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41 Measuring algebraic numbers
Del Let EQ and let pa a a In 11 in dle Ita be its minimal

polynomial The absoluteligarithmicWeil treightof α is

hlx log 191 IImaxle fill
Good for Fare from Ziyang's
computingh of

talk
Rem otherdefinition of hlx

here hlx hits 17 Good for proving
theorems onh
























































































41 Measuring algebraic numbers
Del Let EQ and let pa a a In 11 in alezin be its minimal

polynomial The absolutelogarithmicWeil heightof α is

hlx log 191 IImaxle Hill
If Ge Q godlab 1 h x logmax tal 161

Rey 1 h measuresthearithmeticcomplexity on

E 229 1 1 but h 22 1 10001092 while 1111 0

2 h gives informations on the distribution of the conjugates
of around the unit circle

as
a eo

Ex If is a rootof
a

110 317 624 3 I
A a 0.59085
























































































41 Measuring algebraic numbers
Del Let EQ and let pa n a In 11 In al Zia be its minimal

polynomial The absolutelogarithmicWeil heightof α is

hlx log 191 IImaxle Hill
131 Somepropertiesof h

h an In1 h x for ne 2
h β hai hip
h a β h la h B 692
h o all h x for all of Gal Q Q
h 170 for all E

what are the algebraic numbers ofheight 0
The Kronecker let EQ Then h x O AD α is a rootofmity
Vague What canbesaid on algebraic numbers having non zero

but small height















































































42 Small height
LetB 0 Howmany algebraicnumbers have height B

Infinitelymany
Ex All rootsofunity
If n log 412 61 B

Howmanyalgebraicnumbers have bounded height degree
Theorem Northcott 49 Forany integer d 1 and real B O we have

e al taki a d hkkB cos
























































































42 Small height
LetB 0 Howmany algebraicnumbers have height B

Infinitelymany
Ex All rootsofunity
If n log 412 61 B

Howmanyalgebraicnumbers have bounded height degree
Theorem Northcott 49 Forany integer d 1 and real B O we have

e AI taki a d hkkB es

Rea Proof is effective
Height important tool in Diophantinegeometry
E9 boundfor the height of rational points on some curve
finiteness of the set explicit list of its elements

Effediemordell of Ziyang's talk
























































































42 Small height
LetB 0 Howmany algebraicnumbers have height B

Infinitelymany
Ex All rootsofunity
If n log 412 61 B

Howmanyalgebraicnumbers have bounded height degree
Theorem Northcott 49 Forany integer d 1 and real B O we have

e AI taki a d hkkB es

Rea Proof is effective
Height important tool in Diophantinegeometry
Eg boundfor the height of rational points on some curve
finiteness of the set explicit list of its elements

By Northcott if an n infinite sequence of small points
the degrees n1 Q mustgrow How
























































































42 Small height
Lehmer's conjecture 331 Small non zero height bigdegne
Thereexists a real number e o such that for every eat
the product tax 93 hk is either o or C













































































42 Small height
Lehmer's conjecture 331 Small non zero height bigdegne
Thereexists a real number e o such that for every eat
the product tax 93 hk is either o or C
























































































42 Small height
Lehmer's conjecture 331 Small non zero height bigdegne
Thereexists a real number e o such that for every eat
the product tax 93 h k is either o or C

Re Provedfor many classes of EQT but open in general
Someknown cases

Easy if not algebraic integer b x 109,2

Smyth i 71 not reciprocal ie α and 1 not conf
with C log 1 324717 logM 3 1

Amoroso David 991 ETA such that QR 19 Galois
Even better result by Amoroso Master 141
























































































42 Small height
Lehmer's conjecture 331 Small non zero height bigdegne
Thereexists a real number e o such that for every e a
the product tax 93.4k is either o or C

RU Provedfor many classes of EQT but open in general
Best unconditional result byDobrowolski 1791 if d tald 93
and dhalto then dhal e 10991

3
c f Voutier 96

Conjecturalconstant

C log 1.17628

Dimitrov 19 proved the Schintel tassenhausCory
weak formof Lehmer's conjecture

Cary cio such that if α E Q bla o and
max

abytgat.es s2t WIM Eam as
Red Lehmer SZ as log h x c 1692114 in

Dimitrov's proof
























































































42 Small height
Lehmer's conjecture 331 Small non zero height bigdegne
Thereexists a real number e o such that for every e a
the product tax 93.4k is either o or C

RU Provedfor many classes of EQT but open in general
Best unconditional result byDobrowolski 1791 if d tald 93
and dh XI 0 then dh al c lo969d 3 c Voutier 96
Conjecturalconstant logo

C log 1.17628

Dimitrov 19 proved the Schintel tassenhausCory

Breuillard Varji 21 Lehmer AD Uniformgrowthconjecture
lay For all d 1 7 e eldi o such that products
if SC Gld CI finite then pls line 1 logis elepgnt

rateofex'ponentialgrowth
























































































42 Small height
Lehmer's conjecture 331 Small non zero height bigdegne
Thereexists a real number e o such that for every eat
the product tax 93 h k is either o or C

Theorem Northcott 49 Forany integer d 1 and real B O we have
e al taki a d hkkB cos

Are there subsetsof Q where
even stongertatementsI
























































































43 Properties N and B

Def Bombieri Zannier 01
A subfield LE Q is said to have
the Northcottproperty N if BIO E LI h IN B N

the Bogomolovproperty BI if C CIL O such that
EL either h x 0 or h x c

Red Fieldswith N satisfy a strongformof Northcott's theorem
Fields with B Satisfy a strongform of Lehmer's coni
N B easy

B N

E 1 L Q maximal abelian
ext of a

has B Amoroso Duormcich 2000
























































































43 Properties N and B

Def Bombieri Zannier 01
A subfield LE Q is said to have
the Northcottproperty N if BIO E LI h IN B N

the Bogomolovproperty BI if C CIL O such that
EL either h x 0 or h x c

Red Fieldswith N satisfy a strongformof Northcott's theorem
Fields with B Satisfy a strongform of Lehmer's coni
N B easy

B N

E 2 L Q field of totally real numbers
L has B Schinzel 731

L has not N In Si E Q h In Si 692
























































































43 Properties N and B

Def Bombieri Zannier 01
A subfield LE Q is said to have
the Northcottproperty N if BIO E LI h IN B N

the Bogomolovproperty BI if C CIL O such that
EL either h x 0 or hai c

Remi
L numberfield L Ta
has N B neither B nor NIbyNorthcott's that L the2111 log2 0

PI Given a subfield LETA of infinite degree

hFBGTEIEI.it
W0 decide whether it has or not

property N or B
























































































43 Properties N and B

We will see what is Known on this problem
Nowadays many examplesof fields with B or N

but they essentially can be all put in one of the
following families

fields obtained 
“adding some torsion”

fields satisfying  
“some local conditions”

























































































44 Fields obtained adding torsion

Recipe
ab

Take Q
Add to it all torsion points
of G Gm A
Get 0ª Max abelian

ext of Q
i it has B Q 34
Amoroso Duornicich 00

01331



























































































44 Fields obtained adding torsion

Recipe
ab

Take Q
Add to it all torsion points
of G Gula EMMoregenerallyGet da Max abelian

fkmmberf.eeext ofa
Kabhasabui it has B

Amoroso Duornicichioo AmepstZannier100
1101

























































































44 Fields obtained adding torsion

Recipe
ab

Take Q
Add to it all torsion points
of G 4m10
Get 0ª Max abelian

ext ofa
i it has B
Amoroso Duornicich oo

L
ii it has not N
Iii If L Q Galois
LE Qab GallLIQ
has finite exponent Gal
L has N of finite

Bombieri Zannier 01 exponent

























































































44 Fields obtained adding torsion

Recipe
ab

Take Q
Add to it all torsion points
of G Guld
Get 0ª Max abelian

ext ofa
i it has B Examples
Amoroso Duornicich oo t.L.IQ
ii it has not N compositumofallabelian

Iii If L Q Galois
extensionsofQotdeged

LE Qab GallLIQ Q IQ

cshastimiteexponentGal torder

L has NI offinite explGalled
Bombieri Zannier 01 exponent

Recall 
 

A group G has finite 
exponent if there exists an 
integer n>0 such that g^n 

is the identity for all g in G.





























44 Fields obtained adding torsion

Recipe
ab

Take Q
Add to it all torsion points
of G Gula
Get 0ª Max abelianext.ofa.FI Mahz

knumb.fg
ilithas B
Amoroso Duornicich oo

L
mposinmofayextisofkofdeged.amhas N
137101ii it has not N

Galois
abelianiii If L a Galois has bounded

exfordza
LE Qab GallLIQ
has finite exponent for

some a edLhasCNI Effannnier
111

Bombieri Zannier 01 exponent

Recall 
 

A group G has finite 
exponent if there exists an 
integer n>0 such that g^n 

is the identity for all g in G.

























































































4 Fields obtained adding torsion

Recipe 0ª
Take Q
Addtoitalltorsionpointsaa.am ÈE

g
f
f

Get 0ª Max abelian
ext ofa

i it has B
Amoroso Duornicich oo

L Examples
L Q

ii it has not N compositumof allabelian

Iii If L Q Galois
extensionsofQotdeged

LE Qab GallLIQ QI.IQ
cshastimiteexponentGal torder

L has N offinite explGal d

Bombieri Zannier 01 exponent

Recall 
 

A group G has finite 
exponent if there exists an 
integer n>0 such that g^n 

is the identity for all g in G.





























44 Fields obtained adding torsion

Recipe Recipe elliptic
diet

Take Q Take Q
Add to it all torsion points Add coord of all torsionpts
of G Gmca ofG E elliptic curve a
Get 0ª maxabelian Get QCEtorsi notabelian

litettablitti TIÈ vera but
i it has BI

Agnudoso Duornicick È
liiliffh.IEFd

Hanegger 113

are
P

Lhasked
Bombieri Zannier 01

























































































44 Fields obtained adding torsion

Recipe Recipe Itt
Take Q Take Q
Addtoitalltorsionpoints.Addcoord.at all torsionpts
of G Guld ofG E elliptic curve a
Get 0ª Max abelian Get QCEtorsi notabelian

ext ofQ over Q but
i it has B til it has BI
Amoroso Duornicich 00 Habegger 13

ii it has not N ciil it has not N
as many rootsofunityIii If L Q Galois iii If LIA GaloisLE Qab GallL Q LE Etors GallLIQhas finite exponent has finite exponentL has NI thas NI

Bombieri Zannier 01 C Dill 23
























































































44 Fields obtained adding torsion
Moregenerally more precisely

Recipe elliptic
Tha C Dill 23 Let K be a number
field and an abelian variety k

Take Q
diet

If LE KIAtorsi LIK is Galois Add coord of all torsionpts
ofG E elliptic curve aand exp Gal LIKI di then Get QCEtorsi notabelianLEMff for some number field over Q but

M depending.ly Aandd i it has B

Red 1 No new fields with N Habegger 13

MY has N by Bombieri Zannier iil it has not N
as many rootsofunity2 Newanalogybetween Q Ators

and Gab
Iii If L A Galois
LEALEtorst Gal LIQ

Qatar has IBI OPEN has finite exponent
Lhas IN
C Dill 23
























































































44 Fields obtained adding torsion
Moregenerally more precisely

Recipe elliptic
MM C Dill 23 Let K be a number

take a
diet

field and an abelian variety K Add coord of all torsionptsIf LE K Atorst LIK is Galois
and exp Gal LIKII d then ofG E elliptic curve a

Mia for some number field Get QCEtorsi notabelian
over Q but

M depending.ly Aandd i it has B
Habegger 13Rey 3 Recently 11 Jan2024 Iii it has not N

Gaida Petersen showed that as many rootsofunity
our thm holds alto over other

Iii If L a Galoisbase fields k LE Etors Gal LIQ
ie KIK finitely generated ext has finite exponent
with k finite field or alg closed thas N
field or local field C Dill 23



45 Fields satisfying local conditions
Property B

Q fieldof totally real numbers has B
Schiniel 731 If e art 1 ha log 1 255
Rem Nonquantitative version
follows from Bilu's theorem
Roughly Galois orbitsof sequences of points
with height tending to o must be equidistributed

around the unit circle

But points in Qtrare
clearlynotequidistributed
So they can't be toosmall o



45 Fields satisfying local conditions
Property B

Q fieldof totally real numbers has B
Schiniel 731 If E art 1 ha I log 155
Rem A 1 page proof
for algebraic integers in Qr
was givenby
Hohn Skoruppa 93



45 Fields satisfying local conditions
Property B

Q fieldof totally real numbers has B
field of totallyp adic members has B Bombieri Zannier

01I compositum of all Galois extensions of Q
in whichp splits totally

Moregenerally
Thy Bombieri Zannier 011 let LI A be a Galois ext
Let SU pprime IL has bounded local degree at p
i e PES L L can be embedded in a finite ext ofQp
Then if SCL L has B and

liminfh a I loop of
EL pesti ep pfp 1 Lat p

ramificationindex
of L at p



45 Fields satisfying local conditions
Property B

Amoroso David Zannier 14
K numberfield LIK Galois Z centerof Gal LIK
If LE has bounded local degrees at some prime L has B

This implies
BZ theorem
Kabhas B LZ K



45 Fields satisfying local conditions
Property IN
Bombieri Zannier 01 K has N

Widmer 13 Let K Ko Kee tower of n fields s t
the relativediscriminants have sufficiently rapid growth
at each non trivial step within the tower Il Ki has N



45 Fields satisfying local conditions
Property IN

Widmer24
Bombieri Zannier 01 K'I has N Newcriterion based

Widmer 13 Let K Ko Kee towerofhhwhhefdh.siffthe relativediscriminants have sufficientbyth ahh growthaminnasammamiteMMIllllllImpf



45 Fields satisfying local conditions
Property IN

Widmer24
Bombieri Zannier 01 K has N Newcriterion based

Widmer 13 Let K Ko Kee tower ofhhwhhefdff.fiffthe relativediscriminants have sufficientbythRhihiingrowth
ananas

manambtellflllllIFeff
Otherresultson IN
Recall if L A Galois with bounded local dig at all festa
liminf hlx BLU E Esu ftp.n BZ 01EL

Rey BZremarked that
if β L es L hasalso N
if L numberfield BLU es

7h19 of infinite degnest β L es

And that moreover do notsatisfy some previous criteria for IN



45 Fields satisfying local conditions
Property IN

Widmer24I Bombieri Zannier 01 K has N Newcriterion based
I IWidmer 13 Let K Ko e Kee towerofhh.FIhIhffthe relativediscriminants have

sufficientbytheimffingytha eannon
minasamminamittIIIIIIILeffettallelheIFld

Otherresultson IN
Recall if L A Galois with bounded local deftatalfpe SI

β14 771UNNI NN BLU I FILI ÈINÈWaGfgNNttgitttUG

Fd

Rete BZremarked that thecondit
if β L es L hasalso N I Membammthfffyer
if L numberfield BLU es

Widmer's
1st
remy

7h19 of infinite degnest β L es

And that moreover do notsatisfy some previous criteria for IN



45 Fields satisfying local conditions
Property IN

Widmer24 IBombieri Zannier 01 K'I has N Newcriterion based

Widmer 13 Let K Ko e Kee towerof.MN IdhfhfhesÌittIIIIIIIIIIettàelIIIIIIIeld

Otherresultson IN
Recall if L A Galois with bounded local digithfIIII

β
771UNII UN BLU I FILI ÈIN

ÈUWaG
fgNNttgitttUS

Fd

Rete BZremarked that thecondit
if β L es L hasalso N I Momthanthfffyer

Widmer's
1stresultif L numberfield BLU Morof

Widmer's
new

m7h19 of infinite degnest β L es

And that moreover do notsatisfy some previous criteria for IN



46 Some open problems
1 On property N We saw that
if L A abelian GalHQ has bounded exponent Lhas N



46 Some open problems
1 On property N We saw that
if L la abelian GallLIQ has bounded exponent Lhas N

Simplest case
Does Q compositam of all have N Open

n fields ofdeg 3



46 Some open problems
2 On property B

We saw that Lehmerconjecture was proved for generators
of Galois extensions Amoroso David 199 Moreover
Amoroso Matter 16 Eso CIE such that if Eta
not a not of unity and Qa a Galois then
ha Toki 91ª ciel Open

Q Doestheset 5 4 E I QKIA Galois have IBI
one can studysubsets SG ES Galla K 10 G
Amoroso Diornich 001 SA has BI when G abelian
Amoroso 161 If G Sn and E SG is a productof
conjugated wits or linearcomb of conjugates hunt
Jenurin 24 Sameconclusion for G An

Cerf Amoroso16 If 0.1 1110 Galois ofgroup Sn then
hki fiul a when n es



Thank you


