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Part I. Path to Langlands—Rapoport (LR) conjecture
@ Hilbert’s 12th problem, Kronecker's Jugendtraum
@ Shimura varieties
@ Langlands: early investigation

@ Langlands—Kottwitz—Rapoport (LKR) method

Part 1. On mod p points of Shimura varieties
@ LR conjecture

@ Recent results
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Hilbert's 12th problem (1900)

Give a family of “special” functions and their values generating maximal
abelian extensions of a number field F.
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Hilbert's 12th problem (1900)

Problem

Give a family of “special” functions and their values generating maximal
abelian extensions of a number field F.

This generalizes

@ Kronecker—-Weber Thm over Q,
(exp functions)

@ Kronecker's Jugendtraum over imaginary quad. F.
(modular j-function & some elliptic functions)

Motivated Shimura and Langlands.
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Hilbert's 12th problem (1900)

Give a family of “special” functions and their values generating maximal
abelian extensions of a number field F.

This generalizes

@ Kronecker—Weber Thm over Q,
(exp functions)

@ Kronecker's Jugendtraum over imaginary quad. F.
(modular j-function & some elliptic functions)

Motivated Shimura and Langlands.

Still open, cf. Dasgupta—Kakde's Thm over totally real fields.
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Hilbert's 12th problem (1900)

Problem

Give a family of “special” functions and their values generating maximal
abelian extensions of a number field F.

This generalizes

@ Kronecker—-Weber Thm over Q,
(exp functions)

@ Kronecker's Jugendtraum over imaginary quad. F.
(modular j-function & some elliptic functions)

Motivated Shimura and Langlands.

... how this result can be generalized for the number fields of higher degree, making
thereby an introduction to the theory of automorphic functions and abelian varieties.
— Shimura, Automorphic Functions and Number Theory (1968)
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Shimura 1/2

Jugendtraum,
Hilbert's 12th

analytic h i
algebraic e

modular/automorphic forms
by Hecke, Siegel,
Eichler, Weil, ...

CM theory for
elliptic curves

|

CM theory for
abelian varieties
(Shimura—Taniyama,
1961)
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Shimura 1/2

Jugendtraum,
Hilbert's 12th

analytic h i
algebraic RS

modular/automorphic forms
by Hecke, Siegel,
Eichler, Weil, ...

| |

CM theory for
abelian varieties
(Shimura—Taniyama,
1961)

CM theory for
elliptic curves

theory of canonical models
_— for Shimura varieties
(Shimura, 1960s)
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Examples of Shimura varieties

Modular curves
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Examples of Shimura varieties

Modular curves

M := {elliptic curves (+add'l str)}/ ~, g-proj curve/Q.
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Examples of Shimura varieties

Modular curves

M := {elliptic curves (+add'l str)}/ ~, g-proj curve/Q.

Over C,  My(C) =~ SLo(Z)\§ % Ak
C/1,7) & T < j(7)
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Examples of Shimura varieties

M := {elliptic curves (+add'l str)}/ ~, g-proj curve/Q.

Over C,  My(C) =~ SLo(Z)\§ % Ak
C/1,7) & T <~ j(r)
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Examples of Shimura varieties

M := {elliptic curves (+add'l str)}/ ~, g-proj curve/Q.

Over C,  My(C) =~ SLo(Z)\§ % Ak
C/1,7) & T <~ j(r)

Siegel modular varieties

i M{ Mg := {pol'd abelian varieties of dim g}/ ~ .
o This is a g-proj variety/Q of dim g(g +1)/2.
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Examples of Shimura varieties

M := {elliptic curves (+add'l str)}/ ~, g-proj curve/Q.

Over C,  My(C) =~ SLo(Z)\§ % Ak
C/1,7) & T <~ j(r)

Siegel modular varieties

i M{ Mg := {pol'd abelian varieties of dim g}/ ~ .
o This is a g-proj variety/Q of dim g(g +1)/2.

X
The modular varieties Mg turn out to be canonical models/Q.
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Shimura 2/2

Shimura’s problems @ ICM 1966 (rephrased a bit)
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Shimura 2/2

Shimura’s problems @ ICM 1966 (rephrased a bit)

© Construct canonical models of Shimura varieties over # fields.
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Shimura 2/2

Shimura’s problems @ ICM 1966 (rephrased a bit)

© Construct canonical models of Shimura varieties over # fields.

@ Find a connection between

(-functions of ? Hecke eigenvalues for
Shimura varieties automorphic forms

Sug Woo Shin (UC Berkeley) Points on Shimura varieties



Shimura 2/2

Shimura’s problems @ ICM 1966 (rephrased a bit)

© Construct canonical models of Shimura varieties over # fields.

@ Find a connection between

(-functions of ? Hecke eigenvalues for
Shimura varieties automorphic forms

e.g. Shimura showed “ ((s,Sh) = 1:[ L(s,f)* " in 1-dim’'l examples.
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Shimura 2/2

Shimura's problems @ ICM 1966 (rephrased a bit)

© Construct canonical models of Shimura varieties over # fields.

@ Find a connection between

(-functions of ? Hecke eigenvalues for
Shimura varieties automorphic forms

e.g. Shimura showed “ {(s,Sh) = 1:[ L(s,f)* " in 1-dim’'l examples.

Some answers

© Deligne: “abelian-type” ('70s);
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Shimura 2/2

Shimura's problems @ ICM 1966 (rephrased a bit)

© Construct canonical models of Shimura varieties over # fields.

@ Find a connection between

(-functions of ? Hecke eigenvalues for
Shimura varieties automorphic forms

e.g. Shimura showed “ {(s,Sh) = 1:[ L(s,f)* " in 1-dim’'l examples.

Some answers

© Deligne: “abelian-type” ('70s); Borovoi/Milne: general ('83)

3 AR
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Shimura 2/2

Shimura's problems @ ICM 1966 (rephrased a bit)

© Construct canonical models of Shimura varieties over # fields.

@ Find a connection between

(-functions of ? Hecke eigenvalues for
Shimura varieties automorphic forms

e.g. Shimura showed “ {(s,Sh) = 1:[ L(s,f)* " in 1-dim’'l examples.

Some answers

© Deligne: “abelian-type” ('70s); Borovoi/Milne: general ('83)

3 AR

@ Langlands proposed and developed a program (next topic).
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Hilbert's 9th problem

Find the most general reciprocity law over every number field.
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Hilbert's 9th problem

Find the most general reciprocity law over every number field.

This should generalize

@ quadratic reciprocity,

@ Artin reciprocity (class field theory).
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Hilbert's 9th problem

Problem

Find the most general reciprocity law over every number field.

This should generalize
@ quadratic reciprocity,

@ Artin reciprocity (class field theory).

Langlands reciprocity/functoriality conjectures (according to Tate)

In 1967, Langlands was studying the analytic theory of automorphic forms on
general reductive algebraic groups and saw a formal relation between Artin's
L-series and some Euler products arising in the theory of Eisenstein series. This
led him to some general conjectures, ...

Mathematical developments arising from Hilbert’s problems,
Proceedings of Symposia in Pure Mathematics 28 (1974)
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Langlands: early investigation 1

Langlands, Some contemporary problems with origins in the Jugendtraum,
(Hilbert’s 12th problem)

Mathematical developments arising from Hilbert's problems,
Proceedings of Symposia in Pure Mathematics 28 (1974)

Sug Woo Shin (UC Berkeley) Points on Shimura varieties



Langlands: early investigation 1

Langlands, Some contemporary problems with origins in the Jugendtraum,
(Hilbert’s 12th problem)

Mathematical developments arising from Hilbert's problems,
Proceedings of Symposia in Pure Mathematics 28 (1974)

For various reasons it is to be expected that
the L-functions associated to these Shimura varieties
can be expressed in terms of
the L-functions associated to automorphic forms

on the group defining the variety and on certain related groups.
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Langlands: early investigation 1

Langlands, Some contemporary problems with origins in the Jugendtraum,
(Hilbert’s 12th problem)

Mathematical developments arising from Hilbert's problems,
Proceedings of Symposia in Pure Mathematics 28 (1974)

For various reasons it is to be expected that
the L-functions associated to these Shimura varieties
can be expressed in terms of
the L-functions associated to automorphic forms

on the group defining the variety and on endoscopic groups.
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Langlands: early investigation 1

Langlands, Some contemporary problems with origins in the Jugendtraum,
(Hilbert's 12th problem)

Mathematical developments arising from Hilbert's problems,
Proceedings of Symposia in Pure Mathematics 28 (1974)

For various reasons it is to be expected that
the L-functions associated to these Shimura varieties
can be expressed in terms of
the L-functions associated to automorphic forms
on the group defining the variety and on endoscopic groups.

~» many instances of Langlands reciprocity (Hilbert's 9th problem)
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove: |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh  ~~
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh ~» Langlands—Rapoport Conj.
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh ~» Langlands—Rapoport Conj.

@ which 7, r, and a occur? ~~
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh ~» Langlands—Rapoport Conj.

@ which 7, r, and a occur? ~» L-indistinguishability (a.k.a. endoscopy)
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh ~» Langlands—Rapoport Conj.
@ which 7, r, and a occur? ~» L-indistinguishability (a.k.a. endoscopy)

@ analyze the outcome of @ in relation to Arthur—Selberg trace formula

~
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh ~» Langlands—Rapoport Conj.
@ which 7, r, and a occur? ~» L-indistinguishability (a.k.a. endoscopy)

@ analyze the outcome of @ in relation to Arthur—Selberg trace formula

~~ “combinatorial arguments” (point-count, stabilization, fund. lemma)
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Langlands: early investigation 2

In 1970-80s, Langlands (+ Kottwitz, Rapoport, ...) developed a program to

Prove : |((s,Sh) = H L(s,m,r)?|

where 7 is an auto. rep. on some group H, risarepof tH, acZ.

“Three important matters”

@ structure of mod p points on Sh ~» Langlands—Rapoport Conj.
@ which 7, r, and a occur? ~» L-indistinguishability (a.k.a. endoscopy)

@ analyze the outcome of @ in relation to Arthur—Selberg trace formula

~~ “combinatorial arguments” (point-count, stabilization, fund. lemma)

Langlands—Kottwitz—Rapoport (LKR) method:

fixed pt | trace formula @) ¢-function,
- | formuin for Sh f-adic coh. of Sh
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Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)

@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).
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Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)
@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).

@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
[¢]

Sug Woo Shin (UC Berkeley) Points on Shimura varieties



Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)

@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).

@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
[¢]

How to think of RHS, when .¥ is Siegel modular variety of genus g:
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@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).

@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
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How to think of RHS, when .¥ is Siegel modular variety of genus g:

@ [§] > isogeny class of polarized abelian varieties of dim g,
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Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)

@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).

@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
[¢]

How to think of RHS, when .¥ is Siegel modular variety of genus g:
@ [§] > isogeny class of polarized abelian varieties of dim g,

@ X,(¢) <> p-power isogenies,
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Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)

@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).
@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
[¢]

How to think of RHS, when .¥ is Siegel modular variety of genus g:
@ [§] > isogeny class of polarized abelian varieties of dim g,
@ X,(¢) <> p-power isogenies,

@ XP(¢) <> prime-to-p isogenies,
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Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)

@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).
@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
[¢]

How to think of RHS, when . is Siegel modular variety of genus g:
@ [§] > isogeny class of polarized abelian varieties of dim g,
@ X,(¢) <> p-power isogenies,
@ XP(¢) <> prime-to-p isogenies,

@ Iy < Aut(¢), the automorphism group (in the isogeny category).
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Langlands—Rapoport (LR) Conjecture

LR Conjecture on Shimura varieties (1987, refined later)

@ 3! “integral canonical models” . over a p-integer ring (e.g., Zp).
@ 3 a Frobp,-Hecke equivariant bijection

S(F) +— [T@\(X:(¢) x X*(9)).
[¢]

How to think of RHS, when . is Siegel modular variety of genus g:
@ [§] > isogeny class of polarized abelian varieties of dim g,
@ X,(¢) <> p-power isogenies,
@ XP(¢) <> prime-to-p isogenies,

@ Iy < Aut(¢), the automorphism group (in the isogeny category).

@ Frob, acts on X,(¢); Hecke (away from p) acts on XP(¢).

@ RHS is group-theoretic. NO reference to abelian varieties.
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LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Sug Woo Shin (UC Berkeley) Points on Shimura varieties



LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Ex: Jugendtraum (dim = 0)

F/Q imag. quad, ¥ = moduli of ell. curves with CM by F (+ add'l str).
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LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Ex: Jugendtraum (dim = 0)

F/Q imag. quad, ¥ = moduli of ell. curves with CM by F (+ add'l str).

FEEF) = FN\(FG/OF x (AFP)*) = FPNAP/OF .
Qp Qp
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LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Ex: Jugendtraum (dim = 0)

F/Q imag. quad, ¥ = moduli of ell. curves with CM by F (+ add'l str).

FEEF) = FN\(FG/OF x (AFP)*) = FPNAP/OF .
Qp Qp

@ In this case, class field theory + CM theory = LR conj.
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LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Ex: Jugendtraum (dim = 0)

F/Q imag. quad, ¥ = moduli of ell. curves with CM by F (+ add'l str).

FE(F) +— F\(FG /0K x (AFP)) = FX\APX/OF .
Qp Qp

@ In this case, class field theory + CM theory = LR conj.

Ex: . = modular curve = moduli of ell. curves
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LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Ex: Jugendtraum (dim = 0)
F/Q imag. quad, ¥ = moduli of ell. curves with CM by F (+ add'l str).

FEE) — P\ (RE/0% X (8F7)) = F\AZR/OF .

@ In this case, class field theory + CM theory = LR conj.

Ex: . = modular curve = moduli of ell. curves

Can “probe” .#(F,) and prove LR using 0-dim’l sub-Shimura varieties
= V imag. quad. F.
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LR Conjecture: relation to Jugendtraum/CM theory

The LR bijection asserts: |.7(F,) +— gy 1o @\ (Xo() x XP(9)) |

Ex: Jugendtraum (dim = 0)
F/Q imag. quad, ¥ = moduli of ell. curves with CM by F (+ add'l str).

FEE) — P\ (RE/0% X (8F7)) = F\AZR/OF .

@ In this case, class field theory + CM theory = LR conj.

Ex: . = modular curve = moduli of ell. curves

Can “probe” .#(F,) and prove LR using 0-dim’l sub-Shimura varieties
= V imag. quad. F.

Key Principle (part of Honda-Tate theory)

Every isogeny class [¢] contains mod p reduction of CM points (special pts).
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LR conjecture: what's known

LR Conjecture (1987) — at primes of good reduction

© 3! integral canonical models .7.
@ Frob,-Hecke equiv. #(F,) & L1y (@) (X(6) x X*(0)).
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LR conjecture: what's known

LR Conjecture (1987) — at primes of good reduction

© 3! integral canonical models .7.
@ Frob,-Hecke equiv. #(F,) & L1y (@) (X(6) x X*(0)).

For abelian-type Shimura varieties (quite general),
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LR conjecture: what's known

LR Conjecture (1987) — at primes of good reduction

© 3! integral canonical models .7.
@ Frob,-Hecke equiv. #(F,) & L1y (@) (X(6) x X*(0)).

For abelian-type Shimura varieties (quite general),
@ by Kisin for p # 2 (2010), Madapusi-Pera + W. Kim for p = 2 (2016)
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LR conjecture: what's known

LR Conjecture (1987) — at primes of good reduction

© 3! integral canonical models .7.
@ Frob,-Hecke equiv. #(F,) & L1y (@) (X(6) x X*(0)).

For abelian-type Shimura varieties (quite general),
@ by Kisin for p # 2 (2010), Madapusi-Pera + W. Kim for p = 2 (2016)
@ weaker version by Kisin (2017), modulo ambiguity in the /;(Q)-action.
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LR conjecture: what's known

LR Conjecture (1987) — at primes of good reduction

© 3! integral canonical models .7.
@ Frob,-Hecke equiv. #(F,) & L1y (@) (X(6) x X*(0)).

For abelian-type Shimura varieties (quite general),
@ by Kisin for p # 2 (2010), Madapusi-Pera + W. Kim for p = 2 (2016)
@ weaker version by Kisin (2017), modulo ambiguity in the /;(Q)-action.

Problem:
weaker LR
(Kisin '17)
doesn’t work
v
LR conj. fixed pt | trace formula ¢-function,
(not known) | formula for Sh f-adic coh. of Sh
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A recent result on the LR conjecture

Y . .
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A recent result on the LR conjecture

Theorem (Kisin—S.=Y. Zhu, 2021)

For abelian-type Shimura varieties with good red at p,
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A recent result on the LR conjecture

Theorem (Kisin—S.=Y. Zhu, 2021)

For abelian-type Shimura varieties with good red at p,

(i) LR conjon #(Fp) =R 1y (@) (Xp(@) X XP(6)) holds,

modulo less ambiguity in the I4(Q)-action than in Kisin '17.
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A recent result on the LR conjecture

Theorem (Kisin—S.=Y. Zhu, 2021)

For abelian-type Shimura varieties with good red at p,

(i) LR conj on #(Fy) Ty o (@\ (Xo(6) X XP(6)) holds,
modulo less ambiguity in the I4(Q)-action than in Kisin '17.

Frob,-Hecke
<

(ii) This is enough for the intended applications to (-fns and Hg .
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A recent result on the LR conjecture

Theorem (Kisin—S.=Y. Zhu, 2021)

For abelian-type Shimura varieties with good red at p,

(i) LR conj on #(Fy) Ty o (@\ (Xo(6) X XP(6)) holds,
modulo less ambiguity in the I4(Q)-action than in Kisin '17.

Frob,-Hecke
<

(ii) This is enough for the intended applications to (-fns and Hg .

(modulo endoscopic classification of relevant automorphic reps).

Sug Woo Shin (UC Berkeley) Points on Shimura varieties



A recent result on the LR conjecture

Theorem (Kisin—S.=Y. Zhu, 2021)

For abelian-type Shimura varieties with good red at p,

(i) LR conj on #(Fy) [y 16(@\ (Xo(9) X XP(6)) holds,
modulo less ambiguity in the I4(Q)-action than in Kisin '17.

Frob,-Hecke
S

(i) This is enough for the intended applications to (-fns and Hg .

(modulo endoscopic classification of relevant automorphic reps).

(i) less weak LR weaker LR
(KSZ '21) (Kisn '17)
i doesn’t work
\
LR conj. trace formula -function,
e - — >
(not known) for Sh Ksz2 | ¢-adic coh. of Sh
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A recent result on the LR conjecture

Theorem (Kisin—S.=Y. Zhu, 2021)

For abelian-type Shimura varieties with good red at p,

(i) LR conjon #(Fp) = R 1y (@) (Xp(@) X XP(6)) holds,

modulo less ambiguity in the I4(Q)-action than in Kisin '17.
(ii) This is enough for the intended applications to (-fns and Hg

(modulo endoscopic classification of relevant automorphic reps).

(i) less weak LR weaker LR
(KSZ '21) (Kisn "17)
N
doesn’t work
\
LR conj. trace formula | . ¢-function,
(not known) for Sh Ksz2 | ¢-adic coh. of Sh

Proof by “enhanced probing” via CM theory, integral p-adic Hodge theory, ...
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Probing points of Shimura varieties mod p

special point key isogeny classes Kottwitz triples
data (T, h) principle 7cC y(FP) (’YO, v, 5)

A
: match?
by LR 1987 v

conj. classes of
admissible
morphisms [¢]
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Probing points of Shimura varieties mod p

special point key isogeny classes Kottwitz triples
data (T, h) principle 7cC y(]Fp) (’YO, v, 5)

A
: match?
by LR 1987 v

conj. classes of
admissible
morphisms [¢]

Fact (Kisin '17): Can assign [¢] to each Z compatibly with the diagram.
= S(F,)= ;4 Z[¢] satisfying weak LR (“adelic error”).
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Probing points of Shimura varieties mod p

special point key isogeny classes Kottwitz triples
data (T, h) principle 7cC y(]Fp) (’YO, v, 5)

A
: match?
by LR 1987 v

conj. classes of
admissible
morphisms [¢]

Fact (Kisin '17): Can assign [¢] to each Z compatibly with the diagram.
= S(F,)= ;4 Z[¢] satisfying weak LR (“adelic error”).

KSZ '21

Refined matching via finer invariants. ~» less weak LR (“rational error”).
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Comments, Further directions

Further directions

There are recent developments on analogues of the LKR method:

© bad reduction of Sh: 3 at least 3 approaches due to
Harris—Taylor, Mantovan // Haines, Kottwitz, Rapoport // Scholze

@ intersection cohomology

© lgusa varieties: related to first approach of (1); 3 other apps.

@ Caraiani-Scholze, Haines—Richarz, Hamacher—-Kim, Kisin—Pappas,
Pappas—Rapoport, van Hoften, Youcis, Zhou, Haines—Zhou—Zhu, ...

@ ..., Morel, Y. Zhu, KSZ2
© Bertoloni Meli-S., Kret-S., MackCrane, M. Zhang, ...

(I apologize for unintended omissions.)
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Summary, main takeaways

Jugendtraum, Hilbert’s 12th, CM theory
é Shimura, Deligne, Langlands, ...
Shimura varieties, study of their {-functions
é Langlands, Kottwitz, Rapoport, ...
(versions of) Langlands—Rapoport conjecture
é LKR, Kisin, KSZ
stable trace formula for Shimura varieties of abelian type
: very many (e.g., Kret—S, KSZ2)

Y
cohomology, ¢-functions, Hilbert's 9th (Langlands reciprocity), ...

é

further applications
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