used to define an operator f[A] € W¢(U) for any
f € C=(R). Note that the principal symbol of (2 — A)™' is (z — ag)™'; therefore, the
principal symbol of f[A] is foag. The constructed operation posesses the following properties
of functional calculus:

Proposition 2.3.3. Assume that U C T*M is open, A € V¢(U), and f,g € C®(R). Then:
1. WEL(f[A]) C ay*(supp f), where ag is the principal symbol of A.
2. If f(t) = Zjl'(:o fit! is a polynomial, then f[A] = f(A), where f(A) =", [; A7,
5. (F+9) A = F14] + g[4] and (fg)[A] = fA]g[A]
4. If B € Wh(U) and [A, B] = 0, then [f[A], B] = 0.
The identities in parts 2—/ are equalities of local operators; in particular, they include
the h°W= error. In fact, the operator f[A] is only defined uniquely modulo h>®W~°.

Proof. 1. Follows immediately from (2.3.3).

2. Take an open set V compactly contained in U; then there exists A € U™ (M) such
that A = A microlocally on V. Since f is entire and Alis compactly microlocalized, we can
define f (Z) by means of holomorphic functional calculus; it is be a pseudodifferential operator
representing f [Z] Now, f(A) = f (ﬁ) microlocally on V' by properties of multiplication
of pseudodifferential operators and f[A] = f[A] microlocally on V by (2.3.3); therefore,
f(A) = f[A] microlocally on V. Since V was arbitrary, we have f(A) = f[A] microlocally
on the whole U.
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3. We only prove the second statement. It suffices to show that for every coordinate
system on M, the full symbols of (fg)[A] and f[A]g[A] are equal. However, the terms in the
asymptotic decomposition of the full symbol of (fg)[A] — f[A]g[A] at (z,&) only depend on
the derivatives of the full symbol of A at (z,£) and the derivatives of f and g at ag(z,§).
Therefore, it suffices to consider the case when f and g are polynomials. In this case, we
can use the previous part of the proposition and the fact that f(A)g(A4) = (fg)(A).

4. This is proven similarly to the previous part, using the fact that [A, B] = 0 yields
[f(A), B] = 0 for every polynomial f. ]

Finally, under certain conditions on the growth of f and the symbol of A at infinity, f[A]
is a globally defined operator:

Proposition 2.3.4. Assume that A € ¥ (M), with k > 0, and that A is elliptic in the class
Uk outside of a compact subset of T*M. Also, assume that f € C*(R) is a symbol of order
s, in the sense that for each l, there exists a constant Cy such that

FO@)] < Gy, teR.
Then f[A] is represented by an operator in WF(M).

Proof. We use (2.3.3); by Proposition 2.3.2, the symbol bjy; lies in S¥™ =7, Since f is a
symbol of order s, fM) is a symbol of order s — M. Then, since ay € S* is elliptic outside of
a compact set and k > 0, we have fM) o qg € S¥s=M)_ Tt follows that each term in (2.3.3)
lies in S**~7; therefore, this asymptotic sum gives an element of WU3F. O

2.3.3 Quantizing canonical transformations

Assume that M; and Ms are two manifolds of the same dimension. Recall that the symplectic
form wf on T*M; is given by wf = daf , where 0]5 = &dx is the canonical 1-form. We let
K; C T*M; be compact and assume that ® : T*M; — 1™ M, is a symplectomorphism defined
in a neighborhood of K, and such that ®(K;) = K,. Then the form of — ®*o5 is closed; we
say that ® is an exact symplectomorphism if this form is exact. Define the classical action
over a closed curve in T*M; as the integral of UJS over this curve; then ® is exact if and
only if for each closed curve v in the domain of ®, the classical action over 7 is equal to the

classical action over ® o y. We can quantize exact symplectomorphisms as follows:

Proposition 2.3.5. Assume that ® is an exvact symplectomorphism. Then there exist h-
dependent families of operators

By : D'(My) — C3°(Ms), By : D'(My) — C5° (M)

such that:
1. Each B; is compactly microlocalized and has operator norm O(1); moreover, WF,(By)
is contained in the graph of ® and WF,(By) is contained in the graph of ®!.
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2. The operators By By and By By are equal to the identity microlocally near Ko x Ko and
Ky x Ky, respectively.
3. For each P € W, (M,), there ezists Q € Vo (Ms) that is intertwined with P via By
and By:
BP =QB,, PBy = B>()

microlocally near K; x Ky and Ky x Ky, respectively. Similarly, for each Q € V(M) there
exists P € V(M) intertwined with it. Finally, if P and Q are intertwined via By and By
and p and q are their principal symbols, then p = q o ® near K.

If the properties 1-3 hold, we say that the pair (By, By) quantizes the canonical transfor-
mation ® near K; x Ks.

Proof. We take By, By to be semiclassical Fourier integral operators associated with ¢ and
®~1 respectively; their symbols are taken compactly supported and elliptic in a neighbor-
hood of K7 x K5. The existence of globally defined elliptic symbols follows from the exactness
of ®; the rest follows from calculus of Fourier integral operators. See [62, Chapter 8] or [130,
Chapter 2] for more details. O

Note that the operators By and By quantizing a given canonical transformation are not
unique. In fact, if X; € U™ (M) are elliptic near K; and Y; € W™ (M;) are their inverses
near K, then (X2B1X,,Y1ByY3) also quantizes ®; moreover, P is intertwined with @) via
the new pair of operators if and only if X;PY; is intertwined with Y2Q X, via (By, By).

We now study microlocal properties of Schrédinger propagators. Take A € W™ (M)
with compactly supported Schwartz kernel and let ay be its principal symbol; we assume
that ag is real-valued. In this case the Hamiltonian flow exp(tH,,), t € R, is a family
of symplectomorphisms defined on the whole T*M; it is the identity outside of supp ag.
Moreover, exp(tH,,) is exact; indeed, if V' = H,,, then by Cartan’s formula

Lyo® = d(iyo®) 4 iyd(c®) = d(ivo® — ag)

is exact. Therefore,
dy exp(tV)*o® = exp(tV)* Ly o”

is exact and exp(tV)*o® — 0¥ is exact for all ¢.
For each t, define the operator exp(itA/h) as the solution to the Schrédinger equation
hD;exp(itA/h) = Aexp(itA/h) = exp(itA/h)A

in the algebra of bounded operators on L?*(M), with the initial condition exp(:0A/h) = I.
Such a family exists since A is a bounded operator on L?(M) for all h. Here are some of its
properties (see also [137, Chapter 10]):

Proposition 2.3.6. 1. The operator exp(itA/h) — I is compactly microlocalized and has
operator norm O(1).
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2. If A, B € U™ have real-valued principal symbols and [A, B] = O(h*), then
[exp(itA/h), B] = O(h*™), exp(it(A+ B)/h) = exp(itA/h) exp(itB/h) + O(h™).

(We do not specify the functional spaces as the estimated families of operators are compactly
microlocalized, so all Sobolev norms are equivalent.) In particular, if B = O(h®), then the
propagators of A and A+ B are the same modulo O(h>).

3. Let P € W and take

P, = exp(itA/h)Pexp(—itA/h).

Then P, is pseudodifferential and its full symbol depends smoothly ont. The principal symbol
of Py is po o exp(tH,,), where py is the principal symbol of P; moreover,

WEL(P,) = exp(—tHa, ) (WFL(P)).

4. Let K C T*M be a compact set invariant under the Hamiltonian flow of ag. If
X € U™ s equal to the identity microlocally near K, then the pair

(X exp(—itA/h), X exp(itA/h))

quantizes the canonical transformation exp(tH,,) near K x K. Moreover, if P,Q) € U™

are intertwined via these two operators, then Q) = exp(—itA/h)P exp(itA/h) microlocally
near K.

5. Assume that V' is a compactly supported vector field on M, and let exp(tV) : M — M
be the corresponding flow, defined for all t; denote by exp(tV)* the pull-back operator, acting
on functions on M. Let K C T*M be compact and invariant under the flow of V, and

X € U™ have real-valued principal symbol and be equal to the identity microlocally near
K ; consider (hV/i)X € ™. Then for each t,

exp(it(hV /i) X/h) = exp(tV)*

microlocally near K X K.
The statements above are true locally uniformly in t.

Proof. 1. First, take u € L*(M); then, since the principal symbol of A is real-valued, we
have ||A — A*||z2,z2 = O(h) and thus

Dyl| exp(itA/h)ull7> = h™ (A — A7) exp(itA/h)u, exp(itA/h)u)r2 = O(|| exp(it A/ h)ul|7»);
therefore, exp(itA/h) is tempered:
lexp(it A/ 122 = O(M).
The rest follows from the identity
1t

exp(itA/h) =1 + .

. t .
A+ ZA/ (t — s)exp(isA/h)ds - 'y
) I
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2. We have
Dy(exp(itA/h)Bexp(—itA/h)) = h™' exp(itA/h)[A, B] exp(—itA/h) = O(h*);
this proves the first identity. The second one is proved in a similar fashion:
Dy(exp(—it(A+ B)/h)exp(itA/h) exp(itB/h)) = O(h™).

3. We construct a family ﬁt of classical pseudodifferential operators, each equal to P
microlocally outside of a compact set, solving the initial-value problem

D,P, = h ' [A, B + O(h™), Py =P + O(h™).

For that, we can write a countable system of equations on the components of the full symbol
of P,. In particular, if p(t) is the principal symbol of P;, we get

atp(t) = {CLD;p(t)} = Haop(t);

it follows that p(t) = po o exp(tH,, ). Similarly we can recover the wavefront set of P, from
that of P. Now, _
Or(exp(—itA/h)P,exp(itA/h)) = O(h™);
therefore, P, = P, + O(h™).
4. Since X is compactly microlocalized, so are the operators B; = X exp(—itA/h) and
By = X exp(itA/h). Next, if Y2,Y; € U™ then

Y3 B1Yy = Y2 X (exp(—itA/h)Y; exp(itA/h)) exp(—itA/h);

using our knowledge of the wavefront set of the operator in brackets, we see that this is
O(h*>) if

WFh(S/2> M eXp(tHcm) WFh(YI) = @
Therefore, WF,(B;) is contained in the graph of exp(tH,,); similarly, WF},(B,) is contained
in the graph of exp(—tH,,). Next,

BBy = X (exp(—itA/h)X exp(itA/h));

however, the operator in brackets is the identity microlocally near K, as X is the identity
microlocally near K and K is invariant under exp(tH,,). Therefore, By B; is the identity
microlocally near K. The intertwining property is proved in a similar fashion.

5. We have

Oy (exp(tVX) exp(—tV)") = exp(tVX)V(X — I) exp(—tV)* = O(h™)

microlocally near K x K. [
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Finally, we consider the special case ay = 0; in other words, we study exp(itA), where
A € U™P. Since the associated canonical transformation is the identity, it is not unexpected
that exp(itA) is a pseudodifferential operator:

Proposition 2.3.7. Let ay be the principal symbol of A. Then:

1. exp(itA) — I € U™ and the principal symbol of exp(itA) equals €. Moreover, if
Ay = Ay microlocally in some open set, then exp(itA;) = exp(itAy) microlocally in the same
set.

2. For any P € U™ we have the following asymptotic sum:

cl

(it adA)jP

exp(itA)P exp(—itA) ~ Z -
J!

J=0

)

where ada Q = [A, Q] for every Q.
3. IfU C T*M is connected and exp(iA) = I microlocally in U, then A = 27l microlocally
i U, where | is an integer constant.

Proof. 1. We can find a family of pseudodifferential operators B, solving
@Bt = ZABt + O(hoo), BO - [,

by subsequently finding each member of the asymptotic decomposition of the full symbol of
B,;. Then
O¢(exp(—itA)B;) = O(h™);

therefore, exp(itA) = By + O(h™). The properties of B; can be verified directly.
2. Follows directly from the equation

Oy(exp(itA)Pexp(—itA)) = iada(exp(itA) P exp(—itA)).

3. By calculating the principal symbol of exp(iA), we see that a; has to be equal to
27l in U for some constant [ € Z. Subtracting this constant, we reduce to the case when
A = O(h). However, if A = O(h") for some N > 1, then exp(iA) = [ +iA + O(h"NT!); by
induction, we get A = O(hY) microlocally in U for all N. O

2.3.4 Integrable systems

Assume that M is a two-dimensional manifold and pq, ps are two real-valued functions defined
on an open set U C T*M such that:

o {p1,p2} =0;

e for p = (p1,p2) : U — R? and each p € p(U), the set p~!(p) is compact and connected.
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We call such p an integrable system. Note that if V' C R? is open and intersects p(U),
and F : V — R? is a diffecomorphism onto its image, then F(p) is an integrable system on
p (V).

We say that an integrable system p : U — R? is nondegenerate on U, if the differentials of
p1 and py are linearly independent everywhere on U. The following two propositions describe
the normal form for nondegenerate integrable systems:

Proposition 2.3.8. Assume that the integrable system p is nondegenerate on U. Then:
1. For each p € p(U), the set p~*(p) C T*M is a Lagrangian torus. Moreover, the family
of diffeomorphisms
¢y = exp(ti H,, +toH,,), t = (t1,t2) € R?,

defines a transitive action of R? on p~1(p). The kernel of this action is a rank two lattice
depending smoothly on p; we call it the periodicity lattice (at p).

2. For each py € p(U), there exists a neighborhood V (py) and a diffeomorphism F 'V —
R? onto its image such that the nondegenerate integrable system F(p) has periodicity lattice
2772 at every point. Moreover, if the Hamiltonian flow of ps is periodic with minimal period
21, we can take the second component of F(p) to be ps.

3. Assume that V. C p(U) is open and connected and Fy, Fy : V — R? are two maps
satisfying the conditions of part 2. Then there exist A € GL(2,Z) and b € R?* such that
F=A-F +b.

Proof. This is a version of Arnold—Liouville theorem; see [43, §1] for the proof. [

Proposition 2.3.9. Assume that p: U — R?, p’ : U’ — R2, are nondegenerate integrable
systems with periodicity lattices 2rZ? at every point; here U C T*M, U’ C T*M'. Take
po € p(U)Np'(U"). Then:

1. There exists a symplectomorphism ® from a neighborhood of p~*(po) in T*M onto a
neighborhood of (p')~*(po) in T*M' such that p = p’ o ®.

2. ® is exact, as defined in §2.3.3, if and only if

/US:/U/S, Jg =12
Vi ¥

where 7y; and v} are some fived (2m-periodic) Hamiltonian trajectories of p; on P '(po) and
P on (p')"(po), respectively.

Proof. Part 1 again follows from Arnold—Liouville theorem. For part 2, we use that the closed
1-form o° — ®*¢’S on a tubular neighborhood of p~'(py) is exact if and only if its integral
over each v, is zero. Since 7, lie in p~!(py) and the restriction of do® = w” to p~(py) is zero,
we may shift 7; to make both of them start at a fixed point (29, &) € p~'(po). Similarly, we
may assume that both v} start at ®(zo,&). But in this case 7; = ® o y; and

/US_q)*O_/S:/JS_/O_/S7
Vi vj ot
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which finishes the proof. O

Next, we establish normal form for one-dimensional Hamiltonian systems with one de-
generate point. For that, consider Ri,g with the standard symplectic form d€ A dzx, and
define ¢ = (2? + £2)/2; then ¢ has unique critical point at zero and its Hamiltonian flow is
2m-periodic.

Proposition 2.3.10. Assume that p(x,§) is a real-valued function defined on an open subset
of R? and for some A € R,

o the set Ky = {p < A} is compact;

e p has exactly one critical point (xg,&y) in Ka, p(xo,&) < A, and the Hessian of p at
(x0,&0) 1s positive definite.

Then there exists a smooth function F' on the segment [p(zo,&o), A], with F' > 0 everywhere
and F(p(zo,&)) = 0, and a symplectomorphism U from K 4 onto the disc {¢ < F(A)} C R?
such that F(p) = ¢ o W. Moreover, F'(p(xo,&)) = (det V2p(zo, &))" Y2, If p depends
smoothly on some parameter Z, then F and VU can be chosen locally to depend smoothly on
this parameter as well.

Proof. Without loss of generality, we may assume that p(zo,&p) = 0. Recall that in one di-
mension, symplectomorphisms are diffeomorphisms that preserve both area and orientation.
By Morse lemma, there exists an orientation preserving diffeomorphism © from a neighbor-
hood of (z¢,&p) onto a neighborhood of the origin such that p = ( 0 ©. Using the gradient
flow of p, we can extend © to a diffeomorphism from K4 to the disc {{ < A} such that
p=Co00O. Let J be the Jacobian of ©~!; then the integral of J inside the disc {¢ < a} is a
smooth function of a. Therefore, there exists unique function F' smooth on [0, A] such that
F’ > 0 everywhere, F(0) = 0, and the integral of J inside the disc {F'(¢) < a}, that is, the
area of O 1 ({F(¢) <a}) ={F(p) <a} C Ka, is equal to 2ma.

Let © be a diffeomorphism from K 4 onto {¢ < F(A)} such that F(p) = Co© (constructed
as in the previous paragraph, taking F'(p) in place of p) and let J be the Jacobian of ©7L.
We know that for 0 < a < F(A), the integral of J — 1 over {¢ < a} is equal to 0. Introduce
polar coordinates (r, ¢); then there exists a smooth function 1 such that J = 1 4+ 9,1 (see
Proposition 2.4.7). The transformation

U (r,p) = (1,0 + 1)

is a diffeomorphism from {¢ < F(A)} to itself and has Jacobian .J; it remains to put
U =Uo0. To compute F'(py(xo,&)), we can compare the Hessians of F(p) and ¢ o @ at
(20, 0)-

The function F' is uniquely determined by p and thus will depend smoothly on Z. As
for W, we first note that ©® was constructed using Morse lemma and thus can be chosen
locally to depend smoothly on Z (see for example [137, Proof of Theorem 3.15]). Next,
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we can fix ¢ by requiring that it integrates to zero over each circle centered at the origin
(see Proposition 2.4.7); then v, and thus ¥, will depend smoothly on Z. O

2.4 Angular problem

2.4.1 Outline of the proof

Consider the semiclassical differential operators (using the notation of (2.2.11))

Pl(aj, ﬁ; h) = hZPQ(w) (hDg)(Ag sind - hDg)

sin 0
(1 + Oé)2 _ N .9 2
m(a(w +ihv)sin® 0 — hD,,)",
Py(h) = hD,

on the sphere S?. Then (w, A, k) is a pole of Ry if and only if (5\ + ihji, l%) lies in the joint
spectrum of the operators (P, P2) (see Definition 2.A.1). For a = 0, P; is the Laplace-
Beltrami operator on the round sphere (multiplied by —h?); therefore, the joint spectrum
of (P, P,) is given by the spherical harmonics (I(I 4+ h), k), k,I € hZ, |k| < I (see for
example [123, §8.4]). In the end of this subsection, we give a short description of which parts
of the angular problem are simplified for a = 0. For general small a, we will prove that the
joint spectrum is characterized by the following

Proposition 2.4.1. Let @, satisfy (2.2.14); we suppress dependence of the operators and
symbols on these parameters. Consider”

K={(\k)|C' <A< Ch, A> (14 a)*(k —an)?} C R?,
Ki={(\k)eK|(1+a)k—ad) i\/_}

Then, there exist functions G. (X, k; h) such that:
1. Gx 1is a complex valued classical symbol in h, smooth in a fived neighborhood of K.

For (A k) near K and |ji| < Cy, we can define Gi()\ + ihfi, k) by means of an asymptotic
(analytic) Taylor series for Gi at (A, k).

2. Fora=0, Ge(\ k;h) = —h/2+\/A+h2 /4T k.

3. G_(\k;h) —Gy(\ ks h) = 2k.

4. Let Fy be the principal symbol of Gx. Then Fy is real-valued, O5Fy > 0 and F0; Fy >
0 on K, and Fy|g, =0.

5. For h small enough, the set of elements ()\ + 1hji, ) of the joint spectrum of (Py, Ps)
satisfying (2.2.14) lies within O(h) of K and coincides modulo O(h™) with the set of solutions

“The spectral set K used here should not be confused with the trapped set K used in Chapter 4.
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Figure 2.2: The joint spectrum and the set K.

to the quantization conditions
ke hZ, GL(\+ihji, k) € hN;

here N s the set of nonnegative integers. Note that the conditions G € Z and G_ € 7
are equivalent; however, we also require that both G and G_ be nonnegative. Moreover, the
corresponding joint eigenspaces are one-dimensional.

_ Proposition 2.2.7 follows from the proof of Proposition 2.4.1. In fact, the symbol ]:9(l~, w, U,
k: h) is defined as the solution A + ihjfi to the equation

G+ (N +ihji, k& + ihi h) = 1 — k;

this proves part (1) of Definition 2.2.2. The resolvent estimates are an immediate corollary
of the ones stated in Proposition 2.4.8 below. The decomposition of F¢ at a = 0 follows
from Proposition 2.4.4.

We now give the schema of the proof of Proposition 2.4.1. Let pj;o be the principal symbol
of Pj; note that both pip and pyg are real-valued; also, define p = (p1g, pao) : T*S* — R2. In
§2.4. 2 we construct the principal parts F of the quantlzatlon symbols globally in K and
show that the intersection of the image of p with {C, ' < )< Cy} is exactly K. Using the
theory of integrable systems described in §2.3.4, we then construct local symplectomorphisms
conjugating (F1(p),p20) away from K- to the system ((,7n) on T*M, where M = R, X S}J
is called the model space, (§,7n) are the momenta corresponding to (x,y), and

2 .

(=

Note that the integrable system (¢, 7) is nondegenerate on {¢ > 0} with periodicity lattice
2nZ?, and d¢ = 0 on {( = 0}._

Next, we take ()\0, ko) € K and show that joint eigenvalues in a certain h-independent
neighborhood of this point are given by a quantization condition. For this, we first use
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Egorov’s theorem and the symplectomorphisms constructed in §2.4.2 to conjugate Py, P, mi-
crolocally near p~ ()\0, k:o) to some pseudodifferential operators )1, Q)2 on M. The principal
symbols of @), are real-valued functions of ((,n) only; in §2.4.3, we use Moser averaging to
further conjugate @)1, Q)2 by elliptic pseudodifferential operators so that the full symbols of
(); depend only on (¢,n). In §2.4.4, we use spectral theory to construct a local Grushin
problem for (Q1, Q2), which we can conjugate back to a local Grushin problem for (P, P,);
then, we can apply the results of Appendix 2.A to obtain local quantization conditions
(Proposition 2.4.8). To pass from these local conditions to the global one, we use

Proposition 2.4.2. Assume that Gj(S\, l~€; h) are two complex-valued classical symbols in h
defined in some open set U C R, their principal symbols are both equal to some real-valued
F(\ k), with 0;F # 0 everywhere and {F > 0} convez, and solution sets to quantization
conditions

k € hZ, G;(\+ihji, k) € hN
in the region (A, k) € U, i = O(1) coincide modulo O(h*™). Then Gy — Gy = hl+ O(h™) on
{F >0} for some constant l € Z. Moreover, if {F =0} NU # 0, then l =0.

Proof. Assume that (A1, k1) € {F > 0}. Then for every h, there is a solution (A(h) +
ihfi(h), k(h)) to the quantization conditions within O(h) of ()\1, k1); we know that

G;(N(h) + ihji(h), k(R)) € hZ + O(R™®), j = 1,2,
and thus (Gy —Gy)(A(h)+ihji(h), k(h)) = hl(h)+O(h>), for some I(h) € Z. Since Gy —Gy =

O(h) in particular in C, we have

Therefore, [(h) is constant for A small enough and it is equal to the difference of subprincipal
symbols of G; and G, at (5\1,121). It follows that [(h) is independent of (;\1,/%1); we can
subtract it from one of the symbols to reduce to the case when G; — Gy = O(h?). The
analysis in the beginning of this proof then shows that

|G1 — Gallerz0) = O(R||G1 — Gallc1(p0) + 2.

Arguing by induction, we get G; — Gy = O(hY) for all N. The last statement follows
directly by taking solutions to the quantization conditions with G; = 0 and requiring that
they satisfy the quantization conditions Gs_; > 0. O

We can now cover K by a finite family of open sets, on each of which there exists a local
quantization condition. Using Proposition 2.4.2 and starting from K., we can modify the
local quantization conditions and piece them together to get unique (modulo h*) global G.
The joint spectrum of (Py, P») in a neighborhood of K is then given by the global quantization
condition; the joint spectrum outside of this neighborhood, but satisfying (2.2.14), is empty
by part 2 of Proposition 2.4.8.
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Also, the principal symbol of G_ — GG is equal to 2k: therefore, G_ — G, — 2k is equal
to Ih for some fixed | € Z. However, G depend smoothly on a and thus it is enough to
prove that [ = 0 for a = 0; in the latter case, the symbols GG are computed explicitly from
the spectrum of Laplacian on the round sphere. (Without such a reference point, one would
need to analyse the subprincipal symbols of G+ using the Maslov index.) This finishes the
proof of Proposition 2.4.1.

Finally, let us outline the argument in the special case a = 0 and indicate which parts of
the construction are simplified. The formulas below are not used in the general argument;
we provide them for the reader’s convenience. The principal symbol pig of P; is just the
square of the norm on T*S? generated by the round metric:

&

sin? @’

pio =& +

The set p_l(S\, /;) consists of all cotangent vectors with length \/i and momentum k; there-
fore

(1) for A < k2 (corresponding to the complement of K ), the set p_l(S\, /::) is empty;

(2) for k = +v/) (corresponding to K4 ), the set p~'(\, k) is a circle, consisting of covectors
tangent to the equator with length \/5 and direction determined by the choice of sign;

(3) for A > k2 (corresponding to the interior of K ), the set p_l(S\, l;:) is a Liouville torus.

The principal parts F} of the quantization symbols, constructed in Proposition 2.4.4, can

be computed explicitly: Fi = \/K Fk (see the proof of part 2 of this Proposition). Then
FY¢,m) = (¢ £n)% For £k > 0, the canonical transformation ®. from Proposition 2.4.5
can be taken in the form

(07 @, 597 &p) = (ZL’, Y, 57 77)
= ((2p10)"* (VP10 £ &) cos 0, o + G, =22 (/pro £ &)/ sin 0, £,);

here (x,y,&,n) are coordinates on T* M, with M = R, X S; the model space. The function
G : T*S? — S! here is given by
Eo

(v/P1o £&,) cosG = p%z sinf + i (VP10 £&,)sin G = F cos 6.

In fact, the maps @, defined in (2.4.1) extend smoothly to the poles {sinf = 0} of the sphere
and satisfy the conditions of Proposition 2.4.5 on the complement of the opposite equator
(0=n/2 & =0, & =FVAL

One can then conjugate the operators Py, P, to some model operators ()1, ()2 as in Propo-
sition 2.4.6. To bring the subprincipal terms in ¢); to normal form, one still needs Moser
averaging. Once the normal form of Proposition 2.4.6 is obtained, it is possible to use the
ellipticity of p — (X, k) away from p~'(, k) (as in Proposition 2.A.5) and spectral theory
to obtain the quantization condition. The Grushin problem construction of §2.4.4 and Ap-
pendix 2.A.1 is not needed, as the operator P is self-adjoint.

(2.4.1)
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2.4.2 Hamiltonian flow

Let (6, ¢) be the spherical coordinates on S? and let (&y,&,) be the corresponding momenta.
Note that & is defined away from the poles {sin@ = 0}, while ¢, is well-defined and smooth
on the whole T*S?. In the (6, ¢, &y, &,) coordinates, the principal symbols of P, and P are
P20 = &, and

(1+«)? .
p10(0, ¢, &6, 8p) = Ag&G + m(@ — adsin? 0)2.
Since pyp does not depend on ¢, we have
{pP10; P20} = 0.

We would like to apply the results of §2.3.4 on integrable Hamiltonian systems to establish a
normal form for p = (p1g, p2o). First of all, we study the points where the integrable system
p is degenerate:

Proposition 2.4.3. For a small enough, o B
1. For C;' < X\ < Cy, the set p~Y(\, k) is nonempty if and only if (\, k) € K.
2. The integrable system p is nondegenerate on p~*(K), except at the equators

E.(N) ={0=1/2, & =0, (1+a)( —ad) = £VA} C T'S?, ;1 < A < Cp.

Moreover, pyy = A on E+(X\) and the union of all E+()\) is equal to p~*(K4). Also,

dpro = £2(1 + a)VAdpay on B4 (3. (2.4.2)

Proof. We can verify directly the statements above for a = 0, and also (2.4.2) for all a. Then
part 2 follows for small a by a perturbation argument; part 1 follows from part 2 by studying
the extremum problem for §, restricted to {p1o = A}. ]

Next, we construct the principal parts F. of the quantization symbols globally:

Proposition 2.4.4. For a small enough, o N

1. There exist unique smooth real-valued functions Fi.(\, k) on K such that Fi|z, =0
and (F+(p),p20) is a nondegenerate completely integrable system on p_l(I?\ ([?Jr U [?,))
with periodicity lattice 2mZ2. o o i N

2. O5F: > 0, FOLFL > 0, and F_(\ k) — F (A k) = 2k on K. In particular, one
can define the inverse Fi'(C, k) of Fy in the \ wvariable, with k as a parameter. Also,
Fy = \/XZF k fora =0 and 0;Fx = +(2k)~' + O(a?) on K.,

8. If (\k) € K\ (Ky UK_) and v+ are some (2m-periodic) trajectories of Fi(p) on
p '\ k), then

/ o5 = 2L (A F). (2.4.3)
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Proof. 1. We first construct F; in a neighborhood of l~(+. In fact, we take small ¢, > 0 and
define F; on the set

K.={(\K) | k>er, (14 0)%(k—a®)? <A< Gyl

We will pick e, small enough so that I?Jr C I?a; note, however, that ]NQ does not lie in K.
Moreover, we will construct a symplectomorphism ® from p~!(K.) onto a subset of T* M
such that F, (p) o @' = and pyg o @1 = 1.

Note that £, = 0 on the poles of the sphere {sinf = 0}; therefore, (0, ¢,&,&,) is a
symplectic system of coordinates near p_l([?g). Next, fix §, > &, and consider piy as a
function of (0,&); then for a small enough, this function has a unique critical point (0, 0)
on the compact set {p1o(+,-,&,) < Cyp}; the Hessian at this point is positive definite. Indeed,
it is enough to verify these statements for a = 0 and check that dyp1g = ¢, p10 = 0 for
(0,&) = (7/2,0) and small a. Now, we may apply Proposition 2.3.10 to the function
{p1o(-, -, €,)} and obtain a function F(\;k) on K. such that Fy|g, =0 and 954 > 0 and
a mapping

W ((9,59,&0) — (‘I’x(e,feyfga);‘1’5(97&),&0))

that defines a family of symplectomorphisms (6, &) — (¥, U¢), depending smoothly on the
parameter &, and

1 ~
F+(p10<97§07£g0)7£<p) - §<\le<(97§97£g0)2 + \115(07597&0)2)7 (075975@) € p_l(KE)'
NOW7 define @ : (97@7£9a£<p) = (q)xa q)y7 (I)& <I>77) eT"M by
P, =V, ¢, =p+G(V,, V¢, &), Pe =V, O, =&,

Here G(z,&;&,) is some smooth function. For & to be a symplectomorphism, G should
satisfy
OcG(Va, Ve, §p) = O, Vo, 00G(Va, Ve, £) = —0g, Ve

Since (z, &) vary in a disc, this system has a solution if and only if
0=A{We, 0, Vo} + {06, Ve, Vo } = Oc { Ve, Vo };

this is true since {W¢, ¥, } = 1. The defining properties of F; now follow from the cor-
responding properties of the integrable system ((,7); uniqueness follows from part 3 of
Proposition 2.3.8 and the condition F | i, =0

Now, by part 2 of Proposition 2.3.8 and Proposition 2.4.3, for each (X, ko) € l?\ (l~(+ U
K_), there exists a smooth function F(), k) defined in a neighborhood of (Ao, ko) such that
O\F # 0 and (F(p), p) has periodicity lattice 2mZ?; moreover, part 3 of Proposition 2.3.8
describes all possible F'. Then we can cover K \ I?E by a finite set of the neighborhoods
above and modify the resulting functions F' and piece them together, to uniquely extend the



CHAPTER 2. ASYMPTOTIC DISTRIBUTION OF RESONANCES 80

function F, constructed above from K, to K \ K_. (Here we use that K \ K_ is simply
connected.) Similarly, we construct F_ on K \ K. (The fact that F is smooth at [~(¢ will
follow from smoothness of Fi at K and the identity F_ — F, = 2k.)

2. We can verify the formulas for F for a = 0 explicitly, using the fact that the

Hamiltonian flow of \/K is 2m-periodic in this case. The first two identities now follow
immediately. As for the third one, we know by part 3 of Proposition 2.3.8 and the case a = 0
that F.. — F, = 2k + ¢ for some constant ¢; we can then show that ¢ = 0 using part 3 of this
proposition. Finally, 05 Fy| %, can be computed using Proposition 2.3.10.

3. First, assume that (:\, l;:) € K. and let ® be the symplectomorphism constructed in
part 1. Then o .
oy, ={C=F.(\k), n==Fk, ¢ =const}

is a circle. Let D, be the preimage under ® of the disc with boundary ® o v, ; then

/ O'S:/ wS:/ Wiy = 21F, (\ k).
Y+ Dy QoD

We see that (2.4.3) holds for F near K+; similarly, it holds for F_ near K_. Tt now
suffices to show that for each (Ao, ko) € K\ (K, UK_), there exists a neighborhood V (Ao, ko)
such that if (/\ k; ;) €eV,j=12 and 7 are some (27-periodic) Hamiltonian trajectories

of Fi(p) on p~1()\;, k;), then
/ US—/ USZQW(F:‘:(S\Q,];,’Q) _F:i:(;\lalgl))- (244)
% 7

In particular, if (2.4.3) holds for one point of V', it holds on the whole V. One way to
prove (2.4.4) is to use part 1 of Proposition 2.3.9 to conjugate (Fi(p),pa0) to the system
(€:,&y) on the torus T,, and note that the left-hand side of (2.4.4) is the integral of the
symplectic form over a certain submanifold bounded by 71, vs; therefore, it is the same for
the conjugated system, where it can be computed explicitly. O]

Finally, we construct local symplectomorphisms conjugating (FL(p), p2o) to ((,7n):

Proposition 2.4.5. For each (5:0, l%o) €K \ I?jF, there exists an exact symplectomorphism
O, from a neighborhood of p~* (N, ko) in T*S* onto a neighborhood of

Ap = {C = Fi(j\ojfo), n= ffo}

m T* M such that
proo @' = F (¢, ), poo®i' =n.

Proof. The existence of &, away from Ky follows from part 1 of Proposition 2.3.9, ap-
plied to the systems (Fi(p),pao) and (¢, n); near K4, these symplectomorphisms have been
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constructed in the proof of part 1 of Proposition 2.4.4. Exactness follows by part 2 of Propo-
sition 2.3.9 (which still applies in the degenerate case); the equality of classical actions over
the flows of F(p) and ¢ follows from part 3 of Proposition 2.4.4, while the classical actions
over the flows of both pyy on p_l(S\o, l%o) and 1 on Ay are both equal to 2rko. n

2.4.3 Moser averaging

Fix (5\0, /NCO) €K \ I?HF, take small ¢ > 0, and define (suppressing the dependence on the
choice of the sign)

AO - p_1(5‘07 ];;0)7 CO - F:t(j‘Oa ];0)7 A,(/)\/l = {C = C(]a n= I;:O} - T*Ma
VE={(\E) | [FL(\ k) — Gl <e, |k — kol < e} CR?,
Vie={l¢ =Gl <&, In—kol <e} CcT"M;

then V¢ and Vj, are compact neighborhoods of (5\0,1230) and A}, respectively. Here the
functions FL are as in Proposition 2.4.4. Let &, be the symplectomorphism constructed in
Proposition 2.4.5; we know that for £ small enough, ®.(p~'(V*)) = V. In this subsection,
we prove

Proposition 2.4.6. For (\o, ko) € K \ Ky and ¢ > 0 small enough, there exists a pair of
operators (By, By) quantizing @5 near p~1(Ve) x Vi, in the sense of Proposition 2.3.5 and
operators Q1, Q2 € V™ (M) such that:

1. Py and Py are intertwined with Q1 and Qq, respectively, via (By, B), near p~1(V?) x
Viu. 1t follows immediately that the principal symbols of Q1 and Q2 are F: ¢ n) and n,
respectively, near Vi,.

2. Q2 = hD, and the full symbol of Q1 is a function of (C,n), microlocally near V3,.
Here we use Weyl quantization on M, inherited from the covering space R2.

First of all, we use Proposition 2.3.5 to find some (B, By) quantizing & and Q1, Q2
intertwined with P; and P, by (B1, By). Then we will find a couple of operators X,Y €
TP (M) such that Y = X! near Vj, and the operators Q) = X@Q1Y, Q5 = X Q.Y satisfy
part 2 of Proposition 2.4.6. This is the content of this subsection and will be done in several
conjugations by pseudodifferential operators using Moser averaging technique. We can then
change By, B; following the remark after Proposition 2.3.5 so that P; and P, are intertwined
with @} and @, which finishes the proof.

The averaging construction is based on the following

Proposition 2.4.7. Assume that the functions po, fo,g € C>* (Vi) are given by one of the
following:

(1) po = fo =1 and g is arbitrary;

2) po = C and fo = fo((,m) is smooth in V5, with O; fo # 0 everywhere, and g is independent
M ¢
of y.
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Define

1 2
(9) = %/0 g o exp(tHy,)dt.

Then there exists unique b € C*(V3,) such that (b) =0 and

Moreover, in case (2) b is independent of y.

Proof. We only consider case (2); case (1) is proven in a similar fashion. First of all, if b is
y-independent, then { fy, b} = 0 fo-{(, b} = {(, O fo - b}; therefore, without loss of generality
we may assume that fy = (. The existence and uniqueness of b now follows immediately if
we treat y,n as parameters and consider polar coordinates in the (z, &) variables. To show
that b is smooth at ( = 0 (in case (y < €), let z = z + i and decompose g — (g) into an
asymptotic sum of the terms 2/z* with j, k > 0, j # k, and coefficients smooth in (y,7); the
term in b corresponding to 27z% is 272% /(i(k — j)). O

Henceforth in this subsection we will work with the operators (); on the level of their full
symbols, microlocally in a neighborhood of V. (The operators X and Y will then be given
by the product of all operators used in conjugations below, multiplied by an appropriate
cutoff.) Denote by ¢; the full symbol of ;. We argue in three steps, following in part [65,
§3].

Step 1: Use Moser averaging to make ¢o independent of y.
Assume that g, is independent of y modulo O(h™!) for some n > 0; more precisely,

=Y Wa,&n) +h" (2,6 n) + Oh").
j=0

Take some B € ¥%¢ with principal symbol b and consider the conjugated operator

Q. = exp(ih" B)Qq exp(—ih"B).

Here exp(+ih"B) € W are well-defined by Proposition 2.3.7 and inverse to each other;
using the same proposition, we see that the full symbol of @), is

> W (x, &) + k" (r, — {n,b}) + O(h™12).

Jj=0

If we choose b as in Proposition 2.4.7(1), then r, — {n,b} = (r,) is a function of (z,¢,n)
only; thus, the full symbol of Q) is independent of y modulo O(h"™2). Arguing by induction
and taking the asymptotic product of the resulting sequence of exponentials, we make the
full symbol of ()5 independent of y.

Step 2: Use our knowledge of the spectrum of P, to make g; = 7.



CHAPTER 2. ASYMPTOTIC DISTRIBUTION OF RESONANCES 83

First of all, we claim that

exp(2miQa/h) = 1 (2.4.5)
microlocally near Vi, x Vi,. For that, we will use Proposition 2.3.6. Let X € \Ifcomp(SQ)
have real-valued principal symbol, be microlocalized in a small neighborhood of p~*(V?),

but equal to the identity microlocally near this set. Consider
Py = exp(itQa/h) By exp(—it(P,X)/h) By
We see that
hDP; = exp(itQa/h)(Q2B1 — B1 P2 X) exp(—it(P,X)/h) By

vanishes microlocally near Vi, x V§,; integrating between 0 and 27 and using part 5 of
Proposition 2.3.6 to show that exp(—27i(P,X)/h) = I microlocally near p~*(V¢) x p~}(V?),
we get (2.4.5).

Now, let X € U™P(M) be equal to the identity microlocally near WE(Q2); since
the full symbol of ), is independent of y, we have [Q2, (hD,) X ] = O(h*). Therefore, by
parts 2 and 5 of Proposition 2.3.6

exp(2mi(Q2 — (hDy) X am)/h) = exp(—2miD, X pm) exp(2miQ2/h) = I

microlocally near Vi, x Vi,. However, R = h™'(Q2 — (hD,)X ) € U3¢ near Vi, and thus
the left-hand side exp(2miR) is pseudodifferential; by part 3 of Proposition 2.3.7, we get
R = for some constant [ € Z and therefore

Qo = hD, + hi

microlocally near V. It remains to conjugate Q2 by €™ to get go = 1.
Step 3: Use Moser averaging again to make ¢; a function of ({,n), while preserving ¢, = 7.
Recall that [P, P»] = 0; therefore, [Q1, Q2] = 0 (microlocally near V5,). Since g» = 7,
this means that ¢, is independent of y. We now repeat the argument of Step 1, using
Proposition 2.4.7(2) with fo = F:'(¢,n). The function b at each step is independent of
y; thus, we can take [B,hD,] = O(h*>). But in that case, conjugation by exp(ih"B) does
not change ()y; the symbol of the conjugated @ is still independent of y. Finally, (r,) is a
function of (¢, n); therefore, ¢; after conjugation will also be a function of (¢, 7).

2.4.4 Construction of the Grushin problem

In this subsection, we establish a local quantization condition:

Proposition 2.4.8. 1. Assume that (X, ko) € I?\I? and V. is the neighborhood of (Xo, ko)
introduced in the beginning of §2.4.3. Then for ¢ > 0 small enough, there exists a classical
symbol Gi()\ k; ;h) on V. with principal symbol Fv and such that for k € Z, the poles A+ ihji
of Ro(w, A\, k) with (\,k) € V. and |ji| < Cy are simple with polynomial resolvent estimate



CHAPTER 2. ASYMPTOTIC DISTRIBUTION OF RESONANCES 84

L? — L2, in the sense of Definition 2.2.2, and coincide modulo O(h™) with the solution set
of the quantization condition

G+ (X +ihji, k; h) € hN. (2.4.6)

2. Assume that (/\O,ko) satisfies (2.2.14), but does not lie in K. Then there exists a
neighborhood V (o, ko) such that for h small enough, there are no elements (X + ihji, k) of
the joint spectrum of Py, Py with (\, k) € V and |ji| < Cy, and Re(w, \, k) is bounded L* — L?
by O(h?).

To prove part 1, we will use the microlocal conjugation constructed above. Let (Ao, ko)
K \ K and € > 0, By, By, 1, Q2 be given by Proposition 2.4.6. Consider the operators

h
T, = 5((th)2 + z?%) — 50 To=hDy

on M; their full symbols are ¢ — h/2 and 7, respectively. We know that T} and T, commute;
the joint spectrum of T, Ty is h(N x Z). Therefore, for any bounded function f on R?, we
can define f(7%,T;) by means of spectral theory; this is a bounded operator on L*(M).

Proposition 2.4.9. 1. For f € C{°(R?), the operator f(T1,T3) is pseudodifferential; more-
over, f(T1,Tz) € V"™ (M) and WF,(f(T1,Ts)) C {(¢,n) € supp f}. The full symbol of
f(T1,T3) in the Weyl quantization is a function of ¢ and n only; the principal symbol is
f(Cm).

2. Assume that (; € hN, n; € hZ. Let u be the L? normalized joint eigenfunction of
(Ty,Ty) with eigenvalue (C1,m1). Then u is compactly microlocalized and

WFy(u) C {¢=C, n=m}.

3. Assume that the function f((,n;h) is Borel measurable, has support contained in a
compact h-independent subset K; of R?, and

max{|f(¢,n;h)| | ¢ € N, n € hZ} < Ch™"

for some r > 0. Then the operator f(11,Ty; h) is compactly microlocalized, its wavefront set
is contained in the square of {(¢,n) € K}, and the operator norm of f(T1,Ts; h) is O(h™").

Proof. For part 1, we can show that the operator f(73,T5) is pseudodifferential by means
of Helffer-Sjostrand formula in calculus of several commuting pseudodifferential operators;
see for example [39, Chapter 8]. This also gives information on the principal symbol and
the wavefront set of this operator. To show that the full symbol of f(T},75) depends only
on (¢,n), note that if A € W'°°(M) and a is its full symbol in the Weyl quantization, then
the full symbol of [A, T1] in the Weyl quantization is —ih{a, (}; similarly, the full symbol of
[A, T,] in the Weyl quantization is —ih{a,n} (see for example [111, discussion before (1.11)]).
Since [f(11,1%),T};] = 0, the full symbol of f(7},15) Poisson commutes with ¢ and 7.

To show part 2, we take x((,n) € C5°(R?) equal to 1 near ((1,7;); then u = x (11, Ts)u.
Similarly, to show part 3, we take y equal to 1 near Ky; then the L? operator norm of
f(T1,T3) can be estimated easily and f(T3,Ts) = x (T, T) f (11, To) x (11, T3). O
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Now, recall that by Proposition 2.4.6, the full symbol of ()1 in the Weyl quantization is a
function of (¢, n) near V§,; therefore, we can find a compactly supported symbol G (A, k; h)
such that the principal symbol of G4 near V¢ is Fy and

Ql (T17T2a h)

microlocally near V3, where é;l(g K h) is the inverse of G- in the A variable. Recall also
that ()2 = T5 microlocally near V. Multiplying ()1, Q2 by an appropriate cutoff, which is
a function of T, T, we can assume that )1, ()2 are functions of 77,75 modulo h>*W¥~>°. We
can now construct a local Grushin problem for @)1, Qs:

Proposition 2.4.10. Let ()\1, kl) e Ve and || < Cy. _

1. Assume that ()\1 + ihjiq, k:l) satisfies (2.4.6), with (; = GL(A\ +ihjfiy, k1) € hN. Then
there exist operators Ay, Az, S1,So such that conditions (L1)-(L5) of Appendiz 2.A.2 are
satisfied, with v =1, (Py, P,) replaced by (Q1 — M\ —ihjiy, Q2 — k1), K = {( = (1, = ki},
and

A1<Q1 - )\1 - Zhﬂl) -+ AQ(QQ - k1> - I - SISQ (247)

microlocally near Vi, x Vi,.
2. Fiz 0 > 0 and assume that

|(A\1 +dhju, k) — (GE(¢m),m)| > 6k, ¢ € AN, 5 € hZ.

Then there exist operators Ay, Ay such that the conditions (L1)- (LQ) of Appendiz 2.A.2 are
satisfied, with r = 1, (P, P») replaced by (1 — At — ihjin, Qy — k), K={(=(, n= k:l}
and 3 3

A(Q1 — A —ihjin) + Ay(Qe — Fy) =1

microlocally near Vi, x Vi,.

Proof. 1. Let Sy : C — L*(M) and Sy : L*(M) — C be the inclusion and the orthogonal
projection onto, respectively, the unit joint eigenfunction of (73, 7%) with eigenvalue ({3, /;‘1)
The properties (L3) and (L4) now follow from part 2 of Proposition 2.4.9.

Next, we use a partition of unity on the circle to construct the functions xi, xo with the
following properties:

e x; € C*(R?\ 0) is positively homogeneous of degree 0;
e x; > 0and x; + x2 = 1 everywhere on R?\ 0;
° Xj(51752> =0 for ’8j| < |83_j|/2.

It follows that
57X (1, s2/*)] < C(lsa] + Isa]) " (2.4.8)
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Take x(¢,n) € Cg° supported in a small neighborhood of V3, while equal to 1 near Vi,;
define the functions fi, fs as follows:

XX (G ms h) = My — b2, In — ki)

My h) = = - ,
hicmh) G (i) = Ay — ihjin

C x(C)x(1GEHC mh) — M — b2, In — ki]?)

) ah_ P )
fo(Cm3h) n—Tn

for (C,n) # (1, k1); we put f;(¢r, k1) = 0. We now take A; = f;(Ty, Ty; h). Noticing that

IGZHCms h) = M|+ [ — k| > h/C, (¢,n) € h(N x Z) Nsupp x \ (1, k1),

and using Proposition 2.4.9 and (2.4.8), we get that A; are compactly microlocalized and
| 4;]I = O(h™'). Moreover, if x((,n) is equal to 1 near (C’l,l},‘l), then (1 — x)f; are smooth
symbols; then, A} = (1 — X)(T1,T2)A; belongs to W™ by part 1 of Proposition 2.4.9 and
Al = x(T,Tz)A; is microlocalized in the Cartesian square of {(¢,n) € supp X}; we have
established property (L1), with 7 = 1. The properties (L2), (L5), and (2.4.7) are easy to
verify, given that all the operators of interest are functions of T}, T5.

2. This is proved similarly to part 1. O

Finally, we conjugate the operators of the previous proposition by By, By to get a local
Grushin problem for P, P, and obtain information about the joint spectrum:

Proof of Propositon 2.4.8. 1. Assume first that 5\1, /;:1, 11 satisfy the conditions of part 1 of
Proposition 2.4.10; let Ay, Ag, S1, 52 be the operators constructed there. Recall that A; are
microlocalized in a small neighborhood of V§,. Then the operators

/~1j = ByA; By, §1 = By51, §2 = 5B,

together with P, — A — ihjiy, Py —lerl in place of Py, P, satisfy the conditions (L1)—(L5) of
Appendix 2.A.2 with K = p~'()\, k) and

AP = A —ihjiy) 4+ Ao (Py — k1) = T — 5,5,

microlocally near p~*(V¢). Moreover, P, — A\ — ihjiy, Py — ky satisfy conditions (E1)—(E2)
of Appendix 2.A.2 and the set where both their principal symbols vanish is exactly K. We
can now apply part 2 of Proposition 2.A.5 to show that for h small enough and some ¢ > 0,
independent of h, Ay, k;, there is exactly one element of the joint spectrum of (P, P,) in the
ball of radius 8h centered at (\; + ihjiy, k1), and this point is within O(h®) of the center of
the ball.

Now, we assume that (X + ihji, k) satisfies the conditions of part 2 of Proposition 2.4.10,
with ¢ specified in the previous paragraph. Then we can argue as above, using part 1 of
Proposition 2.A.5, to show that this point does not lie in the joint spectrum for A small
enough.
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Since every point (X + ihji, k) such that (A k) € V¢ and |i] < Cy is covered by one
of the two cases above, we have established that the angular poles in the indicated region
coincide modulo O(h*) with the set of solutions to the quantization condition. Moreover,
Proposition 2.A.4 together with the construction of a global Grushin problem from a local
one carried out in the proof of Proposition 2.A.5 provides the resolvent estimates required
in Definition 2.2.2.

2. The set p*I(S\O, l~€0) is empty by Proposition 2.4.3; therefore, the operator

T = (P, —X—ihj))* (P, — A —ihji) + (Py — k)?

is elliptic in the class W2(S?) for (X, k) close to (Ao, ko) and i bounded; therefore, for h small
enough, || 77| 22 = O(1). The absense of joint spectrum and resolvent estimate follow
immediately if we notice that the restriction of T' to D}, is h*(Py — \)*(Py — \). O

2.5 Radial problem

2.5.1 Trapping

In §1.5, we use a Regge-Wheeler change of variables r — x, under which and after an
appropriate rescaling the radial operator becomes (using the notation of (2.2.11))

P.(h) = h*D? + V (2,0, 7,
V(z;h) = A+ ih)A, — (14 a)?((r?
(note the difference in notation with §1.8). Let V(z; h) = Vy(z) + hVi(x) + h?*Vy(z), where

Vo(z) = AA, — (1 + a)?((r% + a®) — ak)?

is the semiclassical principal part of V' (z); note that V; is real-valued and for 1 < ® < 2 and a
small enough, Vy(+o00) < 0. Now, Proposition 1.8.4 establishes an arbitrarily large strip free
of radial poles in the nontrapping cases; therefore, the only radial poles in the region (2.2.12)
appear in case (3) of Proposition 1.8.3. Using the proof of the latter proposition, we may
assume that:

o |A—Xo(@, k)| < e, where Ag! is the value of the function

A,

SR = (e + o — b

at its only maximum point. Under the assumptions (2.2.12), 1/C' < Ay < C' for some
constant C';

e 1), as a function of x, has unique global maximum =z, |Vy(zo)| < €2 and Vy'(z) < 0 for
|z — 20| < &y
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To — Er Zo To + Er &

Figure 2.3: The potential V[, and the intervals 7.

o Vo(z) < —¢&2 for |z — zo| > &,
Here ¢, > 0 is a small constant we will choose later. We can also compute

< 2TM?@?
O 71— 9AM?
V' (z0) = —18M*(1 — 9AM?)?X for a = 0, X = ).

for a = 0;
ra=u (2.5.1)

Letting
po(x,€) = € + Vo(x)

be the principal symbol of P,, we see that py has a nondegenerate hyperbolic critical point
at (zo,0) and this is the only critical point in the set {py > —&3}.

2.5.2 WKB solutions and the outgoing condition

Firstly, we obtain certain approximate solutions to the equation P,u = 0 in the region
|z — zo| > &,, where Vj is known to be negative. (Compare with [100, Sections 2 and 3].)
Define the intervals

I, =(xg+e,,+00), I =(—0c0,x9—¢,), Lo = (xg — 26,20+ 25,). (2.5.2)
Let 1o(x) be a smooth function on I, U I_ solving the eikonal equation

Yo(x) = sgn(z — zo) v/ =Vo().

(We will specify a normalization condition for 1) later.) Then we can construct approximate
WKB solutions

ul(z;h) = @Mt (2 h), ui(z;h) = e 0@/ (2 h), @ € I, (2.5.3)
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such that Pyul = O(h*™) in C*°(I5)® and af are smooth classical symbols in h, for 7,6 €
{+,—}. Indeed, if
ag(x; h) ~ Zhjai(j)(x),
Jj=0

then the functions af,(j ) have to solve the transport equations

(2¢5(2)0: + g () £ iVi(2))a; =0,

(200(2)0, + V() + V3 (2))aEUH) = +i(D2 — Va(2))a2D), j > 0; (2.5.4)

the latter can be solved inductively in j. We will fix the normalization of ai(")

later; right
now, we only require that for x in a compact set, ai(o) ~ 1 in the sense that C~! < ]ai(0)| <C

for some h-independent constant C'. Put
DE = {(z,£up(e) | o € L} C L, 7 € {+,—} (2.5.5)
then by Proposition 2.3.1 (with m = 0),

Now, we show that the Cauchy problem for the equation P,u = 0 is well-posed semi-
classically in 1. For two smooth functions vy, v on some interval, define their semiclassical
Wronskian by

W(’Ul, ’UQ) = V1 - h@xm — Vg hawvl;

then
haacW(’Ul, Ug) = Vg * val — U1 PIUQ. (257)
Also, if W(vy,v2) # 0 and u is some smooth function, then
W (u, v1)vg — W(u,vg)vy

u = W omor) . (2.5.8)

We have W (ul,uy) ~ 1; therefore, the following fact applies:

Proposition 2.5.1. Assume that I C R is an interval and U C I is a nonempty open set.
Let vi(x; h), va(x; h) € C(I) be two polynomially bounded functions such that Pyv,(x;h) =
O(h®) in C*(I) and W (vy,v9) ™" is polynomially bounded. (Note that by (2.5.7), d,W (vy,v9)
is O(h®).) Let u(x;h) € C(I) be polynomially bounded in C°(U) and Pyu = O(h™) in
C>(I). Then u = cyvy + cava + O(h™) in C°(I), where the constants ¢y, cy are polynomially
bounded. Moreover, c¢; = W (u,vs_;)/W(v;,vs—;) + O(h>).

8Henceforth we say that u = O(h>) in C°°(I) for some open set I, if for every compact K C I and every
N, |Jullen (xy = O(h™). In particular, this does not provide any information on the growth of u at the ends
of I. Similarly, we say that u is polynomially bounded in C*°(I) if for every K and N, there exists M such
that [lul|oxxy = O(h™M).
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Proof. Let W; = W(u,v;). Combining (2.5.7) and (2.5.8), we get |d,W;| = O(h>°)(|W1| +
|W3|). Also, W; are polynomially bounded on U. By Gronwall’s inequality, we see that WW;
are polynomially bounded on I and constant modulo O(h*); it remains to use (2.5.8). [

Now, recall §1.5 that for X large enough, we have V (x) = Vi (eT4%%) for 2 > X, where
A > 0 are some constants and V.. (w) are holomorphic functions in the discs {|w| < e=4=X0},
and V4 (0) = —w?, where

wi = (1+a)((r2 + a®) (@ + ih) — ak). (2.5.9)

For a and h small enough, we have Rewy > 0. In §1.5, we constructed exact solutions u.(z)
to the equation P,u4 = 0 such that

us () = Xy (T4 for + 1> X,

with vy (w) holomorphic in the discs {|w| < e™4#%0} and v4(0) = 1. Note that we can
use a different normalization condition than Proposition 1.5.2, as Imwy = O(h) under the
assumptions (2.2.12).

Proposition 2.5.2. For a certain normalization of the functions 1y and ai(o),
ut(z) = ul(x) + O(h™) in C°(I1). (2.5.10)

In particular, by (2.5.6)
WFh(uihi) C Fi (2511)

Proof. We will consider the case of u,. By Proposition 2.5.1, it is enough to show (2.5.10)
for +2 > X, where X is large, but fixed. We choose X large enough so that Re Vi(w) < 0
for |w| < e=4+X0. Then there exists a function ¢ (x) such that

(0:(2))* + V(x) =0, &> Xo;
(7)) = wiw + Ple ),

with ¢ holomorphic in {|w| < e~4+X0}. We can fix ¢ by requiring that ¢)(0) = 0. Take
i (@) = 4 a4 )
then P,u, =0 if and only if
([hAywDy, + A wi (w) — w4+ V)a = 0.
This can be rewritten as

— A, (W' (w))a+ 2wy 4+ ihA, — 2A, w (w))dpa + ihA L wd2a = 0.
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We will solve this equation by a power series in w and estimate the terms of this series
uniformly in h. Let us write

= (b, awih) =" a;(h)uw?

>0 §>0

and solve for a; with the initial condition ag = 1, obtaining

Ay
r1(h 25 —Da;_i(h).
a.]+1< ) (]+1)<2w++7/h/4+ j+1 O<Zl<:]r(/}l + j )a] l( )

We claim that for some R, all j, and small h, |a;(h)] < R’. Indeed, we have |2w; +ihA,(j+
1)| > € > 0; combining this with an estimate on v, we get

C .
laj] < ——= > S (L +25 — Daj| <2C D S'a;]

1
A ey 0<I<j

for some constants C' and S. We can then conclude by induction if R > 2C'+S. In a similar
way, we can estimate the derivatives of a; in h; therefore, a(w;h) is a classical symbol for
lw| < R7L.

Now, we take X large enough so that e=4+*° < R~! and restrict ourselves to real z > Xj.
We can normalize 1 so that ¢ (x) = 1o(z) + hipy(z; h) for some classical symbol ¢;; then

uy () = e“/’o(ff)/h[eiiﬁl(w?h)a(e*A-!—x; h)].

The expression in square brackets is a classical symbol; therefore, this expression solves the

transport equations (2.5.4); it is then equal to a constant times aZ, modulo O(h™) errors. [

2.5.3 Transmission through the barrier

First of all, we establish a microlocal normal form for P, near the potential maximum. Let
go > 0 be small; define

= {|z — x0| < €0, |§] <eo} CT'R.

We pick ¢, small enough, depending on &g, such that ¢, < g7/2 and

_ 1
{po =0} c Kyu T,

7,6

with 'Y defined in (2.5.5). (Recall from §2.5.1 that &, controls how close we are to the
trapping region.) We also assume that ¢ is small enough so that (zg,0) is the only critical
point of pg in K.
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Figure 2.4: Level lines of py before and after conjugation by .

Proposition 2.5.3. For g small enough and €, small enough depending on ey, there exists
a symplectomorphism ® from a neighborhood of Ky onto a neighborhood of the origin in T*R
and operators By, By quantizing ® near Ko x ®(Ky) in the sense of Proposition 2.3.5, such
that P, is intertwined via (By, By) with the operator SQ(B) microlocally near Ky x ®(Kj),
with S € WY elliptic in the class VO(R),

Q(B) = haD, — B,

and f = B(w, v, S\,ﬂ,/;:; h) a classical symbol. Moreover, the principal part By of 3 is real-
valued, independent of U, fi, and vanishes if and only A = A\o(©, k). Also,

Bo = BVE e + O(Vo(z0)?), (2.5.12)

| 2TM20? — M1 — 9AM?)

O(Vy(z0)?) for a=0. 2.5.13
o O § (25,13

o

Finally, ®(Ko) D Ko = {|z]| < &, |¢| < &} for some & depending on ey, and, with I,
defined in (2.5.2),

O cTh={£x>0, £ =fo/z, |£] <E/2}, (2.5.14)
®(T3) CTL ={F£>0, 2= Bo/¢, |z| <&/2); (2.5.15)
{po=0}N{z € I} C o' (K,) C K,. (2.5.16)

Proof. First of all, we use [27, Theorem 12] to construct ®, By, By conjugating P, microlocally
near the critical point (zo,0) to an operator of the form f[hxzD,], for some symbol f(s;h),
where the latter employs the formal functional calculus of §2.3.2. The techniques in the
proof are similar to those of §2.4.3 of the present chapter, with appropriate replacements for
Propositions 2.3.10 and 2.4.7; therefore, the proof goes through for complex valued symbols
with real principal part.
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Let fo be the principal part of f; then pyo®~! = fy(z€). Note that ®(x¢,0) = (0,0). The
level set {po = Vo(xp)} at the trapped energy contains in particular the outgoing trajectory
{x > xg, £ = /Vo(xo) — Vo(z)}; we can choose ® mapping this trajectory into {z >0, ¢ =
0}. Since the latter is also outgoing for the Hamiltonian flow of x£, we have J;fy(0) > 0;
it follows that Osfo(s) > 0 for all s (if Jsfy vanishes, then py has a critical point other than
(20,0)). The function f(s;h) not uniquely defined; however, its Taylor decomposition at
s =0, h =0 is and we can compute in particular

fo(s) = V(o) + s/ =2V (20) + O(s?). (2.5.17)

Therefore, for e, small enough, we can solve the equation f(s;h) = 0 for s; let 8 be the
solution. We now write f(s;h) = fi(s; h)(s— ) for some nonvanishing f; and get flhaD,] =
SQ(P) microlocally in ®(Ky), with S = fi[haD,] in ®(Kj) and extended to be globally
elliptic outside of this set. The equation (2.5.12) follows from (2.5.17), while (2.5.13) follows
from (2.5.12) and (2.5.1).

Finally, po = 0 on each Fg and thus ¢ = 8 on @(Fg). By analysing the properties of
® near (z9,0), we can deduce which part of the sets {x§ = 5} each Fi maps into; (2.5.14)—
(2.5.16) follow for ¢, small enough. O

We now describe the radial quantization condition and provide a non-rigorous explanation
for it. Recall from §1.5 that (w, A, k) is a pole of R, if and only if the functions u4, studied
in the previous subsection, are multiples of each other. Assume that this is true and u =
uy ~ u_. However, by (2.5.11) the function Bju is microlocalized on the union of T'}, but
away from f;; it also solves Q(f)Biu = 0 microlocally. By propagation of singularities, this
can happen only if the characteristic set of Q(3) is {z€ = 0}, and in this case, Bju is smooth
near x = 0. Then Bju must be given by z%%/" with f € —ihN and N denoting the set of
nonnegative integers. Therefore, we define the radial quantization symbol F"(m,®, 7, l;:; h)
as the solution A + thii to the equation

B(@, 0, N, i,k h) = —ihm, m e Z, 0<m < C,.

The expansions for F” near a = 0 described in Proposition 2.2.6 follow from (2.5.13)
and (2.B.12).

We now prove the rest of Proposition 2.2.6. We start with quantifying the statement
that in order for the equation Q(S)u = 0 to have a nontrivial solution smooth near x = 0,
the quantization condition must be satisfied:

Proposition 2.5.4. Assume that 5 € C satisfies
18] < Cp, |Im 8| < Cgh, mirN1|B+ihm| > Cy'h, (2.5.18)
me

for some constant C's. Let U C R be a bounded open interval, I C U be a compact interval
centered at zero, and X € W™ (R). Then there exist constants C and N such that for each
u e L*(R),

| Xul[z2) < Ch_N||Q(6)Xu||L2(U) + O(h™) ||uf L2(r)- (2.5.19)
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Proof. First, assume that Im 3 > h. Let I’ be an interval compactly contained in I and
centered at zero. We will use the fact that every C°°(I’) seminorm of Xwu is bounded by
Ch™N|| Xul r2(ry + O(h™)||u| 12(=) for some constants C' and N, depending on the seminorm
chosen. (Henceforth C' and N will be constants whose actual values may depend on the
context.) Since Xu € C*°, we can write

hD, (2~ /" Xu) = 27178/ Q(8) X u.
However, Re(—i3/h) > 1; therefore, x7%/" X vanishes at = 0 and we can integrate to get
2= Xl o1y < CIQB) Xt 21y (2.5.20)
On the other hand,
I Xull iy < R Xul2(s) + Ol (25.21)

for some constants C' and Ny. Now, take a large constant s; using (2.5.21) in {|z| < h*}
and (2.5.20) elsewhere, we get

1Xull 2y < CRPN | Xl 2y + BN QB) Xull 21y + O(h™) [ 2wy;

taking s large enough, we get (2.5.19).
For the general case, we choose an integer M large enough so that Im(8 + ihM) > h.
Let v be M-th Taylor polynomial of Xu at zero. Since

1Q(8 + ihM) DY Xull 2y = 1Dy Q(B) X ull 21y < Ch™ M Q(B) Xull 2wy + Oh™) ||ull L2y,
we apply the current proposition for the case Im 8 > h considered above to get
| X =l 2y < O Dy Xl 2y < CRN[[Q(B) Xu 2wy + O(h™)|ul| 12(m);

therefore, ||Q(B)v||L2(r) is bounded by the same expression. However, one can verify directly
that if g is C’B’lh away from —ihN, then

[0l 2y < Ch™MIQ(B)v|l L2(1);
this completes the proof. O
Now, we show that each radial pole lies within o(h) of a pseudopole:

Proposition 2.5.5. Assume that f(h) satisfies (2.5.18). Then for h small enough, (w, \, k)
is not a radial pole, and for each compact interval I C R, there exist constants C' and N
such that

||1[Rr(w, A, k)1[||L2_>L2 < Ch™V,
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Proof. Let uw € HZ.(R) be an outgoing solution to the equation P,u = f, with f € L?

supported in a fixed compact subset inside the open interval I. Then
u(x) = crus(x), x>0,

for some constants c.. Clearly, |c+| < C|lul|r2py. Using the method of proof of Proposi-
tion 2.5.1, we get
HU — CiuiHL2(IﬂIi) S Chill‘fHLz (2522)

Next, let x € C3°(1p) be equal to 1 near the complement of I, U I_ and B; be the operator
introduced in Proposition 2.5.3; consider the compactly microlocalized operator

Then by Proposition 2.3.5, we can write T = T'X 4+ O(h™), where X € U™ is a certain

cl

operator vanishing microlocally on Ky. By (2.5.16), we can further write X = X+ X5, where
X; € U™ WFL(X;) N Ky =0, WFEL(X1) N {po =0} =0 and WF,(X») C {x € I, UI_}.
By ellipticity,

[ Xvulle < Cllfl[z2 + OT)|[ull 2.

Take x+ € C§°(11) such that y+ = 1 near I N 7(WF,(X3)) (here 7 : T"R — R is the
projection map onto the base variable and 7(WF,(X3)) is a compact subset of I, UI_); then
by (2.5.22),

1Xa(u = u)llz2 < Ch7H|fllz2 + O(h) Jull L2y,

up = cpX+(@)us + cox—(z)u—.

It follows that
SQUB) By — TXgur 1 < Ch | flle + O Jall
Combining (2.5.11) with (2.5.14) and the fact that WF,(X3) N Ky = 0, we get
WEL(TXoxx(2)us) € TH\ K.

The projections of the latter sets onto the z variable do not intersect Iy = {|z| < &}:
therefore, for some open Uy containing I,

1T Xour |l 25,y = O™) [[ull 22r)-
Using ellipticity of S, we then get
1Q(B) Brull j2y) < Ch Il + O(h%°)full 2

Applying Proposition 2.5.4 to Byu on [y and using that B; is compactly microlocalized, we
get -
IX Byl 2 < Ch™Y|| fl 2 + O(h%)||ull 21y,
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for any X € U™ microlocalized in K. Using the elliptic estimate and (2.5.16), we get
lull 2y < CA™N | fllz2 + O(Rh>) [l p2qry.
From here by (2.5.22),
x| < Cllexus || r2nm) < ChN| fllzz + Oh®) |ull 2
combining the last two estimates with (2.5.22), we get the required estimate:
[ull 2y < CR7Y| 2 + O lull p2ry. O
To finish the proof of Proposition 2.2.6, it remains to show

Proposition 2.5.6. Fiz &, 7, k satisfying (2.2.12), m € N bounded by a large constant C,,,
and let V' be the set of all X such that

Then for h small enough, R,.(w, A, k) has a unique pole Ao in V', and Ay is within O(h*) of
Fr(m,w, v, k;h). Moreover, we can write

S(N)

Ry (w,\ k) = PR

, AeV,
where the family of operators S(X) : L2, (R) — L (R) is bounded polynomially in h and
S(Xo) is a rank one operator.

Proof. We will use Proposition 2.5.3 and the fact that 3 = O(h) to extend the WKB solutions
u from I. to the whole R. Consider the locally integrable functions

it = (z 4 140)¥/",

solving the equation Q(B)aLl = 0. (See for example [70, §3.2] for the definition and basic
properties of (z £140)°.) We have

WF(af) C {£ =0} U{z =0, ££> 0};

@f(r) = 2"/" microlocally near {x > 0, & = 0}, af(z) = eF™/"(—2)"/" microlocally near
{z <0, £ = 0}. Using the formulas for the Fourier transform of @} [70, Example 7.1.17],

we get

iB/h w/(2h o0
Ll NPT
L(—=iB/h)  Jo

microlocally near {z = 0, £§ € K¢}, for every x € C§°(0,00) such that x = 1 near
K¢ C (0,00). Let By be the operator constructed in Proposition 2.5.3. By (2.5.16) P, Bt} =
O(h™®) in C*(Iy), and Boul = éyxuf + O(h™) in C*(I+ N Iy) for some constants ¢y ~ 1.

ui(z) =
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To prove the latter, we can use the theory of Fourier integral operators and Lagrangian
distributions to represent B, in the form (2.5.3) microlocally near I'f; the symbols in
these WKB expressions will have to solve the transport equations. Then we can use Boiil
to extend ul to I+ U Iy so that P,uf = O(h™) there. We claim that

ul = cprud 4 cool(—if/h) tuz + O(h™) (2.5.23)

in C*°(Ix N Iy), with cy; constants such that cy; and c;jl are polynomially bounded in h.
To show (2.5.23), we can apply the theory of Lagrangian distributions to By} one more
time; alternatively, we know that this function is an O(h*) approximate solution to the
equation P,u = 0 on Iy N Iz, and we have control on its L? norm when microlocalized to
F;r and I';. Thus, we can extend uZ to the whole R as a polynomially bounded family with
Pl = O(h®) in C*(R) and (2.5.23) holding on I+. Similarly we can extend uj; using
either of the families (ul,u;) in Proposition 2.5.1 together with Proposition 2.5.2, we get
ugr = ul + O(h™®) in C*(R). It now follows from (2.5.23) that

W(us,u) = e(T(=iB/R) " + O(h)),
with ¢ and ¢! bounded polynomially in h. By (1.5.8), we get

S(w, A, k)

B ()

with the family S holomorphic and bounded polynomially in k. Moreover, for W (u,,u_) =
0, S is proportional to uy ® u, and thus has rank one. We are now done if we let Ay be the
unique solution to the equation W (u4,u_) =01in V. O

2.A Grushin problems for several commuting
operators

2.A.1 Global Grushin problem

Assume that P, ..., P, are pseudodifferential operators on a compact manifold M, with
P; € W% (M) and k; > 0.

Definition 2.A.1. We say that A\ = (\1,...,\,) € C" belongs to the joint spectrum® of
Py, ..., P,, if the joint eigenspace

{ue C®(M) | Pju=M\u, j=1,...,n}

is nontrivial. (In our situation, one of the operators P; will be elliptic outside of a compact
set, so all joint eigenfunctions will be smooth.)

9Gtrictly speaking, this is the definition of the joint point spectrum. However, the operators we study
in §2.4 are joint elliptic near the fiber infinity, as in Proposition 2.A.5, thus all joint spectrum is given by
eigenvalues.
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The goal of this appendix is to extract information about the joint spectrum of P, ..., P,
from certain microlocal information. Essentially, we will construct exact joint eigenfunctions
based on approximate eigenfunctions and certain invertibility conditions. The latter will be
given in the form of operators Ay, ..., A,, with the following properties:

(G1) Each Aj can be represented as A’ + A7, where A’ is compactly microlocalized and has
operator norm O(h™"); A7 € h~"W~%(M). Here r > 0 is a constant.

(G2) The commutator of any two of the operators P, ..., P,, Ay, ..., A, liesin h*W > (M).

We would like to describe the joint spectrum of Py, ..., P, in a ball of radius o(h") centered
at zero. First, we consider a situation when there is no joint spectrum:

Proposition 2.A.2. Assume that conditions (G1) and (G2) hold and additionally,
> AP =1 mod h*U (M)
j=1

Then there exists 6 > 0 such that for h small enough, the ball of radius 6h™ centered at zero
contains no joint eigenvalues of Py, ..., P,.

Proof. Assume that u € L*(M) and Pju = \ju, where |)\;| < 0h". Then
0= Z Aj(Pj - )\j)u = (I + hOO\I/_OO>U - Z )\jAjU.
=1 =1

It follows from condition (G1) that ||A;|| 22 = O(h™"); therefore,
[ull 2 = O + h>)|ul L2
and we must have u = 0 for 4 and h small enough. O

Now, we study the case when the joint spectrum is nonempty. Assume that S; : C —
C*®(M) and Sy : D'(M) — C are operators with the following properties:

(G3) Each S; is compactly microlocalized with operator norm O(1).
(G4) 5551 =1+ 0O(h™).
)

(Gh) If @ is any of the operators Pi,..., P,, Ay,..., Ay, then QS; € h*W~> and S,Q) €
hew—°,

(G6) We have
> APy =1-58 modh®¥(M).

j=1
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Note that (G5) implies that the image of S; consists of O(h*)-approximate joint eigen-
functions. For n = 1, one recovers existence of exact eigenfunctions from approximate ones
using Grushin problems, based on Schur complement formula; see for example [65, §6]. The
proposition below constructs an analogue of these Grushin problems for the case of several
operators. This construction is more involved, since we need to combine the fact that P;
commute exactly, needed for the existence of joint spectrum, with microlocal assumptions
(G1)-(G6) having O(h*) error. Note also that condition (G2) does not appear in the case
n=1.

Proposition 2.A.3. Assume that the conditions (G1)-(G6) hold and the operators Py, ..., P,
commute exactly; that is, [P;, Py] = 0 for all j,k. Then there exists 6 > 0 such that for h
small enough, the ball of radius 6h™ contains exactly one joint eigenvalue of Py, ..., P,.
Moreover, this eigenvalue is O(h*™) and the corresponding eigenspace is one dimensional.

Proof. We prove the proposition in the case n = 2 (which is the case we will need in the
present chapter); the proof in the general case can be found in Appendix 2.A.3.
For A = (A1, \2) € C?, consider the operator
Pr—X —-Ay S 0
PQ — )\2 A1 0 Sl

T(\) = S, o o ol Hi — Ho;

0 Sy 0 0
My = L) ® H; (M) & €2, Ha = H,™ (M) @ H; (M) & C2
The conditions (G1)-(G6) imply that for

A, Ay S 0
|-n P 0 S|
Q=135 0 0 o] MM
0 S, 0 0

we have T(0)Q = I 4+ Opy—31,(h), QT(0) = I + Ox, 3, (h*°). By (G1) and (G3), we have
1@, = O(R™"); therefore, if § > 0 and h are small enough and |A| < Jh", then T'(X) is

invertible and
IT(A) o = O(RTT).
Now, let |A\| < dh" and put
(U()\),UZ(A), f()‘)) = T(A)_l(()? 07 17 O)a f(>‘) = (fl(/\)v f2(/\)) S C2'

This is the only solution to the following system of equations, which we call global Grushin
problem:

(P — \)u(A) — Ayus(N) + S1f1(\) =0, (2.A.1)
(Po — Ao)u(\) + Ayus(N) + S1 fo(N) = 0, (2.A.2)
Sou(N) = 1, (2.A.3)

Sauiz(N) = 0. (2.A.4)
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We claim that A is an element of the joint spectrum if and only if f()\) = 0, and in that
case, the joint eigenspace is one dimensional and spanned by u(A). First, assume that u is a
joint eigenfunction with the eigenvalue A. Then T'(A)(u,0,0,0) = (0,0, s,0), where s is some
nonzero number; it follows immediately that f(A\) = 0 and w is a multiple of u(\).

Now, assume that f(A) = 0; we need to prove that u(\) is a joint eigenfunction for
the eigenvalue A\. By (2.A.1) and (2.A.2), it suffices to show that uy(\) = 0. For that, we
multiply (2.A.2) by P, — A; and subtract (2.A.1) multiplied by P, — Ao; since f(A) =0 and
[Py, P,] =0, we get

(Py = M)A; + (P — Ay)Ag)ua(X) = 0.

Recalling (G6), we get
(I — 515+ OH;kl—IQ*)H;kl—kQ (5 + hoo))UQ()\) = 0.

By (2.A.4), (I + O(0 + h*))uz(A) = 0 and thus uy(A\) = 0. The claim is proven.
It remains to show that the equation f(A) = 0 has exactly one root in the disc of radius
dh" centered at zero, and this root is O(h™). For that, let QT'(\) = I — R(\); we have

)\1A1 + )\2142 0 0 0
“MP+ AP 0 00 .
R()‘) = ! )\2152 2 00 0 +O'H1—>’H1<h );
A2So 0 00

TN =+ R+ (I = R(\) 7 R(N))Q.
One can verify that R(1)2Q(0,0,1,0) = O, (h*°) and then
FA) =A=g(Ah),

where g(\; h) = O(h*°) uniformly in A. It remains to apply the contraction mapping princi-
ple. O

Finally, we establish a connection between global Grushin problem and meromorphic
resolvent expansions, using some more information about our particular application:

Proposition 2.A.4. Assume that n = 2, Py, P; satisfy the properties stated in the beginning
of this subsection, [Py, Ps] = 0, ki > 0, and P, — X is elliptic in the class U*' for some
A € C. IfV is the kernel of P, then by analytic Fredholm theory (see for example [137,
Theorem D.4]), the resolvent

RN =L = N v :H,"(M)NV - L*(M)nV
1s @ meromorphic family of operators in A € C with poles of finite rank. Then:

(1) Assume that the conditions of Proposition 2.A.2 hold and let § > 0 be given by this propo-
sition. Then for h small enough, R(X) is holomorphic in {|\| < Sh"} and ||R(N)|| L2y 12
is O(h™") in this region.
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(2) Assume that the conditions of Proposition 2.A.3 hold and let (Mg, \) be the joint eigen-
value and § > 0 the constant given by this proposition. Suppose that Ny = 0. Then for h
small enough,

R()) = S(\) L M < O,

P
where S(A\) is holomorphic, 11 is a rank one operator, and the L> NV — L? norms of
S(A\) and 11 are O(h™™) for some constant N.

Proof. 1. We have
Al(Pl — /\) =1 )\Al + hoo‘ll_oo(M) on V,

the right-hand side is invertible for § small enough. Therefore, R has norm O(h™").

2. We know that R()\) has a pole at A if and only if there exists nonzero u € L*(M) NV
such that (P, — A)u = 0; that is, a joint eigenfunction of (P;, P») with joint eigenvalue (), 0).
Therefore, \g is the only pole of R()\) in {|\| < dh"}.

Now, take A\ # Ao, |A| < dh", and assume that v € H, "™ (M) NV and u = R(\)v €
L*(M)NV. Let T()\) be the family of operators introduced in the proof of Proposition 2.A.3,
with A\; = A and Ay = 0; we know that T'()\) is invertible. We represent T'(A\)~! as a 4 x 4
operator-valued matrix; let 7j;'()) be its entries. We have T'(A)(u,0,0,0) = (v,0,¢,0) for
some number c. However, then (u,0,0,0) = T(\)~'(v,0, ¢,0); taking the third entry of this
equality, we get T, (\)v + T3 (M) e = 0. Now, Ty (A) = f1(N), with the latter introduced in
the proof of Proposition 2.A.3. Therefore, we can compute ¢ in terms of v; substituting this
into the expression for u, we get the following version of the Schur complement formula:

T1—1<A>T3—1<A>)
A0V

Next, by the proof of Proposition 2.A.3, fi(Ao) = 0 and f1(\) = XA + O(h*>°). Therefore, we
may write fi(A) = (A — XAg)/g(A), with g holomorphic and bounded by O(1). Let uy be the
joint eigenfunction of (P, P,) with eigenvalue (A, 0); then IT = —g(A\o) T3 (Ao) 15 (o) is a
rank one operator, as T3 (A\g) acts C — V and ITug = —(1 4+ O(h™))ug. Since the operators

1 . .
T;;" are polynomially bounded in %, we are done. O]

(2.A.5)

RO = (T340 -

\%

2.A.2 Local Grushin problem

In this subsection, we show how to obtain information about the joint spectrum of two
operators Py, P, based only on their behavior microlocally near the set where neither of them
is elliptic. For that, we use global Grushin problems discussed in the previous subsection.
Assume that P, € U¥ (M), P, € U2 (M) satisty

(E1) The principal symbol p;o of P; is real-valued.
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(E2) The symbol pyq is elliptic in the class S* (M) outside of some compact set. As a
corollary, the set

K= {(.I',f) € ™M ‘ plO(xvf) = p20<.§€,€) = O}
is compact.
Next, assume that A;, Ay are compactly microlocalized operators on M such that:

(L1) For each j and every bounded neighborhood U of K, A; can be represented as A’ + A7,
where both A’ and A} are compactly microlocalized, [|A}|| = O(h™"), WF,(A}) C
UxU,and A} € h="W3™P(M). Here r > 0 is some constant.

(L2) The commutator of any two of the operators Py, Ps, Ay, As lies in h*®W > (M).

Finally, let S : C — C*(M), Sy : D'(M) — C be compactly microlocalized operators such
that:

(L3) |IS;]] = O(1) and WF,(S;) C K.
(L4) S251 =1+ O(h™).
(L5) If @ is any of the operators Py, Py, Ay, A, then S1 € h*¥~>° and S,Q) € h*°U >,
Proposition 2.A.5. 1. If the conditions (E1)-(E2) and (L1)-(L2) hold, and
AP+ APy =1

microlocally near K x K, then there exists 6 > 0 such that for h small enough, there are no
joint eigenvalues of Py, Py in the ball of radius 0h" centered at zero.
2. If the conditions (E1)-(E2) and (L1)-(L5) hold, [Py, Ps] =0, and

A1P1 + A2P2 =1-— Slsg (2A6)

microlocally near K x K, then there exists 6 > 0 such that for h small enough, the ball
of radius Oh™ centered at zero contains exactly one joint eigenvalue \ of Py, P,. Moreover,
A = O(h*) and the corresponding joint eigenspace is one dimensional.

Proof. We will prove part 2; part 1 is handled similarly. Take small ¢ > 0 and let x. €
C$°(R) be supported in (—¢,¢) and equal to 1 on [—£/2,¢/2]. Also, let 1. € C>*(R) satisfy
t:(t) = 1 — x.(t) for all t; then . (t) = 0 for |¢t| < €/2. The function v, is a symbol of order
—1, as it is equal to ¢! for |t| > €.

By (E1), we can define the operators x.[P;], ¢:[P;] € ¥X(T*M) using the formal func-
tional calculus introduced in §2.3.2. By (E2) and Proposition 2.3.4 .[P] € ¥ * (M), and
Xe[P1] € U™, Therefore, we can define uniquely up to h*°W~ the operators

X. = X[Px:[Po) € U™ (M), [P € U (M), xe[Pi.[Po) € U™ (M), (2.A.7)

cl cl



CHAPTER 2. ASYMPTOTIC DISTRIBUTION OF RESONANCES 103

By Proposition 2.3.3, these operators commute with each other and with P, P, modulo
heWw=>. Let Y be any of the operators in (2.A.7); we will show that it commutes with
each A; modulo h*W~>°. Take a neighborhood U of K so small that |pio| + |p20] < £/4 on
U; then Y is either zero or the identity operator microlocally on U. By (L1), decompose
Aj = A+ A7, where WF(A)) C U x U and A € 3™, We have A; = A microlocally
away from U x U; therefore, [A7, P,] = 0 microlocally near 7*M \ U. By Proposition 2.3.3,
[A7,Y] = 0 microlocally near T*M \ U; therefore, the commutator [A;,Y7] is compactly
microlocalized and WF,([A4;,Y]) C U x U. However, since Y = 0 or Y = I microlocally in
U, we have [A;,Y] € h®U~* as needed.

Since X. = I microlocally near K and WF,(S;) C K, we get (I — X.)S,5 (I — X,) €
hoeWw—°. Multiplying (2.A.6) by X, we get for & small enough,

(X.ADP, + (XA Py + 518, = X, mod h®U™, (2.A.8)
Next, by Proposition 2.3.3
VY [PIPy + X [P [Po]Py = T — X, mod AU, (2.A.9)
Adding these up, we get
(Xe Ay + Y [P)) P+ (XeAg + X [P [Po]) Po + S1S2 = T + h®W ™. (2.A.10)

The operators Py, P, A = X Ay + Py, Ay = X As + xe|[Pi]:[P], Si, So satisfy the
assumptions of Proposition 2.A.3. Applying it, we get the desired spectral result. O

2.A.3 Proof of Proposition 2.A.3 in the general case

In this subsection, we prove Proposition 2.A.3 for the general case of n > 2 operators. For
simplicity, we assume that k; = --- = k,, = 0; that is, each P; lies in W°(M). (If this is not
the case, one needs to replace L*(M) below with certain semiclassical Sobolev spaces.)

Let V' be the space of all exterior forms on C"; we can represent it as Viyen ® Voaq, Where

Vinen = ED AYC", Voaa = P A¥*'C
720 J20

are the vector spaces of the even and odd degree forms, respectively. Note that Vg, and
Voaa have the same dimension. Define the spaces
L2

Even

= L*(M) ® Viyen, Ligq = L*(M) ® Voaa, LY = L* (M) @ V.

We call elements of L} forms. They posess properties similar to those of differential forms;
beware though that they are not differential forms in our case. We will use the families of
operators (A;) and (P;) to define the operators

dp,d’y : L}y — L%,
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given by the formulas

dp(u®v) = 3 (Pu) @ (¢; Av),

-

Ty © ) = 3 (A1) @ (ie,0);

u€ L*(M), veV.

Here ey, ..., €, is the canonical basis of C". The notation i, is used for the interior product
by e;; this is the adjoint of the operator v +— e; A v with respect to the inner product on
V' induced by the canonical bilinear inner product on C". Note that dp and d* map even
forms to odd and vice versa.

A direct calculation shows that under the assumptions (G1)—(G6),

(dp +d3)* =1— 515 @ Iy + Og-o (h™). (2.A.11)

Here Iy is the identity operator on V, while I is the identity operator on L3,. Moreover,
since the operators Pi,..., P, commute exactly, we have

ds = 0. (2.A.12)

For A = (Aq,...,\,) € C", define the operator

_ Ol 12 I
T\ = ((dp E’;LQ;Z?‘)JLEM Sl% V) :Hy — Ho,

Hy = Lion © Voad, Ha = LEaq ® Vaven-

Here dp_, is defined using the operators P, —\q,..., P,— A\, in place of P, ..., P,. It follows
from (2.A.11) that for

Q: (dP‘i‘dZ)’L%dd S1®IV
Se ® Iy, 0

)IH2—>H1,

we have QT'(0) = I + Oy, 3, (h*), T(0)Q = I + Oy,—3,(h>°). Moreover, it follows from
(G1) and (G3) that ||Q||3,—2, = O(h™"). Therefore, for |A\| < k" and h and § > 0 small
enough, the operator T'(\) is invertible, with || T(A\) ™!y, =2, = O(R™").

Assume that |A\| < 0h" and let 1 € Vigyen be the basic zero-form on C". Put (a(\),v(A)) =
T(N)710,1), where a()\) € L% ..., v(\) € Voaq; then (a(N),v(A)) is the unique solution to
the system

(dp_x + d}y)a(X) + S1(1) @ v(A) =0,
(S2 @ Iy)a(N) = 1.

We further write v(\) = f(A) + w(XA), where f()) is a 1-form and w(\) is a sum of forms of
degree 3 or more. Note that both f and w are holomorphic functions of A, with f(\) € C™.

(2.A.13)
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We claim that A is a joint eigenvalue of P, ..., P, if and only if f(\) = 0. First of all,
if u is a joint eigenfunction, then T'(A\)(u ® 1,0) = ¢(0, 1) for some scalar ¢ # 0; therefore,
f(A) = 0 and the joint eigenspace is one dimensional.

Now, assume that f(A) = 0. We will prove that the solution to (2.A.13) satisfies a(\) =
u® 1 for some u € L*(M); it follows immediately that (P, — A\)u = --- = (B, — A\,)u = 0.
Let « = u® 1+ 3, where (3 is a sum of forms of degree 2 or higher. Then by (2.A.12),

(dp_x+d}y)*(u®1) € X (M)® 1. (2.A.14)
Next, we get from (2.A.13)
(Se @ Iy )(dp_x + d}y)a+ (1 + O(h™))v = 0.

The components of this equation corresponding to odd forms of degree 3 or higher depend
only on 8 and w; therefore, for h small enough, w = W for some operator W of norm
O(h™"). Since f = 0, we get v = W f; therefore, by (2.A.14) and (2.A.13) multiplied by
dp_y + d;‘,

(dp_x+d3)?B+ (dp_x + d7)(S1(1) @ W) € L*(M) ® 1.

Taking the components of this equation corresponding to forms of even degree 2 or higher
and recalling (2.A.11), we get

(I = 519) ® Iy + O(6 + h*))B = 0.
However, (S; ® Iy)p = 0 by (2.A.13); therefore,
(I+0@+h>®)3=0.

It follows that # = 0 and the claim is proven.
It remains to show that the equation f(\) = 0 has exactly one solution in the disk of
radius 6h". For that, we write QT (A) =1 — R(\),

T =T+ RN+ = RA)TRN))Q
We have Q(A)(0,1) = (51(1) ® 1,0) and

700 = ({556 i o) + 00

Here d), is constructed using Ay, ..., A, in place of P, ..., P,. Now, we use that R(\)?Q(0,1) =
Oy, (™) to conclude that f(A) = A — g(A; h) with ¢ = O(h®); it then remains to use the
contraction mapping principle.
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2.B Numerical results

2.B.1 Overview

This section describes a procedure for computing the quantization symbol F(m, 1, k) from
Theorem 2.1 to an arbitrarily large order in the case

I'=1—|kl=0(1). (2.B.1)

The reason for the restriction I’ = O(1) is because then we can use bottom of the well
asymptotics for eigenvalues of the angular operator; otherwise, we would have to deal with
nondegenerate trajectories, quantization conditions for which are harder to compute numer-
ically; see for example [25].

We first use the equation (2.2.16); once we get rid of the semiclassical parameter h
(remembering that the original problem was h-independent), the number w = F(m,[, k) is

the solution to the equation
G"(m,w, k) =G°(I',w, k). (2.B.2)

Here G", GY are the non-semiclassical analogues of F", F?; namely, (2.2.13) and (2.2.15) take
the form
A=G"(m,w, k) ZQT m,w, k),
>0

A=Go(l' ~> g,

7>0

respectively. The functions G7, QJQ are homogeneous of degree 2 — j in the following sense:
r _ 2—j5pr 0 _ 2—500
Gi(m, Myw, sk) = s*Gi(m,w, k), G;(I', Myw, sk) = s 7G5 (I',w, k), s > 0. (2.B.3)

Here M w = s Rew + ¢ Im w; the lack of dilation in the imaginary part of w reflects the fact
that it is very close to the real axis.

We will describe how to compute G7, Q](-’ for an arbitrary value of j in Appendix 2.B.3.
The method is based on a quantization condition for barrier-top resonances, studied in
§2.5.3; their computation is explained in Appendix 2.B.2 and a MATLAB implementation
and data files for several first QNMs can be found online at http://math.berkeley.edu/
~dyatlov/qnmskds. We explain why the presented method gives the quantization conditions
of Propositions 2.2.6 and 2.2.7, but we do not provide a rigorous proof.

We now compare the pseudopoles given by quantization conditions to QNMs for the Kerr
metric!® computed by the authors of [13] using Leaver’s continued fraction method — see [13,
§4.6] for an overview of the method and [14, Appendix E] and [15, §IV] for more details.

10The results of the present chapter do not apply to the Kerr case A = 0, due to lack of control on the
scattering resolvent at the asymptotically flat spatial infinity. However, the resonances described by (2.1.2)
are generated by trapping, which is located in a compact set; therefore, we can still make sense of the
quantization condition and compute approximate QNMs.
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Figure 2.5: Comparison of order 2 approximation to QNMs with the data of [13]. Here
l=1,...,4, k=—1,—1+ 1,1 — 1,1 (left to right), and m = 0 (top) and 1 (bottom).

The QNM data for the case of scalar perturbations, studied in this chapter, computed using
Leaver’s method can be found online at http://www.phy.olemiss.edu/~berti/qnms.html.

Figure 2.5 compares the second order approximation to QNMs (that is, solution to the
equation (2.B.2) constructed using G§ and GY for j < 2) to the QNMs of [13]. Each branch on
the picture shows the trajectory of the QNM with fixed parameters m, [, k for a € [0,0.25];
the marked points correspond to a = 0,0.05,...,0.25. The branches for same m,[ and
different k converge to the Schwarzschild QNMs as a — 0. We see that the approximation
gets better when [ increases, but worse if one increases m; this agrees well with the fact
that the computed quantization conditions are expected to work when [ is large and m is
bounded.

The left part of Figure 2.6 compares the second and fourth order approximations with
the QNMs of [13] (with the same values of a as before); we see that the fourth order approx-
imation is considerably more accurate than the second order one, and the former is more
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Figure 2.6: Left: comparison of order 2 and 4 approximations to QNMs with the data
of [13]. Here I = 3,4, ' = 0,1, and m = 0. Right: log-log plot of the error of order 1-4
approximations to QNMs, as compared to [13]. Here a = 0.1, k =, m = 0, and [, plotted
on the x axis, ranges from 1 to 7.

accurate for a smaller value of I’. Finally, the right part of Figure 2.6 is a log-log plot of
the error of approximations of degree 1 through 4, as a function of [; we see that the error
decreases polynomially in /.

2.B.2 Barrier-top resonances

Here we study a general spectral problem to which we will reduce both the radial and
the angular problems in the next subsection. Our computation is based on the following
observation: when the quantization condition of §2.5.3 is satisfied, the function u, has the
microlocal form (2.5.3), with the symbol behaving like (r — 7)™ near the trapped set. This
can be seen from the proof of Proposition 2.5.6: if 3 = —ihm, then @] (z) = 2™ and Bjal
has to have the form (2.5.3). The calculations below are similar to [39, §3].

Consider the operator

P,=D,A(y)D, + B(y;w, k). (2.B.4)

Here the function A(y) is independent of w, k, real-valued, and A(0) > 0; B is a symbol of
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order 2:

B(y;w, k) ~ ZB (y;w, k),

7>0

with B; homogeneous of degree 2 — j in the sense of (2.B.3). We also require that B, be
real-valued and
By(0;w, k) =0, By(0;w, k) < 0.

We will describe an algorithm to find the quantization condition for eigenvalues A of P, with
eigenfunctions having the outgoing WKB form (2.B.6) near y = 0; we will compute \ as a
symbol of order 2:

A~ Z)\ w, k), N\j(Mw, sk) = s> I\ (w, k), s> 0.

7>0

More precisely, we will show how to inductively compute each A;. The principal part Ag is
given by the following barrier-top condition:

In this case, we have

BO(ya w, k) = )\0((«0, k) - yQUO(ya w, k)?

where Uy is a smooth function, and Uy(0) = —V”(0)/2 > 0. Define the phase function
Yo(y; w, k) such that

wo(ysw, k) = y\/Us(y; wi k) JA(y);

note that ¢y is homogeneous of degree 1. We will look for eigenfunctions of the WKB form
u(y; w, k) = e Pa(y; w, k), (2.B.6)

solving the equation P,u = Au up to O(|w| + |k|) > error near y = 0. Here a is a symbol of
order zero:

a(y;w, k) ~ Zaj y;w, k),

with a; homogeneous of order —j.
Substituting (2.B.6) into the equation P,u = Au and gathering terms with the same
degree of homogeneity, we get the following system of transport equations:

(Lo — Bl + )\1)aj = —L1CL]‘_1 + Z (Bl+1 - >\l+1)aj—l7 ] Z 07
0<I<j
Lo = 2ihy Ay + i(AYy) = 2in/Us(y) Ay)ydy + i(y/Uo(y) A(y))';
L1 = 8yA(y)@y,

(2.B.7)

with the convention a_; = 0.
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Now, consider the space of infinite sequences
C* = {a = ()2, | € C)
and the operator 7' : C*°(R) — C* defined by
T(a) = a, a; = &a(0)/4!.
Let the operators L;, B; : C* — C* be defined by the relations
TL; =L;,T, TB; = B,T.

We treat L;, B; as infinite dimensional matrices. We see that each B is lower triangular,
with elements on the diagonal given by B;(0); (Ly);x = 0 for j +2 < k. As for Ly, due to
the factor y in front of the differentiation it is lower triangular and

(Lo)j; = i(2j + 1)1/ Un(0) A(0).

One can show that there exists a smooth nonzero function ag solving (Ly — By + A1)ag = 0
if and only if one of the diagonal elements of the matrix Ly — B + Ay is zero (the kernel of
this matrix being spanned by Tag). Let m > 0 be the index of this diagonal element; this
will be a parameter of the quantization condition. We can now find

AL = Bi(0) — i(2m + 1)/Uo(0) A(0). (2.B.8)

Now, there exists a nonzero functional f on C*, such that f(a) depends only on a; ..., a™,

and f vanishes on the image of Ly — By + A\;. Moreover, one can show that the equation
(Lo — By + A1)a = b has a smooth solution a if and only if f(70) = 0.

Take ag to be a nonzero element of the kernel of Ly — By + A\;; we normalize it so that
f(Tag) = 0. Put a; = T'a;; then the transport equations become

(LO — B1 + )\1)8_]- = —Llaj_l + Z (Bl+1 - /\l+1)aj_l, ] > 0. (2B9)
0<iI<j

We normalize each a; so that f(a;) = 0 for j > 0. The j-th transport equation has a solution
if and only if the f kills the right-hand side, which makes it possible to find

)‘j+1 = f( — L16LJ;1 + Z Bl+1aj,l), 7 >0. <2B10)
0<li<y

Using the equations (2.B.5), (2.B.8), (2.B.10), and (2.B.9), we can find all A; and a; induc-
tively.
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2.B.3 Radial and angular quantization conditions
We start with the radial quantization condition. Consider the original radial operator
P, = Do(AD,) + V,(riw, k),
Vi(rsw, k) = —=A7N(1 4+ ) (1 + a®)w — ak)?.
It has the form (2.B.4), with
y=r—ro, Aly) =A,, Bly,w, k) =V, (r;w, k). (2.B.11)

Here 1 is the point where V, achieves its maximal value, corresponding to the trapped point
xo in §2.5.1. Now the previous subsection applies, with the use of the outgoing microlocal-
ization mentioned in the beginning of that subsection. Using (2.B.5) and (2.B.8), we can
compute near a = 0,

2ak(1 — 9AM?)

= 3M — 2 2 2
o =301 = 20D oz gk + ),
27 M? 2ak
A ([ 2 2(11.12 2
Yo 1—9AM2( 9M2Rew>(Rew) + O(a”([k[" + [w]7)), (2.B.12)

3vV3Mw
V1 —9AM?

reintroducing the semiclassical parameter, we get the formulas for 7" in Proposition 2.2.6.

2
Gy +G; = {i(m+1/2)+ } + O(1) for a = 0;

Now, we consider the angular problem. Without loss of generality, we assume that k£ > 0.
After the change of variables y = cos 6, the operator P9|D§c takes the form

(14 a)*(aw(l —y?) — k)?
(1 —=y*)(1+ay?)

We are now interested in the bottom of the well asymptotics for the eigenvalues of P, with
the parameter !’ from (2.B.1) playing the role of the quantization parameter m. The critical
point for the principal symbol of the operator P, is (0,0). To reduce the bottom of the well
problem to the barrier-top problem, we formally rescale in the complex plane, introducing
the parameter y' = ¢”/4y, so that (y')? = iy?. We do not provide a rigorous justification for
such an operation; we only note that the WKB solution of (2.B.6) looks like ¢®#)’q = e=%’q
near y = 0 for some positive constant ¢; therefore, it is exponentially decaying away from the
origin, reminding one of the exponentially decaying Gaussians featured in the bottom of the
well asymptotics (see for example [39, §3] or the discussion following [103, Proposition 4.3]).
There is a similar calculation of the bottom of the well resonances based on quantum Birkhoff
normal form; see for example [26]. The rescaled operator P, = —iP, takes the form (2.B.4),
with ¢’ taking the place of y and

Py = Dy(l - 92)(1 + 0@2)Dy +

i(1+ a)?(aw(l +i(y')?) — k)?
(1 +i(y)?) (1 —ia(y)?)

Aly) = 1 +iy)) (1 —iay)?), Bly;w,k) =— (2.B.13)
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We can now formally apply the results of Appendix 2.B.2; note that, even though A and B
are not real-valued, we have

A(0) =1, By(0) = —i(1 + @)*(aRew — k)%, BL(0) < 0.

An interesting note is that when a = 0 and k£ > 0, the process described in Appendix 2.B.2
gives the spherical harmonics A = [(I + 1) exactly and without the assumption (2.B.1). In
fact, the first three terms of the asymptotic expansion of A sum to [({+1) and the remaining
terms are zero.
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Chapter 3

Resonance projectors and asymptotics
for r-normally hyperbolic trapped sets

3.1 Introduction

For a Schrodinger operator h?A,+V (x), V € C*(X;R), on a compact Riemannian manifold
(X, g) the Weyl law (see for example [39, Theorem 10.1]) provides an asymptotic for the
number of eigenvalues (bound states) A;j(h) as h — 0:

#(Xi(h) € [ao, a1]) = (2mh) ™" (Volo(py (a0, o)) + O(R)). (3.1.1)

Here 7 is the dimension of X, py(z,&) = [§[2+V () is the (semiclassical) principal symbol of
the Schrodinger operator, defined on the cotangent bundle 7% X, and Vol, is the symplectic
volume on 7T*X.

Scattering resonances are a natural generalization of bound states to noncompact man-
ifolds; they are the poles of the meromorphic continuation of the resolvent to the lower
half-plane {Imw < 0} C C, see (3.1.3) and §§3.4.3, 3.4.4. However, there are very few re-
sults giving Weyl asymptotics of resonances in the style of (3.1.1). The first one is probably
due to Regge [101], with some of the following results including [136, 113, 114, 112, 50] — see
the discussion of related work below.

This chapter provides a new Weyl asymptotic formula for resonances, under the assump-
tion that the trapped set is r-normally hyperbolic and expansion rates satisfy a pinching
condition — see Theorems 3.1 and 3.2. These dynamical assumptions are motivated by the
study of black holes, see [79]; this continues the previous work of the author (presented in
Chapters 1 and 2, as well as in [46]), and the application to stationary perturbations of
Kerr—de Sitter black holes is given in Chapter 4. See also [58] for applications of normally
hyperbolic trapping to molecular dynamics. Since the imaginary part of a resonance can be
interpreted as the exponential decay rate of the corresponding linear wave, we study long-
living resonances, that is those in strips of size C'h around the real axis. More precisely, we
establish an asymptotic formula for the number of resonances in a band located between two
resonance free strips.
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Setup. To illustrate the results, we consider semiclassical Schrodinger operators on X = R”,
studied in detail in §3.4.3:

Py = R*A+V(z), Ve&CFRYR). (3.1.2)

Here A = — Z 82 is the Euclidean Laplacian. The results apply under the more general
assumptions of §§3 4.1and 3.5. 1, in particular in the setting of even asymptotically hyperbolic
manifolds — see §3.4.4 and Appendlx 3.A. Resonances are the poles of the meromorphic
continuation of the resolvent

Ry(w) = (Py —w?)™': L*(R") = H*(R"), Imw >0, (3.1.3)

across the ray (0,00) C C, as a family of operators L2 (R") — HZ_(R"). For the proofs,

comp
it is convenient to consider a different operator with the same set of poles

R(w) =Pw) ' : Ho — Hy, (3.1.4)

where H; = H?(R") is a semiclassical Sobolev space, Hy = L*(R"), and P(w) : H; — Ha is
constructed from Py using the method of complex scaling (see §3.4.3).
To formulate dynamical assumptions, let py(z,&) = |£]* + V(x), fix energy intervals

[, 1] € [Bo, 1] C (0,00), put p = /pv on py* (|82, 5?]) (see (3.4.4) for the general case)
and define the incoming/outgoing tails I'y and the trapped set K as

Dy = {p € py (183, B)) | exp(tH,)(p) /00 as t — Foo}, K :=T,NT_.

Here exp(tH,) denotes the Hamiltonian flow of p. We assume that (see §3.5.1 for details)
'y are sufficiently smooth codimension one submanifolds intersecting transversely at K,
which is symplectic, and the flow is r-normally hyperbolic for large r in the sense that the
minimal expansion rate vy, of the flow exp(tH,) in the directions transverse to K is much
greater than the maximal expansion rate fimay along K —see (3.5.1), (3.5.3), (3.5.4). These
assumptions are stable under small smooth perturbations of the symbol p, using the results
of [64] — see §3.5.2.

Distribution of resonances. Let vy,, be the maximal expansion rate of the flow exp(tH,)
in the directions transverse to the trapped set, see (3.5.2). The following theorem provides
a resonance free region with a polynomial resolvent bound:

Theorem 3.1. Let the assumptions of §§3.4.1 and 3.5.1 hold and fix € > 0. Then for
Rew € [ap, a1], Imw € [—(Vmin — €)R, 0]\ 3(—Vmax + )Ry — (Vmin — €)D), (3.1.5)
w is not a resonance and we have the bound'

IR(w) |33, < Ch™2 (3.1.6)

!The estimate (3.1.6) implies, in the case (3.1.2), cutoff resolvent bounds xRy (w)xllz2mz = O(h=2)

for any fixed x € C§°(R™). This explicit bound improves slightly the bounds on the decay of correlations
in [97, Theorem 1].
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Figure 3.1: (a) An illustration of Theorem 3.2, with (3.1.8) counting resonances in the
outlined box. The unshaded regions above and below the box are the resonance-free regions
of Theorem 3.1. (b) The canonical relation A°, with the flow lines of Vy dashed.

In particular, we get a resonance free strip {Imw > —“=2=¢h}, recovering in our situation
the results of [56, 132, 97].
Under the pinching condition
Vimax < 2Vmin, (3.1.7)

we get a second resonance free strip {Imw € [—(Vmin — €)h, —(Vmax + €)h/2]}. We can then
count the resonances in the band between the two strips, see Figure 3.1(a):

Theorem 3.2. Let the assumptions of §§3.4.1 and 3.5.1 and the condition (3.1.7) hold. Fix
e > 0 such that Vpax+¢ < 2(Umin—¢). Then, with Res denoting the set of resonances counted
with multiplicities (see (3.4.3)),

#(ResN{Rew € [af), )], Imw € [~ (Vimax + €)h, —(Vmin — €)R]})
1-n -1 / ! (318)

= (2mh) " (Volo (K N p~ ([, a1])) + o(1)),
as h — 0, for every [of, o] C (o, ) such that p~' (o) N K has zero measure in K. Here
Vol,, denotes the symplectic volume on K, defined by dVol, = o2~ /(n — 1)!.

A band structure similar to the one exhibited in Theorems 3.1 and 3.2, with Weyl laws
in each band, has been obtained in [50] for a related setting of Anosov diffeomorphisms, see
the discussion below.

The resonance projector. The key tool in proving Theorems 3.1 and 3.2 is a microlocal
projector II corresponding to resonances in the band (3.1.8). We construct it as a Fourier
integral operator (see §3.3.2), associated to the canonical relation A° C T*X x T*X defined
as follows. Let Vo C TT'y be the symplectic complements of 7Ty in Tr, (7*X). For
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some neighborhoods T2, K° of K N p~!([ap, 1]) in Ty, K, respectively, we can define the
projections 7y : I'Y — K° along the flow lines of V. — see §3.5.4. We define (see also [18])

A= {(p—rps) €T° x T | 7_(p_) = (o)} (3.1.9)

Then A° is a canonical relation, see §3.5.4; it is pictured on Figure 3.1(b).
We now construct an operator II with the following properties (see Theorem 3.3 in §3.7.1
for details, including a uniqueness statement):

(1) II is a compactly supported Fourier integral operator associated to A°;
(2) TI? = 11 + O(h*) microlocally near K N p~*([ag, 1]);
(3) [P, 11} = O(h>) microlocally near K N p~*([ap, a1]).

Here P is a pseudodifferential operator equal to /P, microlocally in py'([82,37]) (see
Lemma 3.4.3 for the general case). Conditions (2) and (3) mimic idempotency and com-
mutation properties of spectral projectors of self-adjoint operators.

The operator II is constructed iteratively, solving a degenerate transport equation on each
step, with regularity of resulting functions guaranteed by r-normal hyperbolicity. The ob-
tained operator provides a rich microlocal structure, which makes it possible to locally relate
our situation to the Taylor expansion, ultimately proving Theorems 3.1 and 3.2. See §3.2.1
for a more detailed explanation of the ideas behind the proofs.

Related work. A particular consequence of Theorem 3.1 is a resonance free strip {Imw >
—Zmin—=h}. For normally hyperbolic trapped sets, such strips (also called spectral gaps) have
been obtained by Gérard-Sjostrand [55] for operators with analytic coefficients and possibly
non-smooth I'y; Wunsch-Zworski [132] for sufficiently smooth I'y, without specifying the
size of the gap; and Dolgopyat [40], Liverani [81], and Tsujii [126] for contact Anosov flows.
The recent preprint of Nonnenmacher and Zworski [97] gives a gap of optimal size for a
variety of normally hyperbolic trapped sets with very weak assumptions on the regularity of
['y; in our special case, the gap of [97] coincides with the one given by Theorem 3.1. For a
related, yet quite different, case of hyperbolic trapped sets (where the flow is hyperbolic in
all directions, but no assumptions are made on the regularity of 'y and K), such gaps are
known under a pressure condition, see [98] and the references given there.

Upper bounds for the number of resonances in strips near the real axis have been
proved in different situations, both for normally hyperbolic and for hyperbolic trapping,
by Sjostrand [108], Guillopé-Lin-Zworski [63], Sjostrand—Zworski [116], Nonnenmacher—
Sjostrand-Zworski [96, 95|, Faure-Sjostrand [48], Datchev-Dyatlov [36], and Datchev—Dyat-
lov—Zworski [37]; see [95] or [36] for a more detailed overview. The optimal known bounds
follow the fractal Weyl law,

#(ResN{Rew € [ag, ], |Imw| < Coh}) < Ch™17°, (3.1.10)
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Here Cj is any fixed number and 2§ + 2 is bigger than the upper Minkowski dimension of
the trapped set K (inside 7*X), or equal to it if K is of pure dimension. In our case,
dim K = 2n — 2, therefore the Weyl law (3.1.8) saturates the bound (3.1.10).

Much less is known about lower bounds for hyperbolic or normally hyperbolic trapped
sets — some special completely integrable cases were studied by Gérard—Sjostrand [56], S&
Barreto-Zworski [103], and the author (Chapter 2), a lower bound with a smaller power of A~
than (3.1.10) for certain hyperbolic surfaces was proved by Jakobson—Naud [76], and Weyl
laws have been established in some situations in [114, 113, 50, 49, 51] — see below. It has been
conjectured [94, Definition 6.1] that for Cy large enough, a lower bound matching (3.1.10)
holds, but no such bound for non-integer ¢ has been proved so far.

There also exists a Weyl asymptotic for surfaces with cusps, see Miiller [93]; in this case,
the infinite ends of the manifold are so narrow that almost all trajectories are trapped, and
the Weyl law in strips coincides with the Weyl law in disks, with a power h™". Other Weyl
asymptotics in large regions in the complex plane have been obtained by Zworski [136] for
one-dimensional potential scattering and by Sjostrand [112] for Schrédinger operators with
randomly perturbed potentials.

Finally, some situations where resonances form several bands of different depth were
studied in [114, 118, 113, 49, 49, 51]. Sjéstrand—Zworski [114] showed existence of cubic
bands of resonances for strictly convex obstacles, under a pinching condition on the curvature,
with a Weyl law in each band. Stefanov—Vodev [118] studied the elasticity problem outside
of a convex obstacle with Neumann boundary condition and showed existence of resonances
O((Rew)™) close to the real line and a gap below this set of resonances; a Weyl law for
resonances close to the real line was proved by Sjostrand—Vodev [113]. A case bearing some
similarities to the one considered here, namely contact Anosov diffeomorphisms, has been
studied by Faure-Tsujii [50]; their upcoming work [49, 51] will handle contact Anosov flows —
the latter can be put in the framework of §3.4.1 using the work of Faure-Sjostrand [48].

The results of [50, 49, 51| for the dynamical setting include, under a pinching condition,
the band structure of resonances (with the first band analogous to the one in Theorem 3.2)
and Weyl asymptotics in each band; the trapped set has to be normally hyperbolic, sym-
plectic, and smooth, however the manifolds I'x need only have Holder regularity, and no
assumption of r-normal hyperbolicity is made. These considerably weaker assumptions on
regularity are crucial for Anosov flows and maps, as one cannot even expect 'y to be C? in
most cases. The lower regularity is in part handled by conjugating P(w) by the exponential
of an escape function, similar to the one in [37, Lemma 4.2] — this reduces the analysis to
an O(hl/ 2) sized neighborhood of the trapped set. It then suffices to construct only the
principal part of the projector II to first order on the trapped set; such projector is uniquely
defined locally on K (by putting the principal symbol to be equal to 1 on K), without the
need for the global construction of §3.7.1 or the transport equation (3.2.2). The present
chapter however was motivated by resonance expansions on perturbations of slowly rotating
black holes, where the more restrictive r-normal hyperbolicity assumption is satisfied and it
is important to have an operator Il defined to all orders in h and away, as well as on, the
trapped set. Another advantage of such a global operator is the study of resonant states,
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see §3.8.5.

3.2 QOutline of the argument

In this section, we explain informally the ideas behind the construction of the projector
IT and the proofs of Theorems 3.1 and 3.2, list some directions in which the results could
possibly be improved, and describe the structure of the chapter.

3.2.1 Ideas of the proofs and concentration of resonant states

Construction of II. An important tool is the model case (see §3.6.1)
X=R" T°={z,=0}, I'Y={ =0} N°%@, x,)=Ff(,0). (3.2.1)

Any operator satisfying properties (1) and (2) of II listed in the introduction can be microlo-
cally conjugated to I1Y (see Proposition 3.6.3 and part 2 of Proposition 3.6.9). However, there
is no canonical way of doing this, and to construct II globally, we need to use property (3),
which eventually reduces to solving the transport equation on I'y

Hya=f, alg=0, (3.2.2)

where f is a given smooth function on I'y with f|x = 0. The solution to (3.2.2) exists and
is unique for any normally hyperbolic trapped set, by representing a(p) as an exponentially
converging integral of f over the forward (I'_) or backward (I'y) flow line of H, starting at
p. However, to know that a lies in C" we need r-normal hyperbolicity (see Lemma 3.5.2).
This explains why r-normal hyperbolicity, and not just normal hyperbolicity, is needed to
construct the operator II.

Proof of Theorem 3.1. The proof in §3.8 is based on positive commutator arguments, with
additional microlocal structure coming from the projector II and the annihilating operators
O discussed below. However, here we present a more intuitive (but harder to make rigorous)
argument based on propagation by
U(t) _ efz'tP/h’

which is a Fourier integral operator quantizing the Hamiltonian flow e!’» (see Proposi-
tion 3.3.1). Note that we use not the original operator P(w), but the operator P constructed
in Lemma 3.4.3, equal to /Py for the case (3.1.2); this means that U(t) is the wave, rather
than the Schrodinger, propagator. We will only care about the behavior of U(t) near the
trapped set; for this purpose, we introduce a pseudodifferential cutoff X microlocalized in a
neighborhood of K. For a family of functions f = f(h) whose semiclassical wavefront set (as
discussed in §3.3.1) is contained in a small neighborhood of K N p~!([ag, a1]), Theorem 3.1
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follows from the following two estimates (a rigorous analog of (3.2.3) is Proposition 3.8.1,
and of (3.2.4), Proposition 3.8.2): for ¢t > 0,

1XU @)L~ 1) fll12 < (Ch~te” Cmn=20 1 O(h))| f] 12, (3.2.3)

1 — (vmax+e/2)t

O T XIS 12— OIS e < XU

_ (min—

e N (3.2.4)
<Ce 2 || XILf| 2 + OhT) || fl 2.

The estimates (3.2.3) and (3.2.4) are of independent value, as they give information about
the long time behavior of solutions to the wave equation, resembling resonance expansions
of linear waves; an application to black holes is given in Chapter 4. Note however that these
estimates are nontrivial only when ¢t = O(log(1/h)), because of the O(h>) error term.

The resonance free region (3.1.5) of Theorem 3.1 is derived from here as follows. Assume
that w is a resonance in (3.1.5). Then there exists a resonant state, namely a function
u € H; such that P(w)u = 0 and |jul|3, ~ 1. We formally have U(t)u = e~/"u. Also,
u is microlocalized on the outgoing tail I';, which is propagated by the flow e towards
infinity; this means that if f := Xju for a suitably chosen pseudodifferential cutoff X;, then
Mu =11f + O(h™) and for t > 0,

Ut)f = e ™/"f + O(h*®) microlocally near WF,(X).
Since IT commutes with P modulo O(h*), it also commutes with U(t), which gives
XU)(1 —TI)f = e/ (1 — T f + O(h),
XUOILf = e ™M XILf + O(h™).

Since Imw > —(Viin — €)h, we take t = Nlog(1/h) for arbitrarily large constant N in (3.2.3)
to get [|X(1 —1II)f||2 = O(h*>). Since Imw & (—(Vmax + €)h/2, —(Vmin — €)1 /2), by (3.2.4)
we get ||XILf||2 = O(h™). Together, they give | X f|L2 = O(h™), implying by standard
outgoing estimates (see Lemma 3.4.6) that ||ullz, = O(h™), a contradiction.

We now give an intuitive explanation for (3.2.3) and (3.2.4). We start by considering
the model case (3.2.1), with the pseudodifferential cutoff X’ replaced by the multiplication
operator by some x € C§°(R"). For the operator P, we consider the model (somewhat
inappropriate since the actual Hamiltonian vector field H,, is typically nonvanishing on K,
contrary to the model case, but reflecting the nature of the flow in the transverse directions)
P =z, -hD,, —ih/2; here the term —ih/2 makes P symmetric. We then have in the model
case, p = Tp,&n, (2, €) = (2, e'w,, €, e78E,), Vinin = Vmax = 1, and

U)f(a!,x,) = e 2 f(a! e tay).

Then (3.2.3) (in fact, a better estimate with e=3/2 in place of e~* — see the possible improve-
ments subsection below) follows by Taylor expansion at z,, = 0. More precisely, we use the
following form of this expansion: for f € C§°(R"),

f(ﬂ?l,.’ll'n) - f(xlv 0)

(1 - Ho)f =Tn 'Y, g(xla mn) = T s (325)
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and one can show that ||g|[z < Ch™'[|f||g:, the factor h~! coming from taking one non-
semiclassical derivative to obtain g from f (see Lemma 3.6.12). Then xU(t)(1 — II°)f =
XU (t)x,U(—t)U(t)g, where (by a special case of Egorov’s theorem following by direct com-
putation) xU(t)z,U(—t) is a multiplication operator by

Uz, U(—t) = x(x)e "2, = Oe™); (3.2.6)

this shows that [[xU(t)(1 —T1°) f[|z2 < Ce *||gllz2 < Ch~'e || f|| 1 and (3.2.3) follows.
To show (3.2.4) in the model case, we start with the identity

IXUOI fllz2 = XTI fll 2, xo = U(=t)xU(t).

If x € CP(R™), then x,(x) = x(2/,e'x,) has shrinking support as ¢ — oo. To compare
I x:II°f ]2 to || xTI°f]| 12, we use the following fact:

hD, TI°f = 0. (3.2.7)

This implies that for each a(x) € C§°(R™), the inner product (all’f,TI°f) depends only on
the function b(z') = [, a(2’, z,,) da,,; writing || xII°f[|3. and ||x,II°f||3. as inner products, we
get |0 f |7 = e *IXII°f]|7, and (3.2.4) follows.

The proofs of (3.2.3) and (3.2.4) in the general case work as in the model case, once we
find appropriate replacements for differential operators x,, and hD,, in (3.2.5) and (3.2.7).
It turns out that one needs to take pseudodifferential operators ©. solving, microlocally
near K 1 p~ (g, ),

[Ie_ =0(h>), O, =0(h>), (3.2.8)

then ©_ is a replacement for z,, and ©,, for hD, . Note that ©. are not unique, in fact
solutions to (3.2.8) form one-sided ideals in the algebra of pseudodifferential operators — see
§63.6.4 and 3.7.2. The principal symbols of ©, are defining functions of I',..

Concentration of resonant states. As a byproduct of the discussion above, we obtain
new information about microlocal concentration of resonant states, that is, functions u € H;
such that P(w)u = 0 and ||ul|z, ~ 1. It is well-known (see for example [98, Theorem 4])
that the wavefront set of u is contained in Ty Np~!(Rew). The new information we obtain
is that if w is a resonance in the band given by Theorem 3.2 (that is, Imw > —(Vmin — €)h),
then by (3.2.3), u = Ilu + O(h*>) microlocally near K. Then by (3.2.8), O u = O(h™)
near K, that is, u solves a pseudodifferential equation; note that the Hamiltonian flow lines
of the principal symbol of ©, are transverse to the trapped set. This implies in particular
that any corresponding semiclassical defect measure is determined uniquely by a measure
on the trapped set which is conditionally invariant under H,, similarly to the damped wave
equation. See Theorem 3.4 in §3.8.5 for details.

Proof of Theorem 3.2. We start with constructing a well-posed Grushin problem, rep-
resenting resonances as zeroes of a certain Fredholm determinant F(w). Using complex
analysis (essentially the argument principle), we reduce counting resonances to computing a
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contour integral of the logarithmic derivative F’(w)/F(w), which, taking v_ = —(vypax+€)/2,
Vi = —(Vmin — €)/2, is similar to (see §3.10 for the actual expression)
1
Y R / 2(w) Te(TTR(w)) dw
2mi Imw=hv

for some cutoff function x(w). The integration is over the region where Theorem 3.1 gives
polynomial bounds on the resolvent R(w), and we can use the methods developed for the
proof of this theorem to evaluate both integrals, yielding Theorem 3.2. An important ad-
ditional tool, explaining in particular why the two integrals do not cancel each other, is
microlocal analysis in the spectral parameter w, or equivalently a study of the essential
support of the Fourier transform of IIR(w) in w — see §§3.8.4 and 3.10.

3.2.2 Possible improvements

First of all, it would be interesting to see if one could construct further bands of resonances,
lying below the one in Theorem 3.2. One expects these bands to have the form

{Imw € [—(k + 1/2) (Vmax + &)y —(k + 1/2) (vmin — €)R]}, k€ Z, k>0,

and to have a Weyl law in the k-th band under the pinching condition (k + 1/2)vpax <
(k 4+ 3/2)Vmin- Note that the presence of the second band of resonances improves the size
of the second resonance free strip in Theorem 3.1 and gives a weaker pinching condition
Vmax < 3Vmin for the Weyl law in the first band. The proofs are expected to work similarly to
the present chapter, if one constructs a family of operators Il = II, 11, . . ., II; such that 11, is
h~7 times a Fourier integral operator associated to A°, IL;II, = O(h™), and [P,1I;] = O(h™)
(microlocally near K Np~!([ag, a1])). However, the method of §3.7.1 does not apply directly
to construct II; for £ > 0, since one cannot conjugate all II; to the model case, which is the
base of the crucial Proposition 3.6.9.

Another direction would be to consider the case when the operator P is quantum com-
pletely integrable on the trapped set (a notion that needs to be made precise), and derive a
quantization condition for resonances like the one for the special case of black holes ([103]
and Chapter 2). The author also believes that the results of the present chapter should be
adaptable to the situation when I'y have codimension higher than 1, which makes it possi-
ble to revisit the distribution of resonances generated by one closed hyperbolic trajectory,
studied in [56].

An interesting special case lying on the intersection of the current work and [50, 49, 51]
is given by geodesic flows on compact manifolds of constant negative curvature; the corre-
sponding manifolds I'. and K are smooth in this situation. While r-normal hyperbolicity
does not hold (in fact, fimax = Vmin = Vmax), the rigid algebraic structure of hyperbolic quo-
tients suggests that one could still look for the projector II as a (smooth) Fourier integral
operator — in terms of the construction of §3.7.1, the transport equation (3.2.2), while not



CHAPTER 3. RESONANCES FOR R-NORMALLY HYPERBOLIC TRAPPING 122

yielding a smooth solution for an arbitrary choice of the right-hand side f, will have a smooth
solution for the specific functions f arising in the construction.

Finally, a natural question is improving the o(1) remainder in the Weyl law (3.1.8).
Obtaining an O(h?) remainder for § < 1 does not seem to require conceptual changes to the
microlocal structure of the argument; however, for the O(h) remainder of Hérmander [73]
or the o(h) remainder of Duistermaat—Guillemin [44], one would need a finer analysis of the
interaction of the operator II with the Schrodinger propagator, and more assumptions on the
flow on the trapped set might be needed. Moreover, the complex analysis argument of §3.11
does not work in the case of an O(h) remainder; a reasonable replacement would be to adapt
to the considered case the work of Sjostrand [107] on the damped wave equation.

3.2.3 Structure of the chapter

e In §3.3, we review the tools we need from semiclassical analysis.

e In §3.4, we present a framework which makes it possible to handle resonances and the
spatial infinity in an abstract fashion. The assumptions we make are listed in §3.4.1,
followed by some useful lemmas (§3.4.2) and applications to Schrédinger operators
(§3.4.3) and even asymptotically hyperbolic manifolds (§3.4.4).

e In §3.5, we study r-normally hyperbolic trapped sets, stating the dynamical assump-
tions (§3.5.1), discussing their stability under perturbations (§3.5.2), and deriving some
corollaries (§§3.5.3-3.5.5).

e In §3.6, we study in detail Fourier integral operators associated to A°, and in particular
properties of operators solving 12 = II + O(h*).

e In §3.7, we construct the projector II and the annihilating operators ©..

e In §3.8, we prove Theorem 3.1, establish microlocal estimates on the resolvent, and
study the microlocal concentration of resonant states (§3.8.5).

e In §3.9, we formulate a well-posed Grushin problem for P(w), representing resonances
as zeroes of a certain Fredholm determinant.

e In §3.10, we prove a trace formula for R(w) microlocally on the image of II.
e In §3.11, we prove the Weyl asymptotic for resonances (Theorem 3.2).

e In Appendix 3.A, we provide an example of an asymptotically hyperbolic manifold
satisfying the dynamical assumptions of §3.5.1.
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3.3 Further semiclassical preliminaries

In this section, we review semiclassical pseudodifferential operators, wavefront sets, and
Fourier integral operators; the reader is directed to [137, 39] for a detailed treatment and [71,
72, 59] for the closely related microlocal case.

3.3.1 Pseudodifferential operators and microlocalization

Let X be a manifold without boundary. Following [137, §9.3 and 14.2], we consider the
symbol classes S*(T*X), k € R, consisting of smooth functions a on the cotangent bundle
T* X satisfying in local coordinates

sup sup 020 a(z, & h)| < Cagrc (€)1,

h zeK

for each multiindices «, § and each compact set K C X. The corresponding class of semi-
classical pseudodifferential operators is denoted W*(X). The residual symbol class h>S~>
consists of symbols decaying rapidly in h and & over compact subsets of X; the operators in
the corresponding class h°° W~ have Schwartz kernels in h*C> (X x X). Operators in ¥* are
bounded, uniformly in &, between the semiclassical Sobolev spaces H} X)—H ,SLTOI‘;C(X )
see [137, (14.2.3)] for the definition of the latter.

Note that for noncompact X, we impose no restrictions on the behavior of symbols as
r — oo. Accordingly, we cannot control the behavior of operators in W*(X) near spatial
infinity; in fact, a priori we only require them to act C5°(X) — C*°(X) and on the spaces
of distributions £'(X) — D'(X). However, each A € ¥*(X) can be written as the sum of an
h*°W~> remainder and an operator properly supported uniformly in h — see for example [71,
Proposition 18.1.22]. Properly supported pseudodifferential operators act C§° — C§° and
C> — C* and therefore can be multiplied with each other, giving an algebra structure on
the whole ¥*, modulo h®W¥ .

To study the behavior of symbols near fiber infinity, we use the fiber-radial compactified
cotangent bundle " X, a manifold with boundary whose interior is diffeomorphic to 7* X and
whose boundary oT" X is diffeomorphic to the cosphere bundle over X — see for example [128,
§2.2]. We will restrict ourselves to the space of classical symbols, i.e. those having an
asymptotic expansion

,comp(

a(z,§h) ~ > ha(x,€),

3>0

with a; € S*~/ classical in the sense that (€)7~*a; extends to a smooth function on 7" X. The
principal symbol o(A) := ay € S* of an operator is defined independently of quantization.
We say that A € U* is elliptic at some (z,£) € T" X if (€)"*o(A) does not vanish at (z, €).

Another invariant object associated to A € k(X)) is its wavefront set WEF,(A), which
is a closed subset of T" X a point (z,£) € T° X does not lie in WF,(A) if and only if there
exists a neighborhood U of (z, ) in T X such that the full symbol of A (in any quantization)
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is in A5~ in this neighborhood. Note that WF(A) = () if and only if A = O(h*)g-.
We say that A; = Ay + O(h™®) microlocally in some U C T X, if WF,(A— B)NU = §.

We denote by U™ (X) the space of all operators A € ¥°(X) such that WF,(A) is a
compact subset of T* X, in particular not intersecting the fiber infinity OT X. Note that
peomp (X)) C Wk(X) for all k € R.

Tempered distributions and operators. Let u = wu(h) be an h-dependent family of
distributions in D’(X). We say that w is h-tempered (or polynomially bounded), if for
each x € C§°(X), there exists N such that ||X'U/”H;N = O(h™Y). The class of h-tempered
distributions is closed under properly supported pseudodifferential operators. For an h-
tempered u, define the wavefront set WF,(u), a closed subset of T X, as follows: (z,&) €
T X does not lie in WF,(u) if and only if there exists a neighborhood U of (z,§) in T X such
that for each properly supported A € ¥°(X) with WF,(A) C U, we have Au = O(h*>)ce.
We have WFy,(u) = () if and only if u = O(h™)ce. We say that u = v+ O(h*) microlocally
on some U C T X if WF,(u—0)NU = 0.

Let X; and X5 be two manifolds. An operator B : C§°(X;) — D'(Xs) is identified with
its Schwartz kernel Kg(y,z) € D'(Xs x X;):

Bf(y) :/X Kp(y, z)u(x)dz, ue C5(Xy). (3.3.1)

Here we assume that X is equipped with some smooth density dx; later, we will also assume
that densities on our manifolds are specified when talking about adjoints.
We say that B is h-tempered if Kp is, and define the wavefront set of B as

WFW(B) = {(z,&,y,m) € T (X1 x X5) | (y,m, x, =€) € WF,(Kp)}. (3.3.2)

If B € U*(X), then the wavefront set of B as an h-tempered operator is equal to its wavefront
set as a pseudodifferential operator, under the diagonal embedding T~ X — T*(X x X).

3.3.2 Lagrangian distributions and Fourier integral operators

We now review the theory of Lagrangian distributions; for details, the reader is directed
to [137, Chapters 10-11], [61, Chapter 6], or [130, §2.3], and to [72, Chapter 25] or [59,
Chapters 10-11] for the closely related microlocal setting. Here, we only present the relatively
simple local part of the theory; geometric constructions of invariant symbols will be done by
hand when needed, without studying the structure of the bundles obtained (see §3.6.2). For
a more complete discussion, see for example [47, §3].

A semiclassical Lagrangian distribution locally takes the form

u(z; h) = (27rh)_m/2/ e%q)(g”’e)a(x,g; h) de. (3.3.3)
X XR™

Here ® is a nondegenerate phase function, i.e. a real-valued function defined on an open
subset of X x R™, for some m, such that the differentials d(9p, ®),...,d(0y, P) are linearly
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independent on the critical set
Co = {(x,0) | 0pP(z,0) = 0}.

The amplitude a(x,d;h) is a classical symbol (that is, having an asymptotic expansion in
nonnegative integer powers of h as h — 0) compactly supported inside the domain of ®.
The resulting function u(z; h) is smooth, compactly supported, h-tempered, and

WF;(u) C {(x,0,P(z,0)) | (x,0) € Cp Nsuppa}. (3.3.4)

We say that ® generates the (immersed, and we shrink the domain of ® to make it embedded)
Lagrangian submanifold

Ao = {(x,0,9(x,0)) | (x,0) € Co};

note that WF,(u) C Ag. Moreover, if we restrict ® to Ce and pull it back to Ag, then dP
equals the canonical 1-form & dz on Ag.

In general, assume that A is an embedded Lagrangian submanifold of 7*X which is
moreover ezact in the sense that the canonical form £ dz is exact on A; we fix an antiderivative
on A, namely a function F' such that £ dx = dF on A. (This is somewhat similar to the
notion of Legendre distributions, see [91, §11].) Then we say that a compactly supported
h-tempered family of distributions u is a (compactly microlocalized) Lagrangian distribution
associated to A, if u can be written as a finite sum of expressions (3.3.3), with phase functions
®; generating open subsets of A, plus an O(h>)ce remainder, where ®; are normalized
(by adding a constant) so that the pull-back to A of the restriction of ®; to Cs, equals F.
(Without such normalization, passing from one phase function to the other produces a factor
en for some constant s, which does not preserve the class of classical symbols — this is an
additional complication of the theory compared to the nonsemiclassical case.) Denote by
Iomp(A) the class of all Lagrangian distributions associated to A. For u € Icomp(A), we have
WF},(u) C A; in particular, WF},(u) does not intersect the fiber infinity 9T X.

If now Xy, X, are two manifolds of dimensions ny, ns respectively, and A C T X xT* X5 is
an exact canonical relation (with some fixed antiderivative), then an operator B : C*(X;) —
Cg°(X3) is called a (compactly microlocalized) Fourier integral operator associated to A, if
its Schwartz kernel Kp(y, ) is h~(m+72)/4 times a Lagrangian distribution associated to

{(yﬂ?,% _5) S T*(Xl X XQ) | (x7€7y777) S A}

We write B € Ioomp(A); note that WE,(B) C A. A particular case is when A is the graph of a
canonical transformation sz : U; — U,, with U; open subsets in 7% X ;. Operators associated
to canonical transformations (but not general relations!) are bounded Hj — H, ,j' uniformly
in h, for each s, s’

Compactly microlocalized Fourier integral operators associated to the identity trans-
formation are exactly compactly supported pseudodifferential operators in W™P(X). An-
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other example of Fourier integral operators is given by Schrodinger propagators, see for
instance [137, Theorem 10.4] or [47, Proposition 3.8|:

Proposition 3.3.1. Assume that P € U™ (X) is compactly supported, WF,(P) is con-
tained in some compact subset V. C T*X, and p = o(P) is real-valued. Then for t € R
bounded by any fized constant, the operator e /" . [2(X) — L*(X) is the sum of the
wdentity and a compactly supported operator microlocalized in V' x V. Moreover, for each
compactly supported A € U™ (X)) Ae "F/h and e~ /" A are smooth families of Fourier
integral operators associated to the Hamiltonian flow e'r : T*X — T*X .

Here we put the antiderivative F' for the identity transformation to equal zero, and extend
it to the antiderivative F} on the graph of e!!’» by putting

FOO00) =t(0) - [ €da
¥([0,2])
for each flow line v of H,. The corresponding phase function is produced by a solution to
the Hamilton—Jacobi equation [137, Lemma 10.5].

We finally discuss products of Fourier integral operators. Assume that B; € Lomp(A;),
j=1,2, where Ay C T*X; x T* X5 and Ay C T* X, x T*X3 are exact canonical relations.
Assume moreover that Aj, Ay satisfy the following transversality assumption: the manifolds
Ay x Ay and T*X; x A(T*X5) x T* X3, where A(T*X,) C T* Xy x T*X; is the diagonal,
intersect transversely inside 7% X, x T* Xy x T* X5 x T* X3, and their intersection projects
diffeomorphically onto 7 Xy x T*X35. Then ByBy € Ioomp(Az © Ay), where

Noo Ay :={(p1,p3) | Fp2 € T"Xs : (p1, p2) € A1, (p2,p3) € Ao}, (3.3.5)

and, if Fj is the antiderivative on A;, then Fi(p1,p2) + Fa(p2, p3) is the antiderivative on
Ay o Ay. See for example [72, Theorem 25.2.3] or [59, Theorem 11.12] for the closely related
microlocal case, which is adapted directly to the semiclassical situation.

The transversality condition is always satisfied when at least one of the A; is the graph
of a canonical transformation. In particular, one can always multiply a pseudodifferential
operator by a Fourier integral operator, and obtain a Fourier integral operator associated to
the same canonical relation.

3.3.3 Basic estimates

In this section, we review some standard semiclassical estimates, parametrices, and microlo-
calization statements.

Throughout the section, we assume that k,s € R, P,Q € U¥(X) are properly supported
and u, f are h-tempered distributions on X, in the sense of §3.3.1.

We start with the elliptic estimate, see for instance Proposition 2.3.2:

2137, Theorem 10.4] is stated for self-adjoint P, rather than operators with real-valued principal symbols;
however, the proof works similarly in the latter case, with the transport equation acquiring an additional
zeroth order term due to the subprincipal part of P.
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Proposition 3.3.2. (Elliptic estimate) Assume that Pu = f. Then:
1. If A, B € U9(X) are compactly supported and P, B are elliptic on WF(A), then

[ A

u: < C||Bf|

et + O(h™). (3.3.6)

2. We have
WF(u) € WE,(f) U{({€) *a(P) = 0}. (3.3.7)

Proposition 3.3.2 is typically proved using the following fact, which is of independent
interest:

Proposition 3.3.3. (Elliptic parametriz) If V' C T X is compact and P is elliptic on'V', then
there exists a compactly supported operator P’ € W=%(X) such that PP' = 1+ O(h>®), P'P =
1 + O(h*>) microlocally near V. Moreover, o(P') = o(P)™! near V.

We next give a version of propagation of singularities which allows for a complex absorbing
operator (), see for instance [128, §2.3]:

Proposition 3.3.4. (Propagation of singularities) Assume that o(P) is real-valued, o(Q) >
0, and (P +iQ)u = f. Then:

1. If Ay, Ay, B € ¥%(X) are compactly supported and for each flow line ~(t) of the
Hamiltonian field £(€)'~*H,py such that v(0) € WF,(A;), there exists t > 0 such that A,
is elliptic at y(t) and B is elliptic on the segment v([0,t]), then

[Avu|

m: < Ol Ayul

oy + Ch™||Bf|

o+ O(h). (3.3.8)
2. If y(t), 0 <t < T, is a flow line of £(§)'"*H,(p), then
([0, T)) N WEL(f) =0, v(T) & WFp(u) = ~(0) & WFy(u).

For () = 0, Proposition 3.3.4 can be viewed as a microlocal version of uniqueness of solu-
tions to the Cauchy problem for hyperbolic equations; a corresponding microlocal existence
fact is given by

Proposition 3.3.5. (Hyperbolic parametriz) Assume that o(P) is real-valued, WF,(f) C
T*X is compact, U,V C T*X are compactly contained open sets, and for each flow line
v(t) of the Hamiltonian field H,py such that v(0) € WF(f), there exists t € R such that
v(t) € U and vy(s) € V for all s between 0 and t.

Then there ezists an h-tempered family v(h) € C§°(X) such that WFy(v) C V and

Wlize < CA7H [ fllze,  1Poll2 < Cllfllze,  WFw(Pv—f) CU.

Proof. By applying a microlocal partition of unity to f, we may assume that there exists
T > 0 (the case T' < 0 is considered similarly and the case T' = 0 is trivial by putting v = 0)
such that for each flow line v(t) of H,(py such that v(0) € WF,(f), we have v(T) € U
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and ([0,7]) € V. Take € € (0,7T) such that v([T' — ¢,T]) C U for each such 7. Since
V' is compactly contained in 7% X, we may assume that P is compactly supported and
P € v (X). We then take x € C§°(—o0,T) such that x = 1 near [0,7 — €] and put

i [" —itP/h
V= E/ x(t)e fdt.
0

Then |[v||z2 < Ch7Y||f]|z2 and WF,,(v) C V' by Proposition 3.3.1. Integrating by parts, we
compute

T T
Pv = —/ ()0 MM f dt = f + / (Dyx(t))e P/ £ dt;
0 0
therefore, ||Pv||zz < C||f]|z2 and by Proposition 3.3.1, WF,(Pv — f) C U. ]

We also need the following version of the sharp Garding inequality, see [137, Theo-
rem 4.32] or Proposition 1.6.2:

Proposition 3.3.6. (Sharp Garding inequality) Assume that A € V™P(X) is compactly
supported and Reo(A) > 0 near WFy(u). Assume also that B € W™ (X)) is compactly
supported and elliptic on WF,(A) N WFy(u). Then

Re(Au,u) > —Chl||Bu||7: — O(h™).

3.4 Abstract framework near infinity

In this section, we provide an abstract microlocal framework for studying resonances; the
general assumptions are listed in §3.4.1. Rather than considering resonances as poles of the
meromoprhic continuation of the cutoff resolvent, we define them as solutions of a nonselfad-
joint eigenvalue problem featuring a holomorphic family of Fredholm operators, P(w). We
assume that the dependence of the principal symbol of P(w) on w can be resolved in a convex
neighborhood U of the trapped set, yielding the w-independent symbol p (and the operator
P later in Lemma 3.4.3). Finally, we require the existence of a semiclassically outgoing
parametrix for P(w), resolving it modulo an operator microlocalized near the trapped set.

In §3.4.2, we derive several useful corollaries of our assumptions, making it possible to
treat spatial infinity as a black box in the following sections. Finally, in §§3.4.3 and 3.4.4,
we provide two examples of situations when the assumptions of §3.4.1 (but not necessarily
the dynamical assumptions of §3.5.1) are satisfied: Schrédinger operators on R", studied
using complex scaling, and Laplacians on even asymptotically hyperbolic manifolds, handled
using [128, 127].

3.4.1 General assumptions

Assume that:
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(1) X is a smooth n-dimensional manifold without boundary, possibly noncompact, with a
prescribed volume form;

(2) P(w) € ¥*(X) is a family of properly supported semiclassical pseudodifferential opera-
tors depending holomorphically on w lying in an open simply connected set €2 C C such
that R N is connected, with principal symbol p(z, £, w);

(3) M1, Mo are h-dependent Hilbert spaces such that H, . (X) C H; C H,:fZC(X) for some

N, with norms of embeddings O(h™"), and P(w) is bounded H; — Ha with norm O(1);

(4) for some fixed [ap, 1] C RN Q and Cy > 0, the operator P(w) : Hy — Hs is Fredholm
of index zero in the region

Rew € [a, 1], |Imw| < Coh. (3.4.1)

Together with invertibility of P(w) in a subregion of (3.4.1) proved in Theorem 3.1, by
Analytic Fredholm Theory [137, Theorem D.4] our assumptions imply that

R(w) :=Pw) ™ : Hy = Hy (3.4.2)

is a meromorphic family of operators with poles of finite rank for w satisfying (3.4.1). Reso-
nances are defined as poles of R(w). Following [57, Theorem 2.1], we define the multiplicity

of a resonance Wo as
1

-1
50 Tr ]{O P(w)  0,P(w) dw. (3.4.3)
Here wa stands for the integral over a contour enclosing wy, but no other poles of R(w). Since
R(w) has poles of finite rank, we see that the integral in (3.4.3) yields a finite dimensional
operator on H; and thus one can take the trace. The fact that the resulting multiplicity is
a positive integer will follow for example from the representation of resonances as zeroes of
a Fredholm determinant, in part 1 of Proposition 3.9.5. See also [107, Appendix A].

We next fix a ‘physical region” i/ in phase space, where most of our analysis will take
place, in particular the intersection of the trapped set with the relevant energy shell will
be contained in U. The region U will be contained in a larger region U’, which is used
to determine when trajectories have escaped from U. (See (3.4.16) and (3.4.21) for the
definitions of U,U’ for the examples we consider.) We assume that:

(5) U’ C T*X is open and bounded, and each compactly supported A € W™P(X) with
WF,(A) c U is bounded L? — H;, H; — L?, j = 1,2, with norm O(1);

(6) P(w)* = P(w) + O(h*) microlocally in U’ when w € RN Q;
(7) for each (z,¢&) € U', the equation p(z,&,w) = 0, w € Q has unique solution
w = p(z,§). (3.4.4)
Moreover, p(z,&) € R and 9,p(z, &, p(z,§)) < 0 for (z,&) € U';
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(8) U C U’ is a compactly contained open subset, whose closure I is relatively convex with
respect to the Hamiltonian flow of p, i.e. if v(t),0 <t <T,isaflow line of H, in U and
7(0),%(T) € U, then ([0, T]) C U;

Note that for w € RN, Hamiltonian flow lines of p in U’ Np~!(w) are rescaled Hamiltonian
flow lines of p(-,w) in {p € U’ | p(p,w) = 0}. The symbol p is typically the square root of the
principal symbol of the original Laplacian or Schrédinger operator, see (3.4.17) and (3.4.22).

We can now define the incoming/outgoing tails '+ C U as follows: p € U lies in I'y if
and only if e¥»(p) stays in U for all t > 0. Define the trapped set as

K:=T.NT_. (3.4.5)

Note that I'y and K are closed subsets of U (and thus the sets 'y defined here are smaller
than the original 'y defined in the introduction), and e!»(I'y) C T'+ for Ft > 0, thus
eflr(K) = K for all t. We assume that, with ag, a; defined in (3.4.1),

(9) K Np~([ag, a1]) is a nonempty compact subset of .

Finally, we assume the existence of a semiclassically outgoing parametrix, which will make
it possible to reduce our analysis to a neighborhood of the trapped set in §3.4.2:

(10) Q € ¥™P(X) is compactly supported, WF,(Q) C U, and the operator
R (w) := (P(w) —iQ) ™' : Hy — H, (3.4.6)

satisfies, for w in (3.4.1),

IR (W) [l#45 20, < ChTH (3.4.7)

(11) for w in (3.4.1), R'(w) is semiclassically outgoing in the following sense: if (p,p’) €
WF,(R/(w)) and p,p’ € U', there exists ¢t > 0 such that e'r(p) = p/ and e*#»(p) € U’
for 0 < s <t. (See Figure 3.2(a) below.)

3.4.2 Some consequences of general assumptions

In this section, we derive several corollaries of the assumptions of §3.4.1, used throughout
the rest of the chapter.

Global properties of the flow. We start with two technical lemmas:

Lemma 3.4.1. Assume that p € Tyx. Then ast — Foo, the distance d(e'r(p), K) converges
to zero.

Proof. We consider the case p € I'_. Put y(t) := e'»(p), then v(t) € T'_ for all ¢t >
0. Assume that d(v(t), K) does not converge to zero as t — +o00, then there exists a
sequence of times ¢t; — +oo such that y(¢;) does not lie in a fixed neighborhood of K.
By passing to a subsequence, we may assume that (¢;) converge to some po, € I'_\ K.



CHAPTER 3. RESONANCES FOR R-NORMALLY HYPERBOLIC TRAPPING 131

Then po & I'y; therefore, there exists 77 > 0 such that e THr(p) € U. For j large
enough, we have y(t; — T') = e THr(y(t;)) € U and t; > T’; this contradicts convexity of U
(assumption (8)). O

Lemma 3.4.2. Assume that Uy is a neighborhood of K in U. Then there exists a neighbor-
hood Us of K inU such that for each flow line v(t), 0 <t < T of H, inU, if v(0),v(T) € Us,
then ~([0,t]) C Uy.

Proof. Assume the contrary, then there exist flow lines v;(¢), 0 < ¢t < Ty, in U, such that
d(v;(0), K) — 0, d(v;(T;), K) — 0, yet ~,(t;) ¢ Uy for some t; € [0,7;]. Passing to a
subsequence, we may assume that v;(¢;) — pe € U \ K. Without loss of generality, we
assume that po, & I';. Then there exists 7' > 0 such that e "#r(p,,) € U’ \ U, and thus
e THe(~,(t;)) € U for j large enough. Since ~;([0,T}]) C U, we have t; < T. By passing to
a subsequence, we may assume that t; — to, € [0,T]. However, then ;(0) — e~=Hr(p_.),
which implies that e7t=fr(p, ) € Ty, contradicting the fact that po, & T';. O

Resolution of dependence on w. We reduce the operator P(w) microlocally near U to
an operator of the form P — w, see also [75, §4]:

Lemma 3.4.3. There exist:

e a compactly supported P € U™ (X) such that P* = P and o(P) = p near U, where p
is defined in (3.4.4), and

e a family of compactly supported operators S(w) € W™P(X), holomorphic in w € €,
with S(w)* = S(w) for w € RNQ and S(w) elliptic near U, such that

Pw)=Sw)(P —w)S(w)+ O(h™) microlocally near U. (3.4.8)

Proof. We argue by induction, constructing compactly supported operators P;,S;(w) €
Yeomp(X), such that P = Pj, Sf(w) = Sj(w) for w € RN Q, and P(w) = S;(w)(P; —
w)S;(w) + O(hI*1) microlocally near . It will remain to take the asymptotic limit.

For j = 0, it suffices to take any Py, So(w) such that o(Fy) = p and o(Sp(w))(p) = so(p,w)
near U, where (with p(-,w) denoting the principal symbol of P(w))

p(/), W) = 50(p7w)2(p(p> - w)? P € ul;

the existence of such sy and the fact that it is real-valued for real w follows from assump-
tion (7).

Now, given P;,S;(w) for some j > 0, we construct Pji1,S;+1(w). We have P(w) =
Sj(w)(P; —w)S;(w) + W Rj(w) microlocally near U, where R;(w) € WP is a holomorphic
family of operators and, by assumption (6), R;(w)* = R;j(w) + O(h*) microlocally near U
when w € RN Q. We then put Py = P + WWHA;, S5 (w) = Sj(w) + T Bj(w), where
0(4;) = pj,0(Bj(w))(p) = s;(p,w) near U and

o(R;)(p,w) = 2s0(p,w)s;(p,w)(p(p) — w) + solp,w)’p;(p), peU.
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Figure 3.2: (a) Assumption (11), with the undashed part of the flow line of p corresponding
to p’ € U’ such that (p, p’) € WE,L(R'(w)). (b) An illustration of Lemma 3.4.4, with WF(f)
the shaded set and WF},(u) containing undashed parts of the flow lines.

The existence of s;(p,w), p;(p) and the fact that p;(p) € R and s;(p,w) € R for p near U and
w € RNQ follow from assumption (7). In particular, we put p;(p) = o(R;)(p,p(p))/so(p, p(p))*.
[l

Note that, if u(h) € Hy, f(h) € Hy have norms polynomially bounded in h (and in light
of assumption (3) are h-tempered in the sense of §3.3.1), and P(w)u = f, then

(P —w)S(w)u =8"(w)f + O(h>®) microlocally near U, (3.4.9)

where §'(w) € U™P(X) is an elliptic parametrix of S(w) microlocally near U, constructed
in Proposition 3.3.3.

Microlocalization of R(w). Next, we use the semiclassically outgoing parametrix R'(w)
from (3.4.6) to derive a key restriction on the wavefront set of functions in the image of
R(w), see Figure 3.2(b):

Lemma 3.4.4. Assume that u(h) € Hi, f(h) € Ha have norms polynomially bounded in
h, P(w)u = f for some w = w(h) satisfying (3.4.1), and WF,(f) C U. Then for each
p € WEL(u) NU, if y(t) = e'Hr(p) is the corresponding mazimally extended flow line in U,
then either v(t) € U for allt <0 or v(t) € WF,(f) for some t < 0.

Proof. By propagation of singularities (Proposition 3.3.4) applied to (3.4.9), we see that
either v(t) € U for all t < 0, or v(t) € WF,(f) for some ¢t < 0, or there exists t < 0
such that y(t) € WF,(u) N (U" \ U); we need to exclude the third case. However, in this
case by convexity of U (assumption (8)), v(t — s) & U for all s > 0; by assumption (11),
and since u = R'(w)(f — iQu) with WF,(f —iQu) C U, we see that y(t) € WFy(u), a

contradiction. O

It follows from Lemma 3.4.4 that any resonant state, i.e. a function u such that ||u||z, ~ 1
and P(w)u = 0, has to satisfy WF,(u) "YU C T';.
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The next statement improves on the parametrix R'(w), inverting the operator P(w)
outside of any given neighborhood of the trapped set. One can see this as a geometric
control statement (see for instance [19, Theorem 3)).

Lemma 3.4.5. Let W C U be a neighborhood of KNp~'([cvg, 1]) (which is a compact subset
of U by assumption (9)), and assume that f(h) € Ha has norm bounded polynomially in h
and each w = w(h) is in (3.4.1). Then there exists v(h) € Hq, with f — P(w)v compactly
supported in X and

[l < Ch7 [ f e IPW)vllay < Cllfllpay - WER(f = P(w)v) C W.

Proof. First of all, take compactly supported Q" € W™ (X) such that WF,(Q') C U and
Q' = 1 microlocally near WF,(Q) (with Q defined in assumption (10)), and put

v = (1 - Q)R (w)f.
Then by (3.4.7), ||v1]l2, < Ch7Y| flla, and P(w)vy = f1, where
fi=1-Q = [PWw), QIR (w) + (1 - Q)iQR'(w))[.

Since (1 — @)iQ = O(h™®)y-=, by (3.4.7) we find || fillz, < C|lfll2e, f — f1 is compactly

supported, and WF,(f — f1) € WF,(Q’). It is now enough to prove our statement for f — f;
in place of f; therefore, we may assume that f is compactly supported and

WFh<f) C WFh<Ql)

Since WF,(Q’) is compact, by a microlocal partition of unity we may assume that WF(f)
is contained in a small neighborhood of some fixed p € WF,(Q') C Y. We now consider
three cases:

Case 1: p & p~'([ag,1]). Then the operator P(w) is elliptic at p, therefore we may
assume it is elliptic on WF;(f). The function v is then obtained by applying to f an elliptic
parametrix of P(w) given in Proposition 3.3.3; we have f — P(w)v = O(h™)cge.

Case 2: pe I'_ Np Y[ap, a;]). By Lemma 3.4.1, there exists ¢ > 0 such that e!f#(p) € W.
We may then assume that e!»(WF,(f)) € W, and v is then constructed by Proposi-
tion 3.3.5, using (3.4.8); we have WFy,(v) C U and WF(f — P(w)v) C W.

Case 3: p ¢ I'_. Then there exists t > 0 such that e*f»(p) € U'\U. As in case 2, subtracting
from v the parametrix of Proposition 3.3.5, we may assume that f is instead microlocalized
in a neighborhood of ¢ (p). Now, put v = R'(w)f, with R/(w) defined in (3.4.6); then
[0l < ChY|flla, by (3-4.7) and

f—=Pw)v=—iQu.

However, by assumption (11), and by convexity of ¢ (assumption (8)), we have WF,(Q) N
WFE(v) = 0 and thus f — P(w)v = O(h™) g O
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Finally, we can estimate the norm of u € H; by the norm of P(w)u and the norm of u
microlocally near the trapped set. This can be viewed as an observability statement (see for
instance [19, Theorem 2]).

Lemma 3.4.6. Let A € U°P(X) be compactly supported and elliptic on K Np~'([ag, ay]).
Then we have for any uw € Hy and any w in (3.4.1),

lullze, < CllAul|z2 + Ch™H[P(w)ull,- (3.4.10)

Proof. By rescaling, we may assume that u = u(h) has ||ul|%, = 1 and put f = P(w)u. Take
a neighborhood W of K N p~!([ay, a1]) such that A is elliptic on W. Replacing u by u — v,
where v is constructed from f in Lemma 3.4.5, we may assume that WF,(f) C W.

Take Q', Q" € V™P(X) compactly supported, with WF,(Q") Cc U, Q" = 1+ O(h*)
microlocally near WF(Q’), and Q" = 1+ O(h>) microlocally near WF(Q) (with Q defined
in assumption (10)). Then by the elliptic estimate (Proposition 3.3.2),

1Qulln, < Cl1Q"ul|e + O(h™), (3.4.11)
1[P(w), Qullz, < Ch||Q"ul|z2 + O(h™). (3.4.12)

Now,
(1-Qu=R(w)((1-Q)f—[Pw) Qu—iQ(l - Q)u);
since iQ(1 — Q') = O(h*™®)y-«, we get by (3.4.7) and (3.4.12),

11 = Qull, < ClIQ"ullz2 + Ch™Y || fllae, + O(h);
by (3.4.11), it then remains to prove that
1Q"ullze < CllAullz2 + Ch7"| flla, + O(h).

By a microlocal partition of unity, it suffices to estimate || Bul| 2 for B € W™ (X) compactly
supported with WF,(B) in a small neighborhood of some p € WF,(Q") C U. We now
consider three cases:

Case 1: p & p~!([ap, a1]). Then P(w) is elliptic at p, therefore we may assume it is elliptic
on WF(B). By Proposition 3.3.2, we get ||Bul|z2 < C|| f||3, + O(h*).

Case 2: there exists ¢ < 0 such that e'f7(p) € W, therefore we may assume that e'»(WF,(B)) C
W. Since A is elliptic on W, by Proposition 3.3.4 together with (3.4.8), we get ||Bul|r2 <
CllAul|z2 + Ch7Y| fll3, + O(h*).

Case 3: if y(t) = e'flr(p) is the maximally extended trajectory of H, in U’, then p €
p~Y([aw, a1]) and y(t) ¢ W for all t < 0. By Lemma 3.4.1, we have p € T';.. Since WF;,(f) C
W, Lemma 3.4.4 implies that p € WFj,(u). We may then assume that WF,(B)NWF,(u) = ()
and thus || Bul|2 = O(h™). O
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3.4.3 Example: Schrodinger operators on R”

In this section, we consider the case described the introduction, namely a Schrodinger oper-
ator on X = R" with
PV = h2A + V(x),

where A is the Euclidean Laplacian and V' € C§°(R™;R). We will explain how this case fits
into the framework of §3.4.1.

To define resonances for Py, we use the method of complex scaling of Aguilar-Combes [1],
which also applies to more general operators and potentials — see [115], [106], and the refer-
ences given there. Take R > 0 large enough so that

supp V' C {|z| < R/2}.

Fix the deformation angle 6 € (0,7/2) and consider a deformation I'g g C C™ of R™ defined
by
Lor:={r+iFyr(x) |z ecR"},

where Fy r : R" — R"™ is defined in polar coordinates (r, ¢) € [0,00) x S"~! by

Fo.r(r,¢) = (fo.r(r), ¢),
and the function fy r € C°°([0,00)) is chosen so that (see Figure 3.3(a))

for(r) =0, r<R; for(r)=rtand, r>2R;
fé,R(T) >0, r=>0; {f(;,R =0} = {fo.r = 0}.
Note that
F'grN{|Rez| < R} =R"N{|Rez| < R};
TyrN{|Rez| > 2R} = RN {|Rez| > 2R}.

Define the deformed differential operator ﬁv on I'g g it as follows: ]5V = Py on R"NTyp,
and on the complementing region {| Re z| > R}, it is defined by the formula

n

f’v(U) = Z(hDZj)Q/D’FG,R7

=1

for each v € C3°(I'gr N {|Rez| > R}) and each almost analytic continuation ¥ of v (that
is, /D‘]_"g’ . = v and 030 vanishes to infinite order on I'y  — the existence of such continuation
follows from the fact that I'g g is totally real, that is for each z € 'y g, T.I'g pNiT.I'e g = 0).
We identify I'y g with R™ by the map

L:R® 5 Tyr CC", u(x) =+ iFyp(z),
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Figure 3.3: (a) The graph of fp,. (b) The region where complex scaling provides meromor-
phic continuation of the resolvent.

so that ﬁv can be viewed as a second order differential operator on R™. Then in polar
coordinates (r, ), we can write for r > R,

S (S R
Co I tifp ) (r+ifor(r)A+ifyp(r) " (r+ifor(r)?
with A, denoting the Laplacian on the round sphere S"~'. We have
_ﬁ _ ‘57"'2 |€‘P‘2 V 3 4 13
0-( V)_( + 2+ (7"790)- ( SR )

L+ifs p(r)?  (r+ifor(r)

Fix a range of energies [, 1] C (0,00) and a bounded open set @ C C such that (see
Figure 3.3(b)) B
[ag, 1) CQ, QC{-0<argw <m—0}.

For w € , define the operator
Pw) =Py —w®:Hy — Hy,  Hy:= HARY), Hy:=L*R").
Then P(w) is Fredholm #H; — H, for w € Q. Indeed,
P(w) = cos? fe 2 h2A — w? on {|z| > 2R},

thus P(w) is elliptic on {|x| > 2R}, as well as for || large enough, in the class S((£)?)
of [137, §4.4.1] (this class incorporates the behavior of symbols as x — oo, in contrast with
those used in §3.3.1). Using a construction similar to Lemma 3.3.3, but with symbols in
the class S((£)~?), we can define a parametrix near (both spatial and fiber) infinity, R (w),
with ||ROO||L2(R")—>H}2L(]R”) = O(1) and

Roo(w)P(w) + Z(w) + O(h™) g2(rn) 12wy,

=1
, ! (3.4.14)
P(w)’Roo(w) =1 + A (w) + O(h )Lz(Rn)ﬁLz(Rn),
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where Z(w),Z'(w) € We™P(R") are compactly supported inside {|z| < 2R + 1}. Since
1+ O(h*) is invertible and Z(w), Z'(w) are compact, we see that P(w) is indeed Fredholm
Hi — Ho. We have thus verified assumptions (1)—(4) of §3.4.1.

The identification of the poles of R(w) with the poles of the meromorphic continuation
of the resolvent Ry (w) = (Py — w?)™! defined in (3.1.3) from {Imw > 0} to 2, and in fact,
the existence of such a continuation, follows from the following formula (implicit in [106],
and discussed in [119]): if x € C§°(R™), supp x € B(0, R), then

XR(w)x = xRy (w)x. (3.4.15)

This is initially valid in QN {Imw > 0} so that the right-hand side is well-defined, and then
by analytic continuation in the region where the left hand side is meromorphic.
Now, we take intervals

[0‘07 al] S [50751] € [ﬁ(lhﬁi] can (07 OO)

and put
U = {lz| <R, [€]* +V(x) € (%) (81)")},
U= {|z| <3R/4, |§]* + V(z) € (63, 61}
Note that P(w) = Py — w? in U’; this verifies assumptions (5) and (6). Assumption (7) is

also satisfied, with
p(x,§) = VIEP+V(z), (2,8 el (3.4.17)

The operators P and S(w) from Lemma 3.4.3 take the form, microlocally near U,

P=+/P,, Sw)=+\/P+uw. (3.4.18)

Here the square root is understood in the microlocal sense: for an operator A € WF(X)
with o(A) > 0 on U’, we define the microlocal square root VA € U™ (X) of A in U’
as the (unique modulo O(h*) microlocally in U’) operator such that (v/A)2 = A + O(h™)
microlocally in U’ and o(v/A) = y/o(A). See for example [59, Lemma 4.6] for details of the
construction of the symbol.

Assumption (8), namely convexity of U, is satisfied since for each (x,&) € U, if |x| > R/2
and Hy|z|* = 0 at (x,€), then HZ|z|> > 0 at (x,£); therefore, the function |z|* cannot attain
a local maximum on a trajectory of e/ in 4’ \ U. Same observation shows assumption (9);
in fact, K C {|z| < R/2}.

Finally, for assumptions (10) and (11), we take any compactly supported Q € WP (X)
such that WF,(Q) C U and

(3.4.16)

o(Q) >0 everywhere; o(Q) >0 onp '([ag,aq]) N {|z| < R/2}.

To verify assumption (10), consider an arbitrary family v = u(h) € H?(R™), with norm
bounded polynomially in h, and put

f=(Pw)—iQ)u,
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where w satisfies (3.4.1). By (3.4.13), and since Imw = O(h), we find

Imo(P(w)) <0 everywhere;
{{§)o(P(w)) = 0} C {Fy.r(z) = 0}.

Note also that o(P(w)) = [£]* + V(z) — w? on {Fyr(z) = 0}. Together with the convexity
property of |z|? mentioned above, we see that for each p € T*X, there exists ¢t < 0 such
that P(w) — iQ is elliptic at exp(tHgeo(p(w)))(p). Since Imo(P(w) —iQ) < 0 everywhere,
by propagation of singularities with a complex absorbing term (Proposition 3.3.4) and the
elliptic estimate (Proposition 3.3.2) we get

1Z(w)ullz < Ch7H | fllz2 + O(R™),
where Z(w) is defined in (3.4.14). Then by (3.4.14),
[ull gz@ny < CNFll2@ny + 12 (w)ull gz + O(hF) < CRH 2 @ny + O(R™),

proving the estimate (3.4.7) of assumption (10).

Assumption (11) is proved in a similar fashion: assume that WF,(f) C U’ and p’' €
WEFE(u)NU'. Denote v(t) = exp(t Hreo(p(w)))(p'). Then there exists ¢y > 0 such that P(w) —
iQ is elliptic at y(—tp). By Proposition 3.3.4, we see that either exp(—tHgeo(pw)))(p) €
WEFE,(f) for some t € [0,%0] or exp(—toHreopw)))(p) € WFi(u), in which case this point
also lies in WF,(f) by Proposition 3.3.2; therefore, v(—t) € WF(f) for some ¢ > 0. Let
t1 be the minimal nonnegative number such that v(—t;) € WF,(f); we may assume that
t1 > 0. Since y((—t1,0]) does not intersect WF;(f), it also does not intersect the elliptic set
of P(w); therefore, y([—t1,0]) C {Fyr(z) = 0} and thus o(P(w)) = p* — w? on y([—t1,0]).
It follows that e *H7(p') € WEFy(f) for some ¢ > 0, as required.

3.4.4 Example: even asymptotically hyperbolic manifolds

In this section, we define resonances, in the framework of §3.4.1, for an n-dimensional com-
plete noncompact Riemannian manifold (M, g) which is asymptotically hyperbolic in the
following sense: M is diffeomorphic to the interior of a smooth manifold with boundary
M, and for some choice of the boundary defining function & € C*(M) and the product
decomposition {Z < e} ~ [0,¢) x M, the metric g takes the following form in {0 < & < ¢}:

g = dz* + g1(2, , dj)

> . (3.4.19)

Here ¢y is a family of Riemannian metrics on dM depending smoothly on € [0,g). We
moreover require that the metric is even in the sense that g; is a smooth function of 2.

To put the Laplacian A, on M into the framework of §3.4.1, we use the recent construction
of Vasy [127]. We follow in part [36, §4.1], see also [36, Appendix B] for a detailed description
of the phase space properties of the resulting operator in a model case. Take the space M even
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obtained from M by taking the new boundary defining function y = 2 and put (see [127,
§3.1])

1 ntl iwo iwe _l+n+1
2 4

Pi(w) = p 27T (B — (0= 12/4) = e T

Here ¢ is a smooth real-valued function on M such that
e = (14 )™ on {0 < pu < 6o},

where dp > 0 is a small constant; the values of ¢ on {u > dp} are chosen as in the paragraph
preceding [127, (3.14)]. We can furthermore choose ¢ and u to be equal to 1 near the set
{Z > €¢/2}, for any fixed £y > 0 (and &y chosen small depending on &y) so that

Pi(w) = h*(Ay — (n—1)*/4) —w?® on {F >e¢/2}. (3.4.20)

The differential operator P;(w) has coefficients smooth up to the boundary of M gven; then it
is possible to find a compact n-dimensional manifold X without boundary such that M ven
embeds into X as {x > 0} and extend P;(w) to an operator Pp(w) € W?(X), see [127, §3.5]
or [36, Lemma 4.1]. Finally, we fix a complex absorbing operator Q € ¥?(X), with Schwartz
kernel supported in the nonphysical region {u < 0}, satisfying the assumptions of [127, §3.5].
We now fix an interval [ag, aq] C (0,00), take Q C C a small neighborhood of [y, o], and
put
Pw) = P(w) —iQ, w € Q.

Fix Cy > 0, take s > Cy + 1/2, and put Hy = H; (X)) and

Hi={u € Hy(X) | B(L)u € Hy ' (X)}, lully, = lul

%{g(x) + HPQ(l)u‘ ?L[Z*l(x)'

It is proved in [127, Theorem 4.3] that for w satisfying (3.4.1), the operator P(w) : H1 — Ha
is Fredholm of index zero; therefore, we have verified assumptions (1)-(4) of §3.4.1. The
poles of R(w) = P(w)~! coincide with the poles of the meromorphic continuation of the
Schwartz kernel of the resolvent

R,(w) = (K*(A, — (n —1)*/4) — )™ L*(M) — L*(M), Imw >0,

to the entire C, first constructed in [87] with improvements by [60] — see [127, Theorem 5.1].

We can now proceed similarly to §3.4.3, using that the regions {Z > ¢} are geodesically
convex for g9 > 0 small enough (see for instance [47, Lemma 7.1]). Fix small gy > 0, take
any intervals

[040,041] & [/60761] G [/6(/)7ﬂ1] - Q N (07 OO)?
and define

U = 15> eof2, [ely € (BB}, U= {5 > 20, [€ly € (5o, Bi)}- (3.421)
As in §3.4.3, assumptions (5)—(9) hold, with
p(x, &) = [¢],- (3.4.22)
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The operators P and S(w) constructed in Lemma 3.4.3 are given microlocally near U by

P= /20, — (n—1)2/4, S(w)= \/\/thg C(n—1)2/4+w,

with the square roots defined as in (3.4.18).
Finally, for assumptions (10) and (11), take Q € W*™P(X) with WF,(Q) C U and

0(Q) >0 everywhere; o(Q) >0 onp '([ap,a1]) N{T > 2}

Then assumption (10) follows from [127, Theorem 4.8]. To verify assumption (11), we
modify the proof of [127, Theorem 4.9] as follows: assume that f = f(h) € Hy has norm
bounded polynomially in h and put v = R'(w)f, for w = w(h) satisfying (3.4.1). Assume
also that WF;,(f) C U’ and take p' € WF,(u) NU'. We may assume that P(w) is not
elliptic at p/, since otherwise p' € WF,(f). If y(¢) is the bicharacteristic of o(P(w)) starting
at p/, then (see [127, (3.32) and the end of §3.5]) either 7(¢) converges to the set L, C
T X N {u = 0} of radial points as t — —oo, or Q is elliptic at v(—ty) for some to > 0. In
the first case, v(—ty) &€ WFy(u) for ¢y > 0 large enough by the radial points argument [127,
Proposition 4.5]; in the second case, by Proposition 3.3.2 we see that if y(—ty) € WF},(u),
then v(—ty) € WF(f). Combining this with Proposition 3.3.4, we see that there exists
t; > 0 such that y(—t;) € WF(f). Since v(0),v(—t1) € U, and U’ is convex with respect
to the bicharacteristic flow of o(Py(w)) (the latter being just a rescaling of the geodesic flow
pulled back by a certain diffeomorphism), we see that ~([—t1,0]) C U’. Now, by (3.4.20),
v([—t1,0]) is a flow line of H,z2; therefore, for some ¢ > 0, e v (p') € WF,,(f), as required.

3.5 r-normally hyperbolic trapped sets

In this section, we state the dynamical assumptions on the flow near the trapped set K,
namely r-normal hyperbolicity, and define the expansion rates Viin, Vmax (§3.5.1). We next
establish some properties of r-normally hyperbolic trapped sets: existence of special defining
functions ¢ of the incoming/outgoing tails I'x near K (§3.5.3), existence of the canonical
projections 74 from open subsets I'y, C I'y to K and the canonical relation A° (§3.5.4), and
regularity of solutions to the transport equations (§3.5.5).

3.5.1 Dynamical assumptions

Let U C U’ be the open sets from §3.4.1, and p € C°°(U’; R) be the function defined in (3.4.4).
Consider also the incoming/outgoing tails 'y C U and the trapped set K = I', NT"_ defined
in (3.4.5). We assume that, for a large fixed integer r depending only on the dimension n
(see Figure 3.4(a)),

(1) T are equal to the intersections of U with codimension 1 orientable C" submanifolds of
T*X;
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Figure 3.4: (a) Dynamics of e"' in the directions transverse to the trapped set. (b) Dynamics
on I'y; the flow lines of V. are dashed.

(2) 'y and I'_ intersect transversely, and the symplectic form og is nondegenerate on TK;
that is, K extends to a symplectic submanifold of 7% X of codimension two.

Consider one-dimensional subbundles V. C TT. defined as the symplectic complements of
TT+ in Tr, (T*X) (see Figure 3.4(b)); they are invariant under the flow e'». By assump-
tion (2), we have Tk'y = Vi|x @ TK. Define the minimal expansion rate in the normal
direction, vy, as the supremum of all v for which there exists a constant C' such that

sup [|deT e (p) |y, || < Ce™, ¢ > 0. (3.5.1)
peK
Here || - || denotes the operator norm with respect to any smooth inner product on the fibers

of T(T*X). Similarly we define the maximal expansion rate in the normal direction, Vpax,
as the infimum of all v for which there exists a constant ¢ > 0 such that

inf ||de™ *(p)|y, || > ce™, t>0. (3.5.2)
peEK

Since e’ preserves the symplectic form og, which is nondegenerate on V, | & V_|f, it is
enough to require (3.5.1) and (3.5.2) for a specific choice of sign.
We assume r-normal hyperbolicity:

(3) Let fimax be the maximal expansion rate of the flow along K, defined as the infimum of
all p for which there exists a constant C' such that

sup ||det™ (p)|rx || < Cetltl, t e R. (3.5.3)
peK

Then
Vmin > T fmax- (3.5.4)
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Assumption (3), rather than a weaker assumption of normal hyperbolicity vy, > 0, is needed
for regularity of solutions to the transport equations, see Lemma 3.5.2 below. The number
r depends on how many derivatives of the symbols constructed below are needed for the
semiclassical arguments to work. In the proofs, we will often take r = oo, keeping in mind
that a large fixed r is always enough.

3.5.2 Stability

We now briefly discuss stability of our dynamical assumptions under perturbations; more
details, with applications to general relativity, are given in §4.3.6. Assume that p,, where
s € R varies in a neighborhood of zero, is a family of real-valued functions on U’ such
that po = p and p; is continuous at s = 0 with values in C*°(U’"). Assume moreover that
conditions (8) and (9) of §3.4.1 are satisfied with p replaced by any ps. Here I'y and K
are replaced by the sets I'y(s) and K(s) defined using ps instead of p. We claim that
assumptions (1)—(3) of §3.5.1 are satisfied for p,, ['1(s), K(s) when s is small enough.

We use the work of Hirsch-Pugh—Shub [64] on stability of r-normally hyperbolic invariant
manifolds. Assumptions (1)—(3) imply that the flow e'#7 is eventually absolutely r-normally
hyperbolic on K in the sense of [64, Definition 4]. Then by [64, Theorem 4.1], for s small
enough, I'y (s) and K (s) are C" submanifolds of 7% X, which converge to I'y and K in C" as
s — 0. It follows immediately that conditions (1) and (2) are satisfied for small s.

To see that condition (3) is satisfied for small s, as well as stability of the pinching
condition (3.1.7) under perturbations, it suffices to show that, with v ($), Vmax($), fimax(S)
defined using e'frs T'L(s), K(s),

lm inf vpin (8) > Viin, (3.5.5)
s—0

lim sup Vmax($) < Vmax, (3.5.6)
s—0

lim sup fimax () < fmax- (3.5.7)
s—0

We show (3.5.5); the other two inequalities are proved similarly. Fix a smooth metric on the
fibers of T'(T*X). Take arbitrary ¢ > 0, then for 7" > 0 large enough, we have

sup (|47 (p)v. | < ¢ o=
peEK

Fix T'; since p,, I'+(s), K(s), and the corresponding subbundles V. (s) depend continuously
on s at s = 0, we have for s small enough,

sup [|de¥ s (p) |y, ) || < e Wminm/AT,
PEK (s)

Since etfrs is a one-parameter group of diffeomorphisms, we get

sup || deT s (p)|yy (g)|| < CemWmin==/21 ¢ > 0
pEK(s)

therefore, Viin(s) > Vmin — £/2 for s small enough and (3.5.5) follows.
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3.5.3 Adapted defining functions

In this section, we construct special defining functions ¢4 of 'y near K. We will assume
below that I'y are smooth; however, if I'y are C" with r > 1, we can still obtain ¢ € C".
A similar construction can be found in [132, Lemma 4.1].

Lemma 3.5.1. Fize > 0.3 Then there exist smooth functions o, defined in a neighborhood
of K inU', such that for 6 > 0 small enough, the set

Us :=UN{pi| <6, |p-| <}, (3.5.8)
is a compact subset of U when intersected with p~ ([avg, 1)), and:
(1) TLNUs = {p+ =0} NUs, and dps # 0 on Us;

(2) Hypy = Ferps on Us, where ¢y are smooth functions on Us and, with Viin, Vmax defined
in (3.5.1), (3.5.2),
Viin — € < €4 < Umax + € on Us; (3.5.9)

(3) the Hamiltonian field H,, spans the subbundle Vi on I'y N Us defined before (3.5.1);

(4) {SO-HSO—} >0 on Ué;

(5) Us is convex, namely if y(t), 0 < t < T, is a Hamiltonian flow line of p in U and
7(0),¥(T) € Us, then v([0,T]) C Us.

Proof. Since I'y are orientable, there exist defining functions p4 of I'y near K; that is, o4 are
smooth, defined in some neighborhood U of K, and dpy # 0 on U and I'.NU = UN{px = 0}.
Since K is symplectic, by changing the sign of ¢_ if necessary, we can moreover assume that

(P4, 7.} >0o0n K.
Since e'flr(T'y) C 'y for Ft > 0, we have H,p+ = 0 on I'y; therefore,

Hypr = Fexpu,

where ¢4 are smooth functions on U. The functions ¢+ control how fast ¢, decays along the
flow as t — +o00. The constants v, and v, control the average decay rate; to construct
v+, we will modify @4 by averaging along the flow for a large time.

For any p € I'y N U, the kernel of dpy(p) is equal to T,I'y; therefore, the Hamiltonian
fields Hg, span Vi on I'y NU. We then see from the definitions (3.5.1), (3.5.2) of Vmin, Vmax
that there exists a constant C such that, with (eT"#»),Hz, € V, denoting the push-forward
of the vector field Hy, by the diffeomorphism ¥,

FtH), -
Cilei(l/maXJ’»E/Q)t S m S Cei(ymin75/2)t on K’ t Z O

P+

3The parameter ¢ is fixed in Theorem 3.1; it is also taken small enough for the results of §3.5.5 to hold.
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Now, we calculate on K,

(7). ) = £(e¥'), [ H), Hy, ]

= (7). Hy 5, = —(Cs 0 ™) (™). H, .
Combining these two facts, we get for T' > 0 large enough,
Vmin — € < (€4)7 < Vpax +€ on K,

where (-)7 stands for the ergodic average on K:

T
(o= /0 foetfedt.

Fix T. We now put ¢4 := e™/* . ., where fi are smooth functions on U with

1 T
fi_f/ (T —t)éx oefrdt  on K,
0

so that H,fy = (¢1)r — ¢4 on K. Then ¢, satisfy conditions (1)-(4), with

Ct = :F% = <6i>T € (Vrnin — &, Vmax T 5)
P+
on K, and thus on Us for ¢ small enough.

To verify condition (5), fix dp > 0 small enough so that +H,p2 < 0 on Us. By
Lemma 3.4.2; for § small enough depending on dy, for each Hamiltonian flow line 7(¢),
0<t<T,of pinl, if v(0),y(T) € Us, then v([0,7]) C Us,. Since £, (7(t))* < 0 for
0<t<Tand |pi(y(t))| <dfort=0,T, we see that v([0,7]) C Us. O

3.5.4 The canonical relation A°

We next construct the projections w1 from subsets I'Y, C I'y to K. Fix dp,0; > 0 small
enough so that Lemma 3.5.1 holds with d, in place of § and K N p~!([ag — 61,1 + 1))
is a compact subset of U (the latter is possible by assumption (9) in §3.4.1), consider the
functions ¢ from Lemma 3.5.1 and put

Fi = F:t ﬂp_l(ao — 5170{1 +51) N {|QO:F| < (S()}, KO = Kﬂp_l(ozo —51,0./1 +61), (3510)

so that K° = I', NI and, for ¢y small enough, I'S C U. Note that, by part (2) of
Lemma 3.5.1, the level sets of p on I'y are invariant under H,, and e'"»(I'}) C T'q for
Ft > 0.

By part (4) of Lemma 3.5.1, I' is foliated by trajectories of H,, (or equivalently, by
trajectories of V1), moreover each trajectory intersects K at a single point. This defines
projection maps

Ty 'L — K°,
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mapping each trajectory to its intersection with K. The flow e'» preserves the subbundle
V. generated by H,, , therefore

myoettr — o, >0, (3.5.11)
Now, define the 2n-dimensional submanifold A° C T*X x T*X by

A= {(porpy) €T2 XT3 |1 (p2) = 7 ()} (3.5.12)

We claim that A° is a canonical relation. Indeed, it is enough to prove that og|rry =
74 (0s|TKe), Wwhere og is the symplectic form on 7*M. This is true since the Hamiltonian
flow efex preserves og and Vi|x is symplectically orthogonal to TK.

3.5.5 The transport equations

Finally, we use r-normal hyperbolicity to establish existence of solutions to the transport
equations, needed in the construction of the projector Il in §3.7.1. We start by estimating
higher derivatives of the flow. Take do, 'S, K° from §3.5.4 and identify I'S. ~ K° X (—do, dp)
by the map

p+ €T = (m+(p), ox(p+)). (3.5.13)

Denote elements of K°x(—dy, do) by (6, s) and the flow e'r on 'S, Ft > 0, by (recall (3.5.11))

(0, 5) = (e (0), UL (0, 5)).

Note that 9% (6,0) = 0. We have the following estimate on higher derivatives of the flow on
K° (in any fixed coordinate system), see for example [47, Lemma C.1] (which is stated for
geodesic flows, but the proof applies to any smooth flow):

sup |05er(0)| < Cpellolmmataltl ¢ c R, (3.5.14)
beK°

Here fimay is defined by (3.5.3), £ > 0 is any fixed constant, and C,, depends on €. We choose
¢ small enough in (3.5.17) below and the constant € > 0 in Lemma 3.5.1 is small depending
on €.

Next, we estimate the derivatives of ¢’. We have, with ¢y defined in part (2) of
Lemma 3.5.1,

(%ﬁ(@» S) = :i:C:F(eth (‘9)7 wz:wv 3))wi(97 3)'
Then
005050 (8, 5)) = xex(e77(8),0)0; 50 (6, 5) +

where ... is a linear combination, with uniformly bounded variable coefficients depending
on the derivatives of c, of expressions of the form

Ot (0) - 00 (0) 3 DU, 5) - OO ),
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where B1+ -+ B +m+- -+ =a, ki + -+ k =k, and |5;], |v;] + k; > 0. Moreover,
if ] =0 or !+ m =1, then the corresponding coefficient is a bounded multiple of ¥’ (6, s).
It now follows by induction from (3.5.9) that

sup  |0FOSYTH(, 5)| < Cgpelloitmarmnta)t = ¢ > (), (3.5.15)
0eK°,|s|<do

We can now prove the following

Lemma 3.5.2. Assume that (3.5.4) is satisfied, with some integer r > 0. Let f € C"*}(T'9)
be such that f|x = 0. Then there exists unique solution a € C"(I'%.) to the equation

Hya=f, a

Ko — 0 (3516)
Proof. Using (3.5.4), choose € > 0 so that
T fhmax — Vmin + € < 0. (3.5.17)

Any solution to (3.5.16) satisfies for each T' > 0,
T
a=aoet 4 / foeFtrat,
0
Since a|ge = 0, by letting T" — +00 we see that the unique solution to (3.5.16) is
a= i/ foeFr dt, (3.5.18)
0

The integral (3.5.18) converges exponentially, as
[f o™ (9,5)| < ClTH(0, 5)| < Ce™Wmm=a,

To show that a € C", it suffices to prove that when |a| + k < r, the integral

/ OF0S (f o eTtHr) at

0

converges uniformly in s, 6. Given (3.5.17), it is enough to show that
sup |08 (f 0 eTHr) (0, 5)| < Cypellolmax=rmintt =4 ~ (), (3.5.19)
0,s

To see (3.5.19), we use the chain rule to estimate the left-hand side by a sum of terms of the
form

oL f(eTHr (6, 5))0) eTHr (9) - - - ) e T (0)0)' 0F14TH(B, 5) - - - ) 0T (B, )

where 51 + -+ B+ + - +n=0o ki+---+k =k, and |5}|, |y;| + k; > 0. For [ =0,
we have |0 f o eTtHr| = O(e=Wmin=2)t) and (3.5.19) follows from (3.5.14). For [ > 0, (3.5.19)
follows from (3.5.14) and (3.5.15). O
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3.6 Calculus of microlocal projectors

In this section, we develop tools for handling Fourier integral operators associated to the
canonical relation A° introduced in §3.5.4. We will not use theoperator P or the global
dynamics of the flow e/*»; we will only assume that X is an n-dimensional manifold and

e 'Y C T*X are smooth orientable hypersurfaces;
e I'% intersect transversely and K° :=1'7 NI is symplectic;

o if V. C TTY is the symplectic complement of 7T in T(7*X), then each maximally
extended flow line of V4 on I'Y intersects K° at precisely one point, giving rise to the
projection maps 7y : 'Y — K°;

e the canonical relation A° C T*(X x X) is defined by
A® ={(p-, p) € 12 X T [ m_(p-) = m(p4) };
e the projections 74 : A° — I'S are defined by

Te(p—, pt+) = pax (3.6.1)

If we only consider a bounded number of terms in the asymptotic expansions of the studied
symbols, and require existence of a fixed number of derivatives of these symbols, then the
smoothness requirement above can be replaced by C" for r large enough depending only on
n.

We will study the operators in the class Ieomp(A°) considered in §3.3.2. The antiderivative
on A° (see §3.3.2) is fixed so that it vanishes on the image of the embedding

k:K° =A% Gk(p) = (p,p); (3.6.2)

this is possible since jj (ndy — £ dx) = 0 and the image of jg is a deformation retract of A°.

We are particularly interested in defining invariantly the principal symbol o, (A) of an
operator A € Icomp(A°). This could be done using the global theory of Fourier integral
operators; we take instead a more direct approach based on the model case studied in §3.6.1.
The principal symbols on a neighborhood A of a compact subset K C K° are defined as
sections of certain vector bundles in §3.6.2.

We are also interested in the symbol of a product of two operators in I.omp(A°). Note that
such a product lies again in I.omp(A°), since A° satisfies the transversality condition with
itself and, with the composition defined as in (3.3.5), A° o A° = A°. To study the principal
symbol of the product, we again use the model case — see Proposition 3.6.5.

Next, in §3.6.3, we study idempotents in I.omp(A°), microlocally near K, proving technical
lemmas need in the construction of the microlocal projector II in §3.7. Finally, in §3.6.4,
we consider left and right ideals of pseudodifferential operators annihilating a microlocal
idempotent, which are key for proving resolvent estimates in §3.8.
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3.6.1 Model case

We start with the model case
X:=R" T%:={ =0} TI°:={x,=0} (3.6.3)

Then K° = {z,, = &, = 0} is canonically diffeomorphic to T*R"~!. If we denote elements of
R ~ T*R" by (2,2, &, &), with 2/,& € R™™! then the projection maps 74 : T% — K°
take the form
7T+<x’ §,7 0) = (x,7 07 5/’ O)’ T ($l7 07 §> - (I/’ 07 6,7 0)7
and the map
¢ (x,8) — (2/,0,&2,8,0) € T*(R" x R") (3.6.4)

gives a diffeomorphism of R?*" onto the corresponding canonical relation A°.

Basic calculus. For a Schwartz function a(z,£) € (R*), define its AY-quantization
Op;(a) : ' (R") — Z(R™) by the formula

Opi(a)u(z) = (27rh)"/ e%(:’:lf/’y'@a(x,ﬁ)u(y) dydg. (3.6.5)

R2n

The operator Opﬁ(a) will be a Fourier integral operator associated to A°, see below for
details. We also use the standard quantization for pseudodifferential operators [137, §4.1.1],
where a(z,&; h) € C*(R*") and all derivatives of a are bounded uniformly in h by a fixed
power of 1+ |z|? + |¢£]%:

Opy(a)u(z) = (27Th)_”/ e%(r_y)'ga(x, Eu(y) dydg. (3.6.6)

R2n

The symbol a can be extracted from Opj (a) or Op,,(a) by the following oscillatory testing
formulas, see [137, Theorem 4.19]:

Opl(a)(en™€) = en® € q(x,£), ¢ €RY, (3.6.7)
Op, (a)(en™4) = ei™éa(x,£), €€ R™ (3.6.8)

From here, using stationary phase expansions similarly to [137, Theorems 4.11 and 4.12], we
get (where the symbols quantized by Opﬁ are Schwartz)

Opj, (a) Opj, (b) = Opy, (a#"b), (3.6.9)
Opi(a) Op; (b) = Opj (ag). (3.6.10)
Opy,(b) Opy, (@) = Oppy (asy), (3.6.11)
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where the symbols a#"b, app, apy € % (R?™) have asymptotic expansions

(—ih)le

a# b, &) ~ > ——0a(, €,0)0%b(a’,0, ), (3.6.12)
(_Zh)la‘ fo o /
(2,8 ~ > [ 08a(x, )b, 0,€), (3.6.13)
(_Zh)m‘ o4 / «
g (,6) ~ Y T 0eb(2,€,0)0a(x, ). (3.6.14)

Finally, the operators Opa (a) are bounded L? — L? with norm O(h~'/?):

Proposition 3.6.1. If a € . (R?"), then there exists a constant C' such that
|| Opﬁ(a)HLQ(Rn)HLZ(Rn) S Ch_1/2.

Proof. Define the semiclassical Fourier transform

a(€) = (2mh) / eV Eu(y) dy,

n

then ||4||z2 = ||ul/z2 and
Op(@pu(z) = @2n) 7 [ ol do
R

where

v(@,&n) = (27rh)_("_1)/2/ e € a(z, €, &,)u(¢, &) dE.

Rn—1

Using the L2-boundedness of pseudodifferential operators on R"~!, we see that for each
(@0, &n) € R,
[0Cs 2y &)lli2, < F(xn, &a)l[a( &)l 22,

where F(z,,&,) is bounded by a certain . (R?*"~2) seminorm of a(-, x,,,&,). Then F is
rapidly decaying on R? and for any N,

lo(, &a)llzz < C(&) ™ Nl &a)llze,-

Therefore,

1 Oph (@)u(z)|z2 < Chm/ lo(-, &)z dw < CRT2|ul] 2
R

as required. N



CHAPTER 3. RESONANCES FOR R-NORMALLY HYPERBOLIC TRAPPING 150

Microlocal properties. For a € . (R?"), the operator Opa (a) is h-tempered as defined in
Section 3.3.1. Moreover, the following analog of (3.3.4) follows from (3.6.10) and (3.6.11):

WF},(Opi(a)) C é¢(suppa) C A°, (3.6.15)

with ¢ defined by (3.6.4).

For a € C°(R?*"), we use (3.3.3) to check that Op(a) is, modulo an O(h™) s, & re-
mainder, a Fourier integral operator in the class Ieomp(A?) defined in §3.3.1.

We will also use the operator Opi (1) : C=(R") — C*°(R") defined by

Opp(L)f(x) = f(',0), [ e C=(R"). (3.6.16)

Since (3.6.5) was defined only for Schwartz symbols, we understand (3.6.16) as follows:
if a € C°(R*) is equal to 1 near some open set U C R?>*, then the operator Opa (1)
defined in (3.6.16) is equal to the operator Opj(a) defined in (3.6.5), microlocally near
o(U) € T*(R™ x R"™). Moreover, WF,(Op2(1))NT*(R" x R") € A°. To see this, it is enough
to note that for a € C5°(R*") and x € C5°(R™), we have y Opi (1) Op,(a) = Oph (@), where
a(z, &) = x(x)a(a’,0,£) € C(R*™) and Opj (@) is defined using (3.6.5).

Canonical transformations. We now study how Op; (a) changes under quantized canon-
ical transformations preserving its canonical relation (see §3.3.2). Let U,V C R?" be two
bounded open sets and s : U — V' a symplectomorphism such that

»TLNU)=TLNV,

with TY% given by (3.6.3). We further assume that for each (z/,&') € T*R™!, the sets
{z,, | (2,2,,&,0) € U} and {&, | (2/,0,¢,&,) € U}, and the corresponding sets for V, are
either empty or intervals containing zero, so that the maps 7 : UNTY — U N K° are
well-defined. Since s¢ preserves the subbundles V., it commutes Wlth the maps 7. and thus
preserves A% using the map ¢ from (3.6.4), we define the open sets U,V C R?" and the
diffeomorphism 3 : U=V by

U:=¢ " (UxU), Vi=¢g " (V xV), don=mxog.

Proposition 3.6.2. Let B, B’ : C*°(R") — C§°(R") be two compactly microlocalized Fourier
integral operators associated to s and ', respectively,* such that

BB' =14 O(h™) microlocally near V',

3.6.17
B'B =1+ O(h™) microlocally near U’, ( )

for some open U' € U, V' € V' such that »(U’") =V'. Then for each a € C'SO(XA/),

B’ Opﬁ(a)B = Opﬁ(a%) + O(h®) s,

4The choice of antiderivative (see §3.3.2) is irrelevant here, since the phase factor in B resulting from
choosing another antiderivative will be cancelled by the phase factor in B’'.
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for some classical symbol a,, compactly supported in ﬁ, and
a.(1,€) = 71 (2, &) (¢, §)a((x,€)) + O(h)  on ¢~ (U x U, (3.6.18)
where v are smooth functions on U N Ty depending on s, B, B' with v£|gorg = 1.
Proof. Assume first that s has a generating function S(z,n):
#(2,8) = (y,n) <= £ = 0:5(x,n), y = 0,5(z,n).

If 25 C R?" is the domain of S, then for each (z/,n') € T*R" !, the sets {z,, | (z/,z,,7/,0) €
s} and {n, | (',0,17',m,) € Ds} are either empty or intervals containing zero. Since »
preserves I'y, we find 0,,S(2',0,7) = 0,,5(x,n',0) = 0 and thus

S(x,n',0) = S(2',0,n) = S(2',0,1,0). (3.6.19)
We can write, modulo O(h*) 4, » errors,
Bu(y) = (27Th)_”/ei(y'”_s(m’"))b(aj,n; h)u(x) dzdn,
Bu(e) = (25" [ B gyt dy
where b, b are compactly supported classical symbols and by (3.6.17) the principal symbols
by and by, have to satisfy for (z,§) € U’,
bo(w, )b (w,m) = | det 2, Sz, ). (3.6.20)
We can now use oscillatory testing (3.6.7) to get
a,(x,§&) = e g Opﬁ(a)B(G%x'g)
= (2mh) " / er (—e @AY =SEEOY (1 B)a(y, n)b(Z, n; ) dydiidnds.
R4n
We analyse this integral by the method of stationary phase; this will yield that a, is a
classical symbol in h, compactly supported in U modulo an O(h>)g(gen) error, and thus

B' Opj(a) B = Opj, ().
The stationary points are given by

n= (77/70)’ T = (xlvo)a (yﬂ?) = Q(ZE,f)

The value of the phase at stationary points is zero due to (3.6.19). To compute the Hessian,
we make the change of variables 7 = 77+ (n’,0). We can then remove the variables y, 77 and pass
from the original Hessian to 85,,7,5 (x,1',0) — 0%2S(2’,0,n), where the first matrix is padded
with zeros. Since d,,S(x’,0,17) = 0, we have 97 S = (9,2]”95,5 = 3,%”,7,5 =0 at (2/,0,7n),
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therefore we can remove the x,,, 7, variables, with a multiplicand of (97 , S(',0,7))? in the
determinant. Next, by (3.6.19) (372],77,5@’,0,77) = 8727,77,5(%77’,0); therefore, the Hessian has
signature zero and determinant

(6§nnn5(x’, 0,n) det 85,77,5@’, 0,1))>.
Since 07, S(',0,m) = 0, this is equal to (det 97,5(2',0,7))*. Therefore, we get (3.6.18) with

) (.ol O)bo(e, 0,m) B, 0)
+ ’ / 0 ) 0 .
Vse J],g Ve I7§ - ; = 7 ;
(0 €00 = T eram st 0,m| by, 0,1)

here (y,n) = 3(x,€) and the last equality follows from (3.6.20). We then find

7:(*%’ 5/) = bé)(xv 77/7 O)/bg(x/a 0, 77/7 O)? Vo (*7:/7 5) = 66(xlv 0, 77/7 O)/b6(xlv 0, 77)' (3'6'21)
We now consider the case of general ». Using a partition of unity for a, we may assume
that the intersection U N KV is arbitrary small. We now represent s as a product of several
canonical relations, each of which satisfies the conditions of this Proposition and has a
generating function; this will finish the proof.
First of all, consider a canonical transformation of the form

(,8) = (y,n), ) =322 &), Yn,Mn) = (20, &), (3.6.22)

with 3¢ a canonical transformation on T*R"*~! ~ K% We can write 3 locally as a product
of canonical transformations close to the identity, each of which has a generating function —
see [137, Theorems 10.4 and 11.4]. If S(2’,7’) is a generating function for >, then S(z’,n") +
TnMp 18 a generating function for (3.6.22).

Multiplying our > by a transformation of the form (3.6.22) with 3z = (5¢|g0) ™!, we reduce
to the case

x(2',0,¢,0) = (2/,0,€,0) for (2/,0,&,0) € UN K°.
If »(x,&) = (y(x,&),n(x,€)), since > commutes with 7. we have
y'(2,8,0) =y'(2/,0,§) = 2,
n'(z,¢,0) =n'(2",0,§) =¢.
We now claim that s has a generating function, if we shrink U to be a small neighborhood of

UN (T uUT?) (which does not change anything since Opj, (a) is microlocalized in T x I'Y).
For that, it is enough to show that the map

¥ (2, 8) = (z,m(x,§))
is a diffeomorphism from U onto some open subset Zs C R?".

We first show that v is a local diffeomorphism near T'Y; that is, the differential 9¢n is
nondegenerate on I'Y.. By (3.6.23), 0y ¢ (v, 7) equals the identity on I'} UT?; moreover, on
I'% we have 0, ¢n, = 0 and 9,, (v',n') = 0 and on I'Y, we have 9,y ¢y, = 0 and &, (v, 1) =
0. It follows that on IS UT?, detden = O, m, and since » is a diffeomorphism, 0 #

det Oz.e)(y,m) = O, Yn - O, M, yielding det Oen # 0.
It remains to note that 1 is one-to-one on 1"(_1 UTY, which follows immediately from the

identities ¢ (x, ¢, 0) = (2,£',0) and ¥(2/,0,§) = »(2',0,¢). ]

(3.6.23)
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3.6.2 General case

We now consider the case of general I', K°, A°, satisfying the assumptions from the begin-
ning of §3.6. We start by shrinking I'Y so that our setup can locally be conjugated to the

model case of §3.6.1. (The set K will be chosen in §3.7.1.)

Proposition 3.6.3. Let K C K° be compact. Then there exist 6 > 0 and

e a finite collection of open sets U; C T* X, such that

KcK:=|JK, K:=KnU.

o symplectomorphisms s; defined in a neighborhood of U; and mapping U; onto
Vi = {|(z, )] <0, |za] <0, |€4] <0} C T*R™, (3.6.24)
such that, with T defined in (3.6.3),
»(U;NTS) = Vs NIY;
e compactly microlocalized Fourier integral operators
B; : C*(X) = CF(R™), B, : C*(R") — C5°(X),
associated to s; and %Z-_l, respectively, such that

B;B; =1 mnear Vs, BiB;=1 nearU,. (3.6.25)

Proof. It is enough to show that each point p € K° has a neighborhood U, and a symplec-
tomorphism 3, : U, — V,, C T*R" such that s,(U, NT'Y) = V, N TY; see for example [137,
Theorem 11.5] for how to construct the operators B;, B, locally quantizing the canonical
transformations s, »,".

By the Darboux theorem [137, Theorem 12.1] (giving a symplectomorphism mapping an
arbitrarily chosen defining function of I'° to x,), we can reduce to the case p = 0 € T*R"
and I'° = {z,, = 0} near 0. Since I', NT"® = K*° is symplectic, the Poisson bracket of
the defining function x, of I'’ and any defining function ¢ of I' is nonzero at 0; thus,
O, 0+(0) # 0 and we can write I'S locally as the graph of some function:

IS ={& = F(z, )}

Put ¢, (z,&) = &, — F(x,§), then {¢,,z,} = 1. It remains to apply the Darboux theorem
once again, obtaining a symplectomorphism preserving z,, and mapping ¢', to &,. O]
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We now consider the sets®
Iy = UFEL, I, =T NU,,

(3.6.26
A—UA“ i ={(p-,py) € A° | px € T4}, )

Let fi c I'. be compact, with Fi(fi> — K and for each pE [A(, the set 7' (p) N fi is a
flow line of V. containing p. Define the compact set

A:={(p_,ps) € A° | pr €Ty} (3.6.27)

and assume that fi are chosen so that A C A. The goal of this subsection is to obtain an in-
variant notion of the principal symbol of Fourier integral operators in I.omp(A°), microlocally

~

near A.
Define the diffeomorphisms 3¢, : A; — V5 by the formula

(si(p-), 2i(py)) = 0(Gailp—, p4)),  (p—,py) € A

here ¢ is defined in (3.6.4).
Consider some A € I.omp(A°), then B;AB; is a Fourier integral operator associated to
the model canonical relation A° from §3.6.1 (with the antiderivatives on A° and A° chosen

in the beginning of §3.6). Therefore, there exists a compactly supported classical symbol
a'(z,&; h) on R?" such that, with Opy defined in (3.6.5),

B;AB, = Opi (@) + O(h™®) s 5. (3.6.28)
By (3.6.25), we find
A = B/ Opi(a")B; + O(h™) microlocally near A;.
Define the function a* € C*(A;) using the principal symbol a, by
al = dg o ;.

By Proposition 3.6.2, applied to the Fourier integral operators B;B; and BZB;. quantizing
s = 3j0 5 " and 7!, respectively, with U’ = 5(U; N U;), V' = 5;(U; N U;) we see that
whenever A; N A; # 0, we have

(3.6.29)

— (~ +Yqd
i (%j ®%‘j)

YR

where 7;5 are smooth functions on Iy, N T I and vl = 1. Moreover, 75 = (v;5)™" and

'yf;vﬁ — ~E on I NI’ NTE (this can be seen either from the fact that the formulas (3.6.29)

5The open subsets fi,f{ of I'Y, K° should not be confused with the incoming/outgoing tails and the
trapped set for the Lorentzian case studied in Chapter 4.
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for different i, j have to be compatible with each other, or directly from (3.6.21)). Therefore,
we can consider smooth line bundles £+ over I'y with smooth sections €. of gi|F§L such that

e, = ’yieit on I, NTY, — see for efample 70, §6.4].

Define the line bundle £ over A using the projection maps from (3.6.1):
£ (7e) o (FE
and for A € Igmp(A°), the symbol o (A4) € C®(A; ) by the formula

OA(A)

A =a'(Trel @7hel). (3.6.30)

Note that the bundle £ can be studied in detail using the global theory of Fourier inte-
gral operators (see for instance [72, §25.1]). However, the situation in our special case is
considerably simplified, since the Maslov bundle does not appear.

We have o5 (A) = 0 near A if and only if A € hlcomp(A°) microlocally near A Moreover,
for all a € C(A; £), there exists A € Teomp(A°) such that o (A) = a near A.

The restrictions £4 |z are canonically trivial; that is, for ay € C’oo(fi; E1), we can view
a+|z as a function on K, by taking €|, = 1. The bundles & are trivial:

Proposition 3.6.4. There exist sections a4 € C”(fi; &), nonvanishing near fi and such
that ay |z =1 near K.

Proof. Since ”yi is a nonvanishing smooth function on ', N T such that %ﬂ Kink; = 1, we
can write
£ _ +
Yij = exp( ij)7
+
ij
near 'y,

where

is a uniquely defined function on I, N Fft, such that fé[ Kink; = 0. We now put

Qxtri = exp(bi)e;,

where b, € C>=(T",) are such that near I, and K respectively,
(b — b)

St i
rinry — Jijo b

K, = 0.
Such functions exist since f;; is a cocycle:

I S S S = i AT ATk
=l + 1 =00 fi L=t onlinlinly

i

and since the sheaf of smooth functions is fine; more precisely, if 1 = . x; is a partition of
unity on I'y, with supp x; C I, we put

bl :ZXk w O
k
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We now state the properties of the calculus, following directly from (3.6.9)—(3.6.11), the
general theory of Fourier integral operators, and Egorov’s Theorem [137, Theorem 11.1] (see
the beginning of §3.6 for multiplying two elements of I omp(A°)):

Proposition 3.6.5. Assume that Ay, Ay € Lomp(A°), P € WF(X). Then A Ay, A\ P, PA; lie
in Leomp(A°), and

oa(A1As)(p-, py) = a2 (As)(p, 7 (p-)) @ o (A1) (4 (p1), 91 ), (3.6.31)
oA(ALP)(p—, 1) = 3(P)(p-) - oa (A1) (. ), (3.6.32)
oA(PA)(p—, ps) = 5(P)(ps) - oa (A1) (p, ps ). (3.6.33)

Here in (3.6.31), oa(As)(p—,m_(p_)) and oa(A1)(m(ps), ps) are considered as sections of
E_ and &, respectively.

We next give a parametrix construction for operators of the form 1 — A, with A €
Toomp(A°), needed in §3.9:

Proposition 3.6.6. Let A € Ieomp(A°) and assume that
WF,(A) C A; oa(A)|z # 1 everywhere.
Then there ezists B € Ioomp(A°) with WE,(B) C /AX, and such that
(1-A)(1-B)=14+0(h™), (1-B)(1—-A)=1+0(h™).
Moreover, B is uniquely defined modulo O(h*>) and

oa(A)(p, T (p-)) ® o (A) (1 (p1), p)
oa(A)(m_(p), 7 (p4)) — 1

Proof. Take any By € Icomp(A°) with WE,(B;) C A and symbol given by (3.6.34). By (3.6.31),
(1-—A)(1—By) =1—hR, for some R € I.omp(A°) with WF,(R) C A. Define By € Iomp(A°)
by the asymptotic Neumann series

on(B)(p-,p+) = — oa(A)(p-, py)- (3.6.34)

— By ~ Zthj.

Jj=1

Define B € I.omp(A°) by the identity 1 — B = (1 — By)(1 — Bs), then (1 — A)(1 — B) =
14+ O(h). Similarly, we construct B’ € leomp(A°) such that (1—B’)(1—A) =14+ O(h™). A
standard algebraic argument, see for example the proof of [71, Theorem 18.1.9], shows that
B’ = B+ O(h*) and both are determined uniquely modulo O(h™). O

We finish this subsection with a trace formula for operators in Icomp(A°), used in §3.10:
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Proposition 3.6.7. Assume that A € I.omp(A°) and WF,(A) C A. Then, with dVol, =
ot /(n — 1)! denoting the symplectic volume form and jx : K° — A° defined in (3.6.2),

(2mh)" 1 Tr A = /A oa(A) o jx dVol, +O(h).
R
Proof. By a microlocal partition of unity, we reduce to the case when WF},(A) lies entirely
in one of the sets A; defined in (3.6.26). If a, is defined by (3.6.28), then by the cyclicity of
the trace, Tr A = Tr Op (a;) + O(h™). It remains to note that for any a(z, &) € C3°(R??),

(27ch)" ! Tr Op (a) = / a(z',0,¢,0) dx'de + O(h),

R2n—2

seen directly from (3.6.5) by the method of stationary phase in the x,, &, variables. O

3.6.3 Microlocal idempotents

In this subsection, we establish properties of microlocal idempotents associated to the La-
grangian A° considered in §3.6.2, microlocally on the compact set A defined in (3.6.27). We
use the principal symbol o, constructed in (3.6.30).

Definition 3.6.8. We call A € I.omp(A°) a microlocal idempotent of order k > 0 near /A\,
if A2= A+ O(h")

Teomp(A°) Microlocally near A and o5(A) does not vanish on A.

In the following Proposition, part 1 is concerned with the principal part of the idempotent
equation; part 2 establishes a normal form for microlocal idempotents, making it possible
to conjugate them microlocally to the operator Opi (1) from (3.6.16). Part 3 is used to con-
struct a global idempotent of all orders in Proposition 3.6.10 below, while part 4 establishes
properties of commutators used in the construction of §3.7.

Proposition 3.6.9. 1. A € I.omp(A°) is a microlocal idempotent of order 1 near A if and
only if near /A\,

oa(A)p-p1) = a5 (p) @ af (py) (3.6.35)
for some sections a3 € C“(fi; E1) nonvanishing near T. and such that a(jﬂf( =1 near K.
Moreover, aF are uniquely determined by A on fi.

2. If A;B € I.omp(A°) are two microlocal idemptotents of order k > 0 near ]\\, then
there exists an operator QQ € W™P(X), elliptic on f+ UT_ and such that B = QAQ™ ! +
O(h’“);comp(/\o) microlocally near A. Here Q! denotes an elliptic parametriz of QQ constructed
in Proposition 3.3.5.

3. If A € Leomp(A°) is a microlocal idempotent of order k > 0 near A, and A2 — A =

h* Ry, + O(h>) microlocally near A for some Ry € Icomp(A°), then for py € I near fi,

oA(Bi) (T4 (p4), p1) = oa(Bi) (w4 (p4), T4 (p4)) - ag (p+),

UA<Rk)(/La7T—(p7)) = 0'A<Rk)(71',(p,)’7r7<pi>> . aa(pi)7 (3636>
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with af defined in (3.6.35).

4. If A € Liomp(A°) is a microlocal idempotent of all orders near A, Pe Weomp(X7) s
compactly supported, and [P, A] = h¥Si+O(h*®) microlocally near A for some Sy € Teomp(A°),
then near K,

oa(Sk) (P, p+) = ag (p-) @ oa(Sk) (T4 (p4), p1) + oa(Sk) (-, 7 (p-)) @ ag (p+)-
In particular, o (Sy) o jx = 0 near K, with ji : K° — A° defined in (3.6.2).

Proof. In this proof, all the equalities of operators in Icomp(A°) and the corresponding sym-

bols are presumed to hold microlocally near A.
1. By (3.6.31), we have A% = A+ O(h) if and only if

oa(A)(p-, p+) = oa(A)(p-, 7(p-)) ® oa(A) (T4 (p+), p+)-

2 near K. Since o, (A) is nonva-

In particular, restricting to K, we obtain ox(A) = o4 (A)
nishing, we get ox(A)|z = 1 near K. It then remains to put a; (p-) = oa(A)(p—, 7—(p-))

and ag (p1) = oa(A) (74 (p4), p4).
2. We use induction on k. For k = 1, we have by (3.6.32) and (3.6.33),

o(Q)(p+)
a(Q)(p-)

If aojE and b(jf are given by (3.6.35), then it is enough to take any @ with

U(Q)|f_ = aE/b(Ta U(Q)|f+ = bE)F/aa_v (3637)

oA (QAQ ) (p-, p+) = oa(A)(p-, p1)-

this is possible since the restrictions of aF and b7 to K are equal to 1.

Now, assuming the statement is true for & > 1, we prove it for k¥ + 1. We have B =
QAQ L+ O(hF) for some Q € PP elliptic on F+ U F_; replacing A by QAQ , We may
assume that B = A + O(h¥). Then B — A = h*Ry, for some Ry, € I.omp(A°); since both A
and B are microlocal idempotents of order k + 1, we find Ry = ARy + R A+ O(h) and thus
by (3.6.31),

oA(Ri)(p—s p1) = ag (p-) @ oa(Ri) (74 (p1), p1) + oa(Bi)(p-, 7 (p-)) @ ag (p+). (3.6.38)
Take Q = 1+ h*Qy for some Q) € U™ then Q! =1 — h*Qy, + O(hF*1) and
QAQ™ = A+ 1¥[Qy, Al + O(W),
Now, B = QAQ~! + O(h**1) if and only if

(0(Qr)(p+) — 0 (Qr)(p-))ag (p-) ® af (p4) = oa(Re)(p—, p4)-
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By (3.6.38), it is enough to choose Q) such that for p € I,
or (RO (o 7_(p)) or (R (4 (1), )
aq (p-) ag (p+)

this is possible since o (R) o jx = 0 (with jx defined in (3.6.2)) as follows from (3.6.38).

3. Since this is a local statement, we can use (3.6.28) to reduce to the model case of §3.6.1.
Using part 2 and the fact that the operator Opi (1) considered in (3.6.16) is a microlocal
idemptotent of all orders, we can write

A=QOp,()Q™" + h*Ay,
for some elliptic @ € U™ and Ay, € Lomp(A®). Then
Ry = QOpy (1)Q™ " Ag + A44,Q Opy (NQ ™" — Ay, + O(h);
(3.6.36) follows by (3.6.31) since 5 (Q Opi(1)Q~") = 0a(A) is given by (3.6.35).

4. As in part 3, we reduce to the model case of §3.6.1 and use part 2 to write A =
QOp(1)Q™" + O(h*=); then
[P, A] = Q[Q™'PQ,Op; ()]Q™" + O(h™).

Put P = Q 'PQ; by (3.6.13) and (3.6.14) we have [P, Opl(1)] = Opl (s o ¢), where ¢ is
given by (3.6.4) and

o(Qr)(p-) = — , 0(Qr)(py) =

Y

s(p—, pih) = p(py; h) — pp—; h),
where P = Op,,(p); thus

s(p—, py;h) = s(mi(py), pysh) + s(p-, 7 (p-); ).
It remains to conjugate by @, keeping in mind (3.6.37). O

We can use part 3 of Proposition 3.6.9, together with the triviality of the bundles £, to
show existence of a global idempotent, which is the starting point of the construction in §3.7.

Proposition 3.6.10. There exists a microlocal idempotent Il e Teomp(A°) of all orders near
A.

Proof. We argue inductively, constructing microlocal idempotents II; of order k for each k
and taking the asymptotic limit. To construct ﬁl, we use part 1 of Proposition 3.6.9; the
existence of symbols aa: was shown in Proposition 3.6.4.

Now, assume that IIj is a microlocal idempotent of order k£ > 0. By part 3 of Proposi-
tion 3.6.9, we have H2 I, = hkR;C +O(h>) microlocally near A, where R € Teomp(A°) and
rr. = op(Ry) satisfies (3.6.36). Put Hk+1 = I, + h* By, for some By, € Ioomp(A°). We need to
choose By so that microlocally near ]\\,

Ry, + Iy By + Bill, — By, = O(h).
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Taking by, = oa(By), by (3.6.31) this translates to

br(p—. p+) = ag (p=) @ bi(m4(p+), p4) + br(p—, m—(p-)) @ ag (p+) + 1i(p—, p+)-

By (3.6.36), it is enough to take any bi € C>(I'y: €4 ) such that near K, bl = =7k ° Jik,
with jx defined in (3.6.2) (for example, b = —(r), 0 jx o 74 )ai) and put

bi(p—, p+) == ag (p-) @b (p1) + by (p-) ® ag (p+) + rilp—, p4). O

3.6.4 Annihilating ideals

Assume that IT € I, (A°) is a microlocal idempotent of all orders near the set A introduced
in (3.6.27), see Definition 3.6.8. We are interested in the following equations:

[I6_ = O(h™) microlocally near A, (3.6.39)
O,I1 = O(h™) microlocally near A, (3.6.40)

where ©. are pseudodifferential operators. The solutions to (3.6.39) form a right ideal
and the solutions to (3.6.40) form a left ideal in the algebra of pseudodifferential operators.
Moreover, by (3.6.32), (3.6.33), each solution O+ to the equations (3.6.39), (3.6.40) satisfies
0(O4)|r,. = 0 near fi and each ©4 such that WF,(©1) N fi = () solves these equations.

Note that in the model case of §3.6.1, with T equaling the operator Opi (1) from (3.6.16),
and with the quantization procedure Op, defined in (3.6.6), the set of solutions to (3.6.39)
is the set of operators Op,(6-) with 6_|,, —o = 0; that is, the right ideal generated by the
operator x,,. The set of solutions to (3.6.40) is the set of operators Op,,(6) with 6|, —o = 0;
that is, the left ideal generated by the operator hD, . This follows from the multiplication
formulas (3.6.13) and (3.6.14), together with the multiplication formulas for the standard
quantization [137, (4.3.16)].

We start by showing that our ideals are principal in the general setting:

Proposition 3.6.11. 1. For each defining functions ¢+ of 'S near fi, there exist operators

©4 solving (3.6.39), (3.6.40), such that 0(©1) = w4 near .. Such operators are called basic
solutions of the corresponding equations.
2. If ©4,0" are solutions to (3.6.39), (3.6.40), and moreover ©L are basic solutions,

then there exist Zy € W™ such that O = ©_Z_ + O(h*™) microlocally near T and
O = Z,04 + O(h™) microlocally near I';.

Proof. We concentrate on the equation (3.6.39); (3.6.40) is handled similarly. Since the equa-
tions (3.6.39) and ©' = ©_Z_ are linear in ©_ and ©', Z_, respectively, we can use (3.6.28)
and a pseudodifferential partition of unity to reduce to the model case of §3.6.1. Using part 2
of Proposition 3.6.9, we can furthermore assume that I1 = Opj (1).

To show part 1, in the model case, we can take ©_ = Op,(p_), where ¢_(z,¢) is the
given defining function of {z,, = 0}. For part 2, if ©_ = Op,(p_) and ©" = Op, ("), then
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we can write microlocally near f_, O_ =1x,Y_+O(h*™), where Y_ € U™ is elliptic on f_;
in fact, Y_ = Op,(p_/x,). Similarly we can write ©" = z,Y” + O(h*>) microlocally near
I'_, for some Y’ € W™P: it remains to put Z_ = Y'Y’ microlocally near I'_. O

For the microlocal estimate on the kernel of II in §3.8.2, we need an analog of the following
fact:

feC®R") = f(x)— f(a',0) =x,9(x), g€ C®[R"), (3.6.41)

where f(2/,0) is replaced by IIf and multiplication by z, is replaced by a basic solution
to (3.6.39). We start with a technical lemma for the model case:

Lemma 3.6.12. Consider the operator =g : C*°(R™) — C*°(R™) defined by

Sof(a!,2n) = 'y zn) = 12,0) _ /0 (Do, F)(, tan) dt.

Tn

Then:
1. =y is bounded H'(R") — L*(R™) and thus 120l 12 = O(h™h).
2. The wavefront set WF,(Zy) defined in §3.5.1 satisfies®

WF,(Z0) NT*(R™ x R") ¢ A(T*R™) U A°
U{<x/7 O? 57 xl? 07 5/7 tfn) | (x/7 é) 6 R2n_17 t E [07 1]}7
where A(T*R™) C T*R"™ x T*R" is the diagonal and A° is defined using (3.6.3).
Proof. 1. Put A\ f (2, x,) = (O, f)(2', tz,,); then

1 1
1Z0flle < / A flle dt < / 2 flgs dt < 20|l
0 0

2. Denote elements of T*(R™ x R™) by (x,&,y,n). If x € C§°(R) is supported away from
zero, then, with Oph (1) defined in (3.6.16),

() Z0 = ﬁ“ (1 - Opi(L)).

=

Since x(x,)/x, is a smooth function, the identity operator has wavefront set on the diagonal,
and WEF,(Opy (1)) N T*(R™ x R") € A°, we find

WEF,(Z0) NT*(R™ x R") N {y, # 0} € A(T*R™) U A°.
Similarly, one has Zox(x,) = x(z,)/x,; therefore,

WFL(Z0) N {2, £ 0} € AT'RY).

Tt would be interesting to understand the microlocal structure of =g, starting from the fact that its
wavefront set lies in the union of three Lagrangian submanifolds.
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To handle the remaining part of the wavefront set, take a,b € C5°(T*R") such that
(2 te,, &) € suppa, t € [0,1] = (x,&,t&,) & suppb.
We claim that for any ¢ € C§°(R"),
Opy (B) 5o Opy ()i = O(h®); (3.6.42)

indeed, the Schwartz kernel of this operator is

K(y,z) = (2ch)™" / e # (W=2) (' =) € +(tzn—2n)én)
R37x[0,1]

by, M (2)(ih ™ €na(?’ tzn, §) + (0:,0) (2, 20, €)Y (%) dEdndzdt.

The stationary points of the phase in the (£, 7, z) variables are given by

<=Y, ZL’,:y,, Tp = tYn, 7],25,7 nn:tfn

and lie outside of the support of the amplitude; by the method of nonstationary phase in
the (&, m, z) variables, the integral is O(h™)ce. Now, (3.6.42) implies that

WF,(Z0) NT*(R" x R*) N {z, =y, = 0}
C {(«,0,&,2',0,&,t&,) | (2',€) e R*", t € [0,1]},

which finishes the proof. O

The microlocal analog of (3.6.41) in the general case is now given by

Proposition 3.6.13. Let II € I, (A°) be a microlocal idempotent of all orders near A and
©_ be a basic solution to (3.6.39), see Proposition 3.6.11. Then there exists an operator
E:C®(X) = C°(X) such that:

1. WFL(Z) is a compact subset of T*(M x M) and ||Z|| 22 = O(h™1);

2. WEL(Z) C A(T*M)UA°UT, where A(T*M) C T*M x T*M s the diagonal and Y
consists of all (p_, p'_) such that p_,p" € I'° and p’_ lies on the segment of the flow line of
V_ between p_ and m_(p_);

3. 1—1II = O_Z + O(h™) microlocally near K x K.

Proof. By (3.6.28) and a microlocal partition of unity, we can reduce to the model case
of §3.6.1. Moreover, by part 2 of Proposition 3.6.9, we may conjugate by a pseudodifferential
operator to make IT = Opj (1). Finally, by part 2 of Proposition 3.6.11 we can multiply ©_
on the right by an elliptic pseudodifferential operator to make ©_ = Op,(z,). Then we can
take = = A=A, with =y defined in Lemma 3.6.12 and A € W™P(R™) compactly supported,
with A = 1 4+ O(h*) microlocally near K. O
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3.7 The projector Il

In this section, we construct the microlocal projector II near a neighborhood W of KN
p~([aw, a1]) discussed in the introduction (Theorem 3.3 in §3.7.1). In §3.7.2, we study the
annihilating ideals for I in W using §3.6.4.

3.7.1 Construction of II

Assume that the conditions of §§3.4.1 and 3.5.1 hold. Consider the sets '] and K° = 'S N['2
defined in (3.5.10) and let A° be given by (3.5.12). Put

K=K ﬂpil([&o —01/2,00 4 01/2]) C K®,

here ¢; is defined in §3.5.4. The sets I'S satisfy the assumptions listed in the beginning
of §3.6, as follows from §§3.5.1 and 3.5.4.

We choose § > 0 small enough so that Lemma 3.5.1 holds (we will impose more conditions
on J in §3.7.2) and consider the sets

W — Ué ﬂpilqao — (51/2,C¥1 + 51/2])7

~ e B (3.7.1)
Fo=TinW, A=A nNnWxW).

Here Uy is defined in (3.5.8). We now apply Proposition 3.6.3; for ¢ small enough, I7V\, Ty
are compact and I'y, A satisfy the conditions listed after (3.6.26). Then (3.6.30) defines the
principal symbol o, (A) on a neighborhood of A in A° for each A € Ioomp(A°).

Theorem 3.3. Let the assumptions of §§3.4.1 and 3.5.1 hold for all r, let A° be defined
in (3.5.12) and A C A° be given by (3.7.1). Then there exists I1 € Iomp(A°), uniquely defined

modulo O(h*>) microlocally near A, such that the principal symbol of 11 is nonvanishing on
A and, with P € U™ (X)) defined in Lemma 3.4.3,

I1? — 11 = O(h™) microlocally near A, (3.7.2)
[P,T1] = O(h™)  microlocally near A. (3.7.3)

Same can be said if we replace O(h*>) above by O(hY), require that the full symbol of 11 lies
in C3N for some large N (rather than being smooth), and the assumptions of §3.5.1 hold for
r large enough depending on N.

Proof. We argue by induction, finding a family Il;, £ > 1, of microlocal idempotents of all
orders near A (see Definition 3.6.8) such that [P,TI;] = O(h¥*1) microlocally near A, and
taking their asymptotic limit to obtain II. _

We first construct II;. Take the microlocal idempotent of all orders II € I.omp(A°) near
A constructed in Proposition 3.6.10. Since the Hamilton field of p = o(P) is tangent to I'y,
dp is annihilated by the subbundles V. from §3.5.4; therefore,

plp+) = p(m(ps)), p+ €T
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by (3.6.32) and (3.6.33), [P,II] = O(h) microlocally near A. We write [P, II] = hSy microlo-
cally near A, where Sy € Ieomp(A°) and by part 4 of Proposition 3.6.9,
oA (S0)(p—. p+) = g (p-) ® sq (p+) + 50 (p—) ® ag (p+), (3.7.4)

with sf € O (Fi,c‘fi) vanishing on K near K and ag € = (Fi,c‘,’i) giving the principal
symbol of I by (3.6.35). Here I'y are the neighborhoods of T'y in I'S. defined in (3.6.26).
We look for II; in the form B
I, = e“Ile~, (3.7.5)

where Qo € U™ (X) is compactly supported and thus e*@ are pseudodifferential (see for
example Proposition 2.3.7). We calculate microlocally near A,

QP I1]e?0 = [e= 2 Pe? TI] = hSy + [P, Qo], 1] + O(h?).
Here we use that e=@0Pe?0 = P + [P, Qo] + O(h?). By (3.7.4), (3.6.32), (3.6.33),
UA(SO + h_l[[Pv QO]: ﬁ])(p_, p-‘r)

=y (p-) ® (sg (py) — iHpo(Qo)(p4)ag (py))
+(sq (p-) +iH,o(Qo)(p-)ag (p-)) ® ag (p+)-

It is thus enough to take any Qg such that for the restrictions ¢ = o(Qo)lf, , the following

transport equations hold near fi:

Hyqy = Fisy /dy, a5z = 0. (3.7.6)

Such g3 exist and are unique and Smooth enough by Lemma 3.5.2, giving H1 Note that
Lemma 3.5.2 can be applied near Fi, instead of the whole I'Y, since etHP(l—‘i) - Fi for
Ft > 0 by part (2) of Lemma 3.5.1.

Now, assume that we have constructed II; for some k > 0. Let af be the components of
the principal symbol of I given by (3.6.35). Then microlocally near K, [P 11;] = h*LS,,
where Sy € I.omp(A°) and by part 4 of Proposition 3.6.9,

o (Sk)(p=, p+) = ag (p-) @ s (p+) + 53, (p-) ® ag (p+),
where s € Coo(fi; &4 ) vanish on K near K. We then take
M1 = (1 4+ RFQu)ITL(1 + A*Qp) ™ (3.7.7)
where () is a compactly supported pseudodifferential operator. Microlocally near K,
[P, 11y 1] = WEPES, + WE[[P, Qi) T] + O(KFF2).
Therefore, ¢;° = o(Qr)|z, need to satisfy the transport equations near I,

Hyqy = Fisy /a5, q;lz =0. (3.7.8)
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Such q,f exist and are unique and smooth enough again by Lemma 3.5.2, giving I1;;.

To show that the operator II satisfying (3.7.2) and (3.7.3) is unique microlocally near
/A\, we show by induction that each such II satisfies II = II;, + O(h*) microlocally near A.
First of all, IT has the form (3.7.5) for some operator @)y microlocally near JA\, by part 2
of Proposition 3.6.9; moreover, by the proof of this fact, we can take o(Qo)|x = 0 near
K. Now, 0(Qo)|g, are determined uniquely by the transport equations (3.7.6), and this
gives T = II; + O(h) microlocally near A. Next, if II = II, + O(h*) for some k > 0,
then, as follows from the proof of Part 2 of Proposition 3.6.9, IT has the form (3.7.7) for
some operator @, microlocally near A, such that 0(Qr)|x = 0 near K. Then o(Qk)lp, are
determined uniquely by the transport equations (3.7.8), and this gives II = I + O(h**1)
microlocally near A. O]

3.7.2 Annihilating ideals

Let IT € Ieomp(A°) be the operator constructed in Theorem 3.3. In this section, we construct

pseudodifferential operators O, annihilating II microlocally near /A\; they are key for the
microlocal estimates in §3.8. More precisely, we obtain

Proposition 3.7.1. If § > 0 in the definition (3.7.1) ofﬁ/\ is small enough, then there exist
compactly supported O € WP (X)) such that:

(1) IO_ = O(h*®) and ©,11 = O(h*>) microlocally near A;
(2) 0(©1) = 1 near W, with .. defined in Lemma 3.5.1;
(8) if P is the operator constructed in Lemma 3.4.3, then
[P,O_] =—ih©_Z_+ O(h*™), [P,O.]=1ihZ, 0, + O(h™) (3.7.9)

macrolocally near /W, where Z. € WP (X)) are compactly supported and o(Z1) = c4
near W, with cy defined in Lemma 3.5.1;

(4) ifImO, = 5-(0, —0%) and ¢ = o(h~ ' ImO,.), then
1 o~
H,( =—c;(— §{go+, ci .} on Ty near W, (3.7.10)

(5) there exists an operator = : C*°(X) — C§°(X), satisfying parts 1 and 2 of Proposi-
tion 3.6.13 and such that

1-II=0_=Z+0(h™) microlocally near W xW. (3.7.11)
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Proof. The operators O, satisfying conditions (1) and (2) exist by part 1 of Proposi-
tion 3.6.11. Next, since [P, ] = O(h*) microlocally near A, we find

I[P,0_] = O(h®), [P,O.]I=0(h)

microlocally near //i; condition (3) now follows from part 2 of Proposition 3.6.11. The symbols
0(Zy) can be computed using the identity H,py = Fcyppy from part (2) of Lemma 3.5.1.
Condition (5) follows 1mmed1ately from Proposition 3.6.13, keeping in mind that by making
§ small we can make W contained in an arbitrary neighborhood of K.

Finally, we verify condition (4). Taking the adjoint of the identity [P, 0] = ihZ, 0 +
O(h*>) and using that P is self-adjoint, we get microlocally near W,

[P,O©7%] =ihO Z7].
Therefore, microlocally near 1%

By comparing the principal symbols, we get (3.7.10). O

3.8 Resolvent estimates

In this section we give various estimates on the resolvent R(w), in particular proving The-
orem 3.1. In §3.8.1, we reduce Theorem 3.1 to a microlocal estimate in a neighborhood of
the trapped set, which is further split into two estimates: on the kernel of the projector II
given by Theorem 3.3, proved in §3.8.2, and on the image of II, proved in §3.8.3. In §3.8.4
we obtain a restriction on the wavefront set R(w) in w on the image of II, needed in §3.10.
Finally, in §3.8.5, we discuss the consequences of our methods for microlocal concentration
of resonant states and the corresponding semiclassical measures.

3.8.1 Reduction to the trapped set

We take 6 > 0 small enough so that the results of §3.7.1,3.7.2 hold, and define following (3.7.1)
(with 07 chosen in §3.5.4),

o~

W .= U5 ﬂp_l([ao - 51/270[1 + 51/2]), W, = U(s/g ﬂp_l([ao - 51/4, a1+ 51/4]), (381)

so that W' is a neighborhood of K N p~!([ap, a1]) compactly contained in W. Here Uy is
defined in (3.5.8).

For the reductions of this subsection, it is enough to assume that w satisfies (3.4.1). The
region (3.1.5) will arise as the intersection of the regions (3.8.9) and (3.8.11) where the two
components of the estimate will hold.
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To prove Theorem 3.1, it is enough to show the estimate

il < CR72 flls, + O(h) (3.8.2)

for each @ = @(h) € Hy with ||@||3, bounded polynomially in A and for f = P(w)i, where
w = w(h) satisfies (3.1.5).
Subtracting from « the function v constructed in Lemma 3.4.5, we may assume that

WF,(f) ¢ W'

Let S(w) be the operator constructed in Lemma 3.4.3, §’'(w) be its elliptic parametrix near

—

U DO W constructed in Lemma 3.3.3, and put
wi= 8w, fi=8w)f
so by (3.4.9), for the operator P constructed in Lemma 3.4.3,
(P —w)u=f microlocally near W, WF,(f) C w. (3.8.3)
By ellipticity (Proposition 3.3.2) and since WF,(f) C W/,
WF(u) N W C p~ Yoo — 61 /4, oy + 61/4)). (3.8.4)

Let ¢+ be the functions constructed in Lemma 3.5.1. By Lemma 3.4.4, u satisfies the
conditions (see Figure 3.5)

WE(u) "W C {|o4] < 5/2}, (3.8.5)
WEF,(u) NI c W' (3.8.6)

Indeed, if p € WF,(u) NU, then either p € T'y (in which case (3.8.5) and (3.8.6) fol-
low immediately) or there exists 7' > 0 such that for v(t) = e (p), v([~T,0]) C U and
v(=T) € WF,(f) € W'. In the second case, if p € W, then by convexity of Uy (part (5) of
Lemma 3.5.1) we have v([-T,0]) C W. To show (3.8.5), it remains to use that H,p? < 0
on W, following from part (2) of Lemma 3.5.1. For (3.8.6), note that if p € I'_, then
v(=T) € T_ N W’'; however, e»(C_NW') C T_NW’ for all t > 0 and thus p € W',

By Lemma 3.4.6, we reduce (3.8.2) to

Al 2 < Ch2| f||z2 + Oh™), (3.8.7)

where A; € U™P(X) is any compactly supported operator elliptic on W”.
Now, let IT € Ieomp(A°) be the operator constructed in Theorem 3.3 in §3.7.1. Note that

(P —w)Ilu =1If + O(h*) microlocally near W, (3.8.8)

since [P, II] = O(h*) microlocally near W x W, WE,(IT) € A° C I'?. x I'Y, and by (3.8.6).
We finally reduce (3.8.7) to the following two estimates, which are proved in the following
subsections:
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Figure 3.5: A phase space picture of the geodesic flow near W. The shaded region corre-
sponds to (3.8.5) and (3.8.6).

Proposition 3.8.1. Assume that u, f are h-tempered families satisfying (3.8.3)—(3.8.6) and
Rew € [ag, 1], Imw € [—(vpin — €)h, Cohl. (3.8.9)

Then there exists compactly supported Ay € WP(X) elliptic on W' such that
[A1(1 = Mul|z < CATY|ES]| 2 + O(h™), (3.8.10)

where = is the operator from part (5) of Proposition 3.7.1; note that by part 1 of Proposi-
tion 3.6.13, ||E||L2—>L2 = O(hil)

Proposition 3.8.2. Assume that u, f are h-tempered families satisfying (3.8.3)~(3.8.6) and

Rew € o, 1], Imw € [=Coh, Coh] \ <— Yoo + 5h, _ Pmin gh), (3.8.11)

2 2
Then there ezists compactly supported Ay € W™ (X)) elliptic on W' such that

| A T 2 < Ch™|[ILF| 2 + O(h). (3.8.12)

Note that by Proposition 3.6.1 and the reduction to the model case of §3.6.2, we have
HH||L2—>L2 - O(h_l/Q).
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3.8.2 Estimate on the kernel of II

In this section, we prove Proposition 3.8.1, which is a microlocal estimate on the kernel
of IT (or equivalently, on the image of 1 — II). We will use the identity (3.7.11) together
with the commutator formula (3.7.9) to effectively shift the spectral parameter to the upper
half-plane, where a standard positive commutator argument gives us the estimate.

By (3.8.8), we have microlocally near W,

(P—w)(1—-IDu=(1-1I)f + O(h*™) (3.8.13)
Let ©_ € U™(X) and = be the operators constructed in Proposition 3.7.1, and denote

f.

(1]
(1]

vi=Z2u, ¢:=

Then microlocally near /1/17,
(1-TMHu=6_v, (1-1I)f=06_g. (3.8.14)

Indeed, by part 2 of Proposition 3.6.13, (3.8.6), and the fact that WF,(II) C A° C I'® x I'},

we see that 1 — II = ©_Z + O(h™) microlocally near (WF(u) \ /W) x W, since each of the
featured operators is microlocalized away from this region. Combining this with (3.7.11),

we see that 1 — II = ©_Z + O(h™) microlocally near WF,(u) x W, and thus also near
WEF(f) x W, yielding (3.8.14).
By part 2 of Proposition 3.6.13 together with (3.8.4)—(3.8.6) and part (4) of Lemma 3.5.1,

WEF},(v) UWFL(g) C p Yo — 01/4, a1 + 6, /4)), (3.8.15)
(WFp(0) UWF4(9)) N W C {|p.| < 6/2}. (3.8.16)

We now obtain a differential equation on v; the favorable imaginary part of the operator
in this equation, coming from commuting ©_ with P, is the key component of the proof.

Proposition 3.8.3. Let Z_ be the operator from (3.7.9). Then microlocally near /W,
(P —ihZ_ —w)v =g+ O(h™). (3.8.17)

Proof. Given (3.8.14), the equation (3.8.13) becomes (P —w)O_v = ©_g + O(h>) microlo-

—

cally near W, Using (3.7.9), we get microlocally near W,
O_(P—ihZ_ —w)v=0_g+ O(h™).

To show (3.8.17), it remains to apply propagation of singularities (part 2 of Proposition 3.3.4),
for the operator ©_. Indeed, by part (4) of Lemma 3.5.1, for each p € W, there exists t > 0
such that the Hamiltonian trajectory {e*#-(p) | 0 < s < t} lies entirely inside W and
efe—(p) lies in {¢, = —d} and by (3.8.16) does not lie in WF,((P—ihZ_—w)v—0_g). O



CHAPTER 3. RESONANCES FOR R-NORMALLY HYPERBOLIC TRAPPING 170

We now use a positive commutator argument. Take a self-adjoint compactly supported
X_ € vomP(X) such that WF,(X_) is compactly contained in W and o(X_) = x(¢_) near
wn WEF},(v), where ¢_ is defined in Lemma 3.5.1, x € C§°(—0,9), sx'(s) < 0 everywhere,
and x = 1 near [—0/2,0/2]. This is possible by (3.8.15) and (3.8.16). Put Imw = hv;
by (3.8.17) and since P is self-adjoint,

h
Im(X_v,g) = 5((ZiX, +X_Z_+2vX_)v,v)

1
+2_i<[P’ X_Jv,v) + O(h) = h{(Y_v,v) + O(h™),
where Y € U™P(X) is compactly supported, WF,(Y_) C WF,(X_) C W and, using the
function c_ from part (2) of Lemma 3.5.1 together with part (3) of Proposition 3.7.1, we

write near W N WE,(v),

(3.8.18)

1 1

o(Y-) = (e- +v)x(p-) = g Hpx(p-) = (e~ +v)x(p-) — §c—w—x’(<ﬁ—)-

However, v > —(vmin — €) by (3.8.9) and by (3.5.9), c— > (Vmin — €) 0on W; therefore

o(Y-) >0 near WFy(v), o(Y-) >0 near WF,(v)NnW". (3.8.19)
To take advantage of (3.8.19), we use the following combination of sharp Garding inequality
with propagation of singularities:
Lemma 3.8.4. Assume that Z,Q € W™ (X) are compactly supported, WF,(Z), WF,(Q)
are compactly contained in W, Z* = Z, and

o(Z) >0 near WF,(v), o(Z)>0 near WF,(v) NV
Then
1Qu|32 < C{Zv,v) + Ch™2||g||72 + O(h™). (3.8.20)

Proof. Without loss of generality, we may assume that @ is elliptic on WF(Z) U W’. There
exists compactly supported @1 € W°™P(X), elliptic on W', such that o(Z — Q7Q1) > 0 near
WF,(v) and @ is elliptic on WF,(Q1). Applying sharp Garding inequality (Proposition 3.3.6)
to Z — Q1Q1, we get

1Q1v]|72 < C{Zv,v) + Ch||Qu||72 + O(h™). (3.8.21)

Now, by (3.8.15), (3.8.16), and since H,p* > 0 on W \I'_ by part (2) of Lemma 3.5.1, each
backwards flow line of H, starting on WEF,(Q) reaches either WF(Q1) or the complement
of WF,(v), while staying in /W; by propagation of singularities (Proposition 3.3.4) applied
to (3.8.17),

1Qullz2 < CllQuvllr2 + Ch™Hg]lz2 + O(h™). (3.8.22)

Combining (3.8.21) and (3.8.22), we get (3.8.20). O
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Now, there exists A; € U™P(X) compactly supported, elliptic on W’ and with WF;(A;)
compactly contained in W, such that the estimate

[(X_v, g)| < Eh[|Arv]|7> + Ceh™|gllz2 + O(h) (3.8.23)

holds for each € > 0 and constant C: dependent on £. Taking ¢ small enough and combin-
ing (3.8.18), (3.8.20) (for Z =Y_ and Q = A;), and (3.8.23), we arrive to

1Arv]lz2 < Ch7Hlgll 2 + O(R).

Since (1 — IT)u = ©_v microlocally near W, we get (3.8.10).

3.8.3 Estimate on the image of II

In this section, we prove Proposition 3.8.2, which is a microlocal estimate on the image of II.
We will use the pseudodifferential operator © microlocally solving © I = O(h™) to obtain
an additional pseudodifferential equation satisfied by elements of the image of II. This will
imply that for a pseudodifferential operator A microlocalized near K, the principal part of
the expression (Allu(h),Ilu(h)) depends only on the integral of o(A) over the flow lines
of V., with respect to an appropriately chosen measure. A positive commutator estimate
finishes the proof. .

By (3.8.8), we have microlocally near W,

(P —w)llu =1I1f + O(h™). (3.8.24)
Let ©, € U™P(X) be the operator constructed in Proposition 3.7.1, then by (3.8.6),
O, ITu = O(h*) microlocally near w. (3.8.25)
We start with
Lemma 3.8.5. Let ¢ :=o(h ' Im©,). Take the function v on Ty N W such that
{o+, ¥} =2¢, Y[x=0. (3.8.26)

Assume that A € WP (X)) satisfies WF,(A) € W and
/(ewa(A)) oetler ds =0 on K. (3.8.27)

The integral in (3.8.27), and all similar integrals in this subsection, is taken over the interval
corresponding to a maximally extended flow line of H,, in I' NW.
Then there ezists compactly supported Ay € WP (X)) with WF,(Ag) € W such that
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Proof. By (3.8.27), there exists ¢ € C’go(ﬁ/\) such that {¢,e%q} = e¥o(A) on T'y. We can
rewrite this as

{o+,q9} +2(qg=0(A) onT,. (3.8.28)
Take Q,Y € U™P(X) microlocalized inside W and such that o(Q) = ¢q and
o(A) ={ps,q} + 20 + o (Y)py.
Then A = (ih)"1(QO, — ©*Q) + YO, + O(h)yeoms and thus for some Ay,
QO Iu, Iu) — (QITu, ©  Ilu)

ih
+O(h) || AoTTu||2: + O(h™).

(Allu, Tuy = < + (YO, ITu, [Tu)

The first three terms on the right-hand side are O(h*) by (3.8.25). O

Now, take compactly supported self-adjoint X, € W™P(X) such that WF,(X,) is com-
pactly contained in W and the symbol y, := o(X,) satisfies x; > 0 everywhere, y,+ > 0 on

W', and
/(ed’)@r) oefler ds =1 on K Np (g — 61/4, y + 6, /4)). (3.8.29)
Putting Imw = hv, we have by (3.8.24)

Im (X u, 11 f) = ho (X, Tu, TTu) + %([P, Xy Hu, u) + O(h™)
i

(3.8.30)

where Y, € U™P(X) is compactly supported, WF, (V) C WF,(X,) C W, and

o(Vy) = vx+ — Hpx+/2.

We now want to use Lemma 3.8.5 together with Garding inequality to show that (), ITu, ITu)
has fixed sign, positive for v > — (v — €)/2 and negative for v < —(vyax + €)/2. For that,
we need to integrate o()y) over the Hamiltonian flow lines of ¢, on I'y, with respect to the
measure from (3.8.27). This relies on

Lemma 3.8.6. If ¢, is defined in Lemma 3.5.1, then

/(6¢HPX+) oefler ds = —c,  on KNp Y[oag — 61/4, y + 6,/4)). (3.8.31)
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Proof. By part (2) of Lemma 3.5.1, we have on I'y N W
(€8H¢+)*85(€_5Hw+)*Hp = _[Hp7 H%L] = C+H<P+'
Therefore, we can write (at p € K and s such that e*¢+(p) € /V[7)

(e=sHes) H, = H,+w(s)H,, on K

o

where w(s) is the smooth function on K x R given by
Osw(s) = c; o ee+ | w(0) = 0.

Now, differentiating (3.8.29) along H, and integrating by parts, we have on K N p~*([ag —
51/4, o1+ (51/4])

/ (Hp(e¢X+)) o 65H<P+ ds = /(Hp + w(8>65>((6¢x+) o 65H<p+) ds
- /<€wC+X+) o e*fer ds;
therefore,
/ (e¥H,xy) o estler ds = — / (e¥(cy + Hyp)xy) o eHer ds. (3.8.32)
Now, we find on I'; N W by (3.8.26) and (3.7.10),
Hy, Hyp = (Hy + ¢y )Hp 0 = 2(H, + ¢4 )¢ = —Hy ¢y
We have on K N /V[7, H,p = 0; thus
cy +Hypp =cpomy on F+ﬂ/ﬂ7

and by (3.8.32) and (3.8.29), on K Np~!(Jag — 01/4, a1 + 1/4]),

/(6¢HPX+) oeter ds = —c,, /(e%g) oeler ds = —c,.

This finishes the proof of (3.8.31). O

Using (3.8.29), (3.8.31), and Lemma 3.8.5 (taking into account (3.8.4)), we find for some
compactly supported A; € P with WF,(A;) C W and A; elliptic on W/ U WF,(X,),

(YVillu, Tu) = (21w, Iu) + O(h) || Ai1Tu|| 7> + O(h*)

where Z, € U™P(X) is any self-adjoint compactly supported operator with WF,(Z,) C W
and

0(Z21) =W+ (cpom)/2)x+ onli.
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Then by (3.8.30),
Im (X ITu, ILf) = h{Z, Tu, TTu) + O(h?)|| A TTul|72 + O(h™). (3.8.33)

Now, by (3.5.9), Vmin — € < ¢4 < Vnmax +€ on K, therefore, keeping in mind that WF, (ITu) C
I'e, we find

0(Zy) >0 near WF,(Ilu) for v > — (v — €)/2, (3.8.34)
0(Z4) <0 near WF,(ITu) for v < —(Vmax +€)/2. (3.8.35)

Moreover, in both cases o(Z;) # 0 on WEF,(ITu) N W’. We now combine sharp Garding
inequality and propagation of singularities for the operator ©:

Lemma 3.8.7. Assume that Z,Q) € W™ (X) are compactly supported, WF,(Z), WF,(Q)
are compactly contained in W, Z* = Z, and

o(Z) >0 near WF,(Ilu), o(Z) >0 near WF,(ITu) N W".

Then
|QITu||3. < C{Zu, Hu) + O(h™). (3.8.36)

Proof. We argue similarly to the proof of Lemma 3.8.4, with (3.8.22) replaced by
|QMul| 12 < C||Q11Tul| 2 + O(R™). (3.8.37)

The estimate (3.8.37) follows from propagation of singularities (Proposition 3.3.4) applied
to (3.8.25). Indeed, by part (4) of Lemma 3.5.1 together with (3.8.4), for each p € W N

WF,,(Iu) C T, there exists ¢ € R such that e'#+(p) € W’ and e*#+(p) € W for each s
between 0 and ¢. [

Using (3.8.36) (for Z = +Z,,Q = A;), (3.8.33), and an analog of (3.8.23), we complete
the proof of (3.8.12).

3.8.4 Microlocalization in the spectral parameter

In this section, we provide a restriction on the wavefront set of solutions to the equation
(P —w)u = f in the spectral parameter w, needed in §3.10. We use the method of §3.8.3,
however since Rew is now a variable, we will get an extra term coming from commutation
with the multiplication operator by w. Because of the technical difficulties of studying
operators on product spaces (namely, a pseudodifferential operator on X does not give rise
to a pseudodifferential operator on X X (ag, ;) since the corresponding symbol does not
decay under differentiation in € and thus does not lie in the class S* of §3.3.1), we use the
Fourier transform in the w variable.
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Proposition 3.8.8. Fizv € [—Cy, Cy] and put w = a+ihv, where o € (ap, 1) is regarded as
a variable. Assume that u(z,a; h) € C(lag, a1]; Hi), f(x,a;h) € C(lawg, aq]; Hz) have norms
bounded polynomially in h, satisfying (3.8.3)—(3.8.6) uniformly in «. Define the semiclassical
Fourier transform

u(x, s;h) = / e_iSTau(a:, a; h) da, (3.8.38)

ap
and f(x,s;h) accordingly. Then there exists Ay € W™ (X) elliptic on W' such that:
1. If v > —(Vmin — €)/2, then for any fizved sy € R,

T || L2 (ool zzx) = O(h) = | AiTTa(s0) || 2x) = O(h™). (3.8.39)
2. If v < —(l/maX +¢)/2, then for any fized sy € R,

Proof. We consider case 1; case 2 is handled similarly using (3.8.35) instead of (3.8.34). Since
u(c), f(a) are h-tempered uniformly in «, their Fourier transforms a(s), f(s) are h-tempered
and satisfy (3.8.3)-(3.8.6) in the L? sense in s; therefore, the corresponding O(h>) errors
will be bounded in L? for expressions linear in , f and in L} for expressions quadratic in
@, f. We also note that for each j, the derivatives d7ai(s), 8 f(s) are h-tempered uniformly
in s € R and also in the L? sense in s.

Taking the Fourier transform of (3.8.8), we get

2([s0,00))L2(X) = O(hoo) — ||A1Ha<80)”L?L(X) = O(hoo) (3840)

(hD, + P — ihw)Ia(s) = I1f(s) + O(h®)2@®) microlocally near w. (3.8.41)

We use the operators X, Z,, A; from §3.8.3. Similarly to (3.8.33), we find

In (X, TWi(s), T () = 004(%, Ta(s), Ta(s))

Fh{Z,TTi(s), Ti(s) + O(h)]| ArTla(s) |32 + Oh) 1z,

Integrating this over s € (—00, so], by the assumption of (3.8.39), we find

S0

(X4 ITa(so), Ti(sp)) + 2 /_ (Z+1la(s), a(s)) ds (3.8.42)

< Ch||AiTTa(s)]| 72 2 +O(h).

(—00,50])

Applying Lemma 3.8.7 to Q@ = A; and Z = Z,, X, and using (3.8.34), we get
[ATa(s) |2 < C(Z, Tals), Ta(s)) + O(h™) 1ya) (35.43)
A TTa(s0) 72 < C(X TTa(so), Ta(so)) + O(h™). (3.8.44)

Combining (3.8.42) with (3.8.43), integrated over s € (—o0,sg|, and (3.8.44), we get the
conclusion of (3.8.39). O
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3.8.5 Localization of resonant states

In this section, we study an application of the estimates of the preceding subsections to
microlocal behavior of resonant states, namely elements of the kernel of P(w) for a resonance
w. Assume that we are given a sequence h; — 0, and w(h) € C,a(h) € H;, defined for h in
this sequence, such that

Pw)a =0, [l =1;

3.8.45
Rew € [ap, 1], Imw € [=(Vmin — €)h, Cohl; ( )

the condition on w is just (3.8.9). We also use the operators S(w) and P from Lemma 3.4.3
and put
u = S(w)u, (3.8.46)
so that
(P —w)u=0O(h™) microlocally near U. (3.8.47)

We say that the sequence u(h;) converges to some Radon measure p on 7% X, and we call p

the semiclassical defect measure of u (see [137, Chapter 5]) if for each compactly supported
A € UO(M), we have
(Au,u) — o(A)du as h; — 0. (3.8.48)
T*M
Such g is necessarily a nonnegative measure, see [137, Theorem 5.2].

Theorem 3.4. Let u(h) be a sequence of resonant states corresponding to some resonances

w(h), as in (3.8.45), and u defined in (3.8.46). Take the neighborhood w of KNp~'([ap, 1))
defined in (3.7.1). Then:

(1) WFh(ﬁ) NU C F+ mp_l([Oé07CY1]),'

(2) for each Ay € V™P(X) elliptic on K N p~'([ag, 1)), there exists a constant ¢ > 0
independent of h such that ||Ajul|r2 > ¢;

(3) u = lu+ O(h*®) and O,u = O(h*>) microlocally near W, where 11 is constructed in
Theorem 3.3 in §3.7.1 and Oy is the pseudodifferential operator from Proposition 3.7.1;

(4) there exists a smooth family of smooth measures pi,, p € K Np~*([ap, a1]), on the flow

line segments Wll(p) NW c 'y of V., independent of the choice of u, such that if u
converges to some measure p on T*M in the sense of (3.8.48), and Rew(h;) = ws,
h'Imw(h;) — v as hj — 0, then plg has the form

ply = / 1o dfi(p), (3.8.49)
Knp=H(weo)
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for some nontrivial measure ji on K Np~*(ws), such that for each b € C=(K),

/ Hyb— (20 + e )bdji = 0, (3.8.50)
Knp=!(we)

with the function cy defined in Lemma 3.5.1.

Remark. The equation (3.8.50) is similar to the equation satisfied by semiclassical defect
measures for eigenstates for the damped wave equation, see [137, (5.3.21)].

Proof. Part (1) follows immediately from Lemma 3.4.4, part (2) follows from Lemma 3.4.6
and implies that ulg is a nontrivial measure in part (4). By the discussion in §3.8.1, u
satisfies (3.8.3)-(3.8.6), with f = 0. The first statement of part (3) then follows from
Proposition 3.8.1. Indeed, we have (1—1IT)u = O(h*) microlocally near the set W’ introduced
in (3.8.1); it remains to apply propagation of singularities (Proposition 3.3.4) to (3.8.13),
using Lemma 3.4.1. The second statement of part (3) now follows from (3.8.25).

Finally, we prove part (4). First of all, u; is supported on Iy by part (1), and on p~!(w)
by (3.8.47) and the elliptic estimate (Proposition 3.3.2; see also [137, Theorem 5.3]). Next,
note that by Lemma 3.8.5 and since v = ITu + O(h*) microlocally near W, we have for each

—~

a € C3°(W) and the function ¢ given by (3.8.26),
/(e¢a)(63HW+ (p)ds=0 forall pc KNp ' (ws) = /adu = 0.
This implies (3.8.49), with

/ad,up = /(ewa)(eSH“ (p))ds, ac€ C{;O(W), p€KNp Hws).

—~

To see (3.8.50), we note that by (3.8.47), for each a € C§°(W') we have (see the derivation
of [137, (5.3.21)])

/Hpa —2vadyp = 0. (3.8.51)

Put b(p) = [adu, for p € K Np '(ws). Similarly to Lemma 3.8.6 (replacing 1 by b(p) on
the right-hand side of (3.8.29)), we compute

[ Hadu = Bo) ~ c(plblo). pe Kp(wn)

and (3.8.50) follows by (3.8.51). O



CHAPTER 3. RESONANCES FOR R-NORMALLY HYPERBOLIC TRAPPING 178

3.9 Grushin problem

In this section, we construct a well-posed Grushin problem for the scattering resolvent,
representing resonances in the region (3.8.9) as zeroes of a certain determinant F'(w) defined
in (3.9.25) below. Together with the trace formulas of §3.10, this makes possible the proof
of the Weyl law in §3.11.

We assume that the conditions of §§3.4.1 and 3.5.1 hold, fix € > 0 (to be chosen in
Theorem 3.2), and use the neighborhoods W’ C W of KN p ! ([co, aq]) defined in (3.8.1);
let 9, 0; > 0 be the constants used to define these neighborhoods. Take compactly supported
Q1,Q2 € U (X)) such that (with Us defined in Lemma 3.5.1)

@1 =1+ O(h™) microlocally near Us/ys N p~ " (Jag — 01/6, a1 + 6,/6]),
Q2 =14 O(h™) microlocally near Us/s N p~ " ([ag — 01/5, a1 + 61/5)), (3.9.1)
WF(Q1) € UsssNp~'([ao — 01/5, a1 4 61/5]),  WF,(Q2) € W'

We will impose more restrictions on ()1 later in Lemma 3.9.2.
Using the operator P(w) : H; — Hs from §3.4.1 and the operator S(w) constructed in
Lemma 3.4.3, define the holomorphic family of operators

o P(“) S(W)Q1HQ2
Glw) = (QlﬂQQS(w) 1 - QuI1Q;

Here I € Ioomp(A°) is the operator constructed in Theorem 3.3 in §3.7.1; it is a microlocal
idempotent commuting with the operator P from Lemma 3.4.3 microlocally near the set
A= AN (WNW). Note that, since @1, Q)2 are microlocalized away from fiber infinity, G(w)
is a compact perturbation of P(w) @ 1, and therefore Fredholm of index zero.

In this section, we will prove

) cH1 @ LX) — Hy @ LA(X).

Proposition 3.9.1. There exists a global constant’ N such that for w satisfying (3.8.9),

1G(w) Hrsrzmer: = O(RY). (3.9.2)

Moreover, if

Glw) ™" = (%18 %28) 7 (39.3)

then Rag(w) = 1 — Laa(w) + O(h™)pr e, where Lag(w) € Leomp(A°) is microlocalized inside
A and the symbol oa(Lag) defined in (3.6.30) satisfies

_a(@1)(p)* + (p(p) — w)a(Q1)(p) 5
TP = S0 o8 + le) - e@u) -1 PEE B

"A more careful analysis, as in §3.8, could give the optimal value of N; we do not pursue this here since
the value of NV is irrelevant for our application in §3.11.
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To prove (3.9.2), we consider families of distributions u(h) € Hy, f(h) € Ha, v(h),g(h) €
L?(X), bounded polynomially in % in the indicated spaces and satisfying G(u,v) = (f,9),
namely

P(w)u+ S(w)Q:11Qav = f, (3.9.5)
Q1 1Q2S (w)u + (1 — Q111Q2)v = g. (3.9.6)

Note that by (3.4.9), (3.9.5) implies
(P — w)S(w)u+ Q1I1Qzv = S'(w) f + O(h>) microlocally near U. (3.9.7)

Here §’(w) is an elliptic parametrix of S(w) near U constructed in Proposition 3.3.3.
To show (3.9.2), it is enough to establish the bound

lullze, + l[vllz2 < CRT (I fllae + llgllzz) + O(R>). (3.9.8)
We start with a technical lemma:
Lemma 3.9.2. There exists Q1 € V(X)) satisfying (3.9.1) and such that
c(Q1)* + (p—w)(o(Q1) —1)#0 on K for allw € [ag, o). (3.9.9)
Proof. 1t suffices to take @1 such that o(Q1)|x = ¥(p), where ¥ € C§°(ag — 01/5, 1 + 61/5)
is equal to 1 near [ag — 1/6, a9 + 1 /6] and
PN+ A —w)(WAN) —1)#£0, NER, w e [ag, ). (3.9.10)

We now show that such 1) exists. The equation (3.9.10) holds automatically for A & (o —
01/5, a1 + 61/5), as ¢ = 0 there and the left-hand side of (3.9.10) equals w — X\ # 0. This
however also shows that a real-valued ) with the desired properties does not exist. We take
Rey € C§ (o — 01/5, a1 + 81/5) equal to 1 near [ag — 61/6, 1 + 61/6] and take values in
[0,1] and Im v € C§°(ay + 01/6, a1 + 91 /5) a nonnegative function to be chosen later. Then
the left-hand side of (3.9.10) is equal to 1 for A € [ay — 1/6, a1 + 61/6] and is positive for
A € [ag — 01/5, a0 — 01/6]. Next, the imaginary part of (3.9.10) is

Imy(A)(2Rep(N) + A — w).

Since 2Re(A) + A —w > 0 for A\ € [y +d1/6, a1 + §1/5], it remains to take Im¢(A) > 0 on
a large compact subinterval of (ay + 6;/6, oy + 91/5); then 1) satisfies (3.9.10). O

Using Lemma 3.9.2, we determine v microlocally outside of the elliptic region:

Proposition 3.9.3. Let Q)1 be chosen in Lemma 3.9.2. Then there exist L5, (w), L5y (w) €
Loomp(A®) holomorphic in w, microlocalized inside A, and such that for all u,v, f, g satisfy-

ing (3.9.5), (3.9.6),
v=Lgf+ (1 —-Ls)g (3.9.11)

microlocally outside 0fF+ﬁWﬂp_1([a0—51/8, a1+01/8]). Moreover, op(LS,) satisfies (3.9.4)
for p & p~H(lag — 01/8, a1 + 61/8]).
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Proof. Using Proposition 3.3.3, construct compactly supported R¢(w) € ¥™P(X) such that
R¢(w)(P — w) = 1+ O(h*) microlocally near W \ p~*(cg — 61/8, ay + 81/8). By (3.9.7), we
get

S(w)u = R (w)(S'(w)f — Q11IQzv) + O(h™)

microlocally near W \ p~(ag — 61/8, i + 61/8). Substituting this into (3.9.6), we get

(1— LYo =g— QIQ2R*(w)S (w)f + O(h™) (3.9.12)
microlocally outside of Iy N W N p Yl — 61/8, 1 + 61/8]), where L' = Q11Q5(1 +
RG(U))QIHQQ) c [Comp(Ao) and WFh(L/> C A.

Let oao(L’) be the symbol of L', defined in (3.6.30). By (3.6.31)—(3.6.33), and since
oa(I)|x = 1 near W (see part 1 of Proposition 3.6.9 or §3.7.1), we find for p € K\ p~!(ag —
51/8,0&1 + (51/8),

oa(L)(p, p) = o(Q1)(p) (1 + o(Q1)(p)/(p(p) — w));
it follows from (3.9.9) that
oa(L)|xk #1 outside of p~*(ag — 61/8, ay + 01/8). (3.9.13)

By Proposition 3.6.6, there exists L§,(w) € Icomp(A°), with WFy(LS,) C A, such that (1—
L5,)(1—L") = 1+O(h*>) microlocally outside of p~ ([cg— 81 /8, a1 +81/8]), and note that the
symbol o (LS,) satisfies (3.9.4) for p & p~'([g — 61/8, a1 + 61/8]) by (3.6.34). By (3.9.12),
we get (3.9.11) with Ly (w) = —(1 — LSy (w))Q111Q2 R (w)S’ (w). O

By Proposition 3.9.3, replacing v by A.v, where A, € U™P(X) is compactly supported,
WF(A.) cUNp Y ag—01/T,1+01/7), and A, = 1+ O(h>) near WNp~! [y —61/8, a1 +
91/8]), we see that it is enough to prove (3.9.8) in the case

WFh(U) cu ﬂp_l([ozo — 51/7, a1 + 51/7]) (3914)

Using Lemma 3.4.5, consider ' € H; such that ||u/||, < Ch7| f]|3, and WF,(P(w)u'—f) C
WFL(Q1) Np~Hag — 61/7, 1 + 81/7]). Subtracting v’ from u, we see that is suffices to
prove (3.9.8) for the case

WE,(f) € WFL(Q1) Np Y[y — 01/7, a1 + 6,/7)). (3.9.15)

By (3.9.14), the wavefront set of P(w)u = f — S(w)Q111Q2v satisfies (3.9.15). Arguing as
in §3.8.1, and keeping in mind (3.9.7), we see that u satisfies (3.8.4)—(3.8.6); in fact, (3.8.4)
can be strengthened to

WE,(u) "W C p~ Yo — 61/7, 1 + 61/7)). (3.9.16)
and (3.8.6) can be strengthened to
WFh(U) NnIre c U5/3 ﬂpil([ao — 51/7, oy + (51/7}) (3917)

We can now solve for v:
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Proposition 3.9.4. Assume that u,v, f, g satisfy (3.9.5), (3.9.6), (3.9.14), (3.9.15). Then

Proof. Since I1? = II + O(h*) microlocally near WxWand Q=1+ O(h>) microlocally
near K Np~*([ag — 01/6, a1 + 01/6], we have

QI =11+ O(h™) microlocally near (W Np [ag — 61/6, a1 + 6,/6])) x w. (3.9.19)
We rewrite (3.9.6) as
QIIQ2(S(w)u — g) + (1 = Q111Q2) (v — g) = 0. (3.9.20)

It follows immediately that WF (v —g) C WF;,(Q1) and thus Qx(v—g) = v—g+ O(h™)cse.
Also, by (3.9.6), (3.9.14), and (3.9.16), WF,(g9) CUNp ' ([ag — 61/7, 1 + 01/7]). Applying
IT to (3.9.20) and using (3.9.14), (3.9.16), and (3.9.19), we get [1Q>S (w)u — l1Q29 = O(h>)
microlocally near W. By (3.9.17), we have T1Q»S(w)u = I1S(w)u + O(h)¢ge; therefore,

IIS(w)u = 11Q29 + O(h*™) microlocally near w. (3.9.21)
Then (3.9.20) becomes

Applying II to (3.9.7), using that [P, II] = O(h*) microlocally near W x W, and keeping in
mind (3.9.17), we get

(P — w)IS(w)u + 1Qv = IIS' (w) f + O(h>) microlocally near w. (3.9.23)
Together, (3.9.21) and (3.9.23) give
Qv = 118" (w) f — (P — w)IIQ29 + O(h™) microlocally near w.
By (3.9.22), we now get (3.9.18). O
By Proposition 3.9.4, we see that
lllze < CRTY ([ flloee + llgllz2) + O(B%). (3.9.24)

By Proposition 3.8.1 (using (3.9.7) instead of (3.8.3)), we get for some A; € W™ (X) elliptic
near W/,

1A (1 = IS (@)ullzz < Ch™Y (/| fllay + llgllz2) + O(h%).

Combining this with (3.9.21), we estimate ||Aju||z2 by the right-hand side of (3.9.24). Ap-
plying Lemma 3.4.6 to (3.9.5), we can estimate ||u||3, by the same quantity, completing the
proof of (3.9.8).
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It remains to describe the operator Ros from (3.9.3). We assume that u,v, f, g sat-
isfy (3.9.5), (3.9.6) and f = 0; then Ra2g = v. By Proposition 3.9.3, v = (1 — L§,)g+ O(h>)
microlocally outside of W N p ([ovg — 61 /8, ay +61/8]); it then suffices to describe v microlo-
cally near W Np~(Jag — 81/8, a1 +61/8]). Let A, be the operator introduced before (3.9.14)
and R°(w) be an elliptic parametrix for P — w constructed in the proof of Proposition 3.9.3.
Replacing (u,v) by (u 4+ S'(w)R(w)@Q111Q2(1 — A.)v, A.v), we may assume that (3.9.14)
and (3.9.15) hold, and in fact the resulting f is O(h*)ce and the resulting g coincides with
the original ¢ microlocally near W N p ([ag — 61/8, 1 + 81/8]). By Proposition 3.9.4, we
now get for the original v and g,

v=(1-Q1(P—w+ 1IQs)g + O(h>) microlocally near W Np ' ([ag — 61/8, a1 + 61/8]).

Note that Q1(P—w+1)IIQs € Ieomp(A°) and its principal symbol satisfies (3.9.4) in p~*([ap—

01/8, a1+91/8]), since 0(Q1)|x = 1 in that region. This finishes the proof of Proposition 3.9.1.

By Proposition 3.9.1, Ras(w) —1 is a compactly supported operator mapping H, ~ — HY

for all N, therefore it is trace class. We can then define the determinant (see for instance [123,
(A.6.38)])

F(w) :=det Ras(w), (3.9.25)

which is holomorphic in the region (3.8.9) and F(w) = 0 if and only if Rae(w) is not invertible
(see [123, Proposition A.6.16]). The key properties of F' needed in §3.11 are established in

Proposition 3.9.5. 1. Resonances in the region (3.8.9) coincide (with the multiplicities
defined in (3.4.3)) with zeroes of F(w).

2. For some constants C' and N, we have |F(w)| < e for w in (3.8.9), and |F(w)| >
e~ Ch™Y for w in the resonance free region (3.1.5).

3. For w in the resonance free region (3.1.5), we have

OuF(w)
F(w)

= = Tr((1 = QIIQ2 — QIS (W) R(w)S (w)@111Q2)d, L (w)) + O(h™).

Here Loy (w) is defined in Proposition 3.9.1.

Proof. 1. By Schur’s complement formula [137, (D.1.1)], and since G(w) is invertible by
Proposition 3.9.1, we know that P(w) is invertible if and only if Ras(w) is, and in fact

Pw) ™ = Ri(w) — Riz(w)Raz(w) ' Rar (w). (3.9.26)

To see that the multiplicity of a resonance wy defined by (3.4.3) coincides with the multiplicity
of wy as a zero of the function F(w) (and in particular, to demonstrate that the multiplicity
defined by (3.4.3) is a positive integer), it is enough to show that

LTl”% 73( ) 18 73( = —Tl"f Rgg &JRgg(w) dw; (3927)

21
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indeed, since 9, Ra(w) is trace class, we can put the trace inside the integral on the right-
hand side of (3.9.27), yielding 0,F (w)/F(w); therefore, the right-hand side gives the mutli-
plicity of wy as a zero of F/(w) by the argument principle.
Since 0,(G(w)™!) = —G(w) 1,6 (w))G(w) ™, we have
8WR22(UJ) = —Rgl (CL)) ((9w73(w))7€12(w) + A(W)RQQ(W) + RQQ(O})B(W),
where A(w), B(w) : L*(X) — L*(X) are bounded operators holomorphic at wy. By (3.9.26),
(3.9.27) follows from the two identities

7{ Riz2(w)Ras(w) "Ro1 (w)9,P(w) dw:Trjg Rz (w) ' Ra1(w) (9, P(w)) Rz (w) dw,

% R22 )RQQ( ) -+ RQQ((JJ)B(W)) dw = 0.

Both of them follow from the cyclicity of the trace, replacing Roz(w) ™! by its finite-dimensional
principal part at wy and putting the trace inside the integral.

2. By Proposition 3.9.1, the trace class norm ||Ra2(w) — 1||1y is bounded polynomially
in h. Using the bound |det(1 + T)| < el7lt (see for example [123, (A.6.44)]), we get
|F(w)] < e, By Theorem 3.1, we have |R(w)|,—, < Ch~2 when w satisfies (3.1.5).
Using Schur’s complement formula again, we get

RQQ((A})_I =1- Q1HQ2 — QlﬂQQS(W)R(W)S<W)Q1HQ2 (3928)

Then ||[Raz(w)™! — 1|l < Ch™Y and thus |F(w)| ™! = |det(Raa(w)™")| < e 7.

3. By Proposition 3.9.1, we have 9,Ra(w) = —0,Laz(w) + O(h*)p/_scee, thus
O.F(w)
Flw)
By (3.9.28), it then suffices to prove that
Tr(Q111(1 — Q2)S(w)R(w)S(w)Q111Q20,, Laa(w)) = O(h™).

For that, it suffices to show that the intersection of the wavefront set of the operator on the

left-hand side with the diagonal in T*X is empty. We assume the contrary, then there exists
p € T* X such that

(p, p) € WEL(Q1TI(1 — Q2)S(w)R(w)S(w)Q111Q20., Loz (w)).

Since both IT and d,, Lo are microlocalized inside A° C I'> NI'Y, we see that p € K° =TT NI
There exists p’ € T*X such that

(p,p') € WF(S(w)R(w)S(w)@Q111Q20,, Laa(w)), (o', p) € WF,(Q1I1(1 — Q2)).

For any h-tempered f € L*(X), we have WF,(S(w)Q111Q20, Las(w) f) C TS N W, therefore
by Lemma 3.4.4 we have WF,(R(w)S(w)Q111Q20, Laa(w)f) NU C T'y. It follows that
p € T'y. Since (p,p) € WFL(Q1II(1 — Q2)), we see that p = p € K°. However, then
p € WF,(Q1) N WF,(1 — @2), which is impossible since Q)3 = 1 + O(h*°) microlocally near
WFL(Q)). O

— Tr(RQQ(W)_lawLQQ(W)) + O(hoo>
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3.10 Trace formula

In this section, we establish an asymptotic expansion for contour integrals of the logarith-
mic derivative of the determinant F'(w) of the effective Hamiltonian of the Grushin problem
of §3.9, defined in (3.9.25). By Proposition 3.9.5, this reduces to computing contour inte-
grals of operators of the form IIR(w), where II is the projector constructed in Theorem 3.3
in §3.7.1. This in turn is done by approximating R(w) microlocally on the image of II
by pseudodifferential operators, using Schrodinger propagators and microlocalization in the
spectral parameter established in §3.8.4.

We operate under the pinching condition (3.1.7) of Theorem 3.2, namely Vyax < 2Vmin,
and choose ¢ > 0 such that vp.x + ¢ < 2(Vmin — €). Take x € C3° (g, 1) with ag, aq
from (3.4.1). Consider an almost analytic extension x(w) of x, that is y € C*°(C) such that
Xlr = x and Iz X (w) = O(| Imw|*). We may take x such that supp(x) C {Rew € (ag,a1)}.

The main result of this section is

Proposition 3.10.1. Tuke

Vmax +€ Vmin — €

v € [— (Vanin — ), — ,CO]. (3.10.1)

Let F(w) be defined in (3.9.25) and put

I; = (27rh)"_1/ X(w) ) dw. (3.10.2)

Imw=hv4

Then, with dVol, = o' /(n — 1)! the symplectic volume form,

— Jr _ .
I, -1 = 2772/}{)((}7)61\/010 +O(h). (3.10.3)
Remark. More precise trace formulas are possible; in particular, one can get a full asymp-
totic expansion in h of each of If. For simplicity, we prove here a less general version which
suffices for the analysis of §3.11.

The key feature of the expansions for the integrals (3.10.2), which produces a nontrivial
asymptotics for resonances in Theorem 3.2, is that the principal part of I;E depends on the
sign of £. The reason for this dependence is the difference of directions for propagation
in the resolvent approximation Ri of Proposition 3.10.2 for the two cases; this in turn is
explained by the difference between (3.8.39) and (3.8.40), which is due to the difference of
the signs of the ‘commutator’ Z, between (3.8.34) and (3.8.35).

We start the proof by using Proposition 3.8.8 to replace R(w) in the formula for 9, F(w)
/F(w) from Proposition 3.9.5 by an operator Ri(w) obtained by integrating the Schrodinger

—it(P—w)/h

propagator e over a bounded range of times ¢.
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Proposition 3.10.2. Fiz ¢ € C§°(R) such that ¢ = 1 near zero. For w € C, define the
operators Ri(w) : LA(X) — L*(X) by

0
! is(P—w
R (w) = E/_ P/ (s) ds; (3.10.4)
Ry(w) = —%/ Py (s) ds; (3.10.5)
0

Then, if supp v is contained in a small enough neighborhood of zero,

IF = —(27h)" ' T V(w)(1 — Q1Il
X ( " ) r/Imw:hZ/i X(w>( Ql Q2 (3106)

— Q1R (w)IQ111Q2) D,y Ly (w) dw + O(h™).
Proof. We concentrate on the case of Z;{ , the case of 7 is handled similarly, using (3.8.40) in
place of (3.8.39). We denote w = a+ihv,, where a € (ap, 7). By part 3 of Proposition 3.9.5,
it suffices to prove the trace norm bound

H/ B X(W)Q1(TIS(W)R(w)S(w) — Ry (w)I)Q111Q20,, Loy (w) dw|| = O(h™).

Tr

Since the operator on the left-hand side is compactly supported and microlocalized away
from the fiber infinity, it is enough to prove an estimate of the L? — L? operator norm
instead of the trace class norm. Take arbitrary h-independent family f = f (h) € L*(X)
with || f]|z2 < 1 and put

(@) = X(w)QIQed.Loo(w) [, uler) := S(@)R(wW)S(w) f ().

Then f(z,a) is compactly supported in both x € X and a € (g, 1), || f|| £eer2 is polynomi-
ally bounded in h, and WF,(f(«)) C T NW’. Since R(w)#,s#, = O(h™2) by Theorem 3.1,
we see that u(a) € Hy is compactly supported in o € (ap,a;) and the norm ||u||pep2 is
bounded polynomially in h. Using Lemma 3.4.4 similarly to §3.8.1, we see that w, f sat-
isfy (3.8.3)—(3.8.6), uniformly in «a.

It now suffices to prove that for each choice of f, independent of o, we have

| @utute) - Ry@f(@) da = 00, (3.10.7)
ao
Define the semiclassical Fourier transforms d(s), f(s) by (3.8.38). Then (3.10.7) becomes
o <Hﬁ(0) _ % /_ OOO is(P=ihs) by (VT () ds) — O™ . (3.10.8)
By (3.8.41) and Proposition 3.3.1, we find microlocally near W,
)

TT4(0) = - /_ PR (T f (s) — iha! (s)Ia(s)) ds + O(R™). (3.10.9)
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Take £ > 0 such that ¢ = 1 near [—£, ], so that ¢/(s) is compactly supported in {|s| > £}.
Since x(w) and 8,,La(w) depend smoothly on «, we see that || f()||rer2 = O(h™/?) for
all 7. By repeated integration by parts, we get

1 ()| 22((—oorzpyrz = O(h™).

Then by (3.8.39), ITu(s) = O(h*) microlocally near W' locally uniformly in s € (—o0, —£],
and thus Q™= +)/?1{(s) = O(h*>) > uniformly in s € (—o00,0] Nsupp?’. By (3.10.9),
we now get (3.10.8). O

Now, note that, since the expression under the integral in (3.10.6) is almost analytic in

w, we can replace the integral over Imw = hry by the integral over the real line, with an
O(h*>) error. Then

I, — I} = (2rh)" ' Tr A, + O(h™),
A, = /R 3 (@) L () Q1 (R () — R (0))TIQTIQs dav

Proposition 3.10.1 now follows from Proposition 3.6.7, the fact that WEF,(A,) C W x W,
and the following

Proposition 3.10.3. The operator A, lies in I.omp(A°) and its principal symbol, as defined
by (3.6.30), satisfies oa(Ay) 0 jrx = 2mix(p), with jx : K° — A° defined in (3.6.2).

Proof. Given the multiplication formula (3.6.31), the fact that o(Q1) = o0(Q2) = 1 and
oa(Il) o jx = 1 on K N p~!([ag,aq]) and suppx C (ap,aq), it is enough to prove the
proposition with A, replaced by
Al = —%/ e~ (@) O Loa (@) Q1M (5) dsda.

R2
Denote L(a) = x(a)0nLa(a)Q1; it is an operator in Iomp(A°). By applying a microlocal
partition of unity to £(a), we may reduce to the case when both £(a) and e**"/* have local
parametrizations (see (3.3.3) for the first one and for example [137, Theorem 10.4] for the
second one)

L(a)u(w) = (2mh)~ N/ / en @ a(zy. 0, o; hyuly) dyds,
RN+n

6z’sP/hu(y> _ (27Th)_n / eﬁ(s(yvC,S)—Z'C)b(% ¢, s; h)u(z) dzd(.

R2n

Here S(y,(,s) =y - ¢+ sp(y,¢) + O(s®) and b(y, ¢,0;0) = 1. Then A/ takes the form

A;u(x) _ —ih_1(27Th)_(N+3n)/2/ e%(@(z,y,@)—i—S(y,C,s)—z-C—soz)

RN+3n

a(x,y,0,a;h)b(y, C, s;h)Y(s)u(z) dydidzd(dsde.
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A
Imw

1" "
ay G a; o

v

Rew

V+h <

v_h >

Figure 3.6: The contour 9€2(h) (in blue). The horizontal shaded region is {Imw € (—(Vmax +
e)h/2, —(Vmin — €)h/2)}, where Theorem 3.1 does not provide polynomial resolvent bounds;
the vertical shaded region is the support of y.

We now apply the method of stationary phase in the y, (, s, a variables. The stationary
points are given by s =0, o = p(z,(), y = z, ( = —0,P(x, z,0). We get

Al u(x) = —27ri(27rh)_(N+")/2/ e%q)(m’z’e)c(ac, z,0; h)u(z) dfdz,

X RN+n

where ¢ is a classical symbol and c¢(z, z,60;0) = a(z,z,0,p(z,—0.P(x,2,());0). It fol-
lows that Al € Icomp(A°®) and op(AL)(p—, py) = —2mioa(L(p(p-)))(p-,p+). By (3.9.4),
oa(Laz(a))(p, p) = p(p)—a+1when p € KNp~ ([, 1)), and thus op (g Laa(a))(p, p) = —1.
Therefore, we find a4 (A')(p, p) = 2mix(p(p)) for p € K. O

3.11 Weyl law for resonances

In this section, we prove Theorem 3.2, using the Grushin problem from §3.9, the trace
formula of §3.10, and several tools from complex analysis. The argument below is quite
standard, see for instance [84, 106, 109], and is simplified by the fact that we do not aim
for the optimal O(h) remainder in the Weyl law, instead carrying out the argument in a
rectangle of width ~ 1 and height ~ h. For more sophisticated techniques needed to obtain
the optimal remainder, see [107].

First of all, by Proposition 3.9.5, resonances in the region of interest are (with multiplic-
ities) the zeroes of the holomorphic function F(w) defined in (3.9.25). Take off € (v, ),
of € (o), aq). Fix vy satisfying (3.10.1) and let {wj}j]\i(f ) denote the set of zeroes (counted
with multiplicities) of F'(w) in the region (see Figure 3.6)

Q(h) :={Rew € [ag,a}], Imw € [v_h,v h]}
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By part 2 of Proposition 3.9.5 and Jensen’s inequality, see for example [36, §2], we have the
polynomial bound, for some N, C|

M(h) < Ch™N. (3.11.1)

By a standard argument approximating the indicator function of [y, o/} by smooth functions
from above and below, it is enough to prove that for each x € C§° (v, a1),

M (h)

271 S x(Rew,) = /K (p) dVol, +O(h). (3.11.2)

j=1

Let x(w) be an almost analytic continuation of y, as discussed in the beginning of §3.10. We
may assume that supp ¥ C {Rew € (af, of)}.

By Proposition 3.10.1, we have (with the integral over the vertical parts of 9Q(h) van-
ishing since y = 0 there)

(2h)m P (@)
fgn(h)x ) d

2 Fw) WZ/](X(p)dVolaJrO(h). (3.11.3)

By Lemma « in [124, §3.9] and the exponential estimates of part 2 of Proposition 3.9.5
(splitting the region Q(h) into boxes of size h and applying Lemma « to each of these boxes,
transformed into the unit disk by the Riemann mapping theorem), we have for some fixed

LS G Gl =0, we o nswpy.

Applying Stokes theorem to (3.11.3) (over the contour comprised of 9€2(h) minus the sum
of circles of small radius r centered at each w;, and letting r — 0) we get
M(h)

L Lyt AR,
by 3 %) = [ x(pavol, - [ iy @) 0 1+ O,

j=1
Since x is almost analytic and 2(h) lies O(h) close to the real line, we have d;x(w) = O(h*)
for w € Q(h). Therefore, the second integral on the right-hand side is O(h™) and we get

M(h)

by 3 K(w) = [ x(p)d Vol +O(h)

Since x(w) = x(Rew) + O(h) for w € Q(h), we get
M(h)
(2mh)™! Z x(Rew;) = /Kx(p) dVol, +O(h(1 + h" ' M(h))). (3.11.4)

Since one can take x to be any compactly supported function on (ag,aq), and M(h) =
O(h™N) for some fixed N and any choice of (af,a/), by induction we see from (3.11.4) that
M(h) = O(h*™™). Given this bound, (3.11.4) implies (3.11.2), which finishes the proof.
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3.A Example of a manifold with r-normally
hyperbolic trapping

In this appendix, we provide a simple example of an even asymptotically hyperbolic manifold
(as defined in §3.4.4) whose geodesic flow satisfies the dynamical assumptions of §3.5.1 and
the pinching condition (3.1.7), therefore our Theorems 3.1-3.4 apply. This example is a
higher dimensional generalization of the hyperbolic cylinder, considered for instance in [36,
Appendix B].

The resonances for the provided example can be described explicitly via the eigenvalues of
the Laplacian on the underlying compact manifold N, using separation of variables. However,
our results apply to small perturbations of the metric (see §3.5.2), as well as to subprincipal
perturbations in the considered operator, when separation of variables no longer takes place.

Let (N,g) be a compact n — 1 dimensional Riemannian manifold (at the end of this
appendix, we will impose further conditions on §). We consider the manifold M = R, x Ny
with the metric

g = dr* + cosh®r (0, db).

Then M has two infinite ends {r = £oo}; near each of these ends, one can represent it as an
even asymptotically hyperbolic manifold by taking the boundary defining function z = e™":

_di? (143°)?°
2 472

(0, d0).

The resonances for the Laplace—Beltrami operator on M therefore fit into the framework
of §3.4.1, as demonstrated in §3.4.4. The associated flow e!» is the geodesic flow on the
unit cotangent S*M, extended to a homogeneous flow of degree zero on the complement of
the zero section in T* M.

We now verify the assumptions of §3.5.1. If &,., £ are the momenta dual to r, 6, then

p* =& 4 cosh™r §7(0,&),
where 7! is the dual metric to g, defined on the fibers of T*N. We then have

Hyr = é, Hy¢, =

p

The trapped set K and the incoming/outgoing tails I'y. are given by
Iy ={¢{ =+ptanhr}, K={r=0, ¢ =0},

or strictly speaking, by the intersections of the sets above with the set &/ from (3.4.21).
Consider the following defining functions of I'y:

i = & T ptanhr,
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then {py, ¢ }|x = 2p and thus assumptions (1) and (2) of §3.5.1 are satisfied. Next,
H — o gr
pPr = FCxpy, cx=1=% ;tanh T.

In particular, c1|x = 1 and, arguing as in the proof of Lemma 3.5.1, we get
Vmin = Vmax = 1.

In particular, the pinching condition (3.1.7) is satisfied.

Finally, in order for the r-normal hyperbolicity assumption (3) of §3.5.1 to be satisfied,
we need to make fimax < 1, With finay defined in (3.5.3). This is a condition on the under-
lying compact Riemannian manifold (N, §), since fimax is the maximal expansion rate of the
geodesic flow of g on the unit cotangent bundle S*N. To satisfy this condition, we can start
with an arbitrary compact Riemannian manifold and multiply its metric by a large constant
C?; indeed, if ¢, is the geodesic flow on the original manifold, then po—1; is the geodesic flow
on the rescaled manifold and the resulting pi,., is divided by C.
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Chapter 4

Global asymptotics of waves and
resonances for black holes and their
perturbations

4.1 Introduction

The subject of this chapter are decay properties of solutions to the wave equation for the
rotating Kerr (cosmological constant A = 0) and Kerr—de Sitter (A > 0) black holes, as well
as for their stationary perturbations. In the recent decade, there has been a lot of progress
in understanding the upper bounds on these solutions, producing a polynomial decay rate
O(t™3) for Kerr and an exponential decay rate O(e ') for Kerr-de Sitter (the latter is
modulo constant functions). The weaker decay for A = 0 is explained by the presence of
an asymptotically Euclidean infinite end; however, this polynomial decay comes from low
frequency contributions.

We instead concentrate on the decay of solutions with initial data localized at high fre-
quencies ~ X > 1; it is related to the geometry of the trapped set K, consisting of lightlike
geodesics that never escape to the spatial infinity or through the event horizons. The trapped
set for both Kerr and Kerr—de Sitter metrics is r-normally hyperbolic, and this dynamical
property is stable under stationary perturbations of the metric — see §4.3.6. The key quan-
tities associated to such trapping are the minimal and maximal transversal expansion rates
0 < Vmin < Vmax, see (4.2.9), (4.2.10). Using Chapter 3, we show the exponential decay rate
O(A/2e=min=2)t/2) 1 O(A~°), valid for t = O(log \) (Theorem 4.1). This bound is new for
the Kerr case, complementing Price’s law.

Our methods give a more precise microlocal description of long time propagation of high
frequency solutions. In Theorem 4.2, we split a solution u(t) into two approximate solutions
to the wave equation, ur(t) and ug(t), with the rate of decay of ur(t) between e~ (Vmax+e)t/2
and e~min=9)/2 and up(t) bounded from above by Ae~min=9)t all modulo O(A~*°) errors.
This splitting is achieved using the Fourier integral operator II constructed in Chapter 3
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using the global dynamics of the flow.

For the A > 0 case, we furthermore study resonances, or quasi-normal modes, the complex
frequencies z of solutions to the wave equation of the form e™**'v(x). Under a pinching
condition vy, < 2Vpmin Which is numerically verified to be true for a large range of parameters
(see Figure 4.2(a)), we show existence of a band of quasi-normal modes satisfying a Weyl law —
Theorem 4.3. In particular, this provides a large family of exact high frequency solutions to
the wave equation that decay no faster than e~(“max+2)/2 We finally compare our theoretical
prediction on the imaginary parts of resonances in the band with the exact quasi-normal
modes for Kerr computed by the authors of [13], obtaining remarkable agreement — see
Figure 4.2(b).

Theorems 4.1-4.3 are related to the resonance expansion and quantization condition
proved for the slowly rotating Kerr-de Sitter in Chapter 2. In this chapter, however, we
use dynamical assumptions stable under perturbations, rather than complete integrability
of geodesic flow on Kerr(—de Sitter), and do not recover the precise results of Chapter 2.

Statement of results. The Kerr(—de Sitter) metric, described in detail in §4.3.1, depends
on three parameters, M (mass), a (speed of rotation), and A (cosmological constant). We
assume that the dimensionless quantities a/M and AM? lie in a small neighborhood (see
Figure 4.1(a)) of either the Schwarzschild(—de Sitter) case,

a=0, 9AM?*<1, (4.1.1)

or the subextremal Kerr case
A=0, |a| <M. (4.1.2)

Our results apply as long as certain dynamical conditions are satisfied, and likely hold for
a larger range of parameters, see the remark following Proposition 4.3.2. To facilitate the
discussion of perturbations, we adopt the abstract framework of §4.2.2, with the spacetime
Xo = R; x Xy and a Lorentzian metric § on Xy which is stationary in the sense that 0,
is Killing. The space slice X is noncompact because of the spatial infinity and/or event
horizon(s); to measure the distance to those, we use a function p € C*°(Xy; (0, 00)), such
that Xs := {u > 0} is compact for each § > 0. For the exact Kerr(—de Sitter metric), the
function p is defined in (4.3.6).
We study solutions to the wave equation in )?0,

Ogu(t) =0, t >0;  ulimo = fo, Orttli=0 = f1, (4.1.3)

with fo, f1 € C§°(Xo) and the time variable shifted so that the metric continues smoothly
past the event horizons — see (4.3.43). To simplify the statements, and because our work
focuses on the phenomena driven by the trapped set, we only study the behavior of solutions
in X, for some small 0; > 0. Define the energy norm

[u(®)lle := ||u<t)||H1(X,;1) + ||atu(t)||L2(X51)- (4.1.4)
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Theorem 4.1. Fiz TN > 0, ,0; > 0, and let ()?O,g) be the Kerr(—de Sitter) metric
with M, a, A near one of the cases (4.1.1) or (4.1.2), or its small stationary perturbation as
discussed in §4.3.6 (the maximal size of the perturbation depending on T, N ).

Assume that fo(N), f1(N) € C§°(Xs,) are localized at frequency ~ A\ — oo in the sense
of (4.1.6). Then the solution uy to (4.1.3) with initial data fo, f1 satisfies the bound

lux(®)|le < CAY2e=Wmn=at/2 L X\=NY 11043 (0)[|e, 0 <t < TlogA. (4.1.5)

Here we say that f = f(\) is localized at frequencies ~ J, if for each coordinate neigh-

borhood U in Xj and each x € C§°(U), the Fourier transforms xf (¢) in the corresponding
coordinate system satisfy for each V,

[ @Mera=on™), (4.16)
RI{Cp;  <IEI<Cux}

where Cpy,, > 0 is a constant independent of A\. For the proof, it is more convenient to

use semiclassical rescaling of frequencies & — h&, where h = A™! — 0 is the semiclassical

parameter, and the notion of h-wavefront set WF,(f) C T*X,. The requirement that f; is

microlocalized at frequencies ~ h™! is then equivalent to stating that WF(f;) is contained

in a fixed compact subset of 7% X\ 0, with 0 denoting the zero section; see §4.2.1 for details.
The main component of the proof of Theorem 4.1 is the following

Theorem 4.2. Under the assumptions of Theorem J.1, for each families fo(h), fi(h) €
C°(Xs,) with WF,(f;) contained in a fizred compact subset of T* Xy \ 0 and u(h) the corre-
sponding solution to (4.1.3), for to large enough there exists a decomposition

U(t,I) = Un(t,I) + UR(t,ZE), o <t < TlOg(l/h), S X5/27

such that Ogur(t), Ozur(t) are O(hN)H}sz on Xs, uniformly in t € [to, T'log(1/h)], and we
have uniformly in to <t < T'log(1/h),

Jun(to)lle < Ch™Ju(0)]le, (4.1.7)
Jun(®)lle < Ce™Cmn= lun(to) ¢ + ChN||u(0)]e, (4.1.8)
Jun(®)ll > €~ Cmt 92 g (tg) e — CRY [u(0) e (4.1.9)
Jur(®)lle < (A~ e Cnm=t 4 BN [u(0)]c. (4.1.10)

The decomposition u = ug+ug is achieved in §4.2.4 using the Fourier integral operator II
constructed for r-normally hyperbolic trapped sets in Chapter 3. The component uy; enjoys
additional microlocal properties, such as localization on the outgoing tail and approximately
solving a pseudodifferential equation — see the proof of Theorem 4.4 in §4.2.4 and §3.8.5.
We note that (4.1.9) gives a lower bound on the rate of decay of the approximate solution
ugy, if ||un(to)||e is not too small compared to ||u(0)||e, and the existence of a large family
of solutions with the latter property follows from the construction of uy. We remark that
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Figure 4.1: (a) The numerically computed admissible range of parameters for the subex-
tremal Kerr—de Sitter black hole (light shaded) and a schematic depiction of the range of
parameters to which our results apply (dark shaded). (b) An illustration of Theorem 4.3;
(4.1.13) counts resonances in the outlined box and the unshaded regions above and below
the box represent (4.1.11).

Theorems 4.1 and 4.2 are completely independent from the behavior of linear waves at low
frequency. In fact, we do not even use the boundedness in time of solutions for the wave
equation, assuming merely that they grow at most exponentially (which is trivially true in
our case); this suffices since O(h*) remainders overcome such growth for t = O(log(1/h)). If
a boundedness statement is available, then our results can be extended to all times, though
the corresponding rate of decay stays fixed for t > log(1/h) because of the O(h*) term.

To formulate the next result, we restrict to the case A > 0, or its small stationary
perturbation. In this case, the metric has two event horizons and we consider the discrete set
Res of resonances, as defined for example in [128]. As a direct application of Theorems 3.1
and 3.2, we obtain two gaps and a band of resonances in between with a Weyl law (see
Figure 4.1(b)):

Theorem 4.3. Let ()?O,g) be the Kerr—de Sitter metric with M, a, A near one of the cases
(4.1.1) or (4.1.2) and A > 0, or its small stationary perturbation as discussed in §4.3.6. Fix
e > 0. Then:

1. For h small enough, there are no resonances in the region

{|{Rez| > h™", Imz € [~ (Vmin — €),0] \ 3(— (Vinax + &), — (Vmin — €))} (4.1.11)

and the corresponding semiclassical scattering resolvent, namely the inverse of the opera-
tor (4.3.54), is bounded by Ch™2 for z in this region.
2. Under the pinching condition

Vmax < 2Vmin (4112)



CHAPTER 4. GLOBAL ASYMPTOTICS OF WAVES AND RESONANCES 195

0.25

0.2

0.15

Mv

0.1

0.05

Figure 4.2: (a) Numerically computed minimal and maximal transversal expansion rates for
A = 0 and the range of a for which (4.1.12) holds. (b) A log-log plot of the relative errors

|Vr§in(l)—ymin/2‘ |V£ax(l)7ymax/2|
Vﬁin(l) ! Vgax(l)

of resonances in the first band defined by (4.1.14).

, where v (1), vE,_(I) are the minimal /maximal imaginary parts

m 7 U max

and for e small enough so that Vmax + € < 2(Vmin — €), we have the Weyl law
#(ResN{0 < Rez < h™', Im 2 € [~ (Vmin — €),0]}) = (27h)' ™(ciz + o(1)) (4.1.13)

as h — 0, where cg is the symplectic volume of a certain part of the trapped set I?,
see (4.2.16).

The pinching condition (4.1.12) is true for the non-rotating case a = 0, since Vuyin = Viax
there (see Proposition 4.3.8). However, it is violated for the nearly extremal case M — |a| <
M, at least for A small enough; in fact, as |a|/M — 1, vyay stays bounded away from zero,
while v, converges to zero — see Proposition 4.3.9 and Figure 4.2(a). Note that (v, —¢)/2
is the size of the resonance free strip and thus gives the minimal rate of exponential decay
of linear waves on Kerr—de Sitter, modulo terms coming from finitely many resonances, by
means of a resonance expansion — see for example [128, Lemma 3.1].

To demonstrate the sharpness of the size of the band of resonances {Imw € %[—ymax —
€, —Vmin 1 €|}, We use the exact quasi-normal modes for the Kerr metric computed (formally,
since one cannot meromorphically continue the resolvent in the A = 0 case; however, one
could consider the case of a very small positive A) by Berti-Cardoso—Starinets [13]. Similarly
to the quantization condition of Chapter 2, these resonances w,,;; are indexed by three integer
parameters m > 0 (depth), [ > 0 (angular energy), and k € [—[,[] (angular momentum).
The parameter [ roughly corresponds to the real part of the resonance and the parameter
m, to its imaginary part. We define

vE (1) ;= min (—Imwog), &, (1) := max (—Imwyy). (4.1.14)

min max

ke[ ke[-Ll]
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We compare vE (1), vE (1) with vimin/2, Vmax/2 and plot the supremum of the relative error

over a/M € [0,0.95] for different values of [; the error decays like O(I7!) — see Figure 4.2(b).
Previous work. We give an overview of results on decay and non-decay on black hole back-
grounds; for a more detailed discussion of previous results on normally hyperbolic trapped
sets and resonance asymptotics, see §3.1.

The study of boundedness of solutions to the wave equation for the Schwarzschild (A =
a = 0) black hole was initiated in [131, 77| and decay results for this case have been proved
in [16, 32, 86, 83]. The slowly rotating Kerr case (A = 0, |a| < M) was considered in [4, 28,
30, 121, 122, 125, 92, 82], and the full subextremal Kerr case (A = 0, |a| < M) in [52, 53, 29,
31, 104, 105] — see [31] for a more detailed overview. In either case the decay is polynomial in
time, with the optimal decay rate O(t3). A decay rate of O(t~%~3), known as Price’s Law,
was proved in [41, 42] for linear waves on the Schwarzschild black hole for solutions living
on the [-th spherical harmonic; the constant in the O(-) depends on [. Our Theorem 4.1
improves on these decay rates in the high frequency regime [ = A > 1, for times O(log \).

The extremal Kerr case (A = 0, |a| = M) was recently studied for axisymmetric solutions
in [5], with a weaker upper bound due to the degeneracy of the event horizon. The earlier
work [6, 7] suggests that one cannot expect the O(t73) decay to hold in the extremal case.
In the high frequency regime studied here, we do not expect to get exponential decay due
to the presence of slowly damped geodesics near the event horizon, see Figure 4.2(a) above.

The Schwarzschild—de Sitter case (A > 0,a = 0) was considered in [103, 17, 33, 90],
proving an exponential decay rate at all frequencies, a quantization condition for resonances,
and a resonance expansion, all relying on separation of variables techniques. In Chapters 1
and 2 and [46], a same flavor of results was proved for the slowly rotating Kerr—de Sitter
(A >0, |a] < M). The problem was then studied from a more geometric perspective, aiming
for results that do not depend on symmetries and apply to perturbations of the metric — the
resonance free strip of [132] for normally hyperbolic trapping, the gluing method of [38], and
the analysis of the event horizons and low frequencies of [128] together give an exponential
decay rate which is stable under perturbations, for A > 0, |a| < ‘/731\/[ , provided that there
are no resonances in the upper half-plane except for the resonance at zero. Our Theorem 4.3
provides detailed information on the behavior of resonances below the resonance free strip
of [132], without relying on the symmetries of the problem.

Finally, we mention the the Kerr—AdS case (A < 0). The metric in this case exhibits
strong (elliptic) trapping, which suggests that the decay of linear waves is very slow because
of the high frequency contributions. A logarithmic upper bound was proved in [68], and
existence of resonances exponentially close to the real axis and a logarithmic lower bound
were established in [54, 69].

Quasi-normal modes (QNMs) of black holes have a rich history of study in the physics
literature, see [79]. The exact QNMs of Kerr black holes were computed in [13], which we
use for Figure 4.2(b). The high-frequency approximation for QNMs, using separation of
variables and WKB techniques, has been obtained in [134, 133, 67]. In particular, for the
nearly extremal Kerr case their size of the resonance free strip agrees with Proposition 4.3.9;
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moreover, they find a large number of QNMs with small imaginary parts, which correspond
to a positive proportion of the Liouville tori on the trapped set lying close to the event
horizon. See [134] for an overview of the recent physics literature on the topic. We finally
remark that the speed of rotation of an astrophysical black hole (NGC 1365) has recently
been accurately measured in [102], yielding a high speed of rotation: a/M > 0.84 at 90%
confidence.

Structure of the chapter. In §4.2, we study semiclassical properties of solutions to the
wave equation on stationary Lorentzian metrics with noncompact space slices. We operate
under the geometric and dynamical assumptions of §4.2.2; while these assumptions are mo-
tivated by Kerr(—de Sitter) metrics and their stationary perturbations, no explicit mention
of these metrics is made. The analysis of §4.2 works in a fixed compact subset of the space
slice, and the results apply under microlocal assumptions in this compact subset (namely,
outgoing property of solutions to the wave equation for Theorems 4.1-4.2 and meromorphic
continuation of the scattering resolvent with an outgoing parametrix for Theorem 4.3) which
are verified for our specific applications in §4.3.4 and §4.3.5. In §4.2.3, we reduce the problem
to the space slice via the stationary d’Alembert—Beltrami operator and show that some of
the assumptions of §83.4.1, 3.5.1 are satisfied. In §4.2.4, we use the methods of Chapter 3
to prove asymptotics of outgoing solutions to the wave equation.

Next, §4.3 contains the applications of Chapter 3 and §4.2 to the Kerr(—de Sitter) metrics
and their perturbations. In §4.3.1, we define the metrics and establish their basic properties,
verifying in particular the geometric assumptions of §4.2.2. In §4.3.2, we show that the
trapping is r-normally hyperbolic, verifying the dynamical assumptions of §4.2.2. In §4.3.3,
we study in greater detail trapping in the Schwarzschild(—de Sitter) case a = 0 and in
the nearly extremal Kerr case A = 0,a = M — ¢, in particular showing that the pinching
condition (4.1.12) is violated for the latter case; we also study numerically some properties
of the trapping for the general Kerr case. In §4.3.4, we study solutions to the wave equation
on Kerr(—de Sitter), using the results of §4.2.4 to prove Theorems 4.1 and 4.2. In §4.3.5,
we use the results of Chapter 3 and [128] to prove Theorem 4.3 for Kerr—de Sitter. Finally,
in §4.3.6, we explain why our results apply to small smooth stationary perturbations of
Kerr(—de Sitter) metrics.

4.2 General framework for linear waves

4.2.1 Semiclassical preliminaries

We start by briefly reviewing some notions of semiclassical analysis, following §3.3. For a
detailed introduction to the subject, the reader is directed to [137].

Let X be an n-dimensional manifold without boundary. Following §3.3.1, we consider the
class W*(X) of all semiclassical pseudodifferential operators with classical symbols of order
k. If X is noncompact, we impose no restrictions on how fast the corresponding symbols can
grow at spatial infinity. The microsupport of a pseudodifferential operator A € ¥*(X), also
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known as its h-wavefront set WF,(A), is a closed subset of the fiber-radially compactified
cotangent bundle 7" X. We denote by U™ (X) the class of all pseudodifferential operators
whose wavefront set is a compact subset of 7*X (and in particular lies away from the fiber
infinity). Finally, we say that A = O(h®) microlocally in some open set U C T X, if
WF,(A) N U = (); similar notions apply to tempered distributions and operators below.

Using pseudodifferential operators, we can study microlocalization of h-tempered distri-
butions, namely families of distributions u(h) € D’(X) having a polynomial in h bound
in some Sobolev norms on compact sets, by means of the wavefront set WFy,(u) C TX.
Using Schwartz kernels, we can furthermore study h-tempered operators B(h) : C§°(X;) —
D'(X,) and their wavefront sets WF),(B) € T (X; x X,). Besides pseudodifferential op-
erators (whose wavefront set is this framework is the image under the diagonal embedding
T X — T (X x X) of the wavefront set used in the previous paragraph) we will use the
class 1°°™P(A) of compactly supported and compactly microlocalized Fourier integral oper-
ators associated to some canonical relation A C T*(X x X), see §3.3.2; for B € I°™P(A),
WF,(B) C A is compact.

The h-wavefront set of an h-tempered family of distributions u(h) can be characterized
using the semiclassical Fourier transform

Frv(€) = (27Th)_”/2/ e_%“’"ﬁv(x) dz, v e S (R").
We have (z,&) ¢ WEFj,(u) if and only if there exists a coordinate neighborhood U, of z in X,
a function y € C5°(U,) with y(z) # 0, and a neighborhood Uy of € in T, X such that if we
consider yu as a function on R"™ using the corresponding coordinate system, then for each

N

’

/U (Y| Fu) () dE = O, (4.2.1)

The proof is done analogously to [71, Theorem 18.1.27].

One additional concept that we need is microlocalization of distributions depending on
the time variable that varies in a set whose size can grow with h. Assume that u(¢; h) is a
family of distributions on (—&,T'(h) + ¢) x X, where ¢ > 0 is fixed and T'(h) > 0 depends
on h. For s € [0, T(h)], define the shifted function

us(tv h) = U(S +t7 h)v S (_€>€)a

so that us € D'((—¢,¢) x X) is a distribution on a time interval independent of h. We then
say that u is h-tempered uniformly in ¢, if us is h-tempered uniformly in s, that is, for each
X € C§((—e,¢e) x X), there exist constants C' and N such that ||XU8||H;N < Ch™N for all

s € [0,T(h)]. Next, we define the projected wavefront set \X/\F/h(u) C T*X x R,, where 7
is the momentum corresponding to ¢ and 7*X x R, is the fiber-radial compactification of
the vector bundle 7*X x R., with R, part of the fiber, as follows: (z,&,7) does not lie in

\m(u) if and only if there exists a neighborhood U of (z,£,7) in T*X x R, such that

sup || Aug||zz = O(h™)
s€[0,T'(h)]
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for each compactly supported A € WP ((—¢, &) x X) such that WF,(A)N((—¢,e), xU) = 0.
If T'(h) is independent of h, then W\F‘/;L(u) is simply the closure of the projection of WF,(u)
onto the (z,&, 7) variables. The notion of V/V\F/h makes it possible to talk about w being
microlocalized inside, or being O(h™), on subsets of T ((—e, T(h) +¢) x X) independent of
t.

We now discuss restrictions to space slices. Assume that u(h) € D'((—e,T(h)+e) x X) is
h-tempered uniformly in ¢ and moreover, W\ﬁl(u) does not intersect the spatial fiber infinity

{¢ = 0,7 = oo}. Then u (as well as all its derivatives in ¢) is a smooth function of ¢ with
values in D'(X), u(t) is h-tempered uniformly in ¢ € [0,T(h)], and

WE(u(t)) € {(z,8) | 37 : (2,€,7) € WFp(u)},

uniformly in ¢ € [0,7(h)]. One can see this using (4.2.1) and the formula for the Fourier
transform of the restriction w of v € §’'(R™*!) to the hypersurface {t = 0}:

Frw(€) = (27Th)_1/2 /R]:hv(f,T) dr.

4.2.2 General assumptions

In this section, we study Lorentzian metrics whose space slice is noncompact, and define
r-normal hyperbolicity and the dynamical quantities vyin, Vmax in this case.

Geometric assumptions. We assume that:

(1) (Xo,§) is an n+1 dimensional Lorentzian manifold of signature (1, n), and X, = R, x X,
where X, the space slice, is a manifold without boundary;

(2) the metric g is stationary in the sense that its coefficients do not depend on ¢, or equiv-
alently, 9, is a Killing field;

(3) the space slices {t = const} are spacelike, or equivalently, the covector dt is timelike with
respect to the dual metric g=* on T Xj;

The (nonsemiclassical) principal symbol of the d’Alembert-Beltrami operator [J; (without
the negative sign), denoted by p(Z, ), is

here # = (t,z) denotes a point in Xy and € = (7, &) a covector in 77 Xo. The Hamiltonian
flow of p is the (rescaled) geodesic flow on T )?0; we are in particular interested in nontrivial
lightlike geodesics, i.e. the flow lines of H; on the set {p = 0} \ 0, where 0 denotes the zero
section.

Note that we do not assume that the vector field 0; is timelike, since this is false inside the
ergoregion for rotating black holes. Because of this, the intersections of the sets {7 = const},
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invariant under the geodesic flow, with the energy surface {p = 0} need not be compact in
the ¢ direction, and it is possible that £ will blow up in finite time along a flow line of Hj,
while x stays in a compact subset of X,.! We consider instead the rescaled flow

¢ == exp(sH;/0,p) on {p=0}\0. (4.2.3)

Here 8713(5:,5) = —2§;1(§, dt) never vanishes on {p = 0} \ 0 by assumption (3). Since
Hzt = 0.p, the variable ¢ grows linearly with unit rate along the flow ¢°. The flow lines
of (4.2.3) exist for all s as long as z stays in a compact subset of X. The flow is homogeneous,
which makes it possible to define it on the cosphere bundle S*)N(O, which is the quotient of
T* X, \0 by the action of dilations. Finally, the flow preserves the restriction of the symplectic
form to the tangent bundle of {p = 0}.

We next assume the existence of a ‘defining function of infinity’ p on the space slice with
a concavity property:

(4) there exists a function p € C*°(Xy) such that p > 0 on Xy, for § > 0 the set
Xs:={pn>0d} C Xp (4.2.4)

is compactly contained in Xy, and there exists dp > 0 such that for each flow line v(s)
of (4.2.3), and with p naturally defined on 7" X,

p(v(s)) < 8o, Dspu(r(s)) =0 = diu(y(s)) <0. (4.2.5)

We now define the trapped set:

Definition 4.2.1. Let v(s) be a mazimally extended flow line of (4.2.3). We say that ~(s)
is trapped as s — o0, if there exists § > 0 such that u(y(s)) > o0 for all s > 0 (and
as a consequence, y(s) exists for all s > 0). Denote by T'_ the union of all v trapped as

s — +oo; similarly, we define the union I'y. of all v trapped as s — —oo. Define the trapped
set K:=T', NI'_Cc{p=0}\0.

If u(y(s)) < do and Osu(7y(s)) < 0 for some s, then it follows from assumption (4) that
7(s) is not trapped as s — +o0. Also, if 7(s) is not trapped as s — +o0, then u(y(s)) < do
and 9,u(y(s)) < 0 for s > 0 large enough. It follows that I'y are closed conic subsets of
{p=0}\0, and K C {u > o}

We next split the light cone {p = 0}\0 into the sets C and C_ of positively and negatively
time oriented covectors:

Co = {p=0}N{£dp > 0}. (4.2.6)
Since 0.p never vanishes on {p = 0} \ 0 by assumption (3), we have {p =0} \0=C, LUC_.
We fix the sign of 7 on the trapped set, in particular requiring that K C {r #0}:

IThe simplest example of such behavior is p = x€2 + 267 — 72

r=t=71=0,(=1

, considering the geodesic starting at
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(5) KNCy C {£r < 0}.

Dynamical assumptions. We now formulate the assumptions on the dynamical structure
of the flow (4.2.3). They are analogous to the assumptions of §3.5.1 and related to them
in §4.2.3 below. We start by requiring that I'y are regular:

(6) for a large constant r, I'y are codimension 1 orientable C” submanifolds of {f = 0} \ 0;

(7) Ty intersect transversely inside {§ = 0} \ 0, and the intersections K N {t = const} are
symplectic submanifolds of 7™ X|.

We next define a natural invariant decomposition of the tangent space to {p =0} at K. Let
(T Fi) be the symplectic complement of the tangent space to T,. Since I'; has codimension
2 and is contained in {j = 0}, (TT+) is a two-dimensional vector subbundle of T(T*X,)
containing H;. Since Hzt # 0 on {p = 0} \ 0, we can define the one-dimensional vector
subbundles of T'(T* X)

Vi = (TT4)* n{dt = 0} (4.2.7)

Since Fi is a codimension 1 submanifold of {p = 0} and Hj is tangent to Fi, we see that Fi

is coisotropic and then Vi are one-dimensional subbundles of TFi, moreover, since 0; € TPi,
we find Vy C {dr = 0}. Since K N {t = const} is symplectic, we have

T:Te=TK®Vilp, Tep (0)=TKaV_|zdV.|z (4.2.8)

Since the flow @° from (4.2.3) maps the space slice {t = ¢o} to {t = to+ s} and Hj is tangent
to TT+, we see that the splittings (4.2.8) are invariant under @*.

We now formulate the dynamical assumptions on the linearization of the flow ¢* with
respect to the splitting (4.2.8). Define the minimal expansion rate in the transverse direction
Vmin @s the supremum of all v for which there exists a constant C' such that

sup ([ g™ (p)|v. || < Ce™, s >0, (4.2.9)
peK
with || - || denoting any smooth ¢-independent norm on the fibers of T(T* X,), homogeneous

of degree zero with respect to dilations on T’ *)?0. Similarly, define vy« as the infimum of all
v for which these exists a constant ¢ > 0 such that

inf [[deT(p)lv.ll = ce™, s>0. (4.2.10)
peR

We now formulate the dynamical assumption of r-normal hyperbolicity:

(8) Vmin > Tfmax, Where .y is the maximal expansion rate of the flow along K , defined as
the infimum of all v for which there exists a constant C' such that

sup ||[do*(p)| gl < Ce”, s eR. (4.2.11)
pEK
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The large constant r determines how many terms we need to obtain in semiclassical expan-
sions, and how many derivatives of these terms need to exist — see Chapter 3. Theorem 4.3
simply needs r to be large (in principle, depending on the dimension), while Theorems 4.1
and 4.2 require 7 to be large enough depending on N, T. For exact Kerr(—de Sitter) metrics,
our assumptions are satisfied for all 7, but a small perturbation will satisfy them for some
fixed large r depending on the size of the perturbation.

4.2.3 Reduction to the space slice

We now put a Lorentzian manifold ()Z'O, §) satisfying assumptions of §4.2.2 into the framework
of Chapter 3. Consider the stationary d’Alembert-Beltrami operator P;(w), w € C, the
second order semiclassical differential operator on the space slice Xy obtained by replacing
hD; by —w in the semiclassical d’Alembert-Beltrami operator h?CJ;. The principal symbol
of P;(w) is given by
p(xv 5; w) = ﬁ(t7 T, —W, 5)7
where p is defined in (4.2.2) and the right-hand side does not depend on t. We will show
that the operator P;(w) satisfies a subset of the assumptions of §§3.4.1, 3.5.1.
First of all, we need to understand the solutions in w to the equation p = 0. Let

p(x,§) € C=(T" X, \ 0)

be the unique real solution w to the equation p(x,&;w) = 0 such that (¢, z, —w, &) € C,, with
the positive time oriented light cone C, defined in (4.2.6). The existence and uniqueness of
such solution follows from assumption (3) in §4.2.2, and we also find from the definition of
C+ that

Oup(z,&p(2,6)) <0, (2,8) € T" X\ 0. (4.2.12)
We can write C, as the graph of p:

C+ = {(t,fL‘, _p($7§)vf) | S R? (l‘,f) € T*XO\O}

The level sets of p are not compact if 0, is not timelike. To avoid dealing with the fiber
infinity, we use assumption (5) in §4.2.2 to identify a bounded region in 7*X, invariant
under the flow and containing the trapped set:

Lemma 4.2.2. There exists an open conic subset W C C,, independent of t, such that
KNCy CW, the closure of W in C,. is contained in {7 < 0}, and W is invariant under the
flow (4.2.3).

Proof. Consider a conic neighborhood W of K NCy in C; independent of ¢t and such that the
closure of W is contained in {u > 6o/2} N {7 < 0}; this is possible by assumption (5) and
since K is contained in {u > do}. Let W C C; be the union of all maximally extended flow
lines of (4.2.3) passing through Wy. Then W is an open conic subset of C containing K NCy
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and invariant under the flow (4.2.3). It remains to show that each point (#,£) € C.N{r > 0}
has a neighborhood that does not intersect V. To see this, note that the corresponding
trajectory y(s) of (4.2.3) does not lie in I'y UT'_ (as otherwise, the projection of ~(s) onto
the cosphere bundle would converge to K as s — +00 or § — —o00, by Lemma 3.4.1; it
remains to use assumption (5) and the fact that 7 is constant on y(s)). We then see that
7(s) escapes for both s — 400 and s — —oo and does not intersect the closure of W, and
same is true for nearby trajectories; therefore, a neighborhood of (55,5) does not intersect

W. ]

Arguing similarly (using an open conic subset W}, of C; such that W, C W}, and W{] C
{p > d0/2} N {7 < 0}), we construct an open conic subset W’ of C, independent of ¢ and
such that B
KnC.cw, WcWw, Wc{r<o},

and W, W' are invariant under the flow (4.2.3). Now, take small 4; > 0 and define

U =C,n{l1+7|<s}nWn{u>ad}, (12.13)
U =C . n{|1+7]<26}nWn{u>d/2}. o

Then U, U’ are open subsets of C, convex under the flow (4.2.3), K N{|1+7| <&} cU
(note that K N {r < 0} C C, by assumption (5)), and the closure of I is contained in If'.
Moreover, the projections of U, U’ onto the (x,7,§) variables are bounded because W, W’
are conic and W, W' C {7 # 0}.

Let U € U' € T* X, be the projections of U, U’ onto the (z, &) variables, so that

U={(t,z,—p(x,£),6) |t €R, (z,€) € U},

and similarly for &’. Note that U C {|p — 1| < 01} and U’ C {|p — 1| < 26;}. Since U’ is
bounded, and by (4.2.12), for §; > 0 small enough and (x, &) € U, p(x,§) is the only solution
to the equation p(z,&w) =01in {w € C | |w — 1] < 26, }.

We now study the Hamiltonian flow of p. Since

81,513(357 f,p(l’, 5))

Orep(z,§) = — Qup(x, &, p(x,8))

and for each t,

—0up(z, &, p(7,€)) = 0-p(t, x, —p(,£),§),
we see that the flow of H,, is the projection of the rescaled geodesic flow (4.2.3) on C,: for
(2,6) € T" X\ 0,

@s(twr? —p(x,f),é) - (t+s,x(s),—p(x,§),§(s)), ($(8)7§(S)) = QSHp(xvg)' (4214)

We now verify some of the assumptions of §3.4.1. We let X be an n-dimensional manifold
containing Xy (for the Kerr—de Sitter metric it is constructed in §4.3.5) and consider the
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volume form d Vol on X related to the volume form d Vol on )?0 generated by g by the
formula d Vol = dt A d Vol. The operator P;(w) is a semiclassical pseudodifferential operator
depending holomorphically on w € Q := {|w — 1| < 2d;} and p is its semiclassical principal
symbol. We do not specify the spaces H;,Hs here and do not establish any mapping or
Fredholm properties of P;(w); for our specific applications it is done in §4.3.5. Except for
these mapping properties, the assumptions (1), (2), and (5)—(9) of §3.4.1 are satisfied, with
U,U" defined above, [ag, ;] := [1 — 01/2,1 4+ 6;/2], and the incoming/outgoing tails I'y on
the space slice given by (for each t)

Te={(2,8) | (t,z,—p(x,€),8) €Ta N{[1+ 7] <&H}NWN {1 > 8.}, (4.2.15)

and similarly for the trapped set K =T, NT"_.

Finally, the dynamical assumptions of §3.5.1 are also satisfied, as follows directly from
(4.2.14) and the dynamical assumptions of §4.2.2. Note that the subbundles Vi of TT.
defined in §3.5.1 coincide with the subbundles Vi of T Fi defined in §4.2.7 under the iden-
tification T, e)(T*Xo) ~ Tiw—p(e)e) (T Xo) N {dt = dr = 0}, and the expansion rates
Vinins Ymax, fmax defined in (4.2.9)—(4.2.11) coincide with those defined in (3.5.1)—(3.5.3).

To relate the constants for the Weyl laws in Theorem 4.3 and Theorem 3.2, we note that
for [a,b] C (1 —01/2,1+ 01/2),

Vol (K Np~'a,b]) = Vols (K N {a < —7 < b} N {t = const}).

Here Vol, and Vol; stand for symplectic volume forms of order 2n — 2 on 7% X, and T*X’O,
respectively. The constant cz from Theorem 4.3 is then given by

¢ = Vols(K N {0 <7 < 1} N {t = const}). (4.2.16)

4.2.4 Applications to linear waves

In this section, we apply the results of Chapter 3 to understand the decay properties of linear
waves; Theorem 4.4 below forms the base for the proofs of Theorems 4.1 and 4.2 in §4.3.4.

Consider a family of approximate solutions u(h) € D'((—1,T(h) + 1); X Xo) to the wave
equation

h?Ozu(h) = O(h™) e (4.2.17)

Here h < 1 is the semiclassical parameter and T'(h) > 0 depends on h (for our particular
application, T'(h) = T'log(1/h) for some constant 7). We assume that u is h-tempered
uniformly in ¢, as defined in §4.2.1. Then by the elliptic estimate (see for instance Proposi-
tion 3.3.2), u is microlocalized on the light cone:

WFy(u) C {p = 0}, (4.2.18)

where WF/;L(U) is defined in §4.2.1. By the restriction statement in §4.2.1, u is a smooth
function of ¢ with values in h-tempered distributions on X,. Moreover, we obtain for 0 <
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5'1 2(%1 251 5Il

(a)

Figure 4.3: The phase space picture of the flow, showing shaded WF,(u(t)) for (a) all ¢ and
(b) all t > t;, for u satisfying Definition 4.2.3. The horizontal axis corresponds to .

d1 < 09 small enough and each t € [0,T'(h)],

||U<t0)||H%(X52) S C“uHHtl’x([tO_LtO‘f'l]XXél) + O(hoo)a (4219)

[l 2o 1001 1122(x5,) < Cllullgofro—1,00+1220x5,) + O(R™).

The second of these inequalities is trivial; the first one is done by applying the standard
energy estimate for the wave equation to the function x (¢t — tg)u, with x € C§°(—¢, €) equal
to 1 near 0 and € > 0 small depending on dy, 5.

We furthermore restrict ourselves to the following class of outgoing solutions, see Fig-
ure 4.3(a):

Definition 4.2.3. Fiz small & > 0. A solution u to (4.2.17), h-tempered uniformly in
t € (=1,T(h)+1), is called outgoing, if its projected wavefront set WFy,(u), defined in §4.2.1,
satisfies (for U defined in (4.2.13))

WEL(u) N {p> 6} cUN{|T+1] < 6,/4}, (4.2.20)
Wy (u) N {6y < pu < 26,} C {Hzp < 0} (4.2.21)

The main result of this section is

Theorem 4.4. FixT, N,c > 0 and let the assumptions of §4.2.2 hold, including r-normal hy-
perbolicity with r large depending on T, N. Assume that u is an outgoing solution to (4.2.17),

fort € (—=1,Tlog(1/h) + 1), and ||u(t)||H}7N(X(S ) = O(h™) uniformly in t. Then for tg
large enough and independent of h, we can write

u(ta x) - UH(ta x) + UR(t,l'), lo<t< TIOg(l/h)a
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such that h*Ogup, h*Ozug are O(hN)H}sz on Xs, and, with || - || defined in (4.1.4),

lun(to) e < Ch™2|u(0)[le + O(RY), (4.2.22)
[unt ()| < Cem =2 luy(to)||e + O(RY), (4.2.23)
un(t)]le > C~ e Umat 2 luy (to)]| e — O(RY), (4.2.24)
lug(t)|le < Ch™te=Wmn=2)|4(0)]|c + O(RY), (4.2.25)

lu(®)lle < Ce[[u(0)]|e + O(RY), (4.2.26)

all uniformly in t € [to, T log(1/h)].

For the proof, we assume that the metric is r-normally hyperbolic for all r, and prove the
bounds for all T, N (so that O(h") becomes O(h™)); since semiclassical arguments require
finitely many derivatives to work, the statement will be true for r large depending on 7" and
N.

We first recall the factorization of Lemma 3.4.3:
P;(w) = S(w)(P — w)S(w) + O(h™) microlocally near U, (4.2.27)

where S(w) is a family of pseudodifferential operators elliptic near ¢, and such that S(w)* =
S(w) for w € R, and P is a self-adjoint pseudodifferential operator, moreover we assume
that it is compactly supported and compactly microlocalized. If we define the self-adjoint
pseudodifferential operator S on X by replacing w by —hD; in S(w), then we get

h?0; = S(hDy + P)S + O(h™®)  microlocally near U. (4.2.28)
We define B
u(t) == (Su)(t), 0<t<Tlog(l/h),

note that u(¢) and its ¢t-derivatives are bounded uniformly in ¢ with values in h-tempered
distributions on Xy by the discussion of restrictions to space slices in §4.2.1 and by (4.2.18).
We have by (4.2.17), (4.2.20), (4.2.21), and (4.2.28),

(hDy 4+ P)u(t) = O(h*™) microlocally near Xs,, (4.2.29)
WE,(u(t)) N X5, C {|p— 1| < d1/4}, (4.2.30)
WE(u(t)) N{d < pu <26} C {Hpp <0}, (4.2.31)

uniformly in t € [0, T log(1/h)].

We next use the construction of Lemma 3.5.1, which (combined with the homogeneity
of the flow) gives functions ¢ defined in a conic neighborhood of K in T*Xj, such that
'y = {¢+ = 0} in this neighborhood, ¢+ are homogeneous of degree zero, and

Hypr = Fcrps, Vmin — € < €+ < Vmax + &, (4.2.32)
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where ¢y are some smooth functions on the domain of ¢,. Then for small § > 0,

Us == {|o+] <9, |p-| <}

is a small closed conic neighborhood of K in 7% X \ 0.
We now fix ¢ small enough so that Theorem 3.3 in §3.7.1 and Proposition 3.7.1 apply,
giving a Fourier integral operator I € I omp(A°) which satisfies the equations

I =1+ O(h™), [P =0(h>) (4.2.33)
microlocally near the set W x /I/I7, with
W= Usn{lp—1] < 8,/2}. (4.2.34)
Here A° C I'_ N T is the canonical relation defined in (3.5.12). Also, we define
W= Uspp N {lp — 1] < 61/4}. (4.2.35)

We now derive certain conditions on the microlocalization of u for large enough times,
see Figure 4.3(b) (compare with Figure 3.5):

Proposition 4.2.4. For t; large enough independent of h, the function u(t) satisfies

WF,(u(t) N W C {lo4] < 6/2}, (4.2.36)
WF,(u(t)NT_ c W, (4.2.37)

uniformly in t € [t,T log(1/h)].

Proof. Consider (z,§) € WFy(u(t)) N Xo5, for some t € [t1,Tlog(1/h)]. Put ~v(s) =
e*fle(x,€). Then by propagation of singularities (see for example Proposition 3.3.4) for
the equation (4.2.29), we see that either there exists sy € [—t1,0] such that v(sg) € {J; <
w < 2611 N WEFy(u(t + sg)), or v(s) € Xygg, for all s € [—t1,0]. However, in the first of
these two cases, by (4.2.31) we have y(so) € {u < 26:} N {Hpp < 0}, which implies that
7v(0) € {u < 260, } by assumption (4) in §4.2.2, a contradiction. Therefore,

etHP(x,f) € X2617 te [_tlu O]
It remains to note that for ¢; large enough,

e (W N {|py] > 6/2}) N X, = 0;
€t1Hp(F_ M {|p — 1| < 51/4} M X261) C W’;

the first of these statements follows from the fact that W N {lp+] = 0/2} is a compact set
not intersecting I', , and the second one, from Lemma 3.4.1. O]
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By (4.2.29), (4.2.33), and (4.2.37), and since WF,(IT) € I'_ x I' ;. we have uniformly in
t € [ty,T1og(1/h)],
(hD; 4+ P)ITu(t) = O(h™) microlocally near w. (4.2.38)
By Proposition 3.6.1 and §3.6.2, we have
Tu(t) 2 < Ch Y2 u(t) 2. (42:39)

We now use the methods of §3.8 to prove a microlocal version of Theorem 4.4 near the
trapped set:

Proposition 4.2.5. There exist compactly supported Ay, Ay € W™ (Xy) microlocalized
inside W, elliptic on W', and such that for t € [t;,T log(1/h)],

| ApTTu(t)|| > < Oe*”min*f)f/?HAOHu(tl)HLQ + O(h*™), (4.2.40)

[ AoTTu(t)|| 2 > C e~ tmexte t/2|onnu(t1)\|L2 — O(h™), (4.2.41)
AL (1 — u(t)|| 2 < Ch~ le— vain =)t || Agu(ty)|| 2 + O(h™), (4.2.42)
[Aya(t)|| 2 < Ce|| Aqu(ty)]| 2 + O(h). (4.2.43)

Proof. We will use the operators O, = constructed in Proposition 3.7.1. The microlocaliza-
tion statements we make will be uniform in ¢ € [¢1, T log(1/h)].
We first prove (4.2.42), following the proof of Proposition 3.8.1. Put

v(t) := Zu(t).
Then similarly to (3.8.14), we find
(1 —IDu(t) = O©_v(t) + O(h™) microlocally near w.
By (4.2.29) and (4.2.38),
(hDy 4+ P)(1 — IT)u(t) = O(h™) microlocally near w.

Similarly to Proposition 3.8.3, we use the commutation relation [P, ©_] = —ih©_Z_+O(h™)
together with propagation of singularities for the operator ©_ to find

(hDy + P —ihZ_)v(t) = O(h™) microlocally near w. (4.2.44)

Here Z_ € W™ (X)) satisfies 0(Z_) = c_ near w.
Let X_ € U°™P(X,) be the operator used in §3.8.2, satisfying WF,(X_) € W, o(X_) >0
everywhere, and o(X_) > 0 on W’. Similarly to (3.8.18), we get

%&(Xv(t), V(1) + (V_v(t), v(t)) = O(h), (4.2.45)
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where

1, . 1
V.= §(Z_X_ +X Z )+ ﬂ[P, X]

satisfies WF,(V_) € W, and similarly to (3.8.19) we have
0(Y-) > (Vmin — €)o(X_) mnear WFy(v(t)),

and the inequality is strict on W’. Similarly to Lemma 3.8.4, by sharp Garding inequality
we get

(V- = (in — DAV, v(D)) > [Arv (DI — CH AV (DI — O)  (4.2.46)

for an appropriate choice of A; and some Aj € V™P(X,) microlocalized inside W. Also
similarly to Lemma 3.8.4, by propagation of singularities for the equation (4.2.44) we get for
t, large enough,
v 2 < oVI(L1)|[2 T ) € [t1, 20 -4
AV ()72 < CllAov(t)l|72 + O(h%),  t € [tr,2t], (4.2.47)
ALV (D)]|22 < C||Av(t —t)]|22 + O(R™), t> 21, (4.2.48)

for an appropriate choice of Ag. By (4.2.45) and (4.2.46), we see that
t
(V{0 V(D) < Ce = v(0) (1)) = € [ 2 A (o) ds
t1

t
+Ch / e~ 2min=)(t=5) )| A1y ()25 ds + O(h™).

t1

Breaking the second integral on the right-hand side in two pieces and estimating each of
them separately by (4.2.47) and (4.2.48), we get for an appropriate choice of Ay,

(X_v(t),v(t)) < Ce2Umn=2 | Agv(t) |72 + O(h).

We can moreover assume that X_ has the form AjA; + X[ X, + O(h*) for some pseudodif-
ferential operator Aj; this can be arranged since o(X_) > 0 on WF;(A4;) and the argument
of §3.8.2 only depends on the principal symbol of X_, which can be taken to be the square
of a smooth function. Then [|A;v(#)]|2, < (X_v(t),v(t)) + O(h*) and we get

AV (1) 2 < Cem W= Agv (t)| 12 + O(h™). (4.2.49)

To prove (4.2.42), it remains to note that (1 — I[T)u(t) = v(¢) + O(h*>) microlocally near W
and ||v(¢1)||z2 < Ch7Yu(ty)]|z2 by part 1 of Proposition 3.6.12.

To prove (4.2.43), we argue similarly to (4.2.45), but use the equation (4.2.29) instead
of (4.2.44). We get

%&Ocu(t), u(®)) + (Y u(t),u(t)) = O(h™),
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where

satisfies WF,()") € W and
oY) > —eo(X_) near WF,(u(t)),

and the inequality is strict on W’. The remainder of the proof of (4.2.43) proceeds exactly
as the proof of (4.2.49).

Finally, we prove (4.2.40) and (4.2.41), following the proof of Proposition 3.8.2. Let
X, € U™P(X,) be the operator defined in §3.8.3, satisfying in particular WF,(X,) € /W,
o(Xy) > 0 everywhere, and o(X}) > 0 on W’. Similarly to (3.8.33), we get from (4.2.38)
that for an appropriate choice of Ay,

1
50X TTu(t), Ma(D)) + (2, TTu(t), Mu(t)) = O(R) || AoMu(t) |72 + O(™), (4.2.50)

where Z, € Ump(X,), WF,,(Z,) € W,
Vmin — € Vmax +e

5 o(Xy) < 0(24) = —

and both inequalities are strict on W’ N WF,(ITu(t)). By Lemma 3.8.7, we deduce that

o(Xy) mnear WFy(ITu(t)),

(2, Tu(t), Tu(t)) > 2= Tu(t), (b)) + || ApTu(t) |32 - O()

Vmax + €

(2, Tu(t), Tu(r)) < 2=

(XiITu(t), Iu(t)) — [|AptTu(t)]|7> + O(h>)

By (4.2.50), we find

(0 + (Vin — &)X, ITu(t), TTu(t)) < O(h),
(0 + (Ve + )X, T (t), Tu(t)) > —O(h™).

Therefore,

(X TTu(t), Mu(t)) < Ce~mn=( X Tu(ty), Mu(ty)) + O(h™),
(X, u(t), Tu(t)) > C~te~Vmatelt( X TTu(ty), u(t,)) — O(h™).

To prove (4.2.39) and (4.2.40), it remains to note that

(X;Iu(t), Mu(t)) = O~ ApMu(t)||7. — O(h™),
(XiIu(t), Mu(t)) < Cf|AoITu(t)[|7. + O(h*);

the first of these statements follows by Lemma 3.8.7 and the second one is arranged by
choosing A to be elliptic on WF,(X7). O
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Proof of Theorem 4.4. To construct the component uy(t), we use Iu(t) together with the
Schrédinger propagator e /" Since P* = P and P is compactly supported and compactly
microlocalized, the operator e=**/" quantizes the flow e!*’» in the sense of Proposition 3.3.1.
Since WF,(ITu(t)) C 'y, we have by (4.2.38),

(hDy + P)e”"P/"Tu(t) = O(h™®) on X5, t>t, (4.2.51)
if ¢; is large enough so that
e (D N X5, N lp— 1] < 6,/4}) C W'; (4.2.52)

such t; exists by Lemma 3.4.1. We then take an elliptic parametrix S’ of S near U (see
Proposition 3.3.3) and define

un(t) == 8'(e ™ PMIu(t — 1)), te€[to—1,Tlog(1/h)], to:=2t; +1. (4.2.53)
Then by (4.2.28) and (4.2.51) we get
h?Ozun = O(h™®)  on Xy,
uniformly in t € [to, T log(1/h)]. Put
ur(t) = u(t) —un(t), t € [ty,Tlog(1/h)],
then h?Uzur = O(h™) on Xj, as well.
It remains to prove (4.2.22)—(4.2.26). Since WF;,(ITu(¢)) C I';. and by (4.2.52), we find
I1Sun ()| 22(xs,) < CllApTTu(t = t)[|z2 + O(h™);

here Ay is the operator from Proposition 4.2.5. Since [P,II] = O(h*) microlocally near
W x W, and by (4.2.29) and (4.2.37) (replacing t; by s € [0,¢1] in the definition of uy and
differentiating in s) we get

Sup(t) = Tu(t) + O(h™) microlocally near w. (4.2.54)

Therefore, _
[ AoTu(t) 2 < CllSun(®)lizxy,) + O(R).

Next, by (4.2.21) each backwards flow line of e!» starting in Xy, either stays forever in Xy,
or reaches the complement of WF,(u(t)) — see the proof of Proposition 4.2.4. By propagation
of singularities for the equation (4.2.29), we find

[Au(ty)|z2 < Clu(0)[|2(xs,) + O(R%), A € UOHP(Xy5,).

Also, for ¢; large enough, each flow line (t), ¢t € [—t1,0], of H, such that v(0) € X, either
satisfies y(—t1) € W’ and ~v([—t1,0]) C Xs,, or there exists s € [—t1,0] such that v(s) ¢
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WEy,(u(t)) for t € [t1,T'log(1/h)] and ([s,0]) C Xs,. This is true since if y(s) € WFy(u(t)),
then v([s — t1, s]) C Xs,, see the proof of Proposition 4.2.4. By propagation of singularities
for (4.2.29), we get

[a()]l 2, ) < CllAa(t — 02 + O(h™), ¢ € [2t, Tlog(1/h)]. (4.2.55)

By (4.2.29) and (4.2.51), we have (hD; + P)(Sug(t)) = O(h*®) on X;,. Using propagation
of singularities for this equation in a manner similar to (4.2.55), we obtain by (4.2.54)

[Sur®llzzex ) < Clldi(L — Myu(t — )]l + OK),  t € [24, Tlog(1/h)].
Combining these estimates with (4.2.39)—(4.2.43), we arrive to
ISun(to) |l z2xy,) < Ch™20(0) [ 2(x,,) + O(B),
ISun(®)]lz2xy, ) < Cem @2 Sun(to) |2 (x,,) + O(R™),
ISun(®)ll 2y = O 2 Sunt) | 120x, ) — OB,
ISur(llizcg) < CH e [u(0)l| 2y + O,
a(®)llz2x,,) < Ce|[u(0)l]z2(x,,) + O(h%),

holding uniformly in ¢ € [to — 1,7 log(1/h)]. To obtain (4.2.22)—(4.2.26) from here, we need
to remove the operator S from the estimates; for that, we can use the fact that S is bounded
uniformly in h on L7, together with the equivalency of the norms h|| - [|zeg, and || - || 1z, for
solutions of the wave equation (4.2.17) given by (4.2.19) and the functions of interest being
microlocalized at frequencies ~ h™1. O

4.3 Applications to Kerr(—de Sitter) metrics

4.3.1 General properties

The Kerr(—de Sitter) metric in the Boyer—Lindquist coordinates is given by the formulas [20]

dr?  df? Agsin®
2 0 2 2 2
= — — ) — ———(adt — d
9=—r(x + %) oy p(@dt = (7 +a)d)
A,

+m(dt — CLSiIl2 0 ng)Q

Here M > 0 denotes the mass of the black hole, a its angular speed of rotation, and A > 0
is the cosmological constant (with A = 0 in the Kerr case and A > 0 in the Kerr—de Sitter

case);

A 2
A, = (7,2+a2)(1_ _T) —2Mr, Ag= 1+ac0829,

3

p> =1*+a*cos’l, «a 3
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The metric is originally defined on
X, =R, x Xo, Xo:=(r_,ry), x S%

here 6 € [0, 7] and p € S' = R/(27Z) are the spherical coordinates on S?. The numbers r_ <
ry are the roots of A, defined below; in particular, A, > 0 on (r_,ry) and £9,A,.(r+) < 0.
The metric becomes singular on the surfaces {r = r1}, known as the event horizons; however,
this can be fixed by a change of coordinates, see §4.3.4.

The Kerr(—de Sitter) family admits the scaling M +— sM, A — s72A,a — sa,r + sr,t +—
st for s > 0; therefore, we often consider the parameters a/M and AM? invariant under this
scaling. We assume that a/M, AM? lie in a neighborhood of the Schwarzschild(-de Sitter)
case (4.1.1) or the Kerr case (4.1.2). Then for A > 0, A, is a degree 4 polynomial with real
roots r < ro < r_ < ry, with r_ > M. For A =0, A, is a degree 2 polynomial with real
roots 71 < M < r_; we put r, = oco. The general set of A and a for which A, has all real
roots as above was studied numerically in [2, §3], and is pictured on Figure 4.1(a) in the
introduction. Note that in [2], the roots are labeled r__ < r_ < r, < r¢; we do not adopt
this (perhaps more standard) convention in favor of the notation of the previous chapters
and [128], and since the roots 71,7y are irrelevant in our analysis.

The symbol p defined in (4.2.2) using the dual metric is (denoting by 7 the momentum
corresponding to t)

ﬁ:p72Ga G =G, + Gy,

1 2
Gr =08~ %((TQ + a7 + a&,)?,
(1+a)?
Gg = Ag&ﬁ + m(as1n2 0T+ &0)2.
Note that
At,0.0.69)Gr = 0, Otpre)Go = 0, (4.3.1)

therefore {G,, Gy} = 0 and Gy, 7, , are conserved quantities for the geodesic flow (4.2.3).
To handle the poles {# = 0} and {6 = 7}, where the spherical coordinates (6, ¢) break
down, introduce new coordinates (in a neighborhood of either of the poles)

x1 =sinfcosp, o= sinfsinp; (4.3.2)

note that sin?@ = x? 4+ 22 is a smooth function in this coordinate system. For the corre-
sponding momenta &, &y, we have

§o = (2161 + 1262) cot O, &, = 218 — 196,

note that £, is a smooth function vanishing at the poles. Then G,, Gy are smooth functions
near the poles, with
Go=(14+0a)(&+&) when z, =25 =0. (4.3.3)
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The vector field 9, is not timelike inside the ergoregion, described by the inequality
A, < a*Agsin? 6. (4.3.4)

For a # 0, this region is always nonempty. However, the covector dt is always timelike:

2

20 2 | 2)2
sin (7’—|—a)><07

a
G\gzdt:(ljua)?( A A (4.3.5)

since A, < r? + a?.
We now verify the geometric assumptions (1)—(4) of §4.2.2. Assumptions (1)—(3) have
been established already; assumption (4) is proved by

Proposition 4.3.1. Consider the function p(r) € C>®(r_,ry) defined by
A (r)

rd

plr) =
Then there exists 8 > 0 such that for each (,€) € T* X,

(&) < 8o, €0, B(E,€) =0, Hpul(#,6) =0 = Hip(i,€) < 0. (4.3.7)

(4.3.6)

Moreover, dg can be chosen to depend continuously on M, A, a.

Proof. First of all, we calculate

_4Ar — 10 A,

p= , AN, —70,A, = 2((1 — a)r® — 3Mr + 2a?), (4.3.8)

Orp(r) =

therefore 0,u(r) < 0 for a < 1/2 and r > 6M. Since 0,A,(r+) # 0, we see that for dp small
enough and p(r) < &y, we have 0,4(r) # 0. Therefore, we can replace the condition Hyp = 0
in (4.3.7) by Hzr = 0, which implies that § = 0; in this case, Hg,u has the same sign as
—0,110,G,.. We calculate for &, = 0,

(14 a)?((r* + a*)7 + a&,)

0,G, = — W(r),
A2 (r) (4.3.9)
W(r) = 4r7A, — ((r* + a®)7 + a&,) 0, A,.
Next, denote
A= (r*+ad*)T+aé,, B:=asin®07+¢, (4.3.10)
then 4rA 20, )A — dar A\, B
p*r = A—aB, g Urar—p Tpg) — e (4.3.11)
Using the equation p = 0, we get
A? B?
—>——— on{p=¢(=0Nn{0< 0 <7} (4.3.12)

Ar - Ag sin2 0
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Since Agsin® < 1 everywhere for a < 1, and B = 0 for sin = 0, we find
A2 > A, B2 (4.3.13)

In particular, we see that A # 0, since otherwise B = 0, implying that 7 = {, = 0 and thus
& =0 since p =& = 0. Now, ng has the same sign as

Ou((4r, — p*0,A,) A% — dar A, AB). (4.3.14)
We now calculate by (4.3.8) and since 9, A, < 2r, for a < 1/2

4r\, — p*0, A, = 2r((1 — a)r* — 3Mr + 2a®) — a® cos® 00, A,
> r(r? — 6Mr + 2a°),

and thus, since A, < r? +a? and |a| < M, and by (4.3.13),

(4rA, — p*0,A,) A% — dar A, AB > A*r(r* — 6Mr + 2a® — 4la|\/A,)
> A%r(r? — 10Mr — 4M?).

We see that (4.3.7) holds for r large enough, namely r > 14 M.
We now assume that r» < 14M and u < dg. Then (here the constants do not depend on
dp and are locally uniform in M, A, a)

A, =0(6), |0,A]>C7 Op=r""0.A, 4+ O(8).
Then for ¢y small enough, by (4.3.13) the expression (4.3.14) has the same sign as
A0, 0, (—p20, A, + O(V/60)) < O,

as required. O

4.3.2 Structure of the trapped set

We now study the structure of trapping for Kerr(—de Sitter) metrics, summarized in the
following

Proposition 4.3.2. For (AM?,a/M) in a neighborhood of the union of (4.1.1) and (4.1.2),
assumptions (5)—(8) of §4.2.2 are satisfied, with fimax = 0 (see (4.2.11)) and the trapped set
(see Definition 4.2.1) given by

K={G=¢6=0,G.=0, £#0} CT*X,\0. (4.3.15)
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Remark. The assumptions on M, A, a can quite possibly be relaxed. The only parts of the

proof that need us to be in a neighborhood of (4.1.1) or (4.1.2) are (4.3.17) and (4.3.18).

Several other statements require that « is small (in particular, (4.3.26) requires o < gﬁ),

but this is true for the full admissible range of parameters depicted on Figure 4.1(a) in the
introduction.

Remark. Some parts of Proposition 4.3.2 have previously been verified in [128, §6.4] in the
case |a| < \/731\/[ .

We start by analysing the set K defined by (4.3.15); the fact that K is indeed the trapped
set is established later, in Proposition 4.3.5. We first note that K is a closed conic subset
of {p = 0} \ 0, invariant under the flow (4.2.3); indeed, &, = 0 implies Hzr = 0, 0,G, = 0
implies HpE, = 0, HyT = Hpé, = 0 everywhere, and 0,G, depends only on 7,§,, T, &,.

By (4.3.9), and since (1% + a?)7 + a€, = p = 0 implies € = 0, we see that

U=0 onk. (4.3.16)
Assumption (5) in §4.2.2 follows from the inequality
m((r? + a®)7 +af,) >0 on K. (4.3.17)

For the Schwarzschild(~de Sitter) case (4.1.1), this is trivial (noting that 7 = 0 implies £ = 0);
for the Kerr case (4.1.2), it follows from (4.3.16) together with the fact that 9,A, > 0. The
general case now follows by perturbation, using that, by Proposition 4.3.1, K is contained
in a fixed compact subset of Xj.

We next claim that _
902G <0 on K. (4.3.18)

By (4.3.9), this is equivalent to requiring that 79,¥ > 0 on K. Now, in either of the
cases (4.1.1) or (4.1.2), we calculate

U(r) =2(rr® = 3BM7r* + a(at — &,)r + Ma(at + &,)). (4.3.19)

In particular,
U(M) =4Mr(a®> — M?), 0*U(r) =127(r — M).

Since |a| < M, we see that
TU(M) <0; 702¥(r) >0 for r > M.

Therefore, if r > r— > M and ¥(r) = 0, then 70,¥(r) > 0 and we get (4.3.18) in the
cases (4.1.1) and (4.1.2); the general case follows by perturbation, similarly to (4.3.17).
To study the behavior of K in the angular variables, we introduce the equatorial set

K.:=Kn{0=mr/2, &=0}. (4.3.20)
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This is a closed conic subset of K invariant under the flow (4.2.3) (which is proved similarly
to the invariance of K). We have

9,G#0 onK,. (4.3.21)
Indeed,

a((r* + a®)1 + a&,)
A,

06, G = 2(1+ ) - +ar+g) on{6=r/2) (4.3.22)

Also, the equation G = 0 implies

2 2 2 in2 2 ~
((r* 4+ a®)T + a&y,) _ (asin 8‘7';‘590) on K N {& = 0}. (4.3.23)
A, Apsin® 0

Putting 0 = 7/2 into (4.3.23), we solve for A, and substitute it into (4.3.22), obtaining

o TAT(aT +&,)
(r2 +a?)7 + a,

9:,G =2(1+a) 40 on K., (4.3.24)

implying (4.3.21).
At the poles {6 = 0,7}, we have

106, G| + |06,G]| > 0. (4.3.25)

This follows immediately from (4.3.3), as & = & = 0 would imply Gy = 0, which is
impossible given that &, =0, G =0, and & # 0.
Finally, we claim that
Kn{&=08G=01n{0<0<7}=K, (4.3.26)
2G>0 on K,. (4.3.27)

To see this, note that 0 < A, < 72+ a?, Ay > 1, and (r? 4+ a?)7 + a&, # 0 by (4.3.17); we
get from (4.3.23)

: 29 2 -
(r* + a1 +a&,)? < (r* + a%) (asin : 2; o) on K N{& = 0},
sin
or, using that |a| < M <,
53 2 2\, 2 2.2 7
> (r4a°)7° > 20’7 on K N{¢ = 0}. (4.3.28)

sin? 6
Next, if £ = 0, then

2(1 + a)?(asin? 07 + &,) cos f
AZsin® 0

0yG = (1+ a)asin® 7 — (1 + acos(20))E,).
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In particular, using (4.3.28) we obtain (4.3.27) for a = 0:
0;G —2(§ —d®?)>0 on K.,

and the case of small « follows by perturbation. It remains to prove (4.3.26). Assume the
contrary, that 9,G = 0, & = 0, but 6 # 7/2. By (4.3.23), asin® 07 + &, # 0; therefore,
(14 a)asin® 07 = (1 + acos(20))¢,. Combining this with (4.3.28), we get (1 + «)sinf >
V2(1 + acos(260)), which implies that (1 + a) > v/2(1 — ), a contradiction with the fact
that a is small. B

It follows from (4.3.18), (4.3.21), (4.3.25), and (4.3.26) that at each point of K the
matrix of partial derivatives G, &, 0.G in the variables (r,&,, *), where % stands for one of
0,%0,&0, &1, &, is invertible. This gives

Proposition 4.3.3. The set K deﬁned by (4.3.15) is a smooth codimension 2 submanifold

of {p = 0}\0, and its projection K onto the & = (t,0,p), £ = (7,&0,&,) variables is a smooth
codimension 1 submanifold of T*(R x S?).

We now study the global dynamics of the flow, relating it to the set K. Take (7°,6%) €
{p = 0} \ 0 and let (Z(t),£(t)) be the corresponding Hamiltonian trajectory of (4.2.3).
Consider the function

((r* +a®)7% + al)?
A(r)

PO>r) = G (2%, €% + (1 + )?

Note that G,.((t), £(t)), 7(t), £,(t) are constant in t and (r(t), &.(t)) is a rescaled Hamiltonian
flow trajectory of

HO(r, &) :i= A (r)€2 — ®°(r);
in particular, (r(t),&.(t)) solve the equation
A, (r)E2 = d°(r). (4.3.29)
The key property of ®° is given by
Proposition 4.3.4. For eachr € (r_,r.),

P(r) >0, 0,9°(r) =0 = 929°(r) > 0. (4.3.30)

Proof. Assume that ®°(r) 2 0. Then we can find (i',&!) € T*X° such that (£*,6, ') =
(tO,HO,gp ), it =1, 7t =10 &l =¢0, & =0, and p(a*, ') = 0; indeed, it suffices to start
with (22,£€9), put r' = r, &' = 0, and change the 59 component (or one of &}, &5 components
if we are at the poles of the sphere) so that Gy(#', ") = Gy(3°, ) + ®°(r). If additionally
8,00(r) = 0, then (&!,€') € K; it remains to apply (4.3.18). O
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We now consider the following two cases:
Case 1: |9%(r)| + |0,9°(r)| > O for all » € (r_,ry). In this case, the set of solutions
to (4.3.29) is a closed one-dimensional submanifold of 7*(r_, ;) and the Hamiltonian field of
H? is nonvanishing on this manifold. This manifold has no compact connected components,
as the function ®°(r) cannot achieve a local maximum on it by (4.3.30). Tt follows that the
geodesic (&(t),£(t)) escapes in both time directions.
Case 2: there exists 1’ € (r_,ry) such that ®°(r') = 9,9°(r') = 0. Then

(t()? TI’ 007 SDO7 TO? 07 fg’ gg) E }A(:?

therefore the projection (22, £9) lies in K (see Proposition 4.3.3). By (4.3.30), we see that
020%(r") > 0 and (r — r)0,®%(r) > 0 for r # /. Then the set of solutions to the equa-
tion (4.3.29) is equal to the union I', UT?, where

[y = {& = Fsgn(r") sgu(r — ')/ (1) /A (r)},

note that '} are smooth one-dimensional submanifolds of 7*(r_, r, ) intersecting transversely
at (1,0). The trajectory (Z(t),£(t)) is trapped as t — Foo if and only if (r°,£%) € T'Y. Note
that by (4.3.17), 7° is negative on C, and positive on C_.

The analysis of the two cases above implies

Proposition 4.3.5. The incoming/outgoing tails I, (see Definition 4.2.1) are given by (here
K is defined in Proposition 4.5.3)

o= {(r,,6,8) | (£,) € K, & = Fsgn(?)sgn(r — 1 )1/ @, :(r)/An(r)},
where -
(4 )7 + )’

A (r) ’

and r%é 1s the only solution to the equation CI)j,é(r) = 0; moreover, &CI)@é(r;,é) =0 and

D, s(r) = —Go(#,6) + (1 + )

(93@335(7"; é) > 0. Furthermore, T are conic smooth codimension 1 submanifolds of {p =

0}\0 intersecting transversely, and their intersection is equal to the set K defined in (4.3.15).

We also see from (4.3.18) and the fact that 0,p # 0 on {p = 0}\0 (as follows from (4.3.5))
that the matrix of Poisson brackets of functions G, 9,G,¢,,t on K is nondegenerate, which
implies that the intersections K N{t = const} are symplectic submanifolds of 7% X. Together
with Proposition 4.3.5, this verifies assumptions (6) and (7) of §4.2.2.

It remains to verify r-normal hyperbolicity of the flow ¢* defined in (4.2.3). We start by
showing that the maximal expansion rate in the directions of the trapped set finax, defined
in (4.2.11), is equal to zero:
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Proposition 4.3.6. For each € > 0, there exists a constant C' such that for each v € TIN(,
|dp*v] < Cellj].
Here | - | denotes any fized smooth homogeneous norm on the fibers of TK.

Proof. Using the group property of the flow, it suffices to show that for each ¢ > 0 there
exists T' > 0 such that for each v € TK,

|dpTv| < ). (4.3.31)

Since K is a closed conic set, and K N {r = 1} N {t = 0} is compact, it suffices to show
that for each flow line v(s) of (4.2.3) on K, there exists T such that (4.3.31) holds for each
v = v(0) tangent to K at 4(0). Denote v(s) = dp*v(0).

If ~(s) is a trajectory of (4.2.3) on TK, then r,& = 0,7 are constant on ~(s) and the
generator of the flow does not depend on the variable ¢; therefore, it suffices to show (4.3.31)
for the restriction of the matrix of dg” to the 9y, d,, O, , O, variables. This is equivalent to
considering the Hamiltonian flow of G in the 6, ¢, &, £, variables only, on T*S?. Recall that
the equatorial set K, = K N{0 = /2, & = 0} defined in (4.3.20) is invariant under @*. We
then consider two cases:

Case 1: 7(s) ¢ K. for all s. Then the differentials of G' and £, are linearly independent
by (4.3.25) and (4.3.26). Since {G,&,} = 0, by Arnold-Liouville theorem (see for example
Proposition 2.3.8), there is a local symplectomorphism from a neighborhood of «y(s) in T*S? to
T*T?, where T? is the two-dimensional torus, which conjugates G to some function f(n;,72);
here (y1,%2,m1,72) are the canonical coordinates on T*T?. The corresponding evolution of
tangent vectors is given by dsv,(s) = V2 f(n(s))v,(s), Osv,(s) = 0, and (4.3.31) follows.
Case 2: 7(s) € K, for all s. Since Osve,(s) = 0 and J,v does not depend on vy, it suffices
to estimate vp(s), ve,(s). We then find

Osvp(s) = 2vg,(5),  Osvg,(5) = —05G((5))ve(s) — Tpe, G(7(5))ve, (5)-
Now, by (4.3.27), 93G(7(s)) is a positive constant; (4.3.31) follows. O

We finally show that the minimal expansion rate vy, defined in (4.2.9), is positive. By
Proposition 4.3.5, (Z,¢) € 'y if and only if

(,6) e K, ¢u(2,€) =0,

where

P+ (%,€) = & F sgn(0,G) sgu(r — 1) o)1 [, £(r)/A(r).
Since Hg is tangent to fi, we have HzpL = 0 on fi; it follows that

Hole0) _ 5 (6,8p0(5.8) when (0,6) € R .



CHAPTER 4. GLOBAL ASYMPTOTICS OF WAVES AND RESONANCES 221

for some functions 7. By calculating 0, Ho@+ |, we find 4|z = U_|z = D, where

_ J/20,0%G,
p=Y_“orrtr (4.3.33)

.Gl

note that 92G, < 0 on K by (4.3.18) and 8,G # 0 on {§ = 0}\ 0 by assumption (3) in §4.2.2.
Let V. be the one-dimensional subbundles of 7T defined in (4.2. 7) invariant under the
flow gp Since dg+ vanishes on T' K and is not identically zero on T Fi, we can fix a basis
vy of Vi|z 7 by requiring that
d@;': s V4 = 1.

Denote by V' = Hg/0,.G the generator of the flow ¢°. The Lie derivative Ly vy is a multiple
of v4; to compute it, we use the identity

Since (4.3.32) holds on f+ U f_, we get on vectors tangent to fi,
Ly(dps) = d(+0+¢5) = +0dp+  on K.

It follows that
s (dSO Ui) i(ﬂo¢s)vi,

which implies immediately

Proposition 4.3.7. The expansion rates defined in (4.2.9) and (4.2.10) are given by

Vmin = liminf inf (V)7,  vpae = limsup sup ()7,
T—oo (z,6)eK T—oo (z,£)eK

where > 0 is the function on K defined in (4.3.33) and

1 T
(D) = T / Uo®ds.
0

Together, Proposition 4.3.6 and 4.3.7 verify assumption (8) of §4.2.2 and finish the proof
of Proposition 4.3.2.

4.3.3 Trapping in special cases

We now establish some properties of the trapped set K and the local expansion rate , defined
n (4.3.33), in two special cases. We start with the Schwarzschild(—de Sitter) case (4.1.1),
when everything can be described explicitly:
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Proposition 4.3.8. For a =0, we have

~ 2TM?
K = {fr =0, r=3M, 7#0, Gy = WT }, (4.3.34)
g YAZ S0 (4.3.35)
=S 3.

Proof. We recall from (4.3.16) that K is given by the equations G = 0,&, = 0, ¥ = 0, where
VU is computed using (4.3.19):
U(r) = 2rr(r — 3M).

Since 7 # 0 on K by (4.3.17), we see that ¥ = 0 is equivalent to 7 = 3M. Now, A,(3M) =
3M?2(1—9AM?); therefore, G, = — 2L 72 for ¢, = 0 and r = 3M and we obtain (4.3.34).

T (1-9AM?2)
Next, by (4.3.9), we find

2
9~ T°T B 18 9 ~
8TG7~ = —A—%&,\IJ(T) = —mT on K.
Finally, we compute
54 M? ~
0TG = —m T Oon K,
and (4.3.35) follows. O

We next consider the case when A = 0 and a approaches the maximal rotation speed
M from below, calculating the expansion rates on two equators to show that the pinching
condition (4.1.12) is violated:

Proposition 4.3.9. Fiz M and assume that
A=0, a=M-¢ 0<exl
Then K., defined in (4.3.20), is the union of two conical sets
Ey={r=Ri(e), & =0, & = Fy(e)r, 0 =7/2, { =0, 7 # 0},
where R,y (€), F(€) are smooth functions of €, R_(¢), F_(€) are smooth functions of \/€, and
(see Figure 4.4)
Ry(e) =4M + O(e), F.(e) =TM + O(e);

R (€)= M+ /8eM/3+ O(e), F_(€) = —2M — V6eM + O(e). (4.3.36)

Finally, the expansion rates v defined in (4.3.33) are given by (see also Figure 4.2(a) in the
introduction)

U=

3v3 . We2M
s T O(e) onEy; v= T O(e) on E_. (4.3.37)
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Figure 4.4: The graphs of r and &,/7 on the trapped equators Ey, as functions of a for
A=0.

Proof. The set K, is defined by equations & = & = 0, § = 7/2, and (see (4.3.16))

((r* +a®)7 + a&p)* = Ar(r) (a7 +&,)%,

drr A, (r) = ((T2 4 a2)7' T+ a€ )0, (). (4.3.38)

Recall that A,(r) = r? + a® — 2Mr. Putting A = (r? + a®)7 + a&, and B = at + &,, we
rewrite these as
A% = A (r)B?,
4(A —aB)A,(r) = Aro, A (r).

The second equation can be written as (r? + 2a* — 3Mr)A = 2aA,.(r)B. Solving for B and
substituting into the first equation, we get

4a* A, (r) — (r* 4+ 2a* — 3Mr)? = 0. (4.3.39)

This is a fourth order polynomial equation in r with coefficients depending on € and with a
root at r = 0; we will study the behavior of the other three roots as € — 0. We write (4.3.39)
as

(r — M)*(r —4M) = —8eM? + O(?). (4.3.40)

By the implicit function theorem, for € small enough, the equation (4.3.39) has a solution
R = Ri(e) = 4M + O(¢). We next identify the two roots lying near r = M; they are
solutions to the equations

8+ O(e)
- Ve

The solution with the negative sign lies to the left of r_ > M, therefore we ignore it. The
solution with the positive sign, which we denote by R_(¢€), exists for e small enough by the
implicit function theorem and we find R_(¢) = M + 1/8M/3 + O(e).

r—M==+M
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To find the values of ,/7 corresponding to » = Ry (e), we use the second equation
n (4.3.38); this completes the proof of (4.3.36). Finally, we calculate at r = R, (e), &, =
F+(€)T7

A, =9M? +O(e), 0;G = —%r +0(e), 0.G = —%M%’-ﬁ- O(e),
and at 7 = R_(¢), &, = F_(e)T,
Ar:_€+0( ) 82G_——T +(9(—1/2 (9G——2/ MQT—{—O
(4.3.37) follows. 0

4.3.4 Results for linear waves

In this section, we apply Theorem 4.4 in §4.2.4 and the analysis of §§4.3.1, 4.3.2 to obtain
Theorems 4.1 and 4.2.

We start by formulating a well-posed problem for the wave equation on the Kerr—de Sitter
background. For that, we in particular need to shift the time variable, see §§1.2, 2.2.1. Let
 be the defining function of the event horizons and/or spatial infinity defined in (4.3.6) and
fix a small constant 41, used in Theorem 4.4 as well as in (4.2.13). To continue the metric
smoothly past the event horizons, we make the change of variables

t=t"4+F(r), ©=¢" + F,(r), (4.3.41)

where F}, F,, are smooth real-valued functions on (r_, ) such that

e Fl(r)= j:AH(O‘) (r*+a*)+ fe(r) and F(r) = j:AH(O‘)a near r = r4, where fy are smooth

functions (for the Kerr case A = 0, we only require this at r =r_)

o Fi(r) = F,(r) = 0 near {y > 9,/10} (and also for r large enough in the Kerr case
A =0);

e the covector dt* is timelike everywhere; equivalently, the level surfaces of t* are space-
like.

See for example [128, §6.1 and (6.15)] for how to construct such Fj, F,. The metric in the
coordinates (t*, 7,0, ") continues smoothly through {r = r_} and {r = r;} (the latter for
A > 0), to an extension X_s, := {s > —0;} of X, past the event horizons. Since F, = F,=0
near {4 > 01/10}, our change of variables does not affect the arguments in §4.2.

The principal symbol of A*(J; in the new variables, denoted by p*, is given by

Pr(r, 0,7, &, €, ) = P(1, 0,77, & — O Fy(r)T" — 0rF (1) €0r, €0, v ).
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In particular, if § = £« = 0, then for r close to 7_ or to 1 (the latter case for A > 0),

5 = Byl — F ()7 F 2L+ ) 4 ) (6 — falr)r) + O‘>A‘; W0 oy

Then in the new coordinates,
g Hdr,dr) = —A,,  § M (dr,dt*) = £(1 4+ )(r* + a®) + A, fo (7). (4.3.42)

Therefore, the surfaces {r = ro} are timelike for u(rg) > 0, lightlike for u(ro) = 0, and
spacelike for u(rg) < 0, and g~ (du, dt*) < 0 near the event horizon(s). Moreover, for A = 0
the d’Alembert—Beltrami operator

1 1 .
Dg = ;DT(ATDT) + ng(Sln QDQ)
(asin®0 D, + D,,)? _ ((® +a*)D; + aD,)?
p?sin? 6 P2A,

belongs to Melrose’s scattering calculus on the space slices near r = oo (see [129, §2]) in
the sense that it is a polynomial in the differential operators Dy, D,,r~'Dy,r~'D, with
coefficients smooth up to {r~! = 0} in the r1, 0, variables (where of course 6, ¢ are
replaced by a different coordinate system on S? near the poles {sinf = 0}).

Consider the initial-value problem for the wave equation (here s > 0 is integer)

Ogu =0, t*>0; ulp=o = fo, Optt|pr=0 = f1;
fO S HS+1(X—51>7 fl € HS<X—51)’

(4.3.43)

This problem is well-posed, based on standard methods for hyperbolic equations [123, §6.5]
and the following crude energy estimate: if we consider functions on X_s, as functions of ¢*
with values in functions on X_j,, then for ¢ > 0,

[Ju(t’)]
Ho+1(X_5) T [0 u(0)]

aort(x_s,) + |0 u(t) | msx_s,) (4.3.44)
< Ce“"(Jlu(0)] )

o,y + 1€ Ogullmsoyxx_s,))-
To prove (4.3.44) for s = 0, we use the standard energy estimate on Q = X_g5, N{0 < ¢* < '}
for hyperbolic equations (see [123, §2.8], Proposition 1.2.1, or [46, §1.1]), with the timelike
vector field A equal to 9; (a Killing field) for large 7 (in the case A = 0) and to g~ (dt*) close
to the event horizon(s); by (4.3.42), the boundary 05 is spacelike and N points inside of
on {t* = 0} and outside of it elsewhere on 2. The higher order estimates are obtained from
here as in [123, (6.5.14)], commuting with differential operators in the scattering calculus.

We now assume that fo = fo(h), fi = fi(h) are such that || follmx_;,) + [ fillz2x_;,) 18
bounded polynomially in & and fy, fi are localized at frequencies ~ h~', namely (see the
discussion in §4.2.1)

WFh(fo) U WFh(fl) C T>k)<_51 \O
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Let u be the corresponding solution to (4.3.43) and assume that it is extended to small nega-
tive times (which can be done by taking a smaller §; and using the local existence result back-
wards in time). By (4.3.44), we see that u is h-tempered uniformly for ¢* € [0, T log(1/h)].

Similarly to (4.2.18), W\F/h(u) C {p* = 0}. Moreover, using standard microlocal analysis for
hyperbolic equations, we get a pseudodifferential one-to-one correspondence between ( fy, f1)
and (u4(0),u_(0)), where uy are the components of « microlocalized on C., the positive and
negative parts of the light cone, each solving an equation of the form (hD;+ Py)uy = O(h*)
for some spatial pseudodifferential operators Py (similarly to (4.2.28)). This gives

WFh(u) N {t* = O} - {(0,1’,7’, 5) | ]5*(37’7_7 f) = 07 (l’,f) € WFh(fO) UWFh(fl)}

In particular, we get _
WEF,(u)N{t* =0} C T*X 4, \0. (4.3.45)

By the same correspondence, if WFy,(u) N {t* = 0} is compact and covered by finitely many
open subsets of T*X _s, \ 0, then we can apply the associated pseudodifferential partition of
unity to fo, f1 to split u into several solutions to the wave equation such that the wavefront
set of each solution at t* = 0 is contained in one of the covering sets. The resulting solutions
can then each be analysed separately.

We next assume that

supp fo Usupp f1 C Xj,.

We obtain some restrictions on the microlocalization of u for large times. For that, we need
to consider the dynamics of the geodesic flow on the extended spacetime Xjs,. Define the
flow ¢* similarly to (4.2.3), rescaling the geodesic flow so that the variable ¢* is growing with
speed 1. Since t = t*, o = ¢* on )?51/10, the flow lines of ¢° and ¢®° coincide on )?51/10. If ~(s)
is a flow line of ¢* such that v(0) € )?51 /10 and 7y is not trapped for positive times according
to Definition 4.2.1, then either v(s) escapes to the Euclidean infinity (for A = 0) or ~(s)
crosses one of the event horizons at some fixed positive time sq, and p(y(s)) < 0 is strictly
decreasing for s > s¢ (see the discussion following [128, (6.22)], verifying [128, (2.8)]); in the
latter case, we say that v escapes through the event horizons.

The next statement makes nontrivial use of the structure of the infinite ends (in particular,
using [89, 129, 35] for the asymptotically Euclidean end for A = 0) and is the key step for
obtaining control on the escaping parts of the solution for long times:

Proposition 4.3.10. Assume that all flow lines of p* starting on WFy(u) N{t* = 0} escape,
either to the spatial infinity or through the event horizons. Then there exists Ty > 0 such
that uniformly in t*,

la(t) ey + 10wt 120, ) = O(R™), € [Ty, Tlog(1/h)]. (4.3.46)

Proof. We first consider the case when WE;(u) N {t* = 0} is contained in a small neigh-
borhood of some (z,£) € T* X5, \ 0, and, for v(s) = ¢*(%, &), there exists Ty > 0 such that
([0, T5]) € X_35,/4 and (7o) € {0 < —61/2}. By propagation of singularities for the wave
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equation (see for example Proposition 3.3.4), we see that WF,(u)N{t* = Tp} C {u < —61/2};
it follows that

[w(To) 1 (x_s, 1) + 10 u(T0) | 12(x_5, o) = O(RT).

Then the same bound holds for ¢* > T} in place of Ty by (4.3.44) (replacing d; by 01/2).

For the remainder of this proof, we consider the opposite case, when A = 0 and each
flow line of ¢* starting on WF,(u) N {t* = 0} escapes to the spatial infinity. Fix a large
constant Ry; we require in particular that X5, C {r < R;}. By propagation of singularities,
similarly to the previous paragraph, we may shift the time parameter and assume that
WF,(u) N {t* = 0} is contained in a small neighborhood of some (i, &) € T*X, \ 0, where
ro > Ry, duuu(9°(Z0,&0))|sm0 < 0. In fact, by (4.3.44) and finite speed of propagation, we
may assume that for t* near 0, the support of v in x is contained in a compact subset of
{r > R;}. Without loss of generality, we assume that 7o < 0. The trajectory @*(Zo, éo) does
not intersect {r < Ry} for s > 0.

We replace the Kerr spacetime ()N(O, g) with a different spacetime (R; x Rgﬂ,w g1), where
(r,0, ) are the spherical coordinates on R? and g, is the stationary Lorentzian metric defined
on R* by

gt =g+ 1= xa(r)g
where go ' = 72— &2 — &5 /r? — €2/ (r? sin® ) is the Minkowski metric on R*, y1 € C§°([0, Ry)),
0 < x1 < 1 everywhere, and x; = 1 on [0, R;/2]. The dual metrics §~! and §, ' are close
to each other for large r in the sense of scattering metrics, that is, as quadratic forms in
7, &y 1 g, r71E,, therefore for Ry large enough, gy ' is the dual to a Lorentzian metric, the
surfaces {t = const} are spacelike, and J; is a timelike vector field. Note that the new
spacetime no longer contains an event horizon.

We now show that §; ' is nontrapping for large R; and a correct choice of x;, that is,
each lightlike geodesic escapes to the spatial infinity in both time directions. It suffices to
prove that if p; (%, &) = —g;;(é, €), then (compare with assumption (4) in §4.2.2)

r>0,p =0, {£0, Hyr(z,) =0 = H2r(%,§) > 0.

Indeed,
Hp,r =26 (xa(r) + (1 = xa(r)Ar/p°);

therefore, Hj r = 0 implies & = 0 and Hglr has the same sign as

—0,p1 = —XI1(7”)(250 - ]5) - Xl(T)arﬁo - (1 - Xl(T))arﬁ;

it remains to note that we can take rx/(r) bounded by 3, py — p is small for large r in the
sense of scattering metrics, and both 78,5y and rd,p are homogeneous of degree 2 in € and
bounded from above by a negative constant on {7% + r72¢f 4+ r2¢2 = 1} N {p1 = & = 0},
uniformly in r~! > 0 for d,py and uniformly in 7—! € [0,d,) for 0,p.

Let u; be the solution to the wave equation on the new spacetime (R* §;) such that

—~—

t—0- It is enough to prove that, with WFj(u;) defined

Uﬂt:o = U|¢*=0, atul|t:0 = Opu
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in §4.2.1, -
WE,(u) N {r < Ry} =0, 0<t<Tlog(1/h). (4.3.47)

Indeed, in this case Oz((1 — x1(r))u1) = O(h™)ce; by (4.3.44), we have W\F/h(ul) = W\F/h(u)
for t € [0, T'log(1/h)], and (4.3.46) follows since X, C {r < R;}.
To show (4.3.47), we use the Fourier transform in time,

7)1()\) = /Rew\tﬂ)l (t)u1 (t) dt, ImMA> 0.

Here v (t) is supported in [—d,00) and is equal to 1 on [d, 00), for some small fixed § > 0.
The integral converges, as ||ui(t)|| gzms) < Ce® for each € > 0, as follows from the standard
energy estimate for the wave equation (see the paragraph following (4.3.44)) applied for the
timelike Killing vector field 9.

Let P(A) be the stationary d’Alembert—Beltrami operator for the metric g, constructed
by replacing D, by —A in the operator [g; the semiclassical version defined in §4.2.3 is given

~

by the relation P, (w) = h?P(h~'w). Then
PWin(A) = A(A), TmA >0,

where f; = [0y, ¢1(¢)]ui(t). We note that WE,(f1) is contained in a small neighborhood
of (97;0,50) and f; is compactly supported; therefore, fl(h_lw +iE) = O(h%) 5,05 ms) for
w outside of a small neighborhood of —75 > 0, and WF(fi(h~'w + iE)) lies in a small
neighborhood of (xg, &) for all w.

We now apply the results of [89, 129, 35]. For this, note that for any fixed A, the operator
]3()\) lies in Melrose’s scattering calculus on the radially compactified R3, and for Im A > 0,
the operator 16()\) is elliptic in this calculus in the microlocal sense (that is, elliptic as &
and/or r go to infinity) — in fact, near r = oo the operator ]3()\) is close to Ag — A%, where
Ay is the flat Laplacian on R3. Moreover, ]3()\) is a symmetric operator when A € R. This
implies that the proofs of [129, 35] apply. Similarly to [89, Theorem 2], for Im A > 0, the
operator P()\) is Fredholm H2(R?) — L2(R3) and invertible for A outside of a discrete set:
we can then fix £/ > 0 such that ﬁ()\ + iF) is invertible for all A € R.

Next, the Hamiltonian flow of the principal symbol p(w) of P, (w) corresponds to lightlike
geodesics of the metric g, similarly to (4.2.14). Therefore, this flow is nontrapping at all
energies w # 0. By [129], we get for each xq € C5°(R?),

IxoPOA +iE) "Yollz2mre < CAVY, N eR; (4.3.48)

in fact, the constant in the estimate is bounded as E' — 0, but we do not use this here. Finally,
by [35, Lemma 2], we see that Pj,(w+thE)™! is semiclassically outgoing for w near —7, that
is, the wavefront set of iy (h~'w +E) is contained in the union of WF,(fi(h~'w +4E)) and
all Hamiltonian flow lines of p(w) starting on WF,(f1(h'w 4 iE)) N {p(w) = 0}. Since no
geodesic starting near (&, &) intersects {r < Ry} for positive times, we get WF}, (tiy (R~ w +
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iE))N T*X(;l = () for w in a neighborhood of —7y. For w outside of this neighborhood, we
use the rapid decay of f;(w) established before, together with (4.3.48), to get

ﬂ1(>\ + ZE) = O(hoo<)\>_oo)coo({r<31}).

It remains to use the Fourier inversion formula

1

/ eTIAFEG (N 4+ i E) dA
R

to get (4.3.47). O

Any solution satisfying (4.3.46) is trivial from the point of view of Theorems 4.1 and 4.2
(putting uy; = 0). Therefore, we may assume that WEF,(u) N {t* = 0} is contained in a
small neighborhood of some (z, é ) such that the corresponding geodesic does not escape. By
assumption (5) in §4.2.2, see also Lemma 4.2.2, we may assume that

WF,(u)N{t* =0} C (C. Nn{r <0} U (C_nNn{r>0}),

here Cy are defined in (4.2.6). We can reduce the case WF(u) N {t* = 0} C C_ to the case
WE(u) N{t* =0} C Cy by taking the complex conjugate of u, and take a dyadic partition
of unity together with the natural rescaling of the problem & +— s&, h — sh, to reduce to the
case

WF(u) N{t* =0} CC. N{|1+ 7| < 6;/8}. (4.3.49)
Proposition 4.3.11. For \/NxF;(u) defined in §4.2.1, we have
WE,(u) C {|1 47| < 6,/4}. (4.3.50)

Proof. Consider a function ¢ € C§°(—1 — 61/2,—1 + 6;/2) such that ¢y = 1 near [-1 —
01/4,—1 4 61/4]. If u solves the wave equation on (—d,00), then we extend it to a function

on the whole X_;, smoothly and so that suppu C {t* > —2d}. Define
u = (1 = (hDyp))u,

then, since the metric is stationary, Ozu’ = (1 — ¢¥(hDy))Dzu = O(hm)y()?_,;lm{t*z—ép})'
By (4.3.49), we get WFy,(u') N {t* = 0} = 0. Then by the energy estimate (4.3.44), applied
to u/, we get \X/\F/h(u’) = (), uniformly in ¢* € [0,7log(1/h)]. It remains to note that
WE,, (¢ (hDy-)u) € {|1 + 7| < 61/4}. O

We can now give

Proofs of Theorems 4.1 and 4.2. Without loss of generality (replacing §; by §;/3) we may
assume that supp fo Usupp f1 C Xss,.
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Choose small ¢, > 0 and a cutoff function y = x(u), with supp x C { > 26} and x =1
near {x > 301}, such that, with the flow @' defined in (4.2.3),

(%,€) €suppx, ¢"(%,&) €supp(l —x), E#0 = %u(@tf(f,g)) <0. (4351

The existence of such y and ¢, follows from Proposition 4.3.1, see the proof of [47, Lemma 5.5(1)].
Take N(h) = [T'log(1/h)/t.] and consider the functions u¥) := u and

u) € C¥(X_5, N{t" > jtc}), 1< < N(h),
Dgu(j) =0, uV(jt.) = xu¥V(t.), Opu?(jt.) = xOpuV (jt.).

By (4.3.44), u) are h-tempered uniformly in j and in t* € [jt., T'log(1/h) + 2]. Moreover,
similarly to Proposition 4.3.11, we get W\P—i(u(j)) C {|1 + 7| < §;/4} uniformly in j. Then,
u) —uU~Y are solutions to the wave equation with initial data (1—y)(u=V(jt.), Opul =Y (jt.)),
therefore by (4.3.51)

) . H-
WE,(u —uU= )Nt =t} c {1+ 7| <61 /4N {u> 6N {8 %u < O}.

Then all the trajectories of $* starting on WFy, (u") —uU=D)N{t* = jt.} escape as s — +00;
by Proposition 4.3.10, we see that

W, (u) — w0 D) {u> 6} =0, ¢ € [jt. + Ty, Tlog(1/h)],
uniformly in j, where Tj is a fixed large constant. Adding these up, we get
WEF,(u® —u)n{u> 6} =0, ¢ € [jt. + Ty, Tlog(1/h)]. (4.3.52)

By propagation of singularities for the wave equation and using that WF;(u()) N {t* =
jte} € {u > 201}, we see, uniformly in 7,

H-
WEF,(u) N {0 S pu<20}N{jte <t"—To < (j+ 1t} C{|1+ 7| <1 /4} N {a%“ < 0}.

Combining this with (4.3.52) (and another application of propagation of singularities for
times up to Tp), we get uniformly in t* € [0, T log(1/h)],

Wy (u) N {6, < <26} C {|1+7] < 61/4}N {52” < o}. (4.3.53)

This implies that for any bounded fixed T}, the semiclassical singularities of u(t + 7}) in
Xs, come via propagation of singularities from the semiclassical singularities of u(t) in X5, —
that is, no new singularities arrive from the outside. We can then apply propagation of
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singularities to see that V/V\F/h(u) N{p > 6} € W uniformly in ¢t* € [Ty, T'log(1/h)], where
W C Cy is constructed in Lemma 4.2.2; indeed, every trajectory of ¢° starting on {|1+ 7| <
O /4y 0 {p > 61} \ W escapes as s — +oo. Together with (4.3.50) and (4.3.53), this implies
that for ¢ > Tj, u satisfies the outgoing condition of Definition 4.2.3.

We can finally apply Theorem 4.4 in §4.2.4, giving Theorem 4.2 and additionally the
bounds (the first one of which is a combination of (4.2.22), (4.2.23), and (4.2.25))

lu(t)|e < C(h1/2emtminm2 4 =l (o=t 4 1) |u(0) e,
lu®)lle < Ce[|u(0)]e.

The first of these bounds gives Theorem 4.1 for (v, — €)t > log(1/h); the second one gives
lu(t)lle < Ch=2e~tmn =302 u(0)le,  (vmin — €)t < log(1/h),

which is the bound of Theorem 4.1 with ¢ replaced by 3e. O

4.3.5 Results for resonances

In this section, we use the results of Chapter 3 together with the analysis of §§4.3.1, 4.3.2
to prove Theorem 4.3. As in the statement of this theorem, we consider the Kerr—de Sitter
case A > 0.

We first use [128, §6] to define resonances for Kerr—de Sitter and put them into the
framework of §3.4. We use the change of variables (4.3.41); the metric in the coordinates
(t*,7,0,¢*) continues smoothly through the event horizons to X_5, = {§ > —d;}, see [128,
§6.1].

Following [128, §6.2] (but omitting the p? factor), we consider the the stationary d’Alembert—
Beltrami operator P(z), obtained by replacing Dy« by —z € C in O;. It is an operator on
the space slice X_5, = {p > —d1}, % Sz,w. We consider the semiclassical version

P;(w) :== R*P(h™w),

where h — 0 is a small parameter; this definition agrees with the one used in §4.2.3.

Following [128, §6.5], we embed X_; as an open set into a compact manifold without
boundary X, extend P(z) to a second order differential operator on X depending holomor-
phically on z, and construct a complex absorbing operator Q(z) € ¥?(X), whose Schwartz
kernel is supported inside the square of the nonphysical region {x < 0}. Then [128, Theo-
rem 1.1] for Im z > —C and s large enough depending on C, P(z) —iQ(z) is a holomorphic
family of Fredholm operators X* — H*~}(X), where

X° = {u € H(X) | (P(0) —iQ(0))u € H*'(X)},
and resonances are defined as the poles of its inverse. The semiclassical version is
Pw) = Py(w) = 1*Q(h~'w) : Ay — Hy~(X),

wpx) + [[(P(0) —iQ(0))ul (4.3.54)

Jull; = lul e
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We now claim that the operator P(w) satisfies all the assumptions of §§3.4.1, 3.5.1. Most of
these assumptions have already been verified in §4.2.3, relying on the assumptions of §4.2.2
which in turn have been verified in §§4.3.1, 4.3.2. Given the definition of the spaces H; := A},
Ho = H ,f’l(X ), and the Fredholm property discussed above, it remains to verify assump-
tions (10) and (11) of §3.4.1, namely the existence of an outgoing parametrix. This is done
by modifying the proof of [128, Theorem 2.15] exactly as at the end of §3.4.4.

Theorem 4.3 now follows directly by Theorems 3.1 and 3.2; the constant cj is given
by (4.2.16).

4.3.6 Stability

We finally discuss stability of Theorems 4.1-4.3, under perturbations of the metric. We
assume that (f(g, g) is a Lorentzian manifold which is a small smooth metric perturbation
of the exact Kerr(—de Sitter) (as described in §4.3.1 and with M, A,a in a small neighbor-
hood of either (4.1.1) or (4.1.2)) and which is moreover stationary (that is, 0; is Killing).
For perturbations of Kerr (A = 0) spacetime, we moreover assume that our perturbation
coincides with the exact metric for large r (this assumption can be relaxed; in fact, all
we need is for (4.3.44) and the analysis in Proposition 4.3.10 to apply, so we may take a
small perturbation in the class of scattering metrics). We also assume that the perturbation
continues smoothly across the event horizons in the coordinates (4.3.41). The initial value
problem (4.3.43) is then well-posed, as {u = —d;} is still spacelike. The results of [128] still
hold, as discussed in [128, §2.7].

It remains to verify that the assumptions of §4.2.2 still hold for the perturbed metric.
Assumptions (1)—(3) are obviously true. Assumption (4) holds with the same function g,
at least for p(vy(s)) € (9,d0), where ¢y is fixed and 6 > 0 is small depending on the size of
the perturbation; we take a small enough perturbation so that 6 < ¢;, where d; > 0 is the
constant used in Theorem 4.4 in §4.2.4 and in (4.2.13). Then the trapped set K for the
perturbed metric is close to the original trapped set, which implies assumption (5). Finally,
the dynamical assumptions (6)—(8) still hold by the results of [64] and the semicontinuity of
Vmins Ymax, Mmax, @S discussed in §3.5.2.
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