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Overview of the talk

This talk has two aims:

1 Give an intro to the LMFDB

2 Give some angle rank results
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References

The main references for the material I will present today are

Database of isogeny classes of abelian varieties
https://www.lmfdb.org/Variety/Abelian/Fq/

Isogeny Classes of Abelian Varieties over Finite Fields in the
LMFDB by Dupuy, Kedlaya, Roe, V.

Counterexamples to a Conjecture of Ahmadi and Shparlinski
by Dupuy, Kedlaya, Roe, V.

Angle ranks of abelian varieties by Dupuy, Kedlaya,
Zureick-Brown
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Quick background

Recall that an abelian variety is a projective variety that is also an
algebraic group.

An isogeny is a morphism between two abelian varieties of the
same dimension, sending the identity to the identity, and which has
finite kernel.

The relation of isogeny is an equivalence relation, so we can study
isogeny classes of abelian varieties.
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Isogeny classes over finite fields

Over Fq, to an isogeny class we can associate its Weil polynomial.

This polynomial is the characteristic polynomial of the action of
Frobenius on the first cohomology group.
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Honda-Tate theory

Fix g the dimension of the isogeny class, and Fq the base field.

Then the Weil polynomial is of the form

P(T ) = T gQ(T +
q

T
)

for a

monic polynomial Q(T ) ∈ Z[T ] of degree g ,

with all real roots in [−2
√
q, 2
√
q].
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Honda-Tate theory

Even better, (basically) every polynomial like this is a Weil poly!

More precisely, if isog class is simple, then Weil poly is of the form

P(T ) = h(T )e ,

for e prescribed by h and h irreducible.

Every irreducible poly T gQ(T + q
T ) with all real roots in

[−2
√
q, 2
√
q] is the h of some simple isogeny class.
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Upshot

Isogeny classes are parametrized by polynomials!

But also

These polys have special properties that allow us to list them;
and

basically every polynomial with those special properties
corresponds to an isogeny class.
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Let’s goooo

In 2016, we went ahead and started listing them all.

We also started computing the properties of each isogeny class, to
assemble into a database for research.
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The LMFDB

“LMFDB” stands for “L-functions and modular forms database.”
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The LMFDB

This is what is at lmfdb.org/Variety/Abelian/Fq/.
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The reason for all this

One of the reasons to build this database was to study angle
ranks of abelian varieties over finite fields.
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Frobenius angles

Recall: the Weil polynomial is the char poly of Frob acting on H1.

As a result, the absolute value of each of the roots is
√
q.
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Angle rank

Roughly, angle rank is the dim of the Q-vs spanned by Frob angles.

More precisely, let

P(T ) be the Weil polynomial of an isogeny class and

αi be its roots,

then the angle rank of this isogeny class is

δ = dimQ

(
SpanQ

{
Arg(αi )

π

}
∪ {1}

)
− 1.
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Quick angle rank facts

δ = dimQ

(
SpanQ

{
Arg(αi )

π

}
∪ {1}

)
− 1.

Angle rank is between 0 and g , inclusively.

Angle rank is 0 if and only if supersingular.

From now on, assume that the isogeny class is geometrically
simple, so that angle rank 0 only happens when g = 1.
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Quick angle rank history

First defined in 1979 by Zarhin, to study the Lie algebra of the
image of the `-adic Galois representation attached to an
abelian variety over a number field.

Showed that for each `, the rank of some part of the Lie
algebra is equal to maximal angle rank of the reductions of
the abelian variety.
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Tate conjecture

If angle rank is g , then all Tate classes are gen in codim 1.
(Zarhin 1994)

Tate proved that the Tate conjecture holds in codimension 1.

Conversely, if angle rank is not maximal, then the varieties have an
exotic Tate class; a class that is not generated in codimension 1.
(Zarhin 1993, Lenstra-Zarhin 1993)
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What you can do with data

Disprove a conjecture is one thing.

Conjecture (Ahmadi–Shparlinski, 2010)

Every ordinary geometrically simple Jacobian over a finite field has
maximal angle rank.

When g = 2, every geom simple Jacobian has max angle rank
(AS10)

When g = 3, the conjecture is true (Zarhin 2015)

When g = 4, the conjecture is false
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But also

You can make new conjectures (and prove them if you’re lucky).

One natural line of inquiry is to clarify the relationship of angle
rank to other isogeny class invariants.
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Shoutout

In 1992, Chi showed results similar to those in DKZB, but in a
different, more complicated language.
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The Galois group

If the isogeny class is simple, then the Weil polynomial has the form

P(T ) = h(T )e ,

with e determined by h and h irreducible.

The Galois group of the isogeny class is G = Gal(Q({αi})/Q).
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The Newton polygon

Let v be a place of Q({αi}) above p, normalized so v(q) = 1.

Then the Newton polygon of the isogeny class is the

continuous piecewise linear function with nondecreasing
derivative

containing a segment of length 1 and slope v(αi ) for each
i = 1, . . . , 2g .
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Example of Newton polygons
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Important insight

If no relations among the angles, the angle rank is maximal.

A relation among angles corresponds to a relation

αe1
1 α

e2
2 · · ·α

e2g
2g = qd

for some integer d .

Therefore the Galois group acts on the relations.
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Idea

Recall G = Gal(Q({αi})/Q).

Find a simpler Q[G ]-module which carries info of G acting on

Γ = 〈α1, α2, . . . , α2g 〉 ⊂ Q×
.

(Note that the angle rank is rk Γ− 1.)
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Newton hyperplane representation

For each j , let βj =
αj

αj
.

Let V be

SpanQ {(v(β1), v(β2), . . . , v(βg )) : v |p} .
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The right dimension

Theorem (Dupuy, Kedlaya, Zureick-Brown)

The dimension of V is the angle rank.

Proof.

A multiplicative relation among the αi s gives an equation

βf11 · · ·β
fg
g = ζ

for ζ a root of unity.
Such an equation holds iff

f1v(β1) + f2v(β2) + · · ·+ fgv(βg ) = 0 for all v |p.

Christelle Vincent Exploring angle rank using the LMFDB



The G -action

Fix a labeling of the roots of the Weil poly as

α1, α2, . . . , αg , α1, . . . , αg .

Then to describe σ ∈ G , we can keep track of

the fact that the pair {αj , αj} was sent to {αk , αk}; and

a sign keeping track of if αj went to αk (+1) or αk (−1).
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The G -action

Fix a labeling of the roots of the Weil poly as

α1, α2, . . . , αg , α1, . . . , αg .

Then to describe σ ∈ G , we can keep track of

the fact that the pair {αj , αj} was sent to {αk , αk}; and

a sign keeping track of if αj went to αk (+1) or αk (−1).

So σ ∈ G can be represented by a signed g × g perm matrix,
which then acts on the vectors (v(β1), v(β2), . . . , v(βg )) ∈ V .
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More about G

This description gives a extension

G ∼= C o G ,

where
C ≤ C g

2 ,

and
G ≤ Sg .
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First result

Theorem (Lenstra-Zarhin (1993), DKZB)

Suppose that the Newton slopes of the isogeny class are 1/2 with
multiplicity 2, and all other slopes in Z(2). Then

if g is even, then the isogeny class has maximal angle rank;

if g is odd, then the isogeny class has angle rank g − 1 or g .
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Second result

Theorem (DKZB, Generalized Tankeev)

Let m be a certain integer associated to the subgroup C ≤ G . If
g

m
is prime, then the isogeny class has angle rank in

{m, g −m, g}.
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Third result

If we write G ∼= C o G , then

Theorem (DKZB)

Suppose that G acts primitively on {1, . . . , g} and C is nontrivial,
then the isogeny class has maximal angle rank.
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Fourth result

Theorem (DKZB, Effective Zarhin)

The vectors (e1, e2, . . . , e2g ) ∈ Z2g such that

αe1
1 α

e2
2 · · ·α

e2g
2g = qd

for some d are generated by vectors of weight less than or equal to

#G (#G − δ)3(gδ)δ.
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Thank you!
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