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Unlikely intersections in algebraic geometry

Theorem (lhara-Serre-Tate)

Let f(x,y) € C[x,y] be a non-zero polynomial. Suppose the equation
f(x,y) = 0 has infinitely many solutions ({,n) with {,n roots of unity. Then
f(x,y) has a factor of the form x* — cy”, with a,b € 7 and c a root of unity.

This is NOT a purely geometric phenomenon:

n
X — aj
y:Ha_,-x—l |a,-|<1.
i=1
n

f(x,y) = H(X —aj) — yH(a_,-x -1)

i=1

-1 0 1

Roots of unity are torsion points of C*, and polynomials x* — cy®, with
c a root of unity are torsion translates of algebraic subgroups of C*x €*,
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Unlikely intersections in algebraic geometry

algebra «— geometry <— arithmetic

The principle of unlikely intersections: a variety is unlikely to contain a
Zariski dense subset of special points unless the variety is itself special.

We will focus on the Manin-Mumford conjecture.

Theorem (Raynaud '83)

Let X be a smooth projective curve of genus g > 2 defined over a number field
K, and let

Jp 1 X = Jac(X)
an Abel-Jacobi embedding of X into its Jacobian based at p € X(K). Then
Jp(X) N Jac(X)** is finite.
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Unlikely intersections in algebraic geometry

More generally, Raynaud proved:

A subvariety Y of an abelian variety A contains a Zariski dense subset
of torsion points if and only if Y is a torsion translate of an abelian
subvariety of A.

Manin-Mumford, Mordell-Lang, André-Oort, Pink-Zilber...see book of Umberto

Zannier: https://www.jstor. org/st\abiJj\).c:tt?rrldx
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e
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Dynamically special subvarieties

h
Let S be aset,and f: S — S a map. We will write o fmm
f"=fofo---of
—_———
n times P e T R i
< g

for the nth composition of f.

Definition

Let S be a set, and f : S — S a map. The (forward) orbit of a subset T C S is
the sequence of iterates {f"(T) : n € N}.

If T has finite forward orbit, then T is preperiodic. If f"(T) = T for some
n € N, then p is periodic.

bﬂ“‘”‘“c"‘& ra"'*’“fff’d"*‘h‘"" 03’ forsion FDM‘ES:

Let G be a group (with operation +), and [m] the multiplication-by-m map

[mlg =g +e+---+g-
N’

m times

Then g is torsion in G if and only if g is a preperiodic point for [m].
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Dynamically special subvarieties

This simple observation is a hint towards connections between dynamics and
arithmetic geometry. Call and Silverman initiated the study of arithmetic
dynamics by establishing a dictionary between arithmetic geometry of abelian
varieties and of algebraic dynamics.

wi"bmn.)(\'t "j c Q“
dlighe. auver <> dojnoaics
@ torsion <— preperiodic

@ canonical height <— dynamical height e mw_l/"g

o 7 and Q subgroups of points «— forward and grand orbits

@ complex multiplication elliptic curve «— post-critically finite map

| /
armul orbik 4 ° [’°5+‘“‘;k°"‘1[_1 éinllr. morp M{’f
~ LY Oect
=.— ./Da jm f(»\ 'Y fU H f
= ) =0
o gw s o )C"""k st
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Dynamically special subvarieties

With this analogy, one may replace the ‘classical’ Manin-Mumford conjecture
with a dynamical version.

Conjecture (Zhang '06) [ DYNAMICAL MANIN - WUmMFoRD CONTECTURE |
Let f : X — X be a polarized endomorphism of a complex projective variety X.

A subvariety Y of X contains‘&k&tétfm preperiodic points of f if and only
if Y is preperiodic for f. Zrnshie depae

Definition

f: X — X is polarized if there exists an ample line bundle £ on X and an
integer d > 2 so that f*£ ~ L.

Nw.ssiﬂ 0} eonolibion, :

) = 02.57) on 42 Fkhraddin ™ pbacd = Fi X P
f"(x,y) _ (XZ".y3") F . \PN — \‘)N m(J/u ‘H\D»JC
P &= XY E -
o) Pqld) ) A | X s _
P8y #47(A) ) [
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Dynamically special subvarieties

The dynamical Manin-Mumford conjecture generalizes the ‘classical’
Manin-Mumford conjecture.

@ X an abelian variety over C
o f =[m] with m>1,

then f is polarized, and a subvariety Y is preperiodic if and only if Y is a
torsion translate of an abelian subvariety.

Theorem of the cube =

m2+m m2—m

ML ~ £"2" @ [-1]°L"7".

So for ample, symmetric £ on X abelian variety, we have

[m"C~LCm.
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Dynamically special subvarieties

For other endomorphisms of abelian varieties,
'Y is preperiodic < Y is a torsion translate of an abelian subvariety’
does NOT always hold.

Counterexample of Ghioca-Tucker-Zhang '11, Pazuki '10:

E ot dighe wne, EndlE) = Rk gy
o ?é& ) loL\"\F\

waderic

)

Than ADp » wa ([‘—LEF]B S BrEEX

(=> .,4/15 S Uj/J:NLVK

EU\TLD N‘f(uj‘: \ ExE\ o ZWL# dinse 1n Ag,

—

("
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The dynamical Manin-Mumford conjecture

Conjecture (modification by Ghioca-Tucker-Zhang)

Let X be a projective variety, ¢ : X — X a polarized endomorphism, Y C X a
subvariety with no component in the singular locus of X. Then Y is
preperiodic for ¢ if and only if there exists a Zariski dense subset of smooth
points x € Y N Prep(¢) so that the tangent subspace of Y at x e preperiodic
under the induced action of ¢ on the Grassmanian Graimy ( Tx x)-

They proved that their modification holds for:

@ endomorphisms of abelian varieties

o lines in P* x P!

ldas. of endibion, = focbid bad 4
VLW a,ﬂ&lhg JQWN wm/\rg

bhide " Come ota?m jxu"’“
5
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The dynamical Manin-Mumford conjecture

For which pairs (X, f) of varieties with polarized endomorphisms f : X — X
does the Zhang dynamical Manin-Mumford conjecture hold?

o split endomorphisms: maps of the form (fi, ..., fn) : (P*)™ — (P')™
(

t
C {

— fi(z) =

< d>2 a4,by not both zero >

ey o ‘
wrrw OJ FFe

THE DYNAMICAL MANIN-MUMFORD CONJECTURE
AND THE DYNAMICAL BOGOMOLOV CONJECTURE
FOR ENDOMORPHISMS OF (P!)"

Baker-Hsia, DeMarco-K.-Ye, Ghioca-Nguyen-Ye, Ghioca-Tucker, Ghioca-Tucker-Zhang...
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The dynamical Manin-Mumford conjecture

For which pairs (X, f) of varieties with polarized endomorphisms f : X — X
does the dynamical Manin-Mumford conjecture hold?

e split endomorphisms: maps of the form (fi, ..., fy) : (P*)™ — (P*)™
e polynomial automorphisms of A (Dujardin-Favre)
@ monomial maps of toric varieties (Lin)

o lifts of the Frobenius (Medvedev-Scanlon, Xie)

Mwm - Favre Medvedev - Seanlon Yie

H ]
S C‘j wnon l’c" In this paper, we write C, for the completion of the algebraically closure of @,
with the induced norm. Denote by C;, its valuation ring and C;° the maximal
+ ideal of C5. Let : P — PX be an endomorphism taking form

Wd&’{’\wv on ch(tl;) Foifog:eeeian] o 1+ 9 Polwo, o an) o+ pPy(ao, - aw)]

¢ is a power of p, p' € C, and Py, -+~ , Py are homogencous polynomials
ree ¢ in Cylao, -+, xy]. We say that Fis a lift of Frobenius on PY.
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The arithmetic

K a number field, f : X — X a dominant endomorphism of a projective variety,
polarized by f*£ ~ £9, d > 2, all defined over K.

Theorem (Néron-Tate, Call-Silverman)

There is a well-defined function hs : X(K) — R>q given by
he(P) := lim m,
n— oo dn

known as the canonical dynamical height associated to f. This height has the
following properties:

e he(f(P)) = dhe(P),

e he(P) = h(P)+ O(1),

@ hf has a local decomposition. If P € L/K is not in the support of L,

h(P) = gy o (Lot Kilvca(P),

veM|

where the \r.z,, are local canonical height functions.
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The arithmetic

pd by = kot O Y

\ _
By Northcott's theorem and h¢(f(P)) = dh¢(P), a point P € X(K) is
preperiodic if and only if h¢(P) = 0.

Example. Let X =P, f(z) = z?. By definition,

he(P) = lim ”(Z;:) — h(P).

The preperiodic points are those of Weil height zero: roots of unity, 0, and co.

Example. Let X = A an abelian variety, with f = [m] for some m > 2. Then
hr agrees with the Néron-Tate height on A associated to £, as do the local
heights.
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The arithmetic

Example. Let E, : y> = x(x — 1)(x — t),t # 0,1 be a Legendre elliptic curve,
and 7 : E — P! the x-coordinate projection. The following diagram commutes:

[2]
EJc > Elc ( \
2 )2
* I T M2 = e -De =1
|———
%

The height hs on P! is hg, ((P)) = h:(w(P)), where h; is Néron-Tate on E;.

This type of map is known as a (flexible) Lattés map, and the preperiodic
points are the images under 7 of torsion points of E;.

. 3{
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Complex polynomial dynamics terminology

For self-maps of P!, these local heights are not mysterious! They are most
easily understood for polynomials, where they are Green's functions for the
dynamical object known as a filled Julia set.

Let's look at the archimedean setting, viewing f as a dynamical system
f : PL — PL by composition.

o Fatou set of f: the collection of a € C for which the iterates {f"}nen
form a normal family on a neighborhood of « (orbits near a behave like
the orbit of ).

o Julia set J(f): the complement of the Fatou set; no prediction possible
for orbits near «.

e if f is a polynomial filled Julia set K(f) of f: the collection of o € C
which remain bounded under iteration:

K(f):={a e C:|f"(a)] £ oo}

For polynomials, the Julia set is alternately characterized as the topological
boundary of the filled Julia set IC(f).

Holly Krieger University of Cambridge idistribution and unlikely i ions in arithmetic dynamics



Complex polynomial dynamics examples

-ZZ_I -

flled T «b =
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A simple dynamical system

Example: f(z) = 2>

We can actually compute £°"(z) = z%".
o |a|<1l=f"(a) >0
° o >1=f"(a) >

@ |a| =1 behavior depends on whether « is a root of unity or not.

Immediate consequence: J(f) = S*.
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A simple dynamical system

Example: f(z) = 2%

We can actually compute £°"(z) = z%".
o |a|<1l=f"(a) >0

o |a|>1= f"(a) > 0

@ |a] =1 behavior depends on whether « is a root of unity or not.

Immediate consequence: J(f) = S*.

General phenomena illustrated:

o All but finitely many preperiodic points are contained in the Julia
set. fw\.kL;l;l\J
. . .V .
@ There is an invariant measure us supported on the Julia set:

*ur = dpe, fpur = pe. This is known as the equilibrium measure
for f.
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Archimedean equidistribution: a first result

Theorem (Friere-Lopes-Mafie, Lyubich '83)

Let f : P — P! be a degree d morphism. There exists a unique f-invariant
probability measure pr supported on J(f) such that for all but at most two
points o € P!,

1 .
an Z 0x — pf in the weak-star topology.
f(x)=c

T sk of 2L <™ Ym’mxa wdas L

.,j' ow=( .
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Archimedean equidistribution: a first result
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Archimedean equidistribution: a second result

Theorem (Lyubich '83)

Let f : P — P' be a degree d morphism, and for n > 1 let Per,(f) denote the
set of points of period n for f. Then

1

[Per,(f)| Z dx —> pur in the weak-star topology.

xEPerp(f)

Yuiwlﬁ ‘d TMOOL n e {!,z,gﬁ)g}
SV (AT L
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Arithmetic equidistribution: the hammer

Note that the relation h¢(f(«)) = dhr(c) implies that if « is a point and x, an
nth preimage of « (all algebraic), then

he(xn) = dihf(a) —0 as n— oo.

n

Thus in the arithmetic setting, the previous two equidistribution results are
unified if we view {x : f"(x) = a} and Per,(f) as Galois orbits of points of
small height, as done by Szpiro, Ullmo, and Zhang.

T for abelian vmieiiw.

Theorem (Baker-Rumely, Chambert-Loir, Favre-Rivera-Letelier)

Let f : IP’i—) P! be a degree d morphism defined over a number field K. Let
Xn € IF’I(K)_be a set of points satisfying h(x,) — 0 as n — oo, and write
Gn = Gal(K/K)xy for the Galois orbit of x,. Then for any v € Mk,

1 .
— Z O0x — pf,y in the weak-star topology,
‘Gn| XEGp

where pif,, is the v-adic equilibrium measure for f on IP%’E".
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Arithmetic equidistribution: the hammer

Theorem (Baker-Rumely, Chambert-Loir, Favre-Rivera-Letelier)

Let f: ]P"_—> P! be a degree d morphism defined over a number field K. Let
Xn € IP’I(K)_be a set of points satisfying h(x,) — 0 as n — oo, and write
G, = Gal(K/K)xy for the Galois orbit of x,. Then for any v € Mk,

1
m E Ox — puf,y  in the weak-star topology,
" xeGy

where pir,, is the v-adic equilibrium measure for f on Py™".

fuf,v is related to the local height Ar ., by the Laplacian (in the sense of
distributions): a local height can be recovered from the local measure.

PL" is the v-adic Berkovich projective line:

FIGURE 0.1. The Berkovich Projective Line

v orduedeon Vo nonacdhamadoan

Yuan '12: generalization of equidistribution of points of small height to
f :P" — P" and thus to polarized endomorphisms.
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Arithmetic equidistribution: the hammer

Theorem (Baker-Rumely, Chambert-Loir, Favre-Rivera-Letelier)

Let f : lP’l_—> P! be a degree d morphism defined over a number field K. Let
Xn € ]Pl(K)_be a set of points satisfying h(x,) — 0 as n — oo, and write
G, = Gal(K/K)xy for the Galois orbit of x,. Then for any v € M,

1

m Z O0x — pr,v in the weak-star topology,

xE€Gp

where pf,, is the v-adic equilibrium measure for f on ]P’ﬁ"’".

Takeaway: for maps defined over a number field, any Zariski dense and
sufficiently generic subset of preperiodic points determines an adelic equilibrium
measure associated to the map.

Arithmetic equidistribution allows us to translate questions on the
geometry of preperiodic points to questions of measure classification.
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The strategy: split dynamical Manin-Mumford

Let's return to the split dynamical Manin-Mumford question.

General plan of attack over Q, based on ideas of Szpiro-Ullmo-Zhang and
Baker-DeMarco.

Let f,g : P! — P! be degree d > 2 morphisms defined over a number field K.
Suppose the diagonal subvariety A C P! x P! contains infinitely many
preperiodic points for (f,g). Then f and g have infinitely many common
preperiodic points.

Step 1: equidistribution. By arithmetic equidistribution, infinitely many
common preperiodic points ensures that f and g have the same:

@ adelic equilibrium measures,
@ adelic dynamical height functions,
@ set of preperiodic points,

@ Julia sets.
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The strategy: split dynamical Manin-Mumford

Step 2: measure classification.

Theorem (Levin '90)

If two rational maps f,g of degree d > 2 of Pt share the same equilibrium
measures and the same set of preperiodic points, then either f, g are
exceptional, or f¥ o g = f?* for some k > 1.

From this we see that (f*, g*)(A) C (f?*, g%*)(A), so by irreducibility A is
preperiodic as conjectured. RQE S .

The classification theorem really must be a global statement: there are
plenty of rational maps with Julia set P!, for example.

Generalities: algebraic correspondence instead of equality, working in higher
dimensions, results over C, ...
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Example: quadratic polynomials

Let f(z) = 2> — 2 and g(2) = 2% — 6. jir,, = jug,, for all non-archimedean
places v € Mg, the Julia sets at the archimedean place have infinite overlap,
and each has all finite preperiodic points contained in the interval [—3, 3].

Figure: archimedean Julia overlap for z2 — 2 and z% — 6.

Nonetheless, z2 — 2 and z*> — 6 have only finitely many common preperiodic
points, and the diagonal is not preperiodic under (f,g) on P* x P*.
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Example: Raynaud’s theorem for split genus 2 curves

Let X be the smooth genus 2 hyperelliptic curve with affine model

bt s —1= (X — a1)(x* — a)(x* — a3),

C:y’=x
where the «; are distinct.
(x,y) + (x*,y) provides a double cover X — Ei, with

S P 4sx—1

Ei:y*=x
and (x,y) — (1/x%,iy/x>) provides a double cover X — E, with

E2:y2:x3—sx2+rx—1.

KK" El[z—] —_— ioj‘““\)"Li—a"43k — ;]Akulcl 0\/\4\ T[tﬂr?.
dowle e (S

Tt C K EJ‘:L

L

l/‘rh gLl — [o, *\\047-\"(31

EJC, . L)(XL:\A(X—k\(X_’lLL’B

L
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Example: Raynaud’s theorem for split genus 2 curves

Let P = (£/@i,0). We have the following diagram relating torsion points of
X in its Jacobian via jp to preperiodic points on P! x P!:

X = T (:K\

B — O«
—

— P!

If t1,t € Q and t; # to, then the diagonal cannot be preperiodic for (f, fi,),
s0 jp(X) N J(X)*" is finite.

Question (Quantitative dynamical Manin-Mumford)

Suppose f, g : P* — P' with hs # h;. How large can

|Preper(f) N Preper(g)|
be?
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Example: Raynaud's theorem for split genus 2 curves

5—

bl dise
e 4

ed o o

%V&M (?W

-
b b i

bk ey
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Uniformity in the dynamical Manin-Mumford conjecture

Answer: as large as we want, if we allow the degrees of f, g to grow.

f(z)=2z(z—=1)(z—2)---(z—n) g(z):22(2—1)(2—2)~~~(z—n)
¥ OecT(4), 0423_(3\)‘

Conjecture (DeMarco-K.-Ye '20)

Fix d > 2. There exists a uniform constant By so that for all f, g : P! — P! of
degree d,
[Prep(f) N Prep(g)| < Ba

whenever hf # hg.

By [DeMarco-K.-Ye '19, '20], this conjecture holds for:

o f(z2) =24 a,g(z2) =22+ when ¢ FC,
o f(z) = f;,(2),8(z) = f,(z), where f,, is the Legendre Lattes map
associated to E. £( =+ 'L-L

Key ingredients: quantitative equidistribution, arithmetic intersection pairing,
degeneration of dynamical measures in non-compact moduli, ...
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Uniformity in the dynamical Manin-Mumford conjecture

Question (geometric uniform Manin-Mumford question)

Fix g > 2. Does there exist a uniform constant B = B(g) so that for all curves
X of genus g,

J(X)nJ(X)"| < B
for any Abel-Jacobi embedding j?

on
Coleman, Hrushovski, Katz-Rabinoff-Zureick-Brown, Dimitrov-Gao-Habegger... degren "1’ é‘""l';‘
o% d.,j-.@kw.

& _ rx* + sx*> — 1} of genus 2 curves,

In the 2-dimensional family £ := {y® = x
the answer by D-K-Y is YES.

Question (uniform dynamical Manin-Mumford conjecture)

Fix N >1,d > 2,e > 1. Does there exist a uniform bound B = B(N, d, e) so
that whenever f : PN — PV s a degree d morphism and X C PV an algebraic
subvariety of degree e,

deg(Prep(f) N X) < B?
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Lower bounds on the intersection pairing

Let 7, g be degree d rational maps of P! defined over a number field K with
adelic measures pif, g, respectively. Assume for simplicity that
oo € Prep(f) N Prep(g). We define the height pairing of f and g to be

1
hf - hg := 5 Z n, (‘/]Pl’an()\f,v —Ag,v) dug,y + /JP,l,an()\g’V —Ary) duf,v) .

veMy

hr - hg = 0 iff hf = hg; more generally, the pairing gives a quantitative
measure of the difference between the two adelic height functions.

Theorem (DKY)

There exists a positive constant § > 0 so that for all t1 # t> € Q \ {0, 1}, the
Legendre Lattés maps f;, and f;, satisfy

he, - hr, > 6.
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Lower bounds on the intersection pairing

We cannot generally have a uniform lower bound on the pairing, even with
fixed degree.

Example. Let f(z) = z?,g(z) = az°, a € K*. Then hy is the standard height,
and h, scaled at all places with |a], # 1. One easily computes

he - hg = h(a);

in particular, hs - hy can be arbitrarily close to 0 with hs # hy.

s

. /|
: /
on  rmoiuo lalja/m:m v - thomadesn d’ﬂ%““"‘%

Foiv»‘\‘ Mol .
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Lower bounds on the intersection pairing

Proposition (DeMarco-K.-Nguyen-Tucker-Ye)

Given a dynamical height h, let
S(h) := {A € PSLy(Q) : ho A= h}.
If S(h) is finite, then there exists ex so that for all PSL>(Q) \ S(h),

h-(hoA) > e

Fix d > 2. Does there exist a constant 04 > 0 so that for all f, g degree d
morphisms of P* with S(hs), S(hg) finite,

he - hg > 647
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Moving to moduli

Arithmetic equidistribution has provided the framework for a number of other
conjectures and results in dynamics, one of which is a dynamical analogue of
the André-Oort conjecture. Families of rational maps also can come with (less

nice) height functions, and the geometry of small height points is very
interesting.
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