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Collective is Different: Information Exchange and Speed-Accuracy
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During development, highly ordered structures emerge as cells collectively coordinate with each other. While
recent advances have clarified how individual cells process and respond to external signals, understanding
collective cellular decision making remains a major challenge. Here, we introduce a minimal, analytically
tractable model of cell patterning via local cell-cell communication. Using this framework, we identify a trade-off
between the speed and accuracy of collective pattern formation and, by adapting techniques from stochastic
chemical kinetics, quantify how information flows between cells during patterning. Our analysis reveals counter-
intuitive features of collective patterning: globally optimized solutions do not necessarily maximize intercellular
information transfer and individual cells may appear suboptimal in isolation. Moreover, the model predicts that
instantaneous information shared between cells can be nonmonotonic in time as patterning occurs. An analysis
of recent experimental data from lateral inhibition in Drosophila pupal abdomen finds a qualitatively similar

effect.
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I. INTRODUCTION

Creating a functional organism requires complex multicel-
lular coordination [1,2]. To this end, eukaryotic cells have
evolved a multitude of mechanisms to sense external cues
[1-3] and respond to them by changing their internal state
[4-6], migrating [7], or signaling [2,8] to other cells. The
underlying principles of multicellular self-organization re-
main elusive, despite numerous examples of developmental
self-organization observed across biology [9—11]. Does devel-
opment optimize for particular objectives, such as robustness
or speed? If so, what constraints shape the outcomes? In
the case of a single cell processing an exogenous signal,
theoretical progress has been made to determine how indi-
vidual cells could optimally process a static [4] or dynamic
[12,13] signal, and how cells can sense their environment and
optimally act upon it [14,15]. Many developmental contexts
fit this paradigm: one population emits a signal and another
responds without providing feedback to the sender. For exam-
ple, in Caenorhabditis elegans vulval development an anchor
cell secretes an EGF-like ligand which is received by vulval
precursor cells but no reciprocal signal is sent [16,17]. Sim-
ilarly, during ascidian development, vegetal cells secrete an
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FGF-like ligand, which induces a neural fate in specific animal
cells and no reciprocal signal is sent [18,19].

Frequently, however, cells both send and receive signals,
leading to complex nonlinear feedback [1,2,20]. Indeed, al-
though the receiving cells in the previous examples do not
feed back on the signal sender, they coordinate among them-
selves, through Notch signaling in C. elegans vulva [16] and
EphrinA signaling in ascidian neural induction [21]. A single
cell making noisy measurements of its external environment
and acting on them can be modeled as a partially observed
Markov decision process, for which optimal control is gov-
erned by the Bellman equation [15,22]. In contrast, interacting
cells engaged in a collective task, such as patterning, can
be represented as a decentralized partially observed Markov
decision process, where computing an optimal strategy is
generically hard, though finding good solutions is becoming
increasingly practical [23,24]. Difficulties arising from decen-
tralization are well known in computer science; for instance,
the two generals’ problem demonstrates that perfect coordi-
nation between decentralized actors is impossible when they
communicate over noisy channels [25,26]. Echoing “more
is different” [27,28], while multicellular systems are indeed
made up of individual cells, the emergent principles that
govern the self-organizing collective are not simple exten-
sions of single-cell behavior. Development provides a proof
by example that decentralized systems are capable of robust
self-organization. Yet, despite numerous models demonstrat-
ing collective self-organization [10,29,30], the core principles,
such as optimality and information flow, remain largely unex-
plored.

To study these fundamental questions on decentralized
self-organization in an analytically and numerically tractable
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FIG. 1. Self-organization through lateral inhibition. (a) In our
model, cells have an internal state abstractly ranging from an in-
hibitor state to an inhibited state, along with a receiver state which
can be activated by neighboring cells. This allows cells to self-
organize into a target pattern; here three cells organize so that
there is one inhibitor cell and two inhibited cells. Throughout, we
number cells counterclockwise starting from the leftmost cell; here
cell 3 is the inhibitor. (b) Possible transitions for a single cell in
the model and corresponding transition rates. Only the rate of re-
ceiving the signal, k™, is a function of the neighboring cell states.
(c) Delta-Notch signaling as a motivating biological example of
lateral inhibition. When Delta (orange) on one cell binds to Notch
(blue) on a neighboring cell, Notch is cleaved, releasing its intracel-
lular domain and activating downstream transcriptional responses.

framework, we focus on a minimal model of self-organization
through local cell-cell communication (Fig. 1). In our model,
motivated by lateral inhibition [8,10,31], cells communicate
imperfectly with their neighbors and are tasked with form-
ing a pattern in which exactly one cell adopts an “inhibitor”
state while its neighbors adopt an “inhibited” state. With
this simple task we find that the patterning strategies obey a
speed-accuracy trade-off: arbitrarily high patterning accuracy
is possible, but at the cost of increasing the time required
to pattern. By reframing the problem as a stochastic reaction
network [32], we can precisely compute information-theoretic
quantities, such as the mutual information shared between
cells, allowing us to track how information flows in our model
system. We contrast this dynamic information between tra-
jectories with simpler instantaneous information quantities
that can be computed from data, finding that instantaneous
quantities can sometimes decrease as patterning occurs. Next,
we show that after optimizing for a multicellular objective,
individual cells do not appear to behave optimally when con-
sidered in isolation, and that the collectively optimal strategies

neither maximize nor minimize the information transferred
between cells. Finally, we connect these theoretical results
to recent live-imaging experiments of collective patterning
through Delta-Notch signaling [9], by computing the instanta-
neous mutual information from experimental measurements.
We find, similarly to the model, that the instantaneous mea-
sures are nonmonotonic as patterning occurs.

II. COLLECTIVE PATTERNING MODEL

To explore the principles of communication and self-
organization in a multicellular system, we take a model
that accounts for the following essential biological features:
(i) cells have some internal state, which could be used to
classify cells into cell types or to specify a target pattern;
(i1) cells have a way to communicate with each other; (iii)
cells control their internal state based on signals they have
received, and control the signals they send based on their
internal state; and (iv) both sending and receiving of signals,
as well as control of their internal state, are imperfect and
subject to stochastic fluctuations. These criteria are general
enough to describe a host of complex developmental feats of
self-organization, from neural induction to digit specification.
While development regularly features multiple signaling path-
ways, long-range morphogen diffusion, cell divisions, and
physical rearrangements, for the sake of tractability we focus
on the simpler example of a small fixed number of cells pat-
terning through lateral inhibition with communication across
physical cell-cell contacts.

A. Lateral inhibition as motivating example of collective
cellular patterning

Lateral inhibition is a way to sort a population of cells
into two states in a controlled manner by having cells in one
state, or advancing toward that state, inhibit their neighbors
from similarly advancing toward that state (Fig. 1). In devel-
opment, this is often implemented through Notch signaling,
although lateral inhibition appears more generally across bi-
ology, for instance, to increase sensory perception in neurons
[33]. Often, Delta-Notch signaling is combined with some
initial prepatterning to create highly ordered structures [10].
However, even from an initial population of identical cells,
Delta-Notch signaling will sort cells into two states through
lateral inhibition and stochasticity in intracellular dynamics.
A two-dimensional (2D) tissue of identical cells can then
form a “salt and pepper” pattern of the two cell states under
Delta-Notch dynamics.

Notch and Delta are transmembrane proteins located on
the surface of cells. When a Delta protein in cell A binds to
a Notch receptor on cell B, cleavage of Notch is triggered,
releasing the Notch intracellular domain. In turn, the Notch
intracellular domain translocates to the nucleus, where it leads
to transcriptional changes within cell B. Having received this
signal, cell B suppresses the production of Delta [8]. In this
way, a cell that is expressing Delta will inhibit its neighbors
from similarly expressing Delta, thus forming a laterally in-
hibiting system [Fig. 1(c)]. The two final states are cells with
high Notch and low Delta expression, and cells with high
Delta expression. To model the full complexities of a specific
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Delta-Notch patterning system, one would have to account for
both the Notch and Delta proteins, their mRNA transcripts,
as well as a number of transcription factors and their mRNA
transcripts, like Scute and E(spl)m3-HLH. Indeed, there are
many existing models of Delta-Notch dynamics that capture
varying levels of biological details [11,29,34]. However, the
key principles of lateral inhibition can be captured with a
model where cells have a single internal variable [10], anal-
ogous to a reaction coordinate between the two terminal cell
states [6].

B. Minimal model of lateral inhibition

Specifically, we study a modified version of the Delta-
Notch model in Ref. [10], where instead of a continuous
internal variable, our cells have a discrete internal state u €
{0,1,...,N}. To model cell-cell communication, each cell
has a signal receiver state s where s = 0 means no signal is
being received and s = 1 means that a signal is being received.
In reality, the level of signal depends on how many Notch
receptors have been recently cleaved and will not be binary.
Cells can adjust their internal state stochastically [Fig. 1(b)],

fHu,s)

u u+1, €))]

[ (u+1,s)

where the transition rates ¥ (u, s) depend on the cell’s inter-
nal state as well as its signal receiver state. The receiver state
can also change stochastically,

Kt

s=0=s=1, @)

-
where k™ is taken to be a fixed parameter, but k* is a function
of the neighboring cells. Specifically, for cell i, we take

k+ = ZAU g(uj), (3)
J

where g(u) determines the strength at which a cell sends
a signal to its neighbors, A;; is an adjacency matrix where
A;j = 1if cells i and j are neighbors at time 7, and A;; =0
otherwise. This form could be easily modified so that the
value of the adjacency matrix depends on the area of contact
between cells, or even an area of contact that changes with
time, but for now we assume that all neighbors have equal
and fixed contact areas. Finally, we assume that the states
u = 0and u = N are absorbing states; once a cell has entered
those states it will not leave. Cells can implement an effective
threshold and these absorbing states model a level of Notch or
Delta which triggers a fate commitment in that cell [8,12].
With the model specified, we want to know if there exists
some set of rates { f = k-, g} under which a system of M cells
will coordinate to make a target pattern. Eventually all cells
will reach an absorbing state, either O or N, after which there
are no cell state transitions, and we refer to this as a terminal
state. We focus on a system of M = 3 cells where every cell
is in contact with every other cell, and the target pattern is one
cell in the N state and two cells in the O state (Fig. 1). This
is the smallest network that exhibits decentralized symmetry
breaking with each cell coordinating with multiple neighbors.
Crucially, every cell has the exact same set of transition
rates; if one cell had rates with f© >0, f~ =0 and the

other two cells had different rates with f~ > 0, f+ = 0 then
a correct patterning would always be achieved. Instead, we
give every cell the same rates and identical initial conditions.
If each cell were to stochastically choose an absorbing state
without communication, our target pattern would be achieved
with probability at most 4/9 (Appendix A). To reliably reach
the target pattern, cells must coordinate with each other
through signaling. In the next section, we explore the optimal
strategies for reaching the target state, before quantifying the
information transferred between cells executing an optimal
strategy in Sec. IV.

III. SPEED-ACCURACY TRADE-OFF FOR
OPTIMAL PATTERNING

In our system, cells can receive a signal (through s), con-
trol their internal state (through f¥), and send a signal to
neighboring cells (through g). With these essential ingredients
for self-organization, our first question is whether regions of
the parameter space, p = {fT, k~, g}, can achieve patterning
with a small error, €, which we define as the probability of
our system ending up in a nontarget terminal state. Scaling
by the fastest timescale, so that fi, k=, g < 1, our model
allows for an arbitrarily small error rate (Appendix C), al-
though this comes at the price of taking infinitely long to reach
the terminal states (Appendix B). This trade-off is generic,
occurring for any value of M > 3 and any adjacency matrix
(Appendix B). Therefore, a more biologically motivated op-
timization problem is to specify the degree of error that is
permitted, €, and minimize the average time to reach the
terminal states, T, under the constraint that € < €. We note
the same region of the speed-error plane is accessible whether
one constrains € < €, and minimizes t or if one constraints
T < Tmax and minimizes €.

The level of permitted error, €, in a fate specification
depends on its context within development, and whether any
mistake can be corrected or compensated for later on. For
instance, ABp specification via Notch signaling is critical
for normal development in C. elegans [35], whereas when
Notch signaling specifies sensory organ precursor cells in
Drosophila pupal abdomen, errors can be compensated by
later cell rearrangements and in any case a single misspec-
ification is not critical to survival [9]. Ideally, we want to
examine how the minimum average time to reach a terminal
state changes as a function of the error constraint €, a Pareto
front that, barring additional considerations such as evolvabil-
ity [36] or thermodynamic cost of transcription, translation,
and signaling [37], evolutionarily optimized systems should
be near. Similar trade-off structures appear for speed and dis-
sipation in transcription [37], for fluctuations in biochemical
reaction networks [38—40], and for dissipation, speed, and
accuracy for synchronized oscillators [41,42].

Mathematically, our model is a continuous-time Markov
chain (CTMC) for the full state of the system x, =
((uy, s1), ..., (up, sp)), tracking both the internal and re-
ceiver states of every cell. A probability distribution over the
states evolves according to the master equation,

d
3P0 = Xﬂj Qup P (xp), 4)
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where P;(x,) is the probability of the system being in state
Xy at time ¢, Qgup is the rate at which xg transitions to x,
fora # B,and Qyy = — Z#a Ogpqa- We can solve this master
equation directly, or simulate realizations of the process with
the Gillespie algorithm. Finding the error rate € or the average
time to terminal states, T, can be done directly from the rate
matrix Q, by posing them as first-passage-like problems. To
do so, we first define 7, to be the expected time to reach a
terminal state starting from state x, and €, to be the proba-
bility that, starting from x,, the eventual terminal state does
not achieve the target pattern. Calling 7¢ the set of terminal
states that achieve the target pattern and 72 the set of terminal
states that do not achieve the target pattern, then t, = 0 for
aeTCUTB, e, =0foraeTC and €, =1 for « € TE.
For the remaining o ¢ TS U TB, it follows that

1 Q/Sot
= , 5
T 0w A0 )
W= e, ©
Bta <o

and these linear equations can be solved to find 7, and
€y. Since the rate matrix depends on the parameters p =
{f = k-, g}, and 7, and €, depend on the rate matrix, we have
that 7, = t,(p), €4, = €,(p). Supposing that we initialize the
system in state «*, we can now pose the minimization problem
as

such that  €4+(p) < €01, @)

min 7y« (p)
P

where, after minimization, we find both the optimal t along
with a set of parameters p that generate it. As the cells have a
discrete internal state, there are only finitely many parameters
that we are optimizing over, specifically 4(N — 1) for the
f = 1 for k—, and N + 1 for g. The optimization problem is
equivalent to a quadratic problem with quadratic constraints
(Supplemental Material (SM) Sec. II [43]), a generically hard
problem [44]. In our numerical parameter scans, however, we
consistently find that solutions converge to a small number of
local minima from different initializations, whether solving as
interior point optimization or through gradient descent (SM
Sec. 1T [43]).

Minimizing across many values of €, with N = 6 internal
states and «* = ((1, 0), (1, 0), (1, 0)), identifies the optimal
trade-off curve between error and average time to reach the
terminal state [Fig. 2(d)]. Without penalizing error, by set-
ting €, = 1, all cells immediately head toward the closest
absorbing state, u = 0, and consequently never reach a target
pattern. In the other limit of extreme precision, €, — O, it
takes increasingly long to reach a terminal state. For inter-
mediate values, the optimal strategy is able to consistently
reach a terminal state in a relatively short time compared to the
fastest timescale of the system [Fig. 2(d)]. Above the Pareto
front, any parameter combination is accessible [Fig. 2(d)].
While our focus in the main text is on the tractable three-cell
case, it is possible to explore the speed-accuracy trade-off in
larger systems by using a sampling-based gradient descent
scheme (SM Sec. II [43]). To illustrate this scheme, we ex-
tended the model to seven cells, modeling an asymmetric
two-dimensional epithelial region with nontrivial neighbor-

hood structure, and obtained a Pareto front comparable to the
three-cell case (SM Fig. S2 [43]).

Generally, the optimal strategy appears to be one of cells
stochastically increasing their internal state; the first cell to
leave the initial state signals to its neighbors, who decrease
their internal state [Figs. 2(a)-2(c)]. These strategies often
implement a sharp change in f* as a function of internal
state and receiver state and g as a function of internal state
[Fig. 2(c)]. Such sharp responses are a common feature of
gene regulatory networks and so this feature does not repre-
sent an unphysical aspect of the model. The nonmonotonicity
of the rates is also plausible given that we are not modeling
a single gene but the output of a gene regulatory network
which can be highly nonlinear. In any case, constraining the
rates to be monotonic has minimal impact on the Pareto front.
These strategies can be mathematically interpreted as each
cell, for some given receiver state, navigating an effective
energy landscape [45], analogous to a Waddington landscape
[16] (SM Sec. II [43]), as shown in Fig. 2(e). From the land-
scape interpretation, we see that for small error rate, such as
€ = 0.02, cells that are not receiving a signal are prevented
from reaching u = 0 by an effective energy barrier, and will
slowly increase their internal state. Once a cell receives a
signal, it rapidly descends to the inhibited state [Fig. 2(e)]. For
larger error rates, the landscape flattens, decreasing the energy
barrier for fate commitment [Fig 2(e)]. In this case, cells
with a large internal state that are receiving a signal can still
advance toward the inhibitor state. We observe qualitatively
similar optimal strategies for systems with a larger number of
cells (SM Fig. S2 [43]).

This strategy, of a single cell stochastically increasing its
internal state before signaling to its neighbors [Fig. 2(a)],
differs qualitatively from the model in Ref. [10], where all
cells increase their internal state concomitantly before one cell
eventually becomes dominant and inhibits its neighbors. Both
concomitant [10] and nonconcomitant [9] dynamics have been
observed in recent live imaging of Delta-Notch patterning. In
particular, a recent experiment measured Scute expression,
a transcription factor that upregulates Delta, while sensory
organ precursor (SOP) specification was occurring in the
Drosophila dorsal histoblast and saw minimal concomitant
increase in Scute [9]. Scute expression appeared to increase
in future SOP cells while remaining low in non-SOP cells,
which then began to increasingly express Notch [9].

IV. DYNAMIC INFORMATION TRANSFER

Successful collective self-organization requires cells to
exchange information. In our system, in the absence of com-
munication, cells can only reach the target pattern with a
probability of at most 4/9 (Appendix A). With communica-
tion, however, they can find the correct pattern to arbitrary
accuracy. In this section, we quantify the information trans-
ferred between cells using techniques of information theory
[1,32,46,47]. The central object is the mutual information,

®)

[ P(X,Y)i|
I(X;Y)=E|log )

P(X)P(Y)
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FIG. 2. Self-organizing model is constrained by a speed-accuracy trade-off. (a) Kymographs showing example trajectories from optimized
system with error rate € = 0.02 (top) and € = 0.1 (bottom), illustrating how one cell advances stochastically toward the inhibitor state and
signals to its neighbors. Color represents internal state; blue line represents a cell receiving a signal. The corresponding multicellular state for
select time points is illustrated above for the first kymograph. Throughout this figure, a model with M = 3 cells with N = 6 internal states
is shown. (b) Average internal state for each cell conditioned on a successful trajectory where the inhibitor state was reached by cell 3, for
€ = 0.02 (top) and € = 0.1 (bottom). Solid lines show the exact average; faint lines show 100 stochastic realizations. (c¢) Optimized model
parameters for € = 0.02 (left) and € = 0.1 (right). (d) Optimizing the mean first-passage time over the set of model parameters p, while
constraining the error, finds a speed-accuracy trade-off curve that all models are bounded by (black points). The same trade-off curve obtained
using our sampling-based approach (teal points) was computed using 10000 Gillespie simulations, with error bars showing 1.96x standard
error. Additionally, 5000 randomly sampled parameter values (gray points) are shown, demonstrating that the entire region above the trade-off
curve is accessible. Dotted blue and red lines show the error rates € = 0.02 and € = 0.1, respectively. (e) Effective “energy landscape” for
internal state dynamics are shown for a cell that is not receiving a signal (s = 0, top) and a cell that is receiving a signal (s = 1, bottom). Points
represent the “energy” level of each state and lines represent the height of the effective energy barrier between states (SM Sec. II [43]).

where X and Y are random variables, P(X) and P(Y) are
their marginal distributions, and the expectation is taken
over P(X,Y), their joint distribution. The mutual information
quantifies how much information one gains about X upon see-
ing Y or vice versa, and is a natural measure of the information
shared between X and Y [47,48]. We could use the terminal
state of the system to quantify the information shared between
neighboring cells in the final pattern, as has been explored

recently [1]. However, as we will see, the final state of the
system does not quantify all the dynamic information shared
between cells during patterning. Quantifying dynamic infor-
mation requires computing the mutual information between
trajectories, I(X] ;Y] ), where X/ denotes the trajectory of a
time-dependent variable X (t) for 0 <t < T.If X(¢) = uy(¢)
and Y (t) = up(t), then I(X] ;¥ ) quantifies the total informa-
tion that is shared between cell 1 and cell 2 up until time 7.
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We also make use of the transfer entropy rate, defined as

Par[X (¢ + dnIXE, V]
Priat[ Xt +d)IXS]

. 1
Y —>X :
t)=1lim —E|1 9
T @ drlinodt |:0g ©)
which quantifies the directed information transfer rate from
Y to X and, provided X and Y cannot simultaneously change
[32], is related to the mutual information by

T
I(XoT;YoT)=/ (77X + T ()]dr. (10
0

In this section, we measure the magnitude of the information
flow, and, by computing conditional transfer entropy rates,
we explore how information is transferred from inhibitor to
inhibited cells and vice versa, as well as between inhibited
cells.

A. Feedback in lateral inhibition makes information
calculations challenging

It is well established theoretically that gene regulatory
networks can process information, and that the mutual in-
formation between the network’s inputs and its outputs can
be quantified [37,48-52]. Information has been quantified in
experimental systems, both directly from trajectories [53-55]
and from building detailed models that are fit to experimental
data [46,56]. A handful of developmental problems have been
studied from the perspective of information theory; for in-
stance, the information contained in the Drosophila gap gene
pattern was experimentally quantified [4,47,57], and it has
been proposed that the gene regulatory networks optimally
create an information-rich pattern [58]. In this existing liter-
ature, the signal is taken as exogenous; a cell’s response to a
signal does not impact the signal’s future values. While this
assumption is often appropriate, such as in ascidian neural
induction [18,19], it need not hold in general, and indeed does
not hold for lateral inhibition. In our model, cells are both
sending and receiving signals and the signals they receive af-
fect the future signals they will send. Any information theory
analysis of our model system must take this into account.

In addition to this feedback, other common approxima-
tions that simplify the computation of information-theoretic
quantities do not hold for a laterally inhibiting system. As
we have seen, such systems are time dependent and can-
not be approximated as a series of static input and output
relationships. Moreover, the multimodal nature of cell fate
transitions means that we cannot approximate the dynamics
as a unimodal Gaussian process, for which computations are
more tractable [59,60]. It is, in theory, possible to simulate
our system with the Gillespie algorithm and, treating the sim-
ulated data like experimental data, attempt to directly estimate
the mutual information. However, direct estimation of mutual
information remains challenging due to the high dimensional-
ity of the space of trajectories and such estimators do not take
advantage of any of the known structure of our model.

B. Reframing the model as a stochastic reaction network
enables tractable information calculations

Computing the mutual information between trajectories is
difficult even when the underlying stochastic model is known.

To see this difficulty, suppose we wanted to compute a mutual
information, /(X[ ;Y ), where X (¢) could be X (t) = u; () or
X(t) = [ui(t), up(¢)], and similarly for Y (¢). While the path
measure of a CTMC has a closed-form expression, work-
ing out the mutual information requires computing marginal
path measures, such as P(XOT), which are intractable analyt-
ically. Recently, Monte Carlo sampling techniques that take
advantage of the known model structure have been used to es-
timate otherwise intractable terms in mutual-information-like
computations [61,62]. In these approaches an outer expec-
tation is estimated by Monte Carlo sampling but once a
sample has been drawn, actually computing the corresponding
value of the integrand requires another round of Monte Carlo
sampling. While advanced sampling techniques like these ap-
proaches may be required for many problems, here we can
exactly compute the integrand in Eq. (10) following Ref. [32].
There, the authors consider a stochastic reaction network with
K reaction channels, n chemical species Zi, .. ., Z,, with vec-
tor Z(¢) recording the copy number of each species at time ¢,
and the kth reaction occurring at a rate Ay (Z(t)). If X (¢) and
Y (¢) are variables (or disjoint subsets of variables) in Z(¢) that
do not change simultaneously, then

Z/

keRy

+Z/

keRy

1(X]:Y)) =

, an

where R4 denotes the set of reactions that involve a change in
A, dNy(¢) is the increment of N (¢) which counts the number
of times reaction k has occurred, and Ay = E[A(Z(1))|A]]
is the expected rate of the kth reaction given Al. The first
and second terms in the expectation correspond to the transfer
entropies 77X (T) and TX~Y(T), respectively [32], where
throughout we define the transfer entropy to be 74~5(T) =
fOT TA>B(t)dt. Note that Eq. (11) appears as Eq. A6 in
Ref. [32], although here we have neglected the integrals with
expectation zero.

To actually compute the integrand, we need to compute A4,
which requires knowing the conditional distribution P(Z(t) =
Z|Ag ), where Z(¢) is a vector that tracks all molecular abun-
dances except those in A. This conditional distribution obeys a
stochastic differential equation known as the filtering equation
[32,63] (SM Sec. III [43]). Keeping track of the probability
for every possible count of the latent species 7 is typically
not practical in chemical reaction networks, and the filtering
equation is instead used to construct moment closure approx-
imations [32,63].

We can interpret our model, Egs. (1)—(3), as a stochastic re-
action network, albeit an unusual one with nonlinear reaction
rates and with the copy number of each species bounded above
by a finite number. This finiteness of copy number means that
we need not approximate the filtering equation, and instead
can solve it exactly. To compute the mutual information, we
use Monte Carlo sampling to approximate the outer expecta-
tion in Eq. (11), but for each sample we exactly compute the
term inside the expectation by directly solving the filtering
equation (SM Sec. III [43]).
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FIG. 3. Quantifying information shared between cell trajectories finds a nonmonotonic rate of information transfer as well as a greater
amount of information shared between trajectories than final states alone. (a) For any pair of cells, we can compute the transfer entropy (TE)
rates in both directions, 7“2, 7%~ the mutual information (MI) rate / = T“1~" 4 TH~u (left), as well as the corresponding integrals
(right), shown here for the optimized model with ¢ = 0.02. (b) Total information transferred between any pair of cells for optimized models as
the error rate is varied. Each value represents the limiting mutual information or transfer entropy for a given model at large time. Instantaneous
mutual information shared between the final states of both cells is also shown. (c) Transfer entropy rates between cell 3 and the remaining
cells, 714l the converse, 71 %21~ as well as the mutual information rate (left) along with the corresponding integrals (right), shown
here for the optimized model with € = 0.02. (d) Total transfer entropy from one cell to the remaining cells and the converse, as well as the
mutual information for optimized models as the allowed error rate is varied. Instantaneous mutual information shared between the final state
of cell 3 and the remaining cells is also shown. Throughout, each computation is averaged over n = 10 000 Monte Carlo samples and shaded
regions show +1.96x standard error. Integral values are expressed in units of nats, while rates are given in nats per unit time.

Similarly to the information (X ;Y ), we can compute

. . dIXLY!
an information rate (d—"t(’), as well as transfer entropy rates,

TX=>Y(t) and 7YX (¢), representing the directed rate of in-
formation transfer from X to Y and vice versa. See the SM
[43] for additional numerical details.

C. Quantifying information transfer rates numerically

We are now in a position to quantify information flows in
our system. For the optimized model with error € = 0.02, and
taking X = u;, Y = up, we find that there is a sharp increase
in the rate of mutual information which then sharply decreases
[Fig. 3(a)]. Each cell will eventually reach an absorbing state
after which no further “reactions” involving X or Y occur,
and hence that trajectory makes no further contributions to
the mutual information in Eq. (11). The probability that a
cell has not reached an absorbing state decays exponentially
with time and, indeed, the total mutual information between
the trajectories of u; and u, clearly asymptotes as T — 0o
[Fig. 3(a)]. Due to the symmetry of the problem, any pair
of internal variables will have the same mutual information
between their trajectories as any other pair and the transfer
entropy between them in both directions will be exactly half
the value of the mutual information.

For any given value of the error, we can find the opti-
mal model and compute the exact same information-theoretic
quantities as we have above for ¢ = 0.02. We find that the to-
tal information exchanged between two trajectories decreases
monotonically as the allowed error increases, reaching around
zero at roughly the point when a zero-communication strategy

is possible [Fig. 3(b)]. In the opposite limit of € — 0, it is
possible for the trajectory of cells to share an arbitrarily large
amount of information with each other (Appendix D).

In addition to looking at pairs of cells, we can take one cell
and look at the information it has about the remaining cells,
or X =uy, Y = [up, us]. We similarly see a sharp increase
in the information shared between them before this curve
asymptotes, at around 1.89 nats for € = 0.02 [Fig. 3(c)]. In-
terestingly, this quantity greatly exceeds the 0.693 nats (1 bit)
that can be shared between a cell and a fixed binary external
signal. Additionally, the transfer entropy also exceeds 1 bit,
and is asymmetric with each cell receiving more information
from its neighbors than it sends [Fig. 3(c)]. This finding shows
that, whether through signaling timing or repeated signal ac-
tivation, the binarized receiver state is capable of transferring
more than 1 bit of information. Similarly to the pair of cells,
the mutual information between one cell and the remaining
cells decreases monotonically as the allowed error increases
[Fig. 3(d)].

D. Successful patterning displays directed communication
between all cells

Due to the inherent symmetry of our system, each cell
is initially equally likely to be the inhibitor cell, and this
symmetry obscures the way information is transferred. For
instance, suppose that information only flowed from the
inhibitor cell to the inhibited cells. The naive transfer entropy
calculation would still find every pairwise transfer entropy
rate to be equal, say, 7'72(t) = T2 !(¢), since this quantity
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is computed over trajectories where cell 1 is the inhibitor
and trajectories where cell 2 is the inhibitor. Instead, we
would like to decompose our information flows by somehow
removing the symmetry that any one of the cells is equally
likely to be the inhibitor. In systems with feedback, such
as this one, such decompositions can violate the data pro-
cessing inequality or subtly introduce fictitious dependencies,
and thus require careful interpretation. With those caveats in
mind, we can define transfer entropy rates conditioned on
some terminal event, for instance, 724 (¢), where Z is the
event that terminal state is u; = N, up = uz = 0 is reached.
In general, for the event Z that some final absorbing state is
ultimately reached, conditioning the CTMC on Z results in
another CTMC. Specifically, using Doob’s /4 transform [64],
the rate matrix of the conditioned system is

P(Z|)

= Qaﬂm’ 12)

Qupiz

for o # B and Qﬂmz = — Za#ﬂ Qamz, where P(Z]|a) is the
probability of the event Z given the system is in state o.
Quantities of the form P(Z|«) can be computed in the same
way we compute €, [Eq. (5)], after which we can use this new
conditioned CTMC to compute information-theoretic quanti-
ties exactly as before. We find that the conditioned transfer
entropy rates are significantly higher from the inhibitor cell to
the inhibited cells than in the reverse direction [Figs. 4(a) and
4(c)]. Nevertheless, the flow of information goes both ways
with a nonzero conditioned transfer rate from the inhibited
states to the inhibitor state [Fig. 4(c)]. Furthermore, there is
a nonzero conditioned transfer rate between the two inhib-
ited cells (Appendix E). Exploring these information-theoretic
quantities highlights the complex picture of information flows
in a self-organizing system.

V. INSTANTANEOUS VERSUS DYNAMIC
INFORMATION TRANSFER

To completely quantify the information shared between
cells and to account for situations where a change in one cell
only affects another cell at a later time, information quanti-
ties should be computed between entire trajectories, as we
have done so far. However, while it is possible to compute
these quantities exactly in our model, computing the mutual
information between trajectories directly from biological data
remains impractical due to the high-dimensional space which
trajectories inhabit. A more practical approach is to compute
information-theoretic quantities using only the instantaneous
state of the system, rather than full trajectories. In this section,
we explore what can be learned from instantaneous informa-
tion quantities alone.

Consider the mutual information between the internal state
of two cells at some fixed time ¢, I(u;(¢);u,(t)), which we
refer to as the instantaneous mutual information. Due to the
data processing inequality, the instantaneous mutual informa-
tion is always less than the mutual information between the
trajectories up until that point, or I(X§; Y]) > I(X(t); Y (1)). A
related quantity called correlational information was recently
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FIG. 4. Conditioning on final cell fates reveals persistent
and asymmetric information transfer between cells. Here, all
information-theoretic quantities are computed for a process condi-
tioned on the terminal state of cell 3 ending up as an inhibitor
u3 = N, while cells 1 and 2 are inhibited, u; = u, = 0. [(a), (b)]
Schematic where arrow thickness is proportional to the long-time
conditional transfer entropy between (a) pairs of cells and (b) the
inhibitor cell and the remaining pair. (c) Conditioned mutual infor-
mation and transfer entropy rates between cell 2 and cell 3 (top)
as well as their corresponding integrals (bottom). Interestingly, the
conditional information transferred from the inhibited cells is small
but positive. (d) Conditional mutual information and transfer entropy
rates between cell 3 and and its neighbors (top), alongside their
corresponding integrals (bottom). Throughout, each computation is
averaged over n = 10000 Monte Carlo samples, and the shaded
regions show 1.96x standard error. Integral values are expressed in
units of nats, while rates are given in nats per unit time.

proposed [1], defined as

C(r) = AL/IIE|:10g Pa @), """‘M(t))], (13)

[T, Piui(t))

where, in our system, all cells are equivalent and hence the
marginal probability P; is the same for every cell. Note that
M x C is sometimes referred to as the multi-information or
the total correlation of the random variable (u;(¢), . .., up(t))
[65]. Analogously to how we compute mutual information
between trajectories, we can compute a trajectory version of
correlational information (SM Sec. III [43]).

Plotting the instantaneous mutual information for a par-
ticular choice of € = 0.02, we find that the instantaneous
information is indeed less than the full dynamic information
by a factor of around 4-6 (Fig. 5). In the long-time limit,
t — o0, the instantaneous mutual information between a pair
of cells is around 0.156 nats, or around 15.3% of the total
information shared between the full trajectories. The final-
state instantaneous mutual information is smaller than the
dynamic mutual information for all values of e, with the
largest difference occurring at small € [Figs. 3(b) and 3(c)].
In fact, since the final state can only take one of two values,
u;(t — o0o) € {0, N}, we have I(u;(t - o0);u(t - 00)) <
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FIG. 5. Instantaneous information quantities can be nonmono-
tonic in time during self-organization. The information quantities,
C, I(uy(t);uz(2)), and I([uy (1), ua(t)1; u3(t)), are computed from the
instantaneous state of the system at time ¢, shown here for ¢ = 0.02.
All quantities are expressed in units of nats.

H(u)(t - 00)) < log?2. In contrast, the dynamic information
shared between cells can be unbounded in the ¢ — 0 limit
(Appendix D).

Intriguingly, the shape of the instantaneous mutual infor-
mation curve, as well as the correlational information curve,
is nonmonotonic, exhibiting a local maxima at a finite time
(Fig. 5). Heuristically, we can understand this through the
following argument. Suppose after some long time you learn
that one cell is at state N. You can deduce that its neighbors
are likely to be in state 0. If you learn that one cell is at state
0 you deduce that one of its neighbors is likely in state N and
the other one is likely in state 0. Now suppose instead that we
view the system at some intermediate, but later, time. Upon
learning that one cell is in state N or 0, we may make similar
deductions as before. However, if the cell is in an intermediate
state, we can deduce that the neighboring cells are also likely
to be in an intermediate state. Therefore, at the intermediate
time, there are more possible states for the neighbors to be in,
and hence one can learn more information about the neighbors
by knowing the state of a cell than at the final time. This high-
lights how a careful interpretation of instantaneous mutual
information is required, and that a decrease in instantaneous
mutual information does not necessarily mean that the system
is becoming less coupled or more disordered.

VI. COLLECTIVE AND INDIVIDUAL OPTIMALITY

Through evolutionary selection, development is tuned to
robustly generate viable, functional offspring. Many cellu-
lar processes, including Delta-Notch signaling, are highly
conserved and have been tuned across millions of years of
evolution. It is therefore natural to ask questions about opti-
mality, such as how gene regulatory networks can optimally
process intracellular information [48-50], how cells can opti-
mally infer an external signal [12,13,66], and how cells can act
optimally to control their environment [15]. Similarly, devel-
opment has been modeled by cells acting as optimal Bayesian
agents, seeking to minimize uncertainty about their cellular

identity [30]. However, fitness is defined at the level of the
organism or even the level of the community, making it chal-
lenging to ascribe optimality to any particular component of
the system. We find that by optimizing a collective objective,
the actions of individual cells need not appear individually
optimal. Additionally, we find that the collectively optimal
system does not maximize information flow. In this section,
we briefly examine how collective optimization results in
individual cells appearing to act suboptimally.

A. Local sacrifices enable global gains

Previously, in Eq. (7) we minimized over one set of pa-
rameters p that every cell shared. Equivalently, we could have
given each cell its own set of parameters p;, p», and ps3, and
optimized over all of these together with the constraint that
p1 = p> = ps3. Fix the parameters of two cells, say, cells 1 and
2, to follow the collective optimum, p} = p3, and consider the
remaining cell 3. From the perspective of this cell alone, the
strategy given by the collectively optimized parameters p} is
not optimal. Cell 3 can optimize its parameters to find a new
strategy p3 which achieves a faster time to the terminal state
with the same error (Fig. 6). However, all cells adopting pj}
is superior to all cells adopting ps as in the latter case (i) the
resulting system is more error prone, and (ii) at the new error
rate, the strategy is far from optimal (Fig. 6). This observation
reminds us that for self-organizational problems the objective
is a collective one. The actions of a single cell, when treating
the remaining cells and signaling environment as an exoge-
nous mean field, may appear suboptimal. Only in the context
of the collective problem are cells’ actions optimal. Similar
trade-offs where individual strategies appear suboptimal yet
enable collective coordination have been recently observed at
larger biological scales [67].

B. Total information flow is not the objective

A signaling pathway, taken in an isolated cell with an
exogenous signal, is often considered as optimally translating
the information from the external signal into an internal state
[37,48]. However, for a collective, self-interacting system
with feedback, where the signal is sent and received by cells, it
becomes less clear what optimal signal processing should look
like. For a given rate of error, we find suboptimal solutions
that both transfer more information between cells than the
optimal solution as well as less information (Fig. 7). When
the objective is simply to reach the target state as quickly as
possible with some allowed error rate, cells do not optimize
the information transferred between them.

VII. SELF-ORGANIZED PATTERNING IN DROSOPHILA
SENSORY ORGAN FORMATION

To explore our theoretical predictions, we examine recent
experimental data of Scute expression during sensory organ
patterning in the Drosophila pupal abdomen, an example of
lateral inhibition through Delta-Notch signaling [9]. Directly
computing the full mutual information between trajectories
remains impractical from finite experimental data due to the
high dimensionality of trajectories [62]. Instead, we com-
pute the instantaneous mutual information directly from data
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FIG. 6. Collective optimal strategy does not appear locally op-
timal. Example kymographs for (a) all cells collectively optimized
[e =0.02, as in Fig. 2(a)], (b) optimizing a single cell with the
remaining cells fixed, and (c) three copies of the individually opti-
mized cell. (d) Speed-error trade-off plot [from Fig. 2(a)], showing
collective optimal strategy (green circle), a single optimized cell
with remaining cells fixed (purple square), and three individually
optimized cells combined (red diamond).

without assuming any particular underlying model. We find
that this measure varies nonmonotonically over the course of
cellular patterning, consistent with our theoretical analysis in
Sec. V.

We analyze live imaging data of sensory organ formation
in Drosophila pupal abdomen from Ref. [9]. In these exper-
iments, the transcription factor Scute, along with a nuclear
marker, were endogenously tagged with fluorescent reporters.
Scute is part of the Delta-Notch feedback loop, it upregulates
expression of Delta, and it is indirectly suppressed by the
activation of Notch receptors. Thus, Scute serves as a proxy
for the “reaction coordinate” between the inhibited state and
the inhibitor state, with high Scute expression indicating the
inhibitor state and low Scute expression indicating the inhib-
ited state. Moreover, the fluorescence intensity of Scute within
a nucleus provides a quantitative readout of its expression for
each cell simultaneously. During the imaging period, cells
coordinate through Delta-Notch signaling to create a some-
what regular pattern of Delta expressing cells, known asSOP
cells [Fig. 8(a)]. Errors where two neighboring cells are both
SOPs occur around 10% of the time, but can be corrected
through cell rearrangements [9]. In total, three live-imaging
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FIG. 7. Collective strategy does not optimize for information
flow. For a fixed error rate of € = 0.02, suboptimal strategies that
transfer more or less information between cells than the optimal
strategy can be found. [(a), (b)] Mutual information rate (middle)
and total mutual information (right) transferred between (a) a pair
of cells, and (b) a cell and its neighbors, in the collectively optimal
system (green), a system that transfers more information for the same
error rate (blue), and one that transfers less information (orange).
Throughout, each computation is averaged over n = 10000 Monte
Carlo samples, and the shaded regions show 1.96x standard error.
Integral values are expressed in units of nats, while rates are given in
nats per unit time.

experiments of this type were performed. Each experiment
was imaged for around 12 h and had around 300 time points
each of resolution 660 x 900 x 24 pixels® corresponding to a
physical region of around 257.4 x 351 x 31.9 um?.

A direct application of the mutual information formula
is complicated by the fact that cells divide, die, and move
within the tissue. Following Ref. [9], we instead take the
intensity of Scute in a cell and compare it to the aver-
age intensity of its neighbors [Figs. 8(b) and 8(c)]. The
neighborhood is determined by taking the three-dimensional
Delaunay tessellation of the nuclei centroids and retaining
only edges that are shorter than 12 um (SM Sec. VII [43]).
Note that this neighborhood can change in time. We then
apply a difference-of-Gaussian filter to the intensities to re-
move regional variations in background fluorescence, which
could erroneously correlate low-Scute-intensity cells and their
neighbors (SM Sec. VII [43]). Having processed the data, for
each time point we have a series of pairs (u;(¢), v;(t)) where
u;(t) is the intensity of the ith cell, and v;(#) the mean intensity
of its neighbors. To compute the mutual information between
u and v, we apply the Kraskov-Stogbauer-Grassberger esti-
mator [68] (SM Sec. IV [43]). Estimating mutual information
from finite data is challenging and data from uncorrelated
variables can result in a nonzero point estimate. To confirm
that our estimate of mutual information is statistically sig-
nificant, we create a null dataset by randomly reassigning
the identity of each neighbor, essentially creating a set of
pairs (u;(?), vs(;)(t)) where o is a random permutation. In
this null dataset the marginals are preserved but now u and v
are approximately independent. For much of the time when
patterning is occurring, the mutual information estimation
exceeds 95% of estimations computed from the null data set,
demonstrating that there is statistically significant information
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FIG. 8. Instantaneous mutual information between cells for experimental measurements of Drosophila pupal abdomen patterning show
nonmonotonicity in time. (a) Snapshots of live-imaging experiments from Ref. [9], showing a nuclear marker (red) and Scute intensity (green).
Maximum intensity projections of a three-dimensional raw image are shown. Throughout, time is measured from the start of the experiment,
around 12 h after puparium formation. (b) We compare the intensity of a cell to the average intensity of its spatial neighbors, which may change
with time as cells rearrange and divide. (c) Example Scute intensity trajectory of a future SOP cell compared to its neighbors over the time
window when patterning occurs (SM Sec. VII [43]). Scute ultimately decreases once a cell commits to SOP fate. (d) Instantaneous mutual
information between cells and their neighbors across time and for three separate experiments (E1-E3). The raw mutual information time series
is overlaid with a temporally smoothed trend (SM Sec. VII [43]). Dotted line indicates discontinuity in the imaging region, and number of
segmented cells, due to scope adjustment (SM Sec. VII [43]). Shuffling cell-neighbor intensity pairs gives a null dataset with zero true mutual
information; numerical confidence intervals (95% shown) show values of estimator applied to null data.

shared between a cell and its neighbors [Fig. 8(d)]. We addi-
tionally see that the instantaneous information decreases as
patterning occurs and this is observed across all experiments
[Fig. 8(d)], a potentially misleading feature of instantaneous
information that we also observed in the model in Sec. V.

VIII. DISCUSSION

To explore the underlying principles of decentralized self-
organization, we introduced a tractable model of a laterally
inhibiting system and demonstrated that it is capable of
reaching a target pattern starting from initially identical cells.
Our analysis shows that a trade-off exists between patterning
accuracy and time taken to pattern, resulting in a Pareto front
of optimized solutions with varying error rates. By reframing
the model as a stochastic reaction network, we are able to
directly compute quantities such as the mutual information
and transfer entropies between cell trajectories, revealing how
information is transferred between cells. Having optimized
for collective patterning speed and error rate, the solutions do
not appear to optimize for the flow of information, nor do cells
appear individually optimal when considered in isolation.
Computing the mutual information between trajectories from
data alone remains challenging, and so we explore more
tractable information measures, such as the instantaneous
mutual information, finding that these quantities may
display counterintuitive behavior such as nonmonotonicity
in time. Finally, we compute such quantities in experimental
measurements of Delta-Notch patterning and once again find
that instantaneous quantities can be nonmonotonic in time as

patterning occurs, even as the total dynamic information
shared between cells strictly increases in time. Our main
focus is to extend the analysis of optimal behavior and
information transfer beyond the single-cell context to a
system of decentralized interacting cells engaged in a
self-organization problem.

In development, the starting point of patterning is often
inhomogeneous. For example, in addition to Notch signal-
ing, there is also a Delta prepattern in SOP formation in
Drosophila dorsal thorax [10], allowing for a more regular
array of SOP cells. Rather than all cells being initially identi-
cal, we could consider them to have some initial prepatterning
containing some useful, but not perfect, information. This
would still mean that cells need to coordinate to achieve a
target pattern, but presumably could do so faster than without
the prepattern for the same accuracy requirement. How opti-
mal strategies and information flow change as the information
contained in the prepattern change remains an open question
for future study.

An assumption of our model is that every cell has ex-
actly the same rates as every other cell. In reality, cells are
heterogeneous and will differ somewhat in their initial con-
dition as well as their parameters and hence response to a
signal [55,69]. This initial heterogeneity need not represent
a prepattern or contain useful information; it could be entirely
stochastic. Additional sources of heterogeneity come from
the nonregular initial packing of cells, so that different cells
experience different, and dynamic, neighborhoods. Even so,
heterogeneity may well enhance the patterning ability of our
system [9], by breaking the initial symmetry between cells. It
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would be interesting to explore how varying amounts of het-
erogeneity change the optimal speed-accuracy trade-off curve.

We have focused on a minimal patterning motif, but
in principle our framework can be extended through the
sampling-based gradient descent scheme (SM Sec. II [43]).
Such an extension is needed to investigate how the character
of the optimized solutions depends on the specific choices of
our modeling framework. For instance, our framework has
discrete internal states and our analysis is carried out at a
fixed, moderate value of N, where stochastic fluctuations are
significant. While we do not observe sensitivity to the par-
ticular value of N in this regime, we have not systematically
explored the N — oo limit, or included additional states of
signal receiving. Another modification of the model would
be to dynamically generate the cell-cell contact topology
through a vertex model, allowing for cell movement, neigh-
bor exchange, and tissue deformation to feed back onto the
signaling network [70-73]. Similarly, one could incorporate
cellular growth, division, and death, all of which are observed
in SOP formation in Drosophila pupal abdomen [9]. When
adding such complexity, however, it becomes challenging if
not impossible to numerically solve the master equation or
directly compute hitting times and error rates. Nonetheless,
the sampling-based approach (SM Sec. II [43]) can, in princi-
ple, accommodate these additions as long as the likelihood of
each simulation can be computed. The extent to which further
physical constraints, such as energetic constraints, robustness,
or evolvability, shape the character of the solutions remains an
interesting open question.

Although our model reproduces behavior that is observed
in real experimental systems, such as the scale of infor-
mation transfer and nonmonotonicity, it is not intended to
be a detailed biological model. Relatedly, due to the com-
plexities of gene regulatory networks, rather than modeling
every molecular event, conceptual progress has been made
on understanding cell fate transitions by using “gene-free”
phenomenological models [5,10,16]. Similarly, simple dis-
crete models have proved powerful for exploring the concepts
underlying cell fate patterning without explicitly modeling
the complex underlying gene regulatory networks [74-76].
Here, we are able to gain insight into optimal patterning and
information flow by studying a simplified phenomenological
model. Suppose, instead, that we wish to precisely calculate
information-theoretic quantities in a specific biological sys-
tem. As we have seen, some simple information measures,
such as the instantaneous mutual information shared between
cells, can be computed directly from data but they can be mis-
leading. For instance, the instantaneous mutual information
can decrease while the system patterns. While it is conceiv-
able that alternative instantaneous information measures exist
without these specific issues, any instantaneous quantity will
necessarily be less insightful than the trajectory-based mutual
information. Estimating full trajectory quantities directly from
experimental data remains impractical with existing estima-
tors due to the high dimensionality of trajectories, although
this remains an active area of research [77]. Seemingly, the
most promising approach is to build a detailed model, fit
this model to data, and then compute the information transfer
within this model [37,46]. While such computations have not
yet been attempted in a detailed model with multiple cells and

feedback, advances in computing transfer entropy rates [61]
might render such computations possible, albeit numerically
expensive. With the ability to compute information transfer
in multicellular systems, it will be possible to ask precise
information-theoretic questions, for example: along which di-
rection is information maximally transferred in? How does
information transfer depend on the cell contact topology? In
this sense, an understanding of how information propagates
in a self-organizing system requires a method to precisely
compute information-theoretic quantities.

Throughout, for computational simplicity, we bound all
rates above by 1, which essentially constrains the fastest
timescale in our system. Therefore, strategies which create a
high-accuracy pattern at the cost of taking a long time have
a timescale separation between the patterning timescale and
the timescale of the internal dynamics or signaling. In other
words, accurate self-organized patterning requires transcrip-
tional and signaling dynamics to occur on a faster timescale
than patterning. For many developmental processes, this may
well be a limiting constraint. The timescale of transcriptional
and translational dynamics is on the order of tens of minutes
[78], which would constrain accurate self-organized pattern-
ing to be on the order of hundreds of minutes, which is indeed
a typical patterning timescale. While we prove that such a
trade-off exists in our model, we expect that this is a generic
effect any cell faces in a system with a noisy mechanism of
communication: spend longer acquiring information about the
environment or act faster at the risk of making an incorrect
patterning choice. Indeed, in a continuous model of lateral in-
hibition, a separation of timescales between the timescale over
which cells commit to an SOP fate and the timescale at which
a cell can inhibit its neighbors has been identified as necessary
for accurate patterning [34]. Beyond lateral inhibition, there
are numerous contexts in developmental biology where the
duration of a signal, and not just the strength, determines
whether cells commit to a particular fate [79,80]. Perhaps
the required timescale separation is one reason why prepat-
terning and exogenous signals are often used in combination
with self-organization: self-organization of identical cells can
achieve accurate patterning, but such approaches take inordi-
nately long compared to self-organization with prepatterning.
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APPENDIX A: NO COMMUNICATION STRATEGY

Without the ability to communicate, each cell can only
adjust its internal state to reach either absorbing state, O or N.
The specific choice of transition rates affects the time it takes
to reach an absorbing state, but whatever the choice of rates
there will be a probability g of reaching O first and a prob-
ability 1 — g of reaching N first. Since each cell has to have
the same transition rates, and without communication the cells
are independent, the probability that exactly one cell reaches
N and that two cells reach 0 is 3¢*(1 — ¢). Maximizing over
q, we find ¢ = 2/3 and the probability is 4/9.

APPENDIX B: ERROR BOUNDS THE AVERAGE
TIME TO PATTERN

Consider a system of M > 3 cells and a set of good ter-
minal states where for every good terminal state the number
of cells in state N, or ny, is some fixed number, 0 < n; < M.
It need not be the case that any terminal configuration with
ng cells in state N is a good state, only that all good states
have n, cells in state N. Throughout the text, M = 3 and a
good terminal state has exactly one cell in state N, or ng = 1.
For the more general system, suppose there exists some set of
parameters p such that the error rate is €. In this case we can
show that the average time taken to reach a terminal state will
be at least M~2(3M + 3)~' (1 — €)e~+2™  demonstrating
that precision comes at the cost of time. To prove this out-
come, we will need the following lemma.

Lemma 1. If there is a nonzero probability of reaching a
good terminal state, there is a nonzero probability of reaching
a bad terminal state.

Let X be the set of self-sufficient single-cell states: those
from which the cell has a nonzero probability of reaching an
absorbing state (0 or N) without receiving any further signals.
This could include states where the signal-receiving state must
turn off to reach an absorbing state. The absorbing states are
trivially included in this set. We need not assume anything
about the cell-cell adjacency matrix although it suffices to
prove the lemma for a connected graph and apply the result to
the disconnected components of a general adjacency matrix.

Case 1: (1,0) € X. Then each cell can, with nonzero
probability, reach an absorbing state without ever receiving
any signal from its initial state. Hence, there is a path with
nonzero probability through which all cells can reach the same
absorbing state, which would result in a bad terminal state.

Case 2: (1,0) ¢ X. In this case, every cell must receive
a signal to progress to an absorbing state. We can trace the
steps a cell takes to go from (1,0) to when it first enters X.
In doing so, it must be possible for a cell to reach a state
(w, 0) where g(w) > 0 before the cell receives a signal. If not,
then no cell could ever receive a signal. Also, there must be
a self-sufficient state that is reachable from (1,0), (v, s) € X,
for which g(v) > 0, because a successful trajectory starts with
no cells being in X, and ends with M cells being in X. Since
only one cell state changes at a time, there must be a point at
which M — 1 cells occupy a state in X and one does not. To
be successful, this final cell needs to receive a signal to enter
X which requires a nonzero g from one of the cells already
in X.

Now consider the following finite sequence of steps:

(i) Move cell 1 into the state (w, 0) with g(w) > 0.

(ii)) Move the remaining cells, starting with the neighbors
of cell 1, into the self-sufficient state (v, s) with g(v) > 0.

(iii) Move cell 1 to (N, s) (the exact receiver state does not
matter).

(iv) Now move the remaining cells into the absorbing
state N if it is accessible from (v, s), else move them to 0.

If state N is accessible from (v, s), or if ny # 1, then a
path is produced with nonzero probability that reaches a bad
terminal state. If N is not accessible from (v, s) and n; = 1,
then consider the following modified sequence of steps:

(i) Move cell 1 into the state (w, 0) with g(w) > 0.

(ii)) Move M — 2 of the remaining M — 1 cells, starting
with the neighbors of cell 1, into the self-sufficient state (v, s)
with g(v) > 0.

(iii) Move the final cell to (N, s) (the exact receiver state
does not matter).

(iv) Move cell 1 to (N, s) (the exact receiver state does not
matter).

(v) Now move the remaining cells into the absorbing state
0.

The final state has two cells in state N and hence this rep-
resents a path to a bad terminal state with nonzero probability.

Proposition 1. For an M-cell system with error rate € < 1,
the average time to reach the terminal states, 7, satisfies t >
M72G3M +3)71(1 — e)e= N+,

One can interpret a CTMC as a Markov chain for the
sequence of states, along with a set of residence times drawn
from an exponential distribution. Specifically, we can write
the probability of making a particular transition from j — i,
given that we are in state j as P(j — i|j) = W;;/ Zk# Wy
Since, in our system, only 3M transitions are possible from
any given state, and each transition rate is bounded by 1,
we can conclude that P(j — i|j) > W;;/3M. For a path P =
{; > ap — -+ — a;11}, we have that

Low
P(Plan) > [ ] (—3M)

k=1

B

1
> [121321 Wﬂlk+10!k/3M:| ’
where, by considering solely the Markov chain path, we have
effectively marginalized over the possible waiting times. If we
take «; as the initial condition («*), and o as a bad terminal
state, then P(P|a;) < €, and hence

3Me'! > min W,

I<k<l 10 * (BZ)

Since € < 1, there is a nonzero probability of reaching a
good terminal state and so Lemma 1 tells us there is a nonzero
probability of reaching a bad terminal state. Taking such a
path to a bad terminal state, the smallest rate along this path
satisfies 0 < Wy, o,,, < 3Me'/!. Without loss of generality,
we can remove any loops in this path (places where o, = o,
r # q), leaving a loop-free path with nonzero probability, and
since there are at most (2N + 2) states along this path we
have 0 < W, < 3Me@N+D™,

O, Qk+1
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Now we progressively prune our rates. In particular, we
formally set whatever parameter determines this smallest rate
to zero. This parameter will either correspond to exactly one
of the f = k. Ifit corresponds to a k™, then all the g values
involved must be smaller than 3MeV+2™ and so set them
all to zero in the new system. If it is possible to reach a
good terminal state in this new system, it is possible to reach
a bad terminal state by Lemma 1, and hence there exists a
path with nonzero probability which, as before. So, we prune
again. We repeat this procedure until there are no possible
paths to the good terminal state (which must occur as there
are only finitely many parameters). At this point, we can
conclude that to reach the good terminal state, the system
must make a transition where the rate is “slow.” Typically
that means that the transition rate is at most 3Me@NV+2™
although in the case of a k™, it could be the combination of
M — 1 small g values and is at most 3(M — 1)Me@N+2™
The average time to reach a good terminal state, T,, satisfies
T 2 (1 — €)7,, and hence if we can bound 7, we can bound
7. To bound 7, we can ask how long it takes on average to
make one of these slow transitions, given that at least one of
these transitions must be made to reach the good state. Since
at most 3M transitions are possible from any given state (of
which, at most M correspond to a k®), even if the system
was in a state where every possible transition was a slow
transition, the rate at which a slow transition occurs would
be at most M2(3M + 3)e@N+2™ Thus, this quantity bounds
the rate at which a slow transition occurs, whatever state the
system is in. Hence, the average time for such a transition
to occur is at least M~2(3M + 3)~le=@¥+2™ and hence in
total, T > M23M +3)"'(1 — €)e~N*+2™ " Although not
the tightest bound possible, it still shows that there must exist
a speed-accuracy trade-off and T — oo ase€ — 0.

APPENDIX C: EXACT ASYMPTOTIC SYSTEM

Here we explicitly construct a solution that can achieve
an arbitrarily small error rate. Motivated by the appearance
of numerically optimized solutions, let us take f*(1,0) =
n, ftG,s)=1 for i > 1, f¥(1,1)=0, f7(i,0)=0, Vi,
A, )=1,f(@G1)=0fori> 1,k =0, g0)=g(l) =
0,g@)y=1fori>1,nK1.

To compute the error rate, suppose that the first transition
has occurred and hence a cell has transitioned from (1, 0) to
(2, 0). At this point it will reach N, and contribute a constant
signal g = 1 to its neighbors. Precisely when it transitions or
whether it receives a signal is of no relevance for computing
the error rate. Each of the next cells has a choice: they could
transition to (2,0) with probability n/(1 4+ n) or transition to
(1,1) with probability 1/(1 4+ n). A transition to (2,0) guar-
antees the system will reach a bad terminal state, whereas a
transition to (1,1) guarantees that cell will eventually reach
(0,1) and will not signal to its neighbors. Thus, if it does
transition to (0,1), in order for the system to reach the good
terminal state the remaining cell has to also transition to (0,1),
which occurs again with probability 1/(1 + ). Hence, the
probability of failure is 1 — 1/(1 4 )* ~ 2n.

The expected time to the first transition is 1/3n; after
this time, each cell can only ever make at most N — 1 (for
N > 2) transitions, each of which has a waiting time with

mean at most 1. For fixed N this gives t = 1/3n 4+ O(1),
or T =2/(3€)+ O(1). This strategy is not asymptotically
optimal, but it can be optimized by choosing f*(i, 1) more
carefully.

APPENDIX D: UNBOUNDED MUTUAL INFORMATION

In this section, we show that the full mutual information
between a pair of trajectories in the system in Appendix C
is unbounded. Let us consider /(X[ ;¥ ) with X = u;(¢) and
Y = uy(¢). Using the chain rule for mutual information, we
have that

I(X05 Y0, 2) = 1(Xg 3 Xy ) + (X5 5 2|y ),
=1(X]:2)+1(Xy:Y) |Z),  (©D
for any random variable Z. Choosing a Z with a finite state
space of size Nz (and the size of this state space is independent
of ) means that the entropy of Z, or entropy of Z conditioned
on another variable, is bounded above by H(Z) < log Nz, and
hence any mutual information term between Z and another

variable is similarly bounded by log N;. Hence, we can deter-
mine that, as € — 0,

1(Xy;¥y) bounded <= I(X{; ¥y, Z) bounded
—1 (XOT L Z YY) Z) bounded

< I(Xy Y, |Z) bounded.  (D2)

For the transition rates in Appendix C, the set of possible paths
(sans waiting times) from the initial condition to the final is
finite, so set Z to be the random variable representing which
path is taken. Furthermore, let us take the path where 1 first
transitions from 1 to 2, followed by s, transitioning from 0
to 1, and then u, transitioning from 1 to 0. This particular
path has an O(1) probability of occurring, and so if the mutual
information conditioned on this path diverges, then the overall
mutual information diverges. Furthermore, from the data pro-
cessing inequality, we can apply any coarse-graining function
to the trajectories X/ and Y, and only decrease the mutual
information. Thus, if we reduce the trajectory X/ to the first
time at which u; changes, and similarly YOT to the first time
at which u, changes, essentially we are left computing the
mutual information, I(z; : £), with £ = t; + 7, + 73, Where
all the t;’s are drawn from exponential distributions, with
rates 37 for t;, (3 +2n) for 1, and (3 + ) for 73. (Even
after conditioning on a path the waiting time distribution is
unchanged and reflects the sum of possible transition rates
before conditioning.) Decomposing the mutual information,

I(1);t) = H(t) — H(%|)
= max{H (1), H(t2), H(t3)} — H(72 + 13)
Z H(t1) — H(rz) — H(t3)
= O(log 1/1).
using the fact that

(D3)

HX+Y) 2 max{HX),H(Y)},
HX,Y)>HX+Y), HX+Y)=HX)+HY) if
X and Y are independent, and if X ~ Exp(A) then
H(X) =1 —logA. Thus, the mutual information diverges at
least as fast as O(log 1/7).

Intuitively, in this system cell 1 can transition at any point
in an O(1/n) time. If you observe a transition 1 — 0 in cell
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2 at time 7, you know that with O(1) probability, cell 1
transitioned at a time 7 + O(1), narrowing down from an
O(1/n) uncertainty and thus gaining a significant amount of
information. However, this intuition also suggests a strategy
that would have a finite amount of mutual information, while
still having an arbitrarily small error rate. If we keep g(i) = 1
fori > 1butset f~(1,1)=n, f*(i,s) =nfori > 1, the er-
ror rate is unaffected. However, observing a transition 1 — 0
in cell 2 does not narrow down the time at which another
cell transitioned all that much, since the cell 2 transition
occurs at a time O(1/n) after the first transition. If we take
the information, I((u;, s1); (42, 52)), this would again diverge.
In some sense, in this new system there is divergent mutual
information; it is just not stored in the internal state. We
suspect that the mutual information I((uy, s1); (142, s2)) always
becomes divergent as the error goes to zero.

APPENDIX E: CONDITIONAL DYNAMICAL
INFORMATION BETWEEN LATERALLY
INHIBITED STATES

In Sec. IV, we showed that successful patterning depends
on asymmetric, nontrivial communication among cells. While

—
(Y]
=
—
O
=

—— Transfer Entropy Rate 1—2 0.50
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FIG. 9. Conditioning on final cell fates reveals nontrivial com-
munication between the laterally inhibited states. (a) Conditioned
mutual information and transfer entropy rates between the inhibited
cell 1 and inhibited cell 2 as well as (b) the corresponding integrals.
Throughout, each computation is averaged over n = 10000 Monte
Carlo samples, and the shaded regions show 1.96 x standard error.

Fig. 4 depicts transfer between inhibitor and inhibited cells,
Fig. 9 illustrates communication among the inhibited cells
themselves. Unlike the asymmetric flow involving inhibitor
cells, the exchange here is symmetric, reflecting the equiva-
lence of inhibited cells.
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