




°F÷r each ✗ ER
,

the operator
P- A =P- AI : HTM) → ICM )
is Fredholm

.

Indeed
,
since m> 0

,
127 C- Diffmcpr )

has same principal symbol as I
and thus is elliptic .

Moreover
,
the index of D- t

is equal to 0 since (A)
*

=p-1

and ind Cp- Hit = - ind (Ft)

So
,
either P- t is invertible H

"

→ L2
or the eigen space

Ex :={ neem / Pu= tu }

is nontrivial
,

but dim Eaton .

Define the spectrum
speech = { TER / Ex -1-103 } .



"We next show that the set

Spec EP ) is
if ✗ C- Spec CI ) then Fe > 0 :

( d- E
,
bei n spec P= It }

.

Indeed
,

define the orthogonal complements

HI : = { u C- HIM) / KEE>.<u,%i-03

LI : = { u C- ECM> I YVE Ey
,

< u
, rzio } .

Then I -1 : HI → LI
is invertible :

• Since HE HI ⑦ Ey
,

we
have

(A)HI = ( Pitti = LI
since Raye (Rt) = orthogonal complement

of kafp -2)*

and ( Pt)*= ( P- d)

• P- X : HI → LI is injective , as HIME> ={0 }
• By Banach's Thin ,

CP -D-': LI → HI is abounded
operator



Now Fe >0 V-I-ccd-e.be!
the operator I -5:41 → LI
is invertible

.

If I -1-1 then I -5 : E
>
→ E)

is also invertible : it's equal to X-D
'

)I
.

Since Hm=HI⑦ Ed
,
U=LI⑦Ey

we see that I -1
'

: Hh→L '

is invertible
,
so I't spec CI ) .

" If 6=11
'

are in spec CII ,
then E

>
1- Ex in L

'

.

Indeed
,

Fu
>
C- Ex

,
u☒EE☒

< Pu
, , us

, > E- < ax , Push
"

✗ < ux.ux.fi#ux,uxZe .

So 7 an orthonormal system
consisting of orthonormal bases of all Ey .



④ It remains to show that

the above orthonormal system

is complete .

That is
,
we need to

show that the orthogonal complement
T :=(⑦ Ex )t={ utica) :

Xtspedp) ut Ey V7}
is equal to { 03

.

WLOG 0€ Spec CI )
(can replace D- by I - to for some

to Espe #D

Then I is invertible H"→ L?
with the inverse I

-1:[ → H?
We can think of I

-1
as an operator

[ → i , then
☒ I

-1

:L's is compact
☒ P

-1
is self - adjoint because I is :

their C- E
,

< P
- du ,vz=<P"u ,

PP
-

'

v7

=L pp-lu.PT > = Cu , Ptv>



(here we use that <Pfg> = Cf , Pg >-ntf,gEhm )
① I

-1
: ✓ → V. Indeed

,
if

u E V and vE Ey for some 7

then < Ptu ,u7e= Lu , P
- '

v2
= 51<44--0 ,

so p
- '

n ET
.

☒ I
-

% has no eigenvalues : indeed
,

if µ
C- IR and at T satisfy u-1-0

,

I"u=µu ,

then into
Faas II

- '

u= a)
,
ut Hm

,

and Pu=µ
-tu

,
se UE E
,
-1
,

which is impossible as VIE> V-dESpecEP) .

Now if V -1-103 then
" -☒ cannot all be true

.

This follows by applying 1- PTV ☐the Thin on the next pase .



Tim [ Hilbert - Schmidt ]

Assume A : V →V is a

compact self-adjoint operator
on a Hilbert space

V

and A is not identically 0
.

Then A has a nonzero eigenvalue .

P- ② HAIK sup KAU ,u> 1
.

UEV

Hull =L

Indeed
,
" is immediate

.

For ⑤
,

use the identity ( using that
A*=A)

( Acutv )
,
utv> - GA Cu-v1, a-v7

=4Re<Ann > to set
,

with r := If
Kau

,
u> 1

,

11411=1

4Re< An ,v> I r( llutvlitllu- v11
'

)
= Zr Glatt -111412 )



Put v.=tAu for some t > 0
, ¥E

then 4thAulis 2r(Mitt'll Ault )

putting E- = 1¥, , get
41141 . Haulk 4r Huli ⇒ 11A utter Hull

② Since A -1-0
,
we know that

r= HAH = sup / <Au , u> I > 0 .

Hull=L

Take a sequence Uk
: llukll =L ,

<Auk
,
Uh> → r or

- r

WLOG the limit is r Can do A-→ -A)

Since A is compact , passing to
a subsequence can make

A- Uk → v for some ✓ C- V.
We now claim that v -1-0 and

Av = rv
,
i. e. r is

an eigenvalue of A :



HAUK - rukli =
= HAUNT - 2r<Auk ,uk> + r4lukÑ
£ F- Zr LA Uk

,
Uk> + v2

= 2h2 - 2r<Auk
,
Uk > → 0

b.→ a

so Auk - tuk → 0 .

But Auk → v
,
so ruk → v.

Thus uk → r
- IV. This

implies that Auk → Ar
-Lv = V

,

÷¥=÷::n¥-
Assume CM

>g) is a compact
Riemannian manifold

.

Look at the spectrum of -
Ag

:



-

Aguk = ✗ KUK
0=7

,

< 7
,
E - ^

,
7k → a

41,42
,
. . .

C- CTM )

orthonormal basis of [ ( M)

One can ask a lot of

questions on
the behavior

of tk and Uk as k→a
.

Here we discuss some results .

No proofs are given in this section
.

"WeylLaw:ifdimM
NCR)=#{KER

'

}

then as R → a ( Wn:=VdCBµ.CO.ID/NCR)=(2iT)-hwnVdgCM)Rh-OCRh-')



Goes back to Weyl 1911
(domains in IR

"

)
In the setting stated above :

Levitan 1952
,

1955

Avakumovii19562OBetterremainderinweyl.la#:

can we improve 0 (Rm ) ?

In general , NI :

if µ = $2 is the round 2-sphere
then it has eigenvalues lath

,

1=0,1
,
. . .

,

with multiplicities 21+1 .

If Re = recent then

N(Re + E) - NCRE -e) = U -11
~ Re

so cannot set NCR) ~ R' + OCR )
.



YEEBut typically . ¥ES_ : ④

if the set of closed geodesics
on (Mg) has measure 0

( as a subset of the tangent bundle
TM )

then NCR)=(2ñ"wnVdg(MIR
"

to ( Rh
-

1.)
This was proved in

Duistermaat - Guillemin 1975
Openpr-obleu.ifmisnegat.ve#vedanwed0(Rh-1-E) for some do?

③ Better remainder when

M has a boundary
(and we study Dirichlet eigenvalues :

Ukbµ =D) :

weyliscouj-e.tn :

NCR)=(2ñ )
-

nwnvdg (M) R
"
-

"

www.lgtd/u)Rh-'-oCRn-y



Assuming the set of closed billiard

geodesics has measure 0
,

this was proved by
Melrose 1980 if 2M is strictly concave

lvrii 1980 for any
0 boundary

40-E-si.tl#.-
What is the asymptotic
of A ( Th) = Area ( { ✗EM : ukcx)=o}) ?

YaÉe : Fc
,

C ltk

ctfu £ Aan) £ Cik .

Still open in general but

Donnelly - Fetterman 1988 :

true for realanahgtic-CM.gl
holding - Mini cozzi 2011 :

ACH)7 c tk¥
,

h=dim M



Loguuov 2018 : ¥7
crik EACH)e Cti

"

Cn constant depending only on n

-

⑤ Lowerboundsoinmas:

Thin Assume CM
, g) is either Ih

or a negatively curved surface
.

Then V- nonempty open ICM

For>oltk

Huk Ilya, > er .

Reme this fails for the sphere is?

for sewer e. g.

we
have

ne
-CW

.

( unique continuation11k¥ cry -giues→ower bound FM)



For I
"

: ]afford 1990 Haran✗ 1989
1 Komornik 1992

For negatively curved surfaces :

Dyatlov- Jin - Nonnemacher 2021

using Bourgoin - Dyathw 2018

Op÷ does this hold

for CM
,g) negatively curved

of dim 73 ?


