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Curvature-induced symmetry breaking
determines elastic surface patterns

Norbert Stoop’, Romain Lagrange’, Denis Terwagne?’, Pedro M. Reis?? and J6rn Dunkel™

Symmetry-breaking transitions associated with the buckling and folding of curved multilayered surfaces—which are common
to a wide range of systems and processes such as embryogenesis, tissue differentiation and structure formation in
heterogeneous thin films or on planetary surfaces—have been characterized experimentally. Yet owing to the nonlinearity
of the underlying stretching and bending forces, the transitions cannot be reliably predicted by current theoretical
models. Here, we report a generalized Swift-Hohenberg theory that describes wrinkling morphology and pattern selection
in curved elastic bilayer materials. By testing the theory against experiments on spherically shaped surfaces, we find
quantitative agreement with analytical predictions for the critical curves separating labyrinth, hybrid and hexagonal phases.
Furthermore, a comparison to earlier experiments suggests that the theory is universally applicable to macroscopic and
microscopic systems. Our approach builds on general differential-geometry principles and can thus be extended to arbitrarily

shaped surfaces.

linked. Symmetry-breaking transitions encompass a diverse

range of phenomena, from the emergence of large-scale
cosmological structures' or the formation of sand dunes® to
crystallization of solids’ and the development of form and
function in living organisms*’. Theoretical analysis of symmetry
breaking typically builds on effective nonlinear field equations that
describe complex many-particle systems® by a few macroscopic
field variables. This approach has proved fruitful in identifying
generic aspects of structure formation, as exemplified by the
Ginzburg-Landau theory of phase transitions’ and Turing’s
description of reaction-diffusion patterns®®. Generally, however, it
is challenging to derive nonlinear field theories systematically'*"
from the underlying microscopic dynamics. Instead, effective
field equations are often inferred from abstract symmetry
considerations and bifurcation theory', resulting in a large number
of undetermined parameters that limit the predictive power
and complicate comparison with experimental data. Here, we
systematically derive and experimentally test an effective field
theory that predicts quantitatively the surface-pattern selection in
curved bilayer systems consisting of a stiff film on a soft substrate
(Figs 1 and 2).

Buckling of thin films plays a prominent role in the morpho-
genesis of multilayered soft tissues, governing the wrinkling of
skin®, fingerprint formation'® and the development of brain
convolutions". In addition to their biological relevance, wrinkling
processes under curvature constraints are attracting considerable
interest as promising techniques for nanoscale surface patterning'®,
microlens array fabrication' and adaptive aerodynamic drag
control®. Recent experiments and simulations suggest that
wrinkling patterns may vary strongly with applied stress”°
and substrate curvature’®*°. However, so far, the complexity of
the numerically implemented tensor equations has prevented a
detailed analytical understanding. Despite substantial progress

S ; ymmetry breaking and structure formation are intrinsically

in the theoretical description of planar bilayer membranes®,

it is unclear how curvature controls pattern selection in non-
planar geometries.

The scalar field theory presented below solves this longstand-
ing problem by providing detailed quantitative predictions for
curvature- and stress-induced pattern-formation transitions. Start-
ing from Koiter’s shell theory®, we derive a generalized fourth-order
Swift-Hohenberg (GSH) equation for the normal displacement field
of a film bound to an arbitrarily curved surface (Supplementary
Information). In the case of a spherical geometry, our GSH theory
reveals that curvature triggers a transition from labyrinth-like to
hexagonal wrinkling patterns through a curvature-induced symme-
try breaking in the field equation. The theory further predicts a
coexistence region separating two ‘pure’ phases (Fig. la—c). Both
the theoretically predicted surface patterns and the analytically
predicted phase diagram agree quantitatively with data from our
macroscale experiments (Figs 1d-f and 3). The GSH model implies
that analogous transitions occur when the compressive stress in
the film is increased. This prediction is in agreement with recent
microscale experiments®** (Fig. 1g-i), suggesting that the theory
is universally applicable to both microscopic and macroscopic
systems. As our derivation of the GSH model builds on general
differential-geometric principles, it can be extended to arbitrarily
shaped surfaces, thus providing a generic framework for future
studies of curvature-controlled wrinkling in physical, biological and
chemical systems.

Theory of thin-film deformation on soft substrates

Our derivation starts from the covariant Koiter shell equations®,
obtained from three-dimensional elasticity theory through an
expansion in the film thickness & — 0 (Fig. 2). Koiter’s model
expresses the elastic energy of a freestanding curved shell in terms
of deformations of its central surface (Supplementary Information).
Although the Koiter equations have been successfully used in
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Figure 1| Macroscopic and microscopic wrinkling morphologies of stiff thin films on spherically curved soft substrates. a-c, Theoretical predictions
based on numerical steady-state solutions of equation (1). Colour red (blue) signals inward (outward) wrinkles. Simulation parameters: (a) yo =—0.029,
a=0.00162, c=0.0025; (b) yo=—0.04, a=—1.26 x 107%, c=0.002; (c) yo=-—0.02,a=149 x 104, c=0.0025 (see Table 1). d-f, Experimentally
observed patterns confirm the transition from hexagonal (d) to labyrinth-like wrinkles (f) via a bistable region (e) when the radius-to-thickness ratio R/h
(see Fig. 2) is increased. Scale bars, 10 mm. Parameters: Es =2,100 kPa, R=20 mm, v=0.5 and (d) Es =230 kPa, h=0.630 mm; (e) Es =29 kPa,

h=0.14 mm; (f) Es=63 kPa, h=0.10 mm. g-i, Oxide layers on microscopic PDMS hemispheres exhibit a similar transition from hexagonal to labyrinth
patterns when the excess film stress is increased through changes in the ambient ethanol concentration (indicated in per cent). Scale bars, 250 um.

Micrographs courtesy of D. Breid and A. Crosby?8.
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Figure 2 | Notation and experimental system. a, Schematic of a curved
thin film adhering to a soft spherical substrate of outer radius R. b, The film
(thickness h) is driven towards a wrinkling instability by the compressive
film stress o, leading to a wrinkling pattern with wavelength A and radial
displacement u. ¢, The experimental system consists of two merged
hemispherical caps. An air channel allows one to tune the film stress o
through the pressure difference Ap=pe —pi.
computational wrinkling studies®®”, their nonlinear tensorial
structure offers limited insight beyond linear stability analysis.
We found, however, that substantial analytical simplifications are
possible when a stiff film (Young modulus Ey) is adhered to a soft
substrate with Young modulus E, < E;.

As relevant to our experiments, which are described in detail
below, we consider a spherical geometry with radius R/h>>1 and
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assume that film and substrate have the same Poisson ratio v. The
generalization to non-spherical surfaces is obtained by replacing
the metric tensor appropriately (Supplementary Information).
Continuity across the film-substrate interface favours deformations
that are dominated by the radial displacement u (Fig. 2; from here
onwards all lengths are normalized by h). Neglecting secondary
lateral displacements, one can systematically expand the strain
energy, which contains the original Koiter shell energy density as
well as additional substrate coupling and overstress contributions,
in terms of the covariant surface derivative Vu and powers of u
(Supplementary Information). Functional variation of the elastic
energy with respect to u then yields a nonlinear partial differential
equation for the wrinkled equilibrium state of the film. Assuming
overdamped relaxation dynamics, one thus obtains the following
GSH equation (Supplementary Information)

0u = YoAu—y, A*'u—au—bu* —cu’
+ I [(Yw? 4 2ulu] + T [u(Vu)* +u* Aul (1)

Here, A denotes the Laplace-Beltrami operator, involving the
surface metric tensor of the sphere and Christoffel symbols of
the second kind, and A? is the surface biharmonic operator®.
The (yo, y») terms describe stress and bending, the (a, b, ¢)
terms comprise local film-substrate interactions and stretching
contributions, and the (I3, I3) terms account for higher-order
stretching forces. For I1 =1, =0, equation (1) reduces to the
standard Swift-Hohenberg equation, as originally derived in
the context of Rayleigh-Bénard convection'®®. The additional
(I, I;) terms will prove crucial below when matching theory
and experiments. The generalization of equation (1) for arbitrary
surfaces is given in Supplementary Equation (34).

The detailed derivation (Supplementary Information), combined
with systematic asymptotic analysis of the planar limit R/h— oo,
allows us to express the coefficients in equation (1) in terms of
the standard material parameters: Poisson ratio of the film v,
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Figure 3 | Phase diagram of wrinkling morphologies. Experimental data
points for hexagonal (blue), bistable (yellow) and labyrinth (red) patterns
are shown for different values of curvature radius R/h=« " and excess film
stress Y. Symbols indicate the elastic moduli ratio n=3E;/Es (square,
n=0.019; circle, n=0.036; clubsuit, n=0.041; downtriangle, n=0.055;
diamond, n=0.09; triangle, n=0.328). The data suggest that phase
boundaries are independent of 5 in the experimentally tested range. Only
the largest vertical error bars are shown (standard deviation of 12 amplitude
measurements; see Methods). Horizontal error bars are smaller than the
symbol size. Solid lines are theoretically predicted phase boundaries,
obtained from equation (3) with parameter ¢; =0.0188 (Table 1).

effective curvature « =h/R, Young ratio n = 3E,/E;, and excess
stress X, = (0/0.) —1 (Table 1). The theory contains only a single
fitting parameter, ¢,, related to the cubic stretching force term cu’.
Equation (1) predicts that the unbuckled solution u=0 is stable for
negative excess stresses X, <0, whereas wrinkling occurs for X, > 0.
Linear stability analysis at X, =0 and x =0 reproduces the classical”
pattern-wavelength relation for planar wrinkling, A/h = 2wn~'/
(Supplementary Information).

Numerical simulation of equation (1) is non-trivial owing to
the metric dependence of the biharmonic operator A* (ref. 35). To
compute the stationary wrinkling patterns (Fig. la-c) predicted
by equation (1), we implemented a C'-continuous finite-element
algorithm  specifically designed for covariant fourth-order
problems (Methods). A main benefit of equation (1), however,
is that it enables analytical prediction of the various pattern-
formation regimes.

Pattern selection

Pattern selection in the wrinkling regime X, >0 is a nonlinear
process and, therefore, cannot be inferred from linear stability
analysis. Numerical parameter scans of equation (1) yield a variety
of qualitatively different stationary states that can be classified
as representatives of a hexagonal phase (Fig. 1a), labyrinth phase
(Fig. 1c) or intermediate coexistence phase (Fig. 1b). Qualitatively,
the transition from hexagons to labyrinths can be understood
through a symmetry argument: the (b, I'}) terms in equation (1)
break the radial reflection invariance of its solutions under the
transformation u — —u, as also evident from the corresponding
energy functional that is given in Supplementary Equation (37). As
band I are controlled by k =h/R (Table 1), we expect a curvature-
induced symmetry-breaking transition at some critical value of «.
Furthermore, recalling that the inclusion of similar symmetry-
breaking terms causes a transition from labyrinths to hexagonal
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Table 1] List of parameters for equation (1) in units h=1, with
n=3E/E, y,=1/12, ¥.=(c/o.)—1and k =h/R.
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The only remaining fitting parameter of the model is ¢;.

patterns in the classical Swift-Hohenberg model®, it is plausible to

expect a hexagonal phase at large curvatures « and labyrinths at
smaller values of k in our system.

To obtain a quantitative prediction for the phase boundaries,
we approximate equation (1) through a standard Swift-Hohenberg
equation and make use of established results from nonlinear
stability analysis®™. Assuming plane-wave solutions with ampli-
tude A and wavevector k, the I term exerts an average
force I{((Vu)*+2uAu),=—11A’k*/2 per wavelength 1. One
may therefore approximate the I term by an effective quadratic
force —Ik*u?, and similarly the I, term by an effective cubic
force Ik*u®/2 (Supplementary Information). Inserting for k the

most unstable mode, k., = /|%|/(2y2), equation (1) can be
approximated by the standard Swift-Hohenberg equation

dp=—2A¢ — A’¢p—Ap— B¢’ — ¢’ )

where ¢ = u/u,, u, = |yl/V/DF LN, A =3a/y, and
B=u,[(b/3)+2|y|[1]/y;. Nonlinear stability analysis of
equation (2) yields the critical phase transition curves as functions
of A and B (ref. 38). Note that the coefficients in equation (2) can be
directly traced back to geometric and material parameters, whereas
in many other pattern formation processes Swift-Hohenberg-type
equations have been applied only in a purely phenomenological
manner®. In terms of the original system parameters, one finds the
stability criteria (Supplementary Information)

Hexagonal phase: —k*/(20¢}) < X, <k*/c}
Bistable phase: K)ct < X <di*/c} (3)
Labyrinth phase: 4’/ < X,

where the parameter ¢; sets the strength of the cubic stretching
force (Table 1). In the bistable coexistence phase, both hexagon and
labyrinth solutions are stable, suggesting a strong dependence on
initial conditions in this regime (Fig. 4).

Equation (3) confirms our qualitative symmetry argument and
implies, moreover, that the pattern-formation transitions can be
controlled not only by curvature, but also through the excess
film stress X, in agreement with recent experimental results?®
(Fig. 1g-i).
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Figure 4 | Bifurcation diagram of wrinkling patterns. Stability analysis of equation (2) predicts two hysteresis cycles, shown here for R/h=40. Solid
(dashed) lines correspond to stable (unstable) amplitude solutions; see equation (4) and Supplementary Information. a, The hysteresis path across the
bistable phase is realized by first decreasing (red) and subsequently increasing (blue) the excess stress X.. b, Enlarged view of the second
curvature-dependent hysteresis cycle near X, =0, corresponding to the highlighted region in a. Starting from a stable unwrinkled solution at X¢ <0, the
system switches to a hexagonal state at X, =0 (blue path). When decreasing the excess stress again to negative values (red), the hexagons remain stable
in the subcritical region until a critical value ¥ = —§ X is reached. The width § X, and height Uy of this hysteresis loop depend on curvature k =h/R; see

equation (4).

Comparison with experiments

We test the theoretical predictions, obtained from equations (1)-(3),
by studying the wrinkling of centimetre-sized polydimethylsiloxane
(PDMS)-coated elastomer hemispheres (Methods). In our experi-
ments, wrinkling is controlled by the swelling of the film during fab-
rication and by manual depressurization after fabrication (Fig. 2a,c).
The displacement field u, from which the excess film stress X, can
be estimated through amplitude measurements™, is obtained from
three-dimensional (3D) surface scans (Methods).

The experimental data confirm quantitatively the theoretically
predicted curvature-induced phase transitions from hexagons
to labyrinths (Figs 1 and 3). At high values of curvature
k =h/R, we find the hexagonal phase, characterized by localized
spherical depressions that are typically surrounded by 6 neighbours
(Fig. 1a,d), although occasional topological defects with 5 or 7
neighbours exist as required by Euler’s polyhedral theorem®. As
predicted by equation (1), experimentally observed hexagons always
buckle inwards. For intermediate values of «, the experiments
further confirm coexisting domains of hexagonal and labyrinth-like
patterns (Fig. 1b,e). In our simulations of equation (1), we find that
the energy of such hybrid patterns remains constant asymptotically,
suggesting that they are not transient but correspond to local energy
minima. When the curvature is decreased, x — 0, at constant
stress X, the experimental system transitions into the labyrinth
phase (Fig. 1¢,f), characterized by a network of connected ridges and
extended but disconnected valleys (Fig. 1f). Equation (1) shows that
this ridge-valley asymmetry is due to the small but non-vanishing
symmetry-breaking effect of curvature.

Moreover, in agreement with previous microscale experiments®
(Fig. 1g-i), equations (1) and (3) imply that the phase transition
from hexagons to labyrinths can also be triggered by increasing
the excess film stress X, = (0/0.) — 1 at constant surface curvature.
The morphological phase diagram constructed from our macroscale
data confirms this prediction (Fig. 3). In particular, by fixing just a
single fitting parameter ¢, =0.0188 £ 0.0002, the analytical results
for the two critical curves in equation (3) are in good quantitative
agreement with the experimental data for a wide range of Young
modulus ratios n =3E,/E; (Fig. 3). Strikingly, we find that the phase
boundaries are independent of 7 over the range 0.019 <7 < 0.328
realized in our experiments, suggesting that the parameter ¢, may be
a universal numerical constant independent of material properties.

Predictions for future experiments
The good agreement between theory and available experimental

data encourages additional predictions that ought to be tested in
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future experiments. The nonlinear stability analysis of equation (2)
suggests that, for sufficiently small overstress X, the hexagonal
phase continues to exist even for weakly curved substrates®
with ¥ « 1 (Fig. 3). Simulations of equation (1) for time-varying
overstress X, (¢) confirm that, owing to the presence of symmetry-
breaking terms for « # 0, hexagonal patterns always appear first
after crossing the wrinkling threshold X, =0 from below. Once
the hexagons have been formed, they remain stable throughout
the bistable phase when the film stress is slowly increased. A
similar reverse effect is observed when the film stress is slowly
decreased in simulations that start from the labyrinth phase. In
this case, the labyrinths persist throughout the bistable region.
Equation (1) makes it possible to understand such memory effects
analytically (Fig. 4).

Specifically, the above bifurcation analysis of equations (1)-(3)
predicts two hysteresis cycles. The first cycle relates to the onset of
wrinkling at ¥, =0 (Fig. 4b), whereas the second encompasses the
bistable phase (Fig. 4a). The amplitude Uy = max uy; — min uy of the
hexagonal solutions uy; grows according to a square-root law, shifted
by the coefficient of the symmetry-breaking term in equation (2)
(Supplementary Information),

Bu, 44/ (Bu*)2-|—4542€] (4)

where Bu, >3k /(4c,) to leading order in «, with B and u, as
defined in equation (2). Equation (4) implies that, for k > 0, the
hexagonal phase is stable subcritically: on reducing the excess
film stress from the hexagonal phase, hexagons remain stable
even when the film stress is below the critical wrinkling stress o
(Fig. 4b). The width of the subcritical region, § X, = k?*/(20c}),
and the amplitude at onset, Uy = Uy (X, =0)=9«/(10c,), scale
with «. The bifurcation at X, =0 is transcritical, corresponding to a
Lifshitz point®®. Such bifurcations are typical of Swift-Hohenberg-
type models, and have been predicted and observed in optics* and
nonlinear biological and chemical systems*'. For values of X, in
the subcritical hysteresis region, the hexagonal and the flat state
are simultaneously stable in a narrow parameter range, potentially
allowing for localized hexagonal patterns as found for the standard
Swift-Hohenberg equation***.

The detailed analysis of the second hysteresis cycle (Fig. 4a)
shows that the amplitude U; of the labyrinth solutions follows a
square-root law (Supplementary Information). Starting from the
labyrinth phase, the system remains in a labyrinth state when the
film stress is lowered across the bistable region until one reaches the
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instability threshold, located at X, ~1.75 in the depicted example
with R/h =40 (red path in Fig. 4a). At that point, the system
transitions into a hexagonal state. As X, is increased again, the film
maintains the hexagonal configuration until the stress exceeds the
upper instability threshold ¥, ~7.5 (blue path in Fig. 4a).

The direct verification of the two predicted hysteresis cycles poses
a substantial experimental challenge, requiring high accuracy in the
amplitude measurements and precise reversible tuning mechanisms
for the excess film stress X.. For instance, the large stress variations
needed to trace out the hysteresis loops with a single sample
cannot be realized with the present depressurization set-up®. Some
preliminary experimental support for the hysteresis predictions
comes from a recent study®® of low-stress films, which pointed out
the frequent appearance of hexagonal patterns when the excess
stress is slowly varied from negative to positive values (see also
Fig. 1g-i). These findings are consistent with the results of the above
bifurcation analysis (Fig. 4a). We hope that our detailed theoretical
predictions will stimulate further experimental work.

In closing, we showed that a systematically derived effective
field theory provides a comprehensive quantitative description of
surface-pattern formation in non-planar elastic media (see Sup-
plementary Fig. 2 for additional examples with spatially varying
curvature). The observation of similar pattern transitions in systems
ranging from a few micrometres®**** to several centimetres®*?,
combined with the fact that curvature-induced pattern selection
can now be understood in terms of a symmetry breaking in the
effective field equations, suggests that such processes form common
universality classes. The generic differential-geometric framework
developed here enables a systematic classification of wrinkling
phenomena in complex geometries, by examining the symmetry
properties of effective higher-order differential operators built from
the surface metric and film-substrate coupling forces. Moreover,
equation (1) and its generalization to arbitrary shapes (Supple-
mentary Information) provide a basis for studying weakly time-
dependent phenomena such as the nucleation of wrinkling patterns
under adiabatic (slow) increase of stress. Thus, in practice, the above
analytical approach can help us to predict and control wrinkling
processes under natural conditions, promising improved microfab-
rication techniques and, perhaps, even a better understanding of
tissue mechanics and developmental morphogenesis.

Methods

Algorithm. The fourth-order covariant derivatives in the metric-dependent
biharmonic operator A* make it challenging to solve equation (1) numerically.
We simulate equation (1) by employing an extension of the finite-element
scheme, based on subdivision surface basis functions. Previous studies*** show
that this method yields high accuracy and excellent performance for related
problems in nonlinear elasticity. The underlying algorithm ensures the
C'-continuity of the basis functions, as required for the numerical integration of
fourth-order equations. The method also allows for a direct computation of the
various covariant derivatives. As in standard finite-element algorithms, we
discretize the spherical surface with a mesh consisting of up to 50,000 triangular
elements. A solution coefficient u; is assigned to each of the i=1,...,N triangle
vertices, such that the system state is interpolated by u(r) = EZI u;N;(r), where
the N; terms are the finite-element basis functions. For each time step [t,t 4+ At],
we solve the weak form of equation (1) as a sum over individual element-wise
contributions. Starting from random initial conditions with [|u;]|* <1 —a, we
integrate the dynamics of the system in time using a standard explicit Euler
scheme, to obtain the system state {1} at time f+ At. We determine steady-state
solutions by continuously monitoring the associated free energy. We consider the
system to be in a steady state if its relative change remains below 10~° for more
than 10,000 successive time steps.

Experiments. Hemispherical samples were fabricated using rapid digital
prototyping techniques that allow flexibility in the choice of geometrical and
material parameters®. Samples were casted and coated using silicone-based
elastomers, such as PDMS (Sylgard 184, Dow Corning), Ecoflex (Smooth-on) and
vinylpolysiloxane (VPS, Zhermack), allowing us to examine a wide range of
elastic moduli for film (E;) and substrate (E,), spanning 9 < E;/E, <162. Typical
sample parameters are: outer radius R=20 mm, radius of the inner cavity 9 mm,
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and film thickness 20 pum </ < 1,000 um. The inner cavity of the samples was
depressurized to create a state of homogeneous compression and to trigger
wrinkling of the stiff surface film. Surface profiles were measured using a
NextEngine 3D Laser scanner. The excess film stress X, was estimated from
the pattern amplitude A determined in the 3D surface scans, using the
established amplitude versus stress relations A =k+/¥, from classical
wrinkling theory®, with k=1 for labyrinths and k=2/+/11+6v — 51 for

hexagonal patterns.
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We derive an effective theory for the wrinkling of thin hard films bound to arbitrarily curved soft
substrates. Starting from the nonlinear Koiter shell equations, we show that the elastic equations
can be reduced to a generalized Swift-Hohenberg theory, yielding Eq. (1) in the Main Text for the
special case of a spherical surface geometry. Using nonlinear analysis of this effective fourth-order
equation, we derive predictions for hexagonal and labyrinth-like wrinkling patterns in dependence
on the film stress and the substrate curvature. To illustrate the effects of spatially varying substrate
curvature on wrinkling, we present additional numerical results for a toroidal geometry.

DEFINITIONS

Let S = ©(61,60,) be a two-dimensional surface in R3,
parameterized by y = (01,62) € w C R2. Throughout,
Greek indices a, 3, . . . take values in {1, 2}, whereas Latin
indices %, j,... run from 1 to 3. The induced metric ang
(first fundamental form) on the surface S = ©(0y,0,) is
given by

Uaf = Qo * Qg = Gga, (1)

where

00

— 2
90, (2)
are the tangent vectors, and - denotes the Euclidean in-

ner product on R3. The unit-length normal vector n is
defined by

a, =0 ,=0,0 =

n=ad= 8129 (3)
|Cl1 X Cl2|

and characterized by the properties

n-n =1, n-a, =0, na,-n=>0

Na G = —Qap-N, N MNag="Na Ng

The surface element is

dw = y/|det(aap)| dy (4)

We also introduce the second and third fundamental
forms bng, cap With components given by

baﬁ = N-aqp (5&)
Mo -Npg (5b)

Cap

*Current address: Faculté des Sciences, Université Libre de Brux-
elles (ULB), Bruxelles 1050, Belgium
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The second fundamental form, b,g, is often also referred
to as the curvature tensor. The Christoffel symbols are

1
aB = 5“07 (Aya,p + @yp,0 — Gap,s) (6)

where a®? are the components of the contravariant
metric tensor, defined by a®ag, = 45. Introduc-

ing a® = ao‘ﬁag, the following identities will be useful
later:

n, = —bysa’ = —bla, (7a)

bobgy =M Mg = cap (7b)

The covariant derivative of a scalar function v is
Vot =9 (8)

The gradient of 1 on the surface S has components
Ve = a®’V a1 (9)

The action of the Laplace-Beltrami operator A on scalar
functions is defined as

Mip =V Vo = a5 — T (10)

For a vector field V* or for a (0,1)—tensor field V,, the
covariant derivative involves the Christoffel symbols,

VoVP =VE 415 V7
VaVs = Vs —T0,V,

(11a)
(11b)

All gradients V and Laplacians A below refer to these
surface-specific differential operators.
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ENERGY FUNCTIONAL

We extend the classical Koiter shell (KS) energy func-
tional to account for film-substrate coupling and excess
stresses.

Koiter shell equations

The KS equations describe the equilibrium of a thin
shell (precurved plate) when the thickness h of the shell
is small compared to its curvature in undeformed and
deformed configurations. The KS equations follow rigor-
ously by means of I'-convergence from the full 3D elas-
ticity problem in the limit A — 0 [1].

In the absence of forces and boundary conditions, we
assume that the shell adopts a stress-free equilibrium
configuration which we call the reference configuration,
parametrized by the surface map ©, with fundamental
forms ang,bas etc. as specified above. Under the influ-
ence of forces and boundary conditions, the shell adopts a
new, deformed configuration characterized by a displace-
ment field ¥ defined with respect to the curved reference
state ©,

¥ = Uya' + Uya® + U3a® = U,a° (12)

For any point y € w, its displaced position is given by
O(y)+¥(y), and the respective surface geometry will be
denoted as aqg(¥), bap(¥) etc.

The KS energy of the shell is given by [1]

Exs() = E(T) + E,(T) + E4(®)  (13a)

with bending energy

Ey

& = 2(1— 12)

hB
[ o i R () Raa(®) - (130)

stretching energy

Ey

&= oa- 12)

h
/ dw 56’0"875G75(\P)Ga5(\11) (13c)
and energy contributions

Er = —/ dw p'¥; (13d)

due to external forces p’ (pressure, body loads, etc.). In
Egs. (13), E¢ denotes the Young modulus of the film,
v its Poisson ratio and C*#7% the constitutive tensor.
We focus on the case of a Kirchhoff-St. Venant material,
corresponding to an extension of Hook’s law to large de-
formations, described by

CP0 = (1 —v)(a*d”" 4+ a®a®) + 2wa®Pa?®  (14)

The nonlinear membrane bending and stretching strains
R,p and G, are given by [1]

Rop = bap(¥) — bagp

Gap = 5 [005(®) ~ a0

(15a)
(15b)

The bending energy scales with h? and will be small
compared to the stretching contributions. We will there-
fore linearize R,3(¥) in the bending energy, but keep
higher-order terms in the stretching strains G,g.

Normal component of bending strains. The linearized
bending strains read [1]

Ra,@ ~ (‘Ilﬂlﬁ — FZB\I’J) ‘n (16)

With this approximation, the normal displacement com-
ponent W3 decouples from the in-plane components.
Since the dominant bending contribution comes from the
normal displacement W3, we may neglect the in-plane
components

RaB = paﬁ(\ll3) = \113,(16 - FZB\IJS,G' - \IISCa,B
= Vanlllg - \Ifgcag (17)

Normal component of stretching strains. For the

stretching strains, one has [1]

1
Gap = 5 (Vp¥a + Vol + ¥ oW 5) —bap¥s
1
=5 (Was T ¥pa+Wa Wp) =TT, —bas¥y

(18)

The displacement derivative can be split into an in-plane
and normal part,

U= (Uyo I, —bayUs)a” + (V34 + b0, )a>

Due to the orthogonality of a® and n = a?, the nonlinear
term in the stretching strains becomes

U, W5 =115+ 5055 (19a)

where
tap = Vo — T30, — basWs (19b)
Sq = Vs34 + 000, (19¢)

Expanding Eqgs. (19) for small in-plane displacements,
|¥,| < |¥s], one finds to leading order

W Wy~ Uy Uy g+ b bgs(U3)°
Using Eq. (7) and (18), we obtain

1
Gaﬁ = 7043(‘113) = 7[\113,(1\113,6 + Caﬁ(ql3)2] - baB\IIB

(20)

We note that the obtained bending and stretching
strains are symmetric,

[N)

PasB = PBas Yap = VBa (21)
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Additional remarks. In our and previous [2] experi-
ments, the film stress is imposed in two ways: (i) depres-
surization of the shell-substrate system and (ii) swelling
of the film. Before the onset of the buckling transition,
either technique creates a pre-stress in the film. The asso-
ciated prestrain can be decomposed into an in-plane part
Yap and a bending part pag, with 7o > pas. Adopt-
ing the same approximations as above (Egs. 17, 20), the
prestrains remain symmetric. Restricting ourselves fur-
thermore to equi-biaxial pre-stress without shear, 7,3 is
proportional to the metric tensor ang, and we write this
as

Yap =7 Gap (22)

where from now on 4 denotes the constant of proportion-
ality.

If the film stress due to depressurization or swelling
becomes too large, the film will buckle, with an inho-
mogeneous deformation u around the pre-stressed state.
The strains of a buckled configuration can then be ex-
pressed as

B 1
Yap(to + 1) = Fap + 5 (w0t g — 2bapu + capu?)
(23a)

Pap(uo +u) = pag + VaVau — capu (23b)

To contract the strains with the constitutive tensor,
we use the fact that the bending and stretching strains,
Egs. (23), are symmetric. For any symmetric (0, 2)-
tensor T,s, the contraction C(7) of C*#7 with 7,5 can
be written as

C(r) =P
=2[(1~ 1)1 + 0]
=2(mm +70) (24)

TaﬁT,ﬂ;

with

™ = (7';’)2
Ta=(1-v) [TD‘BTQB — (TJ)Q] (25)

For later use, it is convenient to introduce the identities

H= %b; (26a)
K = det({aap})/ det({bap}) (26b)
R =0 bop = I =4H?> — 2K (26¢)
S =b"Pcs = 2H(4H? — 3K) (264)
T =c*Peqs = 16H*(H? — K) + 2K2 (26e)

‘H is the mean curvature and K the Gaussian curvature.
Most of these expressions follow directly from the con-
tracted Gauss-Codazzi-Mainardi equations [3].
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Relevant energy contributions

Bending energy density. Using the definition of the
Laplace-Beltrami operator, Eq. (10), and Eq. (24) with
Tap = Pap, the mean-curvature contribution ps can be
written as

(Au)? — 2RuAu + R2*u’+ (27)
2(p) Au— RpJu) + (73)?

The pg-term in Eq. (24) accounts for the energy cost due
to a change of Gaussian curvature. This term is negligible
if the typical wrinkling wavelengths are small compared
to the local radii of curvature of the underlying surface.
More precisely, in this case, one finds that Eqgs. (15a,17)
reduce to p2 ~ b?(u) in leading order, where b2 (u) is the
curvature tensor of the deformed configuration. Accord-
ingly, Eq. (25) then yields p¢ = (1 — v)K(u). Since the
Gaussian curvature IC(u) of the deformed configuration
integrates to a topological invariant for a closed surface
(or when the geodesic curvature of the boundary curve
is fixed), the pg-term can be neglected in the variational
formulation, just as in the classical Helfrich model [4].
Under these assumptions, the resulting bending energy
takes the form

par = (03)" =

& = Ey / dw h— [(Au) + 2R(Vu)*+

21— 12) 12

(R? — AR)u+

2 (AP —Rp))u+ (p7)?]  (28)
where from now on the product symbol - as in (Vu)? =
(Vu)-(Vu) denotes the scalar product with respect to the
surface metric. To obtain Eq. (28), we used the gener-
alized Stokes theorem! to rewrite the second and fourth

term on the rhs. of Eq. (27).
Stretching energy density. For the stretching energy

£ = % / de () (20)

we find by using Eq. (24) with 7,3 = 744, and combining
with Eqgs. (22), (23) and (26),
C(vy) =2(1 +v)3(Vu)* + 2(1 + v)(Vu)*—

2[(1 — v)b*VouVgu + 20H(Vu)?] ut

[(1- V)PV uV gu + VR(Vu)?] u’+

2[(1 —v+75+ )R+ wH | u?~

2[(1—v)S + 20HR] v+

11 =T +vR?*Ju* + O(1) + O(u) (30)

1 Note that — [dwRuAu = [dwu(VR) - (Vu) + [ dwR(Vu)2.
Furthermore, repeated application of the Stokes theorem gives
[dwu(VR) - (Vu) = 1 [ dw ARu?.
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where we did not explicitly write down the terms linear
and constant in u, as they will not be relevant for the
later analysis (see detailed remarks in Total energy den-
sity below).

Substrate coupling energy. In our experiments, the
thin film is coupled to a curved soft substrate. To sim-
plify further analysis, we assume from now on that the
substrate has the same Poisson ratio v as the film, as is
the case in our experiments. We model the substrate cou-
pling as a nonlinear spring by adding a substrate energy
Esup to the KS energy from Eq. (13a), where

Esub = % /w dw (Au + %ug + hcgu‘l) (31)
with F, denoting the Young modulus of the substrate.
The constant film thickness h could have been absorbed
into the coefficients @ and ¢, but simplifies subsequent for-
mulas. Note that &, contains a term linear in u because
we are considering the state of the film-substrate system
around a flat but displaced equilibrium solution ug. This
linear term gives rise to a corresponding constant normal
force that is needed to balance the internal normal forces
of the film.

Energy due to excess film stress.
to account for the excess film stress
g.=72 -1

Oc

Finally, we still have

(32a)

where o is the film stress and o, the critical stress needed
for wrinkling. In our model, the energy due to excess film
stress is included by adding a term

B -
f / dw a2 You?

b = 2(1 — 12) h

(32b)
to the KS energy from Eq. (13a). The energy contri-
bution &, is crucial for capturing the system behavior
beyond the wrinkling instability. We discuss below how
the dimensionless parameter @y is related to the elastic
properties of the substrate. The u?-dependence of &, is
a classical result from elastic wrinkling theory [5], ensur-
ing that the amplitude-stress relationship in the effective
model agrees with classical wrinkling theory, as is shown
in detail further below.

Total energy density. Adding the contributions due
to substrate coupling, external forces and excess stress to
the KS energy (13a), we obtain the total elastic energy

e FPr ¢

T 1—p2

(33a)

where to leading order

I Yo 2 72 2 Q4 o b 3, C 4
- 2 (wu)? + 22 (Aw)? + a2 4+ 2w+ Sute
& wdw[ (Vu) 5 (Au) 5+ gu+ qu

(33b)
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with coefficients

h3R
70=h7(1+v)+7
h3
Y2 = 12
h3(R? — AR
a=h[1-v+75+vy)R+4wH’] +¥+
Es(l—l/2)d ELQ
— 4+ =3
Ey h + h ¢
b= —% [(1—2)S+ 2vHR]
h E,(1—-v?%)_
c=3 [(1-=)T +vR?] + 2Tc (33¢)

Note that for compressive stresses ¥ < 0. Thus, for suf-
ficiently large film pre-stress, 79 < 0. To obtain the ef-
fective energy functional (33), the following additional
simplifications and assumptions were adopted:

e Constant terms. We neglected all constant terms
in the energy, as they will not contribute to the
equations of motion, obtained by variation of the
energy with respect to u.

e Terms linear in u. We note that the term linear
in u gives rise to a inhomogeneous, constant term
in the equation of motion. However, u = 0 always
is an equilibrium solution by construction. More
precisely, u = 0 means that the film is radially dis-
placed by wug, which is a fundamental solution of
the problem. Therefore, the inhomogeneous term
in the equation of motion has to vanish, implying
that the coefficient of the energy term linear in u
must be zero. This condition can be interpreted as
follows: For u = 0 to be an equilibrium solution,
the sum of all normal forces acting on the film must
vanish.

e Quartic terms. The quartic terms in u and
Vu ensure that the effective theory remains sta-
ble above the wrinkling threshold, as these terms
limit the growth of the most unstable modes. To
keep the theory as simple as possible, we only
include the dominant u*-contribution and neglect
terms oc (Vau)®.

Taking the variation of £ with respect to u, we obtain

_§£ = o Au — yA2u — au — bu® — cu® +
u
h afl af
5 {(v=1) [b*’VouVgu+2uVs (b*’Vou)| +

2v [H(Vu)® — 2V - (HuVu)] } +

g [(1—v)uVg (ucaﬁvau) — vRu(Vu)?*+
vV - (Ru*Vu)] (34)
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where V- denotes the surface divergence. We note that,
for a flat Euclidean metric, the first line of Eq. (34) con-
incides with the Swift-Hohenberg (SH) equation, as orig-
inally derived in the context of Rayleigh-Bénard convec-
tion [6, 7]. The b-term and the first term o h (second and
third line) break the symmetry « — —u, which is known
to lead to a transition from labyrinth-like patterns to
hexagons for SH-like equations. As both terms depend
on the curvature tensor b,g, we can infer that regions
of high curvature will show different wrinkling patterns
than regions of low curvature.

We next apply Eq. (34) to derive quantitative predic-
tions for wrinkling patterns transitions on spherical ge-
ometries, which are then compared with our experiments
(Main Text). Subsequently, we still present numerical so-
lutions for a toroidal geometry, as an example of a surface
with locally varying curvature.

APPLICATION TO SPHERICAL GEOMETRIES

Using spherical coordinates (61, 62) € [0,27) x [0, 7], a
spherical surface of radius R is described by the metric

tensor
(@) = (50 2) (3)

In this case, we have H = —1/R, K = 1/R?. Thus
R=2/R>, S=-2/R®,  T=2/R* (36)

Total energy density. Noting that the sphere has con-
stant mean and Gaussian curvature H and K, Eq. (36)
allows to simplify the total energy density (33) consider-
ably,

c b
S:/dw [%(Vu)2+’y2(ﬁu)2+au2+u3+cu4+

2 2 2 3 4
T
Iy (Vo) u+ 72 (Vu)® u? (37)
with coefficients
3
70:hf‘y(1+y)+@
hS
V2 = 12
2h(1+7)(1+v) K  E,(1—-v®)a a
= _— _— —Ee
¢ R 3Rt T B n T
_ 3h(1+v)
b= =
h(1+4v) Ey(1—v2)_
= 2
c il + E, c
h(1+v)
=—"
! 2R
_ h(1+v)
T (38)
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Equations of motions

To identify the equilibrium configurations, we assume
that the film exhibits an overdamped relaxation dynam-
ics. Then, the equations of motion follow by functional
variation of the elastic energy (37) with respect to the
displacement field wu,

L o= (39)
where p is the constant surface mass density of the film

and 7y the damping-time scale. The relaxation dynam-
ics (39) can be written in the equivalent form

0&
= — — 4
1oru S (40a)
where the coefficient
p(1—v?)
= — 4
h= "k, (40D)

is the inverse relaxation speed. Calculating the functional
derivative & /du gives

pou = YoAu — v N*u — au — bu? — cu® + (41)
Iy [(Vu)? + 2uAu} +1'y [u (Vu)® + ’U,QA’LL}

Since we are only interested in the steady-state solutions,

the exact value of p is not relevant for our analysis. It

is convenient to rewrite Eq. (41) in dimensionless form

by measuring length in units of the film thickness h and

time in units of 7, = ph. Introducing the dimensionless
curvature parameter

k="h/R (42)
Eq. (41) reduces to
hu = yoAu— A% — au — bu® — cu® + (43)
I [(Vu)2 + QuAu} +Ts [u (Vu)® + uzAu]

with rescaled dimensionless parameters

B

72—12
4 E.(1 2
a=2(1+%1+v)k*+ — + S(E V)a+&226
f
b=3(1+v)s*
E,(1—-v?
c:(1+y)m4+2ME
Ey

1+v)s
“:(T)

1 2
r, = 108 (44)

2
5
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Note that the covariant derivatives V and A in Eq. (43)
are now also defined with respect to the rescaled dimen-
sionless sphere of radius k=1 = R/h. In Eq. (44), we kept
the term ~ k% in the coefficient a. Although this higher
order term is negligible, its inclusion will lead to simpler
expressions when matching our model with experiments
(see section Curvature-dependence of the critical strain 7
below). Given the dimensionless parameters in Eq. (44),
the corresponding values in physical units are recovered
through the transformations

u — hu, R — h/k, t — pht
Yo = by, Y2 = By
a— a/h, b—b/h?, c—c/h?
Iy — Iy, Iy = Dy/h (45)

As evident from Eq. (44), the model is specified
through dimensionless parameters

(k,7%,Es/Ef,v,a,a9,¢) (46)

Parameter determination

The parameters (h, R,v, E,, Ef) can be directly mea-
sured for our experimental system. To determine the
remaining parameters (7, @, as, ¢), we proceed as follows:

1. Linear stability analysis will enable us to relate g
at the onset of wrinkling with the wavelength A,
which yields a relation between the critical buckling
strain 7 and the ratio E/FEy.

2. The value of the substrate parameter a can be es-
timated from known results for the critical bulking
stress in planar elasticity theory [8]. Below, we will
extend the classical derivation to the weakly curved
case to confirm that our model predictions agree
with recent results by Cai et al. [9]

3. By means of nonlinear stability analysis and com-
parison with analytical results for the standard
Swift-Hohenberg equation, we will express the pa-
rameter as in terms of ¢, leaving ¢ as the only re-
maining fit parameter. We estimate ¢ by comparing
our numerical simulations with the experimentally
measured surface morphologies.

Crritical stress 7 and a

We estimate 4 by comparing our effective theory with
known results for the full elastic equations in the pla-
nar limit case R — oo. Letting x — 0 and linearizing
Eq. (43) for a small perturbation ee?** of the unbuckled

homogeneous solution, one finds the dominant unstable
wave-mode

Yo
K=/ D9l = /e (17a)
2
which selects the characteristic wavelength
2 2
T T (47b)

)\C = —_-——= ———
‘k| \/6|70|

Equating A, with the known wrinkling wavelength A
of a planar elastic film-substrate system, which in
units h = 1 is given by [§]

B\ /3
At = 27 (35 > (48)
S

we obtain

1 /3E,\*3
== 49
776 ( Ey ) )

The sign indicates a compressive strain, which in our
terminology is negative. From Eq. (44) with k — 0, we
find the planar estimate

i (5) = @

Fer -

A correction due to curvature will be discussed below.
Critical stress. 'The strain 7, can be associated with
the critical stress o. at the wrinkling threshold. As ex-
pressed by Eq. (22), our system is in a state of equi-
biaxial strains 4 implying that, in a locally orthogonal
coordinate frame, the in-plane elasticity tensor reduces
to €11 = €99 = €, €12 = €21 = 0. The usual stress-strain
relationship of a Hookean material then reads [10]

FE
1—v

011 = 022 = 71/2 (611 + 1/622) = €E=0

1_
o12 =021 =0

Assuming a standard linear relation between stress and
strain, we expect

Ey _
O = kgﬁyp (51)

with some constant prefactor k,. Inserting Eq. (50), we
obtain

ke Ef 3FE, 2/3
c— T 2
7 61— 12 (Ef) (52)

which for k, = 3/2 agrees with the known critical stress
of elastic wrinkling analysis [§]

E;  (3E\"?
o= (5 (53)
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Estimation of a near the critical value o.. In the pla-
nar limit x — 0, Eq. (43) exhibits a bifurcation from
a uniform state to nontrivial pattern formation only
if a < a., where

2 1 Es 4/3
g =20 _ L3 (54)
4’72 12 Ef

At the wrinkling onset, corresponding to a = a., the film
stress o equals the critical stress o, so that 3. = 0. For
the planar case, Eq. (54) thus determines the substrate

parameter a as
i 1 3E,\"/?
== (7)) )

Curvature-dependence of the critical strain 5

Recent simulations of the full coupled elasticity equa-
tions [11] and experiments with polymer colloids [12] re-
port wave-length reduction of pattern on curved sub-
strates compared with the planar case. It is therefore
interesting to study how the critical strain 4 < 0 depends
on the curvature parameter x = h/R in our model.

Similar to the planar case, cf. Eq. (54), the wrinkling
bifurcation occurs when

G
74% ) 1. (56)

Recalling that ¥, = 0 at the transition point and using
the the above result for a, we can solve Eq. (56) for the
critical strain 4. Using Eq. (44) we then obtain for g

k21 |(3E,\?
-t s 24(1 2
Yo =3 6\/( Ef) +24(1+v)s?  (57)

which reduces to Eq. (49) in the planar case (x = 0). For
7, we find to O(k*)

¥ B\
L =1+12+%1 58
% +12:°(1 +v) (3E5> (58)

where 7, is the critical buckling strain for the planar case,
given in Eq. (50). This asymptotic scaling behavior in
is similar to the results of Cai et al. [9], although the
numerical prefactors and the dependence on the Poisson
ratio v differ.

According to Eq. (57), the absolute value || increases
with curvature with a leading order correction ~ k2.
Equation (47b) then implies that the wavelength A, de-
creases with increasing curvature, in qualitative agree-
ment with experimental and numerical findings [11, 12].
It is interesting to note that the wavelength reduction in
our model is due to the nonlinear, curvature-dependent
stretching terms of the underlying KS energy, unlike the
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n?/3 {2(1 +v) 1} .2

6 233
4/3 2/3
n 6(1+v)—n 9 .
= USRI .2 Sl S
@ 2" 3 o as
b = 3(1 +v)K?3
2/3
c - 20+
3
1+
I' = 3 Y
1+
F2 = B VKQ
s _ 1 (e +3ho[T2)
48+2

TABLE I: List of parameters for Eqs. (43) and (64) as ob-
tained by systematic asymptotic matching to classical elas-
tic wrinkling theory, with n = 3E;/Ef, v2 = 1/12, X, =
(0/oc) — 1, and k = h/R where h is the film thickness and
R the radius (see Fig. 2 of Main Text). We substituted a
and ¢ by Egs. (55) and (77). Focusing on the leading order
contribution, we only kept terms up to O(x*), cf. Eq. (57).
The only remaining fitting parameter of the model is c;.

model of Yin et al. [13], where a wavelength reduction
was obtained by assuming a curvature-dependent sub-
strate model. Unfortunately, for the range of parameters
realized in our experiments the curvature-induced wave-
length reduction is below the detection threshold. We
therefore did not include any curvature-dependent sub-
strate response in our model.

Nonlinear behavior above onset

Having determined estimates for the parameters (7, @)
by analyzing the onset of wrinkling, the two remaining
unknown parameters are (ag,¢). Aiming to further re-
duce the number of free parameters, we now turn to the
regime beyond the wrinkling threshold, where patterns
are selected by nonlinear effects. To this end, we first re-
duce the generalized Swift-Hohenbergy equation (43) to
a standard Swift-Hohenberg (SH) equation by approxi-
mating mixed I'; o-terms in Eq. (43) that contain both u
and Vu through effective expressions that only contain u.
Assuming a typical relation between pattern amplitude
and excess film stress ¥, = (0/0.) — 1, we can then ex-
ploit existing results for the stability of patterns in the
SH equation to predict the morphological phase diagram
of the wrinkling patterns in our experimental system.

Swift-Hohenberg — approzimation. To approximate
Eq. (43) by a standard SH equation, we recall that g
and 7y, select the dominant (most unstable) wave number
vector k. = £+/6|70|, see Eq. (47a). Considering the
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limit xk — 0 and a plane-wave solution of the form

u = Acos(k.x) (59)

the I';-term in Eq. (43) exerts an average force per wave-
length A = 27/|k,| of

<F1 [(vu)2 n 2uAu} >A - —%FlAQkf (60)

where

(f(@)r = 3 ;

Comparing Eq. (60) with the average force exerted by a
quadratic force f = au? for the wave solution (59),
aA?

2

we can approximate the I';-term by an ‘equivalent’ aver-
age force term of the form

dx f(x) (61)

(au?)y = (62)

Iy [(Vu)2 + 2ulu| ~ —T'1k2u? (63a)

Similarly, the average force due to the I's-term can be
approximated by a cubic force. Since the I's-term is anti-
symmetric in u, the corresponding mean force is obtained
by averaging over the interval [A\/4,3)\/4], yielding

1
Ly |u(Vu)® + UQA’U,} ~ —§F2k3u3 (63b)
With these approximations, Eq. (43) reduces to the SH
equation

0w = Yo Au — Yo N2 u—

k2 64
au(b+F1k3)u2<c+ QC)UB (64)

To facilitate direct comparison with results in the lit-
erature [14], it is convenient to rewrite Eq. (64) in the
rescaled normal form

Or¢ = —28x¢ — Lk d — A — Be? — ¢° (65)

where

45t t
T="2C=_—
) 370
A A
A = — =
TR 6l
u
=— 66
o= (66)

2 2
dya(c+T'2k2/2) (¢/3) + 2|0

a _dap _ 3a

a %

B 2 (b+T1k2)
V(8 /72) (¢ + T2k2/2)

with a. given by Eq. (54).

(b/3) + 2|70/
2
Y0

= Ux

Excess film stress.  Our model accounts for the ex-
cess film stress ¥, = (0/0.) — 1 through the contribu-
tion a9 that appears in the coefficient a of the linear
force, see Eq. (44). This specific functional relationship
between a and ¥, follows from the requirement that, in
the planar limit k — 0, our model must produce the
same amplitude-stress relation as classical wrinkling the-
ory [5]. More precisely, classical planar wrinkling theory
predicts that the amplitude A; of the wrinkling solution
u = Ag cos(kx), measured in units of the film thick-
ness h, is equal to square of the excess film stress [9],

Ael = \/Se- (67)

This must be equal to the amplitude A of the solution
u = Acos(k.z) of the standard SH equation (64), which
is given by [14]

2

A= %u*\/l A (68)

Equating the amplitudes yields

a 3¥
A=—=1-""
e 4u?2

(69)

Finally, considering the definition of a in Eq. (44) in the
planar case k = 0 and inserting a. from Eq. (54), we find

372 (3Es e (70)
4u§ Ef

as =

We have thus determined all parameters of the effective
theory with the exception of ¢, which enters through both
cin Eq. (44) and u, in (70), see Eq. (66). As shown in the
next section, ¢ can be estimated by matching our model
predictions with the experiments. Table I summarizes
the results for our model parameters, retaining curvature
terms up to O(x?), and is also reproduced in Table 1 of
the Main Text.

Remark. In the above derivation, we have matched
the amplitude-stress relationship using the plane-wave
wrinkling solution. Alternatively, one can match the
amplitude-stress relationship of wrinkling patterns using
the hexagonal solution of the SH equation. The general
procedure is identical to the one above. The hexagonal
solution up of the standard SH equation is given by [14]

ug = A lcos(kcz) + 2 cos <k§z> cos <\/§2k:cy>] (71)

with

A= 135 [Bu* 4+ V/(Bu,)? + 15u2(1 — A)} (72)

B vanishes in the planar case, where k = 0. Classical pla-
nar wrinkling theory predicts the same solution, Eq. (71),
with amplitude [9]

2
Ay = —m——— /3, 73
T VT 60 — 502 (73)
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Comparing the two amplitudes, we obtain

15%,
A=1- 74
(11 + 6v — 5v2)u? (74)

from which @ and a, follow again by Eqs. (44) and (54).

Hence, matching amplitudes in the hexagonal phase
again leads to a linear relationship between A and X,
but the prefactor differs compared with the plane-wave
solution considered above.

However, irrespective of the chosen matching proce-
dure, we obtain a linear relation between as and ¢, leaving
only one fitting parameter, ¢. Due to the linear depen-
dence between as and ¢ for both hexagonal and labyrinth
patterns, one can use either matching relation to fit
the experiments. Since the plane-wave (labyrinth) solu-
tion (67) leads to slightly simpler formulas, we choose the
plane-wave matching in the following; that is, we assume
that A and X, are related by Eq. (69), and as is given by
Eq. (70). This convention means that we must determine
¢ by matching the theoretically predicted phase transi-
tion curve between the bistable and labyrinth states to
the corresponding experimentally measured phase tran-
sition curve. The fitting value ¢ then automatically fixes
the theoretical prediction for the second transition curve
between hexagonal and bistable phase.

Phase diagram of the wrinkling morphology

The reduction of our effective theory to a standard
Swift-Hohenberg equation allows us to make approxima-
tive predictions regarding the wrinkling morphologies.
For the normal form, Eq. (65), three different wrinkling
phases emerge depending on the choice of parameters A
and B [14]:

Unwrinkled: 1-A<0 (75a)
1 4
Hexagons: —1—532 <l-A< gBQ (75b)
. 4, 16
Bistable phase: gB <l-A< ?B (75¢)
16
Labyrinths: §BQ<1—A (75d)

We recall that the coefficient B depends on x via I'y, I's,
b and ¢, see Eq. (66), while A depends on the excess film
stress and & via Eq. (69). Substituting Egs. (69) and (66)
for A and B in Eq. (75), we obtain to leading order in &
the following stability criteria:

Unwrinkled: ¥.<0 (76a)
Hexagons: —%nz <. < pK? (76b)
Bistable phase: pr% < X, < dpk? (76¢)
Labyrinths: dpr? < B, (76d)
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where

1
= T6e
’ [n1/3(1 — v)e] 76

The free parameter ¢ is a function of n = 3E,/Ey
and v. The functional form of ¢ = ¢&(n,v) determines
how the phase transition lines depend on those material
properties. Comparison with our experimental data sug-
gests, however, that the phase transition lines are in fact
independent of  and v (Fig. 3 of Main Text). In this
case, p must be independent of 7 and v, which means
that

&1
(1 —v)nt/3’

with fit parameter ¢;. Adopting the ansatz (77), we find
that ¢; = 0.0188 4 0.0002 gives the best fit to the exper-
imental data (Fig. 3 of Main Text). The resulting good
agreement with the data suggests strongly that the criti-
cal curves, which separate the different wrinkling phases
in our experiments, are independent of material proper-
ties.

6:

(77)

Hysteresis

We explain how the critical curves in Fig. 4 of Main
Text are obtained. To this end, recall that the amplitude
of the hexagonal solutions is given by Eq. (72). Inserting
Eq. (69) for A gives

A2

455,
15 4

Bu, + 1/ (Bux)? + (78)

To compare with the labyrinth solutions, we consider the
measurable difference Uy of the maximal and minimal
values of the hexagonal displacement field uy (measured
in units of h). Equation (71) implies that

Uy = maxuyg — minuy = g.A (79)
The prefactor in the last expression is due to the fact
that uy assumes its minimum at —3.A4 and its maximum
at +3.4/2.

To calculate the corresponding quantity Uy, for the
labyrinth solution uy,, we assume that labyrinths are lo-
cally described by the plane-wave ur, = Acos(k.z). We
then obtain with Eqgs. (68) and (69)

Ur, = maxup, — minup, = 24/, (80)

Note that Uy, is independent of curvature, whereas the
square-root law for Uy is shifted horizontally and verti-
cally by the Bu,-terms (see Fig. 4b of Main Text). To
first order in curvature, we have

Bu, ~ — 81
e g (81)
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Fig. S1: Comparison of wrinkling morphologies in the hexagonal phase: (a) Planar analytical solution from Eq. (71), (b)
numerical solution of the generalized Swift-Hohenberg theory from Eq. (43) (simulation parameters: v = —0.08, a = 0.0151,
¢ = 0.0095, R/h = 80), and (c) 3D surface scan from experiments (R = 20mm, h = 0.375mm, Ey = 2100kPa, E; = 230kPa).

01 and 62 denote polar angles.

yielding for the horizontal and vertical shifts (see Fig. 4b
in the Main Text)

K2 9k

03 = —, oUpg = —
20c? 17 70,

(82)

Based on the results for Uy, and Uy, we expect two hys-
teresis cycles (see Fig. 4 of Main Text). The first cycle
is due to the shift %, which creates a subcritical stabil-
ity zone for the hexagonal solutions [14]. Increasing X,
from the unwrinkled phase, hexagons emerge at the on-
set X, = 0. However, once they have formed, hexagons
remain stable even if the excess stress 3. is subsequently
reduced below the wrinkling onset ¥, = 0. Only for
Ye < —03%, hexagons loose stability and the unwrin-
kled solution remains as the only stable state. The sec-
ond hysteresis cycle involves larger excess stresses (see
Fig. 4a of Main Text). Starting from the hexagonal
phase, hexagons remain stable if the excess stress is in-
creased into the bistable phase [14]. Only if ¥, is in-
creased beyond the bistable-to-labyrinth transition line,
hexagons loose their stability and the system jumps to a
labyrinth state. Upon decreasing ¥, from the labyrinth
phase, the system adopts a different path as labyrinths
remain stable throughout the bistable phase; a transi-
tion to hexagons happens when . is decreased below
the critical value that separates the hexagonal from the
bistable phase.

Validation of hexagonal patterns

To test our effective theory further, we compare the
planar hexagon solution, Eq. (71), with the numerical
solution of Eq. (43) on a spherical geometry (Fig. Sla,b).
The good agreement between analytical and numerical
solution confirms that the effective theory is indeed well
approximated by the standard planar SH equation (65).
These results corroborate that once hexagons are se-
lected, curvature has negligible influence on their mor-

10

phology. Moreover, analytical and numerical solutions
compare well with the experimentally determined 3D sur-
face scans (Fig. Slc), demonstrating that the presented
effective theory is able to reproduce the morphological
details of thin film buckling patterns.

TOROIDAL GEOMETRIES

We consider a torus with major radius R; and
minor radius R measured in units of h.  Using
Eq. (1) and the standard surface parametrization S =
[(Ry + Rg cosfs) cos by, (Ry + Rocosfs)sin by, Ry sin 0]
with coordinates (61,62) € [0,27) x [0, 27) we obtain the
metric tensor

Ry + Ry cos65)?
(aa5)=<( M 0 ) éé) (83)

Equation (5a) yields for the curvature tensor

—cosfy(R; + Ry cosf 0
(baﬂ>=< 2l iz cose) R) (59
— R

and, from Eq. (26), one finds mean and Gaussian curva-

ture as
B 1 cos 09 . 1
2\ R1+ Racosty Ry

cos 09
K= 5
Ri1Ry + R3 cos 6

H= (85a)

(85b)

Recall that the coefficients a, 4, and as were deter-
mined in the previous section using asymptotic compar-
ison with the flat case. Hence, the expressions for these
coefficients remain valid for toroidal geometries. More-
over, we observe that only the symmetry-breaking term
in Eq. (34) contains contractions of the curvature tensor
of first order, whereas the coefficients (33c) only depend
on curvature at second or higher order. For instance, for
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Fig. S2: Wrinkling morphologies on a toroidal geometry with Ry = 80 and Rs = 16 for increasing excess film stress:
(a) Xe = 0.25, (b) ¥c = 0.5 and (c) X = 2.0. As in spherical geometries, one observes a transition from hexagonal to
labyrinth-like patterns with increasing excess stress .. However, in contrast to the spherical case, the non-constant curvature
on the torus can lead to local symmetry-breaking, i.e., at intermediate values of X, labyrinth patterns are more likely to emerge
at the inner saddle-like regions of the torus, see (b), whereas hexagons remain stable in the outer regions of the torus, where
the two principal curvatures have the same sign resulting in a larger mean curvature. Simulation parameters are o = —0.079,
¢ =0.075, (a) a = 0.017, (b) a = 0.016, and (c) a = 0.007, using an unstructured surface triangulation with > 26,000 nodes.

a toroidal geometry with R; = 80, Ry = 16, and = 0.33
as shown in Fig. S2, we have vy = —0.079, so that |vo|
is much larger than the maximum curvature correction
maxyg, g, |R/6] ~ 0.0007. We can therefore neglect cur-
vature corrections in the coefficients (33c).

Simulations of Eq. (34) confirm that a symmetry-
breaking transition from hexagonal to labyrinth-like
structures can also be observed on toroidal geometries
when the excess stress is increased (Fig. S2). However, as
curvature is now spatially varying, we find that the tran-
sition occurs first in the inner regions of the torus, where
the principle curvatures have opposite sign (Fig. S2b).
In the outside regions, where both principal components
have the same sign, hexagons remain stable for relatively
larger overstresses, until they become also unstable even-
tually (Fig. S2c).

In summary, Fig. S2 illustrates that the generalized
theory derived above can be applied to arbitrarily curved
surfaces.
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