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counting points on some

stacks progress
and problems

A stack is a generalization of
a scheme first developed to

study moduli problems



X L moduli stack of elliptic cures

X l K f elliptic curves on K

Not the same as the I line when

K is not G many non E

elliptic curves with some j innit

BG moduli stack of G cows

BG K f Galois G e densions

of K 3

Some stacks like these the
has

infinitely many points

Count in what order



Custom in ye olde scheme theory
Count by height

Non negative red
attached to

a point Cj f a S c max Cid Kl Kl

what is the height of
a point on

a stack

Q How many isomorphism

classes of elliptic curves EN
ar the such that



E has a rational 5 isogeny
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cXCEiy2
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A X log X

Boggess Sankar 2020

Remark.fm rational S torsion instead of

S isogeny XK by Harron Snowden
2017

Also in Boggess Sarkar N isogenies for

Nz 2,3146 8,9 12.16.18

Qi
isogenies

These are questions about round park on

the moduli stacks Xo N Boggess Sabar

schemes X N Hann Snowden



Define Safia squarfree
M such that ma is a square
Safet 3 sgfus IS etc I

Qi How many pairs of coprime a b

such that

sqflalsqflblsgfca ssma.ca b c X

Le Borde 2020
C X log X

Nasserder Xiao
2020

S Court

stack
cuz

Ghost

of genus 3 4

Q Are there only finitely many S term coprime
arithmetic progressions a a

2
a au as

with

Sqf la aza a as I C maxclaii
t s



Q How many points PEIPEQT such Hut

Hts CP s X

CP Q 3

Guignard 2017 X but

P not on a Q rational line

91 E

x

stock Sym'Ip IP

3



Q How many degree 3 number fields

KICK of discriminant X

Such that 0h12 contains an element

with all archimedean absolute values C 001Xk
0.499
x

For the first question see Bhargava H

2016

The cubic fields on points on BLS

but what is height here



Key idea fur schemes height of a

point on XCK is defined in terms of
a linebmate on X Wha X IP

use 047

For stacks we need to use vector

bandies

Caviar BCAs



Malle predicts

Germs disco X
of K

c X cigars

which Vechr bundle on BG

ie whrl reps of G

Regular rep of G
disc of Galois

G extension

Perm rep of S
disc of dye n

extension with

or 6 Csr Galois closer herring

goop Sn

2 dink rep new cont of Da extrs

of Du 4 Varma Mhs
Shuker Wilson 2017



But one can do more Consider

an 7 win a metized vector bundle

V In fact let 7C be a proper

scheme X e mk n

ft v V

t I

Spec2 X
x

k nk n

X V is a metized vector bundle

on Spec 2 i e

a lattice in IR



The coyote of this lattice

is the height in
the usual

sense But why not
remember

the whole lattice

e S

Xi IP a target bundle

Hr a b c ta s est c z
Corolume THI

but shape depends on whether X

is on a low height line

Hut i xilP X

Hulin keeps track of stability

of vector bundle V Ola 77 toea



ft B Sn Vi permutation rap

x a degree n extension KIQ

Huan inky lattice On
Carol discriminant

Shipe of this lattice
shdien Sy

H Bhargava Harron Montilla Soler



wives TALK 5 4
20187

Peyre Beyond heights keeping

track of these lattices may be

the key to understanding
accumulation phenomena in Belyeu
Marin free retinal points are Here

with round lattices

YUKI'S TALK 5 11

How to make good 342 functions

when height is a lattice instead of
a number

see e.g Ako Einsiedler Shapira 2hey
2016


