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Galois representations of abelian varieties

Let A be an abelian variety over QQ, of dimension g:
for any rational prime /, there is a Galois representation

pas: Gal(Q/Q) = GLog(Qr) = End’(Hz(Ag, Qv))

Let p be a prime of good reduction for A: pa ¢(Froby) € GLog(Qy)
Consider « an eigenvalue of pa ¢(Frobp):

o (Weil Conjectures) |a|s = p3;

e what can we say about ||, ? or equiv. about val,(a)?

Examples

e if Ais an elliptic curve (g = 1): {Va/p(a1)7 Va/p(Oéz)} is
either ord = {0, 1} or ss = {2, 5

e if Ais an abelian surface (g = 2): {va/ (o) [L<i<4}is
Ord2:{0a07171} OFSSZZ %’%’% }orord@SS—{O,pg; }
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Newton Polygons of abelian varieties

|
The Newton polygon at p of A is the convex polygon of slopes

vp(A) = {val,(a) | « eigenvalues of Frob, on Hig(A/Q,)}

A Newton polgyon satisfies
(P1) vp(A) starts as (0,0) and ends at (2g, g);
(P2) vp(A) is symmetric: X € vp(X) iff 1 — X € vp(X);
(P3) all slopes A € QN [0,1].

E.g. the ordinary polygon ord® = {0,...,0,1,...,1}.

Theorem [Grothendieck—Manin Conjecutre]| (Oort, 2000)

Given a Newton polygon v and a prime p: there exists A/F, such that v,(A) = v.

Question: given A/Q and v, what can we say about 5,(A/Q) = {p | vp(A) = v}?



Caltech A conjecture of Serre

Ordinary Primes
Conjecture (Serre)

Elena Mantovan

Aconjecture of After passing to a finite extension L/Q: the set S, (A/L) = {p € |L| | vp(X) = v}
sere has natural density 1 if v = ord® and 0 otherwise.

Hence, Sora(A/Q) = {p € |Q| | vp(X) = ord®} has positive density > ﬁ

Examples

Denote d; = §(Sora(A/L))
e if Ais an elliptic curve over Q:
® (Serre, 1977): if Aiis not CM: dg =1
® (Shimura-Tanayama, 1967): if A is CM: §, = 1 if L = End(A) and dg = 3
® if Ais an abelian surface over Q:
® (Katz, 1982): §; =1 for some L/Q.
* (Sawin, 2016): dg € {1, 3,1} depending on End2(A).
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Shimura varieties
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Elena Mantovan  Consider a Shimura datum (G, X) where G/Q connected reductive group.
(Shimura) X is hermitian locally symmetric domain & G(R)

If I C G(Q) is a suff. small discrete subgr. then '\ X is C-manifold;

M\X = Shr(G, X)(C)* where Shr(G, X) algebraic variety;

Shr(G, X) is defined over a number field Er(G, X);

Er(G, X) is determined from the space automorphic forms on G of level I'.

Shimura
varieties

(Deligne) X is a G(R)-conjugacy class {h: S — G(R)} (Hodge structures):
e [\ X moduli space of Hodge structures

® if G C GSpy,, and h € X have weights (—1,0) and (0, —1) (Hodge type)
Shr(G, X) is moduli space of abelian varieties with additional structures;

* E£E(G, X) is determined from (G, X) (the reflex field).
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Examples

Let B semisimple central algebra over F, where F is either CM or totally real field.

Shimura

varieties * Define a B-module structure on (V, (,)),
G® = GLg N GSpy,
* Shr(G8, X) is moduli space of polarized ab. var. with multiplication by B,
B — End%(A)
® X prescribes the isom. class of Liec(A) as B ®g C-module, e.g. if B=F

f: Hom(F,C) = Z>0, 7 — f(7) = dim¢ Liec(A)(7) (the signature of A)
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Geometry of Shimura varieties in positive characteristic

Suppose B C End2(A) with signature f: consider Sh = Sh(G5, X;)
o if Vp: Shﬁp[u] ={x|vp(x)=v} =2 then S,(A) ={p|vp(A)=v}=0

Theorem (Kottwitz, Rapoport-Richartz, Wedhorn, Viehmann-Wedhorn, ...

Assume p is unramified for (G, X).

o Shﬁp[z/] is a locally closed subspace (Newton stratum)
Sth[y] # 0 iff v € Bp(G, X) (the Kottwitz set)
Shﬁp[ordg] = @ iff p is not totally split in the reflex field E/Q

® there is a unique non-empty open Newton stratum (u-ordinary stratum)
¢ u-ordinary Newton polygon is ord® iff p is totally split in E/Q

Sord(A/Q) = {p | vp(A) = ord} C S(E/Q) = {p | p tot. splitin E/Q}
Note: 5(S(E/Q)) = (g < 1if E# Q, and §(S(E/L)) = 1if L=E

)
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The smallest Shimura variety containing A

Let ha : S* — GSp,,(R) be the Hodge structure of A.

|
The Mumford—Tate group of A is the smallest subgroup Ma C GSp,, over Q
such that ha : ST = Ma(R) C GSpy,(R)

Sh(G, X) is moduli space of abelian varieties satisfying Ma C G

Sh(Ma, [ha]) is the smallest Shimura variety containing A.
If B =End@(A) then ha : St — GB(R) for GB = GLg N GSpy,,
Sh(GB,[ha]) is the smallest Sh. var. of PEL type containing A.

Note: 3 A satisfying M4 # G for B = End2(A) (A has exceptional cycles)
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Assumptions: type IV and simple signature

(A1) End2(A) = F is a CM field
(A2) fais simple : (f(7),§(7*)) = (0, n) for all but one pair where is (1,n — 1))

Main Result

2

where * is complex conjugation on F and n = [‘?:('5]’4 relative dimenion of A.

Then My C GF = GLg N GSpy,

If (A1 —2): Mg = G (no exceptional cycles)

Proof: all connected reductive algebraic subgroups of Gf are of PEL-type.
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Let A be an abelian variety over a number field Q.
Assume (A1) End2(A) = F is a CM field and (A2) f4 is simple.

Main Result ¢ After passing to a finite extension L/Q, the set S,;q(A/L) has density 1

Theorem B (CLMPT)

Let A be an abelian variety over a number field Q, satisfying
(A1) End%(A) = F is a CM field and (A2) §4 is simple.

Assume also (A3) F/Q is an abelian Galois extension and (A4) F = End%(A)
® The set S,.0rd(A/Q) = {p € |Q| | p(A) = p-ord,(GF, X;)} has density 1
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Ordinary Primes— For any Newton polygon v: consider S,(A/L) = {p € |L| | vp(A) = v}:
Elena Mantovan ® Thm A computes the density of S, (A/L) for L/Q sufficiently large.
e Thm B computes the density of S,(A/L) for any L/Q.
|
Assume (A1-4). Denote 0, the density of S,(A/L) = {p € |L| | vp(A) = v} is:
Main Result
e if v = ords: 6L:ﬁ
e if v # ord® and v = p-ord, for some p: S, (A/L) is infinite
and 0 = [,__"L—”L] > 0if L 2 F (explicit a, € Z)
* if v # p-ord, for all p: 6 = 0.

Proof: Recall if E = E(GF, X;) is the reflex field of Sh(GF, X;) then
Soa(A/Q) € S(E/Q) = {p | p tot. split in E/Q}

More precisely, Sord(A/Q) = S,.0rd(A/Q) N S(E/Q)

By (Al —2) E ~ F, and by Cheboratev S(F/Q) has the density ﬁ
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Theorem B:
® (Shimura-Tanayama, 1967) if Ais CM then all p € 5,,.ra(A/Q)
e (S-T; Serre, 1977) if g =1
Main Result e (S-T; S; Sawin, 2016) if g =2

Theorem A:
e (Katz, 1982) if g =2
* (Pink, 1998) if End2(A) = Q and My is small
o (Fité, 2018) if g = 3,
if g =4 and End?C(A) = F quad. imag. and fa = (2,2).
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e Jinfinitely (F,f) :
(A1) F is a CM field (A2) f is simple (A3) F/Q is an abelian Galois ext.

Main Result

® (Shimura var. Thy) For any (F,{) satisfying (A1-3) :
3 infinitely many A/Q with End%(A) = F and 4 = f

I —
3 infinitely many A/Q satisfying (A1-3) and (A4) F = End%(.A)
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Let C the smooth projective curve given by affine equation
yo=x(x-1)(x—-t) teQ-1{0,1}.
Main Result Note us C Autc(C) by (x,y) — (x,(sy).
Let Jc be the Jacobian of C. Then Q(¢s) € End2(Jc)

* (A3) Q(¢s5)/Qis a CM and abelian extension
* (A4) Q(¢s) = Endgy e, (Jc)
If Jc is not CM (true for general C) then
e (Moonen, 2010) (A1) End2(Jc) = Q(Cs).
¢ (Deligne-Mostow, 1987): (A2) the signature is simple: fc = (1,0,2,1).
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Elena Martovan ord* = {0,...,0,1,...,1} if p=1mod5
prord,(GU) fo) = S ord® @ ss2 = {0,0,1,1,1,1 if p=4mod5
(1/4,3/4)={3.%.%+.4.2,2.3.23} ifp=23mod5
Main Result |
Let C the curve y® = x(x — 1)(x — t), t € Q — {0,1}. Assume Jc is not CM.

% if v = ord?
1 ifl/:ord2@ss
s({p € O=vd=41
o elQU¥alY=rD =11, _ (1/4,3/4)
0 otherwise

1if v = ord*

0 otherwise

6({p € 1Q(G)| | (C) = v}) = {
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Strategy

Assume A/Q is not CM. Write I = Gal(Q/Q).

Assume g =1: pay: [ — GL2(Qy)
* Up(A) # ord iff vp(A) = ss iff tr(Frob, | Hiz(A/Qp)) =0
* vp(A) # ord iff tr(pae(Froby)) =0

Proposition (Serre)

Let G/Qg conn'd alg. group, and Z C G(Qy) closed, stable under conjugation.
Assume p: [ — G(Qy) has dense image,
If Z C G(Qy) of Haar measure 0 then {p | p(Frob,) € Z} has density 0

e Z={g e GLx(Qy) | tr(g) = 0} is closed, conjug. stable, of Haar measure 0.
o if Ais not CM then pa(T) = GLy

. ______________________________________________________________|
If Ais CM: pA,g(F)Z&ur # GL2 and is not connected
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Strategy for g = 2 following Deligne and Katz

Assume A/Q is not CM. Write I = Gal(Q/Q)
Assume g = 2: PAL . Mr— GSP4(QZ)

* vp(A) = ss? iff tr(Frob, | Hiz(A/Qp)) =0
* U,(A) # ord? iff either v,(A) = 552 or vp(A) = ord @ ss

(Deligne): vp(A) # ord? iff p | tr(Frob, | H2z(A/Qp))

° iff p | tr (A%pa)(Froby)) for A% : GSp, C GL4a(Q¢) — GL6(Qy),
o iff tr ((x ® A?) o pa(Frobp)) € Z for x : GSp,(Q¢) — Q; similitude char.

(Weil Conjectures): |tr ((X ® A% o PA,E(FrObp)) | <6

o iff tr ((X ® N?) o pA’g(Frobp)) =c forc € {-6,-5,...,0,...,5,6}

|
)

(Katz; Fité-Kedlaya-Rotger-Surtherland): Describe pa ¢(I") " C GSp,(Qy)
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The ¢-adic monodromy group of A/Q is G4y = Im(pAyg)Zar C GL2g(Qy)

Ga,e might be not connected. Denote mo(Ga ) group of connected components.

Theorem (Silverberg, 1992; Larsen—Pink, 1997)

Galois ® mo(Gay) is independent on ¢
representations
* 3 Q" /Q finite Galois field s.t. pa, : Gal(Q®™™/Q) ~ mo(Ga) for all ¢
* if A/Q has no exceptional cycles: Q%™ is the field of definition of End2(A)

e After passing to L/Q, may assume Gay is connected (L = Qeonn)
o If (A1-2): (A4) F = End%(A) is equivalent to Q%™ C F;
e If (A1-4): 3 epimorphism of abelian grp. Gal(F/Q)—mo(Gay)
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Mumford—-Tate conjecture

Let GB\,Z the identity component of the /-adic monodromy group Gx ¢ of A.

Mumford—Tate Conjecture

GX,E = MA(QZ)-

e (Faltings, 1987) Gg,f = Ga(Qy) for a conn’d reductive group G4 over Q
® (Vasiu, 2008): the Mumford-Tate conjecture holds if (A1-2) .

By Assumptions (A1-2): Gg’[ = GF(Q).

Z
After passing to Q" /Q, we may assume Ga¢ = Im(pa () = GF(Qy)
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Step 1: Find suitable invariant a, = a(Frobp):

Elena Mantovan

® it detects ordinariness
if v5(A) # ord® then a, = c for finitely many values

® |ap| < C bounded independently of p (use Weil Conjectures)
® if vp(A) # ord® then a, € Z (use Newton stratification of Shimura variety)

® it is the trace of an algebraic representation of GSp,,.
The Proof

a(Froby) = tr(pa«(Frobp) | W) where GSpy, — GL(W)

Step 2: Compute tr(— | Wy) on Ga,=GF(Q/) € GSp,, (Qv)
o Z=T1.{g € GF(Qy) | tr(g | Wi) = c} is closed, stable under conjugation
® Z has Haar measure 0 = 0(Sora(A/FQ™)) =1
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Recall if vp(A) = ord® then p € S(F/Q) = {p | p tot. split in F/Q}.
WLOG assume p € S(F/Q).
Let V, = Hiz(A/Qp) a F ® Qp-vector space

° If pe S(F/Q): the action of Frob, on Vj, is F ® Qp-linear.
* (Kisin) T, = trrgq,(Froby | Vp) € OF C F®Q,
* a,=Nmgo(T,) € Z

Elena Mantovan

The Proof * (Weil Conjectures) |a,| < Cp? for d = @
* b, =p %a, € Q satisfies |b,| < C

|
For p € S(F/Q): if vp(A) # ord® then b, € Z (use Shimura variety)

* b, = tr(pas(Frob,)|W;) where GF — GL(W) not GSpyg — GL(W)
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Step 1: Find suitable invariant a, = a(Frobp):
Elena Mantovan

® it detects p-ordinariness
if vp(A) # p-ord,, then a, = c for finitely many values

® it is the trace of an algebraic representation on a subgroup G C GSpy,.
a(Frobp) = tr(pa¢(Frobp) | Wy) where G — GL(W)

The Proof Step 2: Compute tr(— | W) on GaCG(Qy) (and Ga, might be not conn'd).
For Z =[].{g € G(Qu) | tr(g | W;) = c} and each conn'd comp. G,g?e) of Gay:

e 7N G/E\Ue) closed, stable under conjugation, of Haar measure 0

|
By (A3-4): All conn'd comp. GA(\UZ) are stable under conjugation.
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By Assumption (A1-2): Sh is a simple Shimura variety (& la Harris—Taylor)
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* the Kottwitz's set B,(Sh) can be computed explicitely.

the Newton stratification of Shy, is totally ordered, for all p good.
the set B,(Sh) depends only on Frob,|r € Gal(F/Q)
for each o € Gal(F/Q) 3! a polygon pi,: p-ord, = pie if Frobp|r = o

Sp-ord(A/Q) =11, Su, (A/Q) where for each o we have

Su,(A/Q) € S5(F/Q) ={p | Frobp|r = o}
¢ (Chebotarev) S,(F/Q) has density ﬁ

|
For each o: the sets S, (A/Q) and S;(F/Q) have the same density

The Proof

The complement of S, (A/Q) C S,(F/Q) has density 0 (use Serre's Proposition)
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Fix o € Gal(F/Q) and assume p € S5,(F/Q).
Goal: an invariant a,(Frob,) detecting vp(A) = pi5.

Let V, = H3:(A/Qp) a F ® Qp-vect. sp.
° If p e 5,(F/Q): the action of Frob, on V,, is not F ® Qp-linear
* Frob, is K ® Qp-linear for K = F(?) by (A3-4)
* (Kisin) Tp = trkeq,(Frobp | Akgg, Ve) € Ok € K@ Qp for e = [F : K]
* (Weil Conjectures) a, = Nmy q(T,) € Z satisfies |a,| < Cp?
® b, =p 9a, € Q satisfies |by| < C

Elena Mantovan

The Proof

|
For p € S,(F/Q): if vp(A) # po then b, € Z

® by = tr(pa(Froby)|W;) where GX — GL(W) for G = GLk N GSp,,
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ordinary Primes For o € Gal(F/Q): tr(—, W) on GKX (depending on K = F(??)
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Need: Match to the conn'd component of Ga 4 .

(A4): Gal(F/Q)—Gal(Q*™/Q) ~ mo(Gar) = Gare/GQ,

For each o € Gal(F/Q), there is a conn'd component Gﬁfg) of Gay

* if p € S,(F/Q) then pa(Frob,) € Gf\fé)
The Proof o G/g?—f) g GK(QZ) for K — F<0'>

Goal: ZnN GE\UZ) =1l {g € G,E&) | tr(g | Wy) = ¢} has Haar measure 0
Enough: tr(— | W;) is not constant on G/E\Ué) (b/c if it is it takes integral value)
o for o =id: Gyy = G3, = GF(Q)

o for o #£id: G\7) = BY) . GF(Q,) ¢ GK(Qy) for some BY) € GK(Qy)
Al Al Al
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Al 2g )
Blena Mantovan  Caveat: These depend on A/Q
Strategy: Remove dependence on A/Q

e Compute a list of potential cosets representatives that is independent of A/Q
Idea: Bound mo(Gay) = GA74/G2’Z C GSpy,(Qr)/GF(Qy) independently on A/Q

For each coset [a] € GSpy, (Qr)/GF(Qy):
e choose B, € GSpy, (Q¢) e show tr(— | W;) is not constant on B, - G"(Qy)

The Proof Careful: need to match [a] and o € Gal(F/Q) s.t. B, - GF(Qy) € GK(Qy)
|

There is a monomorphism ¢ : mo(Ga ) — H/H1
where H C Weyl(GSpy,, T) and Hy = Weyl(GF, T) independent of A/Q.

For each o € Gal(F/Q): identify I, C H/H; such that
¢ $(GS)) € I, and o By € G(Qy) for all [o] € Iy
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Thank you!

The Proof



