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1 Introduction

Let p be a prime number and let fbe a modular form of level N with p 4 N, weight
k and character ¢, with coefficients in IF,. Suppose that fis an eigenform for all
Hecke operators TF, f prime, say with eigenvalues u[E]F Then there exists
a unique 2-di pr:Gg = Gal (@
Q) = GL,(IF,), which is unramified outside pi and has the property that trace
{(pg(Froby)) = a; and det(p,(Frob)) = &(l)*"* for all L¥pN. For a historical
account of this result see [24, §6], see alse [3]. It follows from the identities
det(p (Frob,)) = s(1)*~! that p, is odd, ic., det(py(c}) = — 1 for c & Gg a com-
plex conjugation.
Serre conjectured in 1973 that every i ple odd

tion p: Gy — GL, (IF,) arises in this way. In his article [26'] he stated a more precise 1
his conjecture for irreducible p: p shuuld arise from a form of level N'(p),
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Aim of the paper

weight k, and character &(p), where N(p). k, and &(p) are described in terms of p;
N(p) and k, are meant to be as small as possible. The aim of this paper is to show
that if p comes from a modular form at all, say of some type (N, k, £), then p also
comes from a modular form of type (N, k, &) and k, is (almost} minimal.



Serre’s conjecture (Khare-Wintenberger, building on work of

many)

Let p be a prime, and let F,, be an algebraic closure of F,. Suppose
p: Gg — GLo(Fp)

is a continuous irreducible representation and that det(p(c)) = —1,
where ¢ is a complex conjugation.

Theorem (Serre’s conjecture)
There are positive integers k and N such that p arises from an eigenform

in Sk(T1(N)) (weak form). In fact, p arises from an eigenform in
Sk(p)(T1(N(p))) where k(p) > 2 and N(p) is relatively prime to p (strong
form).

Serre predicted these are minimal for p, as follows: if p is isomorphic to
some pg with prime-to-p level N and weight k' > 2, then N(p) | N’ and
k(p) < k'.Carayol has shown that N(p) | N'. Note we have k > 2!



The weight recipe - the irreducible case

Theorem (Fontaine)
Let f be a cuspidal Hecke eigenform of type (N, k,e) with2 < k <p+1

with eigenvalues a;. Suppose that a, = 0 (supersingular case). Then ps

is irreducible and
wk=1 0
Pf|lp = 0 wékq

with wa,wh : Ip s — ?: the two level two fundamental characters.

N
plp = la+bp
0 Wy

with0<a< b<p-—1. Weset k(p) =1+ pa+ b.

In this case we have



Galois representations of low weight forms

Write w for the mod p cyclotomic character.
Theorem (Deligne)
Let f be a cuspidal Hecke eigenform of type (N, k,e) with2 < k <p+1

with eigenvalues a;. Suppose that a, # 0 (the ordinary case). Then ps
is reducible and

_ (TNEP)/a)
P 0 Nap))

with A\(a) : Gg, — F,” the unramified character sending Frob,, to
ac ?px :



The weight recipe - the reducible case

1. Suppose first p, , is trivial, then

~ w? 0
Ple = 0 wP

with 0 <a< b<p—2 Weset k(p) =1+ pa+ b, unless
(a, b) = (0,0), then we set k(p) = p.

2. Suppose next pj, , is non-trivial, then

(W x
Plp = 0 w®

for unique v and fwith 0 <a<p—2and1<pB<p-—1. Let
a = min(a, B), b = max(a, B). If W~ = w and pG, ® w™* is not
finite at p, then k(p) =1+ pa+ b+ p — 1, otherwise

k(p) =1+ pa+b.



Mod p modular forms

In the case where p;, is trivial, Serre sets k(p) = p. Serre originally
avoids weight 1 modular forms as he considers mod p modular forms as
reductions of forms in characteristic 0 (and these cannot necessarily be
lifted).

However, using Katz' geometric definition of mod p modular forms one
can allow the weight 1 modular forms.

As such, one can refine Serre’s weight prediction. In the case where p,, is
trivial, Edixhoven sets k(p) = 1.



Difference k, and k(p)

Next write k, for Serre's original weight recipe. We almost always have
k(p) = k,, and we always have k(p) < k,.

It differs only in the reducible case:

L. If py,,, is trivial, a = 0 = b, then k(p) = 1 and k, = p.

2. If p=2,if py,, is non-trivial, « = 0,3 = 1 and pg, is not finite at
p, then k(p) =3 and k, = 4.



The weight part of Serre’s conjecture

Theorem (Edixhoven)
Let p: Gg — GLy(F,) be continuous, irreducible and odd. Suppose we

have a cuspidal eigenform g of type (N, k, ) such that p = p,. Then

1. (existence): there exists a cuspidal eigenform f of type (N, k,,€)
(Serre’s recipe) with the same eigenvalues for all | # p such that
p = pr

2. (refinement): there exists an eigenform f of type (N, k(p),€)
(Edixhoven’s adjusted weight) with the same eigenvalues for all
| # p such that p = pr.

3. (minimality): there is no eigenform of level prime to p and of weight
less than k(p) whose associated Galois representation is isomorphic
to p.



How does one prove this: reduction to lower weight forms

Any form of some weight k ‘comes from’ a form of a lower weight:

Theorem
Let f be an eigenform of some type (N, k, &), then there exist integers i

and k" with0 <i<p—1k' <p+1 and an eigenform g of type
(N, k',€) such that f and 0'g have the same eigenvalues for all Hecke
operators T/(I # p).

If a,(g) # 0, g might have a companion form: a form g’ of weight
p—+1— K such that IPt1=K 5/(g) = la)(g’).

This happens if and only if pg , is tamely ramified (Gross,
Coleman-Voloch).

10



Theta operator

Recall the 6 operator:

0 : Z anq" — Z na,q"

with a, € Fp.

If f is an eigenform of type (N, k,¢) with eigenvalues a;, then 0f is an
eigenform of type (N, k + p + 1, ¢) with eigenvalues /a;.

We can use this to translate twists of a modular form by the 6 operator
to twists of its representation by the cyclotomic character:

Pof = Pr D w.

We need to study more carefully what the 6 operator does to the weight
of a mod p modular form.

11



Weight filtration

Let f be a mod p modular form of level N and weight k.

Definition (Filtration)

Then we define the filtration w(f) of f to be the smallest integer k' for
which there exists a form of level N and weight k’ which (at some cusp)
has the same g-expansion.

Equivalently, it is the smallest integer k — i(p — 1) such that f is divisible
by the i-th power of the Hasse invariant.

Theorem (Serre)
Let f,f’ be two mod p modular forms of level N and weight k and k'

respectively. If they have the same g-expansion, then k = k' mod p — 1.

12



Theta cycles

Recall

Theorem

Let f be an eigenform of some type (N, k, &), then there exist integers i
and k" with0 <i<p—1,k' <p+1 and an eigenform g of type

(N, k', €) such that f and 0'g have the same eigenvalues for all Hecke
operators Ti(I # p).

Suppose (f) # 0. Then the 0 cycle are the p integers

(w(f), w(Of),...,w(0P~1F))

Lemma (Serre)
If f has filtration k and p t k, then Of has filtration k +p+ 1. If p | k,

then w(0f) < w(f) +p+ 1.

13



Theta cycles — a picture |

The cycles are classified by Edixhoven for weight < p + 1.

Example

Let f be a cuspidal eigenform of type (N, k, &) with 3 < k < p — 1 with
eigenvalues a; and w(f) = k. Suppose a, = 0, then the #-cycle of f is

(k,k+p+1,....k+(p—k)(p+1),ki,....,ki+ (k—3)(p+1),k)

where k; = p+ 3 — k.

Figure 1: Schematic view of f-cycles for f as above (where ki < k)



Theta cycles — a picture Il

Figure 2: Schematic view of #-cycles for ordinary f with 2 < w(f) < p—1on
the left and w(f) =1, p,p + 1 on the right

15



Idea of the proof - existence

Suppose p is modular of weight k and level N, we want to show it also
arises from a form of weight k(p) and level N.

There exists a form f; of weight ky < p+1, and 0 </ < p — 1 such
that p @ w™' = py.

We know a lot about pg p, since f; is of low weight.

Find k; and i in terms of pp,.

Untwist fi: set f = #'f; and compute the theta cycle of f.

Show w(f) = k(p).

This ky is not necessarily unique: we need the work of Gross and
Coleman-Voloch concerning companion forms.
For deciding between 2 and p + 1 we use work of Mazur about finiteness

at p.

16



Other characterisations of
weights of Galois representations




Reformulation

We write Sym*—2 Fi for the (k — 2)-th symmetric power of the standard

representation of GL,(F,) on ﬁi.

Proposition (Ash and Stevens

Let k > 2. Then p is modular of level N and weight k if and only if the
corresponding system of Hecke eigenvalues appears in

HY(M(N), Sym*2F,").

Remark

In fact, this is equivalent to p appearing in H'([1(N), V), with V a
Jordan-Hélder constituent of Sym**TF,".

These weights are easy to list!

17



Definition (Serre weights) B
The V are irreducible representations of GLy(F,) over [Fp,

Vis = det® @ Sym*™! Fi,

0<s<p—1,1<t<p
We call these Serre weights.

Buzzard, Diamond and Jarvis defined algebraic modularity. Given p, for
what V4 s is p algebraically modular?

Buzzard, Diamond and Jarvis define a set of Serre weights W(p).

Theorem (The BDJ conjecture in the classical case)
If p: Gg — GL(F,) is modular of some weight, then

W(p) = {V|p is modular of weight V'}.

18



The weight set W(p) - examples

Remark
The recipe for W(p) depends purely on the local representation.

w? 0
P, ~ 0 1

W(p) = {Va,()? Vp—l—a,a}-

Example
Let

with 2 < a < p — 3, then

Example
Let

with 1 < b < p — 1 then

W(p) = { Vb0, Vor1-bp-1}- "



The minimal algebraic weight

Question: How to compare this with k(p)?
Definition (Minimal weight)
kmin(Vis) = min{k = 2| Ves € JH(Sym" T, )}

e.g. for Vig = SymFlez, we see Kmin(Vio) =t + 1.

20



Formula for kuyin(V:s)

Definition (Minimal weight)
kmin(Ve,s) = min{k = 2| Vz.s € JH(Sym* )}

Proposition (W.)
Let0<s<p—1,1<t<pandlet V,s be a Serre weight. Then

s(p+1)+t+1, s+t <p,
(s+1)(p+1)+tp—p? s+t>p.

kmin(Vt,s) - {

This reflects the behaviour of 6-cycles!

We saw earlier that pgr = pr @ w.If p is modular of some weight V; s,
w ® p will be modular of weight V; s;1.

21



Behaviour of Theta cycles

Let p = 5. Consider the Serre weight V3. We have knin(V30) = 4. We
consider a 'theta’ cycle by twisting by the determinant:
kmin(v3,0)7 kmin(V3,1)7 kmin(v3,2)a ©co0o00

Figure 3: Algebraic theta cycle: (4,10,8,14,4)

By Edixhoven’s classification, if a, = 0, this is exactly the theta cycle of
a mod p modular form with filtration 4.

22



Minimal algebraic weight

Definition: We set knin(W(p)) = ming{kmin(Ves) | Ve,s € W(p)}.

Theorem (Equality of two weight invariants)
k(p) = kin(W (0))

wi 0
P~ 0 wy

here k(p) = 4—, we have W(p) = {\/3707 V372}. We find kmin(v3,0) =4 and
kmin(v3,2) = 8, SO

Example
Let p =5 and suppose

k(p) = 4 = kmin(W(p))

23



Algebraic ¢ cycles

Example
Let p be as in the previous example. Recall the Serre weights were V3 o

and V35. We find cycles:

Figure 4: Algebraic theta cycles (4,10,8,14,4) and (8, 14, 4,10, 8)

24



Algebraic ¢ cycles

What about the cycle
kmin(W(p)) kmin(W(w ® p)), - - - kmin(VV(W[F1 ® p))?

So obtain

Figure 5: Algebraic theta cycles for p -



What about more general Galois representations?

There has been a lot of interest of generalising Serre's conjecture due to
its close relations with the Langlands program.

We focus on p : G — GLy(F,), where F is a totally real field.

Conjecture B
Let p: G — GL»(FF,) be continuous, irreducible and totally odd. Then

there exists a Hilbert modular form f such that p = p,.

What are the weights of Hilbert modular forms that p shows up with? Is
there a notion of a minimal weight?

First breakthrough on this is due to Buzzard, Diamond and Jarvis.

26



Algebraic modularity

Recall earlier Serre weights were irreducible Fp—representations of
GLo(F,). Now we get F,-representations of

GL2(OF/p) = [ [ GL2(OF/p)

plp

Definition (More general Serre weights)
Let p | p, we have

Ve = @ (det 51, Sym 1 ) 94, F,
TEX

with™ = {7 : k, = Fp} and t. < p forall T € ¥.
Then a Serre weight is V = @,,, Vs

27



More general BDJ conjecture [Gee et al.]

Theorem (The BDJ conjecture)
If p: GF — GLo(Fp) is modular, then

W (p) = {V|p is modular of weight V'}

Question
How do we define analogues of kmin(Vt,s) and kmin(W(p))?

What do we mean by minimal?

For simplicity suppose p is inert in F.

28



What does minimal mean?

We need a partial ordering for F # Q. We write e, for the basis element
of Z* associated to 7. We set

Eﬁa:{ZyThTEZZ \yTZOforanTez},
TEL

where h; = pep,-1,, — e, is the weight of a partial Hasse invariant, e.g.
(0,...,0,—-1,p,0,...,0).

Definition (Partial ordering)
We say k <py, k' < k' —k € ZL..

Motivation: If k <Ha E’, then if p is modular of weight /_<' it is also
modular of weight k’.

29



Some small cases

For F = Q, the Hasse cone is =%, = {y,(p — 1) € Z |y, > 0} where
p — 1 is the weight of the Hasse invariant.

For F quadratic, we obtain the following picture:

Figure 6: The Hasse cone in the quadratic case

Now we can define analogues kmin(Vt,s) and kmin(W(p)).
30



Analogue of kyin(V;s)

We would like to define

kinin( Vi 5) = min {k € ZE,N=, | Vs € JH (@ SymFr—2 k@, F ) }

TEL

where

=Q = {ZxTeT € Q™ | pxr = Xgr—1,, forall 7 € Z}.

T

For Vis,u),(0.0) = Sym®~1 k2 ® Symf 1 k2, we see
kmin(V(to,11),(0,0)) = (to + 1, t1 + 1).

31



Formula for kuyin(V:s)

Let

k(t,3) = Z(S'r(ef"‘peFr—lo-r)"‘(t'r"‘l)e'r)_ Z (p—t:)(Per—10r—er).
TEX TEX |
Srt+t-2>p

Conjecture

Let p be odd and kmin(Vzz) be as above, then we have

Again we get behaviour reflecting © cycles - for mod p Hilbert modular
forms. Here we have partial © operators ©,, which add e, + per,-1,, to
the weight.

32



An example

Let p = 3. Consider the Serre weight V(2 3) (0,0). We can again look at

an 'algebraic’ theta cycle: We obtain

(3,4) — (5,4) — (6,7) — (6,5) — (8,5) = (9,8) — (9,6) — (11,6) — (3,4)

33



Minimal algebraic weight

We analogously would like to define

kmin(W (p)) = ggg{k(j 5)| Ves € W(p)}

Proposition (W.)
Suppose F is real quadratic and p is inert in F. Then kpin(W(p)) is
well-defined.

34



Questions about algebraic theta cycles

= Can we show knin(W(p)) always exists?
= What are the algebraic theta cycles for kyin(Vzz)?

= Can we describe

(Kmin(W(0)), Kmin (W (), kmin(W (%)), .. ., kmin(W(£P* ~2p)))

where 1) is a fundamental character of level d?

= How does this relate to theta cycles of mod p Hilbert modular
forms?

35



Questions?



Minimal weight cones

We set

E%in =S {ZXTG-,— S QZ ‘ PXr 2 Xp—1or for all 7 € Z}
T

(p; 1)

Figure 7: The minimal cone in the quadratic case

Define =F. ==, N Zgl.

—min
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