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GROTHENDIECK PATH 
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Gal(ℚ/ℚ)
 Give a non-tautological description of the absolute Galois group. 


based on the Grothendieck and I/OM conjectures.


I propose:


1.  a new approach using tools arising from Cantor sets  


2. construction inspired from Feynman-like Path Integrals.  

GOAL: 



1. Context. Grothendieck’s Enigmatic 
Conjecture (80s) and its developments. 

Gal(ℚ/ℚ) ≅ ̂GT ?



Problem exposition and its current developments The garden of divergent paths: a bird’s eye view DM stacks and symmetries Contemplation of higher structures Avatar mGT

Grothendieck’s idea

I Grothendieck noticed that
Gal(Q/Q) acts upon the
algebraic fundamental
groups of all the stacks
Mg ,n (and the natural
maps relating these for
various g and n forming a
tower).

I He conjectured that
Gal(Q/Q) coincides with
the symmetry group of
this pro-finite completion.

Figure: A. Grothendieck,

IHES
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Problem exposition and its current developments The garden of divergent paths: a bird’s eye view DM stacks and symmetries Contemplation of higher structures Avatar mGT

Action on algebraic fundamental group
The algebraic fundamental group2 ⇡alg

1 (Mg ,n ⇥Q Q) has an
action of Gal(Q/Q).

Theorem[SGA 1, Exp. IX, Theoreme 6.1]
Let V be a quasi-compact and quasi-separated scheme over
Q. Then, there is a short exact sequence

1 ! ⇡alg
1 (V ⌦Q Q) ! ⇡alg

1 (V ) ! Gal(Q/Q) ! 1,

of pro-finite topological groups3.
This induces a homomorphism of GalQ into outer
automorphism group Out(⇡alg

1 (V ⌦Q Q))
2
Algebraic fundamental group = fundamental group for a scheme. It

is the fundamental group seen through étale homotopy.
3
Topological group G is pro-finite if it is homeomorphic to an inverse

limit of finite groups G ⇠= lim Gi , where Gi are endowed with discrete

topology
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Problem exposition and its current developments The garden of divergent paths: a bird’s eye view DM stacks and symmetries Contemplation of higher structures Avatar mGT

The symmetry group of this pro-finite completion
F Drinfeld (90’s): introduced the object that we call

nowadays the Grothendieck–Teichmüller group dGT ,
encapsulating the symmetries of the “profinite completion”,

where the following relation is given:

Gal(Q/Q) injects into dGT

The Grothendieck–Teichmüller group:

I acts on a wide variety of objects in many di↵erent fields
of maths;

I remains mysterious: structure + relation to many of the
objects it acts on is unclear and forms ongoing research.

Noémie C. Combe Max Planck Institute for Maths in Sciences
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(+) Ihara / Oda-Matsumoto profinite conjecture (I/OM)  


over arbitrary fields , where  can be . 


(++) Stronger version: the pro-ℓabelian-by-central form of the I/OM (F. Pop)

K0 K0 ℚ

Developments: I/OM & More.

GOAL: Topological/ combinatorial description of the 
GalK0



• Let  (fixed subfield).


• Let   be the algebraic closure 
of  inside . 


• Let  be the base 
change to . 


• Then, there exists an exact sequence 
of etale fundamental groups: 

. 

Ko ⊂ ℂ

K ⊆ ℂ
K0 ℂ

X = X ×K0
K

K

1 → π1(X) → π1(X) → GalK0
→ 1

 : category, where:


Objects - profinite groups above  


(Diagrams of continuous morphisms of 


profinite groups of the shape: 

Gout

GalK0

pG : G → GalK0

Morphisms - continuous outer morphisms 


above .GalK0



The exact sequence gives rise to a representation:

 , where  denotes the algebraic 
fundamental group of .

By the functoriality of , the collection of all the representations ,
is compatible with the base changes of -morphisms  of geometrically integral 
-varieties. 

For every small category V of geometrically integral varieties over , its algebraic 
fundamental group functor , gives rise to a
representation

 ,

where  is the automorphism group of . 

ρX : GalK0
→ Out(π(X)) = AutGout

(π(X)) π1(X) := π1(X)
X

π1 (ρX)X
K0 f : X → Y K0

K0
πV : V → Gout, X → π(X)

ρV : GalK0
→ Aut(πV)

Aut(πV) πV



Following Grothendieck, a new description of  should be given by finding categories V 
for which  maps  injectively into  and

  has a “nice” description.

If so, then via the isomorphism , we would
have a new non-tautological description of . 

For , Grothendieck suggested
to study , for V sub-categories of the Teichmüller modular tower T of all the moduli
spaces . For instance, if    endowed with “connecting homomorphisms,”

 is the famous Grothendieck–Teichmüller group GT.

GalK0
ρV GalK0

Aut(πV)
Im(ρV) ⊆ Aut(πV)

ρV
GalK0

K0 = ℚ
πV

ℳg,n V0 = {ℳ0,4, ℳ0,5}
Aut(πV0

)

Back to Grothendieck



Concerning the nature of  : generally, little is known.

For the injectivity of  in the case , one has:

1. By Drinfel’d:   is injective, provided lies in V. 

2. Voevodsky showed that the same is true if  with X some affine open in a curve of genus 
one, 

3. Matsumoto  showed that the same holds if  for some affine hyperbolic curve X, 

4. Hoshi–Mochizuki:  is injective as soon as V contains at least one hyperbolic
curve. 

ρV

ρV K0 = ℚ

ρV X := ℙ∖{0,1,∞}

X ∈ V

X ∈ V

ρV

The Nature of  - injectivityρV



Surjectivity of the representation , is less understood.

 1. Ihara asked (1980’s) whether  is an isomorphism (provided  and V is the
category of all the (geometrically integral) -varieties). 

2. Based on some “motivic evidence,” 
Oda–Matsumoto conjectured (1990’s) that the answer should be positive. 

3. F. Pop (1999): answer to I/OM is positive —
for even more general fields, thus giving a positive answer to I/OM. 

4. Finally, Y. André developed the theory of the tempered fundamental group and
 introduced the resulting p-adic tempered variant  of the Grothendieck–Teichmüller groups GT, and 
using
those techniques (re)proved that the I/OM holds over p-adic fields.

ρV

ρV K0 = ℚ
ℚ

GTp

The Nature of  - surjectivity?ρV



New viewpoint:  
Cantorian (and Polish group) 
perspective.

N. Combe: Proving the Grothendieck–Teichmüller conjecture for profinite spaces  

& the Galois–Grothendieck path integral 

ArXiv:2503.13006



Gal(ℚ/ℚ) ≅ ̂GT ≅ Cantor set

Conjecture is true in the category of profinite spaces:

(Remark: this generalises to I/OM and p-adic setting.)

≅ {0,1}ℕ



 =  Cantor  setGal(ℚ/ℚ)

= Cantor set̂GT

• Multiple Different Proofs




• , where  is the profinite 
completion of the free group in 2 generators x,y. 


•   is a Polish group (Lem 3.2)


• Compact & subgroup of a Polish group = Polish 
group (Lem 3.3). 


1 → ̂GT → Aut( !B 4) → Out( !F 2),̂GT ⊂ Aut( !F 2) !F 2

Aut( !F 2)

 Profinite group = topological group  
isomorphic to the inverse limit of an inverse 
system of finite discrete groups. They are 
compact, totally disconnected, and 
Hausdorff.

Sketch of Proof (for  and )K0 = ℚ X := ℙ1∖{0,1,∞}

!F 2 = lim←
N ◃ !F 2

!F 2/N all open normal subgroups

 of N !F 2

̂GT Polish.



 totally disconnected locally compact Polish group 
 must be homeomorphic to one of the following:

(1) A discrete space (of at most countable size).
(2) The Cantor set .
(3) The space   with the product topology.

• G - countable: then it must have the discrete topology (since a countable, totally disconnected
Polish space is discrete). This corresponds to case (1).
•  G  - uncountable but compact: then it is homeomorphic to . This follows from the well-known
characterization of compact, totally disconnected, metrizable spaces as homeomorphic to a closed
subspace of , and for Polish spaces, this must be exactly  if it is uncountable.
• G  -  non-compact:  since it is locally compact and totally disconnected, it can be expressed
as a countable union of compact open sets […] . 

∀
G

𝒞
𝒞 × ℕ

𝒞

𝒞 𝒞

Classification of tdlc. 

Discussion



PRO’S CONS

Allows to consider the 


problem using Cantorian tools.  
Arithmetical data can get lost 



• How could we recover the lost 
arithmetic data?

….



ℐG =
! G

exp{ıS[γ]/ℏ}dμG = lim
n→∞ !

Γn

exp{ıS[γn]/ℏ}μG([γn])

2. Galois / Grothendieck Path Integral  



Galois / Grothendieck Path Integral 
• Let  (or ) be equipped with the normalized Haar measure .  Then, there exists 

a generic path integral formulation for   providing a novel arithmetic framework inspired by the 
classical Feynman path integral. 


• 


where: 


•   is a normalized (cylindrical) Haar measure, induced by the structure of 


•   is an arithmetic action, defined as the functional of a quadratic form, 


•   is a deformation parameter, 


•  is an element of  and forms a path of arithmetic nature,


• . encodes the family of all automorphisms in  corresponding to length  sequences of field 
extensions of  in         and   .

G = Gal(ℚ/ℚ) ̂GT μG
G

ℐG =
! G

exp{ıS[γ]/ℏ}dμG = lim
n→∞ !

Γn

exp{ıS[γn]/ℏ}μG([γn])

μG G

S : G → ℝ

ℏ

γ G

Γn G n
ℚ ℚ γn ∈ Γn



How can we use this ? 



 and the Arithmetic Action Functional G = Galℚ

• Paths = Cantorian paths i.e. paths 
given by an element in . 


• Arithmetic functional: The functional 
 (action) assigns a “weight” to each 

Galois automorphism . 


• About the measure: 


 Lemma. The normalized Haar measure 
 on the profinite group  is cylindrical: 

for any cylindrical set  where 

 , we have .

Galℚ

S
σ

μ G
C = p−1

i (Ai)
pi : G → Gi μ(C) =

1
|Gi |

Key Lemma.

 The Arithmetic Action Functional can be 
constructed via a pairing

 for ,
 where  is a motive over .

The pairing is well defined via Kummer 
sequence (or evaluation of cocycles in Galois 
cohomology). 

⟨σ, [c]⟩ [c] ∈ H1
et(X, ℚ/ℤ)

X ℚ



The Arithmetic Action Functional can be constructed via a pairing
 for ,

 where  is a motive over .

The pairing is well defined via Kummer sequence (or evaluation of cocycles in Galois cohomology). 

⟨σ, [c]⟩ [c] ∈ H1
et(X, ℚ/ℤ)

X ℚ

For , we use the Kummer sequence. X = Spec(ℚ)

0 → μn → 𝔾m
×n 𝔾m → 0

Given  a positive integer, we have an exact sqc of sheaves: n

This induces  and  . H1
et(X, 𝔾m) = 0 ℚ× (⋅)n

ℚ× → H1
et(X, μn) → 0

, where  is the group of n-th roots of unity. μn

This yields the Kummer isomorphism  .H1
et(X, μn) ≅ ℚ×/(ℚ×)n

lim
→n

H1
et(X, μn) ≅ lim

→n
ℚ×/(ℚ×)n

By construction, the direct limit on the right is isom. to  ℚ× ⊗ ℚ/ℤ



The pairing is well defined via the logarithm map. 

The direct limit is isom. to , 


via the map , where  is the class of  modulo 


m-th powers. 

ℚ× ⊗ ℚ/ℤ

a ⊗
k
m

↦ [ak] ∈ ℚ×/(ℚ×)m [ak] ak

To define the pairing, choose  such that . 


Then for  define


β ∈ ℚ βm = ak

σ ∈ Galℚ

⟨σ, [c]⟩ =
1

2πı
log(

σ(β)
β

) mod ℤ



GALOIS PATH INTEGRAL  
G = Gal(ℚ/ℚ)

I([c]) :=
! G

exp ( 2πi⟨σ, [c]⟩) dμ(σ) .
Let  - etale cohomology class


 - normalized Haar measure. 


 Galois pairing. 

[c]

μ

⟨ − , − ⟩

A value of 1 indicates that the class is


 invariant under the group action. 


0 reflects a non trivial obstruction. 

Galois invariance criterion



Let  be equipped with the normalized Haar measure . 


Let  be a motive over , and let  be an étale cohomology class. 
Consider the pairing: defined via the Kummer sequence (or 
evaluation of cocycles). This pairing is bilinear and continuous. 

Define the integral:





Then, the map is a continuous character of , and:

• 1  if  in  for all , 

• 0 otherwise.


The pairing provides a Galois Invariance Criterion   for all: 
 


Thus,  is a Galois-theoretic detector for whether  descends to .

G = Gal(ℚ/ℚ) μ

M ℚ [c] ∈ H1
ét(M, ℚ/ℤ)

⟨σ, [c]⟩ ∈ ℚ/ℤ, σ ∈ G,

I([c]) :=
! G

exp ( 2πi⟨σ, [c]⟩) dμ(σ) .

σ ↦ exp ( 2πi⟨σ, [c]⟩) G
I([c]) = ⟨σ, [c]⟩ = 0 ℚ/ℤ σ ∈ G

⟨σ, [c]⟩ = 0
σ ∈ G ⟺ [c] is G-invariant, i.e., [c] ∈ H1

ét(M, ℚ/ℤ)G .

I([c]) [c] ℚ



Discussion between the Classical & New 
integral 





GALOIS PATH INTEGRAL  
G = Gal(ℚ/ℚ)

GROTHENDIECK PATH 
INTEGRAL =  G ̂GT

I([c]) :=
! G

exp ( 2πi⟨σ, [c]⟩) dμ(σ) . I([Ψ]) :=
! ̂GT

exp ( 2πi⟨θ, [Ψ]⟩) dμ(θ) .



GALOIS PATH INTEGRAL  
G = Gal(ℚ/ℚ)

GROTHENDIECK PATH 
INTEGRAL 

I([c]) :=
! G

exp ( 2πi⟨σ, [c]⟩) dμ(σ) .
I([Ψ]) :=

! ̂GT
exp ( 2πi⟨θ, [Ψ]⟩) dμ(θ) .

[Ψ] is a trivial character ⟺ [Ψ] ∈ ℚ .

σ ∈ Galℚ : [c] is Galℚ-invariant, i.e., 

[c] ∈ H1
ét(M, ℚ/ℤ)G .

pairing (Kummer sequence)



 - path integral ̂GT
 is a continuous homomorphism from  to , i.e. an element of 

 (corresponds to a character associated with an Artin Motive).


 denotes the cohomology class of  in . 

Ψ Galℚ ℚ/ℤ
H1(Spec(ℚ), ℚ/ℤ)

[Ψ] Ψ H1(Spec(ℚ), ℚ/ℤ)
The pairing is defined as an evaluation of the character  at the 
element  such that:





Ψ
θ

⟨θ, [Ψ]⟩ := Ψ(θ) ∈ ℚ/ℤ, θ ∈ ̂GT .

(This pairing captures how the Galois group via its incarnation as 


 acts on the character .)

̂GT
Ψ



Given the normalized Haar measure  on , we have: 


  

where the map  forms a continuous character of  
and





μ ̂GT

I([Ψ]) :=
! ̂GT

exp ( 2πi⟨θ, [Ψ]⟩) dμ(θ),

θ ↦ exp ( 2πi⟨θ, [Ψ]⟩) ̂GT

I([Ψ]) = {1 if Ψ is the trivial character,
0 otherwise .

GROTHENDIECK PATH INTEGRAL 









Thus:


Ψ is trivial ⟺ the Artin motive associated to  Ψ is ℚ ⟺

[Ψ] corresponds to a rational point .

I([Ψ]) = {1 if [Ψ] ∈ ℚ,
0 otherwise .

Rationality Criterion



What information has been recovered? 

• Integral serves as a consistency check for the Grothendieck and 
I/OM conjecture. 

• Since  corresponds to an Artin motive, the integral links the 
action of to the arithmetic of cyclotomic fields and other 
abelian extensions of .


• The integral can be seen as (roughly) a Fourier transform of the 
Haar maeaure on . Such an approach reveals more about the 
geometric/harmonic properties of .

Ψ ̂GT
ℚ

̂GT ̂GT



The Cubic Matrioshka Algorithm 



Cantorian Paths - Cubic Matrioshka Algorithm 
, we can define a unique binary (Cantorian) word.   ∀g ∈ Gal(ℚ/ℚ)

The root: The entire space .


 Level 1:  Partition  into two disjoint clopen subsets .


Recursive Step: For each clopen set  at level  (labeled by a finite binary string
, partition it into two clopen subsets .


To each , we associate a binary sequence  where





 represents the binary string of length . This procedure defines a unique binary 
sequence for each element .

Gal(ℚ/ℚ)

Gal(ℚ/ℚ) U0, U1

Us n
s ∈ {0,1}n Us0, Us1

g ∈ Gal (an)n∈ℕ ∈ {0,1}ℕ

an = {0 if g ∈ Us0 at level n,
1 if g ∈ Us1 at level n,

s n − 1
g ∈ Gal

Gal(ℚ/K)



Inverse mapping: for a given binary sequence , we define the 


corresponding element  by: 





Bijection: The maps  and  are mutually inverse, establishing the 


bijection: 

(an) ∈ {0,1}ℕ

g ∈ Galℚ

g =
∞

"
n=1

Ua1a2⋯an

g ↦ (an) (an) ↦ g

Galℚ ↔ {0,1}ℕ

Works also for p-adic integers



Similar construction 
holds for ̂GT

COULD be used 
with GT shadows 

(DolgushevÕs 
works )



Compatibility of Cantor paths 





THANK YOU


