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let S=ag+1t , ot €lR. The Riemann zeta function;
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Properties of &)

‘l\/\eromorphic continuationy to € with a Simple pole ot S=| withu

residue 1 ; ie.
l
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s Functional equotion = J() = K(S) II-S), winere
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o Trivial Zevos at s=-2n, n=1(,2,3, ...
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- The 2zeros are Symmetric about -the real axis, becouse 5(s) < S(3 )
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- Courtting zeros < T

N(’ﬂ*#{zems p=ptiz = OBel, O‘?)’ﬁ'l'}

Argument Principle yields
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where  S(T)Y= t™arg 3(z+iT") << logT
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Consider the ordinates of zZeros in the upper Nolf plane
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Question : What con we say about
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« By definition, we trivfal\y have ® el &€

* Selberg (quIOs)/FuJH (1030) : observed L <1 <A

foath- Brown's notes n ‘n’*"""\/\ﬁrs\'\

(,onjcu'ure'- M’:O and N = o©

(there ore ooly many pairs of zeros of Y(s) that
ore orbitvarily clee (or far apaﬂ;\ relative +o

e averoge spacing \

Q: Where does +his Qon'Jedrure come :me?

Wentgomery's Pair (orrelation Conjecture (1932)

For ony fixed €>0,
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Thus we can moke C \Jenj small , aond still get N(T/‘C) >0.

Pcc & m=0

What about large 9@57

Wontgomery's Pair (orrelation Conjecture (1932)

For any fixed €>0,
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| sinTru>2 “Pasi Correlotion Euncion”
™ of Zeros of S(5).

- Dyson noted eigenvalues of random Hermitian matrices have the

same  pat corvelotion —fmmcH(’m.

-This connection has been supported by extensive numeric|
estimades by Odlyzko.

s Further observotions in this realm = A =009
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6'”‘“” éafs— ?fojffS'f : Conjecture ! }A< l

=0
Author(s) , Year upper bound on L (under RH)
Montgomery [ Goldston 'FL 0.L072
Carneiro, Clhandee, \;osfﬁve .
Littmann, Milinovich ‘1 ¥ 0.L0w394 \DWOFOV*WV\
, v f 20108
Chirre, Gonealves, Delatte ‘19 0.0 39
Montgomery -Odlyzko ‘8| 0.6139
Conrey - Ghosh- Gonel. ‘g4 0.5l+2L
ool\/ mav\\j
Bui-Milingvich-Ng 10 0.515S oS
Feng-wu 1L 0.515398
Preobrazinskii ‘1o 0.515396

The Class number problem £ Exceptional Zeros

let d <O bea fundamental discriminant.

K= (D(@) The ideal class group of K -

¥ fractiona | subgroup of principal
oK) = (5?‘;‘;%:75 cﬁ:ay\fona)/(ﬂ(éﬂg OFOKP P )

The class number of K ¢

hk) = |2l

H) =1L & = 35idy & Oris o PID & Opis oo UFD.



Gauss : Cor\J'ectured N as d runs through negative discriminants.

*Proved by Heilbronn 1n 1934.

*This {mP\(es that there ave only -FmHe\y manj'imagfnar(/ o,uadm{:fc
fields K with  9N(KI=N, where N 7| 1sfixed.

{;Iass Number Problem for lmaginar} Quadratic Fields:

Give a complete list of fundamental discrimmants

so +hat h(K)=n, n fixed. /
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|+ Solved b\/ SMrk’Meeshe(/@qkek
d=-3,-4,-%, -8,-1, -19, 43, -8%,-163
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Mow about n>»27?

Class Number Formula: (aSSumir\a d<4)
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Want : Lower bound on “h(K).
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Under RH :

LCLXe) 27
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log|03 |d| = ey 77 103w3 (d|

Question: Carn we 3e£ o stronger, umondeonal lower

bownd o LUX) ?

Difficotty . L(SX4) could have an exceptional zero : a real,

S"Y\Ple zero B lying very close to l, making it diffteult 4o

produce o lower bound on L (11 A) amd hence on h (K.

Two 300\3 : Obtoun ...

. an unconditional lower bound on () +o
solve +he class number Prob\em.

© QL Strong enoughy wnconditional lower bound

on LIIiXg) 4o eliminate +he Possﬂ:ili‘ry of
the exceptional Zero,
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Siegel (1a35) : For e\[erj €20, hk)> d “ , but the implied

constant s not compu-mblc .

1-€
-Go\dfcld- Gross-%ag\er-' For every €70, h(K) » ('09“”) .

. With +his lowerbound, Watkins has ComPuteoL complete lists

of ,fundGMemoJ discriminants with “h(k) =2,3,4,...,100.

COY\ffk,/"lWGFIieC (2002) : IF¥ for all \0&’96 T +here are »T('ag-,—')q’s

nontrivial Zeros of  §() such that 0¢¥¢T ond
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L(\.'Xﬂ >> Qogldl)%

omd the implied cmstant is computasble.
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Author() , Year Upper bou_hd on ILL, (umder'R\-D
Mon’rsomer\}/ Goldston '+1 0.0#2
Carneiro, Chandee,
Littmann, Milinovich 1 ¥ 060894
Chirre, Goncalves, Delatte 19 0.0 39
Montgomery - Odlyzko ‘g 0.51%39
Conrey- Ghosh- Gonele gy O.Gl+L
Bui-Milingvich- N% ‘10 0.515S
Feha—Wu dJ VR 0.515398

Preobrazinskii ‘1o 0.515396



State of +he art approach +o small gaps (under Q\—\\

'DeveloPed bfj Julia. Mueller (1982) in +he context
of large gaps.

‘Determined +o olso apply +o small gaps by Conrey- Ghosh-
Gonek  (1984).

‘ Equivalent 0 a methed due to Morrtgomery - Odlyzko
around +he Same time.
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Remarks:

@ M2 (©) is monotonically increasing :

7tC/lo‘9T'
M. (e) = f D IA+A1 Y«
—'n'C/losT TewLaT
e Fmettger >
@ Clam: Ma () ¢ M, ¢ Me (M) % : ovug gaps

Recall, by Selberg/lfujif < <™.

For zeros %' € (Tl2, 27T), the average Spadnrg is
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Mo ] A de
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ln +he range of Integration , if c<l:
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On +he other hond, if C¢>l, £then

L\ Xn,' k) 'b’n }K TVHI l
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ec/log T o
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Point : since Malp) £ M, € Ma(D),

*If Ma(c) <My then A>C.

“IF MaCe)> M, +hen p<cC.

Thus for Small 9aps, we must choose ACE) omd ¢ such that

Mo CC) 5>
M, g

and for large 90ps, we must choose A () £C such that



M2 () < | -

- If we multiple out the numerator amd denominater, we can show

Male) o c - Qc(ng a{za_ntgc(h\/\[n)n_”z)

M) 4+ O ('3
2 lael®
*eX
. _logn - b
where 2 sin | TTC lo n=
gelr = ( 09X wd A= P P
7T logn ®) else

“For small gaps, we wont 'V\zCQ/'V\. >l This Suﬁjeﬁs

we pick Alt) +o be big around zZevos of 3().
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This chotce of ALY gives :

|
MEXC\ - _f,_c_f&'n(-ztcv(l-sﬁ (1-v) dv.

v

Ms'mg Mathematica, we con find the smallest ¢ >0 for whicl

| S
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C= 0.518 ~vorks! i k20518l
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Produces 7e £0.517L | r=I.1 (under'QH\
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Limitation : Conrcy Ghosh- Gonek show that this method
cannot  attain }L< for any choice of Cx.



) westions

Large gops and moments of zeto

Method : due to RR Mall (1299) | unconditional
Gonsider the ordinates of nontrivial zeros on the critical line:

0D¢t, ¢t ¢ EaS. .
and let

Ltn+l - tin

/\:zh”w"*ﬁ QTC/Io'jtn

Nn—=>o00

RH = ’}\=/\. \Ancondih‘or\ang ) /\ 7 7\> |.



Tt - tn

A= limoue  ~ 27 igatn Conjecture
Results on N n-eo B A=

Aut+hor / Year Lower bound on N\

Al (199) 226

Holl  ('02) 2.34520

Al (05) 2.63063%
Bredbery ) 2. 76

Bui- Milinovich — (1#) 318

Rest results on A using Mueller me+hod *
A>29  (under RH) by Bui Z201]
A 23.032 (under GRH for Dirichlet L~-Func+i0'ns§ 5 Fenﬁ 5 i ZUIS

Aall's Method

\/\/irﬂnqer$ \nequah'er * Suppose that f£) is a real,continuously

differentiable function wnich satisfies f(0) = £(7T) =0. Then

Jf(t)zo/t sff’(t)z Jdt -

Extend to T complex- valued & continuouslj differentiable | if
$(@ = F(b) =0 :

b (b-0) ;
fl:m\z,u ¢ - rlF'mllolt.




J ‘d\.vll ~ v - Tt‘ J (IR -
S o

Toy exarple of Halls Method -

« bosed on a comment in Halls 1999 article

- We will show +hat N\ 7 A3

e Thus, under RH, A743,

Choice of function: Take FE) +o be +he Mardj Z -function -

. o Pl 9"
ZH):= e|9('t\ S(%"'itw = {TE ¢ P(—'J—éi-t)} '3(,/'1'”{33.

= (X (£+11)) il

Proof - Suppese, +owards comtradiction, that ALK , for K

some veal number. Denote all of +he Zeros of ZE) 1 the interval

[T27] by

O P T L I v

By our assumptiorv we have

2T K
thnsi—tn € C/+o(ﬂ) 1031- o T—c0,



%\/ Wir+ln3er‘s ‘meo]uali-fy
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Summing For all Zeros in +he range [T, 27 |, we have

EN N . N
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Since |2 = | 5z+ie)| << £ € (Weyls bound)

and our assumption, We \ave
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we will have comtradicted our aSSumP—HoV\ and may conclude

Want-:

Moments :

Nz K.

loa' T Z2 ) dt
Winsup T2r J,
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we have contradicted AR . Thus

,){a/(ds & Lirtewood



Other choices of fle):

b . b
j £ de ¢ (b;? flf’(t)lzdt.

e o

. Hall (1999) fN: 2 = A7 2.263509.
2T
-
Uses - J:— 'Zq(t\ét ~ z—rrlosq_r (lngham\
T T <
I 2@ v o 9T (fall)

Maodifications :

Yoll 2008) ¢ Modification with shifts + f€)= ZEREHE+Q)

|
logt

where o «
Reasoning:  Consider [T, T+b) (lerg+h )
¥ atb and FKY*O For <€ (T,T+ b), then \50\,{

get that ZE) #O in an interval of lengtin o+b |

This idea yields  AZ 2.630037...



. Current Record © Bui € Milinovich A2 3¢

Theiv  feo) incorporates shifts and an idea of Bredberg-'

T

vtlogor . KT L.
Fe) = e T(mtit) 3(151-%-%1,[03_,.,29 [\/\Ca-i-l'ts
\—/M_\/ \—/-'\’—-/
mMminat c Kinow) o~ Dirichlet )
reof \olued ~olua Pol:jnowm-}
Funcsion eenem—
Choice of M :
E dr (D (Po\\/hornicd_> y ©<'4 by Betin Buu L) Radzwild.
r\s
net®
| Hughes-
— I 9
¢ Note: Bredberj choese M(S) = }:g ns , ©< M by Young

nE&T

Limitations of Me+lhod

CD The method relies on be‘mj able 0 compute

2T 2 ar 2
f |£())°d+  omd f | F'(Dldt.
T T
For 3(), we only have +his information for the
gecond ‘E fourth moment.

-This is wIny usihﬁ amplhfl’ers is be'mj exp|ored .

The longer +he len9+h, +he better— we do.



Conjecture:  As T =00, ]

frl?;(‘aﬁt)\md& v c:.gT“"ST)11 , R0

£l Proved by Hardy +Lilewood (1918)
=2: Proved by Ingram (1926)

Values of <
% =3 : Conjec+ured by Conrey - Ghoshh (1998)

$o =u- Conjec+ured by COV\FC\/ - Gonek ( 2001)
Qe(k\"fji: Cor\:)ec-\—uu'e& \77 Kea+iv\9~snai+lr\ (2000)

%elN - - Conij:Pu"&d by Diaconu, Go\d?eld, Woffstein (200%)

" Conjectured by Conrey,Farmer, Kea+1n3,’l2ubins+ein ﬁmi’fl'l
| (2005)

Suppose yow knew all the moments ... How much will Hall’s

e+hod give you?

Mughes ¢ Predictions $from BMT *
v 2¢-2h | 2k k+Zh
[ 26) TZ2'0) de ~ o) blnk) T (egT)

N e

Produd' )
over

pPrimes
Hall has shown A
2002 6+h moment = 2.89I4

Z+h Mmoment = 3.392
O+ moment = 3 8SE
1241 moment = 4H.29§



Conre\/, Farmer, Keating, Rubinstein, € Snaith (2006)

"Recipe"  for moments of L- functions (with shif+s)

One might *
- See what the recipe of CFKRS yields (w/ shifis)

*Try to win, somehow harnessinj knowledge of Znd oL
U¢h moment +oge+hev.
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