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Differentiable learning and control of free-energy-driven pattern dynamics
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Pattern-forming dynamics govern the behavior of many quantum, electrochemical, and soft-matter systems,
yet learning and controlling the corresponding partial differential equation (PDE) models on realistic geometries
remains challenging. In this work, we develop a unified, differentiable framework for free-energy-based PDEs
that enables end-to-end parameter inference and optimal control directly on image-based domains. Starting from
a variational description in terms of an energy or free energy functional, we combine PDE-based smoothing
of segmented geometries, the smoothed boundary method, advanced integrators for stiff pattern-forming PDEs,
and memory-efficient automatic differentiation implemented in JAX to construct scalable PDE solvers amenable
to gradient-based optimization. We demonstrate the capabilities of this framework across four classes of
applications: (1) learning Cahn-Hilliard and Allen-Cahn free energies and kinetic laws from noisy spatiotemporal
data on complex battery electrode microstructures; (2) designing time-dependent wetting boundary conditions
that steer phase boundaries to desired orientations; (3) optimizing spatially varying reaction rates, interpreted
as surface coatings, to suppress phase separation in intercalation electrode models; and (4) computing time-
dependent trapping potentials that transfer Bose-Einstein condensates between ground states of qualitatively
different Gross-Pitaevskii potentials while minimizing excitations. Together, these results show that variational
PDE models, when equipped with differentiable solvers on complex domains, provide a versatile substrate for
data-driven discovery, design, and control of pattern-forming materials and quantum fluids, and they point toward
tighter integration of physics-based PDE modeling with modern optimization and machine learning pipelines.

DOI: 10.1103/b8kc-vpwq

I. INTRODUCTION

Many technologically important materials exhibit pattern-
forming dynamics that have a critical impact on their
performance and functionality [1–7]. In quantum systems,
for example, specific density and phase patterns are desired
in quantum states for computing applications [8–14]. In en-
ergy materials, chemically driven phase separation produces
heterogeneous patterns in electrodes that influences reac-
tion kinetics, mechanical stability, and degradation pathways
[15–17]. In biological matter, phase separation and pattern
formation at the subcellular and macroscopic scales are in-
volved in spatially organizing biochemical reactions and are
implicated in numerous diseases [3,18,19]. Across these do-
mains, the ability to model, predict, and ultimately control
pattern dynamics is essential for optimizing performance, de-
signing new functionality, and guiding experiments.

*Contact author: aecohen@mit.edu
†Contact author: stm16109@mit.edu
‡Contact author: dunkel@mit.edu
§Contact author: bazant@mit.edu

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

Recent advances in experimental imaging and control
have created unprecedented opportunities to observe and
manipulate pattern-forming systems. High-resolution imag-
ing modalities enable detailed measurements of the structure
and dynamics of materials from the quantum scale to the
macroscale [2,5,20–25]. Furthermore, these systems can often
be driven or perturbed in controlled ways, including laser-
based manipulation of quantum gases [26], surface treatments
of electrodes [27,28], and boundary conditions in continuum
materials [29]. As imaging and control advances, there is a
growing demand for accurate, interpretable, and optimizable
models that connect experimental observations to underlying
physical processes and design parameters.

A broad mathematical framework for describing such pat-
tern dynamics is based on energy-driven partial differential
equations (PDEs) [30]. Many physical systems evolve ac-
cording to equations derived from a functional derivative of
an energy or free energy functional, which encodes the local
and nonlocal interactions governing pattern formation. Dissi-
pative systems follow gradient-flow dynamics that decrease
the free energy, whereas Hamiltonian systems evolve perpen-
dicular to the gradient direction and hence conserve energy.
This distinction is separate from conservation of the order
parameter itself: In dissipative systems, the order parameter
may be conserved or nonconserved, depending on whether
the evolution obeys a local continuity law. A wide variety
of familiar models fall under this umbrella: the Cahn-Hilliard
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and Allen-Cahn equations for phase transformations [31,32];
phase-field models for chemomechanical problems [33], frac-
ture [34], and polymeric materials [35]; biological pattern
formation [36]; and the Gross-Pitaevskii equation for Bose-
Einstein condensates [17,37]. Despite describing systems that
span many orders of magnitude in scale and physical origin,
these models share a common variational structure: a free
energy or energy functional and evolution equations obtained
from its variational derivative. This structure ensures thermo-
dynamic consistency, supports physical interpretability, and
provides a natural foundation for parametrization, learning,
and optimization.

However, learning, optimizing, and controlling free-
energy-driven PDEs in complex geometries remains a sig-
nificant challenge. Real experimental domains are irregular,
noisy, and discretized on pixel grids, which can be difficult
to convert into a computational form for most PDE solvers.
Estimating parameters of a free energy functional from exper-
imental data constitutes a PDE-constrained inverse problem
that is usually solved by differentiating through the nonlinear
PDE dynamics. In some cases, direct measurements of the
phase variable may not be available, and model parameters
must instead be inferred from indirect measurements [38].
Similarly, controlling solutions of these PDEs, either through
boundary condition terms or through bulk control terms, re-
quires solving PDE-constrained optimal control problems.
These tasks involve differentiating through long time-stepping
procedures for stiff, nonlinear PDEs, a process that has
traditionally required specialized adjoint equations, care-
ful manual derivations, and case-by-case implementations.
Machine learning surrogate models aim to speed up these opti-
mization problems, but they still require large upfront training
cost and these purely data-driven methods may not accurately
represent the true physics [39,40]. As a result, high-level tasks
such as model discovery, parameter inference, and optimal
control have remained difficult to perform reliably, especially
on noisy, irregular, experimentally derived domains.

In this work, we develop a unified computational frame-
work that enables differentiable learning and control of
free-energy-driven pattern dynamics in complex geometries.
Our approach combines advanced numerical methods for
nonlinear pattern-formation PDEs with PDE-based geometry
smoothing and the smoothed boundary method to construct
differentiable PDE solvers that operate directly on image-
based domains. We demonstrate how free energy parametriza-
tions can be learned from data using PDE-constrained
optimization, how boundary conditions and spatial hetero-
geneities can be optimized to manipulate or suppress pattern
formation, and how time-dependent external potentials can be
controlled to reshape the states of quantum fluids. Using this
framework, we learn Cahn-Hilliard and Allen-Cahn models
in complex geometries reconstructed from imaging, control
wetting boundary conditions to induce rotation of phase
boundaries, design spatial heterogeneity fields that prevent
phase separation in energy materials, and optimize time-
varying trapping potentials in the Gross-Pitaevskii equation to
steer Bose-Einstein condensates into experimentally relevant
nontrivial quantum states. Together, these results establish a
general, extensible methodology for data-driven discovery,
optimization, and control of pattern-forming dynamics gov-

erned by free-energy-based PDEs across a broad range of
physical systems.

II. THEORY

Many pattern-forming systems can be described within a
variational framework, which provides a unifying description
for all models considered in this work. We introduce a real-
or complex-valued field �(x, t ) defined on a d-dimensional
domain � ⊂ Rd , together with an energy or free energy func-
tional of the form

F[�] =
∫

�

f (�,∇�, x, t )dx. (1)

The energy density f may include local terms, gradient con-
tributions, nonlocal interactions, and external potentials. In
dissipative systems, F plays the role of a Gibbs free energy
that the system seeks to minimize, while in Hamiltonian sys-
tems it represents a conserved energy.

The connection between the functional F and dynamics is
made through its variational derivative. For complex-valued
fields, this derivative takes the form δF/δ�∗, while for real-
valued fields it reduces to δF/δ�. The specific time evolution
of the field depends on the physical nature of the system,
and, in particular, on whether the dynamics are dissipative or
Hamiltonian.

A. Dissipative systems

In dissipative systems, the dynamics drive the system to-
ward states that reduce the free energy. Such systems are
commonly described by an order parameter representing a
physically conserved or nonconserved quantity. In many ap-
plications, and particularly in electrochemistry [17,41], the
order parameter represents a concentration field, denoted by
� = c(x, t ). The thermodynamic driving force for the tempo-
ral evolution of c is the chemical potential, which is defined
as the variational derivative of the free energy with respect to
the concentration,

μ = δF
δc

. (2)

(For an open system at constant temperature and pressure, F
is the Gibbs free energy, usually denoted by G.)

When the order parameter is conserved as a result of
transport processes, its dynamics are governed by a local
conservation law

∂c

∂t
+ ∇ · J = 0, (3)

where J is the flux density. Within the framework of linear
irreversible thermodynamics, the flux density is assumed to
be proportional to the thermodynamic driving force for suffi-
ciently small departures from local equilibrium. For diffusive
transport, this driving force is the gradient of the chemical
potential, yielding

J = −M(c)c∇μ, (4)
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where M(c) is the concentration-dependent mobility [17].
Combining Eqs. (3) and (4) yields

∂c

∂t
= ∇ ·

(
M(c)c∇ δF

δc

)
, (5)

which reduces to the Cahn-Hilliard equation for appropriate
choices of M(c) and F [31].

For nonconserved order parameters, the dynamics are gov-
erned by sources and sinks, such as chemical reactions, in
addition to diffusive transport. In the simplest case, the evolu-
tion of the concentration is determined by a local reaction rate
rather than a continuity equation. Near equilibrium, linear ir-
reversible thermodynamics assumes a linear relation between
the reaction rate and the chemical potential,

∂c

∂t
= −k(c) μ, (6)

where k(c) is a kinetic coefficient that may be state depen-
dent. This form corresponds to Allen-Cahn-type dynamics.
Reaction kinetics may depend nonlinearly on the chemical
potential. In this case, the evolution is written as

∂c

∂t
= R(c, μ), (7)

where the reaction rate function R is chosen to be thermody-
namically consistent [17].

More generally, chemically reactive mixtures are governed
by systems of reaction-diffusion equations, which have the
thermodynamically consistent form [41],

∂ci

∂t
= ∇ ·

∑
j

Li j ({ck})∇ δF
δc j

+
∑

m

si,mRm

(
{ck},

{
δF
δck

})
,

(8)
where Li j is the Onsager linear response matrix and Rm is
the rate of the mth reaction with stochiometric number si,m

for species i. Although we only consider single species that
evolve only by reaction or by diffusion, our framework for
differentiable learning and control can be readily extended to
the general system of reaction-diffusion PDEs as in Eq. (8).

B. Hamiltonian systems

In contrast to dissipative systems, Hamiltonian systems
conserve energy. A prominent example is a Bose-Einstein
condensate, whose complex-valued order parameter ψ rep-
resents the condensate wavefunction. The dynamics of ψ are
governed by the Gross-Pitaevskii equation, which can be writ-
ten in variational form as [37,42–44]

ih̄
∂ψ

∂t
= δE

δψ∗ . (9)

The associated energy functional is

E [ψ] =
∫

�⊆R3

[
h̄2

2m
|∇ψ |2 + V (x)|ψ |2 + g

2
|ψ |4

]
dx, (10)

which includes kinetic energy, external potential energy, and
interaction energy between bosons in the dilute limit.

C. Parametrization of models

In this framework, all of these systems are unified by dy-
namics driven by a variational derivative of an energy or free
energy functional. Across both dissipative and Hamiltonian
systems, the structure of the dynamics is determined by the
choice of energy or free energy functional and the physical
constraints governing its evolution. In practice, these models
contain parameters describing material properties, including
free energies F [Eq. (5)], interaction strengths g [Eq. (10)],
transport coefficients such as mobilities M(c) [Eq. (5)], and
reaction kinetics R(c) [Eq. (8)]. In this work, we consider
parametrizations of both the energy landscape and the associ-
ated dynamics, allowing controlled modification of model be-
havior while preserving the underlying variational structure.
The specific form of these parametrizations is problem depen-
dent and informed by the physics of the system under study.

III. METHODS

To perform PDE-constrained optimization on these
models, we develop a differentiable PDE solver that supports
stiff diffusion operators, complex geometries derived from
images, and parametrized free energies and control fields
(Fig. 1). This section describes the computational methods
used to perform geometry processing, differentiable time in-
tegration, and large-scale optimization.

A. Domain smoothing

Experimental domains are frequently obtained as binary
masks from segmentation of microscopy data. To convert
these pixelated shapes into smooth, differentiable geometric
fields, we solve a modified Allen-Cahn equation with the
gradient term fgrad = ε|∇φ|2 and a double-well homogeneous
energy fh = 9φ2(1 − φ)2/ε such that ε sets the width of the
diffuse interface between domains of φ = 0 and φ = 1. This
double-well form is the lowest-order Landau polynomial with
stable minima at the two binary phases, and the prefactor
9/ε normalizes the diffuse-interface energy to unity following
the Allen-Cahn treatment [45,46]. To preserve the original
shape of the binary mask, we remove the effect of curvature
minimization [47,48], which leads to the evolution equation

∂φ

∂t
= ∇2φ − (1 − K )|∇φ|∇ · ∇φ

|∇φ| − 9

ε2
φ(1 − φ)(1 − 2φ).

(11)

Here, K ∈ [0, 1] specifies the amount of curvature minimiza-
tion in the system, where a value of K = 1 includes all
curvature driving forces that naturally arise from the Lapla-
cian, while a value of K = 0 fully removes the mean-curvature
contribution from the Laplacian term [48,49]. In practice,
a value of around K = 0.01 is typically sufficient to retain
fine details of the shape and remove pixelization artifacts
(Appendix A). The smooth transition region between φ = 0
and φ = 1 will take a hyperbolic tangent form, which makes
it consistent with phase field modeling for microstructural
evolution [50]. This step is also fully differentiable, enabling
gradient-based shape optimization. The smoothed boundary
method is then used to modify the governing PDE to find
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FIG. 1. Overview of methods for producing differentiable simulations of parametrized free energy functional models on smoothed domains
from binarized image data. Binary images are converted to smooth domain parameters through the curvature-subtracted Allen-Cahn equation.
Variational derivatives of parametrized free energy functionals form PDEs, which can be numerically solved with specialized integrators. Blue
arrows indicate the forward simulation process, while red arrows indicate the flow of gradients through the computational pipeline, which can
be computed using either forward-mode or reverse-mode automatic differentiation.

a numerical solution on the domain and apply the boundary
conditions at the smooth interface [50].

B. Smoothed boundary method

A general framework to solve PDEs on irregular domains
without the need for advanced meshing techniques is the
smoothed boundary method [50], which has been successfully
applied to battery materials [51] and materials science more
broadly [50]. The smooth domain mask φ ∈ [0, 1] obtained
by solving Eq. (11) is used to modify the original PDE such
that boundary conditions are imposed on the diffuse transition
region where ∇φ �= 0. Following the procedure in Ref. [50],
we can reformulate the Allen-Cahn equation as

∂c

∂t
= R(c, μ∗), where μ∗ = ∂ fh(c)

∂c
− κ

φ
∇ · (φ∇c) + gϕ.

(12)

The term gϕ = − κ
φ
|∇φ||∇c| cos ϕ in the modified chemical

potential μ∗ imposes the boundary angle ϕ of the con-
centration field with the smoothed boundary. Similarly, the
Cahn-Hilliard equation is modified to

φ
∂c

∂t
= ∇ ·

(
φ

D(c)c

kBT
∇

[
∂ fh(c)

∂c
− κ

φ
∇ · (φ∇c) + gϕ

])

+ ψR(c) + gBC, (13)

where R(c) is a bulk source and gBC = |ψ | jN represents the
boundary flux term. jN denotes the normal boundary flux
that can vary spatially and/or temporally; for a closed system,

jN = 0 holds. For the derivation of other boundary conditions
see Ref. [52].

C. Numerical optimization

The PDE solvers are implemented in JAX, enabling
just-in-time compilation using the XLA (Accelerated Lin-
ear Algebra) compiler, acceleration on graphics processing
units (GPUs), vectorization over initial conditions and pa-
rameters, and automatic differentiation (AD). Optimization is
performed using gradient-based methods, with gradients ob-
tained by differentiating directly through the time-discretized
PDE system. Depending on the parametrization and objective
function, either forward- or reverse-mode AD is employed.
Forward-mode AD has a computational cost that scales lin-
early with the number of parameters, while reverse-mode AD
has a cost that is independent of the number of parameters
for scalar-valued objectives. These trade-offs influence both
algorithm choice and convergence behavior and are discussed
further in Appendix B.

Many pattern-forming PDEs contain stiff diffusion opera-
tors such as ∇2 or ∇4 terms, which impose severe stability
constraints on explicit time-stepping schemes. To address this,
we employ semi-implicit Fourier spectral methods and oper-
ator splitting techniques that treat stiff linear terms implicitly
or exactly, enabling larger stable time steps. We also use a
stabilized explicit method, ROCK2 [53], which provides a
flexible alternative without requiring implicit solves. These
methods are most useful when diffusive or biharmonic terms
dominate the stiffness: For an explicit scheme, the stable time
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step typically scales as �tmax = O(�xh), where h is the order
of the highest spatial derivative. When such terms are absent,
the same differentiable framework can use standard explicit or
adaptive integrators, with the stable time step instead limited
by reactions, advection, waves, nonlinear source terms, or
accuracy requirements. In our numerical tests, semi-implicit
and stabilized methods typically allowed stable time steps
that were 10–100 times larger than explicit schemes, depend-
ing on the PDE and initial condition; this is consistent with
reported speedups of two to three orders of magnitude for
semi-implicit Fourier spectral methods applied to phase-field
equations [54].

We consider optimization problems of the form

min
θ

L(�θ (x, t ), θ ), (14)

subject to the PDE dynamics defined by the free energy
functional F . The parameters θ may specify the free en-
ergy density, boundary conditions, time-dependent controls,
or domain geometry. When the objective is a least-squares
problem and the number of parameters is small or moderate,
we employ the Levenberg-Marquardt (LM) algorithm, which
benefits from faster convergence through a Gauss-Newton ap-
proximation of the Hessian constructed using forward-mode
AD of the residuals with respect to the parameters [55]
(Appendix B). For problems with large parameter sets or
when a Gauss-Newton approximation is not feasible, we use
the Broyden-Fletcher-Goldfarb-Shannon (BFGS) algorithm
(Appendix B).

IV. RESULTS

Together, these components provide an end-to-end differ-
entiable simulation and optimization framework that enables
learning and control for a wide range of variational PDE
models. The combination of advanced time integration, do-
main smoothing, smoothed-boundary operators, and memory-
efficient gradient computation allows us to optimize both
physical parameters and external controls directly through the
PDE dynamics. In the next section, we demonstrate how these
tools allow us to (1) infer free energy and kinetic parameters
from data on complex geometries, (2) manipulate boundary
conditions to achieve targeted interface behavior, (3) optimize
spatial heterogeneities to suppress or enhance phase sepa-
ration, and (4) design time-dependent control protocols for
steering quantum fluids.

A. Learning models

To demonstrate the ability of our framework to learn
constitutive models directly from data on complex domains,
we perform a set of inverse problems in which the ob-
jective is to recover an unknown free energy density (or
equivalently its variational derivative) from noisy spatiotem-
poral observations of phase-field evolution. We consider both
Cahn-Hilliard [Eq. (5)] and Allen-Cahn [Eq. (6)] dynamics,
which, respectively, represent conserved and nonconserved
order-parameter evolution, and we perform all inference
directly on geometries extracted from image data of real bat-
tery graphite electrodes [56] using the smoothed-boundary
method [50,57,58].

For each model, we generate synthetic training data by
simulating the corresponding PDE in a complex domain and
adding varying levels of additive noise. The reported noise
level is defined relative to the standard deviation of the simu-
lated concentration field; for example, 30% noise corresponds
to additive Gaussian noise with standard deviation 0.3 times
the standard deviation of the clean simulation data. The vari-
ational derivative of the free energy, the chemical potential, is
parametrized as the entropic contribution, an energetic contri-
bution represented by Legendre polynomials, and the gradient
term,

δF
δc

= ln
c

1 − c
+

N∑
n=0

Pn(c) − κ∇2c. (15)

The mobility in the Cahn-Hilliard equation and the reaction
rate’s concentration-dependent prefactor in the Allen-Cahn
equation are also parametrized by Legendre polynomials,
which we exponentiate to ensure positivity. We then optimize
the free energy parameters and diffusivity parameters
such that the simulated dynamics best match the noisy
observations.

The loss function is formulated as the squared error be-
tween the simulated field and the observed data,

L(θ ) = ||�θ (t ) − �data(t )||2 + λθ�W θ, (16)

where θ is the free energy and kinetic parameters, λ is a reg-
ularization parameter, and W is a matrix chosen to regularize
derivatives of the functions parametrized by θ (Appendix C).
In particular, W is chosen to be the matrix that encodes the
Legendre polynomial derivative identities [59]. Optimization
is performed with the LM algorithm, which is particularly
effective here because the objective is a squared error and
the number of learned parameters is moderate due to the one-
dimensional Legendre representation. Furthermore, we use a
multiple shooting approach in which we sum Eq. (16) for mul-
tiple nonoverlapping time intervals. We found this approach
to be more robust to noise than a single shooting method
and faster due to JAX vectorization over initial conditions
(Appendix D).

Our PDE-constrained optimization method successfully re-
covers the known Cahn-Hilliard model at 30% noise levels
[Figs. 2(a) and 2(b)]. Starting from a non-phase-separating
free energy initial condition with constant mobility, the
models quickly converge to the ground truth. By the fifth op-
timization step, the LM algorithm has already begun to learn
a phase-separating free energy. After ten steps, the homoge-
neous free energy function closely resembles the ground-truth
model and the mobility starts to resemble the ground-truth
model. After 90 steps, the learned functional is nearly indistin-
guishable from the true one, demonstrating rapid convergence
and robustness to noise. The only exception is in regions
where the order parameter approaches 0 or 1, beyond the
equilibrium values of the two domains, which rarely appear
in the data.

Similar convergence trends are observed for the Allen-
Cahn equation [Figs. 2(c) and 2(d)]. The free energy and
reaction prefactor are progressively refined through 5, 10,
and 90 iterations [Fig. 2(d)]. Even after only ten steps, the
homogeneous free energy and reaction rate closely match the
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FIG. 2. PDE-constrained optimization recovers conservative (Cahn-Hilliard) and nonconservative (Allen-Cahn) models of phase separation
in complex geometries from noisy data. (a) Snapshots from a Cahn-Hilliard simulation used as training data, with four different noise levels
added. (b) Convergence of the chemical potential and diffusivity functions during the optimization, along with the simulated model with the
corresponding functions. Dashed lines represent ground truth. (c) Snapshots from an Allen-Cahn simulation used as training data, with four
different noise levels added. (d) Convergence of the chemical potential and reaction prefactor functions during the optimization, along with
the simulated model with the corresponding functions. Dashed lines represent ground truth. Columns correspond to different simulation time
points. Line colors indicate the noise level used in the trainind data: 0% noise is light blue, 10% noise is olive, 20% noise is soft pink, and 30%
noise is green.

ground-truth values, again with the exception of regions near
c = 0 and c = 1.

This experiment illustrates the ability of our frame-
work to learn physical models directly from noisy data
on arbitrary complex geometries. Furthermore, the com-
bination of performant PDE solvers with the vectorized
loss function evaluation and fast convergence of the LM
method allows us to accomplish this in minutes on a
single GPU.

B. Controlling phase boundary motion

The orientation of a phase boundary in contact with a solid
surface is governed by the wetting angle, which is set by the
balance of solid-fluid and fluid-fluid surface tensions through
Young’s equation. In practice, this angle can be modified
dynamically, as in the case of electrowetting in which an
applied voltage can thermodynamically change the equilib-
rium wetting angle [60], which has numerous technological
applications including in lenses and displays [61]. Here, we
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FIG. 3. Successful control of phase boundary motion by controlling boundary conditions using the differentiable simulations. By modulat-
ing the surface wetting angles of the two phases, we can rotate the phase boundary to desired angles. (a) Schematic of the system geometry and
goal boundary rotation. (b) Optimized wetting angle protocol and resulting simulations to rotate the phase boundary to a desired orientation at
the final time. (c) Optimized wetting angle protocol and resulting simulations to rotate the phase boundary to a desired orientation penalizing
deviations from the goal orientation throughout the entire trajectory.

demonstrate how our differentiable PDE-constrained opti-
mization framework can be used to determine time-varying
wetting angles that rotate a phase boundary inside a circular
domain.

The system consists of a circular domain whose bound-
ary is divided into two halves [Fig. 3(a)]. On the left half,
the wetting angle is set to ϕ by the control protocol, where
0 < ϕ < π/2. On the right half, the wetting angle is set to
π − ϕ. Thus, the contact angles will appear opposite on each
side of the domain [Fig. 3(a)]. The increased interfacial free
energy caused by the longer, curved phase boundary induces
its rotation, with the dynamics working to reduce this energy.
The surface energy or contact angle term boundary condition
enters the equation through the modified chemical potential,
as described by Eq. (13).

In the first experiment, we seek to rotate the interface to
a specific orientation at the final simulation time [Fig. 3(b)].
The optimization objective is

L(θ ) = ||ϕsim(T ; θ ) − ϕtarget||2, (17)

where ϕsim(T ; θ ) is the simulated phase boundary ori-
entation at the final time T and θ are parameters of
the time-dependent contact angle function, which is rep-
resented through a piecewise linear interpolation that is
constrained to be between 0 and π/2 (Appendix E). We also
add an L2 regularization to these parameters to favor smooth
trajectories (Appendix E).

Beginning from an initial guess for θ that remains constant
at π/2 during the course of the simulation, the optimizer
rapidly adjusts the wetting condition to drive the interface
toward the desired orientation. Despite the nonlinear coupling
between the boundary condition and the interface shape, the
differentiable PDE solver provides stable gradients, and the
optimizer converges to the correct control value in only 10–20
iterations (Appendix E).

In the second experiment, we impose an objective function
that drives the interface orientation to match the desired
angle at every time point, creating a smooth relaxation of
the minimum-time problem [Fig. 3(c)]. The optimization
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objective becomes

L(θ ) =
∫ T

0
||ϕsim(t ; θ ) − ϕtarget||2dt . (18)

The optimal solution achieves the desired phase-boundary
orientation and does so by driving the contact angle closer to
zero, producing a faster rotation [Fig. 3(c)]. Together, these
experiments illustrate how boundary-energy manipulation
through processes like electrowetting can be framed as a PDE-
constrained control problem amenable to gradient-based opti-
mization, enabling precise steering of interface orientation.

C. Controlling phase separation

Phase separation is ubiquitous in many intercalation
electrode materials, including graphite [62], lithium iron
phosphate (LFP) [63,64], lithium titanate [65], and spinel
lithium nickel manganese oxide [66]. During operation,
these materials often segregate into coexisting high- and
low-density phases, producing heterogeneous spatial patterns
within electrodes. The onset, morphology, and persistence
of such phase-separated domains strongly influence bat-
tery performance, state-of-charge estimation, and long-term
degradation [17,28,67–69]. Accordingly, understanding and
ultimately controlling phase separation offers a promising
pathway to improve both the efficiency and lifetime of elec-
trochemical energy storage systems.

One practical mechanism for influencing battery electrode
material behavior is the use of surface coatings, which modify
the local intercalation kinetics. For example, LFP, a widely
used lithium-ion cathode with inherently phase-separating
thermodynamics, relies on carbon surface coatings to provide
the electronic conductivity needed for practical battery opera-
tion [28]. In this section, we demonstrate how our framework
can optimize a spatially varying surface-coating profile to
minimize phase separation during lithiation.

We model the intercalation dynamics in LFP using an
experimentally validated Allen-Cahn reaction model with
nonlinear ion-coupled electron transfer (ICET) reaction
kinetics [70]:

∂c

∂t
= k(x, y)R(c, μ), (19)

where c is the lithium concentration, k(x, y) is a spatially
varying reaction-rate prefactor that is proportional to the
carbon coating thickness, R(c, μ) is the ICET reaction rate,
and μ is the chemical potential (Appendix F) [28]. The sim-
ulations are performed on real LFP nanoparticle geometries
obtained from x-ray imaging [2] under slow-rate galvanostatic
conditions.

To minimize the effect of phase separation, we solve the
following design problem:

max
k(x,y)

UC[c(x, t )],

UC = 1 −
∫ T

0

√
Var[c(x, t ; p)] · c̄(t )(1 − c̄(t )) dt∫ T

0 c̄(t )(1 − c̄(t )) dt
, (20)

where UC is the uniformity coefficient that quantifies the
concentration uniformity throughout the particle, c̄(t ) is the
spatially averaged concentration, and T is the time interval.

The uniformity coefficient is maximized at UC = 1 when
c(x, y) = c̄ at all (x, y). To tractably solve this problem, we
represent k(x, y) in the basis of Laplacian eigenfunctions on
the particle geometry (Appendix F) and optimize the corre-
sponding coefficients. To ensure that heterogeneity does not
alter the overall reaction rate, we impose a linear constraint
that preserves the spatial mean of k(x, y) throughout the op-
timization (Appendix F). Lower-frequency modes correspond
to coarse spatial modulation, while higher-frequency modes
enable finer spatial control. This representation naturally en-
codes experimentally realistic constraints on how sharply a
coating can vary.

We solve the design problem in Eq. (20) using an in-
creasing number of basis modes and quantify the resulting
UC as a function of the spectral length scale associated
with each basis [Fig. 4(a)]. The spectral length scale is
defined as l = 1/

√
λmax, where λmax is the largest eigen-

value of the Laplacian basis. As l decreases, the optimal
UC increases monotonically, reaching a critical length scale
near l≈200 nm, beyond which nearly perfect uniformity is
achieved. The corresponding optimal coatings become pro-
gressively more finely structured as the spectral length scale
decreases [Fig. 4(b)].

To assess the resulting dynamics, we simulate lithiation un-
der both a spatially uniform coating and the optimized coating
[Fig. 4(c)]. A uniform reaction rate leads to pronounced phase
separation, whereas optimization of k(x, y) produces spatially
patterned reaction kinetics that suppress phase separation and
maintain near-uniform concentration throughout lithiation.
Consistent with this behavior, the optimized coating yields a
smooth, solid-solution-like voltage profile, in contrast to the
plateaus and voltage jumps characteristic of phase-separating
dynamics [Fig. 4(d)].

These results demonstrate that spatially patterned reaction-
rate modifications can strongly influence phase separation in
intercalation materials. In particular, our findings help explain
the experimental observation that nonuniform glucose-derived
carbon coatings lead to better rate capability than uniform
polydopamine coatings [71]. While improved electrical con-
nectivity in the porous electrode controls interparticle phase
separation [72], our work shows that these nonuniform coat-
ings provide the additional benefit of suppressing intraparticle
phase separation.

Furthermore, we show that differentiable PDE-constrained
optimization can identify and map out effective coating pro-
files directly on real particle geometries. For example, the
optimal carbon coating for realistic LFP platelet particles
requires a thicker layer (corresponding to lower reaction rates)
in a band around the side crystal facets perpendicular to the b
direction [Figs. 4(d) and 8]. This optimized coating can be
understood as a strategy to interfere with coherent nucleation
[15,73]. The high-density phase is predicted to nucleate on
the side facets and propagate to the center only when a suffi-
ciently rich layer has been created to overcome the coherency
strain resulting from crystal lattice mismatch of the high- and
low-density stable phases. The slower reaction rate from a
thicker coating around the rim suppresses the growth of the
nucleated surface phase, as the lithium flux is redistributed
to the central region of the active b-direction crystal facet
with a faster reaction rate from a thinner coating. Such carbon
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FIG. 4. Suppression of phase separation in LFP via spatially optimized coatings. (a) The maximum spectral length scale of the optimized
coating dictates the limit of control; below a critical length scale, concentration uniformity is maximized. (b) Evolution of optimal coating
distributions as the spectral length scale decreases, allowing for finer spatial control. (c) Simulated lithiation dynamics comparing uniform vs
optimized coatings. The optimized coating maintains internal homogeneity, whereas the uniform coating undergoes strong phase separation.
(d) The optimized coating results in a voltage profile exhibiting solid-solution-like dynamics.

coatings profiles could potentially be manufactured by chem-
ical prepatterning of the side facets to favor wetting during
synthesis by pyrolysis or sol-gel routes. This is one example of
how our approach could enable the design of faster-charging,
longer-lasting battery electrodes with suppressed phase sepa-
ration and improved performance.

D. Controlling quantum states

Bose-Einstein condensates (BECs) play an important role
in quantum simulation, quantum sensing, and quantum in-
formation processing. Many of these applications require
preparing the condensate in nontrivial spatial configura-
tions, and achieving this reliably demands precise dynamical
control over the external trapping potential. In principle,
such state preparation would ideally proceed adiabatically,
ensuring that the condensate remains in the instantaneous
ground state of the trap throughout the evolution. How-
ever, truly adiabatic transformations require long timescales
that are often incompatible with experimental constraints.
This challenge has motivated the development of shortcuts
to adiabaticity [74], which aim to reproduce the outcome
of slow adiabatic processes within finite time. In practice,
condensate control is often limited by unwanted excitations,
such as sloshing and breathing modes, that arise when traps
are changed too quickly or along poorly chosen trajectories
[75]. Optimal control theory has therefore become an impor-
tant tool for designing experimentally feasible protocols that

suppress such excitations while preparing complex quantum
states [8,75,76].

Two geometries of particular interest are split condensates,
which are used in quantum interferometry and metrology, and
toroidal traps, which have been used as quantum analogs of
electrical circuits [8–13,75]. Motivated by these applications,
we apply our differentiable PDE-constrained optimization
framework to design a control protocol that transforms an ini-
tial single-well ground state into a combined split-plus-toroid
configuration in the shape of a face [Fig. 5(a)].

We parametrize a family of trapping potentials that begins
as a single quadratic well and ends in a target potential whose
ground state has the desired “face” topology [Fig. 5(b)]. De-
tails of this parametrization are provided in Appendix G.
A simple linear interpolation between the initial and final
potentials produces significant excitations and density oscilla-
tions in the condensate [Fig. 5(a)]. To quantify the mismatch
between the evolving state ψ (t ) and the desired final state ψd ,
we use [8]

infidelity = 1 − |〈ψd , ψ〉|2. (21)

We model the condensate using a two-dimensional reduc-
tion of the three-dimensional Gross-Pitaevskii dynamics in
Eq. (9), with the energy functional in Eq. (10), appropriate for
disk-shaped BECs [37]. The optimization objective minimizes
the infidelity from the midpoint of the simulation onward,
ensuring that the desired final state is reached at the midpoint
and that there are no oscillations after the final state is reached.
Our optimized trap trajectory achieves a significantly lower
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FIG. 5. Optimization of time-dependent applied potentials to dynamically transfer a BEC from an initial single well potential ground state
to a split state and toroid. (a) The optimal transition between the two potentials successfully reaches the desired state without oscillations. The
difference between the optimal transition and linear transition reveals oscillations due to the linear protocol. Snapshots are shown at t = 0.0,
4.6, 9.3, 14.1, and 18.8, corresponding, respectively, to the circle, square, triangle, diamond, and x symbols. (b) The initial and final potentials
during the state transition. (c) The differences between the linear and optimal protocols are quantified by the infidelity [Eq. (21)]. (d) The
difference between the linear and optimal protocols at two time points during the simulation.

infidelity compared to the naive linear ramp and produces
a smooth transition from the single-well ground state to the
desired split-toroid configuration [Fig. 5(c)]. The difference
between the optimized and linearly interpolated potentials is
shown in Fig. 5(d), illustrating how the optimizer automati-
cally discovers an effective trap-shaping protocol.

These results demonstrate that differentiable PDE-
constrained optimization provides a powerful tool for
quantum-state engineering in the Gross-Pitaevskii framework.
By optimizing the time-dependent trapping potential, we ob-
tain control protocols that avoid the excitations typically
produced by linear trap ramps, enabling precise preparation
of complex condensate geometries with direct relevance to
quantum technologies.

V. CONCLUSIONS

In this work, we developed and demonstrated a uni-
fied framework for learning, optimizing, and controlling
pattern-forming dynamics governed by free-energy-based par-
tial differential equations in complex geometries. Starting
from a variational description of dissipative and Hamilto-
nian systems, we show how a broad class of models, from
electrochemical phase separation to quantum fluids, can be
written in terms of an energy or free energy functional and a
kinetic operator applied to its variational derivative. Building
on this common structure, we construct differentiable PDE
solvers that enable end-to-end optimization over model pa-
rameters, boundary conditions, spatial heterogeneities, and
time-dependent control fields.

Methodologically, our approach combines several key in-
gredients: PDE-based smoothing of binarized image domains
to obtain smooth boundary fields, the smoothed boundary
method to impose physics on irregular shapes, advanced
integrators for stiff pattern-forming PDEs, and memory-
efficient automatic differentiation through long time-stepping
procedures. Implemented in JAX, this pipeline supports GPU-
accelerated simulation and gradient computation without
hand-derived adjoints, making it straightforward to pose and
solve PDE-constrained inverse and control problems for a
wide variety of variational models.

We illustrate the capabilities of this framework through
four representative applications. The first example shows
that Cahn-Hilliard and Allen-Cahn models, including both
free energy and kinetic terms, can be learned from noisy
data on complex geometries reconstructed from real elec-
trode microstructures. Second, we demonstrate control of
phase boundary motion by optimizing the wetting angle or
surface energy boundary conditions, using differentiable sim-
ulations to design protocols that rotate interfaces to desired
orientations. Third, we optimize spatially varying reaction-
rate fields, which are realized experimentally as surface
coatings, to suppress phase separation in models of inter-
calation electrodes, highlighting how spatial patterning of
kinetics can be used to control phase separation in real bat-
tery electrodes, such as carbon-coated LFP. Finally, we apply
the same PDE-constrained optimization machinery to the
Gross-Pitaevskii equation, designing time-dependent trapping
potentials that steer Bose-Einstein condensates from a single-
well ground state into a split-plus-toroidal configuration while
minimizing excitations.
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Taken together, these results show that variational PDE
models, when coupled with differentiable solvers, can serve
as a powerful substrate for data-driven discovery and con-
trol across quantum, electrochemical, and soft-matter sys-
tems. Future directions include incorporating more realistic
experimental noise and uncertainty models, extending the
framework to multiphysics and multiscale couplings, learn-
ing not just parameters but functional forms of free energies
and kinetic operators, and closing the loop with experiments
through real-time or batch experimental design. Conceptu-
ally, the framework could also be extended to stochastic
free-energy-based PDEs by treating the model output proba-
bilistically, for example, through a Bayesian formulation that
infers distributions over parameters or trajectories rather than
a single deterministic solution. More broadly, the ideas devel-
oped in this work point toward a general strategy for turning
physically grounded PDE models into flexible, differentiable
components within larger optimization and machine learning
pipelines, enabling a tighter integration between theory, com-
putation, and experiment across a wide range of materials.
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APPENDIX A: DOMAIN SMOOTHING

To assess the effect of the curvature-weighting parameter K
and the interface width ε, we perform a systematic regulariza-
tion study starting from a segmented binary mask [Fig. 6(a)].
The mask is evolved under Eq. (11) for 10 000 time steps with
a dt = 0.01 using a fifth-order Runge-Kutta method.

Figure 6(b) summarizes the resulting steady-state geome-
tries. When curvature effects are are kept (larger K), the
interface undergoes noticeable geometric relaxation, with
rounding of high-curvature regions and shrinkage of small
features. As K decreases, curvature-driven relaxation is
progressively suppressed. For small K , the global shape re-
mains effectively unchanged while pixel-scale irregularities
are removed.

The parameter ε controls the diffuse interface thickness.
Increasing ε broadens the transition region and produces a
smoother hyperbolic tangent profile, as shown in the one-
dimensional cross sections [Fig. 6(c)]. Importantly, variations
in ε modify only the interface width and do not significantly
affect the bulk geometry provided that K is sufficiently small.

In all simulations, we select K = 0.008, which we find to
provide an optimal compromise between geometric fidelity
and removal of discretization artifacts. The resulting diffuse
domain is fully differentiable and suitable for subsequent
adjoint-based optimization.

APPENDIX B: OPTIMIZATION TRADE-OFFS

When differentiating through time-discretized PDE
solvers, the computational cost and memory requirements
depend strongly on the choice of AD mode. In particular,
reverse-mode AD through long time integrations requires
storing intermediate states of the forward trajectory, leading

FIG. 6. Diffuse-interface smoothing of a binary mask. (a) Original segmented domain represented as a pixelated binary mask. (b) Domain
phase-field profiles obtained from Eq. (11) for different curvature weights K and interface widths ε. Decreasing K suppresses curvature-driven
smoothing and preserves geometric features, while increasing ε broadens the diffuse interface. (c) One-dimensional cross sections of the phase
field demonstrating the hyperbolic tangent interface profile and its dependence on ε and K .
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FIG. 7. Trade-offs between automatic differentiation modes and optimization strategies. (Left) Gradient computation time as a function
of the number of parameters. Forward-mode AD scales approximately linearly with parameter dimension, whereas reverse-mode AD remains
nearly constant for scalar-valued objectives. (Right) Optimization convergence for different combinations of optimizer and parametrization.
Solid lines correspond to neural-network parametrizations and dashed lines to polynomial parametrizations. Blue curves denote LM optimiza-
tion and red curves denote BFGS. The results illustrate how differentiation mode and parameter dimension influence both computational cost
and convergence behavior.

to memory usage that scales linearly with the number of time
steps. For high-resolution simulations or long time horizons,
this can become prohibitive.

To mitigate this issue, we employ the optimal online recur-
sive checkpointing scheme implemented in diffrax [78]. This
approach hierarchically partitions the time domain and se-
lectively recomputes intermediate states during the backward
pass, reducing memory consumption from O(T ) to O(log T ),
where T denotes the number of time steps. The reduction in
memory comes at the cost of a modest increase in computa-
tional effort due to recomputation of segments of the forward
trajectory.

The choice between forward- and reverse-mode AD de-
pends on the parameter dimension and optimization strategy.
Forward-mode AD scales linearly with the number of parame-
ters, making it efficient for low-dimensional parametrizations.
Reverse-mode AD, in contrast, has a computational cost
largely independent of parameter dimension for scalar ob-
jectives, and is therefore advantageous for high-dimensional
representations such as neural networks. For the examples
studied in this work, the number of optimized parameters is
typically on the order of 100, which lies near the crossover
between the forward- and reverse-mode timing curves for the
architectures used here (NVIDIA L40S GPU).

These trade-offs are illustrated in Fig. 7. The left
panel shows the scaling of gradient computation time with
respect to the number of parameters. Forward-mode ex-
hibits approximately linear growth, whereas reverse-mode
remains nearly constant. The right panel compares conver-
gence behavior for different combinations of optimizer and
parametrization. While reverse mode enables efficient train-
ing of high-dimensional neural-network controls, simpler
parametrizations may benefit from forward-mode differenti-
ation and enable Gauss-Newton Hessian approximations and
thus faster optimization convergence. Together, these con-
siderations guide the selection of differentiation mode and
optimization algorithm in our simulations.

APPENDIX C: LEGENDRE POLYNOMIAL
REGULARIZATION

Constitutive functions are represented using a truncated
Legendre expansion on c ∈ [0, 1],

f (c) =
N∑

n=0

θnPn(2c − 1), (C1)

where Pn(x) are the standard Legendre polynomials defined
on [−1, 1].

Legendre polynomials are eigenfunctions of the Sturm-
Liouville operator

L[y] = − d

dx

[
(1 − x2)

dy

dx

]
, (C2)

with eigenvalues n(n + 1). Because these eigenvalues grow
quadratically with n, higher-order polynomials correspond to
increasingly oscillatory (higher-frequency) components of the
function.

Motivated by this spectral structure, we regularize the ex-
pansion coefficients using the quadratic penalty

θ�W θ, Wnn = n(n + 1). (C3)

This weighting increasingly penalizes high-order modes,
thereby suppressing rapid oscillations in the reconstructed
constitutive function. The same weighting also admits a direct
interpretation in terms of regularization of the derivative of the
function. For standard Legendre polynomials,∫ 1

−1

(
P′

n(x)
)2

dx = n(n + 1). (C4)

We therefore choose the regularization term

θ�W θ (C5)

so that each coefficient is penalized in proportion to the
integral of the squared derivative of the reconstructured func-
tion. Together, these two perspectives show that the Legendre
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weighting simultaneously suppresses high-frequency spectral
components and enforces smoothness by penalizing large
derivatives. For N = 10, the resulting diagonal weights are

{0, 2, 6, 12, 20, 30, 42, 56, 72, 90, 110}. (C6)

The constant mode (n = 0) remains unpenalized, reflecting
the fact that uniform shifts do not contribute to the derivative.

APPENDIX D: MULTIPLE SHOOTING OPTIMIZATION

In a conventional single shooting formulation, the PDE is
simulated over the entire observation window [t0, t f ] starting
from the initial condition provided by the first snapshot. The
loss is then evaluated at specific observation times and gra-
dients are computed by differentiating through the full time
integration.

For nonlinear PDEs, however, long time integrations can
exhibit sensitive dependence on the initial condition. In the
presence of measurement noise, small perturbations in the
initial snapshot may propagate and amplify over time, leading
to unstable gradients and reduced robustness during opti-
mization. To mitigate these effects, we adopt a multiple
shooting strategy. The full time window is decomposed into
M nonoverlapping subintervals [ti, ti+1], and independent for-
ward simulations are performed on each interval using the
observed data at time ti as the initial condition. The total loss
is then defined as a sum over intervals,

L(θ ) =
M−1∑
i=0

∥∥�
(i)
θ (ti+1) − �data (ti+1)

∥∥2 + λ θ�W θ, (D1)

where �
(i)
θ denotes the solution of the PDE on the interval

[ti, ti+1] initialized from the observed state at ti.
This formulation provides two principal advantages. First,

the effect of noise in any individual snapshot is confined to
a single short time interval, preventing error accumulation
across the entire trajectory. We have noticed that this sig-
nificantly improves robustness when the PDE dynamics are
sensitive to perturbations in the initial condition and when
observation noise is large. Second, the subinterval simulations
are independent and can be vectorized or executed in parallel.
In our JAX implementation, the solves over different time
intervals are batched and compiled together using XLA, yield-
ing substantial speedups compared to a single long simulation.
We found that multiple shooting improves convergence sta-
bility and reduces wall-clock time relative to single shooting,
particularly for long time horizons and noisy data.

APPENDIX E: WETTING ANGLE PARAMETRIZATION

We parametrize the time-dependent boundary contact an-
gle ϕ(t ) using a piecewise linear interpolation scheme with
N learnable parameters. This approach provides a flexible
yet computationally tractable representation of the control
function while ensuring physical constraints are satisfied. Let
{ϕ̂i}N

i=1 denote the learnable parameters. To ensure the con-
tact angle remains within the physically admissible range
[0, π/2], we apply a smooth transformation:

ϕi = π

4
(1 + tanh(ϕ̂i )), i = 1, . . . , N. (E1)

The hyperbolic tangent transformation maps the uncon-
strained parameters ϕ̂i ∈ R to the bounded interval (0, π/2),
which facilitates unconstrained optimization while guarantee-
ing physically meaningful solutions.

To satisfy the boundary conditions at the initial and final
times, we fix the contact angle at ϕ = π/2 (corresponding to
a neutral wetting condition) at t = 0 and t = T . The full set
of control points is thus

ϕ =
(

π

2
, ϕ̃1, ϕ̃2, . . . , ϕ̃N ,

π

2

)�
, (E2)

defined at uniformly spaced time points t j = jT/(N + 1) for
j = 0, 1, . . . , N + 1.

The continuous control function ϕ(t ) is obtained via linear
interpolation between these control points:

ϕ(t ) = ϕ j + t − t j

t j+1 − t j
(ϕ j+1 − ϕ j ), t ∈ [t j, t j+1]. (E3)

To promote smooth control trajectories and avoid rapid
oscillations that may be difficult to realize experimentally, we
include a regularization term in the objective function that
penalizes the discrete approximation of the time derivative.
Specifically, we define the regularization functional as

R[ϕ] =
N∑

j=0

(ϕ j+1 − ϕ j )
2, (E4)

which corresponds to a finite-difference approximation of∫ T
0 |ϕ̇(t )|2 dt .

The total objective function for the optimal control prob-
lem is then

Ltot[ϕ] = L[ϕ] + λR[ϕ], (E5)

where L[ϕ] denotes the data term [Eqs. (17) and (18)] and
λ > 0 is the regularization parameter that controls the trade-
off between tracking accuracy and control smoothness.

APPENDIX F: CONTROL OF PHASE SEPARATION

We employ the following mathematical form of the Allen-
Cahn model:

∂c

∂t
= k(x, y; p)R(c, μ,�φ),

I =
∫∫

ψ

R(c, μ,�φ) dA,

μ(c) = log

(
c

1 − c

)
+ �(1 − 2c) − κ

ψ
∇ · (ψ∇c),

η̃ = μ + �φ − �φ�,

R(c, μ,�φ) = √
c(1 − c)(e−αη̃ − e(1−α)η̃ ), (F1)

where � is the enthalpy of mixing. We employ � = 4.5,
κ = 0.0053, and �φ� = 3, 42 V for this study. We will now
outline the procedure for generating the spatial prefactor
k(x, y).

By converting the mask to a discrete graph G, we can con-
struct a natural spatial basis for an arbitrary particle geometry
by finding the first Np + 1 eigenvectors {Bk}Np+1

k=1 of the graph
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FIG. 8. Suppression of phase separation in an alternative experimental particle geometry. (a) Consistent with the primary geometry, the
maximum spectral length scale of the optimized coating determines the limit of control over concentration uniformity. (b) The optimal coating
distributions exhibit similar trends to the primary particle; as the spectral length scale decreases, finer spatial patterns emerge, characterized by
enhanced kinetics in the center and reduced kinetics along the boundary. (c) Simulated lithiation dynamics comparing uniform and optimized
coatings. The optimized coating successfully maintains internal homogeneity. In contrast, the uniform coating undergoes pronounced phase
separation, particularly near flatter interior regions, demonstrating that more asymmetric geometries exacerbate asymmetric phase separation.
(d) The optimized coating yields a voltage profile characteristic of solid-solution-like dynamics.

Laplacian, where B ∈ RN×Np . Furthermore, we ensure that for
a given set of basis weights, the average value of k(x, y) is the
same by defining a matrix operator M ∈ RN×N (where N is
the total spatial nodes) such that

M =

⎡
⎢⎢⎢⎢⎣

1 1 · · · 1

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

⎤
⎥⎥⎥⎥⎦,

MB =

⎡
⎢⎢⎢⎢⎣

∑N
i=1 B1,i

∑N
i=1 B2,i · · · ∑N

i=1 BNp+1,i

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0

⎤
⎥⎥⎥⎥⎦

and then parametrizing the null space of MB denoted by N to
ensure the average is always 0; then we define the discretized
form of k(x, y) as follows:

k(p) = exp �(BNp), (F2)

where B ∈ RN×(Np+1), N ∈ R(Np+1)×(Np+1), p ∈ RNp , and the
elementwise exponential is applied to ensure positivity.

APPENDIX G: ADDITIONAL PHASE
SEPARATION RESULTS

See Fig. 8 for additional results on controlling phase
separation.

APPENDIX H: PARAMETRIZATION OF
TRAPPING POTENTIALS

We parametrize the time-dependent trapping potential
V (r, t ) for the BEC control problem using a flexible func-
tional form that can represent multiple local minima with
smooth transitions between configurations. The potential con-
sists of a soft-minimum combination of three anisotropic
harmonic wells supplemented by a Gaussian term. The trap-
ping potential is defined as

V (r, t ) = Vwells(r, t ) + VGauss(r, t ), (H1)

where r = (x, y) denotes the spatial coordinates. This was
motivated by a similar form of the potential as in Ref. [8].

The multiwell component employs a log-sum-exp con-
struction to create a smooth approximation to the minimum
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of three quadratic potentials:

Vwells(r, t ) = −τ ln

[
3∑

k=1

exp

(
−Qk (r, t )

τ 2

)]
, (H2)

where each quadratic form is given by

Qk (r, t ) = ω2
x,k (t )[x − xk (t )]2 + ω2

y,k (t )[y − yk (t )]2 + bk (t ).
(H3)

Here, ωx,k (t ) and ωy,k (t ) are the trap frequencies along the x
and y directions for the kth well, (xk (t ), yk (t )) is the center
position of the kth well, and bk (t ) is an energy bias that
controls the relative depth of each well. The parameter τ > 0
controls the smoothness of the soft-minimum operation; in the
limit τ → 0, Eq. (H2) reduces to mink Qk (r, t ).

The Gaussian component provides additional flexibility for
creating the barriers required to form the toroidal wavefunc-
tion density pattern:

VGauss(r, t ) = A(t ) exp

[
− (x − x4(t ))2

2σ 2
x (t )

− (y − y4(t ))2

2σ 2
y (t )

]
,

(H4)

where A(t ) is the amplitude, (x4(t ), y4(t )) is the center posi-
tion, and σx(t ), σy(t ) are the widths along each axis.

Time dependence and control parametrization

Each of the 20 time-dependent parameters—comprising
the trap frequencies {ωx,k, ωy,k}3

k=1, well positions {xk, yk}3
k=1,

biases {bk}3
k=1, and Gaussian parameters {A, σx, σy, x4, y4}—is

represented using piecewise linear interpolation with fixed
boundary conditions. For a generic parameter θ i(t ), we spec-
ify fixed initial and final values θ i

0 and θ i
f by optimizing for

a potential whose ground state matches the desired initial and
final density patterns (Fig. 5). Each parameter has N learn-
able intermediate values {θ i

j}N
j=1. The complete set of control

points is

θ = (θ0, θ1, θ2, . . . , θN , θ f )�, (H5)
defined at uniformly spaced times t j = jT/(N + 1) for j =
0, 1, . . . , N + 1. The continuous function θ i(t ) is obtained via
linear interpolation:

θ (t ) = ξ j + t − t j

t j+1 − t j
(θ j+1 − θ j ), t ∈ [t j, t j+1]. (H6)

This parametrization ensures that the initial and final trap
configurations match the desired boundary conditions while
allowing the optimization to determine the optimal intermedi-
ate trajectory for each control parameter.
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