Local Fields in Lean

Maria Inés de Frutos-Fernandez

Universidad Auténoma de Madrid

joint work with

Filippo A. E. Nuccio

Université Jean Monnet Saint-Etienne

April 16, 2024
VaNTAGe Seminar



Outline

© Lean and Mathlib

Maria Inés de Frutos-Fernandez (UAM) Local Fields in Lean



Lean and Mathlib.

@ Lean is an interactive theorem prover.

@ It is an open source project, launched by Leonardo de Moura at
Microsoft Research in 2013.

The mathematics library of Lean is called Mathlib.

Mathlib is a community-driven effort (310 contributors).

Many of the contributors have a background in pure mathematics.

Some statistics (April 14, 2024):
e 77,400 definitions.
o 142,947 theorems.
e =~ 1,500,000 lines of code.
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Lean

A lightning introduction to Lean (I)

@ Lean is based in dependent type theory.
e Prop, Type, Type 1, Type 2, ... , Type*
e t : T means ‘t is a term of type T'.

e Function notation: fun x => f(x).
@ Lean admits mathematical notation (N,Q,, ®,V,3,...).
@ Example:
def Square : R — R := fun x => x72
@ Lean can keep track of mathematical structures on objects:

variable (G : Type*) [CommGroup G] (T : Typex)
[TopologicalSpace T]
example (g h : G) : g*h = h*g := mul_comm g h
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Lean

A lightning introduction to Lean (II)

@ Tactics: commands to describe how to construct a proof.

example (p q : Prop) : p = (p — q) — q := by tauto
example (a b : Z) : (a + b)"2 = a"2 + b"2 + 2*axb := by
ring

@ We can also write proofs without using tactics:

example (p q : Prop) : p = (p = q) — q :=
fun hp hpg => hpq hp

@ Tools to effectively use the library:

Mathlib documentation.

Naming convention (descriptive names).
Moogle and Loogle.

Search tactics: apply?, hint.

Ask on Zulip chat.
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https://www.moogle.ai/
https://loogle.lean-lang.org/
https://leanprover.zulipchat.com

Local Fields

A (nonarchimedean) local field is a field complete with respect to a
discrete valuation and with finite residue field.
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Project at a glance

@ ~ 8k lines of new Lean 3 code.
@ Now ported to Lean 4.
@ We used algebra, topology, analysis, ... results from Mathlib.

@ We also used https://github.com/mariainesdff/norm_
extensions_lean_4/tree/master/NormExtensions
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Discrete Valuations
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© Discrete Valuations
@ Discrete valuations
@ Discrete valuation rings
@ Complete discretely valued fields
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Discrete Valuations Discrete valuations

Valuations

A valuation v on aring Risa map v: R — [g to a linearly ordered
commutative group with zero g such that

0 v(0 ):0
) =

v(1
(x+y) < max{v(x),v(y)} for all x,y € R.
v(xy) = v(x)v(y) for all x,y € R.

The unit ball of a valuation v : R — [g is the subring

Ro:={xeR|v(x)<1}.
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Discrete Valuations Discrete valuations

Example: the p-adic valuation

e If R =7 and p is a prime number, the additive p-adic valuation a, of
r e Z\ {0} is ap(r) := max{ n € Z| p" divides r }. Set a,(0) = co.

e Extend to an additive valuation on Q as a,(L) = ap(r) — ap(s).

Examples : a3(18) = 2, a3(5/27) = —3.

o The function v, : Q — p% U {0} given by v,(x) = p~2) is a
valuation on Q.

o In Mathlib, we work with an abstraction of p” U {0}, the type
WithZero (Multiplicative Z), denoted Zmo.
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Discrete Valuations Discrete valuations

Discrete valuations

A discrete valuation on a field K is a surjective v: K — Zpmo.

class IsDiscrete (v : Valuation K Zg) : Prop where
surj : Function.Surjective v

@ The p-adic valuation on Q is discrete.

o The X-adic valuation on Fq(X) is discrete.
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Discrete Valuations Discrete valuations

Uniformizers (1)

Let K be a field with a valuation v : K — Zno.

A uniformizer for the valuation v is an element 7 € K with additive
valuation 1.

variables {K : Type*} [Field K] (vK : Valuation K Z;q)

def IsUniformizer (m : K) : Prop :=
vK 7 = (f(Multiplicative.ofAdd (-1 : Z)) : Zmo)

structure Uniformizer where
val : vK.integer -- an element of the unit ball
valuationEqNegOne : IsUniformizer vK val
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Discrete Valuations Discrete valuations

Uniformizers (11)

A valuation v : K — Zmg on a field K is discrete if and only if there exists
a uniformizer for v.

variables {K : Typex} [Field K] (v : Valuation K Zn0)
local notation "Kp" => v.valuationSubring
lemma isDiscrete_of_exists_Uniformizer {m : K}

(hm : IsUniformizer v m)

IsDiscrete v := ...

lemma exists_Uniformizer_ofDiscrete [IsDiscrete v]
d 7 : Kg, IsUniformizer v (m : K) := ...
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Discrete Valuations Discrete valuations

Uniformizers (l1I)

Given a valuation v : K — Zp,o with a uniformizer 7, any nonzero element
r € Ky can be written in the form

x=mx"-u, with ne N,u e K.

variables {K : Typex} [Field K] (v : Valuation K Zn0)
lemma pow_Uniformizer {r : Ko} (hr : r # 0)
(r : Uniformizer v)

dn: N, Ju: K, r=(r.1 " n).1 *u.l:=..

The maximal ideal of the unit ball of the valuation v is generated by any
uniformizer.

lemma Uniformizer_is_generator (7w : Uniformizer v)

maximalIdeal v.valuationSubring = Ideal.span {m.1} := ...
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Discrete Valuations Discrete valuation rings

Discrete valuation rings

An integral domain is a discrete valuation ring if it is a local principal ideal
domain which is not a field.

class DiscreteValuationRing (R : Type u) [CommRing R]
[IsDomain R]
extends IsPrincipalldealRing R, LocalRing R : Prop where
not_a_field’ : maximalldeal R # L
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Discrete Valuations Discrete valuation rings

The unit ball is a DVR

Proposition (Serre's Local Fields, Proposition 1.1.1)

If K is a field with a discrete valuation v, then its unit ball Kq is a discrete
valuation ring.

instance dvr_of_isDiscrete : DiscreteValuationRing Ko where
tolIsPrincipalldealRing :— integer_isPrincipalIldealRing v
toLocalRing := inferInstance
not_a_field' := by
rw [Ne.def, + isField_iff_maximalIldeal_eq]; exact not_isField v
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Discrete Valuations Discrete valuation rings

The fraction field of a DVR

Conversely, the fraction field of a discrete valuation ring is discretely
valued.

variable (A : Type*) [CommRing A] [IsDomain A] [DiscreteValuationRing A]
instance : Valued (FractionRing A) Zmo := (maximalIdeal A).adicValued

instance : IsDiscrete (A := FractionRing A) Valued.v :=
isDiscreteOfExistsUniformizer Valued.v
(valuation_exists_uniformizer (FractionRing A)
(maximalIdeal A)).choose_spec
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Discrete Valuations Discrete valuation rings

Complete fields (1)

Proposition

If K is complete with respect to a discrete valuation v and if L/K is a
finite extension, then L has a unique discrete valuation w: L — Zmg
inducing v and L is complete with respect to w.

Proof sketch.
@ L has a unique valuation w’ : L — R>( extending v.

| \

W/ . q X
@ “w' takes values in Z; , for some g € Q*".

@ So we can normalize w’ to obtain w : L — Z,0 surjective.
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Discrete Valuations Discrete valuation rings

Complete fields (1)

Proposition

If K is complete with respect to a discrete valuation v and if L/K is a
finite extension, then the integral closure of Ky inside L coincides with Ly
and so, in particular, it is a discrete valuation ring.

lemma integralClosure_eq_integer [FiniteDimensional K L]
(integralClosure hv.v.valuationSubring L) .toSubring =
(extendedValuation K L).valuationSubring.toSubring := ...

instance discreteValuationRing of_finite_extension
[FiniteDimensional K L]
DiscreteValuationRing
(integralClosure hv.v.valuationSubring L) := ...
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Discrete Valuations Complete discretely valued fields

Localization (1)

Let R be a Dedekind domain (that is not a field), K = Frac(R), p a
maximal ideal of R.

The completion K, has a discrete valuation extending the valuation v;.

In particular, K, is a discrete valuation ring.
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Discrete Valuations Complete discretely valued fields

Localization (I1)

variable (R : Type*) [CommRing R] [IsDomain R] [IsDedekindDomain R]
(K : Type*) [Field K] [Algebra R K] [IsFractionRing R K]
(v : HeightOneSpectrum R)

local notation "R_v" =>
IsDedekindDomain.HeightOneSpectrum.adicCompletionIntegers K v

local notation "K_v" =>
IsDedekindDomain.HeightOneSpectrum.adicCompletion K v

lemma valuation_completion_integers_exists_uniformizer :
37 :R_v, Valued.v (7 : K_v) = Multiplicative.ofAdd (—1:%Z) :=...

instance isDiscrete : IsDiscrete (@Valued.vK_v _ Zmo _ _) :=
isDiscreteOfExistsUniformizer _
(valuation_completion_integers_exists_uniformizer R K v).choose_spec

instance : DiscreteValuationRing R_v :—=
DiscreteValuation.dvr_of_isDiscrete (Valued.v (R :=K_v))
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Discrete Valuations Complete discretely valued fields

Localization (I11)

K, has a valuation extending the valuation on K.

local notation "v_compl_of_adic" =
(Valued.v : Valuation K_v Zng)

Since KPO is a discrete valuation ring, we can also endow Kj, with the adic
topology generated by the maximal ideal of K.

local notation "v_adic_of_compl" =>
IsDedekindDomain.HeightOneSpectrum.valuation (K := K_v)
(maxIdealOfCompletion R v K)

We prove that both valuations agree:

lemma adic_of_compl_eq_compl_of_adic (x : K_v)
v_adic_of_compl x = v_compl_of_adic x := ...
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Local Fields
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© Local Fields
@ Mixed characteristic
@ Equal characteristic
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Local Fields

Local Fields

A (nonarchimedean) local field is a field complete with respect to a
discrete valuation and with finite residue field.

class LocalField (K : Typex) [Field K] [hv : Valued K Zno]
Prop where
complete : CompleteSpace K
isDiscrete : IsDiscrete hv.v
finiteResidueField : Finite (LocalRing.ResidueField
hv.v.valuationSubring)

Maria Inés de Frutos-Fernandez (UAM) Local Fields in Lean April 16, 2024



Local Fields Mixed characteristic

Mixed Characteristic Local Fields

A mixed characteristic local field is a finite field extension of the field Q,
of p-adic numbers, for some prime p.

class MixedCharLocalField (p : N) [Nat.Prime p] (K : Type*)
[Field K] extends Algebra (Q_p p) K where
to_finiteDimensional : FiniteDimensional (Q_p p) K

A mixed characteristic local field is a local field.

instance (p : N) [Nat.Prime p] (K : Type*) [Field K]
[MixedCharLocalField p K]
LocalField K := ...
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Local Fields Mixed characteristic

The p-adic numbers

Mathlib’s p-adic numbers:
def Padic (p : N) [p.Prime] :=

CauSeq.Completion.Cauchy (padicNorm p) —- Q_/[p]
def PadicInt (p : N) [p.Prime] :=

{x:Q.lp] // |x|| <13} — Z_I[p]

Our definition:

def Q_p : Typex :=

adicCompletion Q (pHeightOneIdeal p)
def Z_p :

= (@Valued.v (Q_p p) _ Zmo _ _).valuationSubring

We prove that they are isomorphic (as rings and as uniform spaces)
def padicEquiv : Q_p p ~+* Q_[p] :=

def padicIntEquiv : Z_p p ~+* Z_[p]
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Local Fields Mixed characteristic

The ring of integers

We define the ring of integers of a mixed characteristic local field K as the
integral closure of Z, in K.

variable (p : N) [Nat.Prime p]
(K : Typex) [Field K] [MixedCharLocalField p K]

def ringOflntegers := integralClosure (Z_p p) K —— O p K

Recall that we have shown that this ring of integers is isomorphic to the
unit ball Ky of K, and that it is a discrete valuation ring.
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Local Fields Equal characteristic

Equal Characteristic Local Fields

An equal characteristic local field is a finite field extension of the field
Fp((X)), for some prime p.

class EqCharLocalField (p : N) [Nat.Prime p] (K : Typex*)
[Field K] extends Algebra (FpXCompletion p) K where
to_finiteDimensional : FiniteDimensional (FpXCompletion p) K

An equal characteristic local field is a local field.

instance (p : N) [Nat.Prime p] (K : Type*) [Field K]
[EqCharLocalField p K]
LocalField K := ...
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Local Fields Equal characteristic

Laurent Series

variable (p : N) [Nat.Prime p]

def FpXCompletion := -- F_/[p]((X))
(idealX F_[p]).adicCompletion (RatFunc F_[p])
def FpXIntCompletion := —- F_/p][X]

(idealX F_[p]).adicCompletionIntegers (RatFunc F_[p])

We provide an isomorphism between the field LaurentSeries K
and K((X)).

def LaurentSeriesRingEquiv :
LaurentSeries K ~+* RatFuncAdicCompl K :=

Maria Inés de Frutos-Fernandez (UAM)

Local Fields in Lean

April 16, 2024



Local Fields Equal characteristic

The ring of integers

We define the ring of integers of an equal characteristic local field K as
the integral closure of Fy[X] in K.

variable (p : N) [Nat.Prime p]
(K : Typex) [Field K] [EqCharLocalField p K]

def ringOfIntegers := integralClosure F_[p]l[X] K - O p kK

Again, the ring of integers is a discrete valuation ring.
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Future Work Local Class Field Theory

Local Class Field Theory (1)

Theorem (Local Reciprocity Law)

For every local field K, there exists a homomorphism (local Artin map)

bk : KX — Gal(K®*/K)
such that:

@ for every uniformizer w of K, ¢K(7r)|Kun = Frobg,

@ for every finite abelian extension L of K, NmL/K(LX) is contained in
the kernel of x — ¢k (x)|. and ¢k induces an isomorphism

d)L/K : KX/NmL/K(LX) — Ga/(L/K)
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Future Work Local Class Field Theory

Local Class Field Theory (II)

Let K be a local field.

A subgroup N of K* is a norm group if there is a finite abelian extension
L/K such that Nmy x(L*) = N .

Theorem (Existence Theorem)

Every open subgroup of finite index in K* is a norm group.
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Future Work Local Class Field Theory

Group and Galois Cohomology

Group cohomology is available in Mathlib (Amelia Livingston).

We will also need Galois cohomology.

TODO

« API for cohomology in low degree: HO, H! and H2. For example, the inflation-restriction exact
sequence.

» The long exact sequence in cohomology attached to a short exact sequence of representations.

» Upgrading groupCohomologyIsoExt to anisomorphism of derived functors.

« Profinite cohomology.
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Future Work Local Class Field Theory

The cohomology of L*

Theorem (Hilbert's Theorem 90)

Let L/K be a finite Galois extension, then

HY(Gal(L/K),L*) = 0.

Theorem

For every local field K, there exists a canonical isomorphism
invk : H*(Gal(K?'/K), (K*)*) — Q/Z

that, for every Galois extension L/K of degree n induces an isomorphism

invi k : H*(Gal(L/K), LX) — %Z/Z.
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Future Work Local Class Field Theory

Tate Cohomology

Let G be a finite group and let M be a G-module.

The rth Tate cohomology group is

H" (G, M), >0,
M€ /Nmg (M), r=0,
ker(Nmg)/IgM, r=-1,
H_r-1(G, M), r<-—1.

H (G, M) =

Note that H7%(G,Z) = H1(G,Z) = G*".

Maria Inés de Frutos-Fernandez (UAM) Local Fields in Lean April 16, 2024



Future Work Local Class Field Theory

Tate's Theorem

Theorem (Tate's Theorem)

Let G be a finite group and let M be a G-module. Suppose that for all
subgroups H of G,

@ HY(H,M) =0, and
@ H?(H, M) is a cyclic group of order equal to |H|.

Then, for all r, cup product with a generator of H*(G, M) gives an
isomorphism
H(G,Z) ~ H (G, M)

depending only on the choice of a generator.

The case r = —2, G = Gal(L/K) for L/K a finite Galois extension,
M = L* implies the local reciprocity law.
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Questions

Thanks for listening! Questions?

Maria Inés de Frutos-Fernandez, Filippo Alberto Edoardo Nuccio
Mortarino Majno Di Capriglio, “A Formalization of Complete Discrete
Valuation Rings and Local Fields". CPP 2024.
https://dl.acm.org/doi/10.1145/3636501.3636942

https://github.com/mariainesdff/LocalClassFieldTheory
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